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ABSTRACT. This article is dedicated to the computation of the moments of the solution to
stochastic partial differential equations with log-normal distributed diffusion coefficient by the
Quasi-Monte Carlo method. Our main result is the polynomial tractability for the Quasi-
Monte Carlo method based on the Halton sequence. As a by-product, we obtain also the strong
tractability of stochastic partial differential equations with uniformly elliptic diffusion coefficient
by the Quasi-Monte Carlo method. Numerical experiments are given to validate the theoretical
findings.

1. INTRODUCTION

In this article, we analyze the Quasi-Monte Carlo method based on the Halton sequence, cf. [19,
30], to determine the moments of the solution to partial differential equations with stochastic and
log-normally distributed diffusion coefficient. Precisely, we consider equations in divergence form,
i.e.

(1) —div (a(x,w)Vu(x,w)) = f(x),

for which we impose for simplicity homogenous boundary conditions.

The efficient treatment of this type of equations has recently been the topic in several works,
see e.g. [3, 8,9, 17, 18, 26, 39]. The method of choice to cope with these equations mainly depends
on the quantity of interest. Since the diffusion coefficient is modeled as a stochastic field, it is
clear that the solution itself will also be a stochastic field. Therefore, if the solution w itself is of
interest, methods like the stochastic Galerkin method, see e.g. [4, 13, 15, 29], or the stochastic
collocation method, see e.g. [3, 31], are feasible for its approximation. If one is rather interested
in distribution properties of the solution, it might be more convenient to directly approximate the
solution’s moments, i.e. the expected values of the powers u? for p € N of u. In the latter case, one
ends up with a high-dimensional integration problem. The integration can either be performed
by stochastic sampling methods, like the well known Monte Carlo method, see e.g. [7], or even
randomly shifted deterministic quadrature rules, like randomly shifted lattice rules, see e.g. [41].
The latter quadrature rules belong to the class of Quasi-Monte Carlo methods. Unfortunately,
these methods only provide stochastic convergence in the mean square sense. Therefore, one might
aim at quadrature methods, which provide deterministic error estimates, like the conventional
Quasi-Monte Carlo method based on deterministic point sequences, see e.g. [7, 30], or the sparse
grid quadrature, also known as Smolyak’s construction, see e.g. [6, 14, 43, 46]. All of these methods
depend on the repeated evaluation of the integrand in different sample points or quadrature points.
Each such evaluation corresponds to the solution of the equation (1) for a different realization of
the parameter w.

A recently popular approach to keep the computational cost low are multilevel techniques, like
the Multilevel Monte Carlo method, cf. [5, 9, 16, 22, 23]. Nevertheless, in [20, 21] it is shown,
that arbitrary quadrature rules can be accelerated by multilevel techniques, yielding the related
multilevel quadrature methods. Especially faster converging quadrature rules result in a faster
converging multilevel quadrature method.
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A common approach for the solution of (1) is based on the separation of the stochastic variable
and the spatial variable in the diffusion coefficient a by the so-called Karhunen-Loeve expansion,
cf. [28]. This is a series expansion of a by L2-orthogonal functions. Thus the diffusion coefficient
depends in principle on infinitely many terms. Depending on the desired accuracy, this series has
to be truncated appropriately. Then, the dimensionality of the integration problem is directly
coupled to the length of the truncated Karhunen-Loéve expansion and increases for higher accura-
cies. Therefore, it is crucial to construct methods which are as far as possible independent of the
length of the Karhunen-Loéve expansion and thus do not suffer from the curse of dimensionality.
Especially, we want to avoid the exponential dependence of the computational cost on the dimen-
sionality. Methods providing this property are called tractable, see e.g. [32, 33, 34, 42, 45]. One can
distinguish between strong tractability, which refers to convergence being completely independent
of the dimensionality and polynomial tractability, which describes only a polynomial dependence
on the dimensionality. It can be proven that Quasi-Monte Carlo quadrature rules based on the
Halton sequence are polynomial tractable. More precisely, they converge up to a linear factor in-
dependently of the problem’s dimensionality, if the Karhunen-Loeéve expansion decays sufficiently
fast. This is the main result of this article. The idea of the proof is based on the fact that the
Halton sequence avoids the boundary of the integration domain, which has been shown in [35].

The rest of this article is organized as follows. Section 2 specifies the diffusion problem under
consideration and the corresponding framework. In particular, the parametric reformulation as
a high-dimensional deterministic problem is performed here. In Section 3, we derive the crucial
regularity estimates of the solution to the stochastic diffusion problem. In Section 4, we elaborate
on the Quasi-Monte Carlo quadrature based on the Halton sequence and prove its polynomial
tractability. At the end of this section, we refer also to the uniformly elliptic case. Finally,
Section 5 validates the theoretical findings by some basic one-dimensional numerical examples.
For more sophisticated examples, we refer to the recent work [20].

In the following, in order to avoid the repeated use of generic but unspecified constants, by
C < D we mean that C can be bounded by a multiple of D, independently of parameters which
C and D may depend on. Obviously, C' 2 D is defined as D < C, and C =< D as C < D and
C=D.

