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NONLINEAR COMMUTATORS FOR THE
FRACTIONAL p-LAPLACIAN AND APPLICATIONS

ARMIN SCHIKORRA

ABSTRACT. We prove a nonlinear commutator estimate concern-
ing the transfer of derivatives onto testfunctions for the fractional
p-Laplacian. This implies that solutions to certain degenerate non-
local equations are higher differentiable. Also, weakly fractional p-
harmonic functions which a priori are less regular than variational
solutions are in fact classical. As an application we show that se-
quences of uniformly bounded 2-harmonic maps converge strongly
outside at most finitely many points.

1. INTRODUCTION

An important tool for obtaining higher differentiability of solutions to
elliptic partial differential equations is the method of “differentiating
the equation”: As an example, take u € W2 a distributional solution
to

(1.1) Au=ge€ L. (Q).
It is easy to obtain such a solution v € W2, e.g., by the direct method

of the calculus of variations. Actually, any such solution belongs to
I/Vlif To see this, we differentiate the equation:

(1.2) Adu = dig € (W22 (Q)".

loc
Now O;u solves an elliptic equation with right-hand side in (W!?)*.
Consequently, d;u belongs to W,-? and it is shown that u € W22, Let us
have a closer look at this “differentiating the equation”-argument. The
distributional Laplacian (—A)u is defined on testfunctions ¢ € C'2°(12),

(L1) 0
(—=A)ule] r=/Vu Vp = —/gw Vo € CF.
Since A is a linear operator with constant coefficients,

(1.3) (~A)(@u)li] — (~A)u[-die] = 0.
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“Differentiating the equation” (1.2) in distributional sense becomes
1) @l =~ [Vavew) = - [0

Higher differentiability u € W22 then follows by duality: Take the

loc

supremum over ¢ with ||[Vl[z2 < 1 on both sides of (1.4), and obtain
an estimate for 9;Vu in terms of g € L.

The above reasoning relies crucially on (1.3). Of course, we can replace
(—A) and 0; with more general differential operators of arbitrary order:
The s-Laplacian is defined as

(=A)f=F e |¢]*Ff),

where F and F~! denote the Fourier transform and its inverse, respec-
tively. As a distribution

(-arsiel= [ (-arse
Similarly to (1.3), just via integration by parts,
(1.5) (=A)"Fulp] — e(=A) u[(=A)¢] = 0,

where ¢ is a constant coming from the choice of the Fourier transform
coefficients and the definition of the s-Laplacian. With (1.5) in mind
one can prove a finer scale of higher differentiability results. For exam-
ple,

ue Wh(Q) and Au € (WI=2(Q)* =  ue WL*(9).

oc

However, a statement of the form (1.5) is false for some nonlinear op-
erators, in particular it fails for the p-Laplace

Ayu = div(|Vul[P2Vu).
And indeed, even p-harmonic functions, i.e. solutions to A,u = 0, may

not be smooth.

In this paper, we investigate to what extent the “differentiating the
equation”-argument can be saved in the case of a nonlocal, nonlinear
differential operator which is related to the p-Laplacian: The fractional
p-Laplacian.

The fractional p-Laplacian of order s € (0,1) on a domain 2 C R",
(—A)s qu is a distribution acting on testfunctions ¢ € C2°(Q2) given by

(Sl = [ [ ) =)~ ol (ol) = 20 4,

o =y
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It appears as the first variation of the W*?-Sobolev norm

|u(z) — u(y)[”
ull oy = / dz dy.
[ }W () aJo ’l’ _ y’n+s:0

In this sense it is related to the classical p-Laplacian which appears as
first variation of the TW'?-Sobolev norm [|Vu|[?.

If p = 2 the fractional p-Laplacian on R™ becomes the usual fractional
Laplace operator (—A)®. For an overview on the fractional Laplacian
and fractional Sobolev spaces we refer to, e.g., [12, 5].

The fractional p-Laplacian has recently received quite some interest, for
example we refer to [2, 10, 11, 22, 19, 17, 14, 18, 24]. Higher regularity
is one interesting and very challenging question where only very partial
results are known, e.g. in [2] they obtain for s ~ 1 estimates in C°.

Since the fractional p-Laplacian is nonlinear, one cannot expect a direct
analogue of (1.5). Our first result is a nonlinear commutator estimate
which can play the role of (1.5). It measures how and at what price
one can “transfer” derivatives to the testfunction. It implies that while
an expression such as in (1.5) may not be zero, it is small — on small
differential scales. For simplicity we restrict our attention to the case
p=>2.

Theorem 1.1. Let s € (0,1), p € [2,00), and € € [0,1 —s). Take

B C R" a ball or all of R™. Let w € W*P(B) and ¢ € C*(B). For a

certain constant ¢ depending on s, e, p denote the nonlinear commutator
Ep

R(u, p) == (=A), 5ulg] — c(=A); pul(—=A) 7 .

