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THE ABELIANISATION OF THE REAL CREMONA GROUP

SUSANNA ZIMMERMANN

ABSTRACT. We present the Abelianisation of the birational transformations
of ]P’D%. Its kernel is equal to the normal subgroup generated by PGL3(R), and
contains all elements of degree < 4. The description of the quotient yields
the existence of normal subgroups of index 2™ for any n and that the normal
subgroup generated by any countable set of elements is a proper subgroup.
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1. INTRODUCTION

Let Birg(P?) C Birc(P?) be the groups of birational transformations of the
projective plane defined over the respective fields of real and complex numbers,
and Autg(P?) ~ PGL3(R), Autc(P?) ~ PGL3(C) the respective subgroups of linear
transformations.

According to the Noether-Castelnuovo Theorem [Cas1901], the group Birc(P?)
is generated by Autc(P?) and the standard quadratic transformation og: [z : y :
z] --» [yz : xz : zy]. As an abstract group, it is not simple [CL2013], i.e. there
exist non-trivial, proper normal subgroups N C Bir(P2). However, all such groups
have uncountable index (see Remark 4.10) and the isomorphism class of the cor-
responding quotients Birc(P?)/N is quite complicated (essentially as complicated
as Birg(P?) itself). Moreover, the normal subgroup generated by any non-trivial
element which preserves a pencil of lines or which has degree d < 4 is the whole
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group (see [Giz1994, Lemma 2] and Lemma 4.11) and the group is perfect [CD2013],
which means that Birc(PP?) is equal to its commutator subgroup.

As we will show, the situation for the group Birg(P?) is quite different. First
of all, the group generated by Autg(P?) = PGL3(R) and oq is certainly not the
whole group, as all its elements have only real base-points. This is not the case for
Birg (P?); for instance the quadratic involution oy: [z : y : 2] --» [z2 : yz : 22 + ¢?]
has non-real base-points. The group Birg(P?) however is generated by PGL3(R),
00, 01, and by a family of transformations of degree 5 [BM2012]. We will show that
this set is not far from being a minimal set of generators. In particular, we obtain
the following result, similar to the case of Bir(P"), n > 3 [Pan1999].

Theorem 1.1. The group Birg(P?) is not generated by Autg(P?) and a countable
set of elements.

The proof consists in finding explicit generators and relations for the group (see
Proposition 2.9). This description also allows to construct a natural quotient, and
gives our main result:

Theorem 1.2. The group Birg(IP?) is not perfect: its Abelianisation is isomorphic
to
Birg (P?)/[Birg (P?), Birg (P?)] ~ (P Z/2Z.
R

Moreover, the commutator subgroup [Birg(P?), Birg(P?)] is the normal subgroup
generated by Autg(P?) = PGL3(R), and contains all elements of Birg(P?) of de-
gree < 4.

Corollary 1.3. The sequence of iterated commutator subgroups of Birg(P?) is sta-
tionary. More precisely: Let H := [Birg(P?), Birg(P?)]. Then [H,H] = H.

Let X be a real variety. We denote by X (R) its set of real points of and by
Aut(X(R)) C Bir(X) the subgroup of birational transformations defined at each
point of X (R). It is also called the group of birational diffeomorphisms of X, and is,
in general, strictly larger than the group of automorphisms Autg(X) of X defined
over R. The group Aut(P?(R)) is generated by Autg(IP2) and the standard quintic
transformations (see Definition 2.2) [RV2005, BM2012]. Until now no similar result
is known for Aut(A2(R)).

Corollary 1.4. There exist surjective group homomorphisms

Aut(P*(R)) — P 7Z/2Z,  Aut(A*(R)) - @ Z/2Z.
R R

Corollary 1.5. For any n € N there is a normal subgroup of Birg(P?) of index 2"
containing all elements of degree < 4.
The same statement holds for Aut(P?(R)) and Aut(A%(R)).

Corollary 1.6. The normal subgroup of Birg(P?) generated by any countable set
of elements of Birg(IP?) is a proper subgroup of Birg (P?).
The same statement holds for Aut(P?(R)) and Aut(AZ(R)).

The plan of the article is as follows: After giving the basic definitions and nota-
tions in Section 2, we define in Section 3 a surjective group homomorphism from



THE ABELIANISATION OF THE REAL CREMONA GROUP 3

the subgroup J, C Birg(PP2) of elements preserving a pencil of conics to the group
@Pr Z/27. In Section 4, we extend the homomorphism to a surjective group homo-
morphism Birg (P?) — @y Z/2Z and give Theorem 1.1, Corollary 1.5 and Corol-
lary 1.4. In Section 5, we proof that its kernel is the normal subgroup generated
by Autg(P?), which will turn out to be commutator subgroup of Birg(IP?). We will
finally be able to prove Theorem 1.2.

In the proof of the main theorems we use a technical proposition (Proposition 2.9)
that gives an explicit representation of Birg(P?) by generators and relations, and
which is independent of all the other results. Its proof is quite long and rather
technical, so we devote the whole last section (Section 6) to proving it.

In [Pol2015] one can find another description of the group Birg(P?), or rather,
more specifically, a description of the elementary links between real rational surfaces
and relations between them. However, this description was not used in the proof of
Proposition 2.9.

AKNOWLEDGEMENTS: [ thank Jérémy Blanc for the priceless discussions about
quotients and relations, and Jean-Philippe Further and Christian Urech for their
useful remarks.

2. BASIC NOTIONS

We now give some basic notations and definitions. Throughout the article, every
variety and rational map is defined over R, unless stated otherwise.

Definition 2.1. We define two rational fibrations
st P2 -5 P!
[x:y:2]—=[y: 2]
mo: P2 -5 P!
[2:y 2= [P+ (o +2)° 1y + (2= 2)?)

whose fibres are respectively the lines through [1 : 0 : 0] and the conics through p; :=
[1:9:0],p2 :=[0:1:4], and their conjugates p1 = [1: —i:0],po =[0:1: —i].
We define by J., J, the subgroups of Birg(IP2) preserving the fibrations ., m,:

J. = {f € Birg(P?) | 3f € Autg(P?): fr, = 7. f}
Jo={f¢€ Bir]R(]PQ) | Elf IS Aut]R(]P’Q): fﬂ'o =mn.f}

Extending the scalars to C, the analogues of these groups are conjugate in
Birc(P?) and are called de Jonquiéres groups. In Birg(IP?), the groups J,, J. are
not conjugate. This can, for instance, be seen as consequence of Proposition 4.3
(see Remark 4.9).

Definition 2.2. We define a type of real birational transformation called standard
quintic tranformation.

Let q1,q1,q2, G2, q3, b3 € P? be three pairs of non-real conjugate points of P?, not
lying on the same conic. Denote by 7: X — P2 the blow-up of these points. The
strict transforms of the six conics passing through exactly five of the six points are
three pairs of non-real conjugate (—1)-curves. Their contraction yields a birational
morphism 7: X — P2 which contracts the curves onto three pairs of non-real points
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r1,71,7T2, 72, 73,73 € P2. We choose the order so that r; is the image of the conic not
passing through g;. The birational map nm~1: P? --s P2 is contained in Birg(P?),
is of degree 5 and is called standard quintic transformation.

Lemma 2.3. Let § € Birg(P?) be a standard quintic transformation. Then:

(1) The points q1, 1, q2, Gz, g3, D3 are the base-points of 0 and r1,71, 72, 72,73, T3
are the base-points of 01, and they are all of multiplicity 2.

(2) Fori,j=1,2,3,i%#j, 0 sends the pencil of conics through g;, Gi, q;,; onto
the pencil of conics through r;,7;,7;,7;.

(3) We have 6 € Aut(P?(R)).

Proof. (1), (2) Let L C P? be a general line. The strict transform of L on X by 71
has self-intersection 1 and intersects the six curves contracted by 7 in 2 points. The
image (L) then has six singular points of multiplicity 2 and self-intersection 25. It
is thus a quintic passing through the r; with multiplicity 2. Therefore, the linear
system of ! consists of quintics in P? having multiplicity 2 at ry, 7, ra, 2, r3, 73.
The construction of 67! being symmetric to the one of 6, the linear system of ¢
consists of quintics having multiplicity 2 at ¢1, @1, g2, G2, g3, P3-

(3) This is shown by simply calculating the degree of the images of the conics
and their multiplicities in the base-points.

(4) The birational morphisms 7, 7 induce bijections X (R) — P2(R) and hence
0,0~ are defined on each point of P?(R). O

The family of standard quintic transformations plays an important role in Birg (P?):
Let

oot [x:y:z]--» [yz: zz: xy|
1wy 2] - [zzyz 2?4+ Y

Theorem 2.4 ([RV2005],[BM2012]). The group Birg(P?) is generated by og,01,
Autg(P?) and the infinite family of standard quintic transformations.

Lemma 2.5. For any standard quintic transformation 0 there exists a, B € Autg(P?)
such that fOa € T,

Proof. For any two non-collinear non-real pairs of conjugate points there exists
a € Autg(P?) that sends the two pairs onto p; := [l : i : 0,pg := [0 : 1 : 4]
and their conjugates p; = [1: —i:0],p2 =[0:1: —i]. Let # be a standard quintic
transformation. Then there exists o, 3 € Autg(P?) that send g1, g2 (resp. 71, 72) onto
p1, p2. The transformation 30! preserves the pencil of conics through p1, p1, p2, P2
(Lemma 2.3) and is thus contained in Js. O

Corollary 2.6. The group Birg(P?) is generated by Autg(P?), Je, Jo

Proof. By Theorem 2.4 and Lemma 2.5, Birg (IP?) is generated by Autg(P?), 09,01
and the family of standard quintic transformations contained in 7,. Observing that
oo € J«, 01 € Jo, the claim follows. O

Using these generating groups, we can give a representation of Birg (P?) in terms
of generating sets and relations:

Define S := Autg(P?) U J. U J, and let Fs be the free group generated by S.
Let w: S — Fgs be the canonical word map.
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Definition 2.7. We denote by G be the following group:

w(f)w(g)w(h), f,9,h € Autg(P?), fgh =1 in Autg(P?)
Fs/ w(flw(g)w(h), f.g.h € Je, fgh=11in T,
w(f)w(g)w(h)7 f’g7h€u707 fgh:l in Jo

the relations in the list below
(1) Let 61,02 € J, be standard quintic transformations and oy, az € Autg(P?).
w(ag)w(fr)w(ar) = w(bs) in G <= azbiaq = bs.
(2) Let 71,72 € J« UJ, both of degree 2 or of degree 3 and oy, as € Autg(P?).
w(m)w(ay) = w(ag)w(rs) in G <= 1101 = asTs.
(3) Let 71,72, 73 € Ji all of degree 2, or 71,7 of degree 2 and 73 of degree 3,
and oy, az, az € Autg(P?).
w(r)w(ar)w(m) = wlas)w(rs)w(az) in G <= ma171 = azT30n.
Remark 2.8. Note that the group G is isomorphic to the quotient of the generalised
amalgamated product of Autg(P?), J, Jo along all intersections by the relations
in the above list.
Since Birg(IP?) is generated by Autg(P?), 7., J, (Corollary 2.6), there exists a
natural surjective group homomorphism Fs — Birg (P?) which gives rise to a group
homomorphism G — Birg(PP?), since all relations above hold in Birg (P?).

Proposition 2.9. The natural surjective group homormophism G — Birg(P?) is
an isomorphism.

The proof of Proposition 2.9 is quite long and technical, and we therefore prefer
to present it in the last section. The proposition (and its proof) is independent of
all the other results proven in this article. The method used in the proof has been
described in [Bla2012], [Isk1985] and [Zim2015], and is to study linear systems and
their base-points.

We now give some further notation used throughout the article.

Definition 2.10. Let f € Birg(IP?) and p be a point that belongs to P? as a proper
or infinitely near point. Assume moreover that p is not a base-point of f. We define
a point f,(p), which will also be in P2 or infinitely near. For this, take a minimal

resolution of f
S
PR
!

PZ—- - —=—-- > P2
where 11, v5 are sequences of blow-ups. Since p is not a base-point of f it corresponds
via 11 to a point of S or infinitely near. Using v» we view this point on P2, again
maybe infinitely near, and call it fo(p).

Remark 2.11. Note that f, is a one-to-one correspondence between the sets
(P? U {infinitely near points})\ {base-points of f} and
P2 U {infinitely near points base-points of f~1
y

Furthermore, if p is a base-point of a linear system A of multiplicity m that is not
base-point of f, then fq(p) is a base-point of f(A) of multiplicity m [AC2002, §4.1].
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Definition 2.12.
(1) Let C C P? be an irreducible (closed) curve, f € Birg(IP?) and Bp(f) the
set of base-points of f. We denote by

f(C) = f(C\ Bp(f))
the (Zariski-) closure of the image by f of C' minus the base-points of f,

and call it the image of C by f.
(2) Throughout the article, we fix the notation

pr:i=[1:9:0], p2:=1[0:1:4

for these two specific points of P2, because we will use them extremely
often.

(3) The following definition will be used for base-points of elements of 7. Let
n: X — P? be the blow-up of p1,p1, p2, 2. The morphism 7, := mon: X —
P! is a real conic bundle with fibres being the strict transforms of the conics
passing through py,...,Ds.

