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Abstract

The classical Chevalley-Weil theorem asserts that for an étale covering of projective va-
rieties over a number field K, the discriminant of the field of definition of the fiber over a
K-rational point is uniformly bounded. We obtain a fully explicit version of this theorem in
dimension 1.
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1 Introduction

The Chevalley-Weil theorem is one of the most basic principles of the Diophantine analysis. Al-
ready Diophantus of Alexandria routinely used reasoning of the kind “if @ and b are ‘almost’
co-prime integers and ab is a square, then each of a and b is ‘almost’ a square”. The Chevalley-
Weil [5, 20] theorem provides a general set-up for this kind of arguments.

Theorem 1.1 (Chevalley-Weil) Let V %V be a finite étale covering of normal projective va-
rieties, defined over a number field K. Then there exists a non-zero integer T' such that for any
P € V(K) and P € V(K) such that ¢(P) = P, the relative discriminant of K(P)/K(P) divides T

There is also a similar statement for coverings of affine varieties and integral points. See [13,
Section 2.8] or [18, Section 4.2] for more details.

The Chevalley-Weil theorem is indispensable in the Diophantine analysis, because it reduces
a Diophantine problem on the variety V' to that on the covering variety V', which can often be
simpler to deal. In particular, the Chevalley-Weil theorem is used, albeit implicitly, in the proofs
of the great finiteness theorems of Mordell-Weil, Siegel and Faltings.

In view of all this, a quantitative version of the Chevalley-Weil theorem, at least in dimension 1,
would be useful to have. One such version appears in Chapter 4 of [1], but it is not explicit in
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all parameters; neither is the version recently suggested by Draziotis and Poulakis [7, 8], who also
make some other restrictive assumptions (see Remark 1.4 below).

In the present article we present a version of the Chevalley-Weil theorem in dimension 1, which
is explicit in all parameters and considerably sharper than the previous versions. Our approach is
different from that of [7, 8] and goes back to [1, 2].

To state our principal results, we have to introduce some notation. Let K be a number field, C
an absolutely irreducible smooth projective curve C defined over K, and € K(C) a non-constant

K-rational function on C. We also fix a_covering CAcofc by another smooth irreducible
projective curve C; we assume that both C and the covering ¢ are defined over K. We consider
K(C) as a subfield of K(C); in particular, we identify the functions x € K(C) and x o ¢ € K(C).

We also fix one more rational function y € K(C) such that K(C) = K(z,y) (existence of such y
follows from the primitive element theorem). Let f(X,Y) € K[X,Y] be the K-irreducible poly-
nomial such that f(z,y) =0 (it is well-defined up to a constant factor). Since C is absolutely
irreducible, so is the polynomial f(X,Y). We put m = degy f and n = degy f.

Similarly, we fix a function § € Kg@) such that K(C) = K(z, 7). We let f(X,Y) c K[X, Y] be
an irreducible polynomial such that f(z,y) = 0. We put m = degy f and n = degy f. We denote
by v the degree of the covering ¢, so that n = nuv.

Remark 1.2 Equations f(X,Y) =0 and f(X7 XN/) = 0 define affine plane models of our curves C
and C; we do not assume these models non-singular.

In the sequel, hy(-) and h,(-) denote the projective and the affine absolute logarithmic heights,
respectively, see Section 2 for the definitions. We also define normalized logarithmic discriminant
Op/k and the height h(S) of a finite set of places S as

_ log Nx/oDL/x

K= ZvGS IOgNK/@<v) .
L:Q) ’

K Q] ’

h(s) =

see Section 2 for the details.
Put ~ ~
Q = mn®(hy(f) + 2m + 2n), Q = mn® (hy(f) + 2m + 27),

o ; (1)
T = 27 (mhy (f) + mhy(f)).

Theorem 1.3 (“projective” Chevalley-Weil theorem) In the above set-up, assume that the

covering ¢ % ¢ is unramified. Then for every P € C(K) and P € C(K) such that ¢(P) = P we
have _
BBy /Py < 400(Q+ Q) + 27 + 6mn’.

Remark 1.4 Draziotis and Poulakis [8, Theorem 1.1], assume that C is a non-singular plane
curve (which is quite restrictive) and that P € C(K). Their set-up is slightly different, and the
two estimates cannot be compared directly. But it would be safe to say that their estimate is not
sharper than

By rp) < cN¥ONT (hp(f) + hp(f)) +C,
where N = deg f, N = deg f, the constant ¢ is absolute and C depends of N, N and the degree
K : Q.
Now let S be a finite set of places of K, including all the archimedean places. A point P € C (K)
will be called S-integral if for any v € Mg ~ S and any extension ¥ of v to K we have |z(P)|; < 1.
Theorem 1.5 (“affine” Chevalley-Weil theorem) In the above set-up, assume that the cov-

ering ¢ % C is unramified outside the poles of . Then for every S-integral point P € C(K) and

P € C(K) such that ¢(P) = P we have

Oy /mcpy < 300(Q+ Q) + T + 3mii + h(S). (2)



Again, Draziotis and Poulakis [7, Theorem 1.1] obtain a less sharp result under more restrictive
assumptions. _

It might be also useful to have a statement free of the defining equations of the curves C and C.
Using the result of [4], we obtain versions of Theorems 1.3 and 1.5, which depend only on the
degrees and the ramification points of our curves over PL. For a finite set A C P*(K) we define
h,(A) as the affine height of the vector whose coordinates are the finite elements of A.

Theorem 1.6 Let A be a finite subset of P'(K) such that the covering C - P! is unramified
outside A. Put

S=[K(A): K, g=gl), A=(@&+n)" "

+2(0—1).
1. Assume that the covering ¢ : C — C is unramified. Then for every P € C(K) and P € C(K)
such that ¢(P) = P we have

0

k(cp) < A(ba(4) +1).

2. Assume that the covering ¢ : C — C is unramified outside the poles of x, and let S be as

above. Then for every S-integral point P € C(K) and P € C(K) such that ¢(P) = P we have

8K(?)/K(P) S h(S) + A(ha(A) + 1)
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2 Preliminaries

Let K be any number field and let Mg = M2 U Mg° be the set of its places, with Mg and Mg°
denoting the sets of finite and infinite places, respectively. For every place v € Mk we normalize
the corresponding valuation | - |, so that its restriction to Q is the standard infinite or p-adic
valuation. Also, we let K, be the v-adic completion of K, (in particular, K, is R or C when v is
infinite).

Heights For a vector a = (aq,...,ay) € QN we define, as usual, the absolute logarithmic pro-
Jjective height and absolute logarithmic affine height (in the sequel simply projective and affine
heights) by?®

1 1
hy(a) = Ky = Qy]log ||l ha (@) = K, : Q,]log" |lall,, (3
() = g 3 s Qloslll @) = g X Ko Qg lal, @
v K ve Mg
where K is any number field containing the coordinates of «,
||QHU = max{|040\v, ceey |aN‘v}

and log™ = max{log,0}. With our choice of normalizations, the right-hand sides in (3) are in-
dependent of the choice of the field K. For a polynomial f with algebraic coefficients we denote
by h,(f) and by ha(f) the projective height and the affine height of the vector of its coefficients
respectively, ordered somehow.

3In the definition of the projective height we assume that at least one coordinate of o is non-zero.



Logarithmic discriminant Given an extension L/K of number fields, we denote by dp /x the
normalized logarithmic relative discriminant:

_ log NVk/oPr/x
L:Q

where Dy /i is the usual relative discriminant and Nk q is the norm map. The properties of this
quantity are summarized in the following proposition.

OL/x

Proposition 2.1 1. (additivity in towers) If K CL C M is a tower of number fields, then
Omy/k = OL/k + Om/L-

2. (base extension) If K’ is a finite extension of K and " = LK’ then O, ks < Op/k-
3. (triangle inequality) If1; and Ly are two extensions of K, then O, 1,/x < 0L, /k + OL, /K-

These properties will be used without special reference.

