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SOLUTION OF THE POISSON EQUATION WITH A THIN
LAYER OF RANDOM THICKNESS

M. DAMBRINE, I. GREFF, H. HARBRECHT, AND B. PUIG

ABSTRACT. The present article is dedicated to the numerical solution of the Pois-
son equation with a thin layer of different conductivity and of random thickness.
We change the boundary condition to transform the boundary value problem
given on a random domain into a boundary value problem on a fixed domain.
The randomness is then contained in the coefficients of the new boundary condi-
tion. This thin coating can be expressed by a random Robin boundary condition
which yields a third order accurate solution in the scale parameter of the layer’s
thickness. Based on the decay of the Karhunen-Loéve expansion of the random
fluctuations of the layer’s thickness, we prove rates of decay of the derivatives of
the random solution with respect to the stochastic variable. They are robust in
the thickness parameter and enable the use of the quasi Monte-Carlo method or of
the anisotropic stochastic collocation method for the computation of the bound-
ary value problem’s random solution. Numerical results validate our theoretical
findings.

1. INTRODUCTION

1.1. Problem formulation. Many practical problems in engineering lead to bound-
ary value problems for an unknown function. In this article, we consider uncertainties
in the geometric definition of the domain motivated by tolerances in the fabrication
processes or in a damaged boundary during the life of a mechanical device. Man-
ufactured or damaged devices are close to a nominal geometry but differ of course
from its mathematical definition. Since we are motivated by tolerances, we can make
the crucial assumption of the smallness of the random perturbations. By identifying
domains with their boundary, domains close to the nominal domain D can be seen

as a perturbation in the normal direction of the nominal boundary 9D.

The most common approach to study boundary value problems with stochastic
inputs is the Monte-Carlo method, see e.g. [19] and the references therein. In many
situations, this approach is easy to implement since it only requires a sufficiently
large number of samples. However, for boundary value problems on random domains,

each sample means a new domain and thus a new mesh, the building of new mass
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and stiffness matrices, etc. All these steps are mandatory to compute the quantity
of interest. Therefore, the Monte-Carlo method is extremely costly and not so easy
to implement in our context. This article is a contribution to the development of a
cheap method to solve boundary values problem in random domains.

If one considers general deformations without assuming the smallness of the pertur-
bation, one has to mention the work of Canuto and Kozubek [6] based on a fictitious
domains approach and the work of Xiu and Tartakovsky [21] based on a mapping
point of view, see also [7), [12] for related regularity results. In the same context of
small random perturbations around a given domain, one has to mention the work of
Harbrecht, Schneider and Schwab [14] based on the use of shape derivatives. Since
shape derivatives are in general hard to compute, we will propose here an alternative
approach based on approximated boundary conditions.

1.2. Geometrical setting. Let us make precise the geometrical situation: a given
C*°-domain D is surrounded by a thin coating layer L.. The thickness h of the layer
is a smooth, real-valued function which is defined on 0D. We make the assumptions
that the layer coats D everywhere and that its characteristic size is a small parameter
€ > 0 so that the layer L. is described as:

L. ={x+1tn(x):0<t<ceh(x), x € 0D}.
Moreover, there exist nonnegative real numbers 0 < hyin < hpax such that

hmin < h(X) < hpay for all x € OD.

FIGURE 1.1. The geometrical setting — the domain D and the layer L..

Now, we are interested in the numerical resolution of the following model boundary
value problem posed in D, = D U L.: for a given function f € L%*(D,), find the
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function u such that

(1) { —div(eVu) = f in D,,

u = 0on dD,,

where the conductivity o is piecewise constant, taking the value oy in D and 1 in
the layer L.. This change in conductivity is motivated by the possibility to take into
account surface treatments or surface damage.

1.3. Asymptotic analysis. In order to efficiently compute a numerical approxima-
tion u|p of the solution to , a classical idea is to introduce impedance boundary
conditions (see |4, [10], and derived works) to avoid the meshing of the thin layer.
The strategy is thus the following: work only in D and search for a boundary con-
dition on 0D so that the solution of the new boundary value problem defined in D
(that is without the thin layer) is a good approximation of the restriction to D of
the solution of the real boundary value problem set in D..

A heuristic way to derive such a condition is as follows. Consider a point x on 9D.
The thickness £h being small, Taylor’s formula provides
uw(x + eh(x)n(x)) ~ u(x) + eh(x)Opu(x)

up to a second order error. Since the point x + ch(x)n(x) lays on the boundary
0D, we get u(x + ch(x)n(x)) = 0. Hence, a natural choice is to solve the Robin

boundary value problem:
—ooAull = fin D,
(1.2)
ull + ehoydultl = 0 on OD.

It is well-known in the literature [I], 5, 18], 20] that indeed this choice is pertinent.
There is a constant C, independent of ¢, such that

(13) HU,—U[I]”HI(D) < 052.

