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BOUNDARY INTEGRAL OPERATORS FOR THE HEAT EQUATION IN
TIME-DEPENDENT DOMAINS

RAHEL BRUGGER, HELMUT HARBRECHT, AND JOHANNES TAUSCH

ABSTRACT. This article provides a functional analytical framework for boundary integral equations
of the heat equation in time-dependent domains. More specifically, we consider a non-cylindrical
domain in space-time that is the C?-diffeomorphic image of a cylinder, i.e., the tensor product of
a time interval and a fixed domain in space. On the non-cylindrical domain, we introduce Sobolev
spaces, trace lemmata and provide the mapping properties of the layer operators by mimicking the
proofs of Costabel [3]. Here it is critical that the Neumann trace requires a correction term for the

normal velocity of the moving boundary. Therefore, one has to analyze the situation carefully.

1. INTRODUCTION

Boundary integral equations are a well-known technique to solve elliptic partial differential equa-
tions, see for example [I5, [16]. For parabolic equations on time-independent, so-called cylindrical
domains, Sobolev spaces and the mapping properties of the layer operators for the heat equation
are introduced in [3] [14]. To the best of our knowledge, no such theory exists for time-dependent or
so-called non-cylindrical domains, or simply, tube. Therefore, the aim of this article is to extend the
theory from cylindrical domains to non-cylindrical domains.

To that end, we consider a special class of non-cylindrical domains. We fix a cylindrical domain
which serves as a reference domain and define the non-cylindrical domain as the image under a
time-dependent C2-diffeomorphism. In this setting, different approaches are possible to establish
analogue integral equations and properties to integral operators on a cylindrical domain.

A first approach could be to exploit the fact that the fundamental solution does not use boundary
data and is thus defined on the free space R x R?. Therefore, it is the same for a cylindrical and a
non-cylindrical domain and allows to state the integral operators in cylindrical and non-cylindrical
domains. To establish the mapping properties of the integral operators, one could make use of the
equivalence of norms on the tube and on the cylindrical domain by establishing equivalence results
of the fundamental solution, evaluated on the tube and on the cylindrical domain. The problem is
that the Neumann trace, which will be considered here, contains an additional term involving the

normal velocity of the tube. Therefore, one has to come up with a solution how to deal with this.

A second approach could be to map back the partial differential equation from the non-cylindrical
domain onto the cylindrical domain. The advantage is that one now considers a cylindrical domain,
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for which more theory is available. The drawback is that the differential equation in the reference
domain is more complicated because of time and space dependent coefficients. Finding a fundamental
solution is more difficult and one could for example pursue the parametrix ansatz, taken in [7], and

then find the according mapping properties of the respective layer operators.

A third approach considers the partial differential equation on the non-cylindrical domain. Here,
the partial differential equation is simple, but the domain is more involved in contrast to the second
approach. This approach was used in [I7], but without the corresponding Sobolev spaces and map-
ping properties of the integral operators. Since we already did computations in [I] based on [17],
and since [3] provides a self-contained analysis of the mapping properties of the layer operators for

the heat equation in a cylindrical domain, we choose this approach for this article.

Although we follow the argumentation line of Costabel [3], we repeat the proofs here in the non-
cylindrical setting for the reader’s convenience, since we have to use the appropriate function spaces
and the correct Neumann traces. We would like to emphasize that, once one has the appropriate
Neumann trace operator at hand and the mapping properties of the trace operators, the ideas of
[3] can be followed directly. We indicate the needed adaptations in the article.

The remainder of this article is organized as follows: In Section 2] we introduce anisotropic Sobolev
spaces on cylindrical and non-cylindrical domain, which are used for the mapping properties. Section
is dedicated to the Dirichlet traces and the existence and uniqueness of solutions of the Dirichlet
problem. In Section ] we have a look at the appropriate Neumann trace. The main result is
presented in Section [5] where we establish the mapping properties of the integral operators and
the existence and uniqueness of solutions of the Neumann problem. In Section 6] we state some

concluding remarks.

2. ANISOTROPIC SOBOLEV SPACES

In order to study the heat equation, we shall introduce appropriate anisotropic Sobolev spaces
on cylindrical domains. From these spaces, we will then derive Sobolev spaces on time-dependent

domains.

2.1. Anisotropic Sobolev spaces on cylindrical domains. Let Qo C R?, d > 2, be a Lipschitz
domain in the spatial variable with boundary I'g := 0 and let 0 < T' < oo. Then, the product set
Qo := (0,T) x Qo C R¥*! forms a time-space cylinder with the lateral boundary Yo := (0,7 x Tg.
The appropriate function spaces for parabolic problems in time invariant domains, i.e. in cylindrical

domains, are the anisotropic Sobolev spaces defined by
H"™(Qo) = L*((0,T); H" (%)) N H*((0,T); L*())
for r, s € R>o, see, e.g., [2, 3, [11]. The corresponding boundary spaces are
H"™ () := L*((0,T); H' (To)) N H*((0,T); L*(Iy))

Note that these spaces are well-defined for < 1 (while s > 0 is arbitrary) if I'y is Lipschitz.
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Remark 1. The space H™*(Qq) consists of all functions u € L*(Qo), where the L*(Qo)-norm of
the partial derivatives Bgﬁfu(t,x) is finite for all o) < Ar, B < (1= MN)s, and X € [0,1].

With these definitions at hand, we can moreover define spaces for functions with zero initial condition
by setting

H*(Qo) = L*((0,T); H"()) N H; ((0,T); L*(Q)),
where

H§ ((0,7); L*(0)) = {u = @7 & € H*((—00,T); L*(Q)) : a(t) = 0 for t < 0}.

Note that we adopted the notation from [4, [5]. In addition, we can define functions which vanish at
t =T by setting
H!3(Qo) := L*((0,T); H"(Q0)) N H((0,T); L*(Q)),

where in complete analogy

H3((0,T); LA()) = {u — il (o : @ € H*((0,00); L2(Q)) : i(t) = 0 for t > T}.

As in the elliptic case, we can also include (spatial) zero boundary conditions into the function
spaces by setting
Hg (Qo) == L*((0,7); Hg(Q0)) N H§ ((0,T); L*()),
Hgo(Qo) == L*((0,T); Hy (0)) N Hy((0,T); L* (),
where the spaces include zero initial and end conditions, respectively. On the boundary, we introduce
HG' (S) := L*((0,T); H' (To)) N H ((0,T); L*(T) ).
H!5(S0) == L*((0,T); H"(To)) N H((0,T); L*(Ty)).

)

These spaces are the closures of H™*(Xg) for zero start and end condition, respectively, compare [4]
Section 2.3].

By duality we have
o 1
HG Qo) = [Hy(@0)] forr—1 ¢2
according to [3]. The anisotropic Sobolev spaces on the boundary with negative smoothness index

are defined by

H_ 3" (30) := [H§*(%0)]',

Hg"™*(S0) = [H]5(20)],

/

1704 (80) 2= [ (5)]

see [4, Section 2.3]. Moreover, according to [4, Remark 2.1], for r > 0 and 0 < s < % it holds

H"™ (%) = H5* (%) = H!j(X0) and, therefore, the above introduced dual spaces are equal and we
simply write H™"7%(%p).
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Remark 2. We would like to clarify the intuition behind the slightly cumbersome notation. In
Hgf(Qg), a zero before the semicolon indicates a zero boundary condition in space. After the semi-
colon, a zero initial condition can be indicated by writing a zero between the semicolon and the
comma. Whereas, a present zero after the comma stands for a zero end condition. Thus, this nota-

tion allows to see the spatial and temporal boundary condition at one glance.