2. PROBLEM SETTING

In the following, let D < R? for d € N be a domain with Lipschitz continuous boundary and let
(92, F,P) be a probability space with o-field F < 2 and a complete probability measure P, i.e. for
all A c B and B € F with P[B] = 0 it follows A € F. Let the random function u(w) € H}(D) be
the solution to the stochastic diffusion problem

(2) —div (a(w)Vu(w)) = fin D for almost every w € Q

with (deterministic) data f € L?(D). Instead of directly approximating the probably infinite
dimensional solution w itself, we rather intend to compute the solution’s moments:

MPu = E[u(-y)7]

Especially, the solution’s expectation is given by

g B.(x) = | ulxy)p(y)dy € HY(D)

and its variance by

(4) Val) = B, () ~ B30 = [ u(x,y)p(y) dy — B () € W3 (D)

They correspond to the first and the second (centered) moment of the solution u. As we will show
later on, it holds more generally for a sufficiently smooth diffusion coefficient a and f € LP(D)
that MPu e W,"' (D). Note, that the knowledge of all moments of u is sufficient to determine the
related distribution.
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We consider here the log-normal situation, where the logarithm of the diffusion coefficient is a
centered Gaussian field which can be represented by a Karhunen-Loéve expansion, cf. [28],

(5) log (a Z VAkpr(x

The functions {¢y}r are pairwise orthonormal functlons which are assumed to be bounded in
L*(D) and {¢};, are independent, standard normally distributed random variables, i.e. ¥ (w) ~
N(0,1). For the convergence of the series in (5), we assume that the sequence

(6) Vg = ||\/E¢k”LL(D)

satisfies {7} € £*(N).

For numerical issues it is reasonable to assume that the Karhunen-Loeve expansion is either
finite of length m or needs to be appropriately truncated after m terms. We will explicitly make use
of this assumption in the following. Nevertheless, we allow m — o0 as the accuracy requirements
increase. The error in case of a truncated Karhunen-Loéve expansion has been discussed in [8].

The orthogonality of the sequence {¢y}x implies the stochastic independence in the Gaussian
case. Therefore, the pushforward measure Py, := IP o 9 with respect to the measurable mapping

P: Qo> R" wep(w) = (wl(w),...,lpm(w))

is given by a joint density function with respect to the Lebesgue measure, i.e.

(7) ply) = kl:[lp(yk), where p(y) = \/% exp <_ y2>

With this representation at hand, we can reformulate the stochastic problem (2) as a parametric
deterministic problem. To that end, we substitute the random variables 1, by the coordinates
yr € R. Then, we define the parameterized and truncated diffusion coefficient via

®) a(x,y) i= exp ( 3 mgmx)yk)
k=1

forallxe D and y = (y1,¥2,---,Ym) € R™. Thus, we arrive at the parametric diffusion problem:
find u € L2(R™; Hj(D)) such that
—div (a(x,y)Vu(x,y)) = f(x) in D for all y € R™.

Here and in the sequel, for a given Banach space X, the Bochner space L (R™: X), 1 <p< oo,
consists of all functions v : R™ — X whose norm

(L ||v<-,y>||§<p<y>dy)l/p, p<a

HUHLg(Rm;X) =
esssup [v(, y)p(y)l x, p=00
yean

(9)

is finite. If p = 2 and X is a Hilbert space, then the Bochner space is isomorphic to the tensor
product space L%(R™) ® X. Note that, for notational convenience, we will always write v(x,y)
instead of (v(y))(x) if v € LE(R™; X).

The stochastic diffusion coefficient a(x,y) is neither uniformly bounded away from zero nor
uniformly bounded from above for all y € R™. Consequently, it is impossible to show unique
solvability in the classical way for elliptic boundary value problems. Especially, the Lax-Milgram
theorem does not directly apply to the problem (2). Nevertheless, we have for each fixed y € R™
the bounds
(10) 0 < amin(y) 1= ess 151f a(x,y) < ess Slljlp a(X,y) = amax(y) < 0.

XE
Obviously, it holds

amin(y) = €xp ( Z Ik Yk ) and  amax(y) < exp ( > |’kak|)'

k=1
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Due to (10), for every fixed y € R™, the problem to find u € H}(D) such that

(11) —div (a(x,y)Vu(x,y)) = f(x) in D

is elliptic and admits a unique solution u(-,y) € H}(D) which satisfies
1

12 . < - )

(12) |uC, ¥)le (o) < ) | flz2(p)

We refer the reader to e.g. [39] for a proof of this result.

Remark 2.1. In the framework of [39], the general case of m — o0 is considered. Therefore, the
set

a
= {yeRN D el < 00}

k=1
is introduced which is shown to be of measure Py (L) = 1. Then, the condition {y;}r € ¢(N)
ensures for all'y € T' that |log (a(x,y))| < o0 holds uniformly in x € D. Obviously, we have
I =R"™ for all m < . In the following, we make use of the fact that condition (10) is always
satisfied in finite dimensions. Nevertheless, the case of an infinite dimensional stochastics, i.e.
m = o0, can be treated by straightforward modifications of the presented arguments.

3. REGULARITY OF THE SOLUTION

The topic we address in this article is the computation of the mean and the higher order
moments of the solution of (9) by a fully deterministic quadrature rule. Therfore, in order to
establish error bounds for the application of Quasi-Monte Carlo quadrature rules, we consider in
this section the regularity of the solution w and its powers, i.e., u? for p € N. This issue has
already been discussed in [3, 8, 26, 39]. We will compile and augment here some of the results
which originate from those articles for our framework.

At first, we shall fix some notation. For a multiindex o = (a1, ag, ..., ;) € N™, the related
multidimensional derivative is denoted by

o m i g
o2 '_,H<6yk> .

Furthermore, we set || := }./" | aj and, for a vector 3 € R™, we define 8% := [ [;_, Bp*.

Remark 3.1. The Sobolev space HE(D) is considered to be equipped with the norm
Iz py = IV - [L2(p)-

Likewise, we use corresponding norms for the Sobolev spaces Wol’p(D), i.e.,

- lwrr oy = IV - llize(pye-

Since we only consider homogenous Dirichlet problems, by Sobolev’s norm equivalence theorem,
cf. [2], they all induce equivalent norms for these spaces. Of course, all results are straightforwardly
extendable to the case of non-homogenous Dirichlet problems.