X
T[\L o
]P>2 -= - ]Pal

Let n': Y — X be a birational morphism and ¢ € Y. We define

Cq =75 (7o (1 ()))-
It is the conic passing through py, p1, p2, P2, 7' (q), which is irreducible or the
union of two lines. The latter case corresponds to 7.(n'(q)) € {[1 : 0],[0 :

1,11 1]}

3. A QUOTIENT OF J,

We first construct a surjective group homomorphism ¢o: Jo — @y Z/2Z and
then (in Section 4) use the representation of Birg(P?) by generators and relations
(Proposition 2.9) to extend ¢, to a homomorphism ¢: Birg(P?) — @y Z/2Z. Both
quotients are generated by classes of standard quintic transformations contained in
Jo, as we will see from the construction in Subsection 3.2.

In order to construct the surjective homomorphism J, — @y Z/2Z, we first need
some additional information about the elements of J,, such as their characteristic
(Lemma 3.1) and their action on the pencil of conics passing through p1, p1, p2, P2
(Lemma 3.7).

3.1. The group J,. The next lemmata state the characteristic and some other
properties of the elements of J, (recall that for f € Birg(P?), the characteristic of
f is the sequence (deg(f);mS*,...,my*) where mq, ..., my are the multiplicities of
the base-points of f and e; is the number of base-points of f which have multiplicity
m; (see [AC2002, Definition 2.1.7])). We will use these properties to obtain the
action of J, on the pencil of conics through ps,...,p2. The information will be
used to construct the quotients. In Section 6 (proof of Proposition 2.9), we will use
the properties to study linear systems and their base-points in connection with the
relations given in Definition 2.7.
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Lemma 3.1. Any element of Jo of degree d > 1 has characteristic:

d—1" _a . .
d; — 277 |, if deg(f) is odd

and p1,...,Py are (the) base-points of multiplicity %, =1 o d=2,

d*> d—2° .
(d; 30 g 2%, 1), if deg(f) is even
) 2 2
Furthermore,
(1) no two double points are contained in the same conic through p1,p1, pe, P2,
(2) any element of Jo exchanges or preserves the real reducible conics Cy :=
Ly, po U L, 5, and Co := Ly, 5, U Ly, ,
(3) any element of Jo of even degree contracts one of the lines Ly, 5,, i € {1, 2}
onto a point on a real conic different from Cy,Cs.

Proof. Let f € J, be of degree d > 1. Let C be a general conic passing through
p1,P1, P2, P2. By definition of 7, the curve f(C) is a conic through p1,p1,p2, Po.
Let m(q) be the multiplicity of f at the point g. Computing the intersection of C
on the blow-up of the base-points of f with the linear system of f gives the degree
of f(C):

2 = deg(f(C)) = 2d = 2m(p1) — 2m(p2) = (d — 2m(p1)) + (d — 2m(p2))-

Applying Bézout to the line through p;, p;, we obtain that d > 2m(p;), i = 1, 2.
If d — 2m(p1) = d — 2m(p2) = 1, then

d—1
m(pl) = m(p2) = 5
Else, d — 2m(p;) = 0, d — 2m(p3—;) = 2 for some i € {1,2}, and so
d d—2 .
m(p;) = 9 m(ps—;) = — ie{1,2}.

Let g be a base-point of f not equal to pi,p1,p2, P2 and C; its associated conic
through p1, p1, p2, P2 (see Definition 2.12). Then 2 > deg(f(C,)) > 0 and

0 < deg(f(Cy)) < 2d —2m(p1) — 2m(p2) —m(q) =2 —m(q) <2

In particular, m(q) € {1,2}. Let D be a general member of the linear system of f.
The genus formula
(d—1)(d-2) m(g)(m(q) — 1)
—g(D) =" N4 mig\mg) — 1)
0=4g(D) 5 > 5

q base-point of f

and m(q) € {1,2} for all base-points ¢ of f different from pq, p1, p2, P2 imply that

(d-1)d-2) _ Qi m(pi)(m(p:) ~ 1)
=1 2

2 + |{base-points of multiplicity 2}|

and in particular that

=1 dodd
%7 d even

|[{base-points of multiplicity 2}| = {
It follows from the Noether equalities that f has exactly one simple base-point if d is
even and none otherwise. This yields the characteristics. Bézout’s theorem implies

that no two double points are contained in the same conic through pi, p1, p2, p2. The
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conics Cy = Ly, p, ULp, 5o, C2o = Ly, 5, ULp, p,, C3 := Ly, 5, UL, 5, are the only
reducible conics through pyq, ..., P2, and Cy,Cy each consist of two non-real lines
while C'3 consists of two real lines. If f has even degree, it contracts the line L,, 5,,
where m(p;) = g, onto the base-point of f~1 of multiplicity 1, and no other line is
contracted (because f~! has only one base-point of multiplicity 1). Because of this
and the multiplicities of the base-points of f, f sends Ly, »., Ly, 5;,% # j, onto non-
real lines. This is also true if f has odd degree (simply because of the multiplicities of
its base-points). Thus f preserves or exchanges Cy,Csy. In particular, the induced
automorphism f of f on P! does not send 7,(C3) onto either of mo(Cy), 7 (Ch).
It follows that if f has even degree, the point f(Lp, 5,) is contained in the conic
717 (f(1.(Cs))) # C1,Cy. In particular, the simple base-point of f~! (which is
f(Lp;,5:)) is not contained in Cy, Cy. By symmetry, the same holds for f. O

Remark 3.2. The group J, contains standard quintic transformations (Lemma 2.5).
Remark that o1: [x :y: 2] --» [z2 : yz : 22 + 3?] is contained in Jo.

The linear map [z : y : 2] — [z : —y : 2] exchanges p; and ps (and p; and ps),
and the linear map [z : y : z] — [—x : y : 2] exchanges p; and p; and fixes py. Both
are contained in Autg(P?) N 7.

Lemma 3.3. For any q € P?(R) not collinear with any two of {p1,P1, 2, P2} except
maybe the pair (pa, P2), there exists f € Jo of degree 2 with base-points p1,p1,q.
In particular: Let f € Jo of even degree d, the points p;,p; its base-points of
multiplicity % and r its simple base-point or the proper point of P? to which the
simple base-point is infinitely near.
Then there exists T € Jo of degree 2 with base-points p;, p;,r.

Proof. Since ¢ is not collinear with p;,p;, there exists a € Autg(P?) that sends
p1,D1,q onto p1,P1,[0 : 0 : 1]. Let ¢ := (o1a)®(p2). The quadratic transformation
o1« has base-points p1,p1,q and sends the pencil of conics through p1,p1, p2, P2
onto the pencil of conics through py,p1,t,t. By assumption, the point p, is not on
the lines Ly p,, Lq5, and thus t,¢ are proper points of P? that are not collinear
with py,p1. There exists 8 € Autg(P?) that fixes py,p; and sends ¢, onto pa, pa.
The quadratic transformation Soia has base-points p1,p1,q and sends the pencil
of conics through p1, p1, p2, P2 onto itself, i.e. is contained in .

Let f € J, of even degree d, p;, p; its base-points of multiplicity g and r its simple
base-point or the proper point of P? to which the simple base-point is infintely near.
By Bézout, r,p;, p; are not collinear and by Lemma 3.1 the points r, p;, ps—; and
T, Di, P3—i are not collinear. Hence there exists 7 € J, of degree 2 with base-points
T, Di, Di- o

To prove the next lemma (Lemma 3.6), we are forced to introduce another kind
of quintic transformation, which is just a degeneration of standard quintic transfor-
mations. They will pop up again in Section 5, where we look at relations between
quadratic and standard quintic transformations in order to prove that the kernel of
the Abelianisation map is equal to the normal subgroup generated by Autg(P?).

Definition 3.4. We define a type of real birational transformation called special
quintic transformation.

Let q1,q1, 2, G € P? be two pairs of non-real points of P2, not on the same line.
Denote by 71 : X; — P2 the blow-up of the four points, and by E1, £y C X; the
curves contracted onto ¢, G respectively. Let g5 € E; be a point, and g3 € F its
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conjugate. We assume that there is no conic of P? passing through q1, G1, ¢2, @2, g3, G3
and let mo: Xo — X3 be the blow-up of g3, g3-

On X, the strict transforms of the two conics C,C of P? passing through
41, Q15 492, 32, g3 and q1, @1, G2, G2, G3 respectively, are non-real conjugate disjoint (—1)
curves. The contraction of these two curves gives a birational morphism 7y: X5 —
Y1, contracting C, C' onto two points r3,73. On Y] we find two pairs of non-real (—1)
curves, all four curves being disjoint. These are the strict transforms of the excep-
tional curves associated to qi, G, and of the conics passing through q1,q1, q2, ¢3, g3
and q1, 1, G2, q3, 3 respectively. The contraction of these curves gives a birational
morphism 7; : ¥Y; — P? and the images of the four curves are points rq,7;,7s, 7o
respectively. The real birational map ¥ = mne(mim2) "1 : P2 ——» P? is of degree 5
and called special quintic transformation.

Remark 3.5. Let 6 be a special quintic transformation and keep the notation of
its definition. With similar argument as for the standard quintic transformations
(Lemma 2.3) one shows that qi,...,q3 are the base-points of §, and are of multi-
plicity 2. Furthermore, 6 sends the pencil of conics through g1, q1, g2, G2 onto the
pencil of conics through rq,71, 79,72 and 6 € Aut(P?(R)).

Lemma 3.6. The group J, is generated by its linear, quadratic and standard quintic
elements.

Proof. Let f € J,. We use induction on the degree d of f. We can assume that
d>2.

e If d is even, it has a (real) simple base-point. Denote by r the simple base-
point of f or, if the simple base-points is not a proper point of P2, the proper point
of P? to which the simple base-point is infinitely near to. Let p;,p;, i € {1,2} be
the points of multiplicity g (Lemma 3.1). By Lemma 3.3 there exists a quadratic
transformation 7 € J, with base-points p;, p;, 7. The map fr~! € 7, is of degree
<d-1.

e Suppose that d is odd and has a real base-point ¢q. By Lemma 3.1, the points
q, p1, p2 are of multiplicity 2, %7 % respectively. We can assume that ¢ is a proper
point of P? (since no real point is infinitely near py,...,p2). By Bézout, ¢ is not
collinear with p;,p;, ¢,j € {1,2}, and so there exists 7 € J, of degree 2 with
base-points ¢, p1,p1 (Lemma 3.3). The map fr~! € J, is of degree d — 1.

e Suppose that d is odd and has no real base-points. If it has a double point
q different from py, ..., Ps which is a proper point of P? then p1, py1, p2, Po, q, § are
not on the same conic (Lemma 3.1). In particular, there exists a standard quintic
transformation 6 € J, with those points its base-points (Definition 2.2, Lemma 2.5).
The map f0~! € J, is of degree d — 4.

If it has no double points that are proper points of P2, there exists a double point
q infinitely near one of the p;’s. By Bézout, p1, p1, p2, P2, g, are not contained on
one conic, hence there exists a special quintic transformation 6 € J, with base-
points p1, 1, P2, P2, ¢, ¢ (Definition 3.4). The map f0~! € 7, is of degree d — 4. By
[BM2012, Lemma 3.7] and Remark 3.2, 6 is the composition of standard quintic
and linear transformations contained in 7. O

Recall that for each element f € 7, there exists f € Autg(P!) such that fo
7o = To o f (Definition 2.1). This induces a group homomorphism J, — Autg(P!)
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given by f — f (see Definition 2.1). The next Lemma states that this action
corresponds to a real scaling and that every scaling can be realised by a quadratic
transformation. The cubic and standard quintic transformations scale by +1.

Lemma 3.7. The action of J, on P! gives rise to a surjective homomorphism
Jo = (Rso)* X Z/2Z

where (Rs0)* € PGL2(R) is given by diagonal maps [ : y] — [ax : ay], a,b €
(Rs0)* and Z/2Z is generated by [z : y] — [y : z].

Moreover, any element of (Rsq)* is the image of a quadratic element of Jo and
Z/2Z is the image of a linear element.

Furthermore:

e The cubic transformations are sent onto (1,0) if they contract Ly, 4 onto p; or
Di, © = 1,2, where q is the double point, and onto (1,1) otherwise.

e The standard quintic transformations are sent onto (1,0) or (1,1).

Proof. There are exactly three real reducible conics passing through p1, p1, p2, D2,
namely

Cy = Ly, ps U Lp, 5, Cy = Ly, 52 YU Lpy ps Cs = Ly, 5, U Lp, 55
and their images by 7, : P? --» P! are
To(C1) =1[0:1], 7(C2)=[1:0], m(Cs)=1[1:1].

Let f € J, and f the induced automorphism on P'. By Lemma 3.1, f preserves
or exchanges Cy,Cy, which yields that f is of the form f: [u : v] = [au : bv] or
fifu:v] = [av: bu], a,b € R*, where [a: b] = f(m0(C3)) = mo(f(Cs3)). This yields
a homomorphism

v Jo = R X Z)2Z.

Lets show that the image of ¢ is (Rso)* x Z/27Z and that any element of (Rs¢)* is
the image of a quadratic transformation.