2.2. Anisotropic Sobolev spaces on non-cylindrical domains. Having at hand the Sobolev
spaces defined on cylindrical domains, we can also introduce Sobolev spaces on non-cylindrical
domains. Non-cylindrical domains consist of a spatial domain, which we denote by €2;. The subscript
t indicates that the spatial domain might differ for every point of time. To obtain a non-cylindrical
domain Q7 we set
Qr==J ({t} x ).
0<t<T
This domain has a lateral boundary Y defined by

Sro=|J ({t} xTy),

0<t<T
where I'; := 09;.

For every point of time ¢, we assume to have a smooth diffeomorphism &, which maps the initial

domain Qg onto the time-dependent domain €2;. In accordance with [13], we write
(2.1) k:[0,T] x R - RY,  (t,%) — K(t,x)

to emphasize the dependence of the mapping & on the time, where we have (¢, Q) = Q;. Especially,
) is also a Lipschitz domain for all ¢ € [0, 7).

The domains §2; each have a spatial normal n;, which we will also denote by n if it is clear from

the context. Besides having a spatial normal, we also have a time-space normal v. We can write the

(%%
n

vy, = —(V,n)

time-space normal as
1
V1402

for some appropriate v, € R. According to [6], it holds

(2.2) v=

for the vector field V, which deforms the cylinder Qg into the tube Q7 and for which the relation
V = 9k o k! holds.

We introduce the non-cylindrical analogues of the Sobolev spaces by setting
H™(Qr) :== {v € L*(Qr):vok € HT’S(QO)}

where the composition with k only acts on the spatial component. Due to the chain rule, v o Kk and
v have the same Sobolev regularity, provided that the mapping & is smooth enough, see for example
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|12, Theorem 3.23] for the elliptic case. For what follows, we assume that that < € C?([0,7] x R?)
satisfies
(2.3) 158, %) o2 jo, 71 xresrety [16(E %) ™l 20,11 xRaRa) < Cn

for some constant Cy, € (0,00) as in |9, pg. 826]. We define the norm of H™*(Qr) as

1wl s (@r) = llw o Kl 5rs Qo)
for r, s > 0. Notice that the Sobolev spaces on the boundary are defined in a similar manner.
Remark 3. (i) The space H"*(Qr) contains all functions such that wo k € H"*(Qo). This means

that a;:af(u ok) € L3(Qo) for all |a| < Ar, B < (1 —N)s, and X € [0,1]. According to ([2.3)), the
partial derivatives 6,‘("8? Kk exist and are uniformly bounded for all |a| + 8 < 2.

(i) Consider a function u € L?(Qr) with partial derivatives 8,‘?‘8?u € L2(Q7) for all |a| < Ar,
B<(1—=MN)s, and A € [0,1]. When computing the time-derivative of u o k, we obtain also a spatial
derivative as the following shows

(2.4) (Ou) ok =(uo k) — ((DK) TV (uoK), )K).

Hence, it holds w € H™*(Qr) only if r > s since the temporal derivative 8f(u o k) involves also
spatial partial derivatives 02w up to the order |a| = (B besides the temporal derivative Ofu.

(iti) Due to the uniformity condition (2.3), we have as in [9]
0 < g <min{o(Dk)} <max{c(Dk)} <7 < o0,
where Dk denotes the Jacobian of k and o(Dk) denotes its singular values. Especially, as in |9,
Remark 1, pg. 827|, we may assume det(Dk) to be positive.
We can define the dual of Hy,(Qr) in two different ways, namely
il an = o[ (worjidx.s)
and

lull y=rs oy = sup /uvcux,t).
o (@) veHY % (Qr) Y Qr

We show that these norms are equivalent. On one hand, there holds

fQo (uok)(vok)det(Dk)d(x,t)

lullp=r—s(gpy = sup
Hy 7 (Qr) UEH&’,SO(QT) HUHH&”SO(QT)

|(vo k) det(Dr
<

Jull sup i
—7r,—S8
Hy Q) veHD Q1) ||vo nHHggfo(Qo)

S HUHH;B’“*S(QT)a
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where we used the definition of the norm on Hg;’i)(QT) for s, >0 and that the pointwise multipli-
cation with a smooth function is a continuous operation. On the other hand, we likewise find

fQT u(vo k™) det(Dr~1) d(x,t)
lull rori—e(@py = sup [l
” vEH ;% (Qo) VIl Hg: % (Qo)

|(?or™t)det(Dr™?

) 8
lallyeresiqyy  sup ! g0
> vEH ;! (Qo) HM‘H&;%(Q@

< ‘HUH|H;B,T’75(QT)’

Hence, both duality pairings result in the same dual spaces and we can say that Hg;’fo(QT) and
H;ar’_s(QT) are indeed dual, as likewise for the other pairings.

Finally, let the space V(Qr) consist of all the functions v with v o k € V(@) and
V(Qo) = {u € L*((0,T); H'(Q0)) : dpu € L*((0,T); H(Q0)) }-
The norm on this space is given by
[ullSqy) = NullFrrogq) + 10l Fr-10(qy)-

1
Note that the space V(Qq) is a dense subspace of H. ;1,’2 (Qo), which follows according to [3, Formula
(2.2)] from the interpolation result

(2.5) LA X)NHY(L;Y) C H3 (I, [X,Y]:) nC(T; [X, Y]

)

1 1
2 2

for X C Y being Hilbert spaces.

3. DIRICHLET PROBLEM

3.1. Dirichlet trace operator on cylindrical domains. We first introduce the notion of traces
with respect to cylindrical domains. According to [4, Section 2.3|, we can define the (interior)
Dirichlet trace for a function u € C1(Q,) as

t = li t for (t 0.
yoult,x) = lim u(t,y) for (t,x) € %o

We thus have you = uly,. We can introduce a similar operator on anisotropic Sobolev spaces, see
the following lemma, being along the lines of [I0, Theorem 2.1]. It has been proven for I'y € C,
but it is also true for a Lipschitz boundary in accordance with [3 pg. 504ff].

Lemma 4. The map
1
" (Xo)

[SIE

1
Yo: HY2(Qo) — H

1s linear and continuous.

We find the following statement in [3| Lemma 2.4], which holds in the case of a Lipschitz domain
Q.
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. , : o L3
Lemma 5. The Dirichlet trace operator g is continuous and surjective as an operator from H;072 (Qo)
to H2'1 ().

According to [4, Theorem 2.4], there exists also an extension operator. The extension operator is a
right inverse to the surjective Dirichlet trace operator ¢ and, thus, extends a function defined only

on the boundary to the space (see also [0, pg. 12] and [3 Definition 2.17]).

Lemma 6. The Dirichlet trace operator

1,1 11
Yo: Hg?(Qo) = H24 (%)

has a continuous right inverse operator
11 1,1
50: H2’4(EO) — ‘E{;O7 (QO)a
satisfying voEov = v for all v € H%’i(Zo).
3.2. Dirichlet trace operator on non-cylindrical domains. In this section, we denote the
(interior) Dirichlet trace operator with respect to a non-cylindrical domain by 7o, to distinguish
it from the Dirichlet trace operator with respect to a cylindrical domain introduced above. When

no confusion can happen, we will drop the subscript ¢ in the trace operator for a non-cylindrical

domain.