The differentiability of u follows straightforwardly from the differentiability of the diffusion
coefficient a, cf. [26]. In particular, we shall use the following lemma from [26] which is adjusted
for our purposes.

Lemma 3.2. Set v := (71,%2,.--,7%Ym). Then, for the solution u to (9) and every y € R™, the
following estimate holds

(-, Y)||H1(D)~

¥ )"‘ max (Y)

Ha;}“('vY)”Hl(D) < |a|!<10g2 amin(y)

This result shows the regularity of the solution u. For the regularity of u?, we have then the
following proposition.
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Proposition 3.3. The derivatives of u?, where u is the solution of (9), satisfy

13 050V ooy = 4015 ) 220
Proof. By the Leibniz rule we obtain
(1) 10503 };a( YNo5 2t 9)28u oy
Each summand can be estimated as follows
|03 Pul 9)agul 9w o)
= [VogPul.y )55 (o) + 8 Pul y)Vgut, y)| 1 )

< HV@;‘_Bu(-,y)”Lz(D)H@eu(-,y)HLz + ”aa Pu( y)||L2 D)||W§’“('a3’)||p(p>

sH@;’,‘_ﬂu y)HHl(D)Hagu( y)”HI(D +Haa Pu HHl )Hafu( y)”HI(D)'

Application of Lemma 3.2 yields

108 3)0Bu )y ) S 18I ﬂ)l’(

By inserting this inequality into (14), we conclude

by < 3 (5 )01 (575 I

( ) Amax (¥) lu,¥) 7 () kilo(|a| —R)R lﬁ;k (g)

oLamax Yy
) O e s

log 2 Amin(Y)

min(Y)
In view of
Z (Ja] = B) R (g) - |Z‘(|04| - k)!k!(|a> lj la|! = (|| + 1),
k=0 |Bl=F k=0
we finally arrive at the assertion (13). O
For higher order moments, we need some stronger regularity assumptions on the load f.

Proposition 3.4. Let D be a domain with sufficiently smooth boundary and let p > 2. If the load
[ satisfies f € LP(D), then the solution u to (11) is contained in Wy P(D) and meets the regularity
estimate

(15) Hu('vy)HWI,P(D) S amm( )HfHLP
The derivatives of uw with respect to the parametric variable y can be estimated by
[e3

Y\ amax(y)
(16) |05 uC 3w ipy < |a|!<log2> m”“('aY)”WLP(D)'
Additionally, the derivatives of the powers uP with respect to the parametric variable y fulfill

V84 « Amax(y) P
P | . P

(") O e e N e L

Proof. At first, we notice that the bilinear form

(Uav)Hg(D) = (Vv, Vu)2(p)
defines an inner product on the Hilbert space H}(D). Let 1 < p,q < o0 be dual exponents, i.e.
1/p+1/q = 1. Tt is proven in [40] that for each function u € W, ?(D) the estimate

u, v
[ulwir <CED)  sup  LoHD)
0s£veW, 4 (D) vl[w.apy
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is valid. From this, we derive

(U(-,y),v) ]_
[uC,¥)lwirpy s sup Ho(D) o sup M
0£veW (D) lvllw1a(p) amin(Y) 0%0eW (D) [v|wr.a(p)
Here, we set
18 By (u,v) := | a(x,y)Vu(x,y)Vo(x)dx
y
D

which is the bilinear form related to the variational formulation of (11) for every fixed value of
the parameter y. In full, this variational formulation reads

(19) By (u,v) = f f(z)v(x)dx for all v e Hy(D).

Regard that H{ (D) c W, (D). Since f € LP(D), it is easy to verify by a density argument that
equation (19) is still valid for v € W,*?(D). Therefore, we have
| B )

0£veW 4 (D) lvllwre(p) 0£veW (D) lvllwr.e(py

< | flzepy

which follows from the Hélder inequality and the estimate [v]pa(py < [v|w1.e. This establishes
the inequality (15).

The second assertion follows in complete analogy to the case p = 2 that is proven in [26]. We
sketch here the essential ideas of the proof which is based on induction. Concretely, we show

o v\
(20) ol Y)VEGut )iy < "’“<1og2> la )Vl )z oye
The case |a| = 0 is trivial. For |a| = k& > 0 we have

sup BY(a?u('ay)av)

a(-,y)Vogu(-,y)
” Y 0£vEW, (D) [vllw.a(py

H[Lp(D)]d S

This follows from the fact that W, ¢(D) is densely embedded into [L?(D)]¢ by the mapping
v = Vo, cf. [40]. Now, differentiation of the bilinear form (18) with respect to y yields

6;’,‘8y(u(-,y),v) =By(6§‘u(-,y Z J 85 (x,y)V Vog~ Bu(x,y)Vu(x)dx
0#£08<

Therefore, from the differentiation of the variational formulation (19), we obtain

aga Y
By (35 u(-y),v) < Z 2(_()) f |a(x,y)Vog~Pu(x,y)Vo(x)| dx
0#B8<a Y) = (D)
S Z VPla(,y)Voy—Pu(,y ”LP(D)d”vHWl’q(D)'
0#B<a

The inequality (20) follows then by inserting the induction hypothesis and some combinatorial
estimates as in [26].

