Multilevel Methods for
Uncertainty Quantification

of Elliptic PDEs with
Random Anisotropic Diffusion

H. Harbrecht and M. Schmidlin

Departement Mathematik und Informatik Preprint No. 2017-07
Fachbereich Mathematik June 2017
Universitat Basel

CH-4051 Basel www.math.unibas.ch




MULTILEVEL METHODS FOR UNCERTAINTY QUANTIFICATION OF
ELLIPTIC PDES WITH RANDOM ANISOTROPIC DIFFUSION

HELMUT HARBRECHT AND MARC SCHMIDLIN

ABsTRACT. We consider elliptic diffusion problems with a random anisotropic diffusion coeffi-
cient, where, in a notable direction given by a random vector field, the diffusion strength differs
from the diffusion strength perpendicular to this notable direction. The Karhunen-Loéve ex-
pansion then yields a parametrisation of the random vector field and, therefore, also of the
solution of the elliptic diffusion problem. We show that, given regularity of the elliptic diffu-
sion problem, the decay of the Karhunen-Loéve expansion entirely determines the regularity
of the solution’s dependence on the random parameter, also when considering this higher spa-
tial regularity. This result then implies that multilevel collocation and multilevel quadrature
methods may be used to lessen the computation complexity when approximating quantities of
interest, like the solution’s mean or its second moment, while still yielding the expected rates
of convergence. Numerical examples in three spatial dimensions are provided to validate the
presented theory.

1. INTRODUCTION

The numerical approximation of quantities of interest, such as expectation, variance, or more
general output functionals, of the solution of a diffusion problem with a scalar random diffusion
coefficient with multilevel collocation or multilevel quadrature methods has been considered
previously, see e.g. [2, 6, 10, 11, 17, 20, 24, 31] and the references therein; in this isotropic case,
the mixed smoothness required for the use of such multilevel methods has been provided in
[7] for uniformly elliptic diffusion coefficients and in [23] for log-normally distributed diffusion
coeflicients. However, in simulations of certain diffusion phenomena in science and engineering,
the diffusion that needs to be modeled may not necessarily be isotropic. One specific application
we have in mind here stems from cardiac electrophysiology, where the electrical activation of the
human heart is considered. It is known that the fibrous structure of the heart plays a major role
when considering the electrical and mechanical properties of the heart. And while the fibres have
a complex and generally well-organised structure, see e.g. [28, 29], the exact fibre orientation may
vary between individuals and also over time in an individual, for example due to the presence of
scaring of the heart.

More generally, we wish to be able to model diffusion in a fibrous media, where fibre direction
and diffusion strength in fibre direction are subject to uncertainty. For this setting, the following
random anisotropic diffusion coefficient was defined in [21]:

V(@)VT(w)

A(w) :==al + (HV(W)HQ - a)W’
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where a is a given value and V is a random vector-valued field, over a given spatial domain D
and a given probability space (€2, F,P). The fibre direction is hence given by V/||V| with the
diffusion strength in the fibre direction being ||V|| and the diffusion strength perpendicular to
the fibre direction is defined by a.

We shall consider the second order diffusion problem with this uncertain diffusion coefficient
A given by
—divk (A(w) Vxu(w)) = f in D,

u(w) =0 on dD,

with the known function f as a source. The result of this article is then as follows. Having spatial
H*-regularity of the underlying diffusion problem, given by sufficient smoothness of the right
hand f side and the domain D, then the random solution u admits analytic regularity with
respect to the stochastic parameter also in the H*(D)-norm provided that the random vector-
valued field offers enough spatial regularity. This mizred regularity is the essential ingredient in
order to apply multilevel collocation or multilevel quadrature methods without deteriorating the
rate of convergence, see [17] for instance.

The rest of the article is organised as follows: In Section 2, we provide basic definitions and
notation for the functional analytic framework to be able to state and then also reformulate
the model problem, by using the Karhunen-Loéve expansion of the diffusion describing random
vector-valued field V, into its stochastically parametric and spatially weak formulation. Section 3
then deals with the regularity of the solution of the stochastically parametric and spatially weak
formulation of the model problem with respect to the stochastic parameter and some given higher
spatial regularity in the model problem. We then use the fact that the higher spatial regularity can
be kept, when considering the regularity of the solution with respect to the stochastic parameter,
to arrive at convergence rates when considering multilevel quadrature, such as multilevel quasi-
Monte Carlo quadrature, to approximate the solution’s mean and second moment. Numerical
examples are provided in Section 4 as validation; specifically we use multilevel quasi-Monte
Carlo quadrature to approximate the solution’s mean and second moment in a setting with three
spatial dimensions. Lastly, we give our conclusions in Section 5.

for almost every w € 2 {

2. PROBLEM FORMULATION

2.1. Notation and precursory remarks. For a given Banach space X and a complete measure
space M with measure p the space Lﬂ(./\/l; X) for 1 < p < oo denotes the Bochner space, see
[22], which contains all equivalence classes of strongly measurable functions v: M — X with
finite norm

[ @l uto) Ve

HU”Lﬁ(M;X) =
esssup”v(:z:)HX, p = oo.
reM

A function v: M — X is strongly measurable if there exists a sequence of countably-valued
measurable functions v, : M — X, such that for almost every m € M we have lim,,_, o, v,(m) =
v(m). Note that, for finite measures y, we also have the usual inclusion L?(M;X) > L% (M; X)
for 1 <p<q< oo

When X is a separable Hilbert space and M is a separable measure space, the Bochner space
Li (M; X) is also a separable Hilbert space with the inner product

()3 v = [ (). 0() 4 )

and is isomorphic to the tensor product space L7 (M) ® X, see [25].
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Subsequently, we will always equip R? with the norm ||-||, induced by the canonical inner
product (-,-) and R%*¢ with the norm |[|-||» induced by the Frobenius inner product (-, ) 7. Then,
for v,w € R%, the Cauchy-Schwartz inequality gives us

viw| = (v, w)| < [[v],wl,.
where equality holds only if v = w, and we also have, by straightforward computation, that
VTl = (vl lwll.

