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Multilevel accelerated quadrature for PDEs with log-normally distributed
diffusion coefficient”

Helmut Harbrecht!, Michael Peters’, and Markus Siebenmorgent

Abstract. This article is dedicated to multilevel quadrature methods for the rapid solution of stochastic partial
differential equations with a log-normally distributed diffusion coefficient. The key idea of such
approaches is a sparse-grid approximation of the occurring product space between the stochastic
and the spatial variable. We develop the mathematical theory and present error estimates for the
computation of the solution’s moments with focus on the mean and the variance. Especially, the
present framework covers the multilevel Monte Carlo method and the multilevel quasi-Monte Carlo
method as special cases. The theoretical findings are supplemented by numerical experiments.
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1. Introduction. In this article, we consider multilevel quadrature methods to compute
the moments of the solution to elliptic partial differential equations with log-normally dis-
tributed diffusion coefficient. The basic idea of the multilevel quadrature is a sparse-grid-like
discretization of the underlying Bochner space L]% (Q;H&(D)). The spatial variable is dis-
cretized by a classical finite element method whereas the stochastic variable is treated by an
appropriately chosen quadrature rule, which naturally leads to a non-intrusive method. Since
the problem’s solution provides the necessary mixed Sobolev regularity, the approximation
errors on the different levels of resolution can be equilibrated in a sparse-grid-like fashion,
cf. [8, 20, 42]. This idea has already been proposed for different quadrature strategies in
case of uniformly elliptic diffusion coefficients in [23]. The well-known Multilevel Monte Carlo
Method (MLMC), as introduced in [3, 15, [16l 26, 27], and also the Randomized Multilevel
Quasi-Monte Carlo Method, as introduced in [30], only provide probabilistic error estimates
in the mean-square sense. To avoid this drawback, two fully deterministic methods have
been proposed in [23], namely the Multilevel Quasi-Monte Carlo Method (MLQMC) and the
Multilevel Polynomial Chaos Method (MLPC).

The multilevel Monte Carlo method has been considered at first for a log-normal diffusion
coefficient in [12] and further been analyzed in [11l [40]. However, for deterministic quadra-
ture methods, the log-normal case is much more involved due to the unboundedness of the
domain of integration, i.e. R™ for some m € N, in combination with the stronger regularity
requirements on the integrand. This makes the analysis of the quadrature error difficult. In
particular, special regularity results are required which extend those of [2] 10} 29].

For a finite stochastic dimension, we show that the multilevel quasi-Monte Carlo quadra-
ture is feasible also for a log-normal diffusion coefficients if an auxiliary density is introduced.
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If the stochastic dimension tends to infinity, this technique is no longer applicable since the
error estimates involve a discrepancy which grows exponentially in the stochastic dimension
m. A possibility to bypass this obstruction has recently been proposed in [19] by means of
randomly shifted lattice rules. There, however, only probabilistic error estimates are obtained
in the mean-square sense. In case of the Halton sequence, cf. [33], it is possible to adapt
the ideas presented in [36] to show an almost dimension independent, i.e. up to a constant
which depends linearly on the dimension, and deterministic convergence rate, see [24] for the
details. We emphasize that the mixed regularity estimates provided here directly carry over
to multilevel methods based on those quasi-Monte Carlo quadrature formulae.

A log-normally distributed diffusion coefficient depends non-linearly on the stochastic
parameter. Thus, MLPC is no longer feasible since a polynomial chaos expansion, cf. [13], [14],
would yield a fully coupled system of partial differential equations. This can be avoided by the
application of stochastic collocation, cf. [2] [5, B4]. If statistics of the solution, like the mean
or the variance, are desired rather than the solution itself, the stochastic collocation coincides
with a quadrature rule based on polynomial interpolation. Especially, for the log-normal
case, quadrature formulae based on the Hermite polynomials are convenient. This yields the
Multilevel Gaussian Quadrature Method (MLGQ) which we also analyze in this article.

We mention that a sparse-grid-like discretization of the Bochner space L]%(Q;H&(D))
has already been proposed in [0, 18] for partial differential equations with uniformly elliptic
diffusion coefficient in the context of a stochastic Galerkin method. Then, however, one arrives
again at a huge, fully coupled system of partial differential equations which is hard to solve.
In particular, this approach is intrusive. In [5], however, a sparse collocation method for the
approximation in the stochastic variable is combined with a wavelet Galerkin discretization
in the spatial variable. This decouples the spatial and the stochastic approximation. In our
approach, we do not apply an explicit representation with respect to appropriate detail spaces.
Instead, we mimic this representation with differences of Galerkin projections on consecutive
grids of refinement. This has the advantage that we can employ a standard finite element
method in the spatial discretization. Nevertheless, the convergence analysis requires that the
differences of Galerkin projections provide sufficient regularity. The related result is proven
in Section [§] and constitutes one of the main novelties of the present article.