Finally, to establish estimate (17), we apply Faa di Bruno’s formula, cf. [11]. For n := |«/, this
formula provides

n

n kj
(21) ogur(y) =D plp— 1) (p—r+ 1P "(y Z H 'ﬂ') :

Here, the set P(a,r) contains restricted integer partitions of a multiindex « into r non-vanishing
multiindices. For a definition of P(a,r) see Appendix A.
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Equation (21) together with the generalized Holder inequality yields

H‘?;UP(Y)HWM(D)

o o

r=1

$p<k;2>“(2::83>”1wm“p D X 5o P nglk'ﬂ'fl'ﬁ'

J°j=1

n

o) [ (% )"

j=1 W11(D)

From [11] we know that

Z H] 1k 'G'ZS”J,?

where S, , are the Stirling numbers of the second kind, cf. [1]. Moreover, since H?=1 (|,8j|!)kj <
|a|!, we can further estimate

,;(p

The last inequality follows by the theory of generating functions for the Stirling numbers of the
second kind, see e.g. [1]. This completes the proof. O

n

!
Z HJ 1 k518! H (18, | < et Z #T‘)!Sn,r = |a|p™.

P(ar ] j=1 r=1 (p

4. QUASI-MONTE CARLO QUADRATURE FOR THE STOCHASTIC VARIABLE

In this section, we discuss the use of Quasi-Monte Carlo quadrature rules for the integral

v = J v(z) dz.
(O,l)m

These quadrature rules are classically of the form

1 N
= N;U( gz)

where N denotes the number of samples and &, € [0,1]™ is one sample point. For the error
estimation of the Quasi-Monte Carlo method, it is required that the integrand has integrable,
mixed first order derivatives. Then, the error of the standard Quasi-Monte Carlo method over the
unit cube [0, 1]™ is bounded by means of the L*-star discrepancy

Vol ( - . 2 1po.4)

of the set of sample points = = {£;,...,&y} < [0,1]™, where Vol ([0,t)) denotes the Lebesgue

measure of the cuboid [0, t), cf. [30]. More precisely, it holds the famous Koksma-Hlawka-inequality
= Q)olx < D2 () ol o)

where the Bochner space Wmlx([(), 1]™; X)) consists of all functions v : [0,1]™ — X with finite
norm

(22) vlly, L ([0,1]m;X) 1T Z f ||(9;‘v(y)||x dy < 0.

laoos1 101

DL(2):= sup
te[0,1]™

In case of certain, so-called low discrepancy, point sequences, e.g. the Halton sequence, this dis-
crepancy can typically be estimated to be of the order O(N~*(log N)™), see e.g. [19, 30].

Remark 4.1. The estimation of the discrepancy of a set = c [0,1]™, especially for high dimen-
sions m, has been the topic of many publications in the past fifteen years. The aim is to avoid the
factor (log N)™ in the estimation of the discrepancy which grows exponential in the dimension m.
This exponential dependence is called intractability in literature, cf. [32, 42].
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In the following, we assume that the sequence of integration points is given by the Halton
sequence.

Definition 4.2. Let by,...,b,, denotes the first m prime numbers. The m-dimensional Halton
sequence s given by

& =[hp,(),..., 0, (9)]T, i=0,1,2,...,

where hy, (i) denotes the i-th element of the van der Corput sequence according to b;. That is, if
i =---c3cacr in radiz by, then hy, (i) = 0.cicac3 - -+ in radiz by.

We show that the Quasi-Monte Carlo quadrature based on this sequence is polynomial tractable
for the determination of the moments of the solution u to (11) under certain decay properties of
the sequence {yx}r. The proof is essentially based on the ideas in [35].

To obtain a Quasi-Monte Carlo method for the integration domain R™, the sample points have
to be mapped to R™ by the inverse distribution function. Therefore, we define the cumulative
normal distribution

y
P:R— (0,1), with ®(y):= J p(y) dy’
-0

and its inverse
ot (0,1) - R.
Then, for a function f € L;(R), it is well known that

1
| rewtan = | r@7@)a:
0
with the substitution z = ®(y). Especially, we have f o ® 1 € L! ((0, 1)) By defining ®(y) :=
[®(y1),- .-, ®(ym)]T, we may extend the above integral transform to the multivariate case, i.e. f €
L, (R™) and

f)p(y)dy = J (@27 (2)) dz.
R™ (0,1)m

Although we have fo® ' e L! ((O, l)m), the integrand might be unbounded in a neighbourhood

of the hypercube’s boundary in our application, cf. (12). Thus, the corresponding Wél’ii-norm
might be unbounded, too. As a consequence, the Koksma-Hlawka inequality is not applicable.
The idea of [35] is now to consider subsets Ky such that the first N points &;,...,&x of the
Halton sequence are included in K. Due to the definition of the Halton sequence this holds for

m

Ky = X [0xN)"11 = (b N) 7]
k=1

Obviously, for the solution to (9), it holds for almost every x € D

ess sup u(x, 'Ifl(z)) <o forallneN.
zeK N
Let now @(x,z) := u(x, 8" (z)). For z € (0,1)™\Ky, we replace 4 by its low-variation exten-
sion Gext, cf. [35], i.e.

(23) fext(2) = i(z) + 3] L)()gmm%w%w%mmwu
Z0)os\Z)x

el =1

For this formula we introduced some notation. For a vector z € R™, we mean by (z)s € RI®
the vector obtained by omitting every entry z; for which «; = 0 holds. This defines a projection
I, : R™ — Rl For two vectors y,z € R™, we define y vy z := (yf‘izi(lfai)):il. Note that any
element y € II;'((y)a) in the preimage of (y)q is admissible for the occuring y € R™ in (23).
Moreover, for a given anchor point zg € K, the extension coincides by definition (23) with the

function @ on Ky, i.e. Gext(z) = (z) for all z € Ky .



TRACTABILITY OF THE QUASI-MONTE CARLO QUADRATURE 9

Theorem 4.3. The Quasi-Monte Carlo quadrature using Halton points for approximating the
expectation of the solution u to (11) is polynomial tractable if the sequence {Vi}ir salisfies the
decay property vi, < k~472¢ for some arbitrary e > 0. More precisely, there exists for each § > 0
a sequence {0 }p>0 € L1 (N) with 6, ~ k~17¢ and a 5 > 0 with 6 + 21::1 O < 0 such that the error
of the Quasi-Monte Carlo quadrature with N Halton points satisfies

|@- Q)i

(24) i

<[ fllz2(py(m + )N~
The constant hidden in the above inequality depends on the sequence {0y} k=0, on & and on 6.