For a smooth function u € C1(Qr), defined on a non-cylindrical domain, we set

t, = li t,y¢).
Yo,6u(t, Xt) Qtaytligctel“tu( yt)
It obviously holds
txy) = 1 t,k(t,y)) = t,x) = t, k¢,
o,0u(t, xt) noa(yg;’l‘qmu( K(t,y)) = 10(uo k) (t,x) =v0(uok)(t, K™ (t, x1))
K(t,x)=x¢

for the diffeomorphism & from ({2.1]). By density of the smooth functions in the Sobolev spaces, we
can also extend this notion to Sobolev spaces. Moreover, we have the same mapping properties for

Yo,t as for 7o, since

[10,¢ull = [houo k|l

11 11
HQ’Z(ET) H§7Z(EO)

= ||(vo(uo k) o k™) OHHH%’%I(EO)

fg ”’LL © R”Hl,%(QO)

—lull 14 0

Note that the hidden constant changes from line to line and depends on the diffeomorphism k,
because we used the norm equivalence on the cylindrical and non-cylindrical domain as well as the
mapping property of the Dirichlet trace operator on the cylindrical domain.
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Due to this consideration, all the properties of Section [3.] remain valid for the Dirichlet trace
operator on non-cylindrical domains. The surjectivity follows for example from the following con-
sideration: Let v € H%’i(ET). By the definition of the norm, we thus have vo Kk € H%’i(ZO). By

D . . . 13 .
the surjectivity of the Dirichlet trace operator with respect to Qo, there exists a w € H,;?(Qo) with
Yow = v o k. Due to the bijectivity of K, we may define

1
Wi=wok € H;lo’f (Qr).
We thus have
Yot W (t, X¢) = 'yow(t, K,_l(t,Xt)) =v(t,xy),

from where the subjectivity follows and we can also infer the existence of the right inverse operator

&o.

3.3. Existence and uniqueness of Dirichlet problem. We consider the following Dirichlet
problem with homogeneous initial datum

(O, —Aw=f inQr,
(3.1) YU = ¢q on XL,
7)(0, ) =0 in Qo.

We have the following existence and uniqueness theorem for its solution.

_1.-1
Theorem 7. Let f € H "’ 2(Qr) and q € H%i(ET) Then, there exists a unique solution v €
1
H;lo’f (Qr), satisfying the boundary condition in (3.1) and

T T )
(3.2) S(v,p) = / {Vv -V + dwp}dxdt = / fudxdt for all p € H&’B(QT).
0 Qt 0 Qt

Proof. A proof of this statement based on the proof of [3, Lemma 2.8] can be found in [I]. O

4. NEUMANN TRACE OPERATOR

Similarly as we defined the Dirichlet trace operator, we can also introduce an (interior) Neumann
trace operator. In the following, we will first introduce this concept on cylindrical domains. Then, we

will introduce the notion of a Neumann trace on a non-cylindrical domain formally and rigorously.

4.1. Neumann trace operator on cylindrical domains. We first introduce the Neumann trace
operator, also called the conormal derivative, on a cylindrical domain along the lines of [3]. Let us
define the space

H"2(Qo; £) := {u € H“3(Qo): Lu € L*(Qo)},
where £ := 0; — A is the partial differential operator under consideration. The norm on this space
is given by

2

= ”“Hip,%@o) + (0 = A)uHiz(Qo)'



BIES FOR THE HEAT EQUATION IN TIME-DEPENDENT DOMAINS 9

According to [3, Lemma 2.16], the bilinear form

b(u,v) = 0 {{(Vu, Vo) — (8 — A)uv} dxdt + d(u, v)

is continuous on Hl’%(]R X Qo3 L) x Hl’%(R x §o), where
d(u,v) ::/ Opuv dxdt.
RXQO

The bilinear form d(u, v) has a continuous extension from C§°(R*+1)x Cg° (R4*1) to H 2 (R; L*(Q)) x
o2 (R; L*(Q0)) and it holds d(u,v) = —d(v,u) for all u,v € H? (R; L*(Q0)), compare [3, Lemma
2.6).

The (interior) Neumann trace is defined for v € C1(Q,) by

int :
tx)i= 1 Vyu(t,y), for (t,x) € ¥
nrut,x) = lim o (Vyu(ty) e for (%) € Zo

and coincides with the normal derivative on X, thus vi"u = du/0n on ¥, see [4, Section 3.3] and
also [19, Satz 8.7| for the elliptic case. Since it holds

ou
b(u,v) = /Eo n’ dodt

for u,v € C3(R x Qp), we can extend this definition as follows, which is along the lines of [3|
Definition 2.17].

Definition 8. Let u € Hl’%(R x Qo; L). Then, the Neumann trace operator yiu € H_%’_i(Eo) 18
the continuous linear form on H%’%(EO) defined by

int

N o = b(u, Eop),

where &y is the extension operator given in Lemma [0

Notice that we can also introduce the conormal derivative ™y € H _%’_%(ZO) as the unique
solution of a variational problem, as it is done in [5, Section 3.4|. This variational problem can for

example be obtained by applying 7i™u to (. According to [3, Proposition 2.18], the Neumann trace
has the following properties.
Lemma 9. (i) The map
int 1,1 _1_1
M H2(Rx Qo L) — H 27 1(R xTy)
s continuous and by restriction also the map

Nt Y3 (Qos £) — H™2 7 1(5)

1S continuous.

(ii) If u € C%(Qy), then vi™u = (Ou/On)|s, due to the Green formula.
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4.2. Neumann trace operator on non-cylindrical domains. On time-dependent boundaries,
one could consider the usual Neumann trace, as it is done for example in [6l Section 6.1]. Instead,
we follow here the idea of [I7] and employ a velocity corrected Neumann trace. We first formally

introduce this Neumann trace and afterwards characterize its properties rigorously.

4.2.1. Formal. For a time dependent spatial surface we define two Neumann trace operators

0 1
(4.1) o= g F 5 (Vomde

To motivate this definition consider the boundary value problem
(O —A)u=f inQp,
(4.2) Yiu=g¢g on X,
u(0,-) =0  in Qp,
where we leave it a priori open what v; means. Let us formally derive the weak formulation of the

Neumann problem (4.2) by multiplying with a test function v with v(7,-) = 0 in Q7 and using

Reynolds’ transport theorem

T T
/ fodxdt = / (O — A)uv dxdt
0 Qt Qt

/ { (Vu, Vo) + 0 (uv) — uﬁtv} dxdt — / —U dodt
Qt Ft

:/ {(Vu, Vo) —u@w}dxdt—k/ / uv dxdt
0 Qt Qt

/ /F {v +un(V, n)} dodt.

Due to the fundamental theorem of calculus and the vanishing initial and end condition of » and

v, respectively, we obtain the variational equation

1
a(u,v) / / fvdxdt+/ / {’U+ —uv(V, n>}dadt
Qt Ft
with bilinear form

T
a(u,v) ::/ {{(Vu, Vv) — udw} dxdt — / / wo{V,n)dodt.
o Jou

Thus, if we set the previously unspecified trace in (4.2)) as v, , and we arrive at

T T
a(u,v) :/ fvdxdt—l—/ / gvdodt.
0 Oy 0 Ty

With the additonal boundary integral term it is easy to see that the bilinear form is bounded and
coercive in the H 1’%—norm, so the Lion’s projection theorem guarantees existence and uniqueness of
this Neumann problem. However, for the cylindrical case [3, Lemma 2.21| states that this strategy
does not yield satisfactory results, since one has to make stronger assumptions on the regularity of
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the input data. Therefore, as in [3], we will proof the existence and uniqueness of solutions by using
a boundary integral formulation (see Corollary .

4.2.2. Rigorous. We assume & to be defined on R x R? and not only on [0, 7] x R%. Moreover, for
sake of simplicity in representation, we always consider functions u and v throughout this section
which satisfy

d
4.3 // uv dxdt = 0.
(4.3) Lt s,

This assumption stems from the fact that we would like to integrate by parts in time. Later on,
we will consider a finite time interval (0,7") and equip w and v with the appropriate zero initial
and end conditions. Extending v and v by zero for ¢ < 0 and ¢ > T, respectively, leads then to the
fulfillment of .

Let us define
1
(4.4) d(u,v) == / Oruv dxdt + / (V,n)uv dodt.
Q 2 JrJr,

Notice that the additional boundary term is a speciality of the time-dependent boundary. We shall
first state the analogue of |3 Lemma 2.6].

Lemma 10. The bilinear form d(u,v) has a continuous extension from C3°(RH1) x C§°(RH1) to
HY2 (U, e ({8} % 94)) x HY2 (U,ep({t} x ), and it holds
(4.5) d(u,v) = —d(v,u).