The rest of this article is organized as follows. Section [2| specifies the diffusion problem
under consideration. In particular, the parametric reformulation as a high dimensional de-
terministic problem is performed here. The solution’s moments are hereby transformed into
Bochner integrals over a high dimensional parameter domain. In Section [3| we give a brief
outline of the multilevel finite element method which we will employ for the spatial discretiza-
tion later on. The multilevel quadrature method is presented in Section [ This method
equilibrates the quadrature error and the finite element error on each level of refinement. Of
course, one could also equilibrate the number of unknowns or even the overall work, cf. [20].
In Section |5 we derive crucial regularity estimates for the solution of the stochastic diffusion
problem under consideration. Especially, we present regularity results for the powers of the
solution which are the integrands in case of the computation of the moments. Section [6] pro-
vides the theoretical background for the Gaussian quadrature in the stochastic variable and
follows closely the arguments of the stochastic collocation method in [2]. Here, the regularity
estimates from the preceding section are employed to determine the order of quadrature for
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each stochastic dimension which is required to guarantee the convergence of the quadrature.
Section [7] is concerned with the Monte Carlo and the quasi-Monte Carlo quadrature. In case
of the quasi-Monte Carlo quadrature, we introduce an auxiliary density to bound the quadra-
ture error. In Section [§ the previously specified spatial and stochastic discretizations are
combined to get convergence results for the multilevel quadrature applied to the solution’s
moments. In order to apply the convergence results of the single-level quadrature methods
to the multilevel quadrature method, the regularity results of Section [5] are extended to the
differences of Galerkin projections on two consecutive levels of refinement. Section [9] provides
the complexities of the different multilevel quadrature methods under the finite dimensional
noise assumption. Finally, in Section the theoretical findings are validated by numerical
examples.

In the following, in order to avoid the repeated use of generic but unspecified constants,
by C' < D we mean that C' can be bounded by a multiple of D, independently of parameters
which C' and D may depend on. Obviously, C 2 D is defined as D < C, and we write C' =~ D
if C < D and C 2 D, simultaneously.

2. Problem setting. In the following, let D C R"™ for n = 2, 3 be a polygonal or polyhedral
domain and let (Q, F,P) be a complete probability space with o-field F C 2 and probability
measure P. We intend to compute the random function u(w) € Hg (D) which solves for almost
every w € () the stochastic diffusion problem

(2.1) — divy (a(w)Vxu(w)) = f in D

in the weak sense. Throughout this article, we shall assume that the load f is purely deter-
ministic and belongs to L?(D). Furthermore, we assume that the logarithm of the diffusion
coefficient is a centered Gaussian field which can be represented by a Karhunen-Loeve expan-
sion, cf. [31],

(2.2) b(x,w) = log (a(x,w)) = Y VAupr(x)ti(w).
k=1

Here, {¢r}r C L*°(D) are pairwise orthonormal functions and {4} are independent, stan-
dard normally distributed random variables, i.e. ¥y (w) ~ N(0,1). For the uniform conver-
gence of the series in (2.2)), it is sufficient that the sequence

(2.3) Y =V Akl @kl oo ()

satisfies {vx}x € ¢1(N), which we assume in the sequel.

In practice, one has of course to compute the expansion from the given covariance
kernel Covy(x,y) = [ b(x,w)b(y,w) dP(w). Thus, the Karhunen-Loé¢ve expansion is either
finite of length m or needs to be appropriately truncated after m terms. We will assume this
in the following. The respective truncation error has been discussed in [10].

The fact that the random variables {1 (w)}x are stochastically independent implies that
the pushforward measure Py, :=Po 1~ with respect to the measurable mapping

P: Q=R we Pw) = (Y1(w), ..., Yn(w))
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is given by the joint density function with respect to the Lebesgue measure

m 2
(2.4) ply) = kHIp(yk), where  p(y) := \/12—% exp ( - y2>

With this representation at hand, we can reformulate the stochastic problem as a para-
metric deterministic problem. To that end, we replace the space Lg(Q2) by L2 (R™) and substi-
tute the random variables vy, by the coordinates y; € R. Thus, we obtain the parameterized
and truncated diffusion coefficient b: D x R™ — R via

(2.5) b(x,y) = > Vagr(®)yr  and a(x,y) = exp (b(x,y))
k=1

forallx € D andy = (y1,¥2,---,Ym) € R™. In particular, the variational formulation for the
parametric diffusion problem reads as follows:

find v € L% (R™; Hy(D)) such that

(2.6) ) .
— divx (a(x,y)Vxu(x,y)) = f(x) in D for all y € R™.

Here and in the sequel, for a given Banach space X, the Bochner space LLH(R™; X), 1 < p < oo,
consists of all equivalence classes of strongly measurable functions v : R”™ — X whose norm

([ wevitotay) . peoe

esssup [[v(-,y)| x, p =00
yeR™

HUHL‘;(R"L;X) =

is finite. If p = 2 and X is a separable Hilbert space, then the Bochner space is isomorphic to
the tensor product space L%(Rm) ® X. Note that, for notational convenience, we will always
write v(x,y) instead of (v(y))(x) if v € LB(R™; X).

