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ABSTRACT. In this paper we consider the semiclassical limit from the Hartree
to the Vlasov equation with general singular interaction potential including
the Coulomb and gravitational interactions, and we prove explicit bounds in
the strong topologies of Schatten norms. Moreover, in the case of Fermions,
we provide estimates on the size of the exchange term in the Hartree-Fock
equation and also obtain a rate of convergence for the semiclassical limit from
the Hartree-Fock to the Vlasov equation in Schatten norms. Our results hold
for general initial data in some Sobolev space and are global in time.
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1. INTRODUCTION

The problem of deriving the Vlasov equation, a kinetic equation describing the
time evolution of the probability density of particles in interaction, such as par-
ticles in a plasma or in a galaxy, from the dynamics of N quantum interacting
particles in a joint mean-field and semiclassical approximation is a classical ques-
tion in mathematical physics and the first rigorous results were obtained in the ’80s
(Cf. [49, 63]).

The Vlasov equation is a nonlinear transport equation for the probability density
f:RLxRIxR? - R

(1) Of+E&-Vof +E-Vef =0,

with E := —VK * py the self induced mean-field force field created by the pair
interaction potential K : R — R through the formula

(VK s pp)lt) = = [ VK@ =) ps(t)

where py is the spatial density associated to f, namely

pf(tvx) :/Rd f(t,x,§)d§

When K is the Green function, Equation (1) is called the Vlasov-Poisson system,
because K can be obtained as a solution to the Poisson equation —AK = py, thus
linking the Vlasov equation to the Poisson one. In dimension 3, it corresponds to
the case of the Coulomb potential

1

K = —
@) = 5ol

but we will consider more general attractive and repulsive potentials.

The well-posedness of the Vlasov equation (1) is due to Dobrushin [19] for smooth
interaction potentials K € C?(R?). Concerning singular interactions, the case
of Coulomb and gravitational potentials have been tackled first in [38] and [64],
respectively for d = 1 and d = 2. In d = 3, the well-posedness for small data has
been proven in [6] and later extended to general initial data by Pfaffelmoser [55]
and by Lions and Perthame [44]. In recent years improvements on the conditions
of propagation of momenta and on the uniqueness condition have been addressed
in [50, 51, 18, 45, 47, 36]. In this paper we will closely refer to the Lions and
Perthame paper [44], that is the one that better adapt to the comparison with the
quantum dynamics because of its Eulerian viewpoint.

The Vlasov equation (1) is supposed to emerge as a joint mean-field and semi-
classical limit from the dynamics of N interacting quantum particles. This has
been first proven in [49, 63], respectively for analytic and C? interaction potentials,
using the BBGKY approach in the fermionic setting. The case of Bosons has been
studied in [33], in the mean-field limit combined with a semiclassical limit, through
the analysis of the dynamics of factored WKB states.

It is well known that the many-body dynamics can be approximated in the
mean-field limit by the Hartree equation

(2) ihop = [H, pl,

an evolution equation for the one-particle density matrix p on the one-particle space
L?(R9), with Tr(p) = 1. In Equation (2), i := 4 is h the Planck constant, and H
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is the Hamiltonian
(3) H=-2A+Kxp,

where A is the Laplace operator, K is the two-body interaction potential and p(z) =
p(x,x) the diagonal of the kernel of the operator p. The mathematical literature
on this subject is rather extensive. See for example [8, 21, 7, 24, 58, 34, 56, 17, 39,
29, 48, 30, 32, 31, 16] for the case of Bosons and [20, 23, 12, 10, 5, 53, 57, 52, 59]
for the case of Fermions. We recall that the interest in the mean-field regime is due
to the fact that many systems of interest in quantum mechanics are usually made
of N particles, where the number of particles N typically ranges between 10? and
10%3.

In the case of Fermions, a more precise mean-field approximation for the many-
body quantum dynamics is given by the Hartree-Fock equation

(4) zhatp: [HHFap]v

with Hyp = —h? A + K % p — X, where X is the so called exchange term defined as
the operator of kernel

(5) X(z,y) = K(z —y) p(z,y),

in contrast with the direct term K x p.

The Hartree and Hartree-Fock equations are quantum models. It is therefore
natural to investigate their semiclassical limit as 7 — 0. First results in this di-
rection provide the convergence from the Hartree dynamics towards the Vlasov
equation in abstract sense, without rate of convergence and in weak topologies, but
including the case of singular interaction potentials, such as the Coulomb one (Cf.
[43, 46, 25, 22]). Explicit bounds on the convergence rate in stronger topologies
have been established in [54, 4, 1, 2, 11, 30]. They all deal with smooth interaction
potentials. More recently, the case of singular interactions, including the Coulomb
potential, has been considered in [41, 40], where the convergence from the Hartree
to the Vlasov equation is achieved in weak topology using quantum Wasserstein-
Monge-Kantorovich distance, providing explicit bounds on the convergence rate.
In strong topology (trace norm and Hilbert-Schmidt norm) explicit bounds on the
convergence from the Hartree dynamics to the Vlasov equation with inverse power
law of the form K (z) = |z|~* with a € (0,1/2) have been proven in [61], and a proof
that includes the Coulomb potential has been provided in [60] but under restrictive
assumptions on the initial data.

The aim of this paper is to establish a strong convergence result from both the
Hartree and the Hartree-Fock equations towards the Vlasov dynamics for a large
class of regular initial states. Our results apply to a wide class of initial data
at positive temperature, thus giving a thorough answer to the question of strong
convergence of the Hartree equation to the Vlasov system for singular interactions
in the case of mixed states (i.e. states that are relevant at positive temperature).

With respect to the results present in literature, there are several novelties:
apart from the large class of initial data for whose evolution we can establish strong
convergence with explicit rate towards the Vlasov equation, our techniques allow to
consider inverse power law potentials that are more singular than Coulomb and our
methods easily extend to very general non radially symmetric potentials. Moreover,
the topology we consider is not only the one induced by the trace or Hilbert-Schmidt
norm (as it is for instance in [61]), but the ones induced by semiclassical Schatten
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norms LP) for all p € [1,00). These are obtained by a refinement on the estimate
for the £P norms of the commutator [K(- — z), p] and a careful analysis of the
propagation in time of initial conditions leading to bound the quantity

Jaios| |51

uniformly in A, for p > 3. This requires using kinetic interpolation inequalities as
in [41] and an extension of the Calderén-Vaillancourt theorem for Weyl operators.

Finally, we extend our results to the Hartree-Fock equation (4), thus proving the
strong convergence of the Hartree-Fock dynamics to the Vlasov one. As a corollary,
we get explicit estimates on the difference between the Hartree and Hartree-Fock
dynamics in Schatten norms, thus giving a rigorous proof of the fact that the
exchange term in the Hartree-Fock dynamics is subleading with respect to the
direct one also when the interaction potential is singular (this was proved in [12] in
the case of smooth potentials).

Notice that the Hartree equation can be seen as a mean-field limit in both the
bosonic and the fermionic setting, the difference being that in the fermionic setting,
the anti-symmetry of the N-particles wave functions forces the number of particles
N and the semiclassical parameter i to satisfy

_ —2/d
(6) h< N7V fiull 22 e

diag

Lr(R%)

where fy is the Wigner transform of the normalized one particle marginal of the
N-body density operator solving the N-body Schrédinger equation. Notice that,
because of Inequality (6), the explicit bounds on the convergence rates given by our
results also provide information on the accuracy of the semiclassical approximation
in terms of the number of particles.

Despite our results give a good answer to the problem of the semiclassical limit
from the Hartree and Hartree-Fock equations to the Vlasov one with general sin-
gular potentials in the context of positive temperature states, a certain number of
questions related to the derivation of the Vlasov equation from quantum dynamics
remain open:

i) The mean-field limit from a system of N quantum particles interacting
through a singular potential in the case of mixed states. Up to our knowl-
edge, this problem is open in both the bosonic and the fermionic setting.

ii) In the bosonic setting, where NV and h are independent parameters, the joint
mean-field and semiclassical limit is an open problem when the interaction
is singular. Namely, no uniform convergence in the semiclassical parameter
h has been proven so far.

iii) We believe our results give optimal bounds on the convergence rate in trace
norm £!. The question whether the bounds we obtain for the semiclassical
Hilbert-Schmidt norm £2, and thus the L? convergence for the associated
Wigner functions, are optimal is open. The exact same question can be
asked for the bounds in Theorem 3 about the convergence of the Hartree-
Fock equation to the Vlasov one. In both cases, we believe the bounds we
get are not optimal and there is room for improvements.

The paper is structured as follows: in Subsections 1.1 and 1.2 we state our
main results and introduce the notations we will use throughout the paper; in
Section 2 we explain our strategy by making a comparison with the classical Vlasov
dynamics and find a new (up to our knowledge) stability estimate for the Vlasov
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system; Section 3 contains the main results concerning the regularity of the Weyl
transform of a solution to the Vlasov equation, that will be crucial to prove the
theorems stated in the subsection 1.1; Sections 4 is devoted to prove Theorem 1 and
Theorem 2 respectively; in Section 5 we present the proof of Theorem 3, based on
estimates on the exchange term. Two Appendices on the propagation of regularity
for the Vlasov equation and on basic operators identity complement the paper.