Proof. The use of Reynolds’ transport theorem allows us to compute

1
d(u,v) = / Opuv dxdt + / (V,n)uv dodt
Qt Ft

= / {(% uv) — u@tv} dxdt + = / (V,n)uv dodt
Iy

/ / uv dxdt — / / udyv dxdt — / (V,n)uv dodt.
Qt Qt Ft

The assumption (4.3) hence implies

1
// u@tvdxdt/ (V,n)uv dodt,
R Qt 2 R Ft

from where (4.5]) follows immediately. The rest is in complete analogy to [3, Lemma 2.6, but we
need higher regularity in the spatial variable instead just L?(€q) like in [3], because the boundary
term in the definition of d(u,v) has to be well-defined. O

As in Section we introduce the space
H"2(Qp; £) == {u € H"3(Qr): Lu € L*(Qr)},

where £ := 0; — A is the differential operator on the non-cylindrical domain. We state the analogue
of [3, Lemma 2.16| in the case of a non-cylindrical domain, the proof of which is obvious.
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Lemma 11. The bilinear form
T
b (u,v) := / {{Vu, Vo) — (9; — A)uv} dxdt + d(u, v)
0 of

with d(u,v) being defined in (4.4)) is continuous on HYs (Uper({t} x ); 0. — A) x Hbs (Uper({t} %
Q). If u,v € CF (U er({t} x ), we have

. r ou 1
b~ (u,v) _/0 /Ft {8nv+ 2<V,n>uv}dadt

by means of Green’s formula.

In complete analogy to the Neumann trace operator in the cylindrical case, we will define 7, u,
which is one of the two required Neumann trace operators.

Definition 12. Given u € Hl’%(UteR({t} x Q); 0, — A), we denote by vy u € H_%’_i(ZT) the

continuous linear form on H%’%(ZT) defined by

Yus o= b (u, &),

where &y is the extension operator as mentioned in Section[3.2

The following lemma is the non-cylindrical equivalent to |3, Proposition 2.18|.

Lemma 13. The map
Vo HL ( U () % 0):0, - A> N ( U (i) rt)>
teR

s continuous and by restriction also the map
_ 1 _1_1
vy HY2(Qr; 0 — A) — H 271 (S7)
is continuous. Moreover, if u € C%(Qr), then it holds

_ ou 1
nu=go + §<V7n)u.

Proof. As in [3], the continuity is a consequence of the continuity of the bilinear form b(-,-)
(cf. Lemma . The second statement follows immediately from Green’s first formula. O

Remark 14. In view of the reformulation of the heat equation in terms of boundary integral equa-
tions, we will moreover encounter a second Neumann trace operator, which we denote by ’yfr. It can
be achieved analogously to above by considering the differential operator 0y + A instead of Oy — A.

The former operator for example arises when considering a time reversal of the latter one. With

bt (u,v) = /T {{(Vu, Vo) + (8 + A)uv} dxdt — d(u, v),
0 Q
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we can state the analogue of Lemma namely the continuity of b+ (-,-) in the appropriate space
and for w and v smooth enough, we have

T ou 1
bt (u, v :/ / {U—V,nuv}dadt.
o) = [ {gar otV

With this property at hand, we can define the trace operator Wfr i analogy to Definition . For u

smooth enough, it then holds

ou 1

Yiu= I §<V,n)u.

The existence of two Neumann trace operators is a speciality of the time-dependent boundary.

Likewise to [3, Formula (2.35)], given u € Hl’%(UteR({t} X );0p—A) and v € HY2 (User({t} x
Q¢)), we obtain Green’s first formula

(4.6) /R /Q t<Vu,Vv> dxdt + d(u,v) = /]R /Q t(Bth)uvdxdtwLWf u, Yov).

1 1
By restriction, this formula also holds for u € H;IO”Q (Qr; 0 —A) and v € H;I’E]Q (Qr), but not, as was
1
pointed out in [3], when w, v are both in Hiiz (Qr).

In complete analogy, Green’s formula for u € H'2 (Urer({t} x%); 0+A) and v € H'z (User({t}x
Q) reads
/ / (Vu, Vv) dxdt — d(u,v) = / / (=0 — A)uv dxdt + {(v{ u, yov).
R Qt R Qt

1 1
Again, by restriction, this formula also holds for © € H ;17(’)2 (Qr; 0+ A) and v € H i)’f (Qr).

We can now formulate Green’s formulas for a finite time interval, the time-independent analogues

of which are given in [3| Proposition 2.19].

Notice that [3] introduces a time reversal map. For a time-dependent domain, this approach does
not make sense, since the integration over a time forward tube of a time reversed entity is not always
well defined. Therefore, we choose a slightly different approach to obtain a further Green formula.

Lemma 15.

. 1,1 1,
(i) Let u € H;Of(Uteﬂh({t} x U);0 — A) and v € H;,OQ(U—oo<t<t0({t} x ). Then, for
to > 0, there holds Green’s first formula

to to
/ / (Vu, V) dxdt + d(u,v) = / / (O — A)uv dxdt + (1 u, Yov).
0 Q4 0 Q¢

1 1
(ii) Let u € Hi&f (U_Oo<t<t0({t} X U); 0+ A) and v € H;IO:Z (Ut€R+({t} x ). Then, for
to > 0, there holds Green’s alternative first formula

to to
/ / (Vu, V) dxdt — d(u,v) = / / (=0 — A)uv dxdt + {(v{ u, yov).
0 Q 0 Q4
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1 1
(iii) Let u € Hg? (Uper, ({8} % Q000 — A) and v € H.j? (U_socper, ({t} X 04);0 + A). Then,
for tg > 0, there holds Green’s second formula

to
/ {(8 — A)uv + u(d + A)v} dxdt = (you, v, v) — (71 u,Y0v).
0 Q

Proof. Statements (i) and (ii) are clear. Statement (iii) follows then immediately from these by
interchanging v and w in (ii) and using (4.5). O

We need the tube equivalent of [3, Lemma 2.22]. In there, the space
C™(Qo) = Cg°((0,T] x )
is defined as the space of the restrictions of functions in C§°(R; x R) to Q. This space C=(Qy) is

1
dense in H. ;10’72 (Qo; 0y — A) according to [3, Lemma 2.22]. As we only consider a C?>-mapping between
the reference cylinder and the tube, we will prove the analogue result only for C?-functions.

Lemma 16. Let us define
C*(Qr) == {u: uok € CF((0,T] x ﬁo)}.
~ 1
Then, the space C*(Qr) is dense in Hii? (Qr; 0 — A).
Proof. We mimic the proof of [3| Lemma 2.22], which is based on a proof of Grisvard in the elliptic

case, see [8, Lemma 1.5.3.9]. According to the proof of [3, Lemma 2.22], we have that C§°((0, 7] x Qo)
1 _ 1
is dense in H;lo’f (Qo). Therefore, also C§((0,7] x €) is dense in H;lo’f (Qo). Due to the definition of

the spaces on the tube via the mapping « and the resulting equivalence of norms, we also obtain
1

that C2(Q;) is dense in H. ;10’75 (Qr). Similarly, we obtain that
C*(Qr) = {u: uok € C3((0,T] x QO)}
1.1
is dense in HO;’& (Qr).
1
Let R be an extension operator from H;lo’f (Qr) to HL%(Rd‘H). It thus holds (Ru)|g, = u. As in
1
[3], let us choose R such that suppR C [0, 00) X Rd In that way, we can identify H;lo’f (Qr) with a
1 1
closed subspace of H;lo’f (R+ x R?). The map u +— (Ru, (8; — A)u) identifies H;lo’f (Qr; 0 — A) with
1
a closed subspace of H;lo’f (Ry x R%) x L2(R; x R?%). Due to this identification, we find for every
1 1
bounded linear functional ¢ : H}O’f (Qr;0:—A) — Rsome f € (H;lo’,Q (Ry de))' = H*L*%(]RJr xR%)
and g € L*(R; x R%) such that it holds

(,uy = (f, Ru) +/ 9(0r — A)ud(t,x)

R+ xRd

~ ~ 1
ISuch an extension operator exists as it can be defined by Ru = (R(uok)) ok with R : H;lo’f (Qo) —
H%2 (R, x RY) being the extension operator from [3].
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1 _

for all u € H;lo’f (Qr; 0y — A). Since £ acts only on w, which is supported on @, we may assume
that supp f C Q, and suppg C Q.

