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ABSTRACT. Consider a nonlocal conservation where the flux function depends on the convolution of the
solution with a given kernel. In the singular local limit obtained by letting the convolution kernel converge
to the Dirac delta one formally recovers a conservation law. However, recent counter-examples show that in
general the solutions of the nonlocal equations do not converge to a solution of the conservation law. In this
work we focus on nonlocal conservation laws modeling vehicular traffic: in this case, the convolution kernel
is anisotropic. We show that, under fairly general assumptions on the (anisotropic) convolution kernel, the
nonlocal-to-local limit can be rigorously justified provided the initial datum satisfies a one-sided Lipschitz
condition and is bounded away from 0. We also exhibit a counter-example showing that, if the initial datum
attains the value 0, then there are severe obstructions to a convergence proof.
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1. INTRODUCTION

We deal with the nonlocal conservation law (or nonlocal continuity equation)
(1) Opu + Oy [uV(u * 77)] =0,

where u : Ry X R — R is the unknown, V : R — R is a given Lipschitz continuous function and in
the nonlocal term the symbol * denotes the convolution with respect to the space variable only. The
convolution kernel n € L' (R) is compactly supported, nonnegative, and has unit integral. Conservation
laws involving nonlocal terms appear in models for sedimentation [2], pedestrian crowds [8, 9], vehicular
traffic [3, 12], and others.

In the present work we are concerned with the nonlocal-to-local limit. More precisely, consider a
parameter € > 0, define 7. by setting n.(z) := n(z/e)/e, and consider the family of nonlocal equations

2) Byue + Oy [u5V(ua * na)} ~0

which are obtained from (1) by replacing 1 with 7.. When ¢ — 07, the kernel 7. converges weakly—x
in the sense of measures to the Dirac delta, and hence one formally recovers the (local) conservation
law

(3) Oyu + Oy {uV(u)} =0.

In [1] Amorim, R. Colombo and Teixeira posed the following question: can we rigorously justify this
formal limit? In other words, can we show that when ¢ — 07 the solution u. of (1) converges to the
entropy admissible solution of (3)7 In a previous work [7], counter-examples were exhibited showing
that the answer to this question is, in general, negative. See also [6] for the role of numerical viscosity.

However, the results in [7] do not rule out the possibility that, in some more specific case, convergence
indeed holds. In particular, several recent works (see for instance Blandin and Goatin [3] and Chiarello
and Goatin [5]) have been devoted to the analysis of the case when V' is monotone nonincreasing, the
initial datum is nonnegative, and the convolution kernel is anisotropic, in particular it is supported
on the negative axis | — 00, 0]. This case is very relevant in the modelling of vehicular traffic, where
the unknown u represents the density of cars and V their speed. Assuming that V is monotone
nonincreasing is standard in local and nonlocal traffic models: the higher the density of cars on a road,

the lower their speed. The assumption that the convolution kernel is supported on the negative axis
1
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expresses the fact that one expects the drivers to decide their speed based only on the downstream
traffic density, i.e. they only look forward, not backward.

Remarkably, when V' is is monotone nonincreasing and the convolution kernel is supported on the
negative axis | — 0o, 0], stronger analytic results are available. More precisely:

e The nonlocal equation (1) satisfies a maximum principle, see [3, Theorem 1] (see also Proposi-
tion 8 below).

e The nonlocal equation (1) is monotonicity preserving, that is if the initial datum is bounded
and monotone, so is u(t,-) for every ¢t > 0, see [3, Proposition 2]. This allows to show that,
if the initial datum is monotone and bounded, the nonlocal-to-local limit can be rigorously
justified under suitable assumptions on the function V', see [14].

e Very recently, Bressan and Shen [4] proved that, if the convolution kernel is n(z) = L0016
and the initial datum is bounded away from 0 and has bounded total variation, then the
solutions of u. of (2) converge to a weak solution of (3). Under the further assumption that
the function V is affine, they also show that that the limit is the unique entropy admissible
solution. The analysis in [4] relies on a change of variable which allows to rewrite (2) as a
2 x 2 system of conservation laws with relaxation, provided the convolution kernel is exactly
n() =1 0€ "

e To conclude, we point out that the numerical experiments in [1, 3] suggest that in the case
of anisotropic kernels the behavior of the solutions u. in the local limit ¢ — 07 is more
stable than in the case of general convolution kernels. In particular, they suggest that, if V' is
monotone nonicreasing and the convolution kernel is supported on | — oo, 0], the total variation
TotVar u.(t, -) is a monotone nonincreasing function of time.