We also note that to avoid the use of generic but unspecified constants in certain formulas we
use C' < D to mean that C can be bounded by a multiple of D, independently of parameters
which C and D may depend on. Obviously, C 2 D is defined as D < C and we write C' = D if
C < D and C 2 D. Lastly, note that for the natural numbers N denotes them including 0 and
N* excluding 0.

2.2. Model problem. Let (2, F,P) be a separable, complete probability space. Then, we con-
sider the following second order diffusion problem with a random anisotropic diffusion coefficient

—divk(A(w) Vxu(w)) = f in D,

1 for almost eve e
M) " Ve { u(w)=0 on dD,

where D C R? is a Lipschitz domain with d > 1 and the function f € H~!(D) describes the
known source. The diffusion coefficient is given as the random matrix field A € Lg° (Q; L>(D; RdXd)),
which satisfies the uniform ellipticity condition
(2) a < essinf Apin (A(x,w)) < esssup Amax (A(x,w)) <@ P-almost surely
xeD xeD

for some constants 0 < ¢ < @ < oo and is almost surely symmetric almost everywhere. Without
loss of generality, we assume a¢ < 1 < @.

We specifically consider diffusion coefficients that are of form

V(x,w)VT(x,w)
VT(x,w)V(x,w)’

where a € R is a given positive number and V € Lg° (Q; L (D; Rd)) is a random vector-valued
field. We note that such a field A accounts for a medium that has homogeneous diffusion strength
a perpendicular to V and has diffusion strength ||V(x, w) H2 in the direction of V. The randomness
of the specific direction and length of V therefore quantifies uncertainty of this notable direction
and its diffusion strength. To guarantee the uniform ellipticity condition (2), we require that

(3) A(x,w) =al+ (HV(X7Q})H2 - a)

(4) a < ess ianV(x,w)H < ess supHV(x,w)H <@ P-almost surely
xeD xeD

as well as a < a < a.
It is assumed that the spatial variable x and the stochastic parameter w of the random field
have been separated by the Karhunen-Loéve expansion of V, yielding a parametrised expansion

(5) V(x,y) =E[V](x) + Z O, (X) Yk,
k=1
where y = (yr)gen- € O 1= [—1, I]N* is a sequence of uncorrelated random variables, see e.g.

[21]. In the following, we will denote the pushforward of the measure P onto O as Py,. Then, we
also view A(x,y) and u(x,y) as being parametrised by y and restate (1) as
—divx(A(y) Vxu(y)) = f in D,

(6) for almost every y € [: { u(y) =0 on dD.
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We now impose some common assumptions, which make the Karhunen-Loéve expansion com-
putationally feasible.

Assumption 2.1. (1) The random variables (yx)ren+ are independent and identically dis-
tributed. Moreover, they are uniformly distributed on [—1, 1].
(2) The sequence v = (V) ,en, given by

Tk = Hak,l/JkHLw(D;Rd)’
is at least in (*(N), where we have defined 1o = E[V] and og := 1.
Lastly, we note that the spatially weak form of (6) is given by
Find u € Lg (3; Hy (D)) such that
(7) (A(y) Vxu(y), Vx ”)Lz(D;Rd) = (/, v)L2(D;]Rd)
for almost every y € 0 and all v € Hj (D).
This also entails the well known stability estimate.

Lemma 2.2. There is a unique solution u € Lg® (0J; HY(D)) of (7), which fulfils

1
Hu(y)HL]g:’(D;Hl(D)) < E(”fHH*l(D))a

where cy is the Poincaré-Friedrichs constant of HE (D).

3. PARAMETRIC REGULARITY

3.1. Precursory remarks. Before we start discussing the regularity of the diffusion coefficient
and the solution, we introduce some norms and lemmata, which will then be used in the following
subsections.

For the Sobolev spaces WP with k € N and 1 < p < oo, we introduce the norms given by

1
||M||W“7P(D;Rdlx‘12) = Z aHaSMHLp(D;RdIXdQ)

e <r
1 (o) p 1/p
Z '</ H(’)x M(x)HFdx> , P < o00;
laj<n &\ D
1
— ess oM =
I};ﬁ ~ eSSGSl‘;PH T M), p = oo,

for M € W*P(D; R4 *92) with dy, dy € N*.
For these norms, we have the following lemmata.