The stochastic diffusion coefficient a(x,y) is neither uniformly bounded away from zero
nor uniformly bounded from above for all y € R™. Consequently, it is impossible to show
unique solvability in the classical way for elliptic boundary value problems. Especially the
Lax-Milgram theorem does not directly apply to the problem . Nevertheless, in [37], it
is shown that the set

(2.7) r:= {yERm:27k|yk| <oo}
k=1

is of measure Py (I") = 1 for all m < co. Moreover, for all y € T, the diffusion coefficient
satisfies

(2.8) 0 < amin(y) < essinfa(x,y) < esssupa(x,y) < amax(y) < 00
xeD xeD

with

(2.9 amm<y>=exp(—gmyk|> and amax<y>=exp<émykr).
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It is convenient to make in the sequel use of the abbreviation

(2.10) k(y) = m = exp <2];’Yk\yk’>-

Remark 2.1. In the framework of [37], the situation m — oo is considered. Then, the
restriction of the parameter domain ensures for all'y € T' that |b(x,y)| < oo holds
uniformly in x € D. Obviously, we have I' = R™ for all m < oco.

Remark 2.2. In the following, the Sobolev space Hol(D) 18 considered to be equipped with the
norm || - | (py == |V - | z2(p)- Likewise, we use corresponding norms for the Sobolev spaces

Wol’p(D), i.e. |- llwiepy = IV - [lLr(p)- Since we take here only homogenous Dirichlet data
into account, by Sobolev’s norm equivalence theorem, cf. [1l], they all induce norms that are
equivalent to the standard norms for these spaces. Of course, all results are straightforwardly
extendable to the case of non-homogenous Dirichlet problems.

Due to , for every fixed y € R™, the problem is elliptic and admits a unique
solution u(y) € H}(D) which satisfies

1
2.11 < ! .
(2.11) lu() |y S p—ce £l z2(p)

We refer the reader to e.g. [37] for a proof of this result. The constant involved here arises
from the estimate || f||z-1(py < C(D)||fllL2(p)-

The goal of this article is to compute the moments MPu(x) := E[u(x,y)P] of the solution
to . Especially, the solution’s mean

(2.12) E.(x) = Efu(x,y)] = / u(x,y)p(y) dy € HL(D)

m

and its variance

(2.13) Vi(x) = B2 (x) — Eg(x) = / w(x,y)p(y) dy — Ej(x) € Wy (D)

m

are of interest to us. They correspond to the first and the second (centered) moment of the
solution u. Notice that the knowledge of all moments is sufficient to determine the solution’s
distribution.

Remark 2.3. In contrast to e.g. [11, [12, 40/, we do not aim at evaluating functionals of
the solution. Our goal is the approximation of its p-th moment which is the trace of the p-
point correlation. The computation of the p-point correlation by the multilevel Monte-Carlo
method is analyzed in [3]. Therein, a sparse tensor product approximation is used for the p-
point correlation since it arises from the p-fold tensorization of equation and is therefore
contained in [H} (D)JP. Of course, the p-point correlation contains more information than the
p-th moment of u, but the computational complexity can be reduced by sampling the moments
of u directly if one is only interested in them. Hence, it is necessary to analyze the reqularity
of the p-th power of u which is performed in Section [
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3. Finite element approximation in the spatial variable. For the spatial discretization of
the diffusion problem under consideration, we will employ multilevel finite elements. To that
end, we consider a coarse grid triangulation 7o = {79} of the domain D. Then, for £ > 1,
a uniform and shape regular triangulation 7, = {7} is recursively obtained by uniformly
refining each simplex 7y_; ; into 2" simplices with diameter hy = 2=, For d > 1, we define
the finite element spaces on level ¢ by

SYD) :={v € C(D) : v|lgpp = 0 and v|, € Py for all 7 € Ty} € H}(D),

where P, denotes the space of all polynomials of total degree d. In the subsequent analysis,
we restrict ourselves to piecewise linear finite elements, i.e. d = 1. Nevertheless, we emphasize
that, by performing obvious modifications, all results remain valid also for higher order finite
elements.

Now, given y € R™, we define the Galerkin projection Gy(y) : Hi(D) — S}(D) via the
Galerkin orthogonality:

/D a(y)V (v — Ge(y)v) Vwdx = 0 for all w € S;(D).

Moreover, we set G_1(y) := 0 for all y € R™. In the sequel, letters in the German type setting
will always refer to a Galerkin projection, i.e.

v(y) = Gu(y)v € S}(D).

The Galerkin projection uy(y) of the solution u(y) to the diffusion problem is known to
fulfill the following error estimate.

Lemma 3.1. Let the domain D be conver, f € L*(D) and a(y) € CY(D). Then, the
Galerkin projection uy(y) € Sel(D) of the diffusion problem satisfies the error estimate

(3.1) lu(y) = we)llm oy S 27 Ve @)l 2,

where k(y) is given by (2.10). Moreover, if f € LP(D ) for given p > 2, then it holds wj(y) €
SP(D) with
0

(3:2) | =)y ) S 2 R luly >||W2p(D

Here, the constants hidden in depend on D and in additionally on p but not on
y € R™.