A more precise but less intuitive approximated boundary value problem is

—opAul = f in D,

2

Of course, this approximation obviously needs additional regularity of the right hand
side f to be well defined. This will be specified later in Subsection [2.2] Then, for the
solution of this boundary value problem, there is another constant C, independent
of €, such that

(1.4) h 2p2
(1 - I{—g)um + eophdpuld = eTf on 0D.

(15) ||U—U[2]||H1(D) S 053.
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Proving the error estimates and requires a careful asymptotic analysis of
problem as already performed in the previously cited references. Note that the
method has been also used for other boundary value conditions and other differential
operators. Since we will consider families of random layers, a crucial point for our
work is the dependency of the constant C' in terms of the thickness h. Since this
point is not specified in the aforementioned literature, we will present it in Section
. Our result is that the constants C' appearing in and depend only
on the C'(9D)-norm of h. The proof of this crucial point requires to elaborate on
asymptotic expansions of the solution of in D..

1.4. Layers of random thickness. Once the uniform error estimates and
are obtained, we shall consider the situation that the layer’s thickness h is
random. To that end, let (€2, 3, P) be a complete probability space and assume that
h:0D x €2 — R is a process which satisfies the following assumptions:

(UB) Uniform boundedness: there exist two nonnegative real numbers hpin < Apax
and ¢ < 1 such that the random field

h(x,w) = h(x) + h(x,w) with %(x) = E(h(x,w))

fulfills

(1.6) 0 < Rmin < 7(%X) < Ponae and [(x,w)| < g|h(x))|
for all x € D and for P-almost all w € €.

(UR) Uniform regularity: for all w in €, the function x ~ h(x,w) is C!, that is,
the stochastic process h belongs to the Bochner space L(Q,C'(dD)).

Let us recall for the reader’s convenience the definition of Bochner spaces. Consider
a real number p > 1. Then, for a Banach space X, the Bochner space L5 (2, X)
consists of all functions v : 2 — X whose norm

(f ||v<-,y>||§dnﬂ><w>)l/p, p <o,

eSSSUpHU<'7w>HX7 b =00,
we

||U||L§;(Q,x) =

is finite. If p = 2 and X is a Hilbert space, then the Bochner space is isomorphic to
the tensor product space L3(Q) @ X.

In the sequel, we tacitly assume that the right hand side f is defined in a sufficiently
large hold-all D such that f € L*(D.(w)) holds for P-almost all w € 2. We then
continue with the second order approximation of the solution to the thin layer equa-
tion. The reason for this is that it is more accurate without being computationally
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much more demanding. We shall thus finally consider the following elliptic partial
differential equation with random Robin boundary condition:

—opAul?(w) = f in D
1 % eh(w) P-ae. w e Q.
2 LRy = EMW) D
Onul (w) + [aaoh(w) 200] u(w) - fono

1.5. Road map. The rest of this article is organized as follows. As mentioned
above, the asymptotic analysis for the thin layer is performed in Section [2| Then,
in Section [3] we investigate the existence of solutions to this Robin boundary value
problem in case of a layer of random thickness and estimate the systematic error
committed on the expectation and the variance by this solution. In order to solve
the random Robin problem, we assume in Section {4| that the random fluctuations
are given in the form of a Karhunen-Loeve expansion. Our main result is then
Theorem [4.2| which gives precise estimates on the derivatives of the random solution
with respect to the stochastic variable. These estimates allow the use of quasi Monte-
Carlo methods and anisotropic collocation schemes with convergence rates that are
independent of the truncation length of the Karhunen-Loéve expansion. Numerical
experiments are performed in Section [5 to show the feasibility of our approach
and to validate the theoretical findings. The article’s conclusion is finally drawn in
Section [l

2. APPROXIMATED BOUNDARY CONDITIONS FOR SLOWLY VARYING LAYERS.

2.1. Asymptotic expansion in D and in the layer L.. Let us introduce the
notation and needed objects. For ease of notation, we deal with the bidimensional
case and assume that D is simply connected so that its boundary has a parametriza-
tion by the arclength s — 7(s) defined on the segment [0, |0D|] where |0D] is the
perimeter of D. At the point y(s), the unit tangent vector t(s) is 7/(s), the curva-
ture k(s) is defined by the equality n'(s) = k(s)t(s). Within these notations, the
boundary of D is parametrized by s — v,(s) = v(s) + eh(s)n(s). Of course, this
parametrization is not by the arclength and the unit tangential and outward normal
field are

(14 ehk)t(s) +eh/n(s)

bu(s) = V(1 +¢ehk)? + (eh')? and - mu(s) =

(1 4+ ehr)n(s) — eh't(s)
VA Fehr)? + (el)?