Lemma 3.1. Let k € N, 1 < p1,p2 < 00, dy,ds,ds € N*, and
M, € WHPH(D;R%*%) M, € WHP2(D;R2*%)
with ¢ = (p7* +py ') ' > 1. Then, we have
M1 M|y ea(prarxasy < (IMallyyees (prdsxcaz) IM2llyysoo (piria xas -

Proof. Let a, 8 € N? be two multi-indices, then we have

1 (a—f—ﬁ)_ I (ax+pB)! 1
(a+B)'\ B ) (a+B)! aiB  apl’




ML METHODS FOR UQ OF ELLIPTIC PDES WITH RANDOM ANISOTROPIC DIFFUSION

We now can calculate

L qe
M1 M|l yysa(porets xasy = Z a“ax[M1M2]||L4(D;Rd1><d3)

lal<x

-y e (‘g) 92 M, 9%° M,

lel<k B

= Z Z ( >|8ﬁM18a ﬁM2||Lq(D;Rd1Xd3)

|| <k ﬁ<a

= Z Z al( )’aﬁMluLM(DRledz)Haa ﬁM?HLpz D;Rdzxd3)*

|a|<k BLax

La(D;R%1%43)

By a change of variables, i.e. replacing o with «« + 3, and remarking that

{(a=B.8):la| <k B<a)={(apf):|a]+|8] <k},
we find the identity

> als )|aﬁerrm(D;W)|\a:ﬁMz|\m;W>

la|<k BLa
1 a+
- Z Mﬁ)'( B >HagMlHLi’l(D;Rledz)HagMQHLM(D;RdZXdS)
l|+IBl<r
= Z ,8' Haﬁ MlHLPl(D;Rdlx@)Hag M2HLP2(D;R¢2XL‘3)'
la|+[B]<r

Consequently, we arrive at the desired estimate:

HMlM?”WN’Q(D;RW%) < Z 1/@| Hag MlHLm(D;Rledz)Hag Mz”LPz(D;Rdeds)

], \13|<K
= Z ﬁ| Haﬁ MlHLm(D ;Rd1xd2) Z al Haa M2HLP2(D iRz xd3)
IBI<k lee|<r
= HM1||Wrc,p1(D;]Rdlxdz)||M2HW~vP2(D;Rd2Xd3)'
Lemma 3.2. Let k € N, 1 < p < o0, and
v = [v]l, € WP (D;RY).
Then, we have
Hdiva”Wn—Lp(D) < K‘d”vHWmP(D;Rd)'
Proof. We calculate

d
< Z 5 ZH@? Oa, Uz‘”Lp(D)

Wr=bp(D)  al<k—1  i=1

Z Oz, i

”lexVHWN Le(D)

1 O
<K Z ol ZH@X Vill Loy < KAV Ilyyen (piray-

lae|<k i=1
Lemma 3.3. Let k€ N, 1 <p < o0, and
u € W*P(D).
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Then, we have
IVxullyn-r1opgay < wdllullyesp)-

Proof. We calculate

) ) 0% 0z, u
”VXUHWN*LP(D;RU’) = Z gHa? VXUHLP(D;]Rd) = Z ol :
| <r=1 lalsr—1 0% Oz, Lp(D;R4)
S Z | ZHaa afl’z U’HLP < Hd”uHWN p(D) D

la|<k—1  i=1
As we will need the Faa di Bruno formula, see [8], we just restate it here for reference:

Remark 3.4. Given v: R — R and M: D — R (both sufficiently differentiable for the formula
to make sense), then

kv
o o (aﬁb M(x ))
OF o M](x) = ) D, ) D o] IR

r=1 Pla,r) j=1

where P(a,r) is a subset of integer partitions of a multi-index o into v non-vanishing multi-
indices, given by

Plar) = { (1,81 (o) € (N 0) 5 30k = Yoy =
j=1 j=1
and there exists 1 <s<n:k;=0and 3; =0 forall1 < j<n—s,
k:j>0f0ralln5+1§j§nand0<ﬁn_s+1<...ﬁn}.

The relation B < B’ for multi-indices 3,3 € NM means that either |3| < |3'| or, when |B| = |3,
there exists 0 < k < m such that 31 = B1,..., Bk = By, and Bry1 < B, ;-

We also know from [8] that:

Remark 3.5. For a € N¢ with n = |a| and r € N, we have

Z H k(B = Snr

where Sy, , denotes the Stirling numbers of the second kind, see [1].
Lemma 3.6. Let k € N and M € W (D;R) with 0 < m < 1 <m < oo such that

m < essinf|| M (x)| < esssup||M (x)| < ™,
xeD xeD
as well as v(x) = x~! and w(x) = \/z. Then, we have

1 *
o0 Mllyyee iy < nt ey max{ L 1M e i) |

and

Vi
w00 Ml e iy < ety M L 1M e oy |
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with

x|

Crd =1+ Z ZT!S‘QM.

la|<w =1
Proof. We first remark that the r-th derivative of v is given by
Dl v(x) = (—1)"rla™ 7" = (=1)"rlv(x) .

Next, we employ the Faa di Bruno formula to compute

l[vo Ml woopy = Z —Ha"‘voM HLoo(D

|| <k
o o (aﬁ% M) '
SITIMNEES SR ) ST SR | R et
1<|a|<n : r=1 P(a,r) j=1 Le°(D)
|| B, k
1|00 M
SHUOMH o T HDT OMH al — || =
Le=(D) 1<|za|:<m 'Tz_: L (D) (z:) ]1;[1]6]' ﬁ]' L>°(D)

T a 1
<HU°]\/[HLoo - Z ZHD OMHLN(D) HWNG(DR Z H@

1<|a|<k r=1 Pla,r) j=

(HvoMHLc>o + Z ZH D7 v oMH 5|a|,r> max{17||M”€V~v°°(D;R)}'

1<|a|<k r=1

Thus, we continue by calculating

HUOMHLOO(D)+ Z ZHDT OMHLoo(Dslalr

1<|a|<k r=1

x|

= oMl + Do D=0 ro(m) |

1<|a|<k r=1

R

|

HUOMHLOO(D)+ Z ZHUOMHzi(D)T!SIaIm

1<|a|<k r=1

IN

||

*+ > Zmr+17“5|a|r

1<|a|<k r=1 "