Proof. The parametric diffusion problem is H?-regular since D is convex and f €
L?(D). Hence, the first error estimate immediately follows from the standard finite element
theory. We further find that for functions vy, ...,v, € WHP(D) it holds [vy - - vp|lw11(p) <
> Vg [Tizr vill L1 (p)- By the generalized Holder inequality, we obtain [lvy - vp [l (p) S
[Tz lokllwre(py, Where the hidden constant depends on p and D. This yields

(u =) (y) > u'(y)d ™ (y)

16 =)0 | H
i=0 wh(D)

<>l =)o)l gy 1) 1 )
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By using the estimate |[(u — ug)(y)|lw1r(p) S Z_EK(y)||u(y)||W2,p(D), cf. [7], it follows

~

e lwreoy < lu@)llwrrpy + (@ = u) (@) lwiepy S (1+ w327 [u@) w2 )-
Putting this into the previous estimate, we finally arrive at (3.2). W

4. Multilevel quadrature. Let X denote some Banach space of functions which are defined
on the domain D, for example X = H}(D) or X = Wol’l(D). For X and a weight w : R™ — R,
we define the weighted space, cf. [2],

(4.1) CO(R™; X)) = {v: R™ — X : v is continuous and sup ||lw(y)v(-,y)l|x < oo},
yeR™

equipped with the norm [[v||co gm;x) = supyerm||w(y)v(,,y)|x. Here, for the sake of sim-
plicity, it suffices to consider w = 1. Later on, we need to specify the weight to establish
regularity results for the solution u to (2.6)).

The crucial idea of the multilevel quadrature is a finite dimensional approximation of the
mapping

E: CO(R™; X) = X, v~ E,.

To that end, we have to combine an appropriate quadrature rule for the stochastic variable
with the multilevel finite element discretization in the spatial variable. More precisely, for a
function v € CY (R™; X), we perform a multilevel splitting of E, in X and approximate each
level with a level dependent quadrature accuracy. This accuracy is chosen contradirectional
to the approximation power of the finite element spaces for the spatial domain.

For the approximation in the stochastic variable y, we shall hence provide a sequence of
quadrature formulae {Q} for the Bochner integral E,(x) = [p.. v( (y)dy of the form

Ny
Q:CO(R™ X) = X, Qu= wa,iv('asé,i)'

=1

For our purposes, we assume that the number of points /Ny of the quadrature formula Q, is
chosen such that the corresponding accuracy is

(4.2) g0 =25

The multilevel quadrature of the mean of a function v € CO(R™; X) is now defined by

i N
(4.3) ZQJ o(0g —0p1)(X,y) Zzw] 0i(00 —00-1)(x, &)

/=0 /=0 =0

The higher order moments are approximated in complete analogy by

J J -
(4.4) ME(x) ~ > Qi e(of — o)) (xy) =) Z wj—g;i(0) — 00 ) (x,&;_0)-
=0

(=0 =0

Since the multilevel quadrature (4.3) and (4.4)) can be interpreted as a sparse-grid approach,
cf. [23], it is known that mixed regularity results of the integrand have to be provided.
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5. Regularity of the solution. As motivated before, we consider in this section the regu-
larity of u and its square u?. Under certain regularity assumptions it is also possible to obtain
bounds for arbitrary powers of the solution, i.e. u? for p € N. The regularity of the solution
u has already been addressed in [2] 10 29] [37]. We will adapt here some of the results, which
originate from those articles, for our framework.

Remark 5.1. The constants hidden in this section appear due to the repeated application
of Poincaré’s inequality. The dependency of the constants on p is also suppressed. In most
cases, they depend exponentially on p but they are independent of the stochastic dimension m.

Since the diffusion coefficient a(x,y) is not uniformly elliptic with respect to y, we cannot
expect the solution to be uniformly bounded in y. Thus, the solution u to may not be
contained in the Bochner space C{fj (Rm; H& (D)) with w = 1. Nonetheless, we can multiply u
by an appropriate auxiliary weight and end up with a bounded product in the sense of .

Definition 5.2. For B8 = (f81,...,0m) € R, we define the auziliary weight o(y) =
[y ok (yk), where ok (yx) == exp(—PBrlykl|). For the special case B =~ with~y := (Y1,...,Ym),
cf. [2.3), the auziliary weight is denoted by o min(y).

If we choose w = o in ([1.1]), the space C2(R™; X) is a subset of L5(R™; X) for all p € N.
This fact issues from

1
_ p
lolge) < Pllogosr( [ (o) Po)ay)” <oc

because of pBryr = o(y,%) for yi — oo and the integrability of the normal distribution’s tails.
Especially, we will employ several times the continuity of the mapping

E:COR™ X) = X, v E,,

which satisfies

IBollx < C(@)lvllcomny with C(o)= / (o)) ply) dy.

The constant C'(o) depends on the choice of 3 and may grow exponentially in m since the
domain of integration is R™. This is however not necessarily the case here. If we integrate
Omin Or even the p-th power of o i, with respect to the Gaussian measure, we get, cf. [17],

(5.1) </m (Tmin(¥)) Fp(y) dy); < exp <p2 é%ﬁ +p\/zé%>-

This expression depends only on the decay of the sequence {7} and is bounded independently
of the dimension m due to .