Height of a set of places Given a number field K and finite set of places S C Mg, we define
the absolute logarithmic height of this set as

> ves log Ni/q(v)
[K: Q] ’
where the norm Nk g(v) of the place v is the norm of the corresponding prime ideal if v is finite,

and is set to be 1 when v is infinite. The properties of this height are summarized in the following
proposition.

h(S) =

Proposition 2.2 1. (field extension) Let L be an extension of K and Sy, the set of extensions
of the places from S to L. Assume that no place from S ramifies in L. Then h(S) = h(SL).
Without this assumption we have the inequalities h(S1) < h(S) < [L : KJh(SL).

2. (denominators and numerators) For a € KV let the sets Den(a) and Num(a) consist of all
v € My such that |||, > 1, respectively, ||a|l, < 1. Then

h(Denk () < ha(a),
h(NumK(g)) < (ha (@) —hy (Q)) (a#0).

In particular, for o € K* we have h(Numg (a)) < ha(a). d

This will also be used without special reference.

Sums over primes We shall systematically use the following estimates from [14]:

S 1< 126 (4)

log x’

p<z
> logp < 1.02z. (5)

p<z

See [14], Corollary 1 of Theorem 2 for (4) and Theorem 9 for (5).

3 Auxiliary Material

In this section we collect miscellaneous facts, mostly elementary and/or well-known, to be used in
the article.



3.1 Integral Elements

In this subsection R is an integrally closed integral domain and K its quotient field.

Lemma 3.1 Let L be a finite separable extension of K of degree n and R the integral closure
of R in L. Let wy,...,w, € R form a base of L over K. We denote by A the discriminant of this

2 _ _
basis: A = (det [0 (wj)]ij) , where o1,...,0, : L — K are the distinct embeddings of I into K.
Then R C A=Y (Rwy + -+ + Rwy,).

Proof This is standard. Write 8 € R as 8 = ajwy + - - - + anwy, with a; € K. Solving the system
of linear equations

0i(B) = a10i(w1) + -+ + anoi(wn) (i=1,...,n)

using the Kramer rule, we find that the numbers Aa; are integral over R. Since R is integrally
closed, we have Aa; € R. (]

Corollary 3.2 Let f(T) = foI™ + fiT" "' +--- 4 fu € R[T] be a K-irreducible polynomial, and
a € K one of its roots. Let R be the integral closure of R in K(c). Then R C A(f)"*R[a]. where
A(f) is the discriminant of f.

Proof It is well-known that the quantities
wi =1, wy=foo, ws=foa’+ fra, ... wn = foo TN+ fra" TP 4 froa

are integral over R; see, for example, [16, page 183]. Applying Lemma 3.1 to the basis w1, ..., wn,
we complete the proof. O

3.2 Local Lemmas

In this subsection K is a field of characteristic 0 supplied with a discrete valuation v. We denote
by O, the local ring of v.
The proof of the following lemma is a simple exercise left to the reader.

Lemma 3.3 Assume that K is complete, and let w be a primitive element of K.

1. Let o € K*. For a positive integer e not divisible by the characteristic of the residue field
and any choice of the root o'/¢ the ramification index of K(a'/¢)/K is e/ ged (e, ord ).

2. Let Iy and Ly be finite extensions of K (inside some algebraic closure of K) of ramification e;
and ey respectively. Assume that none of e, es is divisible by the characteristic of the residue
field. Then the ramification of 1Ly /K is lem(ey, ea). O

We say that a polynomial F(X) € K[X] is v-monic if its leading coefficient is a v-adic unit?.

Lemma 3.4 Let F(X) € 0,[X] be a v-monic polynomial, and let n € K be a root of F. (We
do not assume F to be the minimal polynomial of n over K, because we do not assume it K-
irreducible.) Assume that v ramifies in the field K(n). Then |F'(n)|, < 1 (for any extension of v
to K(n)).

4We say that « is a v-adic unit if |a|, = 1.



Proof We may assume that K is v-complete, and we let d = 0kg(,)/x be the different of the
extension K(n)/K. Since v ramifies in K(n), the different is a non-trivial ideal of O,.
Since 7 is a root of a v-monic polynomial, it is integral over O,. Let G(X) € O,[X] be the
minimal polynomial of . Then the different ? divides G’(n), which implies that |G’ (n)|, < 1.
Write F(X) = G(X)H(X). By the Gauss lemma, H(X) € O,[X]. Since F'(n) = G'(n)H(n),
we obtain |F'(n)|, < |G'(n)], < 1, as wanted. O

Given a polynomial F(X) over some field of characteristic 0, we define by F(X) the radical
of F', that is, the separable polynomial, having the same roots and the same leading coefficient
as F:

FX)=fo [[ (x-a),
F(a)=0
where fj is the leading coefficient of F' and the product runs over the distinct roots of F' (in an
algebraic closure of the base field).

Lemma 3.5 Assume that F(X) € O,[X]. Then the radical F(X) is in O,[X] as well. Also, if
|F(&)]y <1 for some & € O,, then we have |F(£)|, < 1 as well.

Proof Let F(X)= P (X)* .- P(X)* be the irreducible factorization of F' in K[X]. The
Gauss Lemma implies that we can choose P;(X) € O,[X] fori =1,...,k. Since the characteristic
of K is 0, every P; is separable. Obviously, the leading coefficient of the separable polynomial
Py (X) - Py(X) divides that of F(X) in the ring O,. Hence F(X) = yP1(X) - - - P,(X) with some
v € O,, which proves the first part of the lemma. The second part is obvious: if |F(£)], < 1 then
|P,(¢)], < 1 for some 4, which implies [F(€)], < 1. O

Lemma 3.6 Let F'(X) € O,[X] and & € O, satisty |F(§)|, <1 and |[F'(£)], =1. Let v be an
extension of v to K. Then there exists exactly one root a € K of F such that | — alz < 1.

Proof This is a consequence of Hensel’s lemma. Extending K, we may assume that it contains
all the roots of F'. Hensel’s lemma implies that there is exactly one root « in the v-adic completion
of K with the required property. This root must belong to K. O

Lemma 3.7 Let F(X),G(X) € O,[X] and «, ¢ € O, satisfy
FX)=X-a)"G(X), Ga)#0, [§—al, <|G(a)|

with some non-negative integer m. Expand the rational function F(X)~! into the Laurent series
at a. Then this series converges at X = €.

Proof Substituting X — o+ X, we may assume « = 0, in which case the statement becomes
obvious. 0

3.3 Heights

Recall that, for a polynomial f with algebraic coefficients, we denote by hy,(f) and by ha(f), respec-
tively, the projective height and the affine height of the vector of its coefficients ordered somehow.
More generally, the height h,(f1,..., fs) of a finite system of polynomials is, by definition, the
affine height of the vector formed of all the non-zero coefficients of all these polynomials.

Lemma 3.8 Let fi,..., fs be polynomials in Q[X1,. .., X,] and put

N = max{deg f1,...,deg fs}, h=ha(f1,---, fs)

Let also g be a polynomial in Q[Y1,...,Ys]. Then



1.

o (TTs fi) < S5 ha (fi) + log(r +1) X571 deg fi,
2. Z

p (Ili=y fi) = hy (fi) = 2251 deg fi,
ha(g9(f1,--,fs) < ha(g) + (h+log(s + 1) + Nlog(r + 1)) degg.
Notice that we use the projective height in item 2, and the affine height in the other items.

h
h

Proof Item 2 is the famous Gelfond inequality, see, for instance, Proposition B.7.3 in [11]. The
rest is an immediate consequence of Lemma 1.2 from [12]. O

Remark 3.9 If in item 3 we make substitution Y; = f; only for a part of the indeterminates Y;,
say, for ¢ of them, where ¢ < s, then we may replace log(s + 1) by log(t + 1), and degg by the
degree with respect to these indeterminates:

ha(g (f17 H 'aft7}/1"+17 e 7YS)) S ha(g) + (h’ + IOg(t + 1) + NlOg(T + 1)) dngh...,Yt g.