We drop the dependency in s for k and h for ease of notation. Let x be the cut
locus of 0D. For a function u defined in D,, we consider 4 : [0, |0D|] x (—x, x) be
defined by (s, t) = u(x). In accordance with [5], the gradient and Laplace operator
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are expressed in the curvilinear coordinates as:

1 0 0

= T51r 95008 1 gpn(s),

1 0 1 0 n k0 n 0?
14tk Os \1+ 1tk Os 1+tk Ot Ot
The usual strategy relies on an asymptotic expansion of u with respect to the scaling

factor € with a double ansatz one valid in D and the other in the layer L.. Namely,

we postulate that there are real-valued functions «*, defined on D and uF., defined

int ext
on [0,|0D|] x [0, 1] such that

u(X) = uing(x E e*uf (x) in D,

U(X) = Uext (X Za Ugss ( ) in L..

With respect to previous works, the anisotropy in the second curvilinear coordinate

(2.7)

takes the variation of the thickness into account. With these ansatze at hand, we
can reformulate the boundary value problem ((1.1)) as a transmission problem:
—00Auiy = f in D,
_Auext = f in L67
Uint = Uext on aLaa

(2.8)

000nUint = Oplext ON OL,.
In accordance with [5], the equation in the layer L. is
1
1+tk

In order to rewrite this equation with respect to anisotropic, curvilinear coordinates
(s,7) = (s,t/(eh)), corresponding to the ansitze (2.7), we compute:

(2.9) Li=—(1+tr) f with L =0 ( 88) + k0 + (1 +tK)07.

1 K

at = %87-, /ﬁ:@t = 587.’
83:2—h283, (1+tr)0? = 2_h283+_h&3’
]_ o n.n_n ninao n_n_n /I n—1lin ny/pn—1
83<1+m83)—;(—1)57/@]188—;( D)"e"r"n(k'k"""h" + K"R'R" )0,

(1+tr)f(.,t) = (1 +ehnT)f(.,ehT).

When f is smooth in the layer, the right hand side in the layer can be expanded by
a Taylor expansion

(1 + ehkr)f(.,ehT) Ze”fn O(eN ).
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In particular, one has simply fo(s,7) = f(s,0). As a consequence, the operator £
can be split in powers of the small parameter € as L= . ,e"L, with

1

;C_Q = ﬁaQ L—l = E (87 + 7—672—) ) EO - 8527

T h
and, for n > 1, with

L, = (=1)"7" [k"h"0? — n(K'&" K" + k"W R )0;] .
Plugging in the ansétze (2.7)), we obtain first

1 1 K
Lo = gl 7 (0uba+ § (0 + 70210, )

+ Z en (%(fu’g;? + % (Orupdit + TO2ul) + Z Ln_ku’gxt>
k=0

n>0

and then, in view of (2.9), the sequence of differential equations for the functions
k

uext:
2.0 __
a7'uext - 07
2.1 0 2. 0
a7'uext = —kh (8Tuext + Tar“ext) )

9Pyt — _ (/-@h (Ot + ro2ulsl) + b2 Zﬁn—kulgxt> — Rh%f, for all n > 0.

T ext ext T Vext
k=0

The boundary conditions are given by the transmission conditions on 9D stated in
23):

k—1
int

k

1
U()anuint = atuext = aa'ruext = UOanu = EaTuext

_ k _ k
ulnt - U/ext = ull’lt - uext

The resolution is then iterative. Let us make the first terms explicit.

Order n = 0. It comes that v, is the solution of —Au = f in H}(D). Thus, the first

function v, should be affine in the variable 7, taking the value 0 for 7 = 0 and
0

ext

7 = 1. Hence, it follows u, . = 0 and in particular

u’. =0 on dD.

ext

Order n = 1. The equations for u! , are

Py = —kh (Orudy + TO? U ) =0,

T Vext T ext

O-ul . (5,0) = ophdpul (s,0),

ext

uéxt(s, 1) =0.
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Consequently, u!,, is the affine (in 7) function ul (s, 7) = (7 — 1)oghdnud, (s, 0) so
that

U,l

ext —

—0ohOpul, on AD.

— 1 0
Thus, u, solves Aul, = 0 with ul, = ul , = —5ohd,ud, on OD.