Our main positive results establishes the nonlocal-to-local limit from (2) to the entropy admissible
solution of (3) under fairly general assumptions on V' and on the (anisotropic) convolution kernel,
provided that the initial datum has bounded total variation, is bounded away from 0 and satisfies a
one-sided Lipschitz condition. Note that our assumptions on  and V are much weaker than those
in [4], but on the other hand we impose stronger assumptions on the initial datum, more precisely we
have to assume that it satisfies a one-sided Lipschitz condition that is defined in the following.

To rigorously state our result we have to introduce some notation. First, we introduce the assump-
tions we impose on V and 7.

Assumption 1. The function V is of class C? and satisfies V' < 0. Also, there are 8, umax > 0 such
that

(4) V(tmax) =0 and V'(v) < =8 for every v € [0, Umax]-

Note that the above assumption is fairly common in traffic models: umax represents the maximum
possible car density, which occurs when cars are completely packed and cannot move.

Assumption 2. The convolution kernel n satisfies

(5) n(x) >0 for every x € R, n(z) =0 for every x €]0, +o0], /Rn(:z:)da: =1.
Also, n is Lipschitz continuous on | — 00, 0] and there is a constant D > 0 such that
(6) n(y) < Di'(y), for a.e. y €] —00,0].

In the following we focus on the Cauchy problem, so we impose the initial condition
(7) u(0, ) = up.
We assume that the initial datum belongs to the set (the same as in [4])
(8) D := {ug € L°(R) : TotVar(ug) < 00, ug(z) € [0, umax) for a.e. z € R}.

Note that the assumption ug(z) € [0, umax] models the fact that the initial density ug should be positive
and not exceed the maximum possible density. To conclude, for every f : R — R, we define the quantity
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Lip™ f by setting
Lip™ f := — inf F) = J(@) f(x)
<y y—x
The quantity above bounds the negative part of the difference quotients. In particular Lip™ f < oo
implies that f has no jumps with negative sign, while positive jumps are allowed. Our main result of
this section is Theorem 3, which establishes a new uniform decay on the negative part of the space
derivative of u., that is on Lip~u.(t).

Theorem 3. Let V and n satisfy Assumptions 1 and 2, respectively. Assume moreover that ug € D
satisfies inf ug > 0 and Lip~ug < L for some L > 0 . Let u.(t) be the solution of the Cauchy problem

(2),(7)- 1If
inf uo

(9) SDL
where D > 0 is the same as in Assumption 1, then

L 1
< <
T 20Lt+1 26t

Some remarks are here in order: first, owing to Assumption 1 the flux function v — uV (u) sat-
isfies (uV(u))” < —26 and hence the decay estimate (10) is consistent with the celebrated Oleinik
estimate [15] for (local) conservation laws (3). Second, as a consequence of the decay estimate (10)
we rigorously establish the nonlocal-to-local limit, more precisely we show that the solutions of the
nonlocal Cauchy problems (2),(7) converge to the entropy admissible solution of (3),(7) strongly in

LI (RT x R) as € — 0. Here is the precise statement.

(10) Lip~uc(t, ) for every t > 0.

Corollary 4. Assume that V and n satisfy Assumptions 1 and 2, respectively, and that ug € D satisfies
Lip~ug < 0o and infcrug > 0. Let ue be the solution of the Cauchy problem (2), (7). Then, for every
t >0, the family u(t,-) strongly converges in Li _(R) as e — 0T to the entropy admissible solution of
the Cauchy problem (3), (7) u(t,-).

Remark 5. The assumptions on ug imposed in the statement of Corollary 4, namely Lip~uy < oo
and inf,cr ug > 0, can be relaxed to 0 < ug < umax if one allows for an e-dependence of the initial
datum of the Cauchy problem (2),(7), that is if one replaces the condition u.(0,-) = up with the
condition u.(0,:) = ug. for a suitably chosen sequence up. — ug. For instance, under the sole
assumption 0 < gy < Upmax, one can consider ug . = min{ug * p_2/s, coc'/3}, where p,(z) := p(z/v)/v
and p: R — R™T is a fixed smooth convolution kernel. In this case we can rigorously establish the same
nonlocal-to-local limit as in the statement of Corollary 4. The proof relies again on Theorem 3, which
also in this case provides a uniform bound on Lip~uc(t,-) as ¢ — 0.