The proof of this theorem is performed by splitting up the error of integration into three parts.
Namely, with respect to the extension ey, we write

(25) ”(I - Q)ﬂ”Hl(D) < HI(ﬁ - ﬂeXt)HHl(D) + HQ({‘ - ﬁe"t)”Hl(D) + ”(I o Q)ﬁe’(t”Hl(D)'

In this inequality, the second term on the right-hand-side vanishes since 11| Ky = ﬁext| Ky The

first term of the right-hand-side of (25) is estimated by Lemma 4.4 and the third term on the
right-hand-side of (25) is estimated in Lemma 4.6.

Lemma 4.4. Let the conditions of Theorem 4.3 hold and let Giey be defined according to (23).
Then, it holds

(26) [T = iea) ] 1 1y S 1 D2y N0 %= m,

Proof. We organize the proof in four steps.
(i.) On the one hand, from [12], we know that

& 1(2) </~ log (2r(1 — 2)2(1 — log(2r(1 — 2)2))) for all z € [0.9,1].

Furthermore, we have from [36] that

2.30753 4+ 0.27061+/—2log(1 —
B 1(2) < +/—2log(1 — 2) — i og(l = 2) +0.003
1+ 0.99229+/—21log(1 — z) — 0.08962log(1 — 2)

for all z € [0.5,1]. These inequalities imply

d1(z) < 4/—2log(1—2z) forall z€[0.5,1].
Due to the symmetry of the distribution, this shows that
|®1(2)| < /—2log(min{z,1 —2}) for all z € [0,1].

Therefore, we derive

0.071(2) = V2mexp (q)_;(z)Q) < V2mmin{z, 1 — 2},

which implies the estimate

m

[T (02 (z)) ™"

k=1

< ﬁ (\/ﬂmin{zk, 1- zk}*l)ak

k=1

for all non-negative integers ay = 0.
(7.) On the other hand, one verifies

exp (7|1 (2)]) < C(6k, k) min{z, 1 — z} 7% for all 6, > 0,

with the constant

Clor ) = 4P (3) 6 < g
k> Yk exp(+/2log 27y) clse

exp(dy log2)
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Hence, we find

—1 m m
M < exp ( Z 2'yk|<1)71( > H (0k, 2vk) min{zk, 1 — 2z}~ 5k)
Amin (q)il(z)) k=1 k=1

Consequently, with Lemma 3.2 and the stability estimate (12), for any multiindex o, we deduce

[0 @7 @) 1
* L max (@ 1z 1
<l (155 | g e )
* | Gmax (P H(z
<lal (1) (; : ((Z)))3||f||L2<D>
< | fllzz(p)lex|! I1 (C(Jkﬂ%)mm{zk,l — 2k} 6k)

k=1

(éi1.) For an arbitrary multiindex e, it holds for all z € (0,1)™ that
Ha?a('vz)”Hl(D) = H@zo‘u(-,{)_l(z))HHl(D)

ocu(-, @ (2)) H (0., 27  (21))™

(27) it H(D)

H 02,27 vu( _1(Z))||H1(D)'
From now on, we choose the anchor point zg = (1/2,1/2,...,1/2) and define
(28) é — \/QWmaneN C(ék,ka).

log 2

Note that C' < oo since there is an ng € N such that C(0k,2v,) < 1 for all n = ng under the decay
assumptions on the sequences {Jy}x and {7y }r. Due to @ 1(1/2) = 0, we easily get from item (4.)
that

(29) 05 u (-, @7 (2 va 20)) | 1 1y < |22 D)|a|'( ) 1‘[( (81, 2i) minzp, 1 — 2.}~ 5k)

holds for all & with |et|lec = 1. Thus, by combining (27) with items (i.) and inequality (29), we
arrive at the estimate

m

(30) |20, 2 Ve 20) 72y < et Flzzey T | (Wké'min{zk, 1- zk}—l—ék)ak

With (23), we obtain the identity

0(2) — () = Y j[( oy B 0% e 20) A

loclon=1
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This, together with the estimate (30) on the derivates of @ yields for z ¢ Ky, cf. [35],
|a(:,2) — text (. 2) |1 (D)

< Z J ]lyva20¢KN H aaa(y Vo ZO) ”Hl(D)d(y)a
[(zo)a:(2)a]

leeflon=1
m ~ . .
<Ufleew) 25 lal H(%C)akj Ly vazo¢Kn H (min{yk, 1— yk}_l—M) d(y)a
edloo=1 k=1 [(Z0)es(2) ] polie]
m 1/2 S o
<Ufleewy 25 led]] (WC ye dyk> .
edloo=1 k=1 min{zy,1—z,}

Herein, the integral can simply be bounded via its lower limit according to

m

”ﬂ(-,z) — ﬂext(‘,Z)HHl(D) < ||f||L2(D) Z |a|| H (’ykcmln{zk, 1-— Zk} ék)

< | fllz2(p) Z 1_[ (lmk(j'min{zk7 1— Zk}—ék)ak

lelloo=1k=

min{zk, 1— zk}‘sklmké’)
2 -1
~ 1o (k 1 .

m k ) B
<l [T (1412 )mm{zk,l—zk} o

Now, due to Bochner’s inequality, it follows
HI(ﬁ o ae"t)”Hl(D)