0

_ 1 : : 2
ot = 0 and u,, is affine in 7, the equations for uZ , are

Order n = 2. Since u

872' gxt = —kho uext h2f0 _’%h 008 umt( 70) - h2f07
0-uZ . (5,0) = ophdnui(s,0),
ext(s 1) 0

These equations for u2, can still be solved analytically. Now, since fy(s,&) = f(s,0)
is independent of 7, the second order primitive integral of — fo(s,7) which vanishes
at 1 and which has a derivative that vanishes at 0 is f(s,0)(1 — 72)/2. Namely, it
holds

1 — 72

2

1 — 2
i (5,7) = 5= K o00ntih (5. 0) + (7 = L)oohdntly (5, 0) + £ (5, 0)

Therefore, we obtain the following value of w2, = uZ, on 9D:

f(s;@) o

1
2 2
Usyy = §/€h Joanumt

oohOnu} n 0D.

mt

2.2. Derivation of the approximate boundary conditions. Let us now de-

rive the first and second order approximate boundary conditions. To that end we

[1] 2]

introduce the partial sums u;, = umt + eul, and uiy = ud, + eul, + e*ui,. By

construction, we check that —UOAu =fin D fori=1,2.

Order n = 1. On 9D, one has wl =

ot = —e0oghOpud, and it follows

uY

1nt

We therefore introduce v as the solution of the following Robin boundary value

+ e0ph0On umt = 200hOntiy,.

problem:
—0pAv = fin D,
v+ eophOyv = 0 on 0D.

Notice that ul) and v solve two distinct boundary value problems differing from

int

a second order term (in €) in the boundary condition.
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Order n = 2. On the boundary 0D, one has

int

h h
= —cogh (1 — %E) 8nu?nt 620'0h (1 — H—€> %) Umt

1 i
uld = —eaghOpul  +&° (2ﬁh2<708 Uiy — T0hOn iy, + 9 f)

2
2h2 3
c 5 f— %JOhQE)nullnt

Therefore, using the Taylor expansion (1 —z)™' =1 + z + O(2?), we obtain

he 2h?
<1 + /-@2 > l[n]t + e0pho umt 6—f = 0(%).

We therefore introduce v the solution of the Robin boundary value problem (11.4)
that we recall for convenience:

—0pAv = f in D,
h 22
(1 + %) v+ €0ghOyv = ng on dD.

Notice that ul[i]t and v solve two distinct boundary value problems differing from

a third order term in the boundary condition.

2.3. Error estimates and dependency in the layer thickness . We proceed
in two steps: first, to obtain an error estimate for the remainders in the asymptotic
1 for

expansion of u. then in a second step, to obtain an asymptotic expansion of u;,

i = 1,2. Both steps are adopted from the classical proofs in the case of constant
thickness layers. We therefore explain the main lines of the proof without entering
into the details.

To estimate the truncation error for wu., the first step is to write a precise error

estimate for the remainder 7

in D and L, as

z—: 1nt E 8 1nt and rs ext § 8 ext

These remainders satisfy the boundary values problem:

in the asymptotic expansion of ey and u;y,, defined

O'OATE it =0 in D,
A sext_O( ) il'l L€7
aoﬁnrg ot = 8n7“5 ot T O(e ) on 0D,
Tévint = 7é\fext on aD?
T ext =0 on 0D..
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Since, for € < g, the family D, is uniformly contained in a fixed domain, a uniform
Poincaré inequality holds in H{(D,.) which provides the uniform coercivity of the
bilinear forms a. defined on H}(D,.) by

a.(u,v) = 00/ VuVoudx —i—/ VuVodx.
D

Now, a classical a prior: estimate provides: there is constant C' independent of € < g
such that [|7Y/(p,) < Ce™~" and the usual trick of spitting the remainder of order
N as rl = 2 4 NN 4 N2 N2 provides in fact 1Y ||gyp,) < Ce™. We

then immediately get
(2.10) ||Tév,int||H(1)(D) < CeV.
Of course, this constant C' depends of the truncation order N

Let us now consider the Robin boundary problems for ul” for i = 1,2. We compute

mt

asymptotic expansions of uut Thanks to the ansatz
(1] ko1
1:113 Z € Ugpy ko

we obtain recursion formulae that provide the same ¢ first order terms: ul? k

int,k — = Uing
for k < i. The previous error estimate allows to conclude that

[7]

1 .
int 1ntHH1 < Cél+ fOI' 1= 1, 2.

T

Notice that these errors estimates are optimal since the next terms differ.

3. RANDOMLY VARYING THIN LAYERS AND RANDOM ROBIN BOUNDARY
CONDITION

We consider the following elliptic partial differential equation with random Robin
boundary condition:

—ooAull(w) = f in D
(3.11) 1 1 c eh(w) P-a.e. w e Q.
(2] = 4= (2] _ N\ D
Onu? (w) + o [h(w) + 2/4;1u (w) 200 fono

To obtain the variational formulation, we test (3.11)) with an arbitrary test function
from L2(Q, HY(D)): seek u?) € L2(Q, HY(D)) such that
(3.12)

/ {ao / Vul) (@) Vo(w) dx + 8(170 {ﬁ—i—;m} [21<w)v(w)da} dP(w)

- [{ s [, e}

holds for all v € LE(Q, HY(D)).
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Theorem 3.1. Under the conditions (1.6), there ewists a unique solution uP? in
L3(Q,HY(D)) to the variational formulation (3.12) provided that € is so small such
that

(3.13) ler(x)] < !

for all x € OD.

hmax

In particular, introducing the spatial energy norm

(3.14) ()] := ¢o—o|u<w>|%{1w) + I oy

where v : HY(D) — L2(D) is the trace operator, we have the stability estimate

(3.15) /Q lu(@)I? dP < CLFllg-1(p) + IVl z20m) }

uniformly as € tends to 0, where ||-[|-. p denotes as usual the dual norm to ||[|u(p).