We now discuss our main negative result concerning the nonlocal-to-local limit from (2) to (3). First,
we point out that the proof of Corollary 4 relies on the Helly-Kolmogorov Compactness Theorem. More
precisely, we show that the one-sided Lipschitz estimate (10) implies a uniform local bound on the total
variation, i.e. it implies that TotVar{u.(t,-);] — R, R[} is uniformly bounded with respect to ¢ and e,
for every R > 0, see (28). As a matter of fact, to the best of our knowledge all the known convergence
results on the nonlocal-to-local limit (that is, Corollary 4 and the results in [4, 14]) are based on the
Helly-Kolmogorov Compactness Theorem and require a uniform control on the total variation. The
only exception is the convergence result due to Zumbrun [16], which however only applies to time
intervals where the solution of the conservation law (3),(7) is very regular (of class C*). We point out
in passing that the maximum principle implies weak-* compactness of the family {u.}, but weak-x
convergence alone does not allow to pass to the limit in the equation (2). Note furthermore that the
semigroup of entropy admissible solutions of scalar conservation laws (3) is total variation decreasing,
and hence uniform bounds on the total variation of (2) are somehow natural in view of a convergence
result. Also, numerical experiments in [1, 3] suggest that, in the case of anisotropic convolution kernels,
the total variation of (2) is uniformly bounded.
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Our main negative result states that, if V', n and ug satisfy all the hypotheses of Corollary 4 but
the condition infwug > 0, then the total variation of (2),(7) can blow up in ¢ for every positive time.
Althought strictly speaking this does not rule out convergence in the nonlocal-to-local limit, it provides
a severe obstruction to a convergence proof, as it prevents the application of the argument used in the
proof of basically all the known convergence results.

Theorem 6. Assume that V(u) =1 —u and that either n(z) := 1_y g(x) or n satisfies the following
assumption: n satisfies (5), it is Lipschitz continuous on | — 00,0] and n'(x) > 0 for a.e. x €] — 00, 0].
Then there is ug € L*°(R) such that 0 < up(z) < 1 for a.e. z € R, TotVar uy < +o00, Lip~ug < 400
and the solution of the Cauchy problem (2),(7) satisfies

(11) sup TotVar u.(7,-) = 400, for every T > 0.
e>0

Some remarks are here in order. First, V(u) = 1 — u satisfies Assumption 1. Second, our counter-
example is completely explicit and in §4 we provide the precise formula for an initial datum ug satisfying
the statement of the theorem, see (41) and (56). Third, if the initial datum wy were monotone one
could apply the results in [3, 14] and establish uniform bounds on the total variation, and indeed the
initial datum we exhibit in the proof of Theorem 6 is not monotone. Fourth, it is natural to compare
Corollary 4 and Theorem 6 and wonder what are the sharp conditions that prevent the total variation
blow up. Our guess is that the conditions Lip~ug < 400 is just a technical hypothesis, and that
the key condition to obtain a uniform bound on the total variation is infwug > 0. More precisely, we
propose the following conjecture.

Conjecture 7. Assume that V and n satisfy Assumptions 1 and 2, respectively, and that uy € D
satisfies inf ecr ug > 0. Let u. be the solution of the Cauchy problem (2), (7). Then for every T, R > 0
there is a constant C' > 0, possibly depending on T, R and ug, such that

(12) TotVar{u.(t,-);] — R, R[} < C, for everyt € [0,T] and every € > 0.

As mentioned above we remark that Conjecture 7 has been proved in [4] under the assumption that
n(z) = 1)_,0i¢”*- The exposition is organized as follows: in §2 we establish the well-posedness of the
Cauchy problem (2),(7) by slightly extending previous results in [3, 4, 5, 13]. In §3 we establish the
proof of Theorem 3 and Corollary 4 and in §4 we establish the proof of Theorem 6.

2. WELL-POSEDNESS OF THE CAUCHY PROBLEM FOR FIXED € > (

In the case of anisotropic kernels, well-posedness of the Cauchy problem (1),(7) is discussed in several
works, see for instance [3, 4, 5, 13]. The following proposition slightly extends previous well-posedness
results.

Proposition 8. Let Assumptions 1 and 2 hold true and fix € > 0. Then there is a unique semigroup
5S¢ :[0,400[xD — D, continuous in Llloc, such that each trajectory t — S;ug provides a distributional
solution of the Cauchy problem (1), (7).

Moreover, the semigroup S¢ satisfies the following properties.

i) Assume up(x) € [a,b] for a.e. x € R and for some 0 < a < b < umax. Then
(13) a < Siup(x) <b for every t > 0 and for a.e. x € R.

it) For every k € N and every T, A > 0 there is a constant C = C(k,T,n,e, A) such that if
lluollcr < A, then ||Siup||lcr < C for every t € [0,T].

iti) Assume that ||ugl|cn < oo, then the map t — Lip~ (Sfug) is a locally Lipschitz continuous
function from [0, +o0[ to [0, +oo].