Proposition 5.3. For all weights o satisfying B3 > =, the solution u of is contained in
Co(R™; Hy(D)) and satisfies u® € C2, (R™; WOI’I(D)). In particular, it holds

ullco @m;m1(py) S 12Dy, HU2HCS_2(]Rm;W1,1(D)) SIAIZ2(py-
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Proof. In view of inequality (2.11)) and since 1/amin(y) = exp (> _j; Velyk|), we conclude
the first estimate

m

U(Y)HU(Y)HHl(D) < exp <Z(7k - 5k)’yk|> Hf||L2(D) < ||f||L2(D)

k=1

while the second estimate follows from

W) >3y (py < G20 V) o) S (@) i) S 1F17200)-

|

The differentiability of u follows from the differentiability of a(x,y). An estimate on
multivariate derivatives has been proven in [4] and was extended to our problem setting in
[29]. We use here the related lemma from [29], which is adjusted for our purposes.

Lemma 5.4. For every y € R™, it holds that

195,05 oy < 3 (1255 ) VRO o

With this lemma at hand, we are able to show the following result.
Proposition 5.5. For all weights o with B > 27, the partial derivatives of the solution u to

(2.6) satisfy

(5.2) 195, | oo (s 1y S I <1Og2> 1122 (D)

Especially, it holds &), u € C2 (R™; Hg(D)).
Proof. From Lemma we obtain

, j
HailkuHCQ,(Rm;Hl(D)) —ySeup o ()25, u )HHl( ) <t <1 0g 2 ) SUb VE y)o W) lu(y)l e (p)-

In view of (2.10), we have \/k(y) = exp (>_j; Velyx|). This yields the desired estimate as
follows

i m
j G Yk
Ha?JJkuHCE}(Rm,Hl(D)) = ‘7!<log2> sSup exp (Z(Wc - 5k)|yk|> ”U(Y)HHI(D)

yeRr™ k=1
Tk 7 %
< — <
j! (10g2>yselgme><p<k§:1 ’Yk’yk|>Hu(Y)HH1( <log2) | fll2(p

|
The previous result shows the regularity of the solution w. In the following proposition,
we consider the regularity of u?.
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~ Proposition 5.6. The partial derivatives of u?, where u is the solution of (2.6)), satisfy
O u? € CO% (R™; Wol’l(D)) for all o with B3 > 2~. Especially, it holds

J
i 2 . Vi 2 o 2k
63 10Plo,maracon S G+ D! (5 ) 11 <t ) 17120

Proof. By the Leibniz rule, we obtain

e o < 3 ()06

=0

FEach summand on the right hand side can be estimated as follows:
K
H 8J )HWLl(D)
= HV L u(y) 0 uly) + 0, ul(y) Vi~ tuly)
< Hvaéku(y)

2oy
2oy 198 O 2y + 106 2 VO w3 2y
S Hafku(Y)Hﬂl(D)H%;EU(Y)HHl(D) + Haf;ku(y)HHl(D)“83]11:Eu(y)“H1(D)'

Application of Lemma [5.4] yields

J
Y
0603wl ) S 2606 - 0125 ) KO3 s

Inserting this inequality into ([5.4)) results in

, J i j
1020l ) S 2325125 ) a0 iy < 26+ D25 ) R o
=0

The estimate (5.3]) is now obtained analogously to estimate (5.2 in Proposition [ |
Remark 5.7. Given that the load satisfies f € LP(D) for p > 2, the solution u(y) to (2.6)
is contained in I/VO1 P(D) and satisfies the regularity estimate

HU(Y)HWLP(D) S Amnin (Y)

The derivatives of u with respect to the parametric variable y can be estimated by

~ L (Co. D)
100l ) < 31 2™ ) Rl

The constant C(p, D) stems from the dense embeddeding of Wol’q(D) into [LY(D)]? by the
mapping v — Vv, cf. [38], for the dual exponent q of p. Additionally, the derivatives of the
powers uP with respect to the parametric variable y fulfill

C(p,
H@J up le (D) ~ <] (W) ( ) Hu( )HWlP
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For all weights o with 3 > 3~ this leads to

C , J
(5‘5) H kU HCU (Rm;WL1(D)) ~ S S ! <p(lzg2)k> HfHLP(D)-
A proof of this remark is found in [2])] for multivariate derivatives.

Lemma . provides only a bound on the derivatives of %ku when the spatial regularity is
measured in H} (D). We shall thus complete this section by a result from [29] which establishes
estimates on ), u when the spatial regularity is measured in the space W := H?(D)N H}(D).
This result guarantees us the mixed regularity which is necessary for the sparse-grid con-
struction between the spatial and the stochastic variable. To establish this result, we shall
assume that the corresponding eigenfunctions of the Karhunen-Loéve expansion belong
to W1°(D) which is for example fulfilled in case of a Gaussian covariance. If we then replace

Vi by
(5.6) B =k + VARNVerl Lo 0y = VA (l0kll Lo (0) + V@l oo (D))

in the definition of the set I', cf. (2.7)), and if we assume that {J;}, € £*(N), we still have
the parameter domain R™ for each finite m € N. Hence, this sharpened condition induces
no further restriction to the parameter domain. In analogy to (2.9 and (2.10)), it is useful to
define

57) auin(y) = o | - Zwml) () :=exp(émykr), (y) 1= Zmexl¥),

Amin (Y)