1.1. Main results.

1.1.1. Operators and function spaces. We denote by LP = LP(R?) the classical
Lebesgue spaces, by LP9 = LP+4(R%) the classical Lorentz spaces for (p,q) € [1, 00]?
(see for example [13]) and we define the space of positive and trace class operators
by

Ll ={peL(L?,p=p">0Tr(p) < o},
where £(L?) denotes the space of linear operators on L?, and the quantum Lebesgue

norms (or semiclassical Schatten norms) £ by
1

pller == =" ||pll, = A= (Tx(]p|?))7 .
where ||p||, denotes the usual Schatten norm (i.e. without dependency in h).

In this work, we consider the semiclassical limit to solutions of the Vlasov equa-
tion with regular data in the sense that the initial condition will be bounded in
some weighted Sobolev space. Therefore, we will use the following notation for
smooth polynomial weight functions

(y) =1+ Iy,

and for o € N, we define the spaces W * (R29) as the spaces equipped with the
norm

— k koo
1wz ey = [ SO, e + [ @ TG gy
where z = (z,€) so that (2)° = 1+ |z|* + |£|°. We also use the standard notations
in the cases c =0 or p =2
0,

LR(RY) 2= WO (%)

HY (R*) := WJ?(R?).
1.1.2. Wigner and Weyl transforms. We can associate to each density operator p a

function of the phase space called the Wigner transform and which is defined (for
h=1) by

wp(w,€) = /R etip(a 4 La— 2 dy = Fp,) (9),

where p,(y) = p(x + y/2,2 — y/2) and we used the following convention for the
Fourier transform

F(u) (&) := /]Rd e 28y (z) da.

This function of the phase space is however not a probability distribution since it
is generally not non-negative. We refer to [43] for more properties of the Wigner
transform. Given p, we will write its semiclassical Wigner transform

anp)w8) = g (5 )
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Conversely, to each function of the phase space, we can associate an operator
through the Weyl transformation, which is the inverse of the Wigner transform.
It is defined as the operator such that for any ¢ € C°

p??9)¢>?zt/ygzdg(£§ﬂ7 ) e Wy (y) dy dé.

1.1.3. Theorems. Our main result is the following.

Theorem 1. Let d € {2,3}, a € (max{4% —2,-1},d — 2] and suppose K is given
by one of the following expressions

+1
(7) K(x) = T’ or K(z)=+In(|z]).

x
In the second case we set a := 0. Let f > 0 be a solution of the Vlasov equation (1)
and p > 0 be a solution of the Hartree equation (2) with respective initial conditions

(8) fin c WT?L+1,00(R2d) N Hngl(RQd)
(9) pm et
where (m,0) € (4N) x (2N) verify m > d and 0 > m + 45 with b = fil'

If a <0, we also require Tr((|z]* — R2A) p™) to be bounded. Then, there exists
Ar(t) € CORy,Ry) and Cy(t) € CO(Ry,Ry) depending only on d, a and on the
initial condition of the solution of the Vlasov equation such that
(10) Tr(|p = pyl) < (Te(|p™ = PF[) + C(t) h)

where p; = PV (f). An upper bound for the expression of the functions Ay and Cj
is given by

t
M) < Ca [ IVe o sy ooy 05

t
Cr(t) < Cu /O 107 sz

which remain bounded at any time t > 0, and where v = (% +a+2— d)+ and
ng = |d/2] + 1.

Remark 1.1. Condition (7) includes in particular the Coulomb or Newton poten-
tial in dimensions d = 3 and d = 2. In these cases, the conditions of reqularity (8)
of the initial data of the Vlasov equation become f™ e W,;>*°(R2) N Hi3(R2?)
when d = 3 and a = 1, and f™ € W™ (R N HY(R2) when d = 2 and a = 0.
These conditions are of course mot optimal: for example the fact that we ask for
m/2 and o to be even numbers is mostly to simplify some computations.

vgf(s) HH;’Z (R2d') e_)\f(S)dsﬂ

Remark 1.2. To see more explicitly that Inequality (10) gives a good semiclassical
in

approzimation estimate, one can take p = pf and fix some T' > 0, which yields
for any t € [0,T]

(11) Tr(|p - py|) S Crh,

for some constant C'p > 0. In this case, since pifn has to be regular in the sense that
it is the Weyl transform of a reqular classical phase space distribution, then p'™ = pif“

implies that p™ also has to be regqular. However remark that Inequality (10) is
actually stronger since it is telling that the initial condition of the Hartree equation
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does not need to be regular but just initially close to some regular density matrix.

In particular, taking p™ and pifn such that Tr(’pin — pifn ) < Ch also implies the

simplified Inequality (11).

Remark 1.3. Observe that Theorem 1 implies the convergence of the spatial density
of particles p — py in L'. Indeed, by duality we have

(12)  lp—prllp = suwp / 0() (p(z) — py(x)) da
0eL>(R?)

0]l oo <1

< Te(lp—pyl)

since every bounded function x — O(x) also defines a multiplication operator with
operator norm ||O|| s -

Remark 1.4. Our assumptions on the solution of the Hartree equation imply the
global well-posedness of solutions as proved in [15] where the trace norm corresponds
to the L*(\) norm (see also [26, 27, 43]). Ewven if these assumptions are weak,
remark however that the operator p™ has to be at a finite trace norm distance of
the operator p™ which by construction is bounded in higher Sobolev spaces (as can be
deduced from Proposition 3.2). The additional moment bound when a < 0 ensures
that the energy is finite, which allows to propagate the space moments (see e.g. [41,
Remark 3.1]). This is sufficient to give a meaning to the pair interaction potential
which is growing at infinity in this case.

From the bound in Theorem 1 we also obtain estimates in other semiclassical
Lebesgue spaces.

Theorem 2. Take the same assumptions and notations as in Theorem 1, define
b= -9 and assume moreover that

a+1
fin c Wg+1,oo(R2d) N Hg+1(R2d)
and that o > ng + %. Then for any p € [1,b) it holds
13) e =psll < lle™ = PPl + (T (|0 = PF[) + c(t)h) X,

where ¢ and \ are continuous functions on R, depending on d, a, p and f™. For
any q € [b,00), assuming also that p™ € L>, this leads to the following estimate

1) e psll < e ] k WO

where py = Pl (f) and co € CO(Ry,Ry) can also be computed explicitly and de-
pends on the initial conditions.

in

+ ’I‘I'( pin _ pf

2
‘q
L

pin _ plfn

Remark 1.5. In particular, if we assume p™ = pifn, or more generally
Tr(|p™ = pf|) < Ch and ||p™ = pf| .. < Ch,

then we have a rate i®/?=¢ with ¢ > 0 as small as we want, that for the Coulomb
potential in dimension d = 3 reads

”fp - fHL2(]R2d) = Hp— prL2 < CT h3/4—5

where f, = wr(p) is the Wigner transform of p and for any t € [0,T] for some
fixed T > 0. Remark that Theorem 1 does not imply convergence of the operators,
but is only a quantitative estimate, where both p and p%v(f) depend on h, whereas
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the above equation is both a quantitative estimate and a convergence result since it
implies the convergence of f, to f in LS (R, L?(R??)).

With the same assumptions, in the case when d = 2, then the Coulomb kernel
is of the form K(x) = C In(|z]), and b = 2, implying that Inequality (13) holds for
any p € [1,2) and that we almost get the conjectured optimal rate of convergence
forp=2

”fp - f||L2(R2d) <Cr h175~

Remark 1.6. All our results generalize to more general non-radial pair interac-
tions. For s € (0,d), define the weak Sobolev space HS' as the completion of C°
with respect to the norm

[[ul

it = (1A%l

w

where |||y denotes the total variation norm over the space M of bounded mea-
sures. By the formula of the inverse of the powers of Laplacian, we deduce that it
is the space of functions that can be written

(15) ulz) = / ),

a4 |x _ w|d75

for some measure p € M. Remark that this space contains the interaction kernel
1
K(lL’):W wzthaZd—s,
x

when a > 0, which follows by taking p = dy. In particular, the Coulomb potential

in dimension d = 3 verifies

1 72,1
7] e H;".
Howewver, this space contains also more general potentials. It contains for example
the Sobolev space H*' = Fzsyl which is defined by the norm ||A%uHL1, Whenn € N,
then H™' = W™ is a classical homogeneous Sobolev space.

Let us sketch briefly how one should adapt the proofs to obtain the results in these
spaces. The key point in which we heavily use the explicit form of the potential is
in the proof of Proposition 4.2, where we write the inverse power law potential as
a combination of Gaussian functions. Because of Equation (15), we can use the
exact same decomposition for |x — w|*~¢ with p a bounded measure, and write

1K =2), 0l < sup, (U1 == = wl*= ol [l,) ey

and then use the Proposition 4.2 exchanging z with z + w.

Hence, all our results also hold with the assumption K € Hi_a instead of K () =
|| when a > 0, except Theorem 3 below, since we need an assumption on K? to
prove inequalities (39a) and (39b). For this theorem, the assumption K(x) = |x|™*
can therefore be replaced by K € HY% and K? € H%2* when a > 0.

Our third result concerns the Hartree-Fock equation. We write both cases p =1
and p > 1 in one theorem in this case.

Theorem 3. Let p be a solution of the Hartree-Fock equation (4) and f be a
solution of the Viasov equation (1) satisfying the same initial conditions as in The-
orem 1, and as in Theorem 2 if p > 1. If a > 0, we assume additionally that the
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solution has finite kinetic energy, i.e.