By Lemma 3.6, the group J, is generated by its linear, quadratic and standard
quintic elements. The map v: [z : y: 2] = [—z : y : 2] induces §: [u: v] = [v: u],
i.e. ¥(y) = (0,1). The linear transformations send lines onto lines, and hence are
sent by ¢ onto (1,0) or (1,1). The standard quintic transformations preserve the
set {C1, Cq,Cs} and are hence sent onto (1,0) or (1,1). Let 7 € J, be a quadratic
transformation. It has base-points p;, p;, ¢, for some i € {1,2}, and sends p3_;, P3—;
onto proper points of P2. In particular, ¢ is not collinear with any two of p1, 1, p2, Do
except maybe p3_;, p3—;. It follows that ¢ € P2(R)\ {[1:0:1],[1:0: —1]}. On the
other hand, take ¢ = [a : b: 1] € P2(R)\ {[1 : 0: 1],[1 : 0 : —1]}. Then ¢ is not
collinear with any two of pi1,p1,p2, D2, except maybe ps, po. By Lemma 3.3 there
exists a quadratic transformation 7 € J, with base-points ¢, p1, p1-

We have 7,(771(C3)) = mo(q) = [b2 + (a + 1)? : b + (a — 1)?], which is not
equal to [0 : 1],[1 : 0]. In particular, ¥(77!) € (Rso)* x Z/2Z, and it follows that
Y(JTo) C (Rs0)* x Z/2Z.

Note that pr;(¢(7)) = mo(g), so the image by (pr; o)) of the set of quadratic
elements of 7, is equal to the image by 7, of the set P2(R)\ {[1:0:1],[1:0: —1]}.

Claim: 7o( P2(R)\ {[1:0:1],[1:0: 1]} ) ={[a: 1] € P*(R) | @ > 0} ~ Rxq:
The set of points where mo: [z : y : 2] —=» 2 + (x +2)? : % + (z — 2)?] is not
defined is {p1, p1, p2, P2}, hence m, is defined on P?(R) and continuous on it. Thus
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C

.
“P3

P <<< X\ X(R)
P
2\ m2 P3 /
P2\ P*(R) .
P2 \r:

b1

Cra D Ps P!\ PL(R)

mo(ps) = [a+ib: 1] R

[0:1]

FIGURE 1. The map v (Definition 3.8)

7o(P2(R)) is a connected subset of {[a : 1] € PY(R) | a > 0} U {[1 : 0]} C P(R).
The claim now follows with mo([1:0:1]) =[1:0] and mo([1:0: —1]) =[0: 1].

In conclusion, every element of (R~ ()* is the image of a quadratic element of 7o,
and 1 has image (Rs¢)* x Z/2Z.

To complete the proof of the lemma, remark that cubic transformations preserve
C'3 and they preserve Cy, C if they contract Ly, 4 onto p; or p;, i = 1,2, where ¢ is
the double point. a

3.2. The quotient. Using Lemma 3.7, we now construct a surjective group homo-
morphism J, — Py Z/2Z.

Definition 3.8. Let f € J. For any non-real base-point ¢ of f, we have 7,(Cy) =
[a+ib: 1] and 7, (Cy) = [a — tb : 1] for some a,b € R, b # 0 (see Definition 2.12 for
the definition of C;;). We define

a
v(Cy) = — €R.
( q | b |
Note that v(Cy) = v(Cj). Moreover, v(Cy) = v(Cy) if and only if 7,(Cy) =
Ao (Cyr) or 76 (Cy) = Amo(Cyr) for some A € R*.
Definition 3.9. We define e5 € ®rZ/27Z to be the "standard vector” given by

(e5)e = {1, d=¢

0, else

Definition 3.10. Let f € J, and S(f) be the set of non-real conjugate pairs of
base-points of f different from p,...,p2. We define

vor Jo — EPZ/2Z,  fr— > enc,
R (2,9)€S(f)
which is a well defined map according to Definition 3.8.

Remark 3.11. The following remarks directly follow from the definition of .
(1) If S(f) =0, then po(f) = 0.
(2) For every f € J, of degree < 4 the set S(f) is empty (follows from its
characteristic; Lemma 3.1), hence in particular ¢q(f) = 0.
(3) Let 0 € J, be a standard quintic transformation. Then [S(f)| = 1 and
©vo(0) is a "standard vector”.
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(4) It follows from the definition of standard quintic transformations (Defini-
tion 2.2) that for every 6 € R there exists a standard quintic transformation
0 € J, such that ¢.(0) = es.

(5) Let 61,05 € J, be standard quintic transformations and S(6;) = {(¢, @)},
i1 =1,2.1f Cy, = Cy, (or Cy, = Cyg,), then ¢o(61) = @o(62).

(6) Let & € J, be a standard quintic transformation. Let S(6) = {(q1,q1)}
and S(0~!) = {(g2,@)}. Since # induces Id or [z : y] = [y : z] on P!
(Lemma 3.7), it follows that v(Cy,) = v(Cy,) and in particular ¢.(0) =
po(671).

(7) Let f € Jo and C be any non-real conic passing through pi,...,p2. The
automorphism f on P! induced by f is a scaling by a positive real number
(Lemma 3.7), thus v o f = v. In particular,

Cu(f(C)) = Cu(f(c)) = Cv(O)-
Let us finally prove that ¢, is a homomorphism of groups.

Lemma 3.12. The map ¢o: Jo = @ Z/27Z is a surjective group homomorphism
and its kernel contains all elements of degree < 4.

Proof. 1t suffices to show that ¢, is a group homomorphism: the surjectivity and
the assertion on the kernel then follow from Remark 3.11 (2) and (4).

Let f,9 € Jo. We want to show that ¢o(fg) = ©o(f) + ¢o(g). The group Jo
is generated by its linear, quadratic and standard quintic elements (Lemma 3.6),
so we can assume that f is a linear, quadratic or standard quintic element of 7.
In particular, S(f) is empty if f is linear or quadratic (Remark 3.11 (2)), and
|S(f)| =1if fis a standard quintic transformation.

Suppose that S(f) N S(g~") = 0, then S(fg) = S(g) U (g7 H)*(S(f)) [AC2002,
Corollary 4.1.14]. If S(f) = 0, we have ¢o(f) = 0 (Remark 3.11 (1)), S(fg) = S(g),

and in particular ¢o(fg) = ¢o(f) + wo(g). If S(f) # 0, then S(f) = {(¢.9)}. By
Remark 3.11 (7), we have

Cu(Cry—1ye(q) = Cr(g=1(Cq)) = Ev(Cy)

In particular,

eo(fO) = D ) = Oy )t D ey

(p.p)ES(f9) (p,p)ES(9)

=eyc, t Z ev(c,) = Po(f) +¢o(9)
(p,p)€S(9)

Suppose that ) # S(f) € S(g~!). Then f is a standard quintic transformation.
In order to make the argument a bit more simple, lets prove that ¢.(g~!f~1) =
©0o(g™Y) + @o(f~1), which will yield the claim (since po(h) = po(h~!) by Re-
mark 3.11 (6)). Let S(f) = {(¢,)}, S(f~1) = {(¢".d)}-

We claim that S((fg)™') = f*( S(g7)\ {(¢,9)}). Indeed, the multiplicity of
(fg)~! in ¢ is equal to the intersection of the strict transform of C, with the strict
transform of the linear system of g~ in the blow-up of g, §, p1, 1, p2, P in P2. Since
C, contains exactly one base-point of ¢! (Lemma 3.1), which is ¢, the intersection
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is precisely

misg)-1(q) = 2deg(g™") = 2my1 (p1) = 2mg-1 (p2) = Y my-i(r)
reCy

= 2deg(g) — 2(deg(g) — 1) —my-1(¢) =0

On the other hand, f does not touch the base-points of g~! different from ¢, , p1, p1, p2, P2-
It follows that S(g~'f~1) = f* ( S(¢~") \ {(¢,@)}) [AC2002, Corollary 4.1.14]. In
particular, we have by Remark 3.11 (6), (7)

eolg ' f ) = Z €v(C,) = Z €u,(Cp)
(p,p)ES(g= 1) (p.p)Ef*( S(g=)\{(a,d)})

(7 _
= > evcy) = Polg7") = euicy)

(p.p)€S(g= I\ (0,0}

= o0 = 2o(£) C polg™) + 0u(F )

4. A QUOTIENT OF Birg(P?)

Let wo: Jo = Dy Z/2Z be the map given in Definition 3.8. By Proposition 2.9,
the group Birg(P?) is isomorphic to G (see Defintion 2.7), which, according to
Remark 2.8, is the quotient of the free product Autg(P?)x* J. * Jo by the nor-
mal subgroup generated by all the relations given by the pairwise intersections of
Autg(P?), J., Jo and the relations (1), (2), (3) of Definition 2.7. Define the map

@O(f)v fejo

& Autg(P? ok To 7/27,
utr (P°) * T, * T H? / fH{o’ f € Autg(P*) U J.

It is a surjective homomorphism of groups because ¢, is a surjective homomorphism
of groups (Lemma 3.12).
We shall now show that there exists a homomorphism ¢ such that the diagram

Autg (P?) * J, * Jo —> G ~ Birg(P?)

lq) L 'av'éa‘
@, 2/27

is commutative, where 7 is the quotient map. For this, it suffices to show that
ker(m) C ker(®). We will first show that the relations given by the pairwise inter-
sections of Autg(P?), J,, J, are contained in ker(®) and then it is left to prove that
relations (1), (2), (3) are contained ker(®).

Lemma 4.1.

(1) Let fi € Autg(P?), fa € Jo such that w(f1) = w(f2). Then ®(f1) = ®(f2) = 0.
(2) Let f1 € Tx, f2 € Jo such that w(f1) = 7(f2). Then ®(f1) = ®(f2) = 0.

In particular, ® induces a homomorphism from the generalised amalgamated product
of Autg(P?), J., Jo along all pairwise intersections onto @y Z/27Z.

Proof. (1) We have 7(f1) = 7(f2) € Autg(P*)NT, C Jo. In particular, oo (7(fi)) =
0,7=1,2 (Remark 3.11, (2)), and so ®(f;) = ®(f2) = 0 by definition of ®.
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(2) Lets first figure out what exactly J. N J, consists of. First of all, it is not
empty because the quadratic involution

iz iy 2] - [P 427wy a2

is contained in it. Let f € J. N J, be of degree d. By Lemma 3.1, its characteristic
is (d; %47 2451) or (d; %2, %2, 257, 1). Since f € J., it has characteristic (d;d —
1,1%24=2) If follows that d € {1,2,3}.

Linear and quadratic elements of 7, are sent by ¢, onto 0 (Remark 3.11 (2)).
Elements of 7, of degree 3 decompose into quadratic elements of 7, and are hence
sent onto zero by ¢, as well. In particular, ®(f1) = ®(f2) = 0.

Since ®(Autg(P?)) = ®(J.) = 0, (1) and (2) imply that ® induces a homo-
morphism from the generalised amalgamated product of Autg(P?), s, J, onto

Py Z./27. O

Lemma 4.2. Let § € J, be a standard quintic with S(0) = {(¢,4)}, S(01)
{7

Let ag,ap € Autg(P?) that fix p1 and send q (resp. q') onto pa. Then ¢ =
aqze(aq)_l € Jo is a standard quintic transformation and

0(0) = ®(agb(ag) ") = 0(0)
Note that the statement still holds if we write py instead of py.

Proof. Remark that
S0 = { (aq(p2), aq(p2)) }.
Hence we need to show that
(0) = po(8') = evc = ey(c,) = po(0) = 2(0).

To do this, it suffices to show that 7, (Cq, (p,)) = Ao (Cy) or T6(Co, (py)) = AT6(Cy)
for some A € R*. For this, we need to understand the map a4. So, we study the
non algebraic mapping

B PO\ {z= 0} — PAC)\ {z=0}, ¢ ay(p2)

which we can describe, via the parametrisation

uq(;vz))

12 R2 5 P(QC), (u,v,z,9) — [u+iv:z+iy: 1],

by the real birational involution

P:RY - RY (w0, 3, y) m-» <Ud_ vro v uvtay Y ) .

2y 02ty 02 g2 0t yP
The domain of ¢ is R*\ {v =y = 0} = ¢~ (P%(C) \ ({# = 0} UP*(R))). To under-
stand ¢(Cy \ {z = 0}), we use the parametrisation
par: C — C, \ {z =0},
(=D + )N+ p) i+ pt? + 20 — 2ut + X+ ) 1}

t— :
AMApt+A—p A4 pt -+ —p
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which is the inverse of the projection of C; centred at p;. This yields the commu-
tative diagram

G\ {2 = 0)) — = (i (Cy \ {2 = 0))

) ]

C\ {2 =0} — 2 = g(Cy\ {z =0} =5 P!

e i

The map (7, o % o par) is given by

—PQq(2,y) | —vQq(z,y)
A +p%) AP +r?)
where p,v € R are the real coordinates of m,(Cy), i.e. m(Cy) = [p+ v : ¢,

and Qq(x,y) € Rlz,y] is of degree 2. This shows that the points 7,(Cy) and

—Qq(z,y)
4(I/2+[12) 9

par

C

T+ 1y — [

which yields the claim.
O

To(Cla,)~1(p)) are equal up to multiplication by

Recall the definition of the homomorphism

wo(f), feds

. 2
[N AutR(P )*j* * Jo — ?Z/2Z> f — {0, f c AutR(PQ) U J.