We shall suppose next that it holds (£, ) = 0 for all ¢ € C2(Qy). If we can show £ = 0, we obtain
the desired density result in accordance with [I8, Korollar I11.1.9]. For all ¢ € CZ(R; x RY), we

conclude

0=(tg) = (f.0) + / 9(0 — A)pd(t, x)

—(f)+ [ a0 - Apdtx).

This equation states that

=0+ A)g
holds on Ry x R? in complete analogy to [3]. Due to f € H 1= ‘z(IRJr x R?%) and the differential
operator, we find g € H1’2(R x R%) and, thus, g|g, € Ho Q(QT)

On a cylindrical domain, any function h € HO;%(QO) can be approximated by a series h, €
C§°((—00,T) x Qo) (see [3, Proof of Lemma 2.22]). Hence, by choosing h := g o k and setting

: 1,3 . .
gn = hn o k™1, we can approximate g|q, € Hy 5(Q) by a series gy, € C(U_socrer({t} x Q) in
the norm of HY (U0<t<oo({t} X Qt)) Thus, denoting by §, the extension of g, by zero outside of

1
Qr, we find (9 + A)gn, — fin H 1~ %(R+ x R%). We then conclude for any u € H}O’f (Qr; 0 — A)
that
(6,u) = lim [<(3t + A)gn, Ru) —l—/

n—o0

gn(0r — A)ud(t, x)]

T

~ lim [/QT(ﬁt—i-A)gnud(t,x)—k/QT gn(&g—A)ud(t,x)] ~0.

n—o0

The expression above is equal to zero, because u =0 for t =0, g, = 0 for t =T, and g, has a zero
boundary condition. O

1

Remark 17. If we considert — T—t in Lemma we obtain that C* (@T) is dense in Hi’f (QT; —0,—
A), where

C2(Qyp) = {u wor e C2([o, T)XQO)}

~ 1
and QT is the time flipped Qr. Since Qr was arbitrary, we have C%(Qy) is dense in Hi{f (Qr; 0 +
A).

Next, we will introduce a lemma concerning the trace maps, which will be later used in the proof

of the jump relations. It is the analogue of [3, Lemma 2.23].

Lemma 18. The combined trace map (yo,7;): u — (you,y; ) maps 6’2(@T) onto a dense subspace
of H24 (7)) x H™ 2~ 1(37).
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Proof. We again mimic the respective proof from [3], but will not use a time reversal map. Let us
assume a linear functional (x,v) € H 7 (Xr)x H —3d (X7) that vanishes on the range of (v;",70)-
We need to show that (x, 1) = (0,0), since then the density follows by [18 Korollar III.1.9]. To this
end, assume
(4.7) O6Te) = (W) for all p € C%(Qp).
Let
1
T = (g Tg): H¥%(Sr) - HE? (Qr)
be the solution operator (see Theorem [7)) of the Dirichlet problem
(0 —A)(Tg) =0 inQr,
(4.8)
7% (Tg) =g on Xp.

Moreover, let
§=(f = 8§): I*(@r) = Hyj(@r)
be the solution operator (see Theorem [7|used for the substitution ¢t — T —t) of the Dirichlet problem
@+ A)SH)=f nQr,
%(Sf)=0 onXp.

We can apply Green’s second formula from Lemma tou = Tx and v := Sf for any f € L?(Q7),
1
since u € Hg?(Qr; 9 — A) and (9, + A)v € L2(Qr). We obtain

A {(0 = D)uv +u(@ + A)v}d(x,t) = (you, 71 v) — (31 u,00).

Since yov = 0 and you = ¥, as well as (0 — A)u =0 and (9; + A)v = f, we obtain

/ uf d(t, %) = (x, 71 v).

T

1
Due to continuity and Remark (4.7) holds also for all ¢ € H ;1,[’)2 (Q7; 0 + A) and, thus, also for
¢ = Sf. This implies

Since v9Sf = 0, we thus obtain fQT ufd(t,x) = 0 for all f € L?(Q7). Therefore, 0 = u = T(x)
and thus y = you = 0. Looking again at (4.7)) gives

171
(,v0p) =0 forall p € H;702 (Qr).

1
The trace map ~p is not only surjective for ¢ € H;lo’f (Qr) as shown in Section but also for
1
p€EeH ;17(’)2 (Qr) if one considers the backward problem. We may hence conclude that ¢ = 0. O

In the following, we state the analogue of [3, Proposition 2.24].
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1
Lemma 19. Green’s first formula given in (4.6) holds for all u € Hi)’f (Qr;0 — A) and v €

1 1
H;lo’f (Qr). If alsov € H;lo’f (Qr; 0 — A), we can write the Green’s formula as

/ (Vu, Vo) d(t,x) — d(v,u) +/ u(T, x)v(T,x) dx
(4.9) r Qr
= (71 4, Yov) +/ (O — A)uvd(t,x).

T

Proof. We again mimic the proof of [3, Proposition 2.24]. Given u € C2(Q;) and v € él(QT we
find

T
/ (Vu, Vu)d(t,x) + duv d(t,x) + ;/ / (V,n)uvdodt
0o Jry

(4.10) T Qr
= <’Vfumov>+/ (0 — A)uv d(t, x).

T

. . . 1,% .
All terms are continuous with respect to v in the H;0,2 (Qr)-norm. Thus, by continuity, we can
1.1 1
extend (4.10) to all v € Hg*(Qr). Let v € H;lo’f (Qr) be fixed. Then, all terms in (4.10) except the
1

. . . . . 1,3
term containing the 0;u are obviously continuous with respect to v in the norm of H,;*(Q;0; — A).
Therefore, also the term containing Oyu is continuous. Lemma |16 allows to extend (4.10) to all

1
ue H i]’f (Qr; 0y — A). Thus, Green’s first formula holds as given in the claim.
For u,v € GZ(QT), (4.9) holds. As in [3], the term fQT u(T,x)v(T,x)d(t,x) is continuous for u and

1
v in the norm of H ;10’72 (Qr; 0 —A) C V(Qr) and V(Qr) consists of functions ¢, which always satisfy
ok € C([0,T]; L*(Q)). From here, the second claim follows. O

5. THE CALDERON OPERATOR

Let us first introduce the fundamental solution for the heat equation, which, in accordance with
e.g. [17], reads

—L  _exp (— ”22;_}1‘)2) , if T <t,
G(t,1,x,y) 1= { @n(t-7))2
0, if >+,

Notice that this is equivalent to consider G(t — 7,%,y), where G is given by

— 1 —y[2\ 1
G(r,x,y) = —— exp (—”X"’”) L1+ sign ),
(4mT)2 4t 2

2The space C1(Qy) ist defined in complete analogy to C2(Q) via

CY(Qr) == {uruor € CH((0,T] x Q) }
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as introduced in |3, Formula (2.39)]. Moreover, let us denote

_ -1 - exp (—%) , if t >0,
(5.1) G(t,x) = (rt)2
0, if ¢t <0.

For u € C?(Upcpeoo({t} x ) with w(0,x) = 0 on Qo, we have for (to,%0) € Upcreoo({t} X )
that

u(to,xo) = /Q /Q (Or — A)u(t,x)G(to — t,x0 — x) d(, %)

ou
+ ., G(to —t,x0 — X)%(tv X) da(t,X)
oG
-/ I (fo = %0 = X)u(t, x) dogx)

+ [ Gt toxo = x) (Vo uly, 7)o,
3
as it can be seen from Lemma (15| and the property of the fundamental solution. Moreover, we will
only look at the case, for which (0; — A)u = 0 holds.