Proof. By introducing the bilinear form

a: L2(Q, H'(D)) x L3(Q, H'(D)) — R,

a(u, v) ::/Q{o—o/DvuwdH% N {ﬁjL%fﬁ]uvda}d]P’(w)

and the linear form

CLAQHYD) S R, ((v) ::/Q [/vadx—i—/aD Eg(”)fvda] dP(w),

00

the variational formulation (3.12)) is equivalent to the problem:
seek u@ € L2(Q, HY(D)) such that

a(u? v) = ((v) for all v € L2(Q, HY(D)).
In view of , it holds that

(3.16)

0< (1 —=q)hmin < (1—q)h(x) < h(x,w) < (1+q)h(x) < (1 + ¢)hmax

and hence with (3.13)) that
1 < 1+ Sk(x)h(x,w) < 3
2(1+ @) hmax — h(x,w) = 2(1 — q)hmin

for all x € D and for P-almost all w € Q. Thus, the bilinear form a(-, ) is uniformly

(3.17)

elliptic and bounded:

min {1, )P dR) < o)

fa(u,v)] < m{lm}\/ / mu<w>m2dm>\/ |l ape),
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In addition, the linear form ¢(-) satisfies

60)] < 1o ¢/W}Hmw P(v)

+%‘_0(1+q>hmax|‘7(f)HL2(6D)\//Q"’Y(U(w))”%Q(aD) dP(w)

provided that f € L*(D) N L*(@D). Since the energy norm (3.14)) is equivalent to
the H!(D)-norm with

cmin { v, = bl < @)l < emax{ 7,

\/EOQ
we can set

1 1 €
Cf = EmaX {\/_O__O, \/EO'O}HfHﬁ_l(D) + 2—\/%

to arrive at the continuity of the linear form #(-):

IMMSW¢AMWWMMM.

Herein, the constant c; does not depend on the layer’s thickness € any more provided

—= [

3/2
(1 + @)hmax |V (F)l 226Dy < 00

that € < 9. According to the theorem of Lax-Milgram, we conclude thus the desired
result. OJ

This theorem implies the well-posedness of the thin layer equation with random

thickness. In particular, as an immediate consequence of our analysis in Subsec-
tion , we conclude that the random solution u?l € L2(Q, H'(D)) of (3.12)) satisfies
the error estimates

(3.18) lu = w20y < CE.
Therefore, we derive the following proposition.

Proposition 3.2. The random solution ul? € LZ(Q, H'(D)) satisfies the error es-

timates

1) ~ B0 < C, V() — V() |y o) < Ce".

Proof. The first assertion follows by taking the expectation in the estimate (3.18]).
For the second assertion, one has to consider the difference of the covariances

Cov(u)(x,x') = E([u(x,w) — E(u(x,w))] [u(x',w) — ]E(u(x’,w))]),
Cov(u)(x,x') = E( [u? (x, w) — E(ul? (x, w))] [1P (', w) — E(u? (x,))] )
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in the space H., (D x D) := H(D) ® H'(D). Due to
u?(w) — E(u®(w)) = [um (w) — u(w)] -+ [u(w) - E(u(w))] + [E(u(w) — (w))},

we find

I Cov(u) — Cov(u®) |1, (pxp)

mix

< ([ — ] @ [P — )|

HL. (DxD)
+ 2B ([0 (@) - u(w)] @ [u(w) - Eu@w))] )| i o
* 3HE(”M (@) — u(w)) @ E(u?(w) - u(w)) ‘ Y, (DxD)’

By using the fact that the first term and the last term on the right hand side of this
estimate are of order O(g%). The second term is of order O(g?) since we only know
that ||u(w) — E(u(w))|lmpy = O(e) which follows by a linearization in terms of the
local shape derivative, see [14] for the details. Hence, we arrive at

I Cov(u) = Cov(u®) | (pxp) < Ce™.