Proposition 4.3. The homomorphism ® induces a surjective homomorphism of
groups

¢: Birg(P*) — @ Z/22
R

which is given as follows:
Let f € Birg(P?) and write f = fn--- f1, where f1,..., fn € Autg(P2)UJ. U Js.
Then o(Autg(P?) U J.)) = 0 and
() =D 2(f) = wo(fi)
i=1 fi€Jo
Its kernel ker(¢) contains all elements of degree < 4.
Proof. Let 7: Autg(P?) * J, * Jo — G =~ Birg(P?) be the quotient map (Re-

mark 2.8). We want to show that there exists a homomorphism ¢: Birg(P?) —
@Dr Z/27 such that the diagram

Autg(P?) * J, * Jo — G ~ Birg(P?)

P

e 3.;0
>

PDz/2z

R
is commutative. For this, it suffices to show that ker(w) C ker(®). By Lemma 4.1, ®
induces a homomorphism from the generalised amalgamated product of Autg (P?), Jx, Jo
along all intersections onto Py Z/2Z. So, by Remark 2.8 it suffices to show that ®
sends the relations (1), (2), (3) in Definition 2.7 onto zero.
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Linear, quadratic and cubic transformations in J, and the group J. are sent
onto zero by ¢ (definition of ® and Remark 3.11 (2)), hence relations (2) and (3)
are contained in ker(®). So, we just have to bother with relation (1):

Lets 601,02 € J, be standard quintic transformations, a1,y € Autg(P?) such
that

02 = agbron
If a1, g are contained in Jo, then ®(agf1a1(02) 1) = @o(aafian(fe) ™) = 0o (Id) =
0.

So, lets assume that ai,as ¢ J, and define q := (q,q) for ¢ € P2 Denote
S(01) = {ps}, S((#1)™1) = {pa}. There exist i,j € {1,2,3} such that (a;)~1(p;) =
p1, (1) (p;) = p2. Since oy ¢ Jo, we have 3 € {i, j}. By Remark 3.2 there exist
B,7 € Jo N Autr(P?) such that (a7 '87")(p1) = p1 and (a2y)(p1) = p1. We obtain
that (Ba1)™1(ps) € p2 and (a27y)(ps) € p2. It follows from Lemma 4.2 that

D(03) = @ ((27) (v 0187 (Ban)) = @(61),
i.e. @ sends relation (1) onto zero. The surjectivity of ¢ follows from the surjectivity
of po (Lemma 3.12).
If f € Birg(P?) is of degree 2 or 3 there exists o, 3 € Autg(P?) such that
Bfa € J.. Hence ¢(f) = 0. If deg(f) = 4, f is a composition of quadratic maps,
hence ¢(f) = 0. a

Let X be a real variety. We denote by X (R) its set of real points of and by
Aut(X(R)) C Bir(X) the subgroup of transformations defined at each point of
X (R). It is also called the group of birational diffeomorphisms of X, and is, in
general, strictly larger than the group of automorphisms Autg(X) of X defined
over R. The group Aut(P2(R)) is generated by Autg(P?) and the standard quin-
tic transformations [RV2005, BM2012]. Until now no similar result was found for
Aut(A2(R)).

Corollary 4.4 (Corollary 1.4). There exist surjective group homomorphisms

Aut(P*(R)) —» P z/2Z,  Aut(A*(R)) » P z/22.

Proof. We identify A?(R) with P2(R)\ L,, 5,. All quintic transformations are con-
tained in Aut(P*(R)) (Lemma 2.3) and preserve C3 := Ly, 5, U Ly, 5,. For any

standard quintic transformation 6 there exists a permutation « of py,...,ps such
that af preserves Ly, 5,, i = 1,2, i.e. is contained in Aut(A2(R)). Therefore, the
restriction of ¢ onto Aut(P?(R)) and Aut(A2(R)) is surjective. O

Corollary 4.5 (Corollary 1.5). For any n € N there is a normal subgroup of
Birg (P?) of index 2" containing all elements of degree < 4.
The same statement holds for Aut(P?(R)) and Aut(A2(R)).

Proof. Let prs, ... 5. @gZ/2Z — (Z/2Z)" be the projection onto the 1, ..., d,-th
factors. Then prs, . s, © ¢ has kernel of index 2" containing ker(¢) and thus all

elements of degree < 4. By Corollary 1.4, the same argument works for Aut(P%(R))
and Aut(A%(R)). O

Lemma 2.5 and Theorem 2.4 imply that Birg (P?) is generated by Autg(P?), a1, o9
and all standard quintic transformations in 7,. This generating set is not far from
being minimal:
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Corollary 4.6 (Theorem 1.1). The group Birg(P?) is not generated by Auty(P?)
and a countable family of elements.

Proof. If Birg(PP?) was generated by Autr(P?) and a countable family {f,}nen of
elements of Birg(P?) then by Proposition 4.3, the countable family would yield a
countable generating set of GgZ/2Z, which is impossible. d

Note that the same argument works for Aut(P2(R)) and also for Aut(A2(R)) if we
replace Autgr (P?) by the subgroup of affine automorphisms of A%, which corresponds
to Autg(P?) N Aut(A%(R)).

Corollary 4.7 (Corollary 1.6). The normal subgroup of Birg (P?) generated by any
countable set of elements of Birg(P?) is a proper subgroup of Birg (P?).
The same statement holds for Aut(P?(R)) and Aut(A%(R)).

Proof. Let S C Birg(P?) be a countable set of elements. Its image 7(S) C Py Z/2Z
is a countable set and hence a proper subset of @y Z/27Z. Since 7 is surjective
(Proposition 4.3), the preimage 7~1(7(S)) € Birg(P?) is a proper subset. The
group ®rZ/2Z is Abelian, so the set 7~!(7(S)) contains the normal subgroup of
Birg (P?) generated by S, which in particular is a proper subgroup of Birg(P2). O

Remark 4.8. The group homomorphism ¢: Birg(P?) — @y Z/2Z does not have
any sections: If it had a section, then for any k € N the group (Z/27)* would embed
into Birg(P?), which is not possible by [Beu2007].

Remark 4.9. Over C, the group Jo is conjugate to J. (f.e. by any quadratic
transformation having base-points pi, Py, p2 and sending ps onto [1 : 0 : 0]). This
is not true over R: By Proposition 4.3, one is contained in ker(yp) and the other is
not.

Remark 4.10.

(1) No proper normal subgroup of Birg(IP?) of finite index is closed with respect
to the Zariski or the Euclidean topology because Birg(PP?) is connected with respect
to either topology [Bla2010].

(2) The group Birc(P?) does not contain any proper normal subgroups of count-
able index: Assume that {Id} # N is a normal subgroup of countable index. The im-
age of PGL3(C) in the quotient is countable, hence PGL3(C)NN is non-trivial. Since
PGL3(C) is a simple group, we have PGL3(C) C N. Since the normal subgroup
generated by PGL3(C) is Birc(P?) [Giz1994, Lemma 2], we get that N = Birc(P?).

Lemma 4.11. The normal subgroup of Birc(IP?) generated by any non-trivial ele-
ment of of degree < 4 is equal to Birc(P?).

Proof. The claim is stated in [Giz1994, Remark on Lemma 2, p. 42] for degree < 7
but only a partial proof is given, which works for all transformations preserving a
pencil of lines [Giz1994, Lemma 2].

(deg 1:) For degree 1, it is the fact that the normal subgroup generated by
PGL;3(C) is equal to Birg(P?) [Giz1994, Lemma 2, Case 1 of proof].

(deg 2, 3:) Let f € Birg(IP?) be of degree 2 or 3. There exists a proper base-point
q (resp. ¢') of f (vesp. f~1) such that f sends the pencil of lines through ¢ onto
the pencil of lines through ¢’. Pick o € PGL3(C) that exchanges ¢, ¢' and such that
fa=lfa #1d. ThenId # fa~! fais contained in the normal subgroup generated by
f and preserves the pencil of lines through ¢’. Hence the normal subgroup generated
by f is Birc(P?) [Giz1994, Lemma 2].
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(deg 4:) If the transformation has a triple base-point, we prove the claim with a
similar argument as above. For transformations without triple points, despite the
idea of proof in [Giz1994, Remark on lemma 2], we only succeeded to show the
claim with a lot of effort and a rather long case by case study depending on the
configuration of the base-points. |

5. THE KERNEL OF THE QUOTIENT

In this section, we prove that the kernel of ¢: Birg(P?) — g Z/2Z is the
normal subgroup generated by Autg(P?), which will turn out to be the commutator
subgroup of Birg(P?). It implies that the quotient ¢: Birg(P?) — Py Z/2Z is in
fact the Abelianisation of Birg(P?).

For this, we will again use the presentation of Birg (P?) in terms of generators and
relations given in Proposition 2.9. We will see that ker(y) is the normal subgroup
generated by Autg(P?), J. and ker(yp), and then it suffices to prove that J, and
ker((p,) are contained in the normal subgroup generated by Autg(P?).

The key idea is to show that if two standard quintic transformations 6,6 are
sent by ¢, onto the same image, then 65 can be obtained by composing 6; with a
suitable amount of quadratic elements, which will imply that 6, (f2)~! is contained
the normal subgroup of Birg(P?) generated by Autg(P?). For this to be useful, we
need to be able to put the quintic elements next to each other when decomposing
an element of J, into quadratic and standard quintic elements. To do this we need
to sidle off to involve special quintic transformations (see Definition 3.4), which is
why they pop up again in this section.

More precisely, Lemma 5.6 shows that if two standard or special quintic trans-
formations in J, have the same image via ¢,, we can obtain one from the other
by composing with a suitable amount of quadratic transformations in J,. We then
show that every quadratic transformation in Birg(P?) is contained in the normal
subgroup generated by Autg(P?) (Lemma 5.8). Lemma 5.9 shows that J, is con-
tained in the normal subgroup generated by Autg(PP?). All of this will yield that
that the kernel of ¢ is indeed the normal subgroup generated by Autg(PP2) (Propo-
sition 5.13)

Definition 5.1. We denote by ((Autg(P?))) the normal subgroup of Birg(P?) gen-
erated by Autg(P?).

5.1. Geometry between cubic and quintic transformations. One idea in the
proof that ker(y) = ((Autr(P?))) is to see that if two standard quintic transfor-
mations are sent onto the same standard vector in @y Z/2Z, then one is obtained
from the other by composing from the right and the left with suitable cubic maps,
which in turn can be written as composition of quadratic maps. For this, we first
have to dig into the geometry of cubic maps.

Remark 5.2. Let f € J, of degree 3 and r € P2(R) its double point. The points
D1, - .-, P2 are base-points of f of multiplicity 1 (Lemma 3.1). Note that for i € {1, 2},
the map f contracts the line passing through r, p; onto one of py, p1, p2, p2 and that
by Bézout the (real) double point is not collinear with any two of p1, p1, p2, Pa.

Lemma 5.3. For every r € P2(R) not collinear with any two of p1, p1,pa, Do there
exists f € J, of degree 3 with base-points r,p1,p1,p2, P2 (with double point r).
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n(E2)

n(E2)

n(E1)

FIGURE 2. The cubic transformation of Lemma 5.4

Proof. Since r is not collinear with any two of pi, p1,p2, P2, there exists 71 € Jo
quadratic with base-points 7, p1, p1 (Lemma 3.3). The base-points of its inverse are
s, p;, p; for some s € P?(R) and 7 € {1,2}. We can assume that i = 1 by exchanging
p1,p2 if necessary (Remark 3.2). Since r, pa, P2 are not collinear, also s, pa, P2 are not
collinear because 7 sends the lines through r onto the lines through s and preserves
{pa, P2 }. Moreover, s is not collinear with p, po because (1, ')e(p2) € {pa, P2} is a
proper point of P?. Hence there exists 5 € J, of degree 2 with base-point s, p, Pa
(Lemma 3.3). The map 7271 € J, is of degree 3 with base-points r, p1, p1, p2, P2. O

Lemma 5.4. Let ¢ € P*(C) \ {p1,p1,p2, P2} be a non-real point such that Cy =
751 (mo(q)) is irreducible. Then there exists a real point r € P2(C) and f € J, of
degree 2 or 3 with v among its base-points such that

(1) f(Cy) =,
(2) fo(g ) is infinitely near py corresponding to the tangent direction of f(Cy)
(3) either deg(f) =3 and C, is irreducible or deg(f) =2 and C, is singular.
(4) q € LT‘ P2 -

Proof. Let L be the line passing through g, p2. Since Cy is irreducible, ¢ is not
collinear with any of py, p1, p2, Pa. It follows that L # L, and so L and L intersect
in exactly one point r, which is a real point.

If r is not collinear with any two of py,p1, p2, P2, then Lemma 5.3 states that
there exists f € J, of degree 3 with singular point r. The line L is contracted onto
pi or p;, i € {1,2}. By composing with elements of Autg(PP?) N J,, we can assume
that L is contracted onto p; and that f preserves the conic Ly, ,, U Lj, p,, and
thus induces the identity map on P* (Lemma 3.7), and therefore preserves Cq. It
follows that f*(g) is infinitely near p; and corresponds to the tangent direction of
f(Cq) = Cy.