We introduce the single and double layer potentials as

9@@0,3(0) = <(70ﬂ’70G> = . G(to,t,Xo,Y)(p(t,Y) da(t,y)a
T

’zw(to, XU) = <’7;FG7 ’(U) = /E ’71+7(t7y)G(t07 t, Xo, Y)w(ta y) do_(t,y)'
T
Then, similarly to [3, Theorem 2.20|, we obtain the representation formula from [I7, Equation (6)]

given in the following lemma.

1

Lemma 20. Let u € HY2(Qp) with (9;—A)u = 0 in Q. Then, we have the representation formula
(5.2) u(t,X) = V7 u(t,X) — Ku(t,X)  for all (t,X) € Qr.

As in [3, pg. 514], we can rewrite the definition of the single layer potential by
Vo(to, x0) = (,70G (t, to, X, %0))
(5.3) = (10, G(t, t0, %, %))
= G * () (t0, %0),
where G is given in and

(0%, X) = (¢, 70x) = / ox do;x)

Xr

for all x € C§°(R¥+1). We will use this also for y € C2(RIH1).

We would like to find the mapping properties of the single and double layer potentials, which are
the equivalent of the results given in [3, Proposition 3.1, Remark 3.2, and Proposition 3.3].
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Lemma 21. The mapping
~ 1
V: H 27 5(Sr) = Hg? (Qri 0 — A)

18 continuous.

Proof. The proof follows as in [3, pg. 514-515] in the case of a cylindrical domain. In there, the
claim is proven by considering the problem on R%t! using Fourier techniques and then restricting
it appropriately, which can also be done in the case of a non-cylindrical domain. O

Lemma 22. The mapping

IC:H%’

N

1
(S1) = Ho? (Qri 9 — A)

18 continuous.

Proof. The proof is in complete analogy to [3, pg. 515], but we repeat it for the convenience of
the reader. We consider the solution operator 7, which maps the Dirichlet data g to the solution
u := T g of the partial differential equation (4.8)). According to Theorem |7} the solution operator T

is a continuous mapping
1
(5.4) T: H>35(Sr) — Hy? (Qri 0y — A).

The representation formula ([5.2)) yields u(t,x) = 177{ u(t, x) —IEu(t, x) and thus Tg = 1~2fyf Tg— Izg
forallg e H %’i(ET). Rearranging gives hence

K=VyT-T.
The claim follows now by using the mapping property (5.4) of T, % (Lemma , and 7; (Lemma
13). 0

We can take the traces g of the single and double layer potential. Let the radius R be large enough
such that the boundary I'; is contained in the ball Bg := {x € R?: ||x|| < R} and set Qf := B\
and Q7 1= J_ocrer({t} x Qf). Lemmata [21) and [22| provide also the continuity of the mappings

~ 1
Vi H 275 (Sr) — Hg (Q5:0 — A)

and )
~ 11 Ll .
K: Hz1(3r) — Ho? (Q7; 0 — A).

In order to state the tube analogue of [3, Theorem 3.4|, we define the jumps as in [3, Formula (3.16)]

in accordance with
. . +
[oul :=0(ulgs) — v0(ulgr),  [iul =1 (ulgs) — 1 (ulor)-
We then have:

Lemma 23. For all vy € H_%’_i(ET) and all w € H%’%(ET), there hold the jump relations
oVl =0, [ Vel = v,
[yoKw] = w, ['yl_lzw] = 0.
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Proof. We mimic the proof of [3] without using the time reversal map. Let ¢ € H 7%’7i(ZT).

We set u := V. Due to the mapping property of the single layer potential, we then have u €
1

H;lo’f ((0,T) x Br(0)) and thus, by the trace lemma, we have vo(ulq,) = Y0(ulq:.)-

Let us next consider the normal jump of V. From , we obtain by considering u = ljw
(O — A)u =y
in R, x R% We consider any test function ¢ € Cg((O, T)x B R) and we obtain
(¥, %00) = (01, ) = (0 — D)u, ) = —(u, (3 + A)p),

where the last equality holds due to the integration by parts on a cylindrical domain. We thus have

(5.5) <m%@=—/ (0 + A)pud(t, x).

(OvT) xXBpr

On the other hand, we can use Green’s second formula, given in Lemma [15|in Q7 and @7, where
we use that (0 — A)u =0 in Qr U Q%. This yields

4(@+AWWW$F#%wﬁ¢%%%w%@
T

and
/Q (0 + A)p ud(t,x) = —{you, 7 ) + (47 u, Y09).

T
Adding these two expressions yields

(5.6) t@ﬂw;@+m@mwm=qu%@,

where we used [you] = 0 = [y0¢] = [7{ ¢]. Comparing (5.5) with (5.6) results in [y; u] = —1.

We are left with proving the jump relations for the double layer potential. To that end, we choose
w E H%é(ET) and define u := Kw. Let ¢ € C°(Ry x BRr) be a test function. As above, we obtain

(5.7) [ @+ Meud(tx) = (b udaoe) - (oulf o)
(0,T)xBg

For K, we obtain Kw = G % ((77)'w) similar to (5.3). Therefore, we have (9; — A)Kw = (v{ ) w in
R4 x Bpr. From here, it follows that

(0,T)x Bp
Comparing (5.7) with (5.8]) yields
(5.9) (I ulivow) = ([roul — w, 7 ¢)
for all ¢ € C3(R. x Bg). Applying Lemmasays that both sides of ([5.9) have to vanish identically,
from where [y; u] = 0 and [ypu] = w follows. O

Now, as in [3 Definition 3.5], we are in the position to define the boundary integral operators.
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Definition 24. Let ¢ € Hfé’fi(ZT) and w € H%’i(ZT). We can then define the single layer

operator as
Vi = 1oV,

the adjoint double layer operator as

(3 Pwlar +97 P¥les ) -

DO | =

K =
the double layer operator as

Kw = ('YO(’EM)‘QT + VO(IEM)‘QCT>

N —

and the hypersingular operator as
Dw := —v; Kuw.
As in [3] Theorem 3.7|, we have the following mapping properties of these operators.

Theorem 25. The boundary integral operators from Definition [24) are continuous mappings as

follows

Proof. The assertion follows immediately by using the mapping properties of the layer potentials
from Lemma 21| and Lemma [22] as well as of the trace operators introduced in Section [3.2] and from
Lemma, [T3] O

We can state the analogue of [3, Formulae (3.24)-(3.27)].
Lemma 26. It holds
V) lar = 10V¥)lgs = Vi,
T P)lar = 59+ K9,
nw(V)lgs = —%QP + K"y,
'yo(l%w)\QT = —-w + Kw,
Yo(Kw)lgs, = 5w + Kw,

1 (Kw)lgy =71 (Kw)lgs, = —Duw.
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Proof. We just prove the second statement, as the other statements follow similarly. According to
Lemma [23] we have

i Vol = 1 Wlgs, = Wlar = —.
Therefore,
W Vlor =¥+ Vilgs.-
By Definition 24 we have

1 ~ ~
K= 5 (7 Velar + 17 Velas. )

Substituting this into the expression above yields
W VUlgr =¥ + 2K — 47 Vo,
from where the claim follows immediately. O

Remark 27. Following [I7, Formulae (7)—(10)|, the relations in the interior given in Lemma
can also be written as

YoVi(t, x) = : G(t, 7, %, y)U(1,y) do(ry),
T

-5 1 _
71 V¢(t7x) = §¢(t7x) +/Z ’Yl,(t’x)G(t,T,X,Y)w(T,y) dU(T,y)7
T

~ 1
’YO’C'UJ(t, X) = _iw(t7 X) + /X‘] FYI(T,y)G(t T, X, y)'UJ(T, y) dU(TQ’)’
T

v Kw(t, x) = _/ ’yl_,(t,x)ﬁyi(Tvy)G(t’T’X’y)w(T’ Y) 4o (ry).