Taking the trace x = x’ gives finally the desired result. 0

4. REGULARITY OF THE RANDOM SOLUTION

For ease of notation, we will drop the suffix of the solution u/?, i.e., we will denote the
solution to (4.21)) only by u. Moreover, we shall assume that the random fluctuations
h(w) are given by a possibly infinite Karhunen-Loéve expansion, that is

(4.19) h(x,w) =) hi(x)Yi(w)

where the coefficient functions {h;(x)} are pairwise orthonormal in L2(D) and the
random variables {Y;(w)} are assumed to be independently and uniformly dis-
tributed in [—1/2,1/2]. Although a finite Karhunen-Loeéve expansion is assumed
here, we shall derive estimates which are independent of the truncation length m.
This means, the situation of m — oo shall be covered by the following theory. To
that end, we have to assume that

(4.20) Ve = ||hkllzepy < 00 forall k€ {1,2,...,m}

and that the sequence {7} is always summable as m — oo, i.e., Y " 7 < ¢
independently of m.

The assumption that the random variables {Yj(w)} are stochastically independent
implies that the pushforward measure Py := PoY ~! with respect to the measurable
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mapping
Y:Q—-0:=[-1/2,1/2]", w—Y(w):=Y(w),...,Vn(w))

is given by the joint density function 1. With this representation at hand, we can
reformulate the stochastic problem as a parametric, deterministic problem. To
that end, we replace the space L:(Q2) by L?(0J) and substitute the random variables
Y; by the coordinates y; € [—1/2,1/2]. Then, we have to seek u € L*(0,H'(D))
such that

/D {00 /D Vu(x, y)Vu(x,y) dx

€

(4.21) + % N [ : (X{ + in(x)} w(x, y)o(x, y) dox} dy

y)
— [ roovyaxs [ Y i a0, Lay
/EI { /D /aD 209

holds for all v € L*(J,H'(D)). Herein, the function h(x,y) is affine in the random
variable y:

(4.22) h(x,y) = h(x) + Y h(x)ye  with h(x) = E (h(x)).

The solvability condition (|1.6)) is equivalent to
(4.23) 0 < hoin < A(X) < hmax  and  |(x,y)| < gh(x) for some 0 < ¢ < 1

forall x € D and y € [.

The next lemma is concerned with the decay of the derivatives of the function

(4.24) oY) = 50) + Gx.Y) = s+ Sr(X)
with
(4.25) ) = o+ 500 # Blo(x,)

with respect to the random variable y.

Lemma 4.1. Let (3.13)), (4.20), (4.22)), and (4.23) hold. Then, the derivatives of
g(y) satisfy

|a|!
1- Q)hmin)
for all o« € N™ and for all y € . Here, ¥* has to be understood as the product
| JEER T

Ha;‘g(y)HLoo(D) < (( |a|+17a
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Proof. Due to (4.22)), we conclude
(4.26) Oy h(x,y) =

It thus follows by the chain rule that

o a1 L iz (e () m
0y9(x,y) = (—1)!% ]! (h(x,y)e e for all o € N™.

Hence, because of

for all x € D and for all y € O, cf. (4.23), we derive the assertion with (3.13]) and
(4.20]) for all ¢ € N™:

16565 Lo < ] [Ty 1l o) o!
y SV INE=) = 1 ) i) 2T (1 = @) )11

With the help of this lemma, we can prove the main theorem in this section which
provides estimates on the derivatives of the random solution with respect to the
stochastic variable. These estimates are robust in the scale parameter of the layer’s
thickness and show the analytic dependence of the random solution on the stochastic
variable y.

Theorem 4.2. Under the assumptions of Lemmal{.1] the derivatives of the solution
uw e L*(O,HY(D)) to ([4.21) satisfy the pointwise estimate

||
C
‘ le} < | v @
(1.27) 193 u(y)] < efle ((1 - q>hmm) !

for all'y € O and o € N™. Herein, the constant cy depends only on Hf”ﬁ—l(D);

1Y) l2@op) and oy, but not on the layer thickness €, while the constant c, is given
by

1 2(1 Pmax
cu:2max{ (1+4) }22.

(1 - Q)hmjn’ (1 - Q)hmin

Proof. For |a| = 0, the assertion follows immediately from Theorem 3.1] For || > 0,
we shall have a look at the parametrized problem (4.21)) which, for given y € O,
implies the identity

1
o / Vu(y)Vvdx+ — [ g(y)u(y)vdo = / fodx + = h(y)fvdo
D €00 Jap D 200 Jap
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for all v € H'(D), where the function g is given as in (4.24]) and (4.25]). Thus, in view
of the Leibniz rule, differentiation with respect to y on both sides of this equality

leads
o [ VogutmToax+ = [ 50 (%) ooty uy)vds
D E00 JoD o «
(4.28) =«
£
= p, .
200 aD@y (y)fvdo

Here, due to (4.26]), the term on the right hand side vanishes if || > 1. Hence, we
shall first consider the case || = 1 where we obtain

1
00/ Vo, u(y)Vodx + — 9(y)0y u(y)vdo
D

€00 Jop

1 €
- T Dy, 9(y)uly)vdo + Gy hefvdo.