Furthermore, we will employ spaces CY(R™; X), see (4.1)) and Definition where the aux-
iliary weight o is defined with respect to 4 instead of ~.
For convex or sufficiently smooth curved domains, a norm on W is given by

lullw = IVull 20y + | Aull L2 (p)

cf. [29]. Along the lines of [29], we have the following
Proposition 5.8. For all y € R™, the solution to problem (2.6) satisfies

Va0 1020y £ () (VT 20y + 26|V s )

log 2

with g(y) =14 2325 [UklV Al Veorll oo (p) < o0.
This proposition implies the estimate

. by J
HAag,ku(wag(D)s\/n<y>j!<2”’f) (171120 + 205 [ 20

log 2

which can be further estimated by

. 2~
185090y S 93 (25 ) Wl
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due to (2.9) and (2.11)). It follows together with Lemma and with

K(y)g(y) = exp ( Z'Yk’yk|> <1 +23 [yl >\k||VSOkHLoo(D)>
k=1
m
gam<2§jwwu)am<2§jwuv%MV¢quDQ::My>
k=1 k=1

that

. . . 25
(5.8) ||8Z]/ku(y)HH2(D) S Haik“(Y)Hw S “<Y)~7'<1 Tk ) £l z2(Dy-

This establishes the following
Proposition 5.9. The solution u to (2.6)) is contained in C3 (Rm;HQ(D)) for all o with
B > 27 and it holds

(59) HaykuHCg(Rm;HQ(D)) ~J log 2 ||f||L2(D)

Remark 5.10. All estimates in this section are given for univariate derivatives of the solu-
tion u to . They can easily be extended to multidimensional derwatives O3 u. The factor
N (vk/log2)? which appears in the estimates for the j-th derivative in the k-th direction in
Lemma is then replaced by |a|!(v/1og(2))*, see [4), [29]. Furthermore, multivariate ver-

sions of Proposition and Remark are proven in [24)] and of Proposition in [29],
respectively.

6. Gauss-Hermite quadrature for the stochastic variable. For given sets of points

(6.1) {ngk),...,nﬁg}cﬂ@, N, eN, k=1,....m,

the Lagrangian basis polynomials L( ) ...,Lg\lzz of degree N are uniquely determined by

the property LS )(nj(k)) = 0; 5. Thus, for a multi-index a = (aq,..., ) € J with J =
XZLI{O, ..., Ni}, we define the corresponding tensor product Lagrangian basis polynomial

H ak yk Wlth La (nOL/) = 5(1,(1, for 77 (77(()411)7 AR ng;nn))

Given a continuous function v: R™ — R, we introduce the associated interpolation operator
by
(M) (y) = ) v(na)La(y)-

acJ

If we choose for each k the sets (6.1) to be the roots of the Hermite polynomials of degree
Ny + 1, which are known to be orthogonal with respect to the inner product

(@1 = [ A ol)dy, 0.7 € LR,
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we straightforwardly derive the associated Gaussian quadrature formula from the interpolation
operator. These quadrature rules are known to be exact of degree 2N, + 1. Further, one easily
verifies i . i .

(L, L) oy = wiP0iy with W™ = (L{7,1)

LZ(R L2(R)

By tensor product construction, we get the multivariate weights wq := [, w&k) Then,
for a, @’ € J, we have the corresponding multivariate relations

(La,La/)L%(Rm) =walae and we = (La, I)L%(Rm).

Now, we can interpolate the solution u € L?, (Rm; H} (D)) of (2.6)) in the stochastic variable

(6.2) u(x,y) = IdeMyu)(x,y) = Y u(X,n4)La(y).
acg

With (6.2)) at hand, we can approximate the solution’s mean (2.12)) and its variance (2.13])
by

2
E,(x) ~ Z u(x,my)wa and V,(x) = Z u(x,my) Wa — < Z u(x, na)wa> .

acJ acJ actd

The remainder of this section is dedicated to the analysis of the occurring quadrature error
for the Gauss-Hermite quadrature. To that end, we define for a function v € CY(R™; X) with
o as in Definition [5.2] the quadrature operator

Qs: CUR™ X) = X, (Qqv)(x Zwavxna
acJg

Of course, it is possible to consider quadrature operators with respect to other weighted spaces
CY(R™; X) analogously.

In the following, we adopt the analysis and the notation presented in [2], where the poly-
nomial approximation error in case of stochastic collocation for uniformly elliptic equations
is analyzed. In [10], this analysis has been extended to the case of log-normal diffusion coef-
ficients. According to [2], we shall introduce the one-dimensional Gaussian auxiliary measure
Vp(y) = exp(—y?/4) and the corresponding space C?/ﬁ(R; X). This norm is weaker than the

norm of CY(R; X) from the previous section, that is CO(R; X) C C?/E(R; X). On C?/E(R; X),

we can now define the univariate quadrature operator of degree N € N by

Qn: ClpR:X) = X, (Qno)(x sz v(x,n5),

where 19, ...,nny are again the N + 1 roots of the Hermite polynomial of degree N + 1.