Remark 3.10 When all the f; are just linear polynomials in one variable, item 2 can be refined
as follows: let F'(X) be a polynomial of degree p, and f,...,5, are its roots (counted with
multiplicities); then

ha(B1) + -+ +ha(By) < hp(F) +log(p+1).

This is a classical result of Mahler, see, for instance, [15, Lemma 3].

Corollary 3.11 Let f and g be polynomials with algebraic coefficients such that f divides g. Let
also a be a non-zero coefficient of f. Then

1. hp(f) < hp(g) +degg,
2. ha(f) < hp(g) + ha(a) +degg.

Proof Item 1 is a direct consequence of item 2 of Lemma 3.8. For item 2 remark that one of the
coefficients of f/a is 1, which implies that

ha(f/a) =hp(f/a) =hp(f) <hy(g) + degg.
Since h,(f) < ha(a) + ha(f/a), the result follows. O

Corollary 3.12 Let a be an algebraic number and f € Q[X,Y] be a polynomial with algebraic
coefficients, let also f(*)(X,Y) = f(X 4+ ,Y) then

ha (f() < ha(f) + mha(a) + 2mlog 2,

where m = degy f.

Proof This is a direct application of item 3 of Lemma 3.8, together with Remark 3.9. (]
In one special case item 3 of Lemma 3.8 can be refined.

Lemma 3.13 Let -
F,;(X) € QX] (i,j=1,...,5)
be polynomials of degree bounded by u and of affine height bounded by h; then
h, (det(F;;)) < sh + s(log s + plog2).
For the proof see [12], end of Section 1.1.1.
We also need an estimate for both the affine and the projective height of the Y-resultant Ry (X)

of a polynomial f(X,Y) € Q[X,Y] and its Y-derivative f{,, in terms of the affine (respectively,
projective) height of f.

Lemma 3.14 Let f(X,Y) € Q[X,Y] be of X-degree m and Y -degree n. Then
n—
n—

ha(Ry) < (2 1)h (f)+(2n—1)(log(2n)+mlog2), (6)
hy(Ry) < (2n — Dhy(f) + (20— 1) log ((m 4 1)(n + 1)y/n) , (7)

<
<



Proof Estimate (7) is due to Schmidt [15, Lemma 4]. To prove (6), we invoke Lemma 3.13. Since
R;(X) can be presented as a determinant of dimension 2n — 1, whose entries are polynomials of
degree at most m and of affine height at most h,(f) 4+ logn, the result follows after an obvious
calculation. (]

Remark 3.15 Estimate (6) holds true also when m = 0. We obtain the following statement: the
resultant Ry of a polynomial f(X) and its derivative f/(X) satisfies

ha(Ry) < (2deg f — D)ha(f) + (2deg f — 1) log (2(deg f)?) -

3.4 Number fields and Discriminants

We need some estimates for the discriminant of a number field in terms of the heights of its
generators. In this subsection K is a number field, d = [K : Q] and N(-) = Ng/q(-). The following
result is due to Silverman [19, Theorem 2].

Lemma 3.16 Let a = (ay,...,a;) be a point in K*. Put v = [K(a) : K]. Then
Ok(a)/k < 2(v — 1)ha(a) + logv. O
This has the following consequence.

Corollary 3.17 Let F(X) € K[X] be a polynomial of degree N. Then
> Ok(ayx < 2(N = 1)hyp(F) + 3N log N, (8)
F(a)=0

the sum being over the roots of F'.

Proof Since for any root o we have [K(a) : K] < N, we estimate the left-hand side of (8) as

2(N—1) > ha(a)+ NlogN
F(a)=0

Remark 3.10 allows us to bound the sum on the right by h,(F) + log(N + 1). Now, to complete
the proof, just remark that (N — 1)log(N + 1) < Nlog N. O

We shall also need a bound for the discriminant of a different nature, known as the Dedekind-
Hensel inequality (see [6, page 397] for historical comments and further references). This inequality
gives an estimate of the relative discriminant of a number field extension in terms of the ramified
places.

Lemma 3.18 Let K be a number field of degree d over Q, and I. an extension of K of finite
degree v, and let Ram(IL/K) be the set of places of K ramified in .. Then

14

Ok <

; 1h(Ram(L/K)) +1.26v. (9)

This is Proposition 4.2.1 from [2] (though the notation in [2] is different, and the quantity
estimated therein is ¥OL/K in our notation), the only difference being that the error term is now
explicit. The proof is the same as in [2], but in the very last line one should use the estimate
> p<y 1 < 1.26v/logv, which is (4).

A similar estimate was obtained by Serre [17, Proposition 4]. However, (9) is more suitable for
our purposes.

It is useful to have an opposite estimate as well. The following lemma is obvious.

Lemma 3.19 In the set-up of Lemma 3.18 we have h(Ram(L/K)) < vdy k.



This has the following consequence.

Corollary 3.20 Let Ly,...,L,, be a family of finite extensions of K closed under the Galois

conjugation over K. Then
h (U Ram(]LMK)) <> oLk
i=1

=1

Proof We may assume that the Galois action over K is transitive on Ly, ..., L, (otherwise, one
obtains the estimate for every orbit of the Galois action and then sums the resulting inequalities
up). In other words, the fields Li,...,L, form a full system of conjugates over K, which means
that

[Li:K]=...=[L,:K]=n, Ram(L,/K)=...=Ram(L,/K), 0y, /xk=...=0L,/k

Hence

=1

h <U Ram(L; /K)> = h(Ram(L1/K)) < ndp,/x = Y _ O, /k- O

4 Power Series

Our main technical tool is the quantitative Eisenstein theorem, based on the work of Dwork,
Robba, Schmidt and van der Poorten [9, 10, 15], in the form presented in [3]. Let

y = Z apzt/ (10)

k=—ko

be an algebraic power series with coefficients in Q, where we assume ko > 0 and a_j, # 0 when
ko > 0. The classical Eisenstein theorem tells that the coefficients of this series belong to some
number field, that for every valuation v of this field |ag|, grows at most exponentially in &, and for
all but finitely many v we have |ag|, < 1 for all k. We need a quantitative form of this statement,
in terms of an algebraic equation f(z,y) = 0 satisfied by y.

4.1 Eisenstein Theorem

Thus, let f(X,Y) € K(X,Y) be a polynomial over a number field K. We put

d:[KQL m:deng7 n:dngf' (11)
Write
FXY) = fo(X)Y" + L(X)Y" 1 4. (12)
[L: K] < n. Finally, for v € Mg we denote by d, its local degree over Q, and by Nv its absolute
norm:

dU = [KU : QUL NU = NK/Q(U). (13)
With this notation, the height h(.9) of a finite set of places S C My is given by d=1 Y _ . d, log N'v.
The following is Theorem 6.3 from [3].

Theorem 4.1 Let K be a number field and f(X,Y) € K(X,Y) a separable polynomial. We use
notation (11) and (12). Let y be an algebraic power series, written as in (10), and satisfying
f(x,y) =0. For every v € Mk there exist real numbers A,, B, > 1, with A, = B, =1 for all but
finitely many v, such that

veES

d™ > dylog Ay < 3n(hy(f) + log(mn) + 3e), (14)
ve My

d™' Y dylog B, < hy(f)+2. (15)
vE My



and for any extension v of v to K we have
lag|s < ByAk/emlkolel (> k). (16)
Remark 4.2 We shall use this theorem only in the “integral case” ko = 0, when (16) becomes
jakls < B (k2 0), (17)
but we prefer to state the theorem in full generality.