If r is collinear with two of p1, p1, p2, P2, it is collinear with p1, p1 and not collinear
with any other two. Lemma 3.3 implies that there exists f € J, of degree 2 with
base-points 7, pa, P2, and we can choose f such that the line L (through g¢,ps,7) is
contracted onto p; (then f({p1,p1}) = {p2,P2}) and such that f(p1) = p2. Then
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fo(g) is infinitely near p;. We claim that f(Cy) = Cy: Call f the automorphism
of P! induced by f. We calculate f~! (cf. proof of Lemma 3.7). Since f(Lpyps) =
L, pos We see that f=1: [u: 0] = [(17 4 (ro + m2)®)u : (17 + (1o — 72)%)v], where
r =[rog: 71 :re]. Since r € Ly, 5,, we have ro = 0 and so f_l = Id. In particular,

f(Cq) = Cy. O

Remark 5.5. Let 61,02 € J, be special quintic transformations with S(0;) =
{(gi, @)} If Cyy = Cy, or Cy, = Cg,, then ¢1 = g2 or g1 = G2 respectively. In
particular, there exist o, as € Jo N Autg(P?) such that 8, = asf10.

Lemma 5.6. Let 01,0 € J, be standard quintic transformations with S(6;) =
{(gi,@)}, i =1,2. Assume that Cy, = Cyq, or Cyq, = Cg,.
Then there exist Ty,...,73 € Jo of degree < 2 such that 0y = 7g--- 150174+ - T1.

Proof. By exchanging the names of g2, 2, we can assume that Cy, = Cy,. It suffices
to show that there exist gi,...,94 € Jo of degree < 3 such that 05 = g493601 9292,
since every element of 7, of degree 3 can be written as a product of two qudratic
elements of J,. We give an explicit construction of the g;’s.

According to Lemma 5.4 there exist for ¢ = 1,2 a real point r; and f; € J, of
degree d; € {2,3} with base-point r; such that f; preserves Cy, and ¢; := (fi)e(qi)
is infinitely near p; corresponding to the tangent direction of Cy, and that ¢; €
L., 5, =: L. Since C,, is real, r; is not on a conic contracted by 6;, and so s; :=
(0:)e(r;) = 0;(r;) is a proper point of P2.

If Cy, is irreducible (and hence d; = 3), then r; is not collinear with any two of
P1,...,P2, and so s; is not collinear with any two of p1,...,ps either. Therefore,
there exists h; € Jo of degree 3 with singular base-point s; (Lemma 5.3). If C,,
is singular (and hence d; = 2), then r; € Ly, 5, and so s; € 0;(Lp, 5,) = Ly, p,
for some j € {1,2}. Therefore, there exists h; € J, of degree 2 with base-points
i, P3—j, P3—; (Lemma 3.3).

By composing h; with elements in J, N Autg(P?), we can assume that h; sends
the line 6;(L,, 5,) onto p; (Remark 5.2). Then h;0;(f;)”! € J, is of degree 5.
Its base-points are py, P1, P2, P2, (fi)e(qi), (fi)e(G:), where the latter ones are infin-
itely near py,p1 corresponding to the tangent direction of Cy,, Cg,. By Remark 5.5,
h101(f1)~! and hofs(f2) ! have exactly the same base-points, hence h16;(f1)~*

Bhabs(f2) " a for some a, B € Autg(P2)NTo. In particular, 0y = (he) 187 h161(f1)?
O

The claim follows with g1 = a1 fa, g2 = (f1)7%, g3 = B~ 1hy, g4 = (ha) L.

Lemma 5.7. Let 01,05 € Jo be a standard and a special quintic transformation
respecitvely with S(0;) = {(¢:, @) }. Assume that Cyy = Cy, or Cy, = Cyg,.
Then there exists T1,...,74 € Jo of degree < 2 such that 0o = 147301727 .

Proof. By exchanging the names of ¢1, G1, g2, G2, we can assume that Cy, = Cy, and
that g2 is infinitely near p;, i € {1,2}. By Lemma 5.4 there exists f € J, of degree
d € {2,3} such that f(Cy,) = Cy, = Cy, and fo(g1) is infinitely near p;. Let r be
the real base-point of f. Since r is real, it is not on a conic contracted by 6, and
50 (01)e(r) = 01(r) is a proper point of P2.

If C, is irreducible (i.e. d = 3), the conic 61(C;) = Cy(,) is irreducible as well. By
Lemma 5.3 there exists g € J, of degree 3 with double point 6, (7). If C, is singular
(i.e. d = 2), the conic 61 (C;) = Cy(y is singular as well. By Lemma 3.3 there exists
g € Jo of degree 2 with 6(r) among its base-points.

L.
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The map g f ! is of degree 5 with base-points p1,p1, D2, D2, fo(q1), fo(q1), where
the latter two are infinitely near p;, p; corresponding to the tangent directions Cy, =
Cy,,Cy,. Hence there exists o € Autg(P?) N J, such that agf; f~1 = 6. The claim
follows from the fact that we can write f, g as composition of at most two quadratic
transformations in Js. O

5.2. The normal subgroup generated by Autg(P?). Lemma 5.6 implies that
if two standard or special quintic transformations 6,05 contract the same conics
through p1, p1, p2, P2, then 05 is obtained from 6; by composing with suitable qua-
dratic transformations. So, one step of proving that ker(¢) = ((Autr(P?))) is to see
that all quadratic transformations are contained in ((Autg(P?))).

Lemma 5.8. Any quadratic map in Birg(IP?) is contained in ((Autg(P?))).

Proof. Let 7 € Birg(PP2) be of degree 2. Pick two base-points ¢, g2 of 7 that are
either a pair of non-real conjugate points or two real base-points, such that either
both are proper points of P? or ¢; is a proper point of P? and ¢ is in the first
neighbourhood of ¢;. Let ¢, %5 be base-points of 77! such that 7 sends the pencil
of conics through g1, g2 onto the pencil of conics through ¢, t2. Pick a general point
r € P? and let s := 7(r). There exists a € Autg(P?) that sends g1, g2 onto 1,5 and
exchanges 7, s. The map 7 := 7« is of degree 2, fixes s, and t1,to are base-points of
7 and 771

Since r is general, also s is general, and there exists § € Birg(P?) of degree 2
with base-points 1, t2,s. Observe that the map 707! is linear. In particular, 7 is
contained in ((Autg(P2))). O

Recall that 7, is contained in ker(<p). Using Lemma 5.8, we now prove that J.
is contained in ((Autg(PP?))):

Lemma 5.9. The group J. is generated by its quadratic and linear elements. In
particular, J. C ({Autg(P?))).

Proof. Let f € J.. We do induction on the degree d = deg(f) of f. If f is linear or
quadratic, there is nothing to do. So, we can assume that d > 3.

Case 1: Assume that there exist two simple base-points ¢, g2 of f that are proper
points of P? and either non-real conjugate points or both real points. The points
[1:0:0],q1,¢ are not collinear by Bézout, hence there exists a quadratic map
T € J, with base-points [1: 0 : 0], q1, g2. The map fr=! € J. is of degree d — 1.

Case 2: Assume that f has exactly one simple (real) base-point ¢ that is a proper
point of P2. Let 7 be a general real point in P2. There exists 7, € J, of degree 2
with base-points [1 : 0 : 0],q,7 and the map f(r1)~! € J. is of degree d. If ¢ is
a base-point of f in the first neighbourhood of [1 : 0 : 0] or g, then (71)°(t) is a
base-point of f(71)~! that is a proper point of P2. Thus f(7;)~! has at least two
simple base-points that are proper points of P2 and either non-real conjuagte points
(if ¢ is non-real) or both real (if ¢ is real). We proceed as above.

Case 3: Assume that f has no simple proper base-points at all, i.e. any simple
base-point is infinitely near [1: 0 : 0].

o If there are at least two base-points g1, g2 in the first neighbourhood of [1: 0 : 0],
let r,s € P? be general points. There exists 71 € J. of degree 2 with base-points
[1:0:0],r,s Call [1:0:0],7,s the base-points of (r1)~*. The map f(r;)~! is of
degree d+1. We may assume that ¢1, g2 are both real or a pair of non-real conjugate

points. Then (71)e(q1), (71)e(g2) are proper points of P? and base-points of f(r)~*.
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Since [1:0:0],71(q1), 71(g2) are not collinear, there exists 7o € J, of degree 2 with
base-points [1: 0 : 0],71(q1),71(g2)- The map f(m1)~!(r2) ! is of degree d. We claim
that the image by (72)e(71)® of all base-points of f different from g;, g2 in the first
neighbourhood of [1 : 0 : 0] or of g1,q2 are base-points of f(r1)_1(m2)~! that are
proper points of P? or are in the 1% neighbourhood of [1 : 0 : 0]: Indeed, let  be a
base-point of f in the 15 neighbourhood of [1: 0: 0] or ¢;. Then (71)4(t) is either
a proper point of P? on the line L, & or is infinitely near 71(q1). By Bézout, [1: 0 :
0], 71(q1), (11)e(t) are not collinear. It follows that (72)e((71)e(t)) is either in the 15
neighbourhood of [1: 0: 0] (if ¢ is in the 15* neighbourhood of [1: 0 : 0] or ¢; and
proximate to [1 : 0 : 0]) or a proper point of P? (if ¢ is in the 15* neighbourhood of ¢;
but not proximate to [1 : 0 : 0]). The situation is visualised in the following picture:

FI1GURE: The quadratic maps 71, 72, and the possibilities for the point

(72)e((11)e(?))-

Since not all base-points of f are proximate to [1 : 0 : 0], we can repeat all of
this until we obtain an element of 7, of degree d with simple proper base-points.
We continue as in Case 1 or Case 2.

o If there is exactly one base-point g of f in the first neighbourhood of [1: 0 : 0],
then in particular, g is a real point. Let r € P2 be a general real point. There exists
7 € J. of degree 2 with base-points [1 : 0 : 0],¢,r. The map fr—! € J, is of
degree d and the image by 7, of any base-point in the first neighbourhood of ¢ is
a base-points of f7~! in the first neighbourhood of [1 : 0 : 0]. We repeat this step
until we reach one of the above cases or until we obtain a linear map. |

5.3. The kernel is equal to ((Autg(P?))). It now remains to actually prove that
ker(p) = ((Autg(P?))). Take an element of ker(y). It is the composition of linear,
quadratic and standard and special quintic elements (Lemma 3.6). The next three
lemmata show that we can choose the order of the linear, quadratic and standard
and special quintic elements so that the ones belonging to the same coset are just
one after another. These lemmata will be the remaining ingredients to prove that

ker(p) = ((Autg(P?)))

Lemma 5.10. Let 7,0 € J, be a quadratic and a standard (or special) quintic
transformation respectively. Then there exist 71,72 € Jo of degree 2 and él, 6, € T,
standard (or special quintic) transformations such that 70 = 0,71 and 01 = %252,
i.e. we can “permute” T,6.

Proof. The map 7~! has base-points p;, p;, 7, for some r € P2(R), i € {1,2}. Since
r is not on a conic contracted by 6, the point 0,(r) = 6(r) is a proper point of
P? that is a base-point of (#7)~!. Let p;, be the image by 6 of the contracted
conic not passing through p;. The map 07 is of degree 6 and p;,, p;, are base-points
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of (#7)~! of multiplicity 3. By Lemma 3.3 there exists ¥ € J, of degree 2 with
base-points 6(r), p;,,p;;- The map 0 := 707 € 7, is a standard (or special) quintic
transformation. We put 75 := 771, 65 := 0. A similar construction yields 6;,7,. O

Lemma 5.11. Let 61,02 € J, be standard or special quintic transformations (both
can be either) such that ©o(01) # po(02). Then there exist 63,04 € Jo standard or
special quintic transformations, such that

0201 = 0463,  o(01) = po(01), o(02) = ©o(03)
i.e. we can "permute” 61,05.

Proof. Let S(61) = {(ps,p3)} and S(62) = {(p4,P4)}. By definition of ¢y the as-
sumption @o(01) # @o(f2) implies py ¢ Cp, U Cp,.

The point ps := ((01)7!)e(ps) is either a proper point of P2 or in the first
neighbourhood of one of py,p1, p2, P2. Because py, P4, p1,P1, P2, P2 are not on one
conic, the points ps, ps, p1, - - -, P2 are not on one conic. So, there exists a standard
or special quintic transformation 03 € J, with base-points p1, ..., P2, ps,ps5. The
map 04 := 0201(03)~" € J, is a standard or special quintic transformation. In fact,
its inverse has base-points p1, ..., P2, (02)e(p3), (02)e(P3). We have by construction
62601 = 6405. The equalities p,(01) = ¢o(04) and ¢, (02) = wo(03) follow from the
construction and Remark 3.11 (7). O

Lemma 5.12. Let 61,02 € J, be standard or special quintic transformations (both
can be either) such that po(01) = @o(02). Then 61(02)~t € ((Autr(P?))).