Proof. The maximum principle (13) is established in [3]. The proof of property ii) is provided in [4,
§2]. We are left with establishing property iii): we fix ¢ > 0 and by combining property ii) with the
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equation (2), we establish C° bounds on d;u.. We conclude that u. is of class C* with respect to both
space and time and it is a classical solution of (1). Next, we set v := d,u. and we point out that

(14) Lip™ (Sfug) = — inf d,u(t,x) = — inf v° (¢, ).
z€R z€R
We use the characteristic lines of (1) and we denote by X.(+,¢,Z) the solution of the Cauchy problem
dX
p E = Vi(ue *n:)(t, Xe)
(15) !
X:(t=t) =1z

By differentiating (1) with respect to = we infer that the material derivative of v, is given by
(16) Opve + V (ue %12)030: = —20V (e % 02 )ve % e — V" (e ¥ m2) (Ve % 12)% — u V' (e % 1.) (Opve % 12).
Since ||ue(t)||c1 is bounded on [0,7], then the source at the right hand side of (16) is uniformly

bounded on [0,7] x R. To conclude, we fix t1,t; € [0,7] and just to fix the ideas we assume that
Lip™ (S§,u0) > Lip™ (Sf,up). We fix an arbitrarily small constant » > 0 and a point x; such that

(17) ve(t1,z1) < in]%ve(tl,x) + h.
jaS

By recalling (14) we get
(14)
[Lip™ (S, u0) — Lip™ (Sp,u0)| = Lip™ (57, uo) — Lip™ (Si,u0) < — inf v*(t1,2) — Lip™ (S5, u0)
(7) , (14)
< _/Ua‘(tl, xl) + h — Lip~ (szuo) < —va(tl, .731) + h+ vg(t17 Xa(tg, t1, 1‘1))

By using the fact the material derivative (16) is uniformly bounded and the arbitrariness of the constant
h we conclude that the map ¢ — Lip~ (Sfup) is a Lipschitz continuous function on [0, 7. O

Remark 9 (Preservation of the monotonicity). For sake of completeness, we sketch here a formal proof
of the preservation of the monotonicity of the initial datum rigorously shown in [3, Proposition 2]
and [14, §4]. Let us assume to fix the ideas that the initial datum wu.(0,-) is nondecreasing, that is
(using the same notation as in the proof of Proposition 8) v:(0,-) > 0. We evaluate (16) at a minimum
point z of v.(t, ) at which v.(¢,Z) = 0: we have J,v:(t,Z) = 0. By using Assumption 2 and integrating
by parts we get

OpVe ¥ Me(t,Z) = /0 N (y)0pve (t, T — y)dy = —n-(0)0zv:(t, ) +/0 n.(y)ve(t,z — y)dy > 0.
=0

We conclude that dyv.(t,z) > 0 and this yields the preservation of the monotonicity of wu..

3. PROOF OF THEOREM 3 AND OF COROLLARY 4

3.1. Proof of Theorem 3. First, we point out that it suffices to establish the statement of Theorem 3
under the additional assumption that ug € D satisfies ||up||c2 < co. Indeed, estimate (10) in the general
case ug € D follows by the LllO -continuity of the semigroup S; defined in the statement of Proposition 8
and by the lower semicontinuity of the map u — Lip~ u.

We fix ug € D such that ||ug||c2 < co. By arguing as in the proof of Proposition 8 we infer that
Ssug is C? with respect to space and time and it is a classical solution of (1),(7). Next, we fix T > 0
and we separately consider the following two cases:

1. for every ¢ € [0,T] there is z € R such that Oyu.(t,z) < 0;

2. there is ¢t € [0, T such that dyuc(t,z) > 0 for every = € R.
CaAsE 1. Fix ¢t € [0,T]: by using the fact that there is € R such that 0,u.(t,z) < 0 and recalling that
TotVar(ue(t)) and ||us(t)||c, are both finite owing to Proposition 8, we conclude that there is z € R
such that

(18) Oruc(t, T) = min Oyuc(t, x) = min v (t, x) := —c(t) <0,
z€R z€R
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where we have used the notation v. = d,u. and to simplify the exposition we write ¢(t) instead of
c(t). Next, we evaluate (16) at (¢,z) and recall that V' is concave and that u. > 0. We obtain

(19) Oe(t, ) > V' (ue * ne(t, 7)) [2¢(t)ve * n(t, T) — uc(t, Z)(Opve * 1 (£, T))] .
Integrating by parts we get

O Ve * 77€(t’ j) = /Oo axva(tv z+ y)ns(—y)dy

(20) 0 o

= o(t)n.(0) + / ve(t & + )7 (—y)dy.
0

Plugging (20) into (19) we get
(21)

e (t,T) > V' (ue % na(t,T)) (—ua(t,a_c)c(t)ng(O) + /000 ve(t, T +y) [2c(t)77€(—y) — ue(t,i')n;(—y)] dy)

= V(ue et T)) (usa,f)c(t)ne(m + /0 et + ) [ue(t B (—y) — 26ty (~)] dy) .