Then we have the estimate

|R-(u, )| <C e [u]’;‘;slﬁp(B) [ wsten(mn).-

The fact that the ¢ appears in the estimate of R.(u,¢) is the main
point in Theorem 1.1. For the proof we Taylor expand R.(-,-) in e.
When computing %R(; we find a logarithmic potential operator, which
we estimate in the following way:

Lemma 1.2. For p € (1,00) we consider the following semi-norm
expression for ¢ € C°(R™)

wo=(LL

B
2

P dx dy >11’

o= ol

[ Falen) (=8)i(e) a:




4 ARMIN SCHIKORRA

Here, o, B € (0,n), v € (0,1) so that s :==~v+ 3 —a € (0,1), and

kal,y,2) = <‘$ o 2 e pog e z|) |
|z =y

Then
A(p) < Clelwar@n.

Having Theorem 1.1 serve as a replacement for (1.5), for small enough &
we obtain estimates “close to the differential order s” for the fractional
p-Laplacian.

Theorem 1.3. Let s € (0,1), p € [2,00), Q C R" open. Take u €
WsP(Q) a solution to

(‘A);,QU = f.
Then there is an 9 > 0 only depending on s, p, and €0, so that for e €
(0,20) the following holds: If f € (Ws=¢e=1D2(Q))* thenu € W °P(Q).

loc
More precisely, for any Q1 € Q there is a constant C' = C(21,, s,p)
so that

[U]Ws+a,p(gl) < C ||fH(WDS*E(P*1)=P(Q))* + C[U]W°p(9)

Also, by Sobolev embedding, the higher differentiability WP implies

loc
P

n—ep

higher integrability i.e. V[/lso’f+ -estimates.

A higher differentiability result similar to Theorem 1.3 was proven by
Kuusi, Mingione, and Sire [19, 17]. There it is stated only for the case
p = 2, but the proof goes through for p € (1,00) with only minor
modifications. Their method is a generalization of Gehring’s Lemma
and dual pairs. Our argument is quite different and allows for a shorter
proof. Both techniques are quite robust and can be easily extended to
more general nonlinearities:

Theorem 1.4. Let s € (0,1), p € [2,00), and a domain Q@ C R™. Let
¢:R — R and K(z,y) be a measurable kernel so that for some C' > 1,

6] < Ot~ o()t > [t VEER,
and
Clo —y| ™" < K(z,y) < Clz —y| ™"
We consider for u € W*P(Q), the distribution Ly x o(u)

Loxa()lg] = / / K(z,y) du(z) - u(y)) (o) — o)) do dy.
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Then the conclusions of Theorem 1.3 still hold if the fractional p-
Laplace (=A); o is replaced with Ly 0.

Remark 1.5 (Limiting case as s — 1). The classical p-Laplacian can
be seen as a (rescaled) limit of the fractional p-Laplacian (—=A)7 , as
s — 1, see [4]. Nevertheless, it seems unlikely that as s — 1 there
is a limit differentiability version of Theorem 1.1, and consequently a
replacement for Theorem 1.3 and Theorem 1.4 if p > 2.

There is, however, a nonlinear commutator estimate due to Iwaniec [15]
reminiscent of Theorem 1.1. But it concerns integrability instead of
differentiability. For any u with suppu C © and any € € (—1,1) there
are maps v, R so that we have the Hodge decomposition

|Vu|*Vu = Vv + R.

Moreover, [|[Vo| o o 3 [[Vull; for all ¢ and, most importantly, by

1+e?
Iwaniec’ nonlinear commutator estimate if € is small then R is small:

1Rl s o 3 [ellIVull, 2 q-

The additional € in the last estimate allows for estimates “close to the
integrability order p”. Indeed

!|VuHZi;Q—/|Vu|”2Vqu+/|Vu|p2VuR,
Q Q

and thus,

—1
IVullpiza 3 1Apul]l +elVullyco Vullf o

pte
In particular, if € is small enough and A,u is in (WOLHE (2))*, then

u € WhPte(Q).

The commutator estimate in Theorem 1.1 also allows to estimate very
weak solutions - i.e. solutions whose initial regularity assumptions are
below the variationally natural regularity:

In the local regime, the distributional p-Laplacian Aju[yp] is well de-
fined for ¢ € C®(Q) whenever u € W?~'(Q). The variationally nat-
ural regularity assumption is however WP, since A, appears as first
variation of ||Vul|? . For the p-Laplacian, Iwaniec and Sbordone [16]
showed that some very weak p-harmonic functions are in fact classical
variational solutions:

Theorem 1.6 (Iwaniec-Sbordone). For any p € (1,00), Q@ C R", there
are exponents 1 < ry < p <ry < 00 so that every (weakly) p-harmonic
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function,
Ayu =0,
satisfying u € WL (Q) indeed belongs to WL (52).

loc
Again, while the p-Laplace improves its solution’s integrability, the frac-
tional p-Laplace improves its solution’s differentiability. The distribu-
tional fractional p-Laplace (—A)s qu[g] is well defined for ¢ € C2°(S2)

whenever v € WeP~1(Q) for any ¢ > 0 with ¢ > (8;:11)+. We have

Theorem 1.7. For any s € (0,1), p € (2,00), Q C R", there are

exponents 1 <ry < p <1y < oo and t; < s <ty so that every (weakly)
s-p-harmonic map,

<_A);),Qu = 07
satisfying u € W (Q) indeed belongs to W2 ().

loc
The arguments for Theorem 1.7 are quite similar to the ones in Theo-
rem 1.3, and we shall skip them.