Proof. Let S(61) = {(ps3,P3)} and S(62) = {(ps,Ps)}. The assumption po(61) =
©o(#2) implies that there exists some A € Rsq such that m,(Cp,) = Amo(Chp,) or
7o(Cps) = Amo(Cp,) in PL. By Lemma 3.7 there exist 7, € J, of degree 2 such that
To(T1(Cpy)) = To(Cp,) (resp. m6(Cp,)), i-e. T1(Cpy) = Cp, (resp. Cj,). Let r be the
real base-points of 7. Since C). is a real conic, it is not contracted by #; and hence
(61)e(r) = 01(r) is a proper point of P? and a base-point of (f171)"'. Let p;, be
the image by 07 of the contracted conic not passing through p;. The map 617 is
of degree 6 and p;,, p;, are base-points of (#171) ™" of multiplicity 3. By Lemma 3.3
there exists 7 € J, of degree 2 with base-points 6(r), p;,, j,- The map m6,m € Jo
is a standard or special quintic transformation contracting the conics Cp,,Cjp,.
Hence, by Lemma 5.6, Remark 5.5 and Lemma 5.7, there exist vq,..., vy, € Js of
degree < 2 such that 0 = vay, -+ Vpt1 (12017, ) - - - v1. Then

01(02) " = (01 (v - 1)~ ()07 ) (72) ™ (Vam - - Vimgn)

By Lemma 5.8, all quadratic elements of 7, belong to {(Autg(P?))), so 6;(62) 7! is
contained in ((Autg(P?))). O

Proposition 5.13. Let ¢: Birg(P?) — @y Z/27Z be the surjective group homo-
morphism defined in Theorem 4.3. Then

ker(p) = ((Autg(P?)))
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Proof. By definition of ¢ (see Proposition 4.3), Autg(P?) is contained in ker(y),
hence ({Autg(P?))) C ker(y). Lets prove the other inclusion. Consider the commu-
tative diagram from Proposition 4.3:

Autr(P?) * J, * J, ——> G ~ Birg(P?)

l(b /
D7/27
R

It follows that ker(¢) = m(ker(®)), which is the normal subgroup generated by
Autg(P?), J, and ker(¢, ). Moreover, Autg (P?) and 7. are contained in ({Autg (P?)))
(Lemma 5.9), thus it suffices to prove that ker(g) is contained in ({Autg(P?))).
By Lemma 3.6, every f € ker(y¢,) is the composition of linear, quadratic and
standard quintic elements of 7,. Note that a quadratic or quintic element composed
with a linear element is still a quadratic or standard quintic element respectively,
so we can assume that f decomposes into quadratic and standard quintic elements.
For every § € R the number of standard quintic elements in the decomposition of
f with image es is even. According to Lemma 5.10 and Lemma 5.11, we can write
f as a composition of quadratic, and standard and special quintic transformations,
such that for each § € R, all the standard and special quintic transformations with
image es are next to each other. In particular, for any § the number of standard
and special quintic transformations next to each other that are sent onto eg is even.
It follows from Lemma 5.12, Lemma 5.8 and ¢o(6) = ¢o(0~!) (Remark 3.11 (6))
that f € ((Autg(P?))). a

Corollary 5.14. We have
((Autg(P?))) = ker(p) = [Birg(P?), Birg (P?)]

Proof. The first equality is Proposition 5.13. The normal subgroup [Bir]R (P%), Birg (IP’2)}
contains non-trivial linear elements, and since Autg (P?) is a simple group, [Birg (P?), Birg (P?)]
contains Autg(P?) and therefore also ((Autg(P?))). Thus, the Abelianisation ho-
momorphism factors through ¢. As ¢ is a homomorphism onto an Abelian group

it implies that ¢ is the Abelianisation homomorphism. O

Corollary 5.15 (Corollary 1.3). The sequence of iterated commutated subgroups
of Birg(P?) is stationary. More specifically: Let H := [Birg(P?), Birg(P2)]. Then
[H,H] = H.
Proof. Since Autg(P?) C H, the group [H, H] contains non-trivial elements of
Autr(P?). But Autg(P?) is simple, hence Autg(P?) C [H, H]. By Corollary 5.14,
we have
H = ((Autg(P?))) C [H, H].
g

Theorem 5.16 (Theorem 1.2). The group Birg(P?) is not perfect: its Abelianisa-
tion is isomorphic to

Birg (P)/[Birg (P?), Birg (P*)] ~ @) Z/2Z.
R
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Moreover, the commutator subgroup of [Birg(P?), Birg (P?)] is the normal subgroup
generated by Autg(P?) = PGL3(R), and contains all elements of Birg(P?) of degree
<4.

Proof. Follows from Proposition 4.3, Proposition 5.13 and Corollary 5.14. O

Remark 5.17. The kernel of ¢ is the normal subgroup N generated by all squares
in Birg(P?): On one hand, for any group G, its commutator subgroup [G,G] is
contained in the normal subgroup of G generated by all squares. On the other
hand, since @y Z/2Z is Abelian and all its elements are of order 2, the normal
subgroup of Birg(P?) generated by the squares is contained in ker(y). The claim
now follows from ker(p) = [Birg(P?), Birg (P?)] (Corollary 5.14).

Remark 5.18. Endowed with the Zariski topology or the Euclidean topology (see
[BF2013]), the group Birg(IP?) does not contain any non-trivial proper closed nor-
mal subgroups and ({Autg(P?))) is dense in Birg(P?) [BZ2015]. In particular, the
quotient topology on Py Z/2Z is the trivial topology.

6. PRESENTATION OF Birg(P?) BY GENERATING SETS AND RELATIONS

This section is devoted to the rather technical proof of Proposition 2.9. We
remind of the notation p; :=[1:4:0],pz :=[0:1:4].

Recall that Birg(P?) is generated by Autg(P?), Ji, Jo (Corollary 2.6).
Consider Fg, the free group generated by the set

S = Autp(P*) U J, U Jo.

There is a natural word map w: S — Fg, sending an element to its corresponding
word.

Remark 6.1. Let G as in Definition 2.7. There exists a natural surjective homo-
morphism G — Birg(P?). By abuse of notation, we also denote by

w: Autg U, U T = G
the composition of S — Fs with the canonical projection Fs — G.

Remark 6.2. In the proof that G ~ Birg(P?) (Proposition 2.9) the relations given
in the definition of G (list in Definition 2.7) mostly turn up in the form of the
following examples:

(1) Let & € J, be a standard quintic transformation (see Definition 2.2).
Call its base-points pi, p1, p2, D2, P3, P3, and the base-points of its inverse
p1, D1, D2, P2, Da, P4 Where ps, ps are non-real proper points of P2. There ex-
ist 4,5 € {1,2} such that 6 sends the pencil of conics passing through
Di, Di,P3, D3 onto the pencil of conics passing through p;,p;,ps,ps. Let
aq, o € Autg(P?) such that o sends the set {p1, p1, P2, P2} onto {pi, Pi, p3, D3},
and oy sends the set {p;,D;,ps,Pa} onto the set {p1,51,p2, P2}, ¢ € {1,2}.
Then azfa; € Js is a standard quintic transformation. The relation w(az)w(f)w(oy) =
w(azbfay) holds in G (Definition 2.7 (1)).

(2) Let 7 € J, be of degree 2 or 3. Let r be the real base-point of 7 and s the
real base-point of 77!. Observe that 7 sends the pencil of lines through r
onto the pencil of lines through s. There exist ay, as € Autg(P?) such that
(a1)7Y(r) = [1:0:0] = as(s). Then as7a; is an element of 7, and the
relation w(ag)w(T)w(ay) = w(azTay) holds in G (Definition 2.7 (2)) .
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(3) Let 71,72 € Jo of degree 2 with base-points p;, p;, r and p;, p;, s respectively,
and @ € Autg(P?) such that a(p;) = p; and a(r) = s. Then Ta(r) ™! is
linear. The relation w(7)w(a)w((m)™!) = w(ma(r)™!) holds in G ((Def-
inition 2.7 (2)).

(4) Let 11,72 € Ji be of degree 2 with base-points p := [1 : 0 : 0],71,72 and
p, 81, 82 Tespectively, and « € Autg(P?) with a(r;) = s; but a(p) # p (i-e.
a ¢ J.). Suppose that the base-points of (71)71, (m2)~! are p, 7}, 5 and
p, 8, sh respectively. Then 73 := ma(r)~! is quadratic with base-points
71,75, 71 (a1 (p)) and its inverse has base-points s/, s5, 72(c(p)). There exist
B1, B2 € Autg(P?), 73 € J, of degree 2 such that 73 = B27303. The relation
w(Ba)w(73)w(B2) = w(r2)w(a)w(r) holds in G (Definition 2.7 (3)).

Remark 6.3. Suppose 01,602 € J, are special quintic transformations (see Def-

inition 3.4). If there exist aj,as € Autg(P?) such that 8 = asfia; then aj,as
permute p1, p1, p2, P2 and are thus contained in J,. So, the relation

w(fs) = w(a)w(@))w(aw) <= by = asfia; in Birg(P?)
is true in G and even in the generalised amalgamated product of Autg(P?) 7., 7o

along all the pairwise intersections.

Lookout 6.4. We are going to look at the following three situations: Let g €
Autg(P?) and f, h € Birg(P?) belonging to J, or being standard quintic transfor-
mations.

Suppose that A is a real linear system of degree D := deg(A) and that

deg(h™*(A)) < D, deg(fg(A)) < D

We want to find 0y,...,0, € Autg(P?) U J, U J, such that w(f)w(g)w(h) =
w(y,) - w(f)

g

A——=yg(A)
7 ~
h, 7 \\f
Ve AN
PG 0,
h=(A) = — > —— > fg(A)

and such that the successive images of h~!(A) have degree < D or such that the
degree certain elements 6; € 7, drop (Lemma 6.7, Lemma 6.10, Lemma 6.11).

This will then be the key ingredient to prove that G is isomorphic to Birg(P?)
(Proposition 6.12).

Lemma 6.5. Let f € J,UJ, be non-linear and A be a real linear system of degree
deg(A) = D. Suppose that

deg(f(A)) <D (resp. deg(f(A)) < D).

(1) If f € J., there exist two real or a pair of non-real conjugate base-points
q1,q2 of [ such that

ma([1:0:0]) +ma(q) +ma(gz) > D (resp. > D)

(2) Suppose that f € J,. Then there exists a base-point q & {p1,...,P2} of f
of multiplicity 2 such that

(2.1) ma(p1) + ma(p2) + ma(q) > D (resp. > D)
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or f has a simple base-point r and there exists i € {1,2} such that
(2.2) 2ma(p;) +ma(r) > D (resp. >).

Moreover, if inequality (2.1) does not hold, we can replace > with > in (2.2)
if deg(f) > 2.

Proof. Define d := deg(f) to be the degree of f.
(1) Suppose that f € J.. Its characteristic is (d;d — 1,12%72). Let r1,...,72q_2
be its simple base-points. Since non-real base-points come in pairs, f has an even

number N of real base-points. Call m; := my(r;) the multiplicity of A in r; and
mo = ma([1:0:0]) the one in [1: 0 : 0]. We order the base-points such that either
ro;_1,T9; are real or ro; = Fo;_q for i =1,...,d — 1. Then

d—1

D > deg(f(A)) =dD — (d— 1)mg — Y (ma;—1 + ma;)

i=1

d—1
=D + Z(D —mg — Ma;—1 — M2;)

i=1

Hence there exists ig such that D < mg —mag;,—1 — ma;,. The claim for ”>” follows
analogously.

(23 Sup};ose that f € Jo. By Lemma 3.1, its characteristic is (d; %4, 2%) or
_ d-z
(d; 47, 4527,2%,1).
Assume that f has no simple base-point. Call rq,...,74_1)/2 its base-points
(d-1)/

of multiplicity 2. Let m; := ma(p;) be the multiplicity of A in p;, i+ = 1,2 and
a; := mp(r;) the one in r;. Then

d—1 -1 &
DZdeg(f(A)):dD—ZmlT—2m2T—2 ; a;
(d-1)/2
:D+2 Z (D—ml—mg—a,-)
i=1

which implies that there exists iy such that 0 > D —m; — mgy — a;,. The claim for
?>" follows analogously.

Assume that f has a simple base-point r. Let r1,...,7—_2)/2 be its base-points
of multiplicity 2, a; := ma(r;) the multiplicity of A in 7;, and m; := ma(p;) the
one in p;. Then

(d—2)/2

d d—2
D > deg(f(A)) =dD —2m; - o = 2my - —— — (2 ; a;) —ma(r)
(d-2)/2
=D+ (D—2m; —ma(r)+2 > (D—m;—my—a;)
i=1

where {7, k} = {1,2}. The inequality implies there exist iy such that 0 > D —m; —
my — a;, or that 0 > D — 2m; — mu(r). The claim for ”>” follows analougously.
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Suppose that 0 < D—mj—my—a; foralle =1,..., %7 ie., 1< D-mj—mp—a;

foralli=1,..., %. We obtain from the calculations above that
(d—2)/2
0> (D—2m; —ma(r))+2 Z (D —mj; —my — a;)
i=1

> (D —2m; —ma(r)) + (d—2)

Assume that d > 2, i.e. since d is even here, d > 4. The inequality above implies
—2>—(d—2) > D —2m; —ma(r)
and so
2m; +mp(r) > D+2> D.
a

Notation 6.6. For a pair of non-real points ¢, § € P? or infinitely near, we denote
by q the set {¢,q}.

Lemma 6.7. Let f,h € J, be standard or special quintic transformations, g €
Autg(P?) and A be a real linear system of degree D. Suppose that

deg(h™*(A)) <D and deg(fg(A)) < D.