<1+ > %T'Slm )

|| <k r=1

| A

The calculation for w instead of v is mainly analogous: The r-th derivative of w is given by
DI w(z) = " = crw(z)v(z)",

where ¢, := ]_[:"__01(l — z) As |e,| < 7!, we can use

HwO]\/[HLoo + Z ZH (D3, w O]MHLOO(D led.r

1<|a|<k r=1
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||

:“woM“LW(D)+ Z Z

1<|a|<r r=1

e w(M (x))o(M (x)"

L (py el

||

S“woM“LW(D)+ Z ZHwOMHLm(D)HUOMHZOQ(D)T!S\O‘\:T

1<|al<r r=1

lee]  —
S\/%‘f' Z Z@T!S‘a"r

mT
1<|al<kr=1 —

|| —
< <1+ Z ZT!SVIW‘)\/T' U
1<|al<x r=1 m

3.2. Parametric regularity of the diffusion coefficient. For the following, we introduce the
shorthand notations

Ml g s = ||M||L§:,(D;W~,oc(D;Rd1Xdz)),
for M € LIPO,j (D; W"’OO(D;Rd“d?)) with x € N and d;,dy € N*; as well as
Ml == 11

My == 0ty 2

K,1x1?

We now provide regularity estimates for the different terms that make up the diffusion coeffi-
cient, based on the following assumption on the decay of the expansion of V.

Assumption 3.7. We assume that the v, are elements of W (D;R?) for a k € N and that
the sequence Yx = (Vi ,k)pen, given by

Vi k = HffkﬂkaWK,m(D;Rd),
is at least in (*(N). Furthermore, we define
Cve = maX{”'YHHEl(N)? 1}.
We furthermore assume that the vector field V is given by a finite rank Karhunen-Loéve
expansion, i.e.

M
V(x,y) =E[V](x) + > outhr(x)ys,
k=1

where O := [—1,1]™. We note that the regularity estimates however will not depend on the rank
M. If necessary, a finite rank can be attained by appropriate truncation.

Lemma 3.8. Let B be defined as
B(x,y) = V(x,y) V' (x,y).
Then, we have for all o € N that
fe 2
oy an,dxd < 2e5,7%

Proof. More verbosely, B is given by

B(x,y) = («,bo(x) ; kziam<x>yk) (¢0(X) " ﬁ ak@bk(x)yk)T,
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from which we can derive the first order derivatives, yielding

9y, B(x,y) = oithi(x ( +ZUk1l’k )T

+( +Z<7k¢k yk)ffﬂ/f (%),

and from those also the second order derivatives. They are given by

9) Dy, 0y, B(x,y) = 0t (x)0;1; (%) + 0595 (x) o2 (x).

Since the second order derivatives with respect to y are constant, all higher order derivatives
with respect to y vanish.
We obviously have

(8)

1Bl axa < €3,

From (8) we can now derive the bound

10 Bll,. 4xa < 2llostbill, 4|0 + Zowkyk < ity

w,d

and (9) leads us to
100, 0y Bl aq < 2llotbill, allosbsll.q < 27mim.5-
Therefore, we have
C?.,Nﬁ’,?, if |O£| =0,

o 2y, 7S, if|a| =1,
H‘a BH’m d><d 2,7;17 if |a| =2,
0, if || > 2,

and are finished since ¢, > 1. O
Lemma 3.9. Let us define
C(x,y) = V' (x,y)V(x,y),

~1
D(x,y):=(C(xy))
E(x,y) = vO(xy).

Then, we know for all o € NM that

2% 2Kk+2 |a|
C 2c
105 DI, < laens g2 (cnimtnn 5 ) 7

and

acer 2c2r+2 lex|
105 Bl < lolon g (cnizii 5 ) 2

Proof. C can be expressed as

Clxy) = < +Zak1/fk yk)T<¢0(X)+§0k¢k(X)yk>,
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which, by derivation, gives the following expressions for the first order derivatives:

0y, C(x,y) = o] ( < Jrzaki/ik )

-
+ (¢0(X) + Zakwk(x)yk) oii(x).

k=1

Computing the second order derivatives then yields

(11) 9y, 0y, C(x,y) = 03] ()15 (%) + 053] (x)oinhi (x)

and all higher order derivatives with respect to y are zero, since the second order derivatives
with respect to y are constant.
We know that

(10)

ICll,, < IV

md— ’YN

Using (10) yields the bound

< 29kiCy,

105 . < 2lloiill,. o )

M
Yo + Z or VLYK
=1

and from (11) we can derive the bound

164, 4. €l < 2o

n,d|HUj¢J ‘H;{ d — 27*/» VK,

Thus, we conclude that
lo3 Cll, < 26,72

We also use (4) to arrive at
2 . . 2 . .
a” < essinfess inf[|V (x,y)l[p = essinfessinf||C(x, Yl e
as well as

esssup esssup||C(x,y)||p = esssupesssup||V (x,y) H; <@
yeld xeD yel xeD

Now, in view of Lemma 3.6, we arrive at

2K
ID, < a2
and
acQﬁ
B, < cra
as ||C|l, < c? with ey, >a> 1.