_ ’I‘I‘(hQApm)
is bounded uniformly with respect to h. Then, for any p € [1,b), there exists func-
tions ¢ € C°(R,,R,) and A € C°(R.,R,) depending on the d, a, p and f™ such
that

||PHF _ pf”cp < ||pin _ pianLP + <Tr(|pin _ pifn|) + c(t) hmin{1,§—1}> 6A(t)7

where p; = p¥(f),§=d—ay —d (% - %)4_. For g € [b,00), assuming again also

that p™ € L=, we can still get the following estimate

. . pa . . ya . ~
lose — olles < ext®) ([0 = P, + Te(lo™ = i) o i mini1s1r) o520,
where ca(t) can also be computed explicitly and depends on the initial conditions.

Remark 1.7. For a > d — 2, we have no propagation of regularity and therefore
our results hold true only in a conditional form. Namely, if the solution to the
Vlasov equation is sufficiently regular, then the bounds of Theorem 1 and Theo-
rem 2 are still satisfied. More precisely, if d = 3, such conditional results hold for
any a € (1,2). As for Theorem 3, a conditional result is still true. However, due to
the control on the exchange term X, we can address a smaller class of potentials.
In particular in dimension d = 3 we have a € (1,3/2). Our results in dimension 2
and 3 can be summarized as follows.

’ Settings ‘ Hartree Hartree-Fock
d=2 and a€ (-1,0] global global
d=2 and a€(0,1] conditional | conditional
d=3 and ac (f%, 1] global global
d=3 and ac€ (1, %] conditional | conditional
d=3 and a€ (%, 2) conditional 29

Remark 1.8. Notice that Theorem 2 and Theorem 3 give a semiclassical estimate
between the solutions of the Hartree equation (2) and the solutions of the Hartree-
Fock equation (4). Indeed, let py and pyp be respectively a solution to the Hartree
and Hartree-Fock equation, and let p; be a solution to the Weyl transformed Viasov
equation. Then, for p € [1,00), we have

oy — Purllem < HPH - PfHUJ + HpHF - PfHU, ,
where the first term in the r.h.s. is bounded by Theorem 2 and the second term in
the r.h.s. can be estimated by Theorem 3.

1.2. Quantum gradients of the phase space.

The strategy of this paper consists in getting the semiclassical analogue of the
estimates of the classical mechanics, and in particular the case of kinetic models.
The quantum analogue of the classical momentum variable £ is the operator

p = —ihV,
which is an unbounded operator on L2. From this we get in particular that |p|? :=
2
p*p = —h?A and we can express the Hamiltonian (3) as H = % + V(x). Since
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our method here uses regular initial conditions, we define the following operators
which are the quantum equivalent of the gradient with respect to the variables x
and & of the phase space:
p
V. = V, = |:,*, :|
wp = (VoL = | 2p
x
V = |:,*, :| .
¢p ih P
These formulas can be seen from the point of view of the correspondence principle as
the quantum equivalent of the Poisson bracket definition of the classical gradients.
Another point of view is to remark that they are Weyl transforms, since we have

Vop = py (Vawn(p))
Vep = pr (Vewn(p)) -
One should not confuse V € £(L?) with V, € L(L(L?)).

2. THE CLASSICAL CASE: L' WEAK-STRONG STABILITY

In the classical case, the method we use to prove the semiclassical limit can be
seen as an equivalent of the following L! weak-strong stability estimate for the
Vlasov equation, which tells that we just need to have a control of the gradient of
only one of the solutions to get a bound on the integral of their difference. For
functions of the phase space of the form f = f(z,£), we use the shortcut notation
Lng’T = LP(R? L%7(RY)). The next proposition can be seen as the classical
equivalent of Theorem 1.

Proposition 2.1. Let b € (1,00] and VK € L>* and assume fi and fo are two
solutions of the Vlasov equation (1) in L>=([0,T], L*(R2%)) for some T > 0. Then,
under the condition

(16) v€f2 € Ll([OaT]vL; 711/%)7

one has the following stability estimate

. . C[TIVeall yra, dt
Hfl_fQHL,l(]R?d) S ||fin_fén||L1(R2d)6 ° b Lg )
where C = VK| ;6,00 -

Remark 2.1. In the case of the Coulomb interaction, b = %, the condition on fo
becomes

[ Vesaldg € L' (0.71.L2%)
Rd
which by real interpolation follows in particular if

IVefoll; € LN([0, T, Ly n L),

for some € € (0,2]. In particular, the case € = 2 yields (3 —¢,3+¢) = (1,5), which
corresponds to the equivalent of the hypotheses required on the solutions in [60]. A
quantum version of this hypothesis can also be found in [57].

Remark 2.2. This result allows VK to be more singular than the case of the
Coulomb potential. However, it is a conditional result, since one still has to show
that condition (16) holds. If the potential is the Coulomb potential or a less singular
potential, then one can prove that this condition holds if the data is initially in some
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weighted Sobolev space by Proposition A.1 in appendixz. If the potential is more
singular than the Coulomb potential, then such a result is unclear.

Proof of Proposition 2.1. Let f := f1 — f, and define for k € {1,2}, px = [pa fr d€
and Ey = VV, = VK x pi. Then it holds

Of+8& - Vaf +E1-Vef =(E2—E1) Vefo,
so that by defining p := p; — p2, we obtain

o [ Iasas = [ (VKo Vesien(parac

:_/ pVK*(/ sign(f)stzd€>
R R4

<l |[VE = [ (9l

LOO
We conclude by remarking that by Holder’s inequality for Lorentz spaces (see for
example [37, Formula (2.7)]), for any g € L', the following inequality holds

Lo 1

(17) VK * gl < sup / IVK(z —)g| < [[VK]| v ||9]
z€R4 JRRd

so that the result follows by taking g = ||[V¢fa|,;: and then using Gronwall’s
¢

Lemma. O

The next proposition is the classical equivalent of the first part of Theorem 2.

Proposition 2.2. Let b > 1 and VK € L% and assume fi and fo are two
solutions of the Vlasov equation (1) in L>([0,T], L*(R?%)) for some T > 0. Then,
if Vefa € Ll([O,T],Lg’ng), the following inequality holds

o C [TIVes2ll it oy dt
||f1 - f2||LP(R2d) < ||fin - fénHLp(RQd) e ™" N )

where C = ||VK|

v GNd
18 =-_Z
(18) R

Remark 2.3. We observe that Formula (18) implies p < b. In the case of the
Coulomb interaction in dimension d = 3 we have b = %, thus the estimate works

. _ 3
at most with p = 5.
Proof. We define the two parameters semigroup S; s such that S; ; =1 and
O St,sg = AtSt,sga

where

AiStsg:=—6 VSt g — E1(t) - VeSisg,
with Eq(t) = E1(t,x) = —=VK xpy with p1(¢,z) = [ f1(t,2,§) d€. Now remark that
the flow property of S; s implies that 055; s = —S¢ sAs. Thus, using the notation

Ai=—£-V,—Ey Vg,
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and taking fi(s) = fi(s,z,€) and fa(s) = fa(s,x,€) two solutions of the Vlasov
equation, we get

0sS1,s(f1 = f2)(5) = =St sNs(f1 = f2)(5) + St.sAs f1(5) = SpsAs fa(s)
= St,s (As - As) fQ(S)
= Sis ((Ea(s) — E1(s)) - Vefa(s)),

and by integrating with respect to s and denoting f := f; — fo and F := F, — Ej,
we obtain the following Duhamel formula

ﬂﬂz&dm+45m@®%%h@hh

Since the semigroup S s preserves all Lebesgue norms of the phase space, taking
the LP norm yields

t
1 Olzs, <170y + [ 1G5)- Tehalo)lyg ds
To bound the expression inside the time integral we write

1B(s) - Vefals)lr = (o VE) - Vefals)lys
S/hMMWKMw%%ﬁ®MP®
R4 x,§

< [ G IVEC =21 1Vefol
< ol 19K e I9eho(5) g1z

where we used again Holder’s inequality for Lorentz spaces. (I

dz
LY

3. REGULARITY OF THE WEYL TRANSFORM

In this section, we want to prove that if the solution f of the Vlasov equation is
sufficiently well-behaved, then we can obtain uniform in A bounds for the quantum
equivalent of the norm ||V¢ f||;»,1 expressed in term of the Weyl transform of f.

ol

Proposition 3.1. Let (n,n1) € N? be even numbers such that n > d/2 and define
o :=2n+ny and ng = |d/2] + 1. Then, for any f € Wnotho(R2d) 0 HI+1(R2d),
there exists a constant Cq,,, > 0 depending only on d and n, such that

[ diag (| Vepr (F) )| 1o < Camny 1Vefllwno oo mzaynme m2e)
for any p € [1,14 7).

The strategy is to use a special case of the quantum kinetic interpolation in-
equality proved in [41, Theorem 6]. For the operator |V¢p|, This reads

. N -
(19) |diag(|Vep))l ., < € Te(|Vepl [p|™)” [ Vepll o

where p is given by p =1+ %} and 0 = %. The corresponding kinetic inequality is

6
¥tz < ([[, Iwefller™ asac) 19l

To do that, we will need to compare the multiplication by |p|" and |x|" of the Weyl
transform of a phase space function g with the Weyl transform of the multiplication
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of g with |p|™ and |z|". This makes appear error terms involving derivatives of g.
For example, in the case n = 2, it holds

hZ
@ lol” = ot (16 g+ 5 € Vo~ - o)

. 12
o1¥(o) o = ol (of* g + e - Veg + 28

More generally, one can obtain similar identities when n € N. In order to write
them, we introduce the standard multi-index notations

o= ()igqr,q) € N4,

laf := E Q; ali=alas! ... ay!
o, 01 ,,Q2 Qg a ., __ Qa1 Qa2 X d
%=t ey xy 0y =03 072 ...01

a < B@VI S [[l,d]],ozi < 51.
We then obtain the following set of identities.