< U(x,2) — Uext (X, 2)| 11 dZZJ (X, z Uext (X, 2) | 11,1y A2
Joguy 1002 oyt = | i) = )

kvi,C
< 1f 2y j . Hmm{zk,l—zk} wzn( f;;)

k=1
(bjN)~ B m k é
<Iflzxo 2 j ay T] j ]| <1+ )
1=1,1#J k
I ke, C 1
et S [ 5) (1)
j=1

axs 8. — lwkC 1
< [ flp2py N5 % " m, [(1 + )( )25k].
1fll 22 () ]!:[1 5, =3,

(4v.) To prove tractability means to find an error bound which grows at most polynomially in m.
Therefore, it is now sufficient to show

o (1520 (12 )] <

k=1

Since we may choose 0 > 0 arbitrarily, we can assume that the sequence {dy}y satisfies the
conditions of Theorem 4.3. Then, it holds

1 o8]
Sk _ )8 5 _ _
(32) H 20k — 9%i1%k < 99 and H e = exp ( kzz:l log(1 5k)>.

k=1
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We make use of the fact that the Taylor expansion of the logarithm log(x) at = = 1 is given by

o> k
log(l1—h) = — % =—h—-0(h?), h>0.

k=1
By inserting this into the equation on the right of (32), we obtain

H 1 —15k S exXp < Z (0 + O(@%))) < exp(6 + c6?)

k=1 k=1

k74725

for some ¢ > 0. Since the sequence {7y4}r decays asymptotically faster than , we conclude

that ~
H<1+ 6k>sn(1+k2 ) <o

k=1 k=1
is also bounded independently of m. This establishes estimate (31) and, thus, finally the assertion
(26). O

Finally, we bound the third term in (25). In [24], the centered discrepancy is introduced to
establish an estimate for the error of integration. In the sequel, we will also make use of the
extreme discrepancy.

Definition 4.5. The pointwise centered discrepancy is defined for a given set of N sample points
2 c [0,1]™ and a point z € [0,1]™ by, cf. [25],

D(z,E H — et Lsi2) — H (Li>1/2y = Lizymey) -

Then, the centered discrepancy is given by

D(E):= sup Dz 2).
ze[0,1]™

Furthermore, the extreme discrepancy is defined by

Dextr(ZE) = sup | Vol ([x y - = Z Iix,y) (&)

x,yeR™

Obviously, the centered discrepancy can be bounded by the extreme discrepancy. In the fol-
lowing, it is convenient to introduce the projection (Z)q of Z as (2)q 1= {({)a,& € E}.

Lemma 4.6. Let the conditions of Theorem 4.3 hold and let ey be defined by (23). Then it holds
(33 0= Qi1 < 1y N 48

Proof. With the above notation, the following estimate for the quadrature error holds, cf. [24],

0= Qicl iy < 3|

H&z"‘ﬁcxt(-, Z Vo ZO)HHl(D) d(2z)a sup DC((z)a, (E)a)
e =1 101!

(za)€[0,1]1e!

To prove tractability we introduce weights wy € (0,00) for k =1,...,m and define the correspond-
ing product weights with respect to a multiindex a by wq 1= H peq wi*. Later on, we will specify
these weights by exploiting the decay properties of the occurring derlvatlves of the integrand.
Now, from the above inequality we deduce

”(I o Q)ﬁext”Hl(D)

< Z U};lﬂf[ : |08 tlext (-, 2 Ve ZO)”HI(D) d(z)qwl?  sup D((2)as (B)a)
0,1

Jalo=1 (za)e[0.1]1e

< sup wg e lf ”agﬁcxt('a Z Ve ZO)HHl(D) d(z)a Z wim sup DC((Z)aa (E)a)
lello=1 [0,1]lel lafoo=1 (2a)€[0,1]1el
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Due to the definition of ey, cf. (23), the derivative 0% text (-, Z Ve Zo) vanishes in [0, 1]“"'\(KN)Q

and coincides with the derivative of @ in (K N)a' Therefore, with C' defined as in (28), we can
estimate

sSup Wy ~1/2 J[O e ”a?aext('v Z Vo ZO)HHl(D) d(Z)a

el oo =1
< Iflleapy sup wg a|'f [T (€ min{zy, 1 — 2}~ %)** d(2)a
|l o =1 KN)a o1
1/2 s an
(34) <N fll2py sup wy /72 H (mCJ - “dzk)
[afon=1 b N )=

} 2%y C 3
<1l mprH(”k)wmw“

lae =1 O

= NZi=1 O ] 12 ) H bt g NZkmr k% 1o
k=1
The estimate is valid for the weights

- 2/€’7}€C~’ ar
1/2 .
wg_ﬂ(6k>

k=1

Thus, we have
8w C (b, 27k) 2k}
62 log? 2 .
The last step in (34) follows since by, < 2klog(k + 2) by the prime number theorem, see e.g. [38],
which implies

H bi’“ = exp ( Z O log bk> < exp ( Z k~1"¢log (Qk log(k + 2))> < 00.
k=1 k=1 k=1

In order to bound the weighted sum of the centered discrepancies, we use the following result from
[30]. It holds

W =

Hence, we have

Yow? s D(@an(Ea) < Y wi22°0D% (B)a)

|ex|
lan=1 (ze)€[0,1] leelln=1

Under the decay property

ve

> @ klogk < 0.

k=1
of the weights @y, := 4wy, it is shown in [44] that

> wl*D%((B)a) £ (N7'F)
leefloo=1
holds for all 6 > 0 with a constant which is independent of the dimension m. This condition is
satisfied, if the weights fulfill @ ~1/ 2 < g2E Thus, we get the following condition on the decay of
Vk:
4kC _

ST = g s

k74728.
o 4C

O

With the preceding two Lemmata at hand, we can establish the estimate (25). This completes
the proof of Theorem 4.3.
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Remark 4.7. In this section, we have only shown approximation results of the Quasi-Monte
Carlo quadrature based on Halton points for the mean of the function u, i.e. E,. Note, that if
f € LP(D) due to the reqularity estimates proven in Section 3, the results in this section hold in
complete analogy for the p-th moments MPu of the solution u to (9). This is due to the similar
behaviour of the solutions derivatives and its powers.