Because D = voC with v(z) = 27! and E = wo C with w(z) = \/z are composite functions,
we employ the Faa di Bruno formula, see Remark 3.4, to compute their derivatives. We remark
that the r-th derivative of v is given by

D" v(z) = (—1)"rlz™ 17" = (=1)"rlo(z)

and the r-th derivative of w is given by

Dl w(z) = " = crw(z)v(z)",
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where ¢, := H:& (3 — ). For n = |a|, we thus arrive at

. 1 " (aﬁ] C( y))kj
(12) 9y D(x,y) =D (-1 rDx,y)™ Y7l [] >

r=1 P(a,r) j=1
and

" v (08 Cxy))”
(13) 0y E(x,y) = ZCTE(x,y)D( H u

P(a,r) k ' /8]
Taking the norm of (12) and (13) leads us to
n ) 8ﬁj o
o5 ll, < Y- AIDIE Y ol H L \”
r=1 P(a 'r
n 2/{ r+1 n 20 ")/Kj)kj
< T Ck a' %7
= < da%+2> P«; ) J[[ ki1 (B;)ks

n CQN r+1
_ ! _ e 2 Z IH
SR <C,g,da2~+2) (2¢2 )" ]l
r=1 =
and

n ﬁj C kj
log B, <> el EI DI > 'H \H '”
r=1

Pla,r) j=1

n = 2K 2K T n
<Y Jelewaye (ceagatiz) a!Hi@%%
— — ) QZH ) Q2n+2 k]'(ﬁ]')kg

P(a,r) Jj=1

62;@ T ) , n 1
=~ Zlcrlcn d (Cm,d a2212> (2¢2) al

|
P(a,r) jlk(ﬁ])

Observing |c¢,| < r! and Remark 3.5, we can obtain

|6y D, < e az*c?;Z Z”:T!(c dzcgyiH)TS
y K — Tk "R, Q25+2 — ol g 2k+2 n,r

C2l-c 262K+2 || |
<Cf'id 2H+2 Cﬂd 2N+2 § TS’H,’I‘

and

ac2 2e2F AN
10 £, <9203 3ot (coa g ) e

- r=1
Ec?y"“ 202'“‘2 | |
S Ck.,d an Ck,d 2K+2 E . Sn T

Because >, 715, equals the n-th ordered Bell number, we can bound it, see [3], b

n

n!
E |
e < (1og 2)n’

r=1

11
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This implies the assertion. O

Lemma 3.10. We define F by
V(x,y)V'(x,y)
VTi(xy)V(xy)

F(x,y) =

Then, we have for all a € NM that

. 037;*2 20372+2 || N
H!ay FH|;{ dxd = |efler,q a2rt2 <C"“’da2'€+2 logQ) Vi

Proof. We can equivalently state F as F(x,y) = D(x,y)B(x,y). Then, by applying the Leibniz
rule, we arrive at

oS F(xy)= > (g) (a§ D(x, y)) (a;‘*ﬁ B(x, y)).

B<la

Taking the norm and using the bounds from Lemma 3.8 and Lemma 3.9 leads us to

o «a o
105 ¥l s = 3 (§)108 21,105 "B,

B<la
2k 2K+2 18I
c 2¢
) ) a—F3
< Z ( )|/6!Cn’da2n+2 <Cﬁ’da2ﬂ+2 10g2> 7&2 ’yK’YH
B<La - -
9:2K+2 202K+2 || o
Ve o7 |
< Ck.,d 2n+2 < a25+2 10g2> M ;}L </8> |B|

Lastly, the combinatorial identity
a ]
as > (3)-(5)
oo \B J
1B81=4
yields the bound
|| e ||
1
S (s> (5)- Z;( ) =laly ;< sl 0
B<a j=0 ﬁ‘Sa ’
18l=j

Theorem 3.11. The derivatives of the diffusion matriz A, defined in (3), satisfy

N 204,#”?-‘,-2 2CQH+2 lex|
|Hay A|Hnd><d (|a|+1)'cnd Q4:~::2 (“d 2"”~‘|r210g2) 4

for all a € NM with || > 1.
Proof. We can state A as

A(x,y) = al + E(x,y)F(x,y) — aF(x,y),
which, with the Leibniz rule, yields

0y A(x,y) = Z (a) (85 E(x,y)) (8;‘7[3 F(X,y)) —ady F(x,y).

BLe s
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Then, by taking the norm and inserting the bounds from Lemma 3.9 and Lemma 3.10, we arrive

at
« o
a2 (5102 1, o5 v

Bla
— 2K 2k42 el
o acy, 2c5, 8
<> (ﬁ)|/3|!cn,d o (cﬁ,dzaz,ﬁ+2 log2> o

BLla
B 2572 NP s
o — B!Cya a2r+2 Cr,d a2"+21og 2 Vi

602/@4-2 262&—}-2 |ex|
— Vs T a
+alalley g T (Cm,d ) Y

llog Al

K,dXxd + a“‘a; F‘Hn,dxd

Q2n+2 log 2

a6c4l<a+2 282n+2 \Ct\ o
2 Vs e a | _ |
< Cr,d adrt2 <C”€ada2n+2 IOg 2) Ve § : (/@) ‘16||a 16‘
- - Bla

666211—4-2 202/@4—2 ||
+ cK,d 27N2 clﬁ,d 2 'gf 7?|a"'
a?t a*"*?log2

Finally, the combinatorial identity (14) yields, see e.g. [19],

a
> () it~ = (ol + 1. 0
BLla
We now define the modified sequence pt,, = (s k)ken as

2k+2
40’7»-@

’Yn,k

and also
612C4I€+2
P— ’Yh .
Cr A = Cod™ gnta

thus, we have
|H8$ A’Hn,dxd <lallex,apy.

Note that the additional factor of 2 in u; removes the factor ||+ 1 from the factorial expression,
since we know that 2/%l > |a| + 1.