€00 Jop 00 Jop

In view of (3.14)) and (3.17)), the special choice v = J,, u(y) yields

: 1 2
win {1, 0, 0ly)]

1 €
= —— 0y, 9(¥)u(y)0y,u(y)do + — hi fO,, u(y) do
€00 Jop 00 JobD
£3/2

< 10y, 9 (¥l o= @) lu(y ) N0y, u ()l +

12kl e @0y 17 (F) | 2 00) 1Oy ()

2, /00
By possibly increasing ¢y, this leads to the assertion in the case |a| = 1:
c 3/2
2(1 - Q)hmin
Cu
Cra—~5 k-
d (1 - Q) hmln

£
Tellu(y)ll + max{1, 2(1 + ¢)hmax /17 (f) | r20p)

<
10y, u(y)ll < NeT

Finally, we consider the case of arbitrary multiindices || > 1 where we rewrite

(4.28) in accordance with

1
VSu(y)Vodx + — o d
ao/D Su(y)Vo e aDg(y) vu(y)vdo

9% g(y)0% do.
500 /aD ¢a,<a< ) v g(Y) Y u(y)v 7
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We use again (3.14)), (3.17) and the special choice v = dgu(y) to conclude

. 1 fo" 2
m{1 m}mwy)m

]_ (81 ’ ’
< _ o— QO o (8% d
< a;a <a,) /8 i 0~ g(y)0g u(y)gu(y) do

(81 A /
< X (S) 1o ot llimonog wwliogueL
ata'<a
which means that
o o a—a' lo%
[ogu)l < mox1. 200+ ) 3 ( 3105 at3)llmc0 195 )
ata'<a
Inserting the result of Lemma [4.1) on the decay of the derivatives of g, we arrive at

o Cu e" oo — /! oo 1 o
g <5 2 (&) e 105 )l

aZza'<a

By induction, we may further estimate this expression according to

|

a Cu_ o 1 o / " la—a’

am) 1 <oy (o) S (5) e alee

We find that
|| -1
« a—a' . . al—j o
> ()it - a1 = 3 el - e ().
aFta'<a 7=0 a#a/<a

o/ |=j
By employing the combinatorial identity
> ()= (%)
ata/<a a, j
o/ |

we thus obtain

|a|—1 -1
8 / maile—a/| _ . ; ; |a| loel =5 — e loe|—j
> ()l —allef =% jial =) T e =lalt Y
j=0 J =0

ata'<a
cLa‘ —1
= |a! :
Ccy — 1
Since ¢, > 2, it holds that

c c‘al —1

Zu < cel

2 ¢c,—1 — ¢

Inserting the latter two estimates into (4.29)) implies finally the desired assertion for
arbitrary |a| > 1. O
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The decay estimate coincides with the one which is obtained in case of a
diffusion problem with uniformly elliptic random coefficient, see e.g. [2, §]. It is
sufficient to conclude that the solution u admits an analytic extension into the com-
plex plane with respect to each particular direction y; (see [2]). In fact, there exists
even an analytic extension with respect to the variable to an appropriately chosen
Bernstein ellipse (see [3, 9]). As a consequence, anisotropic stochastic collocation
schemes [2], [I7] become applicable. Moreover, besides the Monte-Carlo method, also
the quasi Monte-Carlo method produces convergence rates which are independent
of the stochastic dimension m provided that it holds v, < k=279 for some 6 > 0, see
13, 15).

5. NUMERICAL RESULTS

5.1. The Poisson equation on a random domain. In our first example, we will
solve the Poisson equation

(5.30) — Au(w) =4 in D.(w), u(w)=0on dD.(w),

on the randomly perturbed unit disc. The treatment of boundary value problems
on random domains is of high interest, see e.g. [0, [7, 12 14, 16, 21, 22] and the
references therein. One has to distinguish between two descriptions of the random
solution, namely the Lagrangian and the Eulerian point of view. Our setup leads to
the Eulerian specification which means that the physical position of the points stays

fixed and only the domain’s boundary is random.

To solve the random boundary value problem within our framework, we choose
0o = 1 and split the domain D, (w) according to
(5.31)

D.(w) = DU L.(w) where L.(w)={x+tn(x):0<t<ceh(x,w), x € ID}.

To validate our approach for problem , , we should compare it with a
Monte-Carlo approach and with the shape derivative approach from [14]. In particu-
lar, we shall consider different values of the perturbation parameter € to examine the
asymptotic estimates given in Proposition [3.2] To that end, we choose the reference
domain D as the disc of radius 1 — & which leads to a layer of constant thickness e
in the mean. This means that i(x) = E(h(x,w)) = 1. The particular shape of the

random layer under consideration is given as

hprw) = 1 5 fae(w) cos(hp) + be(w) sin(ip)}
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where 0 < ¢ < 27 is the polar angle of a given point x € 9D and ay, by € [—1/2,1/2]
are independent and uniformly distributed random variables. Notice that we have
0.5 < h(p,w) < 1.5 forall 0 < p < 27 and w € .