Lemma 3.1. For any n € 2N and any tempered distribution g of the phase space,
it holds

200) A" = Y ans () ol (e 929)
la+B]=n
(20b) oY (g)|z|" = Z ba, g (—ih) Bl p (xo‘afg)

la+B]|=n

n n . 4 7 |:3| o/ ! «
(200) piY(g) Ipl™ [2l" = D" aapbars (i) () o} (2207 (6 D) )
|a+pB|=n1
la/+8'|=n

where the coefficients aa,g, ba,g and ¢ = ca p.a,p',y are nonnegative coefficients that
do not depend on h.

Proof of Lemma 3.1. By definition of the Weyl transform, we deduce that for any
¢ € Cg° it holds

7 (9) |p|" ¢ = (i) / / (52, €) e =) /AT o(y) dy dE
= (iﬁ)"/RM AE Q(LJ{‘”,&) e*i(y*"“’)'g/h) (y) dy de.

With the multi-index notation, we can expand the powers of the Laplacian of a
product of functions in the following way

A3 (fg)= > aapd*fd’y,
la+8|=n

where the ag; ; are nonnegative constants depending on n and on the multi-index

«, and such that
Z ag,p = (4d)™.
|a+Bl=n
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Thus, we deduce that the kernel x of the operator ng(g) |p|" is given by
)= 3 a0 [ 2ol (ep g grenom g
la+B|=n R4

which yields,

in\ 18]
W@lelt = Y aas(3) o€ 0a).
la+B]=n
This proves Identity (20a). To prove the second identity, we write u := % and
v :=y — x so that the kernel sy of the operator p}’(g) \x|2 is given by

2(z,y) // l(ymﬁ/h“dg
de
. vi2\ ?
:// glu, &) et ve/h (‘u—l—‘) d¢
R2d 2

d 3
= // g(u, &) e tvE/h (Z (u? + %2 + uwi>> d¢.
R2d i—1

By the multinomial theorem, this can be written under the form

Z Ocﬂ// ’(L g 7iv.£/hd£
R2d

la+8|=

= Y bw// u®g(u, ) (ih)" 9 e~/ dg
la+8|=

Z b ,,B Zﬁ |/3\// aaﬁgug 71v§/hd§
la+8|=

where we used || times integration by parts to get the last line, and the b, g are
nonnegative constants that satisfy

9d
> soa= (%)
lo+B|=n
In term of operators, this yields the following identity
oY (g) |z|" = Z ba,p ( zhl’Bl (waafg).
|o+B|=n
This yields Identity (20b). To get the last identity, we combine the two first to get
R@ ™ la" = Y aas (£)7 ek (€7 0g) Jal

|a+B]=n1

= Z aa,gba/,g/ (*Zh)|ﬁ,| (%)ml p}i/lV(xo/agﬁ/(ga afg)) .
|la+B]=n1
la'+8|=n

From this lemma, we deduce the following £? inequalities.
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Proposition 3.2. Letn € 2N and g a function of the phase space, then there exists
a constant C > 0 depending only on d and n such that

@18) (ol (o) Pl 22 < (4d)" (g 61" | ogany + (2)" 1720l gaer )
@) [lpF(9) o[l o < (5" (g 21" | aqazs) + B [ V|2 gany)

1ol (o) 1ol 21" < © (IQU+ al™ E17) gl oy + ™ Wl T2 g1l 2 g
(21c) 0 (161" VEg| o goay + B [ VR VEY 1 R24)> :

Proof of Proposition 3.2. By Formula (20a) and the fact that for any u € L?(R?),
||ph H[p = ‘UHLz (R2d)) we obtain

(22) 16 @ P o < D s (8)7 1€ 20l oy -
|a+Bl=n

Then, for any multi-index o and /3 such that |a + 3| = n, by defining §(y, §) as the
Fourier transform of g(z, §) with respect to the variable z, the fact that the Fourier
transform is unitary in L2 yields

18] 1] rax 18] 1] rax
() lle a”fQHLQ(R?d):( )¢ BQHL%R?H)
0 el gl e reay + 20 (2) M y1™ g1l o ey
€™ gl g2 (geay + (5)" V2] L2 (g2ay -

Moreover, as remarked in the proof of Lemma 3.1, it holds

Z aa,g = (4d)n,

la-tBl=n

IN

IN

from which we obtain Inequality (21a). Formulas (21b) and (21c¢) can be proved in
the same way. ([l

Moreover, we can bound weighted £! norms using £? norms with bigger weights.
This is the content of the following proposition where we recall the notation (y) =

\/1+ |y|* for the weights.

Proposition 3.3. Let (n,n1) € N2 be even numbers such that n > d/2 and
deﬁne k :=n-+ny. Assume p := plV(g) is the Weyl transform of a function

H;‘L’j (R24). Then the following inequality holds
ol

tlol ") < € (10" ()" Vel o

L2(R2d)

+hm |[(6)*

95T s )

L2(R24)

Proof. First remark that since the sum of eigenvalues is always smaller than the
sum of singular values (see for example Formula (3.1) in [62]), it holds

Tr(lp| [p"*) < Tr(|(lol lpI™ )])
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and from the definition of |[AB] if A and B are two operators, we see that |AB| =
(B*A*AB)3 = ||A| B, so that Tr(|(|p|[p|"*)]) = Tr(|p|p|™|). Defining m,, :=
(I+|p|™) (1 + |z|™), we deduce from the Cauchy-Schwarz inequality that

(23) Tr(lpl [p]™) < Te(lp[p|™]) < llplpl™ maull, ||my ), -

To control the second factor in the right-hand side, we remark that it is of the form

m, ! = w(z)w(—ihV) with w(y) = (1 + \y|n)71, so that its Hilbert-Schmidt norm

can be computed exactly (see e.g. [62, Equation (4.7)])
Imz ], = @m)= 2wl o (B g2 = Can b=,

where Cy,, = ||w||2Lg is finite since n > d/2. Therefore, by definition of the £?
norm, Inequality (23) leads to

Te(lpl [PI™) < Can o 1pI™ 0l
< Can (||p (1™ + pI™ 2l + [pI"™ + p" ™ Jo")

o)

To get the result, we take p = p}’(g) and use Proposition 3.2 to bound the right-
hand side of above inequality by weighted classical L? norms of g. O

We can now prove the main proposition of this section following the strategy
explained at the beginning of this section.

Proof of Proposition 3.1. We use an improvement of the Calderén-Vaillancourt the-
orem for Weyl operators proved by Boulkhemair in [14] which states that if g €
Wno:>0(R2) with ng = [ 2] + 1, then p}"(g) is a bounded operator on L?, so that
its operator norm is bounded by

(24) Hp‘l/v(g)Hgg(Lz) S C HgHW"O-,OO(]RM) .
Since p¥(g9) = k¥ p{V(g(-,h-)), and that for h < 1

||g( 'ah')Hwnom(R’M) < HgHW”m@C(R?d) s

by taking g = V¢f, we deduce from Inequality (24) and the definition of the £
norm that

HVSPEV(JC)HLOQ <C ”VEfHW"oﬂOO(RM) )
uniformly in A. Moreover, taking g = V¢ f in Proposition 3.3 yields

Tr(|V§p%V(f)| ‘p|nl) <C ||v£f||Hg(R2d) .

The result then follows by combining these two inequalities to bound the right-
hand-side of the interpolation inequality (19). O

4. PROOF OF THEOREM 1 AND THEOREM 2

In this section, we will start by proving a stability estimate similar to the one
of the classical case and then use the results of Section 3 and the propagation of
regularity for the Vlasov equation to get the proof of Theorem 1 and then the proof
of Theorem 2. The conditional result is stated in the following proposition.
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Proposition 4.1. Let K = ﬁ with a € ((g — 2)+,d— 1) and assume p is a

solution of the Hartree equation (2) with initial condition p™ € ./J}F and f >0 isa
solution of the Viasov equation verifying

(250) f € Lig (R, WnoHLoo(R2) 1 HE ¥ (R2))
(25b) Pf € Lﬁfc(RﬂLle mHu)a

where ng = |d/2] + 1, (n,ny) € (2N)? are such that n > d/2 and ny > % and we
used the notations o =2n+mn; andv=n+a+2—d); and b = Then the
following inequality holds

Tr(|p — py|) < (Tx(|p™ = PF]) + C(t) h) MO,

_d_
a+1"

where

t
)\f(f) = Cd,nha/o HV§f||Wno,oo(RQd)mHg(Rgd) ds

t
Cr(t) :Cd,nl,a/o s ()l 1o ng(s)HHgs(de) R VIOFM

In analogy with the classical case (cf. proof of Proposition 2.2), we introduce
the two-parameter semigroup U; , such that i, ; = 1 and defined for ¢ > s by

ihO Uy = H(t) Uss ,
where H is the Hartree Hamiltonian (3). We consider the quantity

P00 (U (p(t) = pp(t) Us,s) = Uy [K % (p(t) — ps(1), py(8)] Us s
F U By Uy,

where By is an operator defined through its kernel
Tty
BiCe) = (K 4 p0)a) = (1 7)) = (VK 1) (T52) - (2 =) sl

Using Duhamel’s formula and taking the Schatten p norm (recall that U, , is a
unitary operator), we get

in in 1 ‘
ool + 5 [ 1B, s

1 [ 102 = prs. A K= 2). o5 =

(26) lot) ~ ps(0)], <|

We now take p = 1, i.e. the trace norm, and we have to bound each term on
the right-hand side of Inequality (26) in order to obtain a Gronwall type inequality
which will prove Proposition 4.1. Remark that we will then use again Inequality (26)
with p > 1 together with Theorem 1 to prove Theorem 2.