Then there exists 61 € Autg(P?), 0a,...,0, € Autg(P?)U J, such that
(1) w(fHHw(g)w(h) = w(0y) - w(h1) holds in G, i.e. the following diagram cor-
responds to a relation in G:

g

A——=yg(A)
7 N
h, 7 \\f
Ve AN
PR 0,
h7HA) = = > > - - == fg9(A)

(2) deg(d;---61h7L(A)) < D fori=2,...,n.

Proof. The maps h™" and f have base-points p1,p1, pa, P2, s, P3 and py, p1, p2, P2, Pa, Pa
respectively, for some non-real points ps,ps that are in P? or infinitely near one
of p1,...,P2. Denote by m(q) := mp(g) the multiplicity of A at g. According to
Lemma 6.5 we have

(Ineq®) m(p1) + m(p2) + m(ps) > D, Mg(p)(P1) + Mg(a)(D2) +mgea)(pa) > D

We choose t1, ta, t3 with {vq,ta,t3} = {p1, P2, p3} such that m(r1) > m(rq) > m(rs)

and such that if r; is infinitely near r;, then j < 4. Similarly, we choose t4, t5, tg

with {t4,t5,t6} = g7 ({p1, P2, pa}). In particular, ry, 74 are proper points of P2.
The two inequalities (Ineq”) translate to

(Ineq') m(ry) +m(re) + m(r3) > D, m(ry) +m(rs) +m(rg) > D
We now look at four cases, depending of the number of common base-points of

fg and 1.

Case 0: If h~! and fg have six common base-points, then « := fgh is linear and
w(g)w(h)w(a™t) = w(f~1) (Definition 2.7 (1)).
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Case 1: Suppose that h=" and fg have exactly four common base-points. There
exists a; € Autg(P?) such that a; sends the common base-points onto py, ..., P2
if all the common points are proper points of P2, and onto p;, §;, ps, P3 if ps, P3
are infinitely near p;, p; (cf. Remark 6.2). There exist o, a3 € Autg(P?) such that
f = azfg(a1)™! € I, and h = athas € J, (see Lemma 2.5). The commutative
diagram

—
—

hHA) T a2 H(A) — = s (A) = — = aafg(A) < fo(A)
~ 7
~ - 9_2 o _ -

is generated by relations in G (Definition 2.7 (1), Remark 6.2, Remark 6.3). Write
02 := fh € J,. The claim now follows with 61 := ay, 02, 05 := (a3)~ L.

A
/h/// l"“ =~ _fg

Case 2: Suppose that the set v1UtaUtgUts consists of 6 points vy, Tiy, .., Tigs Tig -
If at least four of them are proper points of P2, inequality (Ineq') yields

2m(ri,) + 2m(ri,) + 2m(ri;) > D,

which implies that the six points r;,,7,,...,7,, i, are not contained in one conic.
By this and by the chosen ordering of the points, there exists a standard or special
quintic transformation 6 € J,, a € Autg(P?) such that those six points are the
base-points of . By construction, we have

deg(fa(A)) = 5D — 4m(r;,) — 4m(ry,) — 4m(ry,) < D,

and h™!,0a and fa, fg each have four common base-points. We apply Case 1 to
h,o,0 and to 071, ga™ 1, f.

If only two of the six points are proper points of P2, then the chosen ordering
yields q = t; = v4 and the points in vy Ut are infinitely near points. Since h, f are
standard or special quintic transformations, it follows that r3,r¢ are both proper
points of P2. We choose i € {3,6}, j € {2,5} with m(r;) = max{m(r3), m(r¢)} and
m(r;) = max{m(rs), m(rs)}. We have

2m(r) + 2m(r;) + 2m(r;) > 2m(ry) + 2m(rs) + 2m(re) > D.

Thus the six points in t; Ut; Ut; are not contained on one conic and there exists a
standard or special quintic transformation § € J5, o € Autg(P?) such that the base-
points of fa are t; Ut; Ut;. Again, the maps h~1, 0 and fa, fg have four common
base-points, deg(fa(A)) < D and we apply Case 1 to h,a, 0 and to 871, ga~ 1, f.

Case 3: Suppose that v1 U te Uty Uty consists of eight points. Then vy Ute Uty
and t; Uty Uty each consist of six points. We have by inequality Ineq' and by the
chosen ordering that

2m(r1) + 2m(re) + 2m(ry) > 2D, 2m(r1) + 2m(rq) + 2m(rs) > 2D,

so the points in each set t; Uta Uty and t; Uty Uts are not on one conic. Moreover, at
least four points in each set are proper points of P? (ry,ry € P2). Therefore, there
exist standard or special quintic transformations 0,60y € Jo, a1, asz € Autg(P?)
such that 01y (resp. f2c2) has base-points vy U ta Uty (resp. vy Uty Uts). Then
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deg(6;a;(A)) < D and we can apply Case 1 to h, afl, 6y and to (61) 7%, az(ay)7t, 02
and to (62) 7", g(a2) ™", f. |

Remark 6.8. Let f € 7., and ¢1, g2 two simple base-points of f. Then by Bézout,

the points [1: 0 : 0], ¢1, g2 are not collinear. (This means that they do not belong,
as proper points of P? or infinitely near points, to the same line.)

Notation 6.9. In the following diagrams, the points in the brackets are the base-
points of the corresponding birational map (arrow). A dashed arrow indicates a
birational map, and a drawn out arrow a linear tranformation.

Lemma 6.10. Let f,h € J., g € Autg(P?) and A be a real linear system of degree
D. Suppose that
deg(h™'(A)) < D, deg(fg(A)) < D
Then there exist 01, ...,0, € Autg(P?) U J, U J, such that
(1) w(fHHw(g)w(h) = w(By,)---w(B1) holds in G, i.e. the following commutative
diagram corresponds to a relation in G:

g9

A—2s
. g(/\)\
h P 4 N \f
7 o 0,
h=H(A) == > — — > fg(A)

(2) 6, € Autg(P?), deg(d;--- 1R~ (A)) < D fori=2,....,n
(3) or 01 € T, 0o € Autg(P?), deg(#1) = deg(h) — 1 and

deg(61(A)) = deg(6261(A)) < D
deg(0;---0:h"*(A)) <D, i=3,...,n.

Proof. If g € J, then w(f)w(g)w(h) = w(fgh) in Js. So, lets assume that g ¢ J..
Let p:=[1:0:0],¢g:= g~ !([1:0:0]). Let m(q) be the multiplicity of A in ¢. By
Lemma, 6.5 there exists r1, 7o base-points of h™! and s1, s base-points of fg such
that

(%) m(p) +m(r1) + m(r2) > D, m(q) +m(s1) +m(s2) > D

and either 71,72 (resp. si, s2) are both real or a pair of non-real conjugate points.
We can assume that m(ry) > m(ra2), m(s1) > m(s2) and that ry (resp. s1) is a
proper point of P2 or in the first neighbourhood of p (resp. ¢) and that 75 (resp. s2)
is a proper point of P? or in the first neighbourhood of p (resp. ¢) or 71 (resp. s1).

Note that if deg(h~!(A)) < D, then by Lemma 6.5 ”>" holds in all inequalities.
We split the remain of the proof into three Situations, depending on whether or
not there exist 71, 72 € Birg(P?) with base-point p, 71,72 and p = g(q), g(s1), g(s2)
respectively.

- Situation 1 - Assume that there exist 71,70 € J, of degree 2 with base-points
p, 71,72 andp = g(q), g(s1), g(s2) respectively, and that 71, Tog have common base-points.

Observe that Tk, f(12)~! € J. and deg(m1h) = deg(h)—1, and by inequality (%)
that

deg(71(A)) = 2D —m(p) —m(r1) —m(r2) < D,
deg(m29(A)) = 2D —m(q) — m(s1) — m(s2) < D

We are going to look at three cases, depending on the common base-points of 71, 7o.
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e If 7; and m»g have three common base-points, the map m5g(r;) ! is linear. The
commutative diagram

A———g(A)
I /1‘ N f
/L/ | 71 | T2 \\
- \ \ N

WY A) = = = mi(A) —>=mog(A) - = =

is generated by relations in G (Definition 2.7 (2)), and the claim follows with 6, :=
1d, 92;: T h, 03 := ng(Tl)il, 04 := f(TQ)il.
e If 7y and 7»¢ have exactly two common base-points, the map Tog(r) " is of
degree 2 and there exists a1, ag € Autg(P?), 73 € J. such that 72g(11) ™! = aa730;.
The situation is summarised in the following commutative diagram

~ >1‘\ d g(A)

h N
L7 vl |, [g<q),g<sl>,g(82)]\T\ f

B A) 2 7)== aami(A) = T mann (A) = na(A) - - > fg(A)

Observe that is generated by relations in G (Definition 2.7 (3)) and that

deg(aym(A)) =deg(m(A)) < D,  deg(mzaimi(A)) = deg(m2(A)) < D.

The claim follows with 01 := 7 h, 05 := a1, 03 := 73, 04 := ao, 05 := f(7'2)_1~

e If 7y and 7og have exactly one common base-point, then mog(71)~! is of degree
3 and there exists a1, as € Autg(P?), 73 € J. of degree 3 such that mg(m)~! =
agT3a, which corresponds to a relation in G (Definition 2.7 (3)). The situation can
be visualised with the diagram of the previous case, and here too, deg(a;m(A)) =
deg(m1(A)) < D, deg(msa171(A)) = deg(m2(A)) < D. The claim follows, as above,
with 01 := T h, 03 1= oy, 03 := 73, 04 = aa, 05 := f(m) L.

- Situation 2 - As in Situation 1, we assume that there exist 71,72 € Ji of
degree 2 with base-points p, 1,12 and p = g(q), g(s1), g(s2) respectively. Opposed to
Situation 1, we now assume that 11,729 have no common base-points.

We put 6, := 7h,0, := f(r2)~" and construct 6s,...,0,_; as follows in the
below three cases, which depend on the r;’s and s;’s begin real point or non-real
points:

o If 11,79, 51,82 are real points, let {a1,a2,a3} = {p,r1,r2} and {b1,b2,b3} =
{9(q),9(s1),9(s2)} such that m(a;) < m(a;41) and m(b;) < m(biy1), ¢ = 1,2,3,
and if a; (resp. b;) is infinitely near a; (resp. b;) then j > i. From inequalities (%),
we obtain

m(a1) + m(az2) + m(by) > D, m(a1)+ m(b1) +m(bs) > D.

By them and the chosen ordering, there exists 73,74 € J« of degree 2, ay,as €
Autg (P?) such that T3a1, 7400 have base-points a1, as, by and ay, by, by respectively.
The situation is summarised in the following commutative diagram

homm 772 A————g(A) - - - _
< <
[a1,b1,b2] ‘7-402\[31’@’173] >

Ve s T1 ~ ~
/ ~ \ \ T2 N EN

m1(A) a1 (A) Ta00g(A) T2g(A) — — > fg(A)
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By construction of 73,74, we have

deg(rsa1(A)) = 2D —m(a;) — m(az) — m(by) < D,

deg(ryaag(A)) = 2D — m(ay) — m(by) —m(bs) < D
The maps 71,731, the maps 73a1, 742 and the maps 7y, 70 each have two
common base-points, and we proceed with each pair as in Situation 1 to obtain
92, ey gnfl.

e Assume that ro = 7; and sq, so are real points. If m(q) > m(p), then
m(q) + 2m(r1) > D

hence g, 71,71 are not collinear and there exists 73 € J, of degree 2 with base-points

9(a),9(r1), g(r2).
If m(q) < m(p), then

m(p) +m(q) +m(s1) > m(q) +m(s1) + m(s2) > D

hence there exists 74 € J. of degree 2 with base-points p, ¢, s1. Note that 7o(73) ™%, 74(71) ! €
J«. The situation is summarised in the following commutative diagrams.

g g
A g (‘A)[g(q)«,g(sl),g(Sz)] porsral - 9 (f\)
r D@9 atra)] |, S T L7 el
Y Y N L7y Y
m1(A) m3(A) = = =1m2g(A),  Ti(A) - — = 7a(A) m29(A)

By construction of 73, 74, we have
deg(m39(A)) < D, deg(m4(A)) < D

The maps 71, 73¢9, the maps 74, 72g are of degree 2 with one common base-point and
we obtain fs,...,0,_1 as in Situation 1.

o If ro = 7 and sy = 51, then 71,7, $1,5; are proper points of P2. Moreover, no
three collinear: Else, all four would be on one line and so 2m(r1) + 2m(s1) < D.
But then the inequality (obtained from inequalities (%))

(Ineq?) (m(p) +2m(r1)) + (m(q) + 2m(s1)) > 2D

would imply m(p) + m(q) > D, which is impossible by Bézout. Since no three are
collinear, there exists o, 3,7 € Autg(P?) such that a(r;) = p1,a(s1) = p2 and
7 = Brnia”l € T, T2 = ymga~! € J, (see Remark 6.2). These correspond to
relations in G (Definition 2.7 (2)).

A > g(A)
[
/ J/“ |72
A
T1 (A) Q(A) TQ(A)

X NG l

| 71 ~ Y

Y N
BTi(A) = = =y72g(A)

Note that 7»(7)~! € J, and we get from the inequalities at the very beginning of
the proof that

deg(B171(A)) = deg(ri(A)) < D, deg(yrag(A)) = deg(r29(A)) < D.
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The claim follows with 0y := 3,03 1= 7 (1) ", 03 = 0,1 =y~ L.