Next, we combine (6) with (9) and recall that ¢(0) < L and that 7.(y) = n(y/e)/e. We obtain

(22) ue(t, T)nL(—y) — 2c(t)n-(—y) > 0 for a.e. y € [0, +o00] at t = 0.
We now introduce the value 7 € [0, 7] by setting
(23)

T:=sup{t € [0,T]: u:(s,Z)n.(—y) — 2c(s)n-(—y) > 0 for a.e. y € [0, 400 and every s € [0,¢]}.

T
Owing to (18), v:(t,Z + y) > —c(t) for every y > 0. By using (21) and (23) we get that for every
te0,7]

Oroo(t,7) > =V (uz % 1. (t, 7)) (ue<t,f>c<t>n€<o> ~ett) | " (et ) () — 2c<t>ne<—y>)dy)

(24) ImXB=E e s (1, 7)) (2e()?)

“4)
> 20c(t)?.

We now point out that ¢(t) = Lip~ (Sfuo) and hence, by property iii) in the statement of Theorem 8, it

is a.e. differentiable. By combining (18) and (24) we get ¢(t) < —26¢(t)? and by a classical comparison

argument for ODEs we arrive at .
C(t) S m on [O,T].

To conclude, we are left to show that 7 = T. Assume by contradiction that 7 < T, then by the

continuity of ¢ we get that

p— T 1 f
o(7) = (7, 2) yesupp . 2n:(y) ~ 2e
On the other hand, the inequality é¢(t) < —26¢(t)? on [0, 7[ implies that ¢(7) < ¢(0), which contradicts
the previous chain of inequalities, shows that 7 = T and hence establishes (10) in CASE 1.
CASE 2. We define ¢ € [0, 7] by setting

(25) t:=inf{t € [0,T] : dyuc(t,z) > 0 for every x € R}.

Assume t > 0: on the interval [0, ] we can apply the same argument as in CASE 1 and, by using the
continuity of the function ¢ + Lip~u.(t) (see property iii) in the statement of Theorem 8), establish (10)
on [0,7]. Next, we use the fact that (1) preserves the monotonicity of the initial datum, see [3, 14]
and Remark 9. This implies that, for every ¢ €]¢,T], u(t,-) is a monotone increasing function, that is
Lip~uc(t) < 0. If t = 0, then we can directly apply the preservation of monotonicity argument. This
concludes the proof of Theorem 3. (]
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Remark 10. In the proof of Proposition 3 we have used an approximation argument on the initial
datum, because the computations require that u.(t) € C?(R), that is ug € C?(R). Another possibility
is to apply an approximation argument on the equation. More precisely, one could consider the viscous
equation

(26) Ol + Op (ulV (ul % me)) = vOgzul, v >0,

which has a regularizing effect. The same proof as in Proposition 3 establishes the main estimate (24)
for uZ. Next, one could argue as in the proof of Corollary 4 and show that u? strongly convergence
in LllOC to ue as v — 0. By the L'-lower semicontinuity of the map u. +— Lip~(u.) this eventually
yields (24).

Remark 11. Note that the one-sided Lipschitz estimate (10) does not depend on L, that is on Lip~ug.
However, we have only established (10) for e satisfying (9), and hence the range of € > 0 such that
(10) holds true does depends on Lip~ug. This is the reason why Theorem 3 does not apply to general
BV initial data.

3.2. Proof of Corollary 4. We proceed according to the following steps.
STEP 1: uniform BV bounds. Theorem 3 implies that for every € > 0 sufficiently small and for every
t > 0 we have

. L
(27) Lib ue(t) < 5o < 1
We now want to establish uniform bounds in BVj,., that is we want to show that, for any R > 0, the
quantity TotVar{u.(t);] — R, R[} is uniformly bounded with respect to ¢ and ¢. We recall that

N-1
(28) TotVar{u.(t); [-R, R]} = sup > Jue(t, miry) — uelt, )],
—R<z1<-<ay<R T

We consider separately the positive and the negative parts of the total variation of w.(t), defined
respectively by

N-1
TotVart{u.(t); [-R, R]} = e s<up< . Z (ue(t, zin1) — ue(t,z;)) T,

(29) R
TotVar™ {uc(t); [-R, R]} = sup Z (ue(t, wiv1) — us(t, @)~

~R<z1<<ay<R
From (27) it follows that
(30) TotVar {u.(t); [-R, R|} < 2LR,
therefore
(31) TotVar ™ {u.(t); [~ R, R]} = TotVar {uc(t); [~ R, R]} + u:(t, R) — u-(t,— R)
< 2LR 4+ Umax-

It follows from (30) and (31) that
TotVar{u.(t); [~ R, R]} = TotVart{u.(t); [~ R, R]} + TotVar {u.(t); [~ R, R]}

(32)
< 4LR + Umax

and this concludes Step 1.