We will also use two consequences of this theorem, obtained in [3] as well. To state them, recall

that the Puiseux theorem implies existence of n = degy- f distinct series y1, ..., yn, which can be
written as
(oo}
yi(x) = Z aipz/ e (i=1,...,n), (18)
k=—ko(i)

and which satisfy f(:c, yz(x)): 0.

We denote by D(X) = Ds(X) the Y-discriminant of the polynomial f(X,Y’). Given a poly-
nomial P(X), we denote by ord, P(X) the order of « as the root of P(X).

The following proposition is composed from Theorems 6.4 and 8.5 from [3].

Proposition 4.3 Let f(X,Y) € K[X,Y] be as above and let y,...,y, be the n distinct series,
written as in (18) and satisfying f(m, yz(x)): 0.

1. Let T be the (finite) set of v € My such that |a;|; > 1 for some coefficient a;; and some
extension v of v to K. Then

h(T) < 3n(hy(f) + log(mn) + 1). (19)

2. The number fields L1, ... ,L,, generated over K by the coefficients of y1, . . ., yn, respectively,
satisfy

Zé‘h/K < 8n(ordgD(X) + 1) (hp(f) + 5n + logm). (20)
i=1

4.2 The “Essential” Coeflicients

Let y € Q(('/¢)) be a an algebraic power series written as in (10). We assume that e is smallest
possible: y ¢ Q((x!/¢)) for ¢’ < e.

We define the k-th ramification index e, = ex(y) as the smallest natural ¢’ such that the k-th
partial sum y*) = 25:71@0 agz’/¢ belongs to Q((z1/¢")). By the definition,

€—iy = 1, €k | €rt1,

and since e is smallest possible, we have ¢, = e for all sufficiently large k.

We call an index k > —ko essential if € > ex_1 (that is, we “gain new ramification” with
the term aja*/ ¢). The corresponding coefficient ay, is called an essential coefficient. Clearly, an
essential coefficient cannot be 0.

The series y can have only finitely many essential indices. We want to estimate the sum of
the heights of the essential coefficients. We denote by ordy the discrete valuation on the local ring
Q[[z/¢]] normalized to have ordg(z) = 1.

Proposition 4.4 Let f(X,Y) € Q(X,Y) be a separable polynomial. ~We use notation (11)
and (12). Let y be an algebraic power series satistying f(x,y) =0. Assume that f,(0) # 0.
Then

Z h(ar) <(hp(f) 4 2)logy e + 3n(hy(f) + log(mn) + 3e)ordy (/3 (z,y)) (21)

k essential
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If fo(0) # 0 then the the series y(z) is integral over the ring Q[[z]] and can be written as
y(w) =Y apah (22)
k=0

The assumption f(0) # 0 is purely technical; a similar result holds in general as well. However,
without this assumption estimate (21) gets weaker than we need, while assuming fy(0) # 0 does
not hurt generality: see Section 7.

The proof of Proposition 4.4 relies on the following lemma (which is an analog of Lemma 7.2
in [3]).

Lemma 4.5 Assume that fo(0) # 0. Then there is at most log, e essential indices, and their sum
does not exceed e ordg (f{, (z, y))

Proof Since €;_1 | €x, we have € > 2¢;_1 whenever k is essential, which means that there can
be at most log, e essential indices.

Now let us prove the statement about the sum. Together with the series y we consider the
“twisted series”

(o]

S ancU e e Q) (=11 ),

k=0
where ( is a primitive e-th root of unity. These e series are among the n distinct series y1, ..., yn,
which satisfy f(x,y;) =0, and after re-numbering we may assume that

v = YU e Qe (=1, 0).
k=0

In particular, y = y;.
By the definition of ¢, we have yj(-k) = yj(ic) if and only if j =j mod ¢,. In particular,

y§k) =y if and only if €; | (j — 1). We partition the set J = {2,3,..., e} as
J=J1UJUJs..., JeNJp=92 (k‘#g)
where

Jh={j€Jiea1|(G-1), et(G—1}

The following two observations are now crucial:
e for j € J we have ordo(y — y;) = k/e if and only if j € Jy;
e the set Ji is not empty if and only if k£ is an essential index for y.

Using this, we find

€

Eok
Z s SZE|Jk|:0rdO H(y—yj) (23)
k essential k=0 Jj=2

Since f,,(0) # 0, all the series y1,...,y, are integral over Q[[z]]. Hence the product in the right-
hand side of (23) divides fi{ (z,y) = fo(x) H;LZQ(y —y;). It follows that the right-hand side of (23)

does not exceed ordg ( i (x, y)), which proves the lemma. O
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Proof of Proposition 4.4 By Theorem 4.1 we have

h(ar) <hp(f)+2+ g -3n(hyp(f) + log(mn) + 3e).

Hence
k
Z h(ar) <(hp(f) +2) Z 1+ 3n(hy(f) + log(mn) + 3e) Z —.
k essential k essential k essential
We conclude, applying the lemma. O

Now assume that K is a number field and y a series with coefficients in K. We denote by
Ess (y) the set of places v € Mg such that |ag|, < 1 for some essential coefficient ay, of y:

Ess (y) = {v € Mk : there exists an essential index k such that |ag|, < 1}

Proposition 4.6 Let f(X,Y) € K[X,Y] be a separable polynomial. We use notation (11)
and (12). Assume that fo(0) # 0. Let y1,...,yn be the n distinct series, satisfying f(z,yi(z))= 0.
Assume that the coefficients of all these series belong to K. Then

h <U Ess (yz)> < n(hp(f) +2)+3n(hy(f) + 4n + logm)ordgD(X). (24)
i=1
where D(X) is the Y-discriminant of f(X,Y).

Proof Recall that the series y; has e; “twists” among yi,...,yn, as defined in the proof of
Lemma 4.5. If y; is a twist of y; then each coeflicient of y; is equal to the corresponding coeflicient
of y; times an e;-th root of unity, which implies that Ess (y;) = Ess (y;).

Select a maximal subset from {y1, ..., ¥y, } such that none of its elements is a twist of the other.
After re-numbering, we may assume that this subset is {y1,...,ys} (this is NOT the numbering
adopted in the proof of Lemma 4.5). Then each of y1,...,y, is a twist of one of 1, ..., ys, which
implies that (i, Ess (y;) = U;_; Ess (y;) and e; +... +e; = n.

Ttem 2 of Proposition 2.2 implies that h(Ess (yl)) is bounded by the sum of the heights of the
essential coefficients of y;. Now, using Proposition 4.4 we obtain

h (U Ess (yz)> =h ( Ess (yz)>

< ((hp(f) + 2)log, e; + 3n(hy(f) + log(mn) + 3e;)ordy (fy (=, yz))>
i=1

< (hp(f) + Q)Zlog2 e; + 3n(hy(f) + 4n + logm) Zordo(f{,(x,yi))

i=1 i=1

»

n

< (hp(f) + 2)261‘ + 3n(hy(f) + 4n + log m) Zordo (fy (z,9:))

i=1 i=1

=n(hy(f) +2)+3n(hy(f) + 4n + logm)ordg D(X),

as wanted. O

5 Proximity and Ramification

This section is the technical heart of the article. We consider a covering C - P!, defined over
a number field K, and call a point P € C(K) semi-defined over K if z(P) € P*(K). We define a
finite set Q of points from C(K) (which include the finite ramified points of the covering z, but
may contain some other points as well) and prove two statements (Propositions 5.2 and 5.3 below)
which, informally, assert the following.
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e If a finite place v € Mk ramifies in the field K(P) (where P is semi-defined over K) then
(unless v is “bad” in certain sense) the point P must be “v-adically close” to a point from
the set Q (Propositions 5.2).

e Given a point @ on C and a finite place v (again, it should not be “bad” in some sense), for
the points P (semi-defined over K) in a “v-adic neighborhood” of @, the v-ramification in
the field K(P) is determined by the “v-adic distance” between P and @ and the ramification
of the point @) over P'. Roughly speaking, “geometric ramification determines arithmetic
ramification” (Propositions 5.3).