Corollary 4.8. Let f € Lp( ) for p = 2. Under the conditions of Theorem 4.3 and the slightly
stronger assumption pyr < k7*72¢, the Quasi-Monte Carlo quadrature using Halton points for
approzimating the p-th moment of the solution u to (11) is polynomial tractable and provides the

error estimate
|1 - Q)ar i,

We want to close this section by a brief note on the uniformly elliptic case. Therefore, let us
consider a uniformly elliptic parametric boundary value equation. The problem has the same form
as (9), but here the diffusion coefficient itself and not its exponential is given by a Karhunen-Loeve
expansion i.e.

< p||f||1£p(D)mN

a(x,y) = +Z\Fsok

The eigenvalues A\ and the eigenfunctions ¢y are supposed to have the same properties as in the
log-normal case and, without loss of generality, we assume that the parameters y; are uniformly
distributed on the interval [—1/2,1/2]. Therefore, the corresponding density function is constant
and equal to 1. The uniform ellipticity guarantees the existence of constants amin, Gmax > 0 being
independent of y, such that for almost every y € [—1/2,1/2]™ it holds

Amin < a(Xa y) < Gmax-

For the uniformly elliptic case the proof of tractability of the Quasi-Monte Carlo quadrature with
Halton points is much easier since we have to deal neither with an unbounded integration domain
nor with unbounded integrands. The sampling points in the cube [—1/2,1/2]* are straightfor-
wardly obtained from those in [0, 1]* by shifting each coordinate by 1/2.

Theorem 4.9. For the uniformly elliptic case there exists for all § > 0 a constant such that
the Quasi-Monte Carlo quadrature based on Halton points for approximating the expectation of the
solution u is strongly tractable if the sequence {7y}, admits at least the decay behaviour vy ~ k=37
for arbitrary € > 0.

Proof. The proof is quite similar to the proof of Lemma 4.6. We can apply the Zaremba-Hlawka
inequality, cf. [27],

I-Qux) = ), (=1 oy u(x,y Vo 1/2)disc((Z)a: (¥)a) d(¥)a-

[—1/2,1/2]lel

leelloo=1
Here, the local discrepancy is defined by

N

disc(E, z) := Vol ([—1/2, Z —1/2,y](&i)-

We obtain with Holder’s inequality and the introduction of appropriate weights, cf. [27],

I@=Qulmpy < Y wa'/? f[ e I||a';u(-,y Vo 1/2)] i1 0y d(¥)awl* D2 ((E)a)

leelon =1

S sup w 1/2J, ||a;‘u(,y Ve 1/2)”H1(D) d(Y)a Z w}x/ZD;o ((E)a)
[—1/2,1/2]lel

lello=1 loe|=1

In the uniformly elliptic case, the coefficient is bounded from below and above independently of
y. The regularity estimates for the solution are quite similar to those of Section 3. It holds, cf.
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[10],
0uCy va 1/2) oy < lodt{ — ) Iy < W leo TT (2252}
Y ’ ; " (D) - ' Qmin 10g2 r (D) h g k=1 Amin 10g2 ’
Now, let wq = [, wi* with
k2'y,§
Wy = —_— .
Gmin lOg~ 2

Then, we arrive at the estimate
1/2 E
1T = Q)ullzr(py < |fllz2(p) Z wy, / D% ((B)a),
leelon=1
which yields the assertion with the same arguments as in the proof of Lemma 4.6. O
Remark 4.10. In analogy to the log-normal case one can establish estimates on the derivatives

of the powers uP of u. Hence, the approrimation of the moments with a Quasi-Monte Carlo
quadrature based on Halton points remains strongly tractable in the uniform elliptic case.

5. NUMERICAL RESULTS

In this section, we present numerical examples to validate the theoretical findings. Therefore,
we consider the one-dimensional diffusion problem

(35) —0, (a(z,y)dpu(z,y)) =1in D = (0,1)

with homogenous boundary conditions, i.e. u(0,y) = u(1,y) = 0. The logarithm of the diffusion
coefficient a is given by the Karhunen-Loeve expansion,

log (a Z Vker(x

Here, the eigenpairs (A, @) are obtained by solvmg the eigenproblem for the diffusion coefficient’s
correlation, i.e.

1
f ke, 2o () Az’ = Apoi (),

0
where we assume that this correlation is given by a positive definite function

k(z,z') := fﬂ log (a(z,w)) log (a(a’,w)) dP(w).

The knowledge of k(z, ") together with E[a(z,w)] = 0 provides the unique description of a since
the underlying random process is Gaussian.
Let r = |z — 2’|. In the sequel, we consider the class of Matérn correlation kernels, i.e.

oLt-v 2ur\” 2ur
k. = K,
0=t (F) = ()
with £,v € (0,00). Here, K, denotes the modified Bessel function of the second kind, cf. [1]. For
half integer values of v, i.e. v = p + 1/2 for p € N, this expression simplifies to

il(p

In the limit case v — 00, we obtain the Gaussian correlation

—_r2
kyv(T) = exp <2€2>,

cf. [37]. The Sobolev smoothness of the kernel &, is controlled by the smoothness parameter v. A
visualization of this kernels for different values of v is given in Figure 1.
The eigenvalues of the Matérn correlation kernels decay like

>\k < Ck7(1+2y/d)
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— Matern—1/2 ]
0.9 —Matern-3/2 b
0.8 Matern-5/2 _
—Matern-7/2
0.71- — Matern-9/2 B
© 06 —Matern—c
_; 0.5

-1.5 -1 -0.5 0 0.5 1 1.5

FiGure 1. Different values for the smoothness parameter v.

for some C' > 0, cf. [18]. Hence, we consider v = 5/2,7/2,9/2. For the parameter value v = 5/2 the
eigenvalues of the correlation function decay too slowly and we are thus outside our regime. The
parameter value v = 7/2 is exactly the limit case for the decay of the eigenvalues and the value
v = 9/2 leads to an eigenvalue decay perfectly fitting our assumptions. The correlation length is
set to £ = 1/2 for each of the kernels.