Let us state an important application of Theorem 1.3: It is concerning
fractional harmonic maps into spheres S C R¥*1: In [22] we proved
that for s € (0,1) critical points of the energy

Ss(u):z/ %dwdy, u:QC RSN
ala |z -y

are Holder continuous. Indeed, together with Theorem 1.3 the esti-
mates in [22] imply a sharper result.

Theorem 1.8 (e-regularity for fractional harmonic maps). For any
open set Q0 C R™ there is a § > 0 so that for any A > 0 there exists
£ > 0 and the following holds: Let u € W*= (2, SN) with

(1.6) (W] e gy < A

be a critical point of Es(u), i.e.

d u+tp N
1.7 — & =0 Ve OX(Q,RY).
(17) dt |i=o <|u+t<p|> € CXLRT)
If on a ball 2B C 2 we have
(1.8) [l e o < €5

then on the ball B (the ball concentric to 2B with half the radius),

(U] o0,z B = Ch,B.
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This kind of e-regularity estimate is crucial for compactness and bubble
analysis for fractional harmonic maps. Da Lio obtained quantization
results [7] in the p = 2 regime for n = 1 and s = % With the help of
Theorem 1.8 one can extend her compactness estimates to all s € (0, 1),
n € N. More precisely, we have the following result extending the first
part of [7, Theorem 1.1].

Theorem 1.9. Let u, € W*5(R",SV"1) be a sequence of (s, 2)-
harmonic maps in the sense of (1.7) such that

[uk}ws,% (R, SN-1) S C

Then there is us € W*S(R",SN"1) and a possibly empty set

{aq,...,aq} such that up to a subsequence we have strong convergence
away from {ay,...,q}, that is
up % e in Wy (R \{aq,. .., }).

A more precise analysis of compactness and the formation of bubbles
will be part of a future work.

2. OUTLINE AND NOTATION

In Section 3 we will prove the commutator estimate, Theorem 1.1.
Roughly speaking, we compute the kernel s.(z,y, z) of the commuta-
tor and show that its derivative in e (which gives a logarithmic poten-
tial) induces a bounded operator. The latter estimate is contained in
Lemma 1.2 which we shall prove via Littlewood-Paley theory in Sec-
tion 4.

We try to keep the notation as simple as possible. For a ball B, A\B
denotes the concentric ball with A-times the radius. With

(s =181 [ u

we denote the mean value.

The dual norm of the p-Laplacian is denoted as
H(_A);,QUH(WO"”(Q))* = sup |(_A);,Qu[90”
©

where the supremum is taken over ¢ € CZ°(2) with [¢]wir@mn) < 1.
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We already defined the fractional Laplacian (—A)2. Its inverse I° is
the Riesz potential, which for some constant ¢ € R can be written as

(2.1) Pg(x)=c . |z — 2| "g(2) d=.

In the estimates, the constants can change from line to line. Whenever
we deem the constant unimportant to the argument, we will drop it,
writing A X B if A < C'- B for some constant C' > 0. Similarly we will
use A =~ B whenever A and B are comparable.

3. THE COMMUTATOR ESTIMATE: PROOF OF THEOREM 1.1

Proof. Recall that for t € (0,n) there is a constant ¢ € R so that for
any ¢ € CZ(R"),

(31) o Jo—2TM(=D)i() dz = I(—A)p(a) = pla).

RTL
We write

( s+5

‘//hé — uly)|2(ulx) — uly)) (22

o= g

dx dy

o) [u() — u(y) P (u(x) — uly) ()
/// (—A) 2 p(z)dz dx dy

B R» |‘T— |n+sp
/// u(z) — u(y)|P~(u(z )’m_( )’)ni\;c)—zt"—Im—y!t"))(_A)”” (2)dz dz dy
///\u —uly V"|x(_(x’)n;:(y))/fa(x,y,Z)(_A)Hw (2)dz dz dy
WlthB :
o) = (P ) el el

Using again (3.1), this reads as
R(u, p) := (=A), Fule] — c(=A); pul(=A) 2 ¢]

///u ) = )P (o) — e v.2) e

o =y

B Rn®
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Since ko(x,y, z) = 0 for almost all x,y, z € R",

d
ke(T,y, 2 —/ —=ks(z,y, 2) db.
@)= [ ghlmz)