3.3. Parametric regularity of the solution. For this subsection, we require an elliptic regu-
larity result, which we state as an assumption:

Assumption 3.12. For almost any y, the problem of solving
A(y) Vi, V. v) —
(AW V. Vo) L

for any h € H*"Y(D) has a unique solution u € H}(D), which also lies in H*T(D), with

(h;v) 12y

[ull gross (py < Chroer Ml ge1(p)s
where Cy, ¢ only depends on D and A.
Remark 3.13. Note that for kK = 0 this reduces to the stability estimate. We will therefore
only consider k > 1; the case for k = 0 may be found in [21]. Such an elliptic reqularity esti-

mate for example is known for k > 1, when the domain’s boundary is of class C*1 and A €
Ly (D; Ccr=LY(D; RdXd)) , see [13, Theorem 2.5.1.1]. The elliptic reqularity estimate is also known
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to hold for = 1, when the domain is conver and bounded and A € Lg? (0; COL(D; R*%)), see
[13, Theorem 3.2.1.2].

The assumption directly implies the following result.

Lemma 3.14. There is a unique solution u € Lg’ (O; H (D)) of (7), which fulfils u(y) €
H*1(D) for almost every y € O, with

HU(Y)HH’PH(D) < Cm,er||f||H'~"—1(D)'

However, by also leveraging the higher spatial regularity in the Karhunen-Loéve expansion of
the random vector-valued field, we can show that the solution u admits analytic regularity with
respect to the stochastic parameter y also in the H**1(D)-norm. This mixed regularity is then
the essential ingredient when applying multilevel methods.

Theorem 3.15. For almost every 'y € O, the derivatives of the solution u(y) of (7) satisfy

|a|+1
H@;‘ u(y)’|Hk+1(D) < |laflpud (maX{Q7 2Cy erk2d*cp A, Cn)er||f||HN1(D)}) )
Proof. By differentiation of the variational formulation (7) with respect to y we arrive, for arbi-
trary v € Hg (D), at
(a2 —
(95 (AY) V(). Vav) =0
Applying the Leibniz rule on the left-hand side yields

a\ Lo
(Z (;3) dy P Aly) 85 Vxu(y), Vx v) = 0.
B<a L?(D;R%)

Then, by rearranging and using the linearity of the gradient, we find

(A(y) Vi 0% uly), Vi v) - ( 3 (0‘) 927 Aly) Vi 02 uly), Vs v)

LQ(D§Rd) B B<a ﬁ Lz(D;]Rd).

Using Green’s identity, we can then write

(A(y) V. 0% uly), Vs v) Py = (Z (g) divy (a;*ﬁ Aly) Vi 92 u(y)) , v)

fw L*(DiR)

Thus, we arrive at

||8§,‘ u(y)Hle(D) < Cker Z (g) HdiVx (a?_ﬂ A(y) Vx ae U(Y)) H
B<a

<Crer . (g) wd

B<a

H==1(D)

a—p3 8
5P AN Vxdfu)|,

o o
<O Y ( ﬂ> k|02 All, 1ol V92 0 e s

B<a
«a o
< C&,er’£2d20m,A Z ( ) ‘a - ﬁ"um BH@? U(Y)"HN+1(D.R)’
B<a /6 '
from which we derive

e c « a—
Hay u(Y)HHerl(D) < 9 Z <ﬂ>|a - B|'py, BHaf U(Y)HHNH(DV

B<a
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where
¢ 1= max{2, 20, cr k@ &, Onerll sy -

We note that, by definition of ¢, we have ¢ > 2 and furthermore, because of Lemma 3.14, we
also have that ||u(y)||H1(D) < ¢, which means that the assertion is true for || = 0. Thus, we
can use an induction over |a| to prove the hypothesis

o e

Wl gpes iy < lelipge

for |a| > 0.
Let the assertions hold for all a, which satisfy |a| < n —1 for some n > 1. Then, we know for
all a with || = n that

105 U(Y)HH~+1(D) <35 Z ( )a Bliug 2|05 u( )||H~+1(D)

ﬁ<a
< gz 3 ()l Bt
,@<a
33> ( >Ia BllBl.
e
J

Making use of the combinatorial identity (14) yields

n—1 n—1
105 00 s ) < 12 X (19 )l = e = Slafuge S
j=0 =0

¢
P 1 |a|+1.
= 2(6— 1)|a| Ky €
Now, since ¢ > 2, we have ¢ < 2(¢c — 1) and hence also
102 6 ey < It +1,
This completes the proof. O

3.4. Numerical quadrature in the parameter. Coming from the solution u € Lg (T; H}(D))

of (7), we now wish to know the moments of u. In this section, we will therefore consider the
approximation of the mean of u. We also require that x > 1.
The mean of u is given by the Bochner integral

Efu)(x) = /D u(x,y) dy.

Therefore, we may proceed to approximate it by considering a generic quadrature method Q y;
that is

(15) E[u](x) ~ Q@ Zw (x, &™),

where N

{@M.eM}  crxfo™
are the weight and evaluation point pairs. We assume that the quadrature chosen fulfils
(16) HE[u] — QN[U]HHl(D) <CN~"

for some constants C' > 0 and r > 0.
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We will employ the quasi-Monte Carlo quadrature based on the Halton sequence, i.e. wZ(N) =

1/N and EZ(N) = 2x; — 1, where x; denotes the i-th M-dimensional Halton point, cf. [15]. Then,
we know that, given that there exists an € > 0 such that v, x < ck™37¢ holds for some ¢ > 0, for
every 0 > 0 there exists a constant C' = C(d) > 0 such that (16) holds for r = 1 — ¢, see e.g. [19]
which is a consequence of [32]. Clearly, other, possibly more sophisticated, quadrature methods
may also be considered, for example, other quasi-Monte Carlo quadratures, such as those based on
the Sobol sequence or other low-discrepancy sequences as well as their higher-order adaptations,
and anisotropic sparse grid quadratures, see e.g. [9, 14, 27, 30].