We have discretized (35) by piecewise linear finite elements and chose piecewise constant el-
ements for the discretization of the diffusion coefficient. As a reference, we have computed the
solution to (35) on level 13, i.e. we have the meshwidth h = 2713, and avaraged 10 runs of a Monte
Carlo quadrature each of them with N = 10% samples. In each example, the Karhunen-Loeve ex-
pansion is truncated appropriately to sustain the precision of the finite element discretization.
Unfortunately, although we observe convergence of our Quasi-Monte Carlo quadrature with re-
spect to this reference solution, the error decay stagnates for increasing number of samples. Thus,
we assume that the reference solution is not accurate enough. Therefore, we additionally pro-
vide a reference solution computed by the Quasi-Monte Carlo quadrature with Halton points and
N = 7-10°% samples. The computations for the approximation error were also performed on level
13. This means, we have kept the level fixed and successively increased the number of sample
points.

The Matérn kernel for v = 9/2. For the smoothness parameter v = 9/2, we have truncated the
Karhunen-Loeéve expansion after m = 21 terms. The left plot in Figure 2 shows a visualization of
the mean’s and the moment’s errors with respect to the Monte Carlo reference solution measured
in the respective norms for increasing numbers of samples N. The analogous representation for the
Quasi-Monte Carlo reference can be found in the right plot of the same figure. The slopes indicated
in the plots correspond to a linear least-squares fit for the respective curve. The correlation kernel
under consideration, i.e. kg/p, perfectly fits our smoothness assumptions. We observe convergence
with respect to both references and rates that are higher than that of a Monte Carlo quadrature,
at least for the mean and the second moment. The successive decrease of the rate of convergence
for the higher moments can be explained by the exponential dependence of the constants in (17)
on p in the pre-asymptotic regime. We would like to emphasize, that we observed exactly the same
phenomena for a Monte Carlo quadrature. Nevertheless, we saw no additional benefit in showing
the related plots here, since we think that this exceeds the scope of this article.

The Matérn kernel for v = 7/2. For the smoothess parameter v = 7/2, we have truncated
the Karhunen-Loéve expansion after m = 32 terms. Figure 3 shows the error plots related to the
Matérn kernel k7/,. As already mentioned, this is the limit case for the required smoothness of
the correlation kernel. We observe the same decay of the errors as in the previous example for the
smoothness parameter v = 9/2. Again, the error plot with respect to the Monte Carlo reference



error

TRACTABILITY OF THE QUASI-MONTE CARLO QUADRATURE

N A
::/\ﬁ:
>

-4
——H'—error mean

—Ww"'_error 2"%-moment
—Ww"'_error 3_moment
——W"!_error 4"-moment

FIGURE 2. Errors for v = 9/2 with Monte Carlo reference (left) and Quasi-Monte

Carlo reference (right).

S

|
——H'_error mean

—Ww"'_error 2"%_moment
——W""_error 3"-moment
——W""_error 4"-moment

FIGURE 3. Errors for v = 7/2 with Monte Carlo reference (left) and Quasi-Monte

Carlo reference (right).

* \
o NS T~
107
g
5
107
| -
10" ——H'-error mean
—w"'_error 2"%-moment
—Ww"'_error 3%-moment
——W"_error 4"-moment
10° 10’ 10° 1’33 10" 10

error

|
——H'-error mean

—Ww"'_error 2"%_moment
—~W"'_error 3-moment
——W""_error 4"-moment

17

is found on the left-hand side in Figure 3 and the error with respect to the Quasi-Monte Carlo

reference on the right-hand side of this figure.
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FIGURE 4. Errors for v = 5/2 with Monte Carlo reference (left) and Quasi-Monte

Carlo reference (right).
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The Matérn kernel for v = 5/2. For the smoothness parameter v = 5/2, we have truncated
the Karhunen-Lo¢ve expansion after m = 88 terms. Although, the correlation kernel ks5/; does not
meet the required smoothness assumptions anymore, we essentially obtain the same error rates, as
in the previous two examples. The same effect has already been observed in [18]. A visualization
of the corresponding errors for increasing number of samples is given in Figure 4.

The numerical examples indicate the tractability of the Quasi-Monte Carlo quadrature based on
Halton points for log-normal diffusion problems in concordance with our theoretical findings. Nev-
ertheless, the numerical results also imply that the claimed smoothness assumptions can probably
be weakened.

APPENDIX A

The set P(a,r) of restricted integer partitions of a multiindex e into r non vanishing multi-
indices is defined by

P(a,r) := {((kl,ﬂl),...,(kn,ﬁn)) € (No x Ng)™: D ki3 =, D ki =7, and 31 < s <1
1=1 1=1
ki=0and B;=0foralll<i<n-—s,

ki>0f0ralln—s+1<i<nand0<ﬁnS+1<---<ﬂn}_

Herein, for multiindices 3, 3" € N, the relation B < 8’ means either |3| < |3 or, if |B] = |3,
it denotes the lexicographical order which means that it holds that 8; = 8{,...,0r = S and
Br+1 < B4 for some 0 < k < m.
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