It is not difficult to make qualitative statements of this kind, but it is a rather delicate task
to make everything explicit. In particular, we will explicitly estimate (Proposition 5.4) the set of
the “bad” places.

5.1 Proximity

Now let us be precise. In this section we fix, once and for all:
e a number field K;
e an absolutely irreducible smooth projective curve C defined over K;
e a non-constant rational function z € K(C);

e one more rational function y € K(C) such that K(C) = K(z,y) (existence of such y follows
from the primitive element theorem).

Let f(X,Y) € K[X, Y] be the K-irreducible polynomial such that f(x,y) = 0 (it is well-defined
up to a constant factor). Since C is absolutely irreducible, so is the polynomial f(X,Y).
We put m = degy f, n = degy f, and write

FXY) = fo(XO)Y™ + AOY" ™+ 4 fu(X). (25)

Let Q € C(K) be a finite K-point of C (“finite” means that @Q is not a pole of z). We set
a =z(Q) and we denote by eq the ramification index of = at @ (that is, eq = ordg(z — «)).
When it does not cause a confusion we write e instead of eg. Fix a primitive e-th root of unity
¢ = (.- Then there exist e equivalent Puiseux expansions of y at Q:

y@ = Y QU@ _a)fe (j=1,... ), (26)
k=—k(Q)

where k(@) = max {0, —ordg(y)}- B
Let © be a place of K. We say that the series (26) converge v-adically at £ € K, if, for a fixed
e-th root /& — a, the e numerical series

e k

> @ (¢eE—a) =100
k=—k(@
converge in the v-adic topology. We denote by yj(Q)({), with y =1,... e, the corresponding sums.

While the individual sums depend on the particular choice of the root /¢ — «, the very fact of
convergence, as well as the set {y%Q)(f), .. ,yéQ) (f)} of the sums, are independent of the choice
of the root.

Now we are ready to introduce the principal notion of this section, that is of proximity of a

point to a different point with respect to a given place v € Mg.
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Definition 5.1 Let P € C(K) be a finite K-point of C, and put & = x(P). We say that P is
v-adically close to Q) if the following conditions are satisfied:

i ‘5 - a‘f) < ]-7.
o the e series (26) v-adically converge at &, and one of the sums yj(-Q)(g) is equal to y(P).

An important warning: the notion of proximity just introduced is not symmetric in P
and Q: the proximity of P to @) does not imply, in general, the proximity of @Q to P. Intuitively,
one should think of @ as a “constant” point, and of P as a “variable” point.

To state the main results of this section, we have to define a finite set Q of K-points of the
curve C, and certain finite sets of “bad” places of the field K. Let R(X) = R;(X) € K[X] be the
Y-resultant of f(X,Y) and f(X,Y), and let A be the set of the roots of R(X):

A={aeK:R(a)=0}

We define Q as follows:
0={QeCK):z2(Q) e A}.
It is important to notice that Q contains all the finite ramification points of 2 (and may contain
some other points as well). Also, the set Q is Galois-invariant over K: every point belongs to it
together with its Galois orbit over K.
Now let us define the finite sets of “bad” places of K mentioned above. First of all we assume
(as we may, without loss of generality) that

the polynomial fo(X), defined in (25), is monic. (27)

In particular, f has a coefficient equal to 1, which implies equality of the affine and the projective
heights of f:
ha(f) = hp(f)- (28)

Now, we define
T = {v € M]I% : the prime below v is < n} ,
Ty ={veM:|fl,>1}.
Further, let ro be the leading coeflicient of R(X). We define
T3 = {ve Mg :|rl, <1}.

Next, we let A be the resultant of R(X) and R'(X), where R is the radical of R, see Subsection 3.2.
Since the polynomial R(X) is separable, we have A € K*. Now we define the set T as follows:

Ty ={veMg:|Al, <1}.

The sets T5 and Tg will be defined under the assumptions

Q c C(K), (29)
K contains eg-th roots of unity for all Q € Q. (30)

Notice that (29) implies that
A CK. (31)

Now fix @ € C(K) and define the sets TS(Q) and TéQ) using the Puiseux expansions of y at

Q € Q. Asin (26), we denote by a,(cQ) the coefficients of these expansions; by (30) we may assume
that these coefficients are in K. Now define

TéQ) _ {v c M]I% : }a’gQ) , > 1 for some k}, Is = U TEEQ)'
QeQ
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The Eisenstein theorem implies that the set T5(Q) is finite.
Finally, put
9 =Ess(\?),  Te= |J 1.
QeQ
where Ess (y) is defined in Subsection 4.2 (just before Proposition 4.6) as the set of places v € Mk
such that |ag|z < 1 for some essential coefficient ay.

For P,Q € C(K) and a finite place ¥ € Mg we let v be the restriction of ¥ to K and 7 a primitive
element of the local ring O,. Define

_log € —al;

K(P7 Q7 17) - lOg |7T|v = Ordﬂ'(f - OZ), (32)

where, as above, £ = z(P) and a = z(Q). B
Now we are ready to state the principal results of this section. Recall that a point P € C(K)
is semi-defined over K if ¢ = z(P) € P*(K). We also call a point P finite if it is not a pole of z.

Proposition 5.2 Let Q be the set defined above, and assume (29), (30). Then for any finite point
P € C(K) \ Q semi-defined over K, and for any finite place v € Mg, at least one of the following
conditions is satisfied (we again put & = z(P)).

o [¢], > 1.
e v el UTsUTyUTs.
e v is not ramified in the field K(P).

e For any v € Mg, extending v, our point P is v-adically close to some () € Q, which depends
only on v, but not on the particular extension ©. In particular, the integers eq and {(P,Q, 0)
are independent of the particular choice of .

Proposition 5.3 Let P € C(K) be a finite point semi-defined over K, and assume that P is v-
adically close to some @ € C(K) for some finite place v € Mg. Let v and w be the restrictions

of v to K and K(P), respectively. Assume that v does not belong to Ty UTS(Q) UTéQ), and
that K contains the eg-th roots of unity. Then the ramification index of w over v is equal to
eq/(ged(eqg, £), where ¢ = ¢(P,(Q, ) is defined in (32).

Intuitively, the last condition means that the “arithmetic ramification is determined by the geo-
metric ramification”.

Proposition 5.4 Assume (29) and (30). Put T =T, UT> U ... UTs. Assume further that
the covering C % P! does not ramify over the roots of fo(X). (33)

Then
h(T) < 52mn? (hy(f) + 2m + 2n).

Finally, if we do not assume (29) and (30), then we have to estimate the smallest extension
of K satisfying (29) and (30).

Proposition 5.5 Let IL be the compositum of the fields K(Q) and the fields generated over K by
eq-th roots of unity, for all Q € Q. Then

Ok < 105mn? (hy(f) + 2m + 2n). (34)
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5.2 Proof of Proposition 5.2

We fix, once and for all, a finite place v € My, its extension ¥ € Mg, and a point P € C(K) semi-
defined over K and such that £ = z(P) ¢ A. We assume that [£], <1, that v ¢ ToU...UT5 and
that v is ramified in K(P), and we shall prove that P is v-adically close to a unique @ € Q, and
that the numbers eg and ¢(P, @, ) are independent of the selected .

Since v ¢ T» U T3, the polynomial R(X) belongs to O,[X] and is v-monic. Lemma 3.5 implies
that so is its radical R(X). Also, every root a of R is a v-adic integer.