The following two lemmata imply that the univariate quadrature error is bounded by the
polynomial approximation error. They are modifications of the corresponding lemmata in [2]
for the polynomial interpolation.
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Lemma 6.1. The quadrature operator Q: C\O/ﬁ(R;X) — X is continuous.
Proof. Consider v € C’?/E(R;X ). By using the triangle inequality and exploiting the
positivity of the weights wy of the Gauss-Hermite quadrature, we have

N
1onolx = | S wivtn \ <3 willom)lx = NEoTe
; v Z v g Z\/ﬁ” v HX

< maX H\/T 771 sz \/7 rg ”UHCO (RX)

The last inequality follows from [41], where the convergence

Nowo [ p(y)
— /R 00) dy < o0

IM-

is shown. W
The next lemma relates the quadrature error to the best approximation error in C%(R; X).

We denote by P4(R) the space of polynomials of degree at most d.
Lemma 6.2. For every v € C’%(R;X), the quadrature error of the (N + 1)-point Gauss-

Hermite quadrature is bounded by ||E, — Qnvl|x S infyep, , ®ex [V — w||00f(R-X)-
) )

Proof. Since the (N + 1)-point Gauss-Hermite quadrature has degree of exactness 2N + 1,
it holds Qnw = E,, for all w € Pon41(R) ® X. Thus, for arbitrary w € Pon41(R) @ X, we
have

By — Qnvllx < [Eowlx + [@n (v —w)llx S v - wlirymx) +llv - wleco_@x)

Slv— w||COﬁ(R;X)'

|

In the next step, we show that functions v € CY(R™; X) admit an analytic extension
under certain decay properties of their derivatives. This is crucial to bound the error of the
best approximation in the polynomial space. Following the notation in [2], we introduce

= Hp(yi) and Y= (Y1, Yk—1,Yk+1- -+ Ym) € R™
or
Lemma 6.3. Let (yg,y}) € R™, v € COL(R™; X), and assume that there holds
. 4
||8?ijvHCg(Rm;X) S
with some constant py € (0,00). Then, for 7, € (0,1/uk), the function

v: R — Cg—;(Rm_17X)v Yk U(Xv yk7y2)
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admits an analytic extension v(x, z,y}) for z € ¥(1;) = {z € C, dist(z,R) < 7,}. Moreover,
the function v is bounded in the norm

(6.3) |l . oy = sup  ox(Re(2))|lv(2)|lco. mm-1.x)-
C};(E(R,m),ng(R 1,X)) B Ror) ( ) 05 (R™=1:X)

Proof. For given y;, € R, we define a formal Taylor expansion in z € C:

o0

X Z, yk Z U(Xa ykayz)

7=0

Thus, given an arbitrary y; € R, we can estimate

I, 1 < D I o) k00 e v
. 0 U'k
jOO | o0
<3 0 0l g gy S D (12 = wliae)?
Jj=0 Jj=0
The last expression converges for all |z — yi| < 7% < 1/uk. Hence, since we can cover (%)
by the union of balls |z — yx| < 7%, the function v can be extended analytically to the whole
region (7). W
Finally, we have to bound the approximation error of a function v which admits an analytic
extension. This was done in [2], where the next lemma has been proven.
Lemma 6.4. Suppose that v € CO(R; X) admits an analytic extension in L(R,T) for some
T > 0 and recall that o(y) = exp(—Bly|), ¢f. Definition [5.3 Then, the error of the best

approrimation by polynomials of degree at most d can be bounded by

(6.4) wepif(lémX lv = wllgo_@x) < C(r)Vdexp(—=mVad)[|[v]|co(s@rx):

Remark 6.5. Notice that the constant C(T) may grow extremely fast in T, namely like
exp(72/2) as T — oo and, thus, s not useful to exploit anisotropies in the integrand.

We are now able to estimate the error of the tensor product Gaussian quadrature for
functions v € CY(R™; X) which fulfill the condition of Lemma For this purpose, we
define the following tensor product integral operator:

m

1:=Q) I with IkUZ/U(yk)P(yk)dyk'

k=1 R

Note that Iv coincides with E, due to the product structure of the measure p dx.

Theorem 6.6. Let v € CY(R™; X) satisfy the conditions of Lemma i every direction,
i.e. forallk =1,...,m there exists a7, > 0 such that v(x,yi, y}) admits as a function of yi, an
analytic extension in X(7g). Furthermore, let the tensor product Gaussian quadrature operator
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Q: CYU(T; X) — X as well as the integration operator I: CO(T; X) — X be continuous and
let 0 < e < 1. If we choose the number of quadrature points Ny such that

(6.5) Ni 2 g —

for some § > 0, then the quadrature error is of order O(g). More precisely, it holds the
estimate

_ <
(66) ||(I QJ)UHX ~ € kznil,a}fm HUHCgk (E(Fkﬂ—k)vcgz (FZ7X)) ‘

Proof. Let v € CY(R™; X) be a function which fulfills the conditions of Lemma for all
directions yi, k= 1,...,m. We estimate the tensor product quadrature error as usual by the
sum of the one dimensional quadrature errors:

67)  A-Qovlx <D [(Qn ® ... ®@Qn,_, ® (I — Q) ® L1 @ ... @ L )v|| -
k=1

With the continuity of the multivariate integral as well as the multivariate Gaussian quadra-
ture operator, we can further deduce