4.1. The commutator inequality. Generalizing [57, Lemma 3.1], we obtain the
quantum equivalent of Inequality (17), which is is the following inequality for the
trace norm of the commutator of K and a trace class operator p.
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Theorem 4. Leta € (—1,d—1), K(z) = ﬁ or K(x) = In(|z|) when a =0 and
let b := b, = fil so that VK € L% Let b’ be the conjugated Hélder exponent
of b. Then for any e € (0,b" — 1], there exists a constant C' > 0 such that
. T+& . 1-¢
Tre(|[K(- = 2), pll) < Ch||diag(|VepD) |70 |diag(IVep))1 7, 5. »
for any & € (0, 557) and with the additional assumption € < by —b" if d > 4.

— 1
ek
b="by =3 and VK € L2°°. Thus for any ¢ € (0,2], there exists a constant C > 0
such that

Remark 4.1. In the case of Coulomb interaction and d = 3, we have K(x)

. T+E | q: 1-¢
Tr(|[K(- - 2), pll) < Ch||diag(|Vep)) || 75~ |diag(|Vep])l|Fs- ,
for any & € (0, §)

This theorem is a corollary of the slightly more precise following proposition.
Proposition 4.2. For any 0 € ((bl, — %) ,1— bl/> and q € (1_[’7(;5,,00}, there
1 +

exists a constant C' > 0 such that

(27) Tr(|[K (- = 2), pll) < C 1 ||diag(|Vepl) 7, IIdiag(| VeIl

where@zé/(
q<bhifd>4.

%f %) and 11; = % + 6 and with the additional assumption that

Proof of Theorem 4. To prove our result, we will decompose the potential as a
combination of Gaussian functions (see e.g. [42, 5.9 (3)]). By using the definition
of the Gamma function and a simple change of variable, when a > 0, one obtains
the following formula for any r» > 0

1 1 > L1 —m7rt
(28) Wari/Z 5/0 e dt,

where w, = 1%{; a/;). Taking r = \x|2 directly leads to the following decomposition

o0
! 1/ 5 lemmlel*t g,
0

we |z|* T2

Now when a € (—2,0), take Equation (28) with a+ 2 instead of a, integrate it with
respect to r, exchange the integrals and then replace again r by |x|2 This yields a
similar decomposition under the form

_1 _ = 1/ t3—1 (e*ﬂ“"% - 1) dt.
Wa || 2 Jo

In order to treat the case of the logarithm, do the same steps with a = 0 to obtain

_ha(p;\):1 81 (emmlal®t _ o=t gy,
2 0

In any of these case, defining wq := 1, we get the following identity

1 _ I R Y
(K@) K(y))_2/0 / (e e )dt.
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Trying to follow the idea of [57] but with this new decomposition, we write

1
d 2 2
1 —m0|z|*t ,—m(1-0)|y|*t
/0 dé (e ‘ )dedt

oo
—7r/t
0

vl

(@) - Kw) = [

Wa

[N

1
/ (x—y) - (x+y)e ™l tem0=-0WIq 4,
0

from which we get

Klxz—-2)-K

—T W

-2 _ -/0 /OOO t2 (x —y) - (¢o(x)p1_0(y) + olx)P1_o(y)) dt db,

where we defined ¢, (z) := e ¥™1e==*t and ¢, (z) = (z — 2) r (). Thus, since the
kernel of Vep is “¥p(z,y) and exchanging 6 by 1 — 6 in the second term of the
integral, we obtain

1
imhwg

1 00
[K(- = 2), p] =/ / t% (¢o - Vep 1o + p1-0 Vep - ¢p) dt 6.
0o Jo
Remarking that (¢g - Vep 01-.0)" = p1_9 Vep - ¢9, we can now estimate the trace
norm by

1
h |wal

1 [e'e)
(20) 1K= 2),pll, < / / 14 (|0 - Vepior_al|, dt do.
0 0

Then, by decomposing the self-adjoint operator V¢ p on an orthogonal basis (¢;) e,
we can write Vep =3 ; Aj|¥;)(¥;] and we get

g0 - Veper-all, <> 1Nl llbaws) (501 -6lll,
jedJ
< Z (Al @0l 2 1v5p1-all 2 s
JjeJ

where we used the fact that |||u)(v|||; = |lu|l,2 ||v]| 2. Thus, by the inequality of
Cauchy-Schwarz for series

=
N

A

60 - Veporolly < | D 1Nl ligowsll7 > llIeier-ole

JjeJ jeJ

(/Rd |¢el2m> (/Rd |s01—0|2pl> iy

with the notation p1 = diag(|Vep|) = >, A lb;>. By the integral Holder’s
inequality, this yields

|~

IN

1 1
(30) 166 - Veppr-all; <6l Lo llo1-oll 2o [lp1ll 2o o1l »

where (p, q) € [1,00]? can depend on the parameter ¢, which will help us to obtain

the convergence of the integral in Inequality (29). We can now compute explicitly



20 LAURENT LAFLECHE'!, CHIARA SAFFIRIO?

the integrals of the functions ¢ and ¢. It holds

w 1
H¢a|li’2/p, = /d lz — Z‘Zp’ 2Ol Py, _ Wl
R

W+2p! (20 p't) L
N
@ -0)¢n*
Combining these two formulas with inequalities (29) and (30) leads to

1 1
® Caap 11130 10114 /1 46 »
0

13 (5 +ap+i-a) 0 R (1 0)ir

H‘Pl_gHi‘gq, = /d o 2m(1-0)|a—2%q"t g, _
R

1K —2), ol < h/o

d+2p’

1
by _ _d_
with Cya,p = |wal (L)zp (2p) e (2¢')” 3. We remark that the integral

wd+2p/
on # is converging as soon as
1 2 1 1 4 1
31 —<==— d —<-=—.
S Pod e T

Now, in order to get a finite integral of the variable ¢, we can cut the integral in
two parts. The first one for ¢ € (0, R) and the second one for ¢ € (R, o) for a given
R > 0. Then we have to choose p and ¢ such that

1 d d
<++1—a)<1fort€(0,R)

2\ 20  2¢
;(2dpl+2dql+la) > 1 fort > R,
or equivalently since b = a%il
;(;—f—ql/) %forte(O,R)
;(; q1,> >%fort2R.

However, this has to be compatible with the constraint (31). Therefore, when
t € (0, R), we can in particular take ¢ = pg with py < min(b’,b7). When ¢t > R,
then we can also take for example p = pg > %/ and then any ¢ such that

2 1 1 4 1
< —and — < 1.

32 o <=
(82) b py ¢ d q ~

Remark that the condition % < % is only used when d > 4 and can be rewritten

g < b5. Such a pair (po,q) exists as long as a < % and a < 2. By defining
0:= pio — %, then these conditions are equivalent to
1 1 1
— = — <di<l——
(6%), < <%
1 1
——— a5
po b *
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With these p and ¢, we therefore deduce that there exists a constant C' depending
on d, a, pp and ¢ such that

O\""

4(+-) )
IE(=2),plll, <Ch (R o1l oo + B 0 o1l Zno [lo2l|Za | -

Optimizing with respect to R yields

(33) Te(|[K (- = 2), pl|) < Chllpal 7 lo1ll e

where 6y = 1/"”7__1/[’/. In order to arrive to an equation on the form (27), we can
1/po—1/q

define ¢ := ¢ — b/, which is positive by Equation (32) and the fact that pg < b’.
The condition ¢ < b5 when d > 4 then reads e < b5 — b’. We can also define
p:=b —e > 1. Then by a direct computation and using again (32), we obtain

Po—p=po—+q—26" >0,

so that p < py < b’ < ¢ and by interpolation of Lebesgue spaces,

[% 1-0
o1l oo < lloallgs loallza™

where 61 = %. Remarking that 698, = % and that we can take p%

as close as we want from %, there exists €1 such that we can choose py such that
0001 + 1 = 11//1;%11//[;’ = % + 5. Therefore, the last inequality combined with
Inequality (33) leads to Formula (27). O

The following Proposition is an extension of Theorem 4 to LP spaces, for p < b.
Remark however that the right-side here is expressed in terms of weighted quantum
Lebesgue norms, which makes the inequality weaker than the one in Theorem 4.