Put n = y(P). Since £ ¢ A, the point (£,7n) of the plane curve f(X,Y) =0 is non-singular,
which implies that K(P) = K(&,n) =K(n) (recall that £ € K). Now Lemma 3.4 implies that
Ify (&, m)],; < 1. It follows that |R(£)|, < 1, which implies that |R(¢)|, < 1 by Lemma 3.5.

Next, since v ¢ Ty, we have |1§’ (€)]ly = 1. Lemma 3.6 implies now that there exists a unique
a € Asuch that | — a|; < 1. Since a € K by (31), |£ — a|s = |§ — @], depends only on v, but not
on the extension ¥; hence so does the quantity ¢(P, Q, ).

Fix this « from now on. There is EI(Q):Q eg = n Puiseux expansions of y at the points @
above «, and they satisfy

fz,Y) H H (Y (Q)) .

:c(Q) aj=1

Since v ¢ T5, each of the series yj(

9 has v-adic convergence radius at least 1. Since |€ — a|s < 1,
all them v-adically converge at £. Moreover, the convergence is absolute, because v is non-

archimedean. Hence
FEY) H I1(v-2©).

—a] 1

Since R(&) # 0, we have fo(§) # 0 as well. Hence we have on the left and on the right polynomials
of degree n in Y, the polynomial on the left having n = y(P) as a simple root (here we again use
that R(§) # 0). Hence exactly one of the sums y(Q)(ﬁ) is equal to 7. We have proved that P is
v-adically close to exactly one @ € Q. O

5.3 Proof of Proposition 5.3

We may assume, by re-defining the root /£ — « that = y(P) is the sum of y(Q) at £ In the
sequel we omit reference to @ (when it does not lead to confusion) and write e for eq, ay, for a(Q)

etc. Thus, we have, in the sense of v-adic convergence,

oo

= S w(vEa) )

k=—Fk(Q)

Let v and w be the restrictions of ¥ to K and K(P), respectively. We assume that v does not
belong to T7 U TéQ) U TéQ). Put

/ — € él — E
ged(e, £)’ ged(e, £)’

where e = eg and ¢ = {(P,Q, ) is defined in (32). We have to show that the ramification index
of w over v is equal to €’

Recall that by the assumption @ € C(K) and K contains e-th roots of unity. It follows that
a =z(Q) € K and that K contains the coefficients of the Puiseux expansions of y at Q.

Let K, be a v-adic completion of K. We consider K; as its algebraic closure, and the
fields K, (P) =K,(n) and K, (v/£ — @) as subfields of the latter. According to (35), we have
Ky (n) C K, (¥/€ = ). The latter field has ramification ¢’ over K, by item 1 of Lemma 3.3. (The

assumption v ¢ T3 implies that e is not divisible by the characteristic of the residue field.)
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Assume that the ramification of K, (n)/K, is not ¢’. Then there exists a prime divisor ¢ of ¢’
such that the ramification index of K, (n)/K, divides €’ /q. We want to show that this is impossible.

Let x be the smallest k& with the properties ax # 0 and ¢ { k. Then & is an essential index of
the series y; as defined in Subsection 4.2, and a, is an essential coefficient. Put

b=n- S (V) ma (VE0) + 3w (vEa)
k=k(Q) k=r+1

By the definition of s, we have § € K, (1, “4/ — a). The ramification of K, ( “%/¢ —a) /K, is
(e/q)/ ged(e/q,€) (we again use item 1 of Lemma 3.3). Since ¢ divides €, it cannot divide ¢/, and
we have ged(e/q, ¢) = ged(e, £), which implies that (e/q)/ ged(e/q,€) = €'/q.

Thus, the ramification of K, ( “4%/€ — @) /K, is ¢’/q, and the ramification of K, (n)/K, divides
e'/q. Item 2 of Lemma 3.3 now implies that the ramification of K, (77, /€ — a) /K, is €'/q.
Hence the ramification of K, (0)/K, divides ¢’/q, which implies that ord.6 € (¢/e’)Z.

But, since v ¢ T5(Q) UTéQ), we have |ag|, <1 for all k& and |ak|, =1, which implies that
0], = | (V€= a)K’v. Tt follows that

A4

ord, 0 = Eord,r(f —a)=—=—.
e

e e/
We have proved that /e’ € (¢/e¢/)Z. But ¢ does not divide any of the numbers x and ¢, a
contradiction. (]

5.4 Proof of Proposition 5.4

The proposition is a direct consequence of the estimates

h(T}) < 1.02n, (36)

h(Tz) < hy(f), (37)

h(T3) < (2n — 1) (hp(f) + mlog2 + log(2n?)), (38)

h(Ty) < 16mn?®(hy(f) + 2m + 2logn), (39)

h(T5) < 1dmn?(hy(f) + 2m + 2n), (40)

h(Ts) < 18mn® (hy(f) + 2m + logn). (41)
Remark 5.6 Assumption (33) is used only in the proof of (41).

Proof of (36) Obviously, h(T1) < ° ., logp, which is bounded by 1.02n according to (5). O

Proof of (37) Item 2 of Proposition 2.2 implies that h(T%) < h,(f). Since h,(f) = hy(f) by (28),
the result follows. g

Proof of (38) Item 2 of Proposition 2.2 and Lemma 3.14 imply that
h(T3) < ha(rg) <h,(R) < (2n— Dh,(f) +(2n—1) (log(2n2) + mlog2). (42)
Again using (28), we have the result. O

Proof of (39) We have deg R < deg R < (2n — 1)m. Further, using Corollary 3.11 and inequal-
ities (42), we find

h,(R) < hy(R) + ha(rg) + deg R < (4n — 2)h,(f) + (8n — 4) (logn + m).
Finally, using Remark 3.15 and the previous estimates, we obtain
h(Ty) < ha(A) < (2deg R — 1) (ha(fz) + log(2(deg ﬁf)?)) < 16mn2hy(f) + 32mn? (logn +m) .

Using (28), we obtain the result. O
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Preparation for the proofs of (40) and (41) Recall that we denote by R(X) the Y-resultant
of f(X,Y) and f{(X,Y) and by A the set of the roots of R(X). Then

Al <) orda R(X) < deg R(X) < m(2n — 1), (43)
acA

D ha(e) <) orda R(X)ha(a) < hy(R) +log(2mn) < (2n — 1)hy(f) + 3nlog(4mn),  (44)
acA acA

where for (44) we use Remark 3.10 and Lemma 3.14. Using the notation f(*)(X,Y) = f(X 4+ a,Y)
and Corollary 3.12, we obtain the inequality

Z ha (f()) < Z ordo R(X)ha(f) < 4mnh, (f) + 7m?n + 3nmlogn. (45)
acA acA

Proof of (40) Fix o € K. The height of the set T =U,@)=a T5 T{? can be estimated using
item 1 of Proposition 4.3 with polynomial f(® instead of f. We obtain

W(TE) < 3n(by(£) + log(mn) + 1). (46)

The set T is contained in the union of all T5(°‘) with o € A. Hence combining (43), (45) and (46),
we obtain

h(T5) < 3n (Z hy (£ + (log(mn) + 1)|A|> < 14mn?® (hy(f) + 2m + 2n),
acA

as wanted. O

Proof of (41) It is totally analogous to the proof of (40). We define T = U (Q)=a Ess (y(@).