We denote
d
o, 2) = o =y 2sris (.9, 2)
— <|fE — Z‘t+6p7’ﬂ log ‘% - Z| o |y . Z|t+6p7n log |y — Z’) .
|z -y |z — 9|
Thus, R(u, ¢) is equal to
Ju(x) — u(y) 2 (u(e) — aly) [ [ ks(z,y,2) (D) Fp(2)dz \ de dy ds
|33 - y| s+e)(p—1) ’.I‘ _ y‘ersf(sf(S)p |.’L' — y|” .
With Hoélder inequality we get the upper bound for |R(u, ¢)|
1
ttep p >
[ ]p 1 // /ké T,Y, % ( A) 2 gp(z)dz dz dy
ElU]yyste sup
Wste.p( 5e(0,e) ’m_y’s+s (e=d)p ’.T—y’”

This falls into the realm of Lemma 1.2, for
a:=t+0p, p:=t+ep, v:=s+e—(c=0)p, Y+PL—a=s+e.
This concludes the proof. O

4. LOGARITHMIC POTENTIAL ESTIMATE: PROOF OF LEMMA 1.2

For the proof of Lemma 1.2 we will use the Littlewood-Paley decom-
position: We refer to the Triebel monographs, e.g. [23], and [13] for a
complete picture of this theory. We will only need few properties:

For a tempered distribution f we define f; to be the Littlewood-Paley
projections f; := P;f, where

Pif(@)i= [ 2702 (e = )f(2) d
R”
Here, p is a Schwartz function, and it can be chosen in a way such that

(4.1) Y hi=f

JEL
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For any j € Z we have the estimate for Riesz potentials and derivatives
(cf. (2.1))

it
(4.2) 1 [(=2)2 £5lll, 3D 2 il

i=j—1

The homogeneous semi-norm for the Triebel space F;, = B, is

1
P
= (2 :2”"|fj||£> .

jez

(4.3) /]

Crucially to us, the Triebel spaces are equivalent to Sobolev spaces:
For s € (0,1) we have the identification

(4.4) 1l = [Flwosan:
Proof of Lemma 1.2. We denote
Toloy) = [ blow.2) (~8)Ep(c) d=

Rn

In order to obtain the claimed estimate, we will use two decompositions
simultaneously. Firstly, we decompose into slices where |z — y| ~ 27,
For this denote

Xlyl2—+ 7= XBy i g)\Byokr o (U)-

Secondly, we use the Littlewood-Paley decomposition (4.1). Then

AP 3 > L,

keZ,jET
where
_ dx dy
1
L= [ [N Tote )P ™ eyt 2ol
R Rn
Set
dx dy
o P
A 1= //X|yc—y|z2’C |Tg0<l‘, y)| ‘JJ — y‘nijp
n Rn

and

by i= 2T gy,
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Note that with (4.3) and (4.4)

1

(45) <Zai>p%4(<p) and (Zbﬁ)pww

kEZ jez

F;,p =~ [(,D] Wsyp(]Rn) .

With Hélder inequality,

D=

dx dy
LirZa //Xuymk Tz, y) [y

p—1

k

n Rn

1 7

=l Iy

We have to possibilities of estimating I .k, and we are going to interpo-
late between them:

Firstly, for any small ¢ € (0,a) we can employ the estimate
|log ‘|‘T—Z|| < vl 122" O If we recall the Riesz potentials (2.1),

z—y| lz—z[7 © [e—yl”

we see that

_ |z — 2| 8
x— z|* "log —A)2p:(2)| dz
R[\ [ og [T (-8) By (2)

—0 J+0 ﬁ g Jo—0o ﬁ
Sz —y| 771 |(=A) 2 gj](x) + |z = y|7I77[(=A) 2 5] (2).
Having in mind (4.2) we obtain the estimate
L 2T hoa7h 104 (= A) gy |, + 25T 27 R0 2R | 107 (— ) B
;\<J2(k7j)(7+0) (bjfl + bj + bj+1) + Q(kij)(wig)(bjfl + bj + bj+1).

This is our first estimate:
(4.6) Ly 3 20=00=0) (920060 1 1) (b 4 bj 4 bj11).
Secondly, by a substitution we can write

2]

|z — y|

Tosa) = [ 1" og - () e o) = (A e+ 0)
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We use now [f(x) — f(y)| T [& =yl (M|Vf|(z) + M|V [|(y)), where M

is the Hardy-Littlewood maximal function. Then, again for any ¢ > 0,

Tei(x,y)|

<o~y / 2o
IR’”,

Hle—yl [ 2"
R”

log z

f|y| ‘ M|(=A)5Vp;|(z + z) dz

|2
|z —y
—0 JX+0 ﬁ
Sle—y|" I M|(=A)2 V| (x)

+ |z — y[TITT M (—A) 2 Vi (3)
+ |z =y IO M|(—A) 2 Vi ()
+ =y I M|(—A) 2 V| (y).