Expectation -3 Variance
5 62 10
—e—First order thin layer equation —e—First order thin layer equation
—=—Second order thin layer equation —=—Second order thin layer equation
Asymptotic behaviour 9 Asymptotic behaviour
1.5} 1
4 -
S 1 £3
im| w
2 -
0.5f
1 -
0 - _4;‘_,“4_3—7?:'?:::??14 o o e R
0.05 0.1 0.15 0.2 0.05 0.1 0.15 0.2
Perturbation parameter & Perturbation parameter €

FIGURE 5.2. Absolute ¢*-error of the discrete expectation (left) and
the discrete variance (right) of the random solution versus the pertur-
bation parameter .

The spatial discretization we use for the numerical simulation consists of about 4000
continuous, piecewise linear, triangular finite elements. We furthermore apply the
quasi Monte-Carlo method for the stochastic discretization. This means that we
directly compute the random solution’s mean

E(u? (x,)) = / WP (x,y) dy

0
and variance

V() = [ () dy - B (1 x.y)
0
with the help of 10000 Halton points.

We compute the solution for e = 0.02,0.04, ..., 0.2 with the proposed approach, with
the Monte-Carlo method, and with the shape derivative approach. The solution of
the Monte-Carlo method is based on the mean of five runs with 10000 samples per
run. All solutions are restricted onto the fized disc K of radius 0.8 (K coincides with
the domain D if € = 0.2) which is contained in the reference domain D for all values
of €. This is done by re-interpolating the solution onto a mesh on K consisting of
about 2000 triangles and ensures that the shape derivative approach approximates
the random solution’s expectation with the order O(g?) and its variance with the
order O(g%), see [14] for the details. For the present approach, Proposition pre-
dicts a convergence of order O(g?) for the expectation and of order O(g?) for the
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variance. This asymptotic behaviour is indeed observed in the numerical results as
seen in Figure where we plotted the discrete ¢2-errors of the expectation and
variance. Although the approximation order of the expectation is higher for the pro-
posed approach than for the shape derivative approach, the approximation of both,
the expectation and variance, is somewhat less accurate if € > 0.1. Nevertheless, for
e = 0.2, the relative error of the expectation and of the variance is only about 0.5%
and 5%, respectively. Notice finally that also the errors for the less accurate thin
layer equation are presented in these plots. It is clearly seen that it produces
much less accurate approximations which are only second order accurate in € in case

of the expectation and only third order accurate in ¢ in case of the variance.

5.2. The Poisson equation with thin random layer. Our second example is
dedicated to the thin layer equation for the unit disc. In average, the layer is assumed
to be constant and of thickness € = 0.01. The conductivity is 1 in the layer and oy =
10 in the unit disc. The inhomogeneity is chosen like before as f = 4. We use again
about 4000 continuous, piecewise linear, triangular finite elements for the spatial

discretization and a quasi Monte-Carlo method for the stochastic discretization.

The random boundary fluctuations E(x, w) under consideration are given according
to where we either prescribe the exponential covariance kernel exp(—||x —
x'||)/16, which is quite rough, or the Gaussian covariance kernel exp(—||x—x'||?)/16,
which is quite smooth. The Karhunen-Loeve expansions of these covariance kernels
are computed with the help of the pivoted Cholesky decomposition as proposed in
[11]. We obtain m = 126 terms for the exponential covariance and m = 12 terms for
the Gaussian covariance if we demand the truncation error 1073, It turns out that a
point on the random boundary varies at most £0.0065 around the nominal interface
in case of the exponential variance kernel while it varies at most £0.0035 in case of
the Gaussian covariance kernel.

The results of our computations are found in Figure for the exponential covari-
ance kernel and in Figure for the Gaussian covariance kernel. The expectations
look quite similar for both covariance kernels. Nevertheless, we observe clear dif-
ferences between the variances. Namely, compared to the variance in case of the
exponential covariance kernel, the variance is more concentrated near the boundary
and also smaller in the interior of the domain in case of the Gaussian covariance

kernel.
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In the present article, we considered the Dirichlet boundary value problem for the
Poisson equation where the domain is surrounded by a randomly varying thin layer
of size O(e) which has a different conductivity. We replaced this Dirichlet boundary
value problem which is stated on a random domain by a random Robin boundary
value problem which is stated on a deterministic domain. Decay estimates for the
derivates of its random solution with respect to the stochastic variable are provided
which are required to built appropriate solution schemes. Numerical experiments

6. CONCLUSION

were given to validate and quantify the approach.
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