If the set T(a) is non-empty then the covering C 5 P! ramifies over a, and condltlon (33) implies
that f(a)( 0) = fo(a) # 0. Hence we may apply (24) with f(®) instead of f. We obtain
W(TE™) < n(hp(F) + 2)+3n (b, (£) + 4n + log m)ord, D(X)

Next, we use (43) and (45) to obtain

h(T5) < n(z hp(f(a)) + 2|A|)+3n (Z ordaR(X)hp(f((’)) + (4n + logm) Z ordaR(X)>

acA acA acA
< 18mn®(hy(f) + 2m + logn),

as wanted. This completes the proof of Proposition 5.4. O

5.5 Proof of Proposition 5.5
We have

k<Y Fkm+ Y, D k@K@ + Z&K(cmﬂ@ (47)

acA acAz(Q)=a r=1

where (. is a primitive r-th root of unity.
Each « € A generates over K a field of degree at most deg R(X) < 2mn. Lemma 3.16 and
estimate (44) imply that

Z IK(a)/x < 4mn Z ha(a) + 2mnlog(2mn) < 8mn?h,(f) + 14mn? log(4mn).
acA acA
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The field K(«)(Q) is contained in the field generated over K(a) by the coefficients of the Puiseux
expansions of y at Q. Using item 2 of Proposition 4.3, but with polynomial® f(® instead of f, we
obtain

D Ox(a)@)/x(a) < 8n(ordaD(X) + 1) (hy(£1°) + 5n + logm).
2(Q)=a

Hence, applying (45), we obtain

Y D @@k < 8n <Z ord R(X)hy (f) + > hp(f(“))>

acAz(Q)=a acA acA

+ 8n (Z ordo R(X) + A|> (5n + log m)

acA
< 64mn’hy(f) + 144m>n? + 208mn®

Finally, Lemma 3.16 implies that

Y O < Y logr < mlogn.
r=1 r=1

Combining all this, we obtain (34). O

6 A Tower of K-Points

In this section we retain the set-up of Section 5; that is, we fix a number field K, a curve C defined
over K and rational functions z,y € K(C) such that K(C) = K(z,y). Again, let f(X,Y) € K[X,Y]
be the K-irreducible polynomial of X-degree m and Y-degree n such that f(z,y) =0, and we
again assume that fo(X) in (25) is monic. We again define the polynomial R(X), the sets A C K,
Q CcC(K)and Ti,...,Ts C Mg, etc.

We also fix a covering C A C of C by another smooth irreducible projective curve C; ; We assume
that both C and the covering ¢ are defined over K. We consider K(C) as a subfield of K(C); in

particular, we identify the functions z € K(C) and z o ¢ € K(C). We fix a function 7 € K(C) such
that K(C) = K(z,7). We let f(X,Y) € K[X,Y] be an irreducible polynomial of X-degree m and

Y-degree n such that f(z,y) = 0; we write
FX, V) = fo(X)Y™ + LX)V 4 4 fa(X)

and assume that the polynomial fo(X) is monic. We define in the similar way the polynomial
R(X), the sets A C K, Q € C(K) and T1,...,Ts C Mg, etc. For defining T5 and T we need to
assume that

Q c C(K), (48)
K contains e@—th roots of unity for all Qe Q. (49)

We also define the notion of proximity on the curve c exactly in the same way as we did it
for C in Definition 5.1, and we have the analogues of Propositions 5.2, 5.3 and 5.4.
_ In addition to all this, we define one more finite set of places of the field K as follows. Write
R(X) = R1(X)R2(X), where the polynomials R;(X), R2(X) € K(X) are uniquely defined by the
following conditions:

e the roots of R1(X) are contained in the set of the roots of fo(X);

5Recall that f(®)(X,Y) = f(X + o, Y).
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e the polynomial R5(X) has no common roots with fo(X) and is monic.

Now let © be the resultant of fo(X) and Ry(X). Then © # 0 by the definition of Ra(X), and we
set
U={veMk:|0|, <1}

Proposition 6.1 Assume (29), (30), (48) and (49). Let P € C(K) be semi-defined over K (that

is, ¢ = 2(P) € K), and let P € C(K) be a point above P (that is, ¢(P) = P). Let v be a finite
place of K, and ¥ an extension of v to K. Assume that P is v-close to some ) € Q. Then we have
one of the following options.

o &, > 1.

eveTUTUU.

e P is v-adically close to the Q € C(K) which lies below Q.

For the proof we shall need a simple lemma.

Lemma 6.2 In the above set-up, there exists a polynomial ®(X,Y) € K[X,Y] such that

)
' R k()

Proof Since fo(z)y is integral over K[z], Corollary 3.2 implies that fo(z)y € R(x) ‘K|z, 7],
whence the result. O

Proof of Proposition 6.1 We put a = x(@) By the definition of the set é, we have a € A.
Assume that |¢|, <1 and v ¢ TUT UU. Let € be the ramification of @ over P!, and let
Y= Y e —at (j=1,....9), (50)
k=—k(Q@)

be the equivalent Puiseux expansions of y at @ (here C is a primitive &-th root of unity). Since P
is v-close to @, we have |€ — a|; < 1 and the € series (50) converge at £, with one of the sums

being y(P).

Now let ®(X,Y") be the polynomial from Lemma 6.2. Then the € series
G
fo(@)R(z)

contain all the equivalent Puiseux series of y at Q) = ¢(@) More precisely, if the ramification of @
over P! is e, then every of the latter series occurs in (51) exactly €/e times.

Write fo(X)R(X) = (X — a)"g(X) with g(a) # 0. The assumption v ¢ To UT, UT5 UT, UU
implies that |g(«)|s = 1. Now Lemma 3.7 implies that the Laurent series at o of the rational

(j=1,...,¢ (51)

function ( fo(x)é(x)) converges at . Hence all the series (51) converge at £, and among the
sums we find

PP
fo (x(P))R(x(P))

Hence P is v-close to Q. O

We shall also need a bound for U similar to that of Proposition 5.4.
Proposition 6.3 We have h(U) < Y + =, where T is defined in (1) and

E =2mn(2m + 3logn) + (m + 2mn) log(m + 2mn). (52)
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Proof Item 2 of Proposition 2.2 implies that h(U) < ha(©), where © is the resultant of fo(X)
and R2(X). Expressing © as the familiar determinant, we find

h,(©) < deg Roha(fo) + deg foha(Rs) + (deg fo + deg Ry) log(deg fo + deg Ry). (53)

Since both fo and Ry are monic polynomials (by the convention (27) and the definition of Rj),
we may replace the affine heights by the projective heights. Further, we have the estimates

degfo<m,  degRy <m(2i—1),  hy(fo) <hp(f),
hy(Rs) < (27— Dhy(F) + (27— 1) (277z+log((ﬁ+ 1)@)) ,

the latter estimate being a consequence of Corollary 3.11 and Lemma 3.14. Substituting all this
o (53), we obtain the result. O

7 The Chevalley-Weil Theorem

Now we may to gather the fruits of our hard work. In this section we retain the set-up of Section 6.
Here is our principal result, which will easily imply all the theorems stated in the introduction.

Theorem 7.1 Assume (29) (30), (48) and (49). Assume that the covering ¢ is unramified outside
the poles of z. Let P € C(K) be semi-defined over K, and let P € C(K) be a point above P. As
before, we put &€ = z(P) = x(P). Then for every v € Mg we have one of the following options.

o &), > 1.
e veTUTUU.

e Any extension of v to K(P) is unramified in K(P).

Proof Let v € Mg be a non-archimedean valuation such that |¢], <1 and v ¢ TUT UU. Fix
an extension ¥ of v to K, and let @ and w be the restrictions of  to K(P) and K(P), and € and e
their ramification indexes over v, respectively. We want to show that e = e.

We may assume that P ¢ Q; otherwise there is nothing to prove by (48). Proposmon 5.2
applied to the covering C — P! implies that either € =1 and we are done, or P is v- adically
close to some @ € Q, which will be assumed in the sequel. Now Proposition 5.3 implies that
€=eg/ged(eg, £). Let Q be the point of C lying under Q. Put o =2(Q) =z(Q). If a ¢ A
then the covering C +— P! does not ramify at Q. Since ¢ is unramified outside the poles of z, the
covering C — P! does not ramify at @, that is, eg = 1. Hence ¢ = 1, which means that v is not

ramified in K(P).