Proposition 4.3. Letd > 2, a € (—1,min(2, %)), 1<p<b:= a%. Then for

any e € (0, — 1) and n > a + 1, there exists a constant C > 0 such that
1+e 1-¢
K =2),plllzo < Ch|Veprmn| zove [Veprmn| 2o

where € =¢/q, m, =1+ |p|" and with

Proof. First we do the same decomposition as for the £! case but then take a L?
norm in (29). This yields

1

o} 1
B g IEC=2ll < [ [ - Veperol a0

In order to bound this integral, we will cut it into two parts corresponding to

t € (0,R) and when ¢ > R, and we take % > % — ¢ when ¢ is small, and % <

L L in the second case. Using the hypotheses, we can find (o, ) € [2,00)2

p b
and (nq,ng) € (g, %,oo) such that @ > d, 8 > d/2, ny + ng = n and
Ly % = % — %. Then we define my, := 1+ |p|k and multiply and divide by m,,_

00) x (
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and m,,. This yields
| po - V, | = [(pem,') m,, Vepm,, m,’
0 ePP1-0ll, = 0 My, N YEP Mg Ty, P10
P

< [[goma. ],

m;jwl_eHﬁ Hmnavﬁpmnﬁ ||q J

where we used twice Holder’s inequality for operators to get from the second to the
third line. We remark that ¢g m;, ! is of the form g(—iV) f(x), so that since a > 2,
by the Kato-Seiler-Simon inequality (see e.g. [62, Thm 4.1]), it holds

o mi 2|l < @m)™ & ol e [[mpt(52)]] . s

-1

with m,, ~*(hz) = (1+ |hz|"™)" . By the change of variable y = hz in the last
~1 < 00, this yields

integral, and using the fact that Cy o = ||mna ||L“

g0 mallly < Camusa ™ [0l o

o

Then a direct computation of the integral of ¢y yields

1

poml|l. god,nu,ah—zf( wa )a( L

@ d+a *
Wd+a a9t) 2o

By the same proof but replacing ¢g by ¢1_g, if 5 > 2, we have

_ _d 1
Hmnﬁl @14}“5 <Cingph #———.

(B(A—-0)t)>7
Therefore, (34) leads to

o o plmdz+E) [t de
K(-—2), S/ ? / dt
IWEC=2) el = | g \ L 5 00

Y e ! de
= (11 1)1 iia = | dt,
0 t2\p g b 0 f=2a (1—6)27

|

@

é C n OLC n
where C, = (w:ja> & = ;ﬁﬁ’ﬁ HmnavgpmnBHq. The integrals in 6 and ¢
ﬁ23()4 2
converge since
d
a>d and [ > 5
1 1 1
- ——-<—-if tel0,R
PR [0, B]
1 1 1
- ——=>—if te(R,0).
p q b

Then remark that as proved in appendix (Inequality (56)), it holds

HmnuvﬁpmnBHq < Hvﬁpmnﬁmna q = ||V£pmn||qa

and we can conclude by taking the optimal R as in the proof of Theorem 4. (]
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4.2. Bound for the error term.

Proposition 4.4. Under the hypotheses of Theorem 1, if p € [1,2] and n € 2N
with n > d/2, then

I1Bellzo < C 12 llpsll parsre

where v=(n+a+2—d)y and C is independent from .

gy
Proof. As in [61, 60], we decompose B; as follow
Tty
—hthy / E((1-0)z+0y) — ( 5 )d0 Veps(z,y)
= zh/ / (0 — ) VE <((1 —0)x +0y) 0 + ( 9’)) d6de’ : Vip,(z,y)
= Zh/ / (0 - 2) VE (agox+bggy)dddl : Vgpf(x,y)
0Jo

0'+1
2

where ag g = — 06" and bg o = 1779, +60'. In term of the Fourier transform of

V E, this yields

1 - e 1 mz-(a x S0
Py = zh/O/O /Rd (0 2) 2= (@00 00 V) T E (2)d0 A0’ dz : VEps(a,y).

2imw

Defining e, as the operator of multiplication by the function e , we obtain

1 ) 1,1 1\ —
7B = m/o/o /Rd (9 - 2) VE(2) : €a,, (Vip;)es,, dfd6’ dz,

and since e, is a bounded (unitary) operator, taking the quantum Lebesgue norms
yields

1 1 rl
Y
0J0 JRd

h 2
< 5 IVE| ) Ve pf”z:p :
e Now to bound [[VE|| £, we can use the fact that for any n > d/2, H" C
]:(Ll) to get

o3 e

€a o (VEPF) €1, e do’ dz

IVE|| £y < Can V2K « Pl e

If a = d — 2, then by continuity of V2K * - in H", we get IVE| zz1y < Cllogll gn-
Else if a € (§ —2,d) \ {2}

d —~
(1 Jaf™) 27 77|

S Cd,’ma ||pf ||L10H(n+a+2—d)+

HVEHJ:(LI) S Cd,n,a

Cd,n,a ||pf HHQ+2—dnHﬂ.+a+2—d

where we used the fact that if o € (—g, 0), then by Sobolev’s inequalities LP" ¢ H*

with p% =1 -2 and then L2N L' ¢ L¥" since p* € [1,2].
e Finally, to bound HVEQ,ome7 we interpolate it between the £! and the £?

norms to get

0 1-60 (% 1-6
B5)  VEpyll e < IVEpsllea 1WERsl oo = Ve 2 ggany [ VEPs I o
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where § = 2/p’. Then using the fact that Vgpf = ng(vgf), we can use Proposi-
tion 3.3 with g = ng, ny =0 and n > d/2 to get

IVepsll oo < ClVES g ey

which using Inequality (35) implies that ||V§ prm <C HV fHH2"(R2d O

4.3. Proof of Proposition 4.1. We can now use the bounds on the commutator
and the error terms proved in previous sections to prove the stability estimate of
Proposition 4.1.

Proof of Proposition 4.1. For p = 1, Equation (26) yields
. . 1/t
Te(lott) = py(0)]) < Te(lo" = ) + 5 [ (1B s

1 t
+ ﬁ/o /|P(s,z) —pp(s,2)| Tr(|[K(- = 2), py(s)]|) dzds.

Proposition 4.4 gives a bound on the second term on the right-hand side, whereas
Theorem 4 allows us to bound the last term on the right-hand side uniformly in z.
Moreover, because of (12) we have

o= sl < Te(|lp— pyl) -
Altogether, we obtain for some small € > 0 to be chosen later

Te(|lp — psl) < Tx(|p™ - £F)

t
+ CHA ||pf(8)||Llr-]]{(7l+a+2fd)4r vaf(s)HHgg(]RQd) ds

t
+C [ T(p(e) = py9)]) [ding (Vo () ooy

ﬁﬂ. We then use Proposition 3.1 to bound the LP norm of the
diagonal for p=0b'+cand p=10b'—¢

||diag(\V§pf|) ||Lp < Ca,m ”fo”W"o > (R2)NH 1 (R24) 2

where b’ =

where since nq > %1 =d(b" — 1) we can choose ¢ such that b’ +¢ <1+ = We
conclude by Gronwall’s Lemma. O

4.4. End of the Proof of Theorem 1.

Proof of Theorem 1. To prove this theorem, it just remains to prove that the as-
sumptions (25a) and (25b) are satisfied with our choice of initial conditions, which
will imply the result by Proposition 4.1. But these bounds are only about the
solution of the classical Vlasov equation for which the long time existence of reg-
ular solutions is known. More precisely, we prove the regularity we need in our
case in Proposition A.1 in appendix. With our assumptions on the initial data,
we have fi* € Wo+h(R2?) with m > d. Moreover, since f* € HIT!(R??) with
o>m+ b%'ll, by Hélder’s inequality we deduce in particular that fi* € L2(R2%)
which by Holder’s inequality yields

//R £ lE™ dad < oo
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for some ny > %5 . Therefore, Proposition A.1 indeed lead to
f € Lis Ry, Wit Lo (R?) 0 HI T (R?Y)).

where we remark that o > ng := L%J + 1. Finally, the H” bound for p also follows
from Hoélder’s inequality since o > d/2 so that

< VM‘
LZ_‘/Rd’ = f

where the last inequality follows from the fact that [v] < o+ 1. O

HVM

< Caa [ VIS, o € O lag o any
L2

L2(R2d)

4.5. Proof of Theorem 2. We now prove Theorem 2 using also the results of
Propositions 4.3 and 4.4.

Proof of Theorem 2. Recall Equation (26). The bound (12) yields
o= ller < o™ = o + /|wmmds

1
b [ e = oyl s G210 0

The second term on the right-hand side can be estimated thanks to Proposition 4.4
and can then be bounded as in the case p = 1. The last term on the right-
hand side is bounded by Proposition 4.3 by terms of the form ||V5p ¥ mnH ra with
m, =1+ |p|" ,n>a—|—1—fandfcloset05—f When a < 432, then ¢ < 2
and we can bound them by interpolating them between £' and £2? weighted norms,
yielding

[Veps mall e, < [ Veps mal[2" (| Vepy mal| 2"

and we can bound these terms by Proposition 3.2 and Proposmon 3.3. When
q > 2, this strategy is no more possible, but remark that by the property of the
Weyl transform and Calder6n-Vaillancourt-Boulkhemair inequality (24), we know
that

HP%V(Q)HL? = HgHLZ(RZd)
167 ()| o« < Callgllwnoce g2e) »

where ng = | 4| + 1. Therefore, we get

(36) CAOIIE A0l PAO]
< Cd ||9||Wno oo (R24) ||9HL2 (R24) »

where § = 1 — = is close to p— — :I: €, and the second inequality comes again from
complex interpolation. Using Lemma 3.1, we see that V¢p,m,, can be written
as a linear combination of terms of the form p}/(£292Vef) =: p}¥(ga,5) where
a and B are multi-indices verifying |a 4+ 8] < n. Therefore, taking g = go,5 in
inequality (36) for each g, 3, we obtain a control in terms of weighted Sobolev
norms of the solution f of the classical solution of the Vlasov equation (1) of the
form || fllyyo+1.00 (g2ay pro+1 (g2ay With 0 > ng + d/b, which can be controlled as in
the proof of Theorem 1. We can therefore conclude by Gronwall’s Lemma that
Inequality (13) holds.
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Now we prove Formula (14). Consider Equation (13) and the following bound:
(37) lo = p¢ll e < llollzw + [log ] o -