STEP 2: ¢ — 07 limit. First, we point out that, by the properties of convolution, from (32) we deduce
that u. * 7. satisfies the same estimate. By using equation (2) we conclude that u. € Lip(R4, L{ (R))
and that the Lipschitz constant is uniform in e, provided € > 0 is sufficiently small. We apply the
Helly-Kolmogorov Compactness Theorem and conclude that for every sequence €, — 0 there exists a
subsequence ey, such that u, —converges to some function @ in Ll (R4 x R). Note that @ is a weak
solution of the Cauchy problem (3),(7). To conclude the proof we are left to show that @ is actually the
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entropy admissible solution of (3),(7). First, we point out that the flux function u — uV (u) satisfies
(uV)” < —26. Next, we use (10) and conclude that @ satisfies the Oleinik estimate

33 Lip~a(t) < —
(33) ip~a(t) < o5

and, owing to Chapter 8.5 in [11], this implies that @ is the entropy admissible solution. O

4. PROOF OF THEOREM 6

The proof of Theorem 6 is based on the explicit construction of an initial datum ug satisfying the
statement. To highlight the basic ideas of the construction and avoid some technicalities, we first
provide in §4.1 the proof of Proposition 12 below. Proposition 12 is basically a weaker version of The-
orem 6 as it establishes the total variation blow-up (11) in the case where 1(x) = 1_; g(z). Also, the
initial datum ug constructed in the proof of Proposition 12 satisfies 0 < ug < 1 and TotVar ug < +o0,
but does not satisfy the one-sided Lipschitz condition Lip~ug < 4+00. Next, in §4.2 we complete the
proof of Theorem 6 by extending the construction to more general kernels and to initial data satisfying
the one-sided Lipschitz condition.

Proposition 12. Assume that V(u) = 1 —u and n(x) = 1_1 )(z), then there is ug € L' (R) such that
0 <up <1, TotVarug < +o0o and the solution of the Cauchy problem (2),(7) satisfies (11).

4.1. Proof of Proposition 12. Note that, under the assumptions of Proposition 12, equation (1)
boils down to

(34) e + Oy [u <1 _ é / T (t2) dzﬂ 0.

The proof of Proposition 12 is organized as follows: in §4.1.1 we use the same approach as in [10, 13]
and we discuss the characteristic lines of (34), in §4.1.2 we describe the basic idea underpinning the
construction of ug, in §4.1.3 we provide the actual construction of wg, in §4.1.4 we establish some
preliminary results and in §4.1.5 we eventually conclude the proof.

4.1.1. Characteristic lines. We refer to the analysis in Crippa and Lécureux-Mercier [10] and Keimer
and Pflug [13] and we recall that the solution of (34) given by Proposition 8 can be obtained via a
fixed point argument by considering the continuity equation

(35) Opue + Opluc(l — w:)] = 0
requiring that the field w. be given by
1 us(tax+€) —us(t,x)

r+e
(36) we(t,z) = 6/ us(t,z)dz = —0y[1 —w.(t,x)] = . :

The solution of (35) can be expressed by relying on the method of characteristics. In the following we
term X (-,y) the characteristic line starting at the point y, i.e. the solution of the Cauchy problem

- EXe(t) = 1~ wlt, Xe(t,y)

Xs(ov y) =Y.
By (36) we get that, if the initial datum is bounded (and hence the solution is bounded at all times,
by the analysis in [10, 13]), then for any fixed € > 0 the vector field 1 — w, is locally Lipschitz
continuous with respect to the variable x and continuous with respect to the variable ¢. This implies
that the Cauchy problem (37) is well posed and that the characteristic lines are well defined. Also, by
combining (35) with (36) we get that the material derivative satisfies

d ue(t, Xe +¢€) —ue(t, X
(38) aug(t, Xe) = —uc(t, Xe)0y [1 — we(t, X.)| = ue(t, Xe) o(t, X 2 < *f).
We point out in passing that formula (38) formally shows that, at a maximum point of u.(t,-), the

material derivative is negative, which yields (13).
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— 1/2

—h —h/2 @

FiGURE 1. The initial datum w triggering the total variation increase.

4.1.2. The mechanism for the increase of the total variation. Before entering into the technical details
of the construction of the initial datum wug that triggers the blow-up of the total variation, we make
some heuristic considerations to describe the basic ideas underpinning the construction of wg. In
particular, we describe the very basic mechanism that leads to the total variation increase.