IM(=A)2V ;| (2 + 7) dz

log

Consequently, our second estimate is

T —1+0o a+to 8 “1-0c a—o B
L 32077 MI(=A) Vegy [ + 207 1277 M (= 2) 2 Vg
<ok(y=1+o) 23(—a—a+6+1)H¢ij 4 ok(y—1-0) 2j(—a+a+ﬁ+1)H(’9ij.

Together with (4.6) we thus have
_flm = min{g(kfj)(vfa) (22cr(leﬂ‘)_H)7 9(i—k)(1-v=0o) (1_1_2(1%)(20))} (bj_1+bj+bj11).

In particular, since v € (0,1) pick any 0 < o < min{~, 1 — v} — which,
as we shall see in a moment, makes the following sums convergent:

Al 3D 20T (b g b+ bjgy) ab !

JEZ k=j+1

7j—1
+ Z Z Q(k_J)(’Y_U) (bj71 + bj + bj+1) ag_l

JEL k=—o0

+ Z(bjfl + bj + bj+1) af_l
JEZL
=I+1I+1Il.

With Holder inequality and (4.5),

138 O a) s = AP [lwenn),

JEL JEZL
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As for I, for any € > 0,

DI

JEZ k=j

= Z Z 9(i—k)(1-7=0) (PV? +e7"al)

JEZ k=j

=Cy_,_,&" Z W+ Z f: (k) (170 gp

JEZ JEL k=j

k
Icl—v—aﬁpzb§ Jrgfp’z Z 2(;’%)(17770)&z

JEL k€Z j=—o0

=Clyo? Y W 4+, > al

JEZ kEZ
zgp[@m/s,p(w) + 57p,01—'y—oA(90)p-
The same works for I1:

j—1
1= 3 206 g

JEZ k=—00
3@y 7 g0 Alp).
Together,
[+ 11 3 [plyaneny +& 7 CroqsAlp),

which holds for any € > 0. Pick

€= [SD]W

R

P (R7) A(‘P)i
Then

Alp)P ST+ TT+TIT 3 AP [plwswmn.
Lemma 1.2 is proven if we divide both sides by A(p)P~L.

5. HIGHER DIFFERENTIABILITY: PROOF OF THEOREM 1.3

13

In view of Lemma A.1 we can assume w.l.o.g. that € is a bounded
open set, and that the support of u is strictly contained in some open

set 1 € Q. Then Theorem 1.3 follows from
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Lemma 5.1. Let Q; € Q2 two open, bounded sets, s € (0,1), p € [2,00).
Then there ezists an g9 > 0 so that for any € € (0,&p),

[u]gvslﬁ,p(g) N [U]Z;[;sl,p(g) +[[(=A )p Qu” s=e(P=1):p ()
Proof. We can find finitely many balls (By)X_ | C Q so that Uk 1 Br D

Q1. We denote with 10By, the concentric balls with ten times the radius,
and may assume Ugﬂ 10B;, C Q.

Denote
I's:= [U]Q;Vs’p(ﬂ)v Dote = [u]%/s”’p(ﬂ)'
We then have

|P
o S 3 [ [ AL o

As for the second term, because of the disjoint support of the integrals

we find
y)P
dz dy 2 (diam By) P T',.
/Q\QB,c /Bk |z — |"+(S+‘E
That is
K
FerE ;j Z[u]ngs,p@gk) + Fs-
k=1

With Lemma A.2 and Poincaré inequality, Proposition A.3, for any
6 >0,

p

L S BT+ O 367 <sup< A);ﬁg%ku[so])”
k=1

where the supremum is over all ¢ € C°(4By) and [plwster@n) < 1.

Here we also used that Uszl 8By, covers no more than 2. Choosing
sufficiently small, we can estimate 'y, . by

I, +Z (sup {|(—2)555,ule]l ¢ € CEMUB), [elwrrenn < 1})7

With Theorem 1.1 this can be estimated by
Fs + Eﬁrs—&-a

p

+ZK: (sup{ )3 sm (=) 2 Q)| 1 @ € C(4By), [Plwetem@n) < 1}),,_1

k=1
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If € € [0,60) for g9 small enough, we can again absorb I'y,.. The
estimate for I'y;. becomes

p

s+Z (50 {1 =80 s, 02 F ]l + 0 € (B, [Phwsenipmy < 1})7

Next, we need to transform (—A)Z ¢ into a feasible testfunction, and
denoting the usual cutoff function with nsg, € C(6By), nep, = 1 in
5By,

ep

(=8)Fp =9+ (1 —mep)(—A) T
Then ¢ € C(6By,)

['(/J]Ws—s(p—l),p(ﬂ) :5 Ck [QD]Ws+s,p(Rn) § Ck'

Moreover, the disjoint support of (1 —17sp, ) and ¢ implies (see, e.g., [3,
Lemma A.1])

5

(1 - nﬁBk)(_A)%)‘P]Lip < Cy [plwster(mny-

Consequently,

|(_A)p,83k ul(— ) <P Y| 3 [u ]W‘!P(Q)