Now assume that o € A. Proposition 6.1 implies that P is v-adically close to (). Now notice
that eg = €5 again because ¢ is unramified. Also, ¢(P,Q,7) = £(P,Q, ) = ¢, just by the defi-
nition of this quantity. Again using Proposition 5.3, we obtain that e = eg/ged(eqg, ) = €. This
shows tha w is unramified over w, completing the proof. O

We also need an estimate for h(T'UT U U). Recall the notation
Q=mn?(hp(f) +2m+2n),  Q=mn?(hy(f) + 2 + 27),
T = 20 (ihy (f) + mhy(f)).
Proposition 7.2 Assume (29), (30), (48) and (49), and assume in addition that

the covering C % P! does not ramify over the roots of fo(X), (54)
the covering C 5 P' does not ramify over the roots of fo(X). (55)

Then ~ ~
WTUTUU) < 60(Q+ Q)+ T. (56)
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Proof Combining Propositions 5.4 and 6.3, we obtain the estimate
WTUTUU)<52(Q+Q)+ T +E,

where E is defined in (52). A routine calculation show that = < 6(Q + ), which proves (56). O

Now we can prove the theorems from the introduction.

Proof of Theorem 1.3 We may replace K by K(P) and assume that P € C(K). Put £ = z(P).
Assume first that (29), (30), (48) and (49) hold, and assume in addition that®

the covering C % P! does not ramify over the roots of fo(X)X™ fo(X 1), (57)
the covering C < P! does not ramify over the roots of fo(X)X™ fo(X ). (58)
Theorem 7.1 and estimate (56) imply that
h({v € Ram(K(P)/K) : [¢], < 1}) < 60(Q + Q) + T.

Replacing z by 2! and the polynomials f, f by Xmf(X~1Y) and me(X_17 Y'), respectively,
we obtain the estimate

h({v € Ram(K(P)/K) : [¢], > 1}) < 60(Q+ Q) + Y.

Thus,
h(Ram(K(P)/K)) < 120(Q + Q) + 27T,

and Lemma 3.18 implies that

1 ~ ~
Oy < - —— (120(2+ Q) +27T) + 1.26v < 120(2 + Q) + 2. (59)

Now let us relax our assumptions. Suppose that we no longer assume (29), (30), (48) and (49),
but continue to assume (57) and (58). Then (59) should be replaced by

7)

LBy < 120(2 4 Q) + 27, (60)

where L is the compositum of the fields K(Q), K(@) and the fields generated over K by eg-th and

e5-th roots of unity, for all @ € Q and @ € Q. Proposition 5.5 implies that dp,/x < 110(€2 + (Nl)
Hence B
aK(ﬁ)/K < 8]L(§)/1K < 8]]4(13)/]14 + 0Lk < 230(2 + Q) + 27

Finally, suppose that we no longer assume (57) and (58) either. All finite ramification points
are contained in the set \A. Hence there is at most |A| < (2n — 1)m finite ramification points. It
follows that there exists a root of unity ¢ of order 4m?n such that f(X,)X™f(X 1 ()| x=a #0
for any finite ramification point . Now instead of the function y we consider the new function
z=(y—¢)~! € K(C). It satisfies the equation g(x,z) = 0, where the polynomial

9(X,2)=Z"f(X,C+Z7") = 90(X)Z" + 1(X)Z" " + - + gn(X) € K(Q)[X, Z]
satisfies
degxy g=m, degzg=n, hp(g) < hp(f) +2nlog2 (61)

(we use Corollary 3.12). Also, d(¢)/x < log(4m?n) by Lemma 3.16.

We have go(X)X™go(X 1) = (X, )X f(X1,(), and by the choice of ¢ the covering C - P!
does not ramify over the roots of go(X)X™go(X ).

6We have to replace here (54) and (55) by more restrictive conditions (57) and (58) because in the proof we deal
not only with the function z, but with 2~! as well.
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In the same way we find a root of unity C; of order 4m?n such that the function z = (y — {)~!
satisfies g(z,z) = 0 with g(X, Z) € K({)[X, Z] satistying

degy g=m, degzg=n, hy(g) <hy(f)+2nlog2 (62)

and the covering C % P! is unramified over the roots of the polynomial go(X)X™go(X ). Also,
ey < log(4m?2n).
Thus, (57) and (58) hold with f, f replaced by g, g. It follows that

Oy < 230(Q + Q') + 27,

(€.O(P)/K(S,0)
where (', € and Y’ are defined like Q, Q and Y but with f, f replaced by g, . Hence

Oy < 230( + Q) + 20 + o)k + O o)
< 230(Q + ) 4 27 + log(4m?n) + log(4m>7). (63)

A messy calculation using (61) and (62) shows that the right-hand side of (63) does not exceed
400(2 + Q) + 27 + 6mn?. Theorem 1.3 is proved. O

Proof of Theorem 1.5 Let S’ be set of places of the field K(P) extending the places from S.
The right-hand side of (2) will not increase (see item 1 of Proposition 2.2) if we replace K by K(P)
and S by S’. Thus, we may assume that P € C(K). As in the proof of Theorem 1.3 assume
first that (29), (30), (48) and (49) hold, and in addition assume” (54) and (55). Again using
Theorem 7.1 and (56), we obtain

h(Ram(K(P)/K) ~ S) < 60(Q+Q) + T,
and applying Lemma 3.18, we obtain

Now we get rid of the assumptions (29), (30), (48), (49), (54) and (55) in exactly the same manner
as we did in the proof of Theorem 1.3. The details are routine, we leave them out. O

To prove Theorem 1.6, we need the following result from [4].

Theorem 7.3 Let x : C — P! be a finite covering of degree n > 2, defined over K and unramified
outside a finite set A C P}(K). Put h =h,(A) and A’ = (2(g + 1)n2)10gn+12n, where g = g(C).
Then there exists a rational function y € K(C) such that K(C) = K(x,y) and the rational functions
z,y € K(C) satisfy the equation f(z,y) = 0, where f(X,Y) € K[X,Y] is an absolutely irreducible
polynomial satisfying

degx f=g+1, degy f=n, hy(f)<AN(h+1). (64)

Moreover, the number field L, generated over K by the set A and by the coefficients of f satisfies
O keay < A'(h+1).

Proof of Theorem 1.6 We shall prove the “projective” case (that is, item 1) of this theorem.
The “affine” case is proved similarly.

We define A’ in the same way as A’ in Theorem 7.3, but with n and g replaced by 7 and g.
We use Theorem 7.3 to find functions y € K(C) and 5 € K(C), and polynomials f(X,Y) € K[X,Y]
and f(X,Y) € K[X,Y]. Denoting by L the field generated by the set A and the coefficients of

"In this proof we deal only with the function z, and do not need z~!, as we did in the projective case. Therefore
we may assume (54) and (55), and do not need more restrictive (57) and (58).
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both the polynomials, we find dp /x4y < (A" + A’)(h + 1) with A = h,(A). Using Lemma 3.16, we
estimate Jg(ay/x < 2(0 — 1)h +logd. Hence

O < (N + N +2(6 — 1)) (h+1).

We define the quantities (2, Q and T as in the introduction. Then, applying Theorem 1.3, but
over the field L rather than K, we find 9; ) 1 p) < 400(€2 +€2) + 27 + 6mn?. We have

aK(P)/]K(P < 8 L(P)/K(P) — a]L(P )/L(P) + aJL(P)/K(P) < 6 P)/L(P) + a1L/1K
The last sum is bounded by

400(Q + Q) + 27 + 6ma® + (A + N +2(6 — 1)) (h + 1),

which, obviously, does not exceed A(h + 1), as wanted. O
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