- Situation 3 - Assume that there exists no 71 € J. or no o € J, of degree 2
with base-points p, 1,12 and p = g(q), g(s1), g(s2) respectively.

We essentially look at two cases, depending on who of 71, 7o exists:

e Assume that neither 7, nor 7 exists. Since p,71,72 (resp. g, s1,s2) are not
collinear by Lemma 6.8, it follows that r1,ry are both proximate to p and si, s
are both proximate to ¢ [AC2002, §2]. Then m(p) > m(r1) + m(re), and from
Inequalities (%) we obtain 2m(p) > m(p) + m(r1) + m(re) > D. Similarly we get
2m(q) > D. But then m(p) > £ and m(q) > £, which is impossible by Bézout.
So, this case does not appear.

e Assume that 71 exists, but 7o does not. As above, it follows that s;, s are both
proximate to ¢ and hence m(q) > %. In particular, by Bézout,

m(q) > m(s1),m(sz2), m(p), m(r1), m(ra).
Furthermore, m1h € J, and (from Inequalities (%))
deg(mh) = deg(h) — 1, deg(m1(A)) =2D —m(p) — m(r1) —m(re) < D.

We define 6, := 71h and construct 6s,...,0,.
If r1,ro are real, let {t1,%2,t3} = {p, 71,72} such that m(¢;) > m(t;+1) and such
that if ¢; is infinitely near ¢; then ¢ > j. By the chosen ordering, we have
D

2D
m(tl) + m/(tg) + m(q) > ? + E > D.

Moreover, t1,ts are proper points of P2 or t is in the first neighbourhood of 1,
hence there exist 73 € J. with base-points [1:0: 0] = g(q), g(t1), g(t2).

If 7y = 71, then 1,7 are proper points of P? (they are base-points of 71). We
have from inequalities (%) and m(g) > m(p) and that

m(q) + 2m(r1) > m(p) + 2m(r1) > D.
Thus there exists 74 € J, with base-points [1: 0: 0] = g(q), g(r1), g(72).

A : g(8) _
R e O RO VA AN
~ /0 Y [9(q),9(r1),9(72)] vT4 0 N
— 1 7
W) = ) 73g9(A)/Tag(A) = = > fg(A)

The maps f(73)~! and f(r4)~! are contained in J, and
deg(73g(A)) = 2D —m(q) — m(t1) — m(t2) < D,
deg(r49(A)) = 2D —m(q) — 2m(r1) < D
Define 07 := f(73)7! (resp. = f(74)~!). We obtain 65, ..., 0 by applying Situation

1 to 71,739 (resp. 71, 749).
e The case where 7 does not exist and 7y exists is treated similarly. O

Lemma 6.11. Let f € J, be a standard or special quintic transformation, h € T,
g € Autg(P?) and A be a real linear system of degree D. Suppose that

deg(h™'(A)) < D, deg(fg(A)) <D
Then there exist 01, ...,0, € Autg(P?)U J, U Jo such that
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(1) w(fHw(g)w(h) =w(By) - w(h1) holds in G, i.e. the following commutative
diagram corresponds to a relation in G:

A—Is
. g(/\)\
h,// N \f
01 en\‘
h) - - ()

(2) 61 € Autg(P?), deg(d; ---01h=*(A)) < D fori=2,...,n
or 01 € Js, 02 € Autg(P?), deg(0;) = deg(h) — 1 and
deg(61(A)) = deg(6201(A)) < D,
deg(0;---0.h ' (A)) <D, i=3,...,n.

(3) If h € Js is a standard or special quintic transformation and f € J., the
same statements holds with

0, € AutR(IP’2), deg(&i s Glh_l(A)) <D,i=2,...,n
If deg(h=Y(A)) < D, then "<” holds everywhere.

Proof. We only look at the situation, where f € J,, h € J,, since for f € J,
h € Jo the proof works similarly.

Let p :=[1:0: 0], and define m(q) := ma(q) to be the multiplicity of A at g.
Call py,...,p2,p3, p3 the base-points of f. By Lemma 6.5 we have

(Ineq®) m(p1) + m(p2) + m(ps) > D

By Lemma 6.5 there exist two real or two non-real conjugate base-points r1,ry of
h, such that

(Ineq*) m(p) +m(r1) +m(ry) > D

Note that if deg(h~1(A)) < D, then ”>" holds everywhere (Lemma 6.5) and we
will have ”<” everywhere.

We order 71,72 such that m(r1) > m(r2) and such that r; is a proper point of
PP? or infinitely near p and ry is a proper base-point of P? or infinitely near p or r;.
Let 51 Usy Usz = g~ 1(p1 Upa Ups) such that m(s1) > m(se) > m(s3) and if s;
is infinitely near s;, then i > j. In particular, s; is a proper point of P2. We now
look at two cases, depending on whether r1, 7o are real or not. Inequality (Ineq3)
translates to

(Ineq5) m(s1) +m(s2) +m(s3) > D

We look at two cases, depending on whether r1, 75 are real or not.

Case 1: Suppose that 71,79 are real points. Let ¢t € {p,71,72} N P? such that
m(t) = max{m(p), m(r1),m(r2)}. Then

m(t) +2m(s1) > D

There exists 7 € J. of degree 2, a € Autg(P?) such that fa has base-points ¢, s1, 51.
There exists (1, B2, 33 € Autg(P?) such that 7 := B1g(ra) 181, f:= B3f(B)"! €
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Jo (see Remark 6.2). The situation is summarised in the following commutative
diagram:

A2 s g(A) - — - _ _
_ 7 | [g,51,51] g( ) T \f\
h | ~ _ -
_ T 62 ~
7 v \‘F\ f /33\i
h=H(A) Ta(A) <= (B1) TIra(A) = = = == = B3fg(A) <—— fg(A)
1 N _

It is generated by relations in G (Definition 2\7‘@))’ /lorcovcr,
deg((81)"tra(A)) = deg(ra(A)) = 2D — m(q) — 2m(s;) < D

The claim now follows from applying Lemma 6.10 to h, o, 7.

Case 2: Assume that ro = 71. If 71,71 € 81 U 83 U 59, then in particular, rq, 7
are proper points of P2, and by Remark 6.8 the points p,r,7; are not collinear.
So, there exists 7 € J. of degree 2 with base-points p,ry,71. Let ay, a2, a3 € Jo
such that 7 := asT1 € Jo, f = agfga; € Jo. The situation is summarised in the
following commutative diagram:

| _
S I [ i s
N | | 7 ~7
deg(h)—1 \{ v Y ~a /
T(A) —2 F(an) THA) = - > asfg(A)

It is generated by relations in G (Definition 2.7 (2)). Note that deg(rh) = deg(h)—1
and

deg(%(al)_l(/\)) =deg(7(A)) < D, deg(aszfgh(A))=deg(fg(A)) <D

The claim follows with 61 := Th, 0 := as, 03 := f7,04 := (az)~ 1

So, lets assume that r1, 7 ¢ s1 U o U 55.

o If m(p) < m(ry), then in particular ry,7; are proper points of P? and there
exists 7 € J, with base-points p,r1,71. Remark that

deg(7(A)) < D, deg(rh) = deg(h) — 1.
Furthermore, from inequality (Ineqs) and the order of the s;’s we derive the inequal-
ity 2m(r1) +2m(s1) + 2m(s2) > 2D. Since moreover 71, 81 are proper points of P2,

there exists a standard or special quintic transformation 6 € J,, a € Autg(P?) such
that O has base-points g(t; U sq U sg). Consider the following diagram

A—2 > g(A
A g(‘ )\ )
/h/ | | 0cx h N N
- A \ EN
BA) s =) daglh)  fg(d)

Note that by construction of 6, we have

deg(6ag(A)) = 5D — 4m(r1) — 4m(s1) —4m(s2) < D
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The maps 7, ag, 0 are in the situation of the Case 1, and 0, «, f satisfy the assump-
tions of Lemma 6.7, and the claim follows from them.

o If m(p) > m(r1), then m(p) + 2m(s1) > D and so there exists 7 € J, with
base-points p, s1, §1. We proceed as in Case 1 (where 71,9 are real but the map we
construct is of the same kind). 0

Proposition 6.12. ([ Proposition 2.9 |) Let fi,..., fm € Autg(P?)UJ. UJ, such
that

fm---fi=1d in Birg(P?).
Then
w(fm) - w(fi)=1 ing.

In particular, the natural surjective homomorphism G — Birg(IP?) is an isomor-
phism.

Proof. Let Ag be the linear system of lines in P2, and define

A= (fi--- f1)(Ao)

It is the linear system of the map (f;--- f1)~' and of degree d; := deg(f;--- f1).
Define
D :=max{d; |i=1,...,m}, n:=max{i|d; = D}, k:= Z(deg(fi) -1)

i=1

We use induction on the lexicographically ordered pair (D, k).

If D =1, then fi,..., fm, are linear maps, and thus w(fy,)---w(f1) = 1 holds in
Autg(P?) (and hence in G). So, lets assume that D > 1. Note that by construction
deg(frn+1) > 2. We may assume that f, is a linear map - else we can insert Id after
Jrs Lec w(fm) - w(f1) = w(fm) - w(for)w(Id)w(fy) - - w(f1), which does not
change (D, k).

We now construct maps 6y,...,05 € AutR(IF’z) U J+ U Js such that

w(fppr)w(f)w(fo1) = w(On)---w(6:)

and such that the pair (D, l;) associated to fp, -+ fny10n -+ 01 fn—o- - f1 is strictly
smaller than (D, k).

If fr—1, fat1 € Jx, we apply Lemma 6.10 to fn—1, fn, fnt1 to decrease (D, k).

If fro1 € Jo or fry1 € Jo, we have to look at three cases, depending on to which
group they belong to. We will only do one case as the other two are done similarly.

Suppose that f,—1 € Jo and fr,41 € Ji. By Lemma 6.5, there exists a base-
point g of (f,_1)~" of multiplicity 2 such that m(p;) +m(p2) +m(q) > D, or there
exists ¢ € {1,2} such that 2m(p;) + m(r) > D, where r is the simple base-point
of (fan_1)~!. We can assume that ¢ is either a proper point of P? or in the first
neighbourhood of one of py, p1, p2, Po-

o If m(py)+m(p2)+m(q) > D for some non-real base-point g of (f,,_1)~! of mul-
tiplicity 2, then p1, ..., P2, ¢, § are not one one conic (Lemma 3.1). So, there exists a
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standard or special quintic transformation 6 € J, with base-points py, ..., D2, ¢, q.
Then 0f,_1 € J, and
(*) deg(@fn,l) = deg(fn,l) —4 < deg(fn71)7 deg(Q(An,l)) < D.

Applying Lemma 6.11 to 71, f,,, fns1 decreases (D, k).

e If m(p1) + m(p2) + m(q) > D for some real base-point g of f of multiplicity
2, then ¢ is a proper point of P2. If deg(f,_1) is odd, then by Bézout, ¢ is not
collinear with any two of p1,p1,p2, P2, and there exists 61 € J, of degree 3 with
base-points ¢, p1, . .., P2 (Lemma 5.3). If deg(f,,—1) is even, let p; be a base-point of
multiplicity %. By Bézout, ¢ is not collinear with any two of {p1, p1,p2, D2}
except maybe p3_;, p3—;. It follows from Lemma 3.3 that there exists 6 € J, of
degree 2 with base-points ¢, p;, p;. Note that for i = 1,2, 6, f,+1 € Jo and

(**) ng(aifnfl) = ng(fnfl) -2< ng(fn—1)7 dcg(e(An—l)) <D

There exist §; € J, and ai,ay € Autg(P?) such that §; = asb;a. By Defini-
tion 2.7 (2), w(6;) = w(as)w(f;)w(ay) and we can apply Lemma 6.10 to 61, £ (a1) ™, fri1,
which decreases (D, k).

e Suppose that there is no base-point ¢ of multiplicity 2 such that m(p;) +
m(p2) +m(q) > D, which means by Lemma 6.5 that

(1) d is even,
(2) m(r) + Zm(pz) >D, i€ {172}7
(3) 2m(p:) + m(r) > D if deg(fo_1) > 2.
If deg(fn_1) = 2, there exist a, 8 € Autg(P?),7 € J. such that f,_; = Bra € J,.
Aplplying Lemma 6.10 to 7, foa™!, f,41 decreases (D, k).

If deg(fn,_1) > 2, the point 7 may not be a proper point of P2. We denote by s
the proper point of P2 to which r is infinitely near to, if r is not a proper point of
P2, and s = r if r is a proper point of P2. The above list still holds if we write s
instead of 7. In particular, p;, p;, s are not collinear and so there exists 7 € J, of
degree 2 with base-points s, p;, p; (Lemma 3.3). Then 7f,_; € J, and

deg(7(An—1)) = 2D — m(r) — 2m(p;) < D.

The situation is summarised in the following commutative diagram:

An 11— An
foor 7] N frtr
e I N
\
{
An,1 - — > T(Anfl)
There exist o, 8 € Autg(P?), ¥ € J, of degree 2 such that 7 = 37a. Applying
Lemma 6.10 to 7, foa™!, fni1 decreases (D, k). O
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