Hence, our estimate for I'y,. now looks like
_p_
S+Z Sup {| pBBk ” : f(/) S C::.)O(GB]C), [w]wsfs(pfl).p(Rn) S 1})1771

Finally, we need to transform the support of (—A)g from 8By, to Q.
Since supp vy C 6By, the disjoint support of the integrals gives

pSBk W] - (_A)p QUWJH
/ [ )l 1) vl 4,
Q\8By, J 7B, ’x_ |t

<Cilu ]WﬁP(Q)W)]WS*E(P*UW(]R”)-

This implies the final estimate of I';,. by

s+ (SUP {‘(‘A);QUW” DY e CR(Q), W}sts(pflm(ﬂ&n) < 1})’“%1
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6. DIFFERENTIABILITY OF p-HARMONIC MAPS: PROOF OF
THEOREM 1.8

For B C R", t € (0, ) we set

Ju(@) = u(y)|* >(u(x) —u(y) (Jz—2"" = |y = 2"
Ti pu(z / / P dx dy.

y|n+s%

T; pu was introduced in [22] because of the following relation
(6.1)
c / T, su(z) o(z) dz

|l' _ |n+s

From [22, in particular (3.1), Lemma 3.3, 3.4, 3.5] we have the following

Theorem 6.1. Let u satisfy (1.6) and (1.7) in an open set Q. Assume
that on the ball 2B for a small enough ¢ > 0 (depending on A) (1.8)
holds. Then there is tg < s, o > 0, so that for some v > v > 1 for
any ball B,,, C B

(6.2) [U]Ws’%(gp) S Car?,
and
(63) | By B, S CApg.

Estimate (6.3) looks almost as if T}, g, belongs locally to a Morrey
space. But the domain dependence on B,,, prevents us from exploit-
ing this immediately. The following proposition removes the domain
dependence.

Proposition 6.2. Under the assumptions of Theorem 6.1 there exists
v>1,0>0 so that

B, < Cpap’

for any ball so that B, C B.

Proof. Set k1 > kg > k3 > 1 to be chosen later. Take v := 2+, with v,
from (6.3). We will always assume p < 1.
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For some ¢ € C(Bs ), HQDH% <1 we have

T, ptt]| 2 B

5[ Tonue
) /B /B \u(a:)—u(y)\:_Q(U(ﬁ’x)_—y@Tgiﬂ): (o) = I"¢(y)) .

We will now use several cutoffs to slice ¢ into the right form. This
kind of arguments and the consequent (tedious) estimates have been
used several times in work related to fractional harmonic maps, cf. e.g.
[9, 8, 6, 3, 22, 20, 21], and we will not repeat them in detail. We will
also assume that k; > ko > k3. If they are equal, to keep the “disjoint
support estimates” working one needs to use cutoff functions on twice,
four times etc. of the Balls.

For a cutoff function B~ € C(Bapr2), 1B, =100 By, we have
I =+ (1 = g ) TP,
Note that 1) € C>°(Bayx.) and'

o

(6.4) N P N S IS
The disjoint support of (1 —n) and ¢ ensures (see [3, Lemma A.1])
(6.5) 1% )yt oy = A0
We furthermore decompose

(=8)F =0+ (1 =m0 ) (=) B
Then ¢ € C°(Byyrs) and

n _< n

(6.6) ol % Nl
(6.7) [V = 196w 3 o™+ g

Again with (6.1), we then have
B, S|+ 11|+ [I1I] + |IV|

[T, sl

n
n—tgy

where

I = /EO,B-WU QS?

Ty e - . . t )
This is true if {+ > 2, since then [f]W n < |(-A)= f||% If 3 < 2 one has

to 7y

to adapt the estimate, but the results remains true.
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._ lu(z) —u(y)]* 2(u(z) —uly)) (¥ —I"¢)(x) — (¥ — I"P)(y)) .
= /B ) /B : ’ dx dy,

— gyl

_ |u(z) —u(y)]* > (u(z) —u(y)) (D) —P(y)) .
111 = \/B\Bw /]32;7,{2 ’x_y’n+s% d dy7
and

Vem [ [ 0= 0l )= ) (1% = 00 = U =0
- Js)B |z — y[" ot :
With (6.6), supp ¢ C Boyss C Bo,, and (6.3),
112 0.
With (6.2), (6.7) (for p small enough),
[ = 1) yun gy, ) S 7057 prlramDpliamran,

With the disjoint support of the integrals, Holder inequality (% > 1),
and (6.4),

-1 —s _Kka(s— ko—1)(s—
|[IT1] % [UEVS’%(B) plo=s pra(s=to) [tho’%(la) < plea=D(s=to)

Lastly, with (6.5)

n_jy
B

11 =2 n
1113 [l

n_g
S

11V 3 [u] I = ¢l gy 3 P00,

If we choose k1 = ko = k3 = 1, we obtain

Ws,%(B)[

1T pull 25, 3 1.