Fix h > 0 and consider the function (sketched in Figure 1)

1/2 x €[—h,—h/2]
(39) az)=<{ 1 x>0
0 otherwise.

Consider now the solution of the Cauchy problem obtained by coupling (34) with the initial condi-
tion u.(0,x) = u(z) in (39). We observe that:

(a) ue(t,z) = 1 if x > 0 and ¢t > 0. Loosely speaking, this can can be seen by combining two
facts: (i) the nonlocal term evaluated at the point (¢, x) is only affected by the values of u.(t, z)
at z > x and (ii) the characteristic line starting at = 0 has zero speed and hence information
cannot cross the vertical axis. This implies that the values of the solution u. on Ry x R, are
only affected by the values of the initial datum w on R;. Since @ = 1 on Ry, then u. =1
on ]R+ X R+.

(b) Assume that € > h and consider the characteristic lines starting at y € [—h,—h/2]. Since
u(y +¢) = 1, owing to (38), the material derivative at ¢ = 0 satisfies

d 1—u(0,y) 1
—ue(t, Xc(t, =us(0,y) —————= = — >0,
dt =(t, Xe(t,9)) o (0,9) - Ae
which means that, at least for a small time, u. increases along the characteristic line X.(t,y).

(c) By using again (38), we see that, if u(y) = 0, then wu. is identically 0 along the characteristic
line X.(-,y).

As a consequence we have that, for € > h, the solution u, is identically equal to 1 on Ry x R, increases
(locally in time) along the characteristic lines X.(-,y) if y € [—h,—h/2], and vanishes identically
elsewhere. We can infer that

TotVar uc(r,-) > TotVaru = 2, for every 7 > 0 sufficiently small.

4.1.3. Construction of the initial datum ug. There are two main issues we have to address in order
to construct an initial datum as in the statement of Proposition 12: (i) in §4.1.2 the total variation
increases only if € > h, and (ii) we claim that the total variation not only increases but actually blows
up. To tackle these issues, we introduce the building block a : R — R by setting

(40) a(r) = 11 _3/4()

and we define ug as

(41) uo() = Lg (@) + > 27 a(2F2).
k=0
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Uug

FIGURE 2. The initial datum wg triggering the total variation blow-up.

See Figure 2 for a representation. Note that due to the chosen scaling the building blocks of ug do not
overlap and are separated by intervals where ug = 0. This implies that

[ee]
(42) 0 <up(z) <1lforae zeR, TotVarug=1+ QZQ_k =5 < +o0.
k=0

Note furthermore that, very loosely speaking, ug is made by a sequence of building blocks that ap-
proaches the “big jump” located at t = 0. In this way, for every € > 0 there are infinitely many building
blocks that behave as the initial datum # in the example of §4.1.2. Each of them contributes to the
total variation increase and this is the basic mechanism that leads to the total variation blow-up.

4.1.4. Preliminary results. In this paragraph we establish some qualitative properties of the solution
of the Cauchy problem obtained by coupling (34) with the initial datum ug in (41).
By combining the first inequality in (42) with the maximum principle (13) we get that

(43) 0 <ug(t,z) <1, forae. (t,) e Ry xR

and by recalling (36) we arrive at

(44) 0<1-—wt,z) <1, for ace. (t,2) € Ry x R.
Lemma 13. Let uc be the solution of (34) with initial datum (41), then

(45) us(t,x) =1, for a.e. (t,z) such that x >0 and t > 0.

Lemma 13 can be shown arguing as in item (a) in §4.1.2 and its proof exploits the fact that, owing
to the particular expression of the velocity field (36), the values of u. on Ry x R, are only affected by
the values of the initial datum on R and hence on Ry x R, the solution u. behaves “as if the initial
datum is the constant 1”. This formal argument can be turned in a rigorous proof by a fixed-point
argument as in [10, 13]. As a consequence of Lemma 13, we get the following fact.

Lemma 14. Let u. be the solution of (34) with initial datum (41), then

(46) y < Xc(t,y) <0, foreveryt>0,y<0ande>D0.

Proof. By combining (37) with the fact that w.(¢,2) = 1 for every x > 0 and t > 0 we get that
(47) X:(t,0) =0, forevery e >0 and¢t> 0.

Since the characteristic lines cannot intersect, this implies the inequality X.(¢,y) < 0 in (46). The
inequality y < X.(t,y) follows from the the first inequality in (44). O
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4.1.5. Total variation blow-up. We can now conclude the proof of Proposition 12. Fix ¢ €]0,1[. By
combining (46) and (45) we get that

(48) us(t, X-(t,y) +€) =1, for every y € [—¢,0] and ¢ > 0.
Owing to (38), the material derivative satisfies
d 1—u(t, X
(49) ﬁus(t,Xs) = uc(t, X¢) ul_(’d, for every y € [—¢,0] and t > 0.