T

We can take the traces in the representation formula (5.2]) to obtain the Dirichlet data and the
Neumann data of the solution u of the homogeneous heat equation. This yields

1 -

(5.10) ou = 50U — Kyou + Yy u,
1

(5.11) 1w =Dyou+ 5y u+Kyu,

compare also [17, Formulae (11) and (12)].
As in [3] pg. 518|, we can define the Calderén projector and the associated involution A as

-£ vV
D K

1 1

We state next the analogue of [3| Theorem 3.9].

Theorem 28. The operator Cq,. is a projection operator in the space
H = H21(Sy) x H 27 1(3p).

The following statements are equivalent for (w, ) € H.:

1
(i) There is a u € H;lo’f (Qr) with (0 — A)u =0 in Qr and w = you, Y = y; u on L.



BIES FOR THE HEAT EQUATION IN TIME-DEPENDENT DOMAINS 23

o= li]

Proof. We again follow the proof of |3 Thereom 3.9].
(i) = (ii) follows by the considerations above, especially in (5.10) and (5.11)).

For the proof of (ii) = (i), ¥ and w are given and we define

(ii) It holds

(5.12) w:= Vi) — Kw.

. : . C 1,3 .
Using the mapping properties of the potentials implies that u € H ;0,2 (Qr) and we obtain

You | w
- ] -ca[f]

Since the right hand side equals to [w, ®¥]T according to (ii), the claim follows immediately.

It remains to show the projection property of Cg,.. Since on the one hand [you, v; u|T = Co,[You, vy u]T

holds according to (5.10)), (5.11)) and on the other hand (5.13)) holds for any [w, |7 and u given by
(5.12), we obtain Cq, [w,¥]T = C2T[w,¢]T for any [w,¥]T and thus

(5.14) Ch, = Cqr-

We can state the following corollary in analogy to [3 Corollary 3.10].

Corollary 29. The operator A: H — H is an isomorphism.

Proof. We use the same argument as in the proof of [3, Corollary 3.10]. Notice that we can refor-

mulate ([5.14]) as follows:
1, 2, , 1.
—id+A| =-id+A+ A" =-id+A
2 4 2

We hence conclude

(5.15) A% = -id,

which is equivalent to

As in [3], we can interchange the columus of the operator A to define the operator
% —IC]
)

A=
K' D

which is an isomorphism of the space

H = H 27 1(3p) x H21(37)
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onto its dual space H. Following [3], we define the duality product between H’ and H in accordance

with
< H , H > = (1, 0) + (p, w)
w 2

for all v, w € H%’%(ET) and ¢, 1 € H_%*%(ET). We are now in the position to state the analogue
of [3, Theorem 3.11], which is the positive definiteness of the operator A.

Theorem 30. There exists a constant o > 0 such that
< vl [w

> 2 2

vl > > a (10 g, 100 4,,)

For the proof, we again mimic the proof of [3| Theorem 3.11], which is based on the following lemma
(see [3, Lemma 3.12|). Its proof can be found in [3].

A

for all [, w]T € H'.

Lemma 31. Let A: X — X' be a bounded linear operator, where X' is the dual space of the Hilbert
space X. With a compact operator T: X — X' and a constant o, let A satisfy

(A+T)z,z) > a|z|k% forallze X
and
(5.16) (Az,x) >0 for all x € X\{0}.
Then, there exists a constant ay > 0 such that

(Az,x) > aq||z|% for all x € X.

Moreover, we need the following analogue of 3| Lemma 2.15].

Lemma 32. Let u € V(Qr) such that (0y — A)u = 0 in Qp. Then, there exist constants my, mo,
and ms such that

ull roQqp) < m1||UHH1,%(QT) < mallullygpy < msllullgro@yr)-

In other words, for functions u € V(Qr) satisfying the homogeneous heat equation, we have the
equivalence of the norms in V(Qr), H(Qr), and Hl’%(QT).

Proof. The first and second inequality follow directly from the equivalence of norms on Qp and
Qo, since the proof of [3] is based on the definition of the norm for the first inequality and the
interpolation result for the second inequality. Nonetheless, we cannot apply the equivalence
of norms on Q7 and norms on Qg directly for the third inequality, because we have (9; — A)u =0
as an assumption, which is needed to show the third inequality. Mapping this differential operator
from the tube onto the cylinder oder vice versa will alter it. Therefore, we use the ideas of the proof
of [3, Lemma 2.15], but adapt them to our context.
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Transforming the partial differential equation (0 — A)u = 0 from Q7 back to Qo via the weak
formulation (see [1]) yields
O(uok) — M(uok)=0 in Q,
where M is defined as
M(uo k) :==div ((D&)_l(D&)_TV(u o 14;)) + (Dk)" TV(uok) -0k
L1
det(Dk)

By the standard theory, for fixed ¢t € (0,7, we have that M: H'(Q) — H () is bounded.
Thus, for u € H(Qp), we obtain Mu € H19(Qg) := [H'°(Qy)]" and we conclude

V(det(Dk)) - (D) (D) TV(uo k).

lullbigp = w0 &ldgy = lluo &lfogy + 10:(wo ©) [ f-1000)
= llue mllFoqy + Mo ®)[5 10,
S Mo 30000
= [lel3r0(gr)-

g

Proof of Theorem[30, We follow the proof of [3, Theorem 3.11]. As above, we let the radius R > 0
be big enough such that the ball Br contains the boundary I'; for all t. We then write Qf r=DB R\

and QF p = Uo<t<r({t} x Qf,R)~
Let w € H%i(ET) and 1 € H_%*i(ZT). Apart from the boundary Y7, we define
(5.17) u:=Vip — Kw.

From the jump relations (see Lemma , we obtain

(5.18) [You] = —w, [y u] = —.
Using Definition [24] immediately yields
1 c
319 ! ([orar] [ o] ) - a2
2\ |wuler] |1 ules, w

In view of (5.18) and (5.19), we can rewrite the bilinear form as
Ol , e\ 21/ [ruer| _ [rrulesa| [ouler | [oules,
(5.20) 2\ | Youlgr Youlgs, , | |1 ulor V1 UQs

w w
= <7fu|QTa70u|QT> - <71_U|Q%,R>7OU|QCT7R>7
where we used ([5.16)).

Since u satisfies (0 — A)u = 0 in Q7 and also in QF g, we apply Green’s first formula (4.6) (see
Lemma to obtain

A

/Q IVall? d(x, £) + d(u, ) = (7 ulor voulgr).
T
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while applying (4.9) (see Lemma yields

/ IVull? d(t, x) — d(u,u) + / (T, %) dx = (17 ulgp Toulge).
QT Qr

Adding the two expressions together giveﬂ

_ 1
(T ulom voular) = / Va2 d(t, %) + / uf? dx
Qr 2 Qr
(5.21)
> / Va2 d(t, %).
QT

On Q7 . we obtain analogously

~7 ulas, o wuleg, ) = [ IVulPdex
Q5.1
1 T
+/ ]u(T,X)\de—/ / udpu dodt,
2 Jo o JoBg

where 0,u denotes the normal derivative of u at the boundary (0,7") x 0Bg. Inserting ([5.21)) and

(5.22) into (5.20) yields
Q/) T
(5.23) 2/ HVu||2d(x,t)—/ / udrudodt.
QruQs o JoBg

w
According to (5.17)), u|o,1yxaB, and Orul,1yxaB, are defined from [w,]T by the action of integral
operators with smooth kernels. These integral operators as well as their adjoints are compact and

(5.22)

c
T,R

(8

w

VA

therefore, using Young’s inequality, there exists a compact operator 17 : H — H such that