As for the first term in the right-hand side, we know that all £P norms are prop-
agated by the Hartree equation, therefore ||p| ;o = ||pi“H£oo, that is bounded by
assumption. In the second term in the right-hand side we use again the Calderén-
Vaillancourt-Boulkhemair inequality (24). Hence, if f € W"0:>°(R24) and p* ¢
L2, the £ norm of the difference p — p; is bounded uniformly in 7. To conclude,
we use the complex interpolation theorem between £ and £?, with p = b — ¢, for
€ > 0 small enough, and get

4 1—2
lo = oyl < llp=prllz o= pell "
since ¢ € (p,00). Then Formula (13) yields

b
q

o= pyll L. <C1) (HPin —pn|lE, + Te(|p - pin )% n h%) Y0}
where C' is a constant which depends on the dimension of the space d, on Hpi“ H Loo
and on fin. O

5. PROOF OF THEOREM 3

We recall that X = X, is the operator of time dependent kernel X,(z,y) =
K(x —y) p(z,y), where p is the kernel of the operator p. Under the conditions of
Theorem 3, the associated energy is bounded and we have the following inequalities

Proposition 5.1. Leta € [0,d), s :=d—a and p be a positive trace class operator.
Then if K € HS', it holds

(38) T(Xp) < O1 Kl g |16l 0|,

Moreover, if a € [O, g) and K? ¢ His’d*l, then for any p € [1,2] and q¢ = ;Tpp €
[2,00] there exists a constant such that for any operator p

(392) %o pall o < €1 K2 Fsman |61 0|, N2l

When p € [2,00] then we still have

(39) ool < CHTGTDK2 D 1T 0|, oo

where in both (39a) and (39b) the constants C depend only on s and d.

Remark 5.1. We can control the weighted L2 norms by the following inequality

(40) H|P|% p‘

Remark that we cannot deduce it immediately by Holder’s inequality for the Schatten
norms because it would give us Tr(||p|“ p|) instead of Tr(|p|” p) in the right-hand
side. However, by definition of the absolute value for operators and by cyclicity of
the trace, we get

)

2
o SNl TPl ).

2 2 a 1 a 1 4 1
Hlp|2pH2:Tr(plpl p):Tr(p/ﬁ |p| pé) Tr(ﬂ’lplwé
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Now, Hélder’s inequality gives
1 1

a o 1 2 a
(o l? o2]) < ol (1ol 22" ) = ol Te0p1" ),

which leads to (40) by the definition of L? and L.

Proof of Proposition 5.1. We first prove Inequality (38) and then use it to show
formulas (39a) and (39b).
e Proof of Inequality (38). Let a := d — s and use Formula (15) to get that

/R% K(z—y)|p(z,y)|* dzdy = Cd,a/ <//de —y— = dx dy) Q(dw),

for some measure @ such that ||Q|/4y = ||KHH1 This leads to

p(z,y)|
£ < ca sup, ( L e 4 dy> IQlry -

Now we concentrate on bounding the double integral. First we remark that by the
change of variable z = x — y — w, it holds

a._// lp(a, )" P YN e dy // a|pz+y+wy)|dzdy
R [T — Y —w

Then, by the Hardy-Rellich mequahty (see e.g. [65]), since a € [0,d), for any

@ € H3, it holds
/ |SD( )‘ d <Cda/ ’A‘LQD ’ dz
ke |2l

Therefore, taking ¢(z) = p(z + y + w,y) in the above inequality and integrating
with respect to y yields

&, <cda// Afp z+y+wy)‘ dzdy—Cda//
R2d R2d

Remarking that A p(z,y) is nothing but the kernel of the operator h~ 2 |p| 2 pand
using the definition of the £2 norm, we obtain

p(x y dx dy.

ga S Cd,a hdia |p|%

where Cygq = (2m)*Cgq-

e Proof of Inequality (39a). Since X, is a positive operator, it holds X% = |Xp|2.
Moreover, denoting 5(,, the exchange operator associated to the kernel K2, the
following interesting property holds

Tr(X2) = /RM K(z—y)?|p(z,y)]? dedy = Tr (X, p) -

From this and Hélder’s inequality for operators, we deduce that if K2 € His_d7l
with s € (g, d], then the following inequality holds

1
%o p2ll, < 102l 1Xelly < 27 1]l ca Tr(Xop)
which by Formula (38) for K? leads exactly to (39a).
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* Proof of Inequality (39b). We use the fact that |[X, ps||, < [[Xp pyl|, for any
p > 2 and then we use (39a) for p = 2 to get

%o pall o < BET) X, poll o < CHIGH) |22,

Ip|* p‘ Lo Pl -

The use of the non-semiclassical inequality [X, p ||, < [[Xp pol|, explains the dete-
rioration of the rate, which might not be optimal. O

When a < 0, we have similar bounds but using moments in z instead of moments
in p.

Proposition 5.2. Let a <0 and K(z) = \x|‘a‘, then for any positive operator p

(a1) Trxp) < O 1% p .

Moreover, for any p € [1,00], there exists a constant C > 0 such that for any
operator po

la|
(422)  [Xppalln < O[] F |

ol when p € [1,2)

141 la|
(420) Kool < CHIGED) [[2fF o

lpallen whenpe 200,

where q = ;Tpp € [2,00) when p < 2 and the constants C' depend only on a and d.

Proof. The proof of (41) follows simply by writing

[ k@ wlownPasd<c [[ (1ol 10") ol asdy

and remarking that the right-hand side is exactly the right-hand side of inequal-
ity (41). The two other inequalities follow by taking K? instead of K and Holder’s
inequality as in the proof of Proposition 5.2. ]

Proof of Theorem 3. We proceed as in the proof of Theorem 1 and consider the
one-parameter group of unitary transformations i generated by the Hartree-Fock
Hamiltonian, i.e.

ih@tb{t = HHF(t)Z/[t,
and compute
ihoy (U (p— ph () Us) = U [K = (p— pg), pr (f)] Uy
+ U Bilhy — Uy [Xp, (p— o1 ()] Us -

Using Duhamel formula and taking the £P norm using that U, is a unitary operator,
we obtain

. . 1 [t
@3) o= ol Dller < 10" =+ 5 [ K= (0= )Py 0o

1 t 1 t
g [ Ul ds 5 [ (0= (D)0 0
0 0

The second and third terms on the right-hand side in (43) can be bounded as in
Theorem 1. As for the fourth term, we use Proposition 5.1. More precisely, if
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a € 10,d/2), using (39a) or (39b)

1 5 1
= [Xo: (0 = PR (O 2o < ORI oo

e p‘ o= o (D]l o

- 1
S Ch? 1 HKQHIZifi’Z“’I r2 (”pHLP + szv(f)H,CP) ’

Iplfp‘

2 p
rate of convergence O(h). When it is not the case (for high values of a and of p),
the contribution of the exchange term becomes bigger than the one of the second
term in the right-hand side of Inequality (43), thus leading to a rate of convergence
of the order O(h®*~1). If a € (—1,0), then we use inequalities (42a) or (39b) to get

la] la|
bounds in terms of H|x|T pHL2 instead of H|x|7 pHEQ. When K(z) = +1In(|z]),

with§=d—-—a—d (l — l) . When § > 2, this does not change the order of the

we write that K(z) < C. (|z|® + |z|~¢) and use both type of inequalities to get
bounds with H (\x|% + |p|%> p HL2 instead. When p = 1, we can therefore conclude
that

(44) o= (Dl < (Hpi“ —PP|| o+ Colt) h+ Ca () hsfl) A

When p € (1,b), we proceed as in the proof of Formula (13) (the Hartree case) and
use Inequality (44) to get

(45) o= oDl < 6™ = £l + €O ([l = 7|0+ 4 B71) 0.

Moreover, when p € [b, 00), again as in the Hartree case, we proceed as in the proof
of (14). Following the exact same argument, Hp —p(f) || £ 18 bounded uniformly

in 7 as soon as p™ € L> and f € wlgl+tee, Whence,

o=l (Dl <€) ([lo™ = pFIl} "+ CohT +CynlE DT ) X0,

in

In particular, if ‘ pn — P}

. < C'h, we get for the Hilbert-Schmidt norm (p = 2) a

convergence rate p(—e)min{1,s-1} O

APPENDIX A. PROPAGATION OF WEIGHTED SOBOLEV NORMS FOR VLASOV
EQUATION

The existence of global smooth solutions and the propagation of regularity is a
classical result for the Vlasov-Poisson equation. It can be deduced starting from the
works of Pfaffelmoser [55] or Lions and Perthame [44], which imply the bounded-
ness of the force field, so that any solution with compact support in the phase space
will remain compactly supported at any time. Other general results concerning the
propagation of regularity can be found in the more recent work [35] by Han-Kwan
or in Appendix A in the work [61] by the second author. In our case, we need the
boundedness of the solutions of the Vlasov equation in weighted Sobolev norms
and we will see that we can propagate norms of the form W2>°(R24). Remark that
we prefer to work in the framework of [44] which allows to have non compactly
supported solutions which are very interesting physically, since they include for ex-
ample Gaussian distributions of velocities. Moreover compactly supported solutions
are perhaps less pertinent in the context of quantum mechanics. Furthermore, the



30 LAURENT LAFLECHE'!, CHIARA SAFFIRIO?

proof here follows a completely Eulerian point of view. The result of this section is
the following.