By explicitly computing the solution of the ODE (49) we arrive at

(50) ue(t, Xe(t,y)) = = uo(y)t](;(_%)/a () for every y € [—¢,0] and t > 0.

We recall (41) and notice that

27k if y € [-27F, —27% . 3/4] for some k € N
(51) uo(y) =
0 ifye[-27%.3/4,—2=*+D] for some k € N.
Using the fact that characteristic lines cannot intersect we conclude that
271?
[1 _ Q—k]e—r/e 49—k’

(52) TotVar us(7,-) > 2 Z

k>—1logs e

where we have used (51) and the restriction k > — log, € in the sum is due to the fact that (50) is valid
for y € [—¢,0].

To establish (11) it now suffices to show that, for every 7 > 0, the right hand side in (52) is not
bounded as € — 0. To this end, we first point out that

53 27" > 1 k< —1 el
p— <:> —_ -
(53) [1—2-Fe/cy 27k = 2 =T\ e
which owing to (52) yields
—7/e
(54) TOtVarus(ﬂ-) Zu{kEN —10g2€§k§—10g2 (M)}

In the previous expression, the symbol f denotes the cardinality of a set. By plugging the elementary

inequality
677-/5 _7_/8 T
—log, T o—le i > —logy (e ) = - logy e

into (54) and choosing € = 277, we get that

(55) TotVaruy—;(7,-) > ${k € N: j <k <2rlogye}.
For any given 7 > 0, the right hand side of (55) blows up as j — 400, yielding (11). This concludes
the proof of Proposition 12. O

4.2. Conclusion of the proof of Theorem 6. To complete the proof of Theorem 6 we are left

to show that i) we can modify the construction of uy in such a way that it satisfies the condition

Lip~ugp < oo, and ii) we can extend the blow-up proof to the case of more general convolution kernels.
To tackle issue 1), it suffices to replace the building block a in (40) with

0 r<—1
(56) a(x) = —4dor—-3 —-1<z<-3/4
0 x> —=3/4.

We define ug by plugging the above espression into (41) and obtain that ug satisfies 0 < ug < 1,
TotVarug < 5 and Lip~ug = 4. One can then study the evolution of u. along the characteristic lines
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X.(-,y) with y = 27%, k € N and conclude that the key estimate (52) is still valid. The rest of the
proof of Proposition 12 extends with no need of modifications.

To tackle issue ii) (extension of the proof to the case of more general kernels) we fix a Lipschitz
continuous kernel 7 as in the statement of Theorem 6. We go back to the discussion about characteristic
lines in §4.1.1 and we point out that we have to replace (36) with

67 welta) = [

xT

+00 “+o0o
ue()ne(a—y)dy = —0u[1—wet, x)] = —ue(2)c(0) + / ue () (@ — y)dy.

Note that, since 7, has unit integral and 0 < u. < 1, then (44) is still valid and the rest of the analysis
in §4.1.4 extends with no modifications. We now discuss how we can modify (38). Let us fix z* < 0
such that

n(z*) _ 3
58 M .= > —,
%) n(0) =1
Next, we fix y such that ex* < y < 0, which owing to (46) yields —ex* < X.(¢,y) < 0 for every t > 0.

We have the following chain of inequalities:

(59)
d (57) oo /
%Us(taXa) = Ua(t; Xs) <_Us(taX6)77€(0> +/ Us(y>775(X€ - y)dy)
usﬂ?éZO +oo
> ue(t, Xe) —ua(t,Xs)ns(OH/ ue(y) 1-(Xe —y)dy
0 \\,-/

=1by (45)

=t X0 (—uele Xm0+ | x. - D)

— (8, X0) (— (6, Xy (0) + e (X0) S e Xo) (— et Xy (0) + e (7)),

We recall that the constant M is defined in (58). Since n.(x) = n(z/e) /e, then M = n.(z*¢)/n-(0) and
by using (59) we get
ue(t, Xe) (—u(t, X))+ M
%uf(txe) > ue(t, Xe)ne(0) (—ue(t, Xe) + M) = n(0) S ;( 2 )
We compute the explicit solution of the ODE u = n(0)u(M — u)/e and by a classical comparison
argument for ODEs we conclude that

Muy(y)
(M — ug(y))eOe + ug(y)

This implies that we can replace (52) with

(60) ue(t, Xe(t,y)) > for every y > ex”.

M27F
D > )
(61) TotVaruc(r,") >2 > (3T 2 Fe 707 1 5F
k>—logy ex*
The rest of the analysis in §4.1.5 straightforwardly extends and this yields (11). U
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