/()T/é)BRuﬁrudadt‘ §< v ¥ >

w w
1 1
According to [3], H;lo’f (Qo) embeds compactly into L?(Qo) and, therefore, also H}O’f (QT) embeds
compactly into L?(Qr) due to the smooth mapping . Then, in view of the mapping properties
of ¥V and K (see Lemma 21| and Lemma , we obtain the existence of another compact operator
T5: H — H, such that, due to the definition of the norm, we have

7T1

2 2
IVul? d(t, %) = [ulorl3op) + lulos qllmoqe —/ |ul®d(t, x)
/QTUQCT,R ! (@) R Q7 ) QTUQT
2 2 (G (4
= ”“‘QT”HLO(QT)*H“|QCT,RHHL0<QCT,R>_< w7 w >

3At this point, it is crucial that we split the term (V,n) in (£.1)) with the factor 1. If we choose the factor
int

differently, say A and 1 — A\, we would obtain a boundary term involving fOT th (V,n)(yi"u)? dodt, which

would require an appropriate, not straight-forward treatment.
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Due to Lemma [32} the norms of u|g,. in HY(Q7) and H L3 (Qr) are equivalent, and likewise those
of u]QcTR. Hence, ((5.23)) induces

<ww

2 2
w w > = <Hu’QT”H1’%(QT) * HU|QCT’RHH1’%(QCT,R)>
Using the jump relations (5.18]) and then the trace lemmata (see Subsection and Lemma

v "
w .
yields

A

(5.24)

(T + 1)
w

0l 3.4 5,y = I0ler =20ules 1l 44 s,

< (Wodor o gy * Nkl o )
and similarly
1801323 5y = 1 wler = ulog ol -3-1 s,

& <Hu|QTHH1’%<QT> *llelorall 1 g R>> ‘

Looking at ([5.24) we thus have the existence of a constant o > 0 with

(G (0 ) )
>
< w| /= HT/}HH’%’*%(ET) HwHH%%(zT) ’

w
which is the first assumption in Lemma [31]

,(A+T1+T2)

It remains to prove the positivity assumption in Lemma To that end, we show that the term
fOT faBR udpu dodt in goes to zero as R — oo. Let 0 < Ry < R such that ; C Bp, for
all ¢ and set QF 5, = (0,T) x (Br,\Q0). We can use Green’s second formula from Lemma [15| for
v = G(T —t,x) with (f0,%0) ¢ QF ,- Thus, outside of Q7. p for |[x[| > Ro, the function u coincides
with

Uug = )7¢0 — Kuwy,

where the potentials take the densities on X g, := (0,7") x dBg, given by
wo = ulyg,, Yo = Opulsy, -

Since the singularity of u lies on the boundary Y, the densities wg and 1y are smooth and also
the boundary ¥p, is smooth. Therefore, we can estimate uly, = ugls, and Oyuls, = Orugls,
for R > Ry by looking at the behaviour of the fundamental solution G. Because the fundamental

solution is the same for the cylindrical and the non-cylindrical case, we estimate
|G(t,x)| < C,t7#|x||**~% for all p € R
and we obtain a similar estimate for VG. Then, for finite T', we have

u=0(R?), du=0R ¥ as|x|=R— occ.
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Therefore, since the integrand is of order O(R~99~1) and the measure of the boundary dBp is of
order O(R%1), we obtain

T
/ / udpudodt = O(R™472) - 0 as ||x|| = R — oo.
o JoBg

Since the left hand side in ((5.23)) is independent of R, we can conclude that

lim / Va2 d(t, x)
R—o0 Qc
T,R
> / IVull? d(t, x).
(0,7)x (RAT)
Assume that the right hand side vanishes. Then, since u is smooth enough, we obtain that u(¢,-) is
constant on Q; and RN\Q; for every ¢ € (0,7). Since u = 0 on Qg, we thus obtain that u = 0 on

(0,7) x R%. From the jump relations (5.18]), we obtain w = 0 and 1 = 0. This implies the positivity
assumption ([5.16]) of Lemma [31| and the claim in the theorem follows immediately. O

is finite and
(0

w

(G

w

A

Having the main result Theorem at hand, we can state a few corollaries along the lines of [3]
Corollary 3.13, Corollary 3.14, Remark 3.15, Corollary 3.16, Corollary 3.17].

Corollary 33. The single layer operator

=

V: H 271(Sp) — H21(Sy)

s an isomorphism and there exists o > 0 such that

(5.25) Vo) = ally|?_, for all ¢ € H™24(S),

e

(Er)
The hypersingular operator
11 1 1
D: Hz%1(Xp) - H 27 1(Xp)
1s an isomorphism and there exists a > 0 such that

(5.26) (Dw,w) > a|w|? for all w € H%%(ET)

11
HQ’Z(ET)

Proof. As in the proof of [3| Corollary 3.13|, the coercivity estimates (5.25) and ([5.26]) result from
Theorem [30] by using the special cases w = 0 and ¢ = 0, respectively. In view of the continuity of
VY and D, this leads to the invertibility of the operators. U

Corollary 34. The operators
1 1
SIdHK, id—K: H21(Sp) — H24 (37),
1 1
Sid+K Sid=K's H™274(Sr) » H 375 (2r)

are isomorphisms.
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Proof. We again follow the proof of [3, Corollary 3.14| directly. From the projection property (5.14)),
more specifically from ([5.15)), we obtain

1. 1.

() (L) <o

Since the right hand sides are isomorphisms, we immediately arrive at the claim. O

Remark 35. The other two relations gained from lead to
V'KY =K' =DKD .
Corollary 36. The unique solution u € H;lo’%(QT) of the Dirichlet problem
(O =Au=0 inQr,
You=g9g  onXr,
with g € H%’i(ET) can be represented

(i) as u = Vi — Kg, where ¢ € H_%’_%(ET) is the unique solution of the first kind integral

equation
1
Vy = <2 id —|—IC> g.

(ii) as u = Vi — Kg, where ) € H_%’_%(ET) is the unique solution of the second kind integral

equation
1
<2M—W>¢:Dg
(ii1) as u = )71/1, where 1 € Hfé’fé(ET) is the unique solution of the first kind integral equation
VY =g.

(iv) as u = Kw, where w € H%i(ET) is the unique solution of the second kind integral equation

<;id —/C) w=—g.

In (i) and (i), it particularly holds ¢ =~y u on .

Proof. We can again use directly the idea of the proof of [3, Corollary 3.16], which are the uniqueness
results from above and the jump relations given in Lemma O

1
Corollary 37. The unique solution u € Hi):? (Qr) of the Neumann problem
(O =Au=0 inQr,
yyu=h onXr,

with h € H_%’_%(ET) can be represented
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(i) as u = Vh — Kw, where w € H%’i(ZT) is the unique solution of the second kind integral

equation
1
<2 id —l—/C) w = Vh.
(ii) as u = Vh — Kw, where w € H%’i(ET) is the unique solution of the first kind integral

Dw = <; id —IC’) h.

(iii) as u = Vi, where ¢ € Hfé’fi(ET) is the unique solution of the second kind integral

equation

equation
1
(iv) as u = Kw, where w € H%’%(ZT) 1s the unique solution of the first kind integral equation
Dw = —h.

In (i) and (ii), we have that w = you on Y.

Proof. The proof follows by the same arguments as in the proof of [3| Corollary 3.17], which is
similar to the respective proof for the Dirichlet problem. ]

6. CONCLUSION

In this article, we considered the heat equation on a time-varying (so-called non-cylindrical) domain.
In contrast to the problem on a cylindrical domain, we used a modified Neumann trace operator
containing a term which is dependent on the velocity of the moving surface. We were able to show
the mapping properties of the layer operators by following the proofs of Costabel [3]. To this end, we
heavily used the fact that the non-cylindrical domain is a mapped cylindrical domain. Then, using
mapped anisotropic Sobolev spaces, we obtain analogous mapping properties and are also able to

prove existence and uniqueness of solutions of the Dirichlet and of the Neumann problem.
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