Proposition A.1. Let K = ﬁ with a € (—1,d — 2] and let (n,o,n1) € N? be
such that n > d and nq > % with b = a;j_l. Let f > 0 be solution of the Viasov
equation (1) with initial data f* € W2°°(R2%) satisfying

/ /R e dede < oo,

Then the following regularity estimates hold

(46a) [ € Lise (R, WP (R?))
(46b) vapf € Li)C)OC(R+7 LOO)

If in addition f" € H(R*?) for some k € Ry, then
f € L?(?C(RJF? HE(RQd))
The proof works in two steps. We first explain in the next lemma how to get a

control of the regularity as soon as ps is uniformly bounded. Then we finish the
proof of the theorem by proving that this assumption on py holds.

Lemma A.1. Let f be a solution of the Vlasov equation (1) as in Proposition A.1
with o > 1 and assume moreover that

(47) py € LRy, % N L),
Then the regularity estimates (46a) and (46b) hold.

Proof. For clarity, we first start with the case o = 1 for which we will do a detailed
proof, and we will then explain how to modify the proof to get higher regularity
estimates. We follow the strategy explained in the course notes [28].

Step 1. Case 0 =1. We have, by denoting T:=¢ -V, + E - V¢

(48a) H(Vauf)==TV,f —VE - Vef
(48b) (Vef) =—TVef = Vaf.
To simplify the computations, recall that the transport operator verifies T* = —T

and T(uv) = uT(v) + T(u)v, so that by writing m,, := 1+ [£|"” + |z|™" and using
the notation u? := |u[P~1u, it holds

(49) //R?d T(u) - wP~tm, = — //]RM w- TP~ my, + |ul? T(my,).

However remarking that
w- (T@P™)) = - (Juf~?T(u) + (p — 2) (T(w) - u) uP~?)
=P T(w) + (p— 2) (T () - u) [uf”~
=(p— 1)up_1 - T(u).

we can simplify Equation (49) into

(50) o [Tt =[]l T,

Now define
Mx = // |vxf|p Moy, and Mg = // |v§f|p M.
R2d R2d
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Then using (48a) and Formula (50) for u = V. f leads to

dM, _
n :—p//w(vzf)? L (TVef +VE-Vef)m,

= //de [Vaf[" T(mn) + [VE|| o (Me + (p — 1) M)

where we used the multiplicative Young’s inequality pab?~1! < a? + (p — 1) b” to
get the second term. In the same way, using (48b) and taking u = V¢ f yields

S L et T + 0t + (0= )g)
Then again by the multiplicative Young’s inequality
T(mp) =np (E-"71+&-2"7) <np (| Bl oo + 1) my,
Thus, for M, ¢ := M, + M, we obtain
Mo <p (Bl + 1+ [VE] ) Mg

However, since we know that py € L
the following control on || E||

1Bl e < C (llosllpee + lloslips) < Co

for some function of time C; locally bounded on R;. To control VE, we can use
the integral Young’s inequality if VK is less singular than the Coulomb potential
(i.e. if a < d—2), and if @ = 1, then we use a singular integral estimate in the spirit
of the one in [9] which can be found in the course notes [28] and can be written

IVE|l o < C(1+ Mo+ llpsll o (1 + Vol 1))
<G T+ +[Vpsllpe)) = J (1),

since p > 1, combining these bounds we arrive at %Mw,g < p(l+n)J(t)Mye
which by Grénwall’s Lemma implies

o0
loc

(Ry, L N L') by assumption, we also get

% % 1+n tJ
MZ (1) < M7 (0) e o 7,

1
Now, since M, > || f|lyy1.0geay (i-e. each one is bounded by above by the other
up to a multiplicative constant), letting p — oo, we obtain

in 14+n tJ
(51) 1 llpe ey < 7™ s gy €5 o 7.
However, since n > d, we have
(52) Vosl < [ 1921148 < Can 1 g aoy

where Cgpn, = [za (€)”" d€ < oo. Combining the two inequalities (51) and (52) and
the fact that e/ > 1, we deduce

J(t) < Cy + Cy ln<(1 +Can HfinHWTIL'O"(]RM)) (1Hm) I\ J>

t
< o+ O (1 G | ¥y ) + C (1+n)/0 J
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Hence, by Gronwall’s Lemma

110 (1 Ca |11 gy ) eCett4mt
n+1 1+n
We then deduce the bounds on || f||yy 1.0 geay and Vs by inequalities (51) and (52).

Step 2. Case o > 1. We give details for ¢ = 2. The generalization to o > 2
follows in the same way. In the case o = 2, Formulas (48b) and (48a) become

(Ve +TVEf = =2V, Vef
W(V2f)+TV2f = —2VE V¢V, f —V?E-Vf.

J(t) < J(0) +

Moreover, the mixed derivative of order two solves
O (VoVef) + TV, Ve f = -Viof —VE-Vif.
We define the quantities

M, = // V2 £ [P m,, da dé ;
R2d

Meg = // VeS| man dzdg;
R2d

Mye = // IViVe P my, dzdg;
R2d

and compute their time derivatives, using the multiplicative Young’s inequality, the
bound on T(m,,) as in Step 1 and the fact that p > 1:
dM,
3 SPO Bl +n+2) Mg +2p M,
dM e
dt

<p@llEllpe 1+ 1+ [[VE||po) Mug +p Moz +p |[VE[| oo Mee

AM,
dt

<p (Bl e +n+ 2| VE] o + | V2B ) Mo
+2p||VE[ o Mye +p HVZEHLOO Mg,

where M; is defined and bounded as in Step 1. Thus, for My := My, + Mye + Mg,
we obtain

d
M2 < Cp (|| Bllpe +n+2+2||VE| o + | V2E| ) My

We proved in Step 1 that |E||; . and |[VE| . are bounded. To control V2E, we
proceed analogously to Step 1. More generally, we can bound V7 E by VZ f. This
leads, by Gronwall’s Lemma, to

1 1

(53) My (t) < M3 (0) e,

1
for some positive time dependent constant C; > 0. Now, since My =~ ||fHW2”’(R2d)
(with the exact same meaning given in Step 1), letting p — oo, we obtain

1l ey < 177y gaay €
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The general case o > 1 can be handled analogously by defining

M, = / IV P m, do d€,
where o = |o| stands for the length of the multi-index o = (01,09, ...). O

Proof of Proposition A.1. It just remains to prove that Assumption (47) holds.
First remark that the method used in [44, Theorem 1] actually works for any
a € (—1,d— 2] since the Coulomb potential is decomposed in two parts of the form
VK € L3/2°° N0 L' 4+ W2, This proves that the n; moments can be propagated,
which implies that py € LP for p = 1 + %} by the kinetic interpolation inequality.
d
b—1°

E € L5, (Ry, L),

Then, by Young’s inequality, since ny > we deduce that

Finally, as proved in [41, Corollary 5.1], this bound combined with the initial as-
sumption f € L°°(1 + |¢|") is sufficient to control ||p¢||, . and gives

nwmmw<CQ+AWE@um®)

which implies (47) so that we can apply the lemma. Then once we know the
W°°(R?4) norm is bounded at any time, if the H (R??) is also initially bounded,
we can use again Formula (53) but with p = 2 and then bound the terms involving
E and V,f by the W2 (R??) norm. And we then conclude again by Gronwall’s
Lemma. (]

APPENDIX B. OPERATORS IDENTITIES

We list here some formulas for operators, which are used in this paper. First, let
us indicate the two following basic properties. If A and B are two operators, then

[|Al B| = |AB]|

which first one follows from the definition of |AB| = (B*A*AB)?, and if A and B
are self-adjoint

(54) IAB], = IBA,

which follows from the fact that the singular values are the same for an operator
and its adjoint [62, Formula 1.3]. Then we shall remember Holder’s inequality for
operators [62, Theorem 2.8] which tells that for any bounded operator A and B
and any (p,q,7) € [1,00]® such that % = % + 1, it holds

(Holder) IAB], < [|All 1B, -

The second important inequality is the Araki-Lieb-Thirring inequality [3, Theo-

rem 1] which states that for any operator A, B > 0 and any (¢,7) € [1,00) x Ry,
the following inequality is true

Tr((BAB)?) < Tr((B1AYBY)").
Replacing A by A% and remarking that |AB|2 = BA?B, this can be rewritten
(55) IAB|g, < [A*BY], .
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se inequalities show that regrouping operators together in Schatten norms in-

creases the value of the norm, while mixing them will lower the value. In the same
spirit, for any A, B >0, p > 1 and r > 0, the following mixing inequality holds

(56)

|B"ABI|, < [|AB™

Proof of Inequality (56). By Holder’s inequality, we have

IBTAB]|, < HBTA# AT B

=y ’ (r+1)p

Now, by the cyclicity property (54) and by Inequality (55), we get

e

v S|ABT
- P

_r_
1
p

< aB) 7

H A B <
(r+1)p

which yields the result. O
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