To approximate the mean of u as in (15), we require the values u(x,y) for y = &;. These
values can be approximated by wu;(x,y), where u; is the Galerkin approximation of the spatially
weak formulation on a finite dimensional subspace V; of H}(D); that is, u; is the solution of

Find u; € L%‘; (O; V}) such that
(A(y) Vx ul(y)7 Vx ’U) L2(D;RY) — (fv U) L2(D;R%)
for almost every y € 0 and all v € V.
We assume that a sequence of V; can be chosen for [ € N such that there is a constant K with

(17) [ u— UIHL];;(D;Hl(D)) < K27

For example, we can consider V; to be the spaces of continuous finite elements of order x coming
from a sequence of quasi-uniform meshes 7; using isoparametric elements, where the mesh size
behaves like 27!. Then, it is known from finite element theory that we have (17) with K ~

||u||L]13;(|:I;HN+1(D))7 see e.g. [4, 5.
The combination of the error estimates (16) and (17) then leads to

(| Efu] — QN[UZ]HHl(D) < ||E[u] - QN[U]HHl(D) + || @nlu] - QN[UZ]HHI(D)
< |[Elw] = Qn[ulll ;1 ) + [|Qn T =l 1 1)
<CN "+ K27".
Thus, choosing N; := {2'“/ T—| finally yields
[Bfu) — Qu ]| s ) < (C + K27,

In contrast, the mixed regularity, shown before in Theorem 3.15, allows us to consider a multilevel
adaptation, which may be given as

!
Elu] ~ Q" [ug, . .., u] = Z AQp[ur—]
k=0

where
AQo:=Qn, and AQg:=Qn, —En,_,-
Indeed, this is the sparse grid combination technique as introduced in [12], see also [11, 17]. Tt
thus follows that
|E[u] — Q" [uo, - .. ,ul]HHl(D) <1278
For complexity considerations, we shall consider a quadrature that is nested, i.e. we may set

& = EI(N) as it does not depend on N. Then, we note that Q%V[L[uo, ..., ;] may explicitly be
stated as

No
Mefuo, - w](x) = Y w0 (x, &)
=1
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l Np_1 N
JrZ(kZ (wZ(Nk) *ngk_l)>'UJl—k(X7€i) + Zk ngk)Ul—k(X, Ez))

i=1 i=Nj_1+1

Computing @y, [u;] requires thus the values u; ;(x) := u(x, &;), which can be derived by solving

Find wu;; € V; such that
(A(Sz) Vx Ui, Vx )LZ D;R?) — (f) )L2(D;Rd) for all v € Vi.

Generally, when considering a sequence of finite element spaces V; as described above, the number
of degrees of freedom behaves like (’)(2“) and computing one u; ; using state of the art methods
will have a complexity that is (’)(2“). As this has to be done N; times for the calculation of
Qn, [w], a complexity scaling is obtained that is 0(21("‘/”@). Therefore, for the computation of

the multilevel quadrature Q%\/IL [uo, . .., u], we arrive at an over-all complexity of
I N, ! O(2!%/m) for d < k/r,
Z Z 2(1 k)d Z O 2kﬁ/r2(l—k)d) — O(lQl max{n/r,d}) for d = KZ/T‘,
k=0 i=1 k=0 O(2') for d > k/r.

We mention that also non-nested quadrature formulae can be used but lead to a somewhat larger
constant in the complexity estimate, see [11] for the details.

Remark 3.16. If we redefine the N; as Ny := [l(1+€)/r2f~tl/ﬂ for an e > 0, then we have
HE[ QNL HHl(D) C(l(1+8)/T2,§l/T) T _ o] (+e)g—nl

and, as proposed in 2|, we arrive at

|E[u] — ML{ug, ... w] < 2R

o)

So, the logarithmic factor, which shows up in the convergence rate, can be removed by increasing
the quadrature accuracy slightly faster. Note that this modification increases the hidden constant
with a dependance on €.

Remark 3.17. In the particular situation of a standard quasi-Monte Carlo method, we can
consider &' such that § > &' > 0. Then, the quadrature error satisfies the estimate

HE[U} N QNZ [U‘]HHI(D) < Cé,Nlﬁ'fl _ 05/2—ml2—ml(5—5/)/(1—5).
With a similar argument as in (2|, it follows that
HE[U} - Q%\/IL[UO» LR ul]HHl(D) S; 27“'

That is, the logarithmic factor, which shows up in the convergence rate, is removed at the cost
of replacing the constant Cs with Cs: and adds a constant with a dependance on &' yielding an
increased hidden constant.

While we have exclusively considered the case of the mean of the solution w here, we do note
that analogous statements may also be shown for example for the higher-order moments, see [17]
for instance.
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4. NUMERICAL RESULTS

We will now consider two examples of the model problem (1) with a diffusion coefficient of
form (3) using the unit cube D := (0,1)3 as the domain of computations. Therefore, in view of
H?-regularity of the spatial problem under consideration, we are only considering the situation
with Kk = 1. In both examples, we set the global strength a to a := 0.12 and choose the right
hand side f = 1. For convenience, we define

sj(x,x) =16 - 2;(1 — ;) - 2 (1 — x).