whenever By, C B, In particular

(63 Tl s 31
n—tg’ 2y

On the other hand, we may take
K1 > Ko > K3 = 1.
Then we have shown that

ITso. 5l 2 By 307

which holds whenever B,, C B. Equivalently, for an even smaller 7,

ITso5ull 2o B, 307,

which holds whenever B L C B. With (6.8) this estimate also holds

whenever B,,, C B, with a constant depending on the radius of B. [
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In [22] it is shown that for t; > to, T}, pu = I"~"T,, pu. Since accord-
ing to Proposition 6.2 T}, pu belongs to a Morrey space, we can apply
Adams estimates on Riesz potential acting on Morrey spaces [1, The-
orem 3.1 and Corollary after Proposition 3.4] and obtain an increased
integrability estimate for T}, pu.

Proposition 6.3. Under the assumptions of Theorem 6.1 there are
v>1,tg <ty <s, and p1 > -~ so that

n—ty

Hj_'tlyBqulsBp < Cap?
for any ball so that B, C B.

Now we exploit (6.1): For any ¢ € C2°(R")

(~8)pulel = [ T (-0)%.

s

Let ¢ € C°(By,) for By, € B. With the usual cutoff-function 7 €
C(By), n=1on By,

[(=2)% pulell S N1Th pullpy 5, I1(=2)20llp;.5,+ T, pul

n—t’

L3N
o (= 8) Folla o,

By the Sobolev inequality for Gagliardo-Norms [22, Theorem 1.6], and
the disjoint support [3, Lemma A.1], this implies

|(=A)% gulp]] 3 CAle] stty-zn .
s w P17 (R7)
Since p; > #, we have s +t; — pﬂ, < s, and the claim of Theorem 1.8
1

follows from Theorem 1.3 by a covering argument. ]

7. COMPACTNESS FOR Z-HARMONIC MAPS: PROOF OF

S

THEOREM 1.9

From the arguments in [7, Proof of Lemma 2.3.] one has the following:
Proposition 7.1. For s € (0,1), p € (1,00) let (up)2, €
WeP(R™, SN71), A = supgen[ur]wsr@n) < 00 and g9 > 0 given. Then

up to a subsequence there is us, € W*P(R",SN=1) and a finite set of
points J = {ai,...,a} such that

Up — U 1 WP(R™, SN71) as k — oo,
and for all x & J there isr =1, > 0 so that

lim sup(ug)wsr (B, () < €o-
k—o0
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This, Theorem 1.8 and the compactness of the embedding
W05 (B, (z)) — W+ (B,(r)) immediately implies that

(R™\.J).

n
s

k—o0 . s,
U — Uso 10 W,

loc

APPENDIX A. USEFUL TOOLS

The following Lemma is used to restrict the fractional p-Laplacian to
smaller sets.

Lemma A.1 (Localization Lemma). Let 3 € Q2 € Q3 € Q C R”
be open sets so that dist (Qq,5), dist (22, Q5), dist (Q23,Q°) > 0. Let
s€(0,1), p € [2,00).

For any u € W*P(Q) there exists u« € W*P(R") so that

ﬂ]Ws,p(Rn) j [U]Ws,p(Q)
For anyt € (2s —1,s),
s ~ s —1
|’(—A)p,93UH(W;P(Qg))* 3 H(_A)p,QuH(Wé’p(Q))* + [U]gvs,p(g)-

The constants are uniform in u and depend only on s,t,p and the sets
Ql; QQ, 937 and Q.
Proof. Let Q1 € Q, let n = ng, € CX(Qs), no, =1 on Q. We set

U= Uioh (u - (u)fh)
Clearly u satisfies property (1) and (2). We have property (3), too:

[a]Ws,p(Rn) ﬁ [U]Ws,p(Q).

We write
u(r) —aly) = n(x)(u(r) —uly)) + (n(z) —n(y))(uly) = (Wa,) -
a(z,y) b(z,y)
Setting
T(a) := |a|’*a,

observe that
[ T(a+0b) = T(a)| Z[b] (la["~2 +[b]2) .
Also note that
T(a(z,y)) = 17~ (@) u(z) — u(y)["*(u(z) — u(y))
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We thus have for any ¢ € C°(Q3),

( pQu[ ]
[ [ e ) it (el =l o,
T
[ [ ) = te) —ut) ) o) =)
i

// (a+b)— () = W) 4. 4,
Iw— I”“p ’
// [u(2) = ()P () — ulw) (P @) = W) 4 g
|z —

|n+sp

// (@) —uy)"(ulw) —uly) (") = w)ew) 4o 0

o=y

// (a+b) |x_y|n+sp() e(y)) iz dy

=(-A pQu 80]
// [u(z) —u)"(ulz) —uly) (" @) =" W)ew) 4o o0

’JJ _ ’n+sp

// (a+b) |x_y|n+p() e(y)) i dy.