Example 1. In this first example, we choose the description of V to be defined by
E[V]x):=[1 0 0]
and
’ 1 HX - X/H; L 0 ’ 0
Cov|V](x,x") i= —exp| ——————= | [0 9s2(x,%’) 0
0 0 9s3(x, x’)

We note that for j € {2,3} the covariance in the normal direction on the parts of the boundary
with x; € {0,1} is suppressed.
Example 2. For this second example we choose the description of V to be defined by

cos ((w3 — 0.5)%)
E[V](x) := |sin ((z3 — 0.5)%)

0
and
9 HX _ X/H2 s1(x,x") 0 0
Cov|V](x,x") := T —# 0 s2(x,x") 0
0 0 s3(x,x’)

Here, the covariance in the normal direction on all of the boundary is suppressed.

The numerical implementation is performed with aid of the problem-solving environment
DOLFIN [26], which is a part of the FEniCS Project [26]. The Karhunen-Loéve expansion of
the vector field V is computed by the pivoted Cholesky decomposition, see [16, 18] for the
details. For the finite element discretisation, we employ the sequence of nested triangulations
Ti, yielded by successive uniform refinement, i.e. cutting each tetrahedron into 8 tetrahedra.
The base triangulation 7y consists of 6 - 22 = 48 tetrahedra. Then, we use interpolation with
continuous element-wise linear functions and the truncated pivoted Cholesky decomposition for
the Karhunen-Loéve expansion approximation and continuous element-wise linear functions in
space. The truncation criterion for the pivoted Cholesky decomposition is that the relative trace
error is smaller than 1074 -4~

Since the exact solutions of the examples are unknown, the errors will have to be estimated.
Therefore, in this section, we will estimate the errors for the levels 0 to 5 by substituting the
exact solution with the approximate solution computed on the level 6 triangulation 7g using the
quasi-Monte Carlo quadrature based on Halton points with 10% samples.

For every level, we also define the number of samples used by the quasi-Monte Carlo method
based on Halton points (QMC); we choose

N, = [21/“*5) : 10]

with § := 0.2; see Table 1 for the resulting values of ;. This then also implies the amount of
samples used on the different levels when using the multilevel quasi-Monte Carlo method based
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l 0o 1 2 3 4 5
Ny 10 24 57 135 320 762

My 17 26 30 36 44 52

My, 14 26 30 36 43 52
TABLE 1. The number of samples for the first six levels and the respective
parameter dimensions.

on Halton points (MLQMC). Based on these choices, we expect to see an asymptotic rate of
convergence of 27! in the H'-norm for the mean and in the W' -norm for the variance.

Figures 1 and 2 show the estimated errors of the solution’s first moment on the left hand side
and of the solution’s second moment on the right hand side, each versus the discretisation level
for the QMC and MLQMC quadrature for the two different examples. As expected, the QMC
quadrature methods achieves the predicted rate of convergence in both examples, and this rate
of convergence also carries over to its multilevel adaptation (MLQMC).

100 = - = . 1071
& i i i | .
e 2
B [ B [ - =
[ )
) B
g 107t 1 F RS-
£ B 1 : £
e 1 8 s
2 | —=— QmC N 1 [—=—«quc . : Lz
|| ——MLQMmC | —+— MLQMC
- - - slope 27! - - - slope 27!
10-2 L= 1 | - 1 I 10-3
0 2 4 0 2 4
Level [ Level |
FIGURE 1. Example 1. H!-error in the 15* moment (left) and W'!l-error in the
274 moment (right).
10° = R = ] 107!
. L i i | .
e e
= H s H — =
] o
~ <
£ 107t E 1 4107 £
g || (-
- [T n [T B +
2 H —=— QMC . 1 ||—=—QmC i )
—+— MLQMC —— MLQMC
- - - slope 2! - - - slope 2!
10-2 - | i - | i 10-3
0 0 2 4 0 2 4 0
Level [ Level [

FIGURE 2. Example 2. H'-error in the 15 moment (left) and W' l-error in the
224 moment (right).
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5. CONCLUSION

In this article, we have considered the second order diffusion problem
—divk(A(w) Vxu(w)) = f in D,

for almost e
or almost every w u(w) =0 on dD,

with the uncertain diffusion coefficent given by
V() VT (w)
VT(w)V(w)’

This models anisotropic diffusion, where the diffusion strength in the direction given by V/||V||
is ||V and perpendicular to it is a, which can be used to model both diffusion in media that
consist of thin fibres or thin sheets.

After having restated the problem in a parametric form by considering the Karhunen-Loéve
expansion of the random vector field V, we have shown that, given regularity of the elliptic
diffusion problem, the decay of the Karhunen-Loéve expansion of V entirely determines the
regularity of the solution’s dependence on the random parameter, also when considering this
higher regularity in the spatial domain.

We then leverage this result to reduce the complexity of the approximation of the solution’s
mean, by using the multilevel quasi-Monte Carlo method instead of the quasi-Monte Carlo
method, while still retaining the same error rate. Indeed, while the QMC method yields a scheme,
where the uncertainty added increases the complexity, this is not the case, when considering two
or more spatial dimensions and the MLQMC method. That is, given elliptic regularity and up
to a constant in the complexity, adding uncertainty comes for free. The numerical experiments
corroborate these theoretical findings.

While we considered the use of QMC and its multilevel adaptation, one can clearly also
consider other quadrature methods, such as the anisotropic sparse grid quadrature, and then
reduce the complexity by passing to their multilevel adaptations. Likewise, multilevel collocation
is also applicable.

Aw) = al + (V)| - a)
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