Consequently,

[(=8) oul]]
SI(=A)paull g, ’P(Q) [P lwer(e)

// Ju(z) — w7 (@) =" (W)l L)l dy
’xiy‘n-i-sp
// |n(x Y| July) — (wa,| n(@)"? Julz) —u(y)P? lp(@) — o(y)|

dr d
o = g e

//m P40 = P 1) =) 4,
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That is for any ¢ < s

[(=A); otle]]
2(=A )QUH WP () [Up_lﬁp]wt,p(ﬂ)

=Y () — P )P ()P z
Wbp </ / ‘.I' _ ‘n«l»sp dil? dy

P [u(y) — (), ]? z
+ [elwer ) [u wsp () <//Q ‘x — y|rt@s=tp dv dy
2

n(z) — n@)]? [uly) — (W), |? 5
©lwtr(@) (/ /92 |x— 25 0p dzx dy )

Since 7 is bounded and Lipschitz, suppn C Qo, and ¢ € C°(£23) we
have that

[P elwer) 3 [elwer@n-

Also, choosing some bounded €24 € 2 so that Q3 € €y,

// @) =" WP e dy

R

N/ & — P d (p(y) Py

/ / &~y da |p(y)Pdy
Q3 n\Qy

Slelly 3 [Phverny:

Finally, using Lipschitz continuity of n and that 2s — 1 <t < s

Y)IP [u(y) = (w)o, [P
//Q2 y‘n+(29 o dx dy

< Ju) - @l / & — 2 g gy
Q3 Qo

1
T / fuly) - Warl? [ —— dz dy
0\Qs U Ja, |l —ylnter

</ u(y) — u(z)P dy dz

1
L drdyd-
/(21 ~/Q\Qs )| ~/Qz "T - y‘n—i-sp
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Note that for x, z € Q5 and y € Qf we have that |z —y| =~ |y — z|, and
since €11, {29, (23 are bounded we then have

In(x DIP |uly) — (u)o,|?
/ /92 ’f - y["+ (2s—t)p dz dy rj [U]Wsﬁp(g).

Thus we have shown that for any ¢ € C°(Q3),

(A0l 3 (1A aullagray. + bl [,
Since moreover, supp @ C €y, for any ¢ € C(Q3),

[(~ ) 08l 31 (=AYl + [l by [Phwen ),

we get the claim. O

The next Lemma estimates the W*P-norm in terms of the fractional
p-Laplacian.

Lemma A.2. Let B C R" be a ball and 4B the concentric ball with
four times the radius. Then for any § > 0, [u ]WSP(B can be estimated

by

Pl |
(), / = Q(&"?yqﬁii” ) 00, )
+ 52 diam (B)~" /|u \olP dr

where the supremum is over all ¢ € CP(2B) and [p|wsrmn) < 1.

Proof. Let n € C°(2B), n = 1 in B be the usual cutoff function in 2B.

U(@) = n(@)(u(z) - ()p), and  @(z) =1 (2)(u(z) - (u)p).
Then,

(A-l) WJ]WW(R") + [‘P]WSvP(R") N [U]W“’@B)-
We have
My < [ =D ) (6) = b0
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Now we observe

((x) = ¥(y)* =((@) = ) (n(z) — n(y)(u(z) — (u)5)
+ () (n(y) = n(2)) (ulz) = uly))
+ (p(2) = @) (u(z) = uly))
That is,
() ST+ T+ 11T,
with
e / ju(a) — u(y)l- 2|x ) ele) = el0)
With (A.1),
S o sp [ [ )00 ) (o) ) 4
2 Ws,p(R")Sl iB 4B
As for 11,

11 =2V // [u(x) — u() (@) = G| [ulz) = Wsl 4o

o =y
4B 4B

For any t5 > 0 so that ¢, = 1 — s, we have with Holder’s inequality

— p—2 — —
N B e T e
4B 4B

3 diam (B)™ [ully 4, [Wlw-sian) (4/ ulz) = Wl” dy) .
B 4B

|z — y[rtor

Since ty > 0,

_ p
/ W dz dy = (diam B)"? /]u(x) — (u)g|? dx.
4B 4B 4B
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So using again (A.1), we arrive at

LSIC

IT 3 diam (B)™* [u]? Wsp(4B /|u )g|P dz

111 can be estimated the same way as II, and we have the following
estimate for [ulf., )

ey sup [ [ M= ) (o) — 0D g,

o =y
4B 4B
1
P
+ [u]ﬁ;},p(w) diam (B /!u w)plP dx
We conclude with Young’s 1nequahty. ]

The next Proposition follows immediately from Jensen’s inequality and
the definition of [u]}.. PAB)-

Proposition A.3 (A Poincaré type inequality). Let B be a ball and
for X > 1 let AB be the concentric ball with \ times the radius. Then
for any t € (0,1), p € (1,00),

/|u Vgl dox 2 \"TPdiam (B)™ [uliyeram)-
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