[(@n, ® ... ®Qn,_, @ Ik — Qn,) @ Ip1 @ .. @ I )|
SSU%m(yl)H(QNQ ®...0QN_, ®Ir —Qn,) © L1 ® ... @ In)v(-,m) ||
Y1€

S sup o (yp)ll(le — @n)v( vi)lx
y;ERm71

By the Lemmata and we conclude

QN ®...®QN,_, ® (It — Qn,) @ Trs1 @ ... @ Iy)v||
< sup oi(yy) min

~

v
(68) yZGRmfl wEPQNk+1®X ”

5 \/2Nk—|—1exp(— \/2Nk+1)HUH00 (E(Fk 72):C0 (I‘Z'X))'
Ok ’ ’ 0.2 )
With the choice (6.5)) for the number of quadrature points, the assertion follows from

V2Nj, + Lexp ( — V2N, + 1) < exp < V2N, +1(1 - 5)) <e

and summing up the terms in with respect to (6.7]).

Remark 6.7. The norm in the error estimate obviously depends on the choice of T, and
tends to infinity if T, comes close to the boundary of the analyticity region, i.e. if T, — 1/ g,
as can be seen from the proof of Lemma . Moreover, note that the reqularity result for
the solution u to , the result for the second moment u?, and, if f € LP(D), the result
for the higher order moments uP imply the conditions of Lemma and, therefore, of
Theorem [6.6.

(vi) — wHCOﬁ(R;X)
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7. (Quasi)-Monte Carlo quadrature for the stochastic variable. In this section, we
discuss the use of Monte Carlo and quasi-Monte Carlo quadrature rules. These quadrature
rules are classically of the form

1 N

Quomcr = 5 > (&),

i=1

where N denotes the number of samples and &, € R™ is a sample point. In case of the Monte
Carlo quadrature, the sample points are chosen randomly. Therefore, we need a (pseudo-)
random number generator which produces m-dimensional normally distributed random vec-
tors. There are two main advantages of the Monte Carlo quadrature: the method does not
suffer from the curse of dimensionality and requires very weak regularity assumptions on the
integrand. The drawback of this method is that it produces only probabilistic error esti-
mates, also known as root mean square error, cf. [9], and that it converges only with the rate
O(N~1/2). More precisely, given a Hilbert space X, one has

Lo
(7.1) (BN - Que)vl¥)? S N2 [vllz@mx)-

For the error estimation of the quasi-Monte Carlo method, it is required that the integrand
has integrable, mixed first order derivatives. Then, the error of a quasi-Monte Carlo method
over the unit cube [0, 1]™ is bounded by means of the L>-star discrepancy

Di(2) := sup |Vol( 1
) te(0,1]™ Z [Ot

of the set of sample points Z = {&,,..., &y} C [0,1]™, where Vol ([0,t)) denotes the Lebesgue
measure of the cuboid [0,t), cf. [33]. In case of certain point sequences, like the Halton
sequence, see [21], this discrepancy is typically estimated to be of the order O(N “Llog N )m)

To obtain a quasi-Monte Carlo method for the domain of integration R™, the sample
points have to be mapped to R by the inverse distribution function. Numerically, this can
be done very efficiently by employing a rational interpolant of the inverse distribution function,
cf. [32]. Tt has been shown in e.g. [28] that the error can again be bounded by D% (Z) for
a certain set of functions. To specify this, we define the Bochner space Wle(Rm X) which

consists of all equivalence classes of strongly measurable functions v : R™ — X with finite
norm

(7.2) HUHW1 L Rmx) = Z / ‘8‘11) HXdy < 0.
lalleo<1

Then, the error of the quasi-Monte Carlo method is typically estimated by
10~ Qoure)ollx < D@ ol g

cf. [28], which is an extension of the Koksma-Hlawka inequality, cf. [33], to unbounded do-

mains. The condition that the norm [Jv[[};1,1 (Rm:x) i bounded is in general very restrictive
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and is not necessarily fulfilled in our application. Hence, we follow a suggestion of [28] and
rewrite the integral Iv(x) according to

(7.3) Iv(x) = /m v(x,y)p(y) dy = p/Rm U(XJ)\/@@ dy,

with the scaling factor p being defined by p := me v/ p(y)dy. Now, we employ a quasi-Monte
Carlo method with respect to the auxiliary density function \/p(y)/p and obtain the error
estimate

(7.4) 11— Qaue)ellx S D@ VAl gy

Herein, the last norm is finite (with a constant which depends on m but not on N) in case of
the moment computation as it is proven in the next theorem.
Theorem 7.1. For the solution u to (2.6)), the following bound is valid

Bl onanion S (2 |q|2<10 ) a1l < oo p=1

llallee<

Furthermore, if f € LP(D), it holds for the p-th power uP of u that

2py
eVl @i oy S < Z |q\ Z <log2> >”f”LP<D o, P22

lallo<

Proof. Each summand in the expression

Pl = [ 10800VAD)]xdy

llalle<1

can be estimated by

ey = Y ot [ ogut)ag Vel dy.

= a-a)

Due to the product structure of the auxiliary density and since we consider only mixed first
_ (=D)laelya-a

derivatives, we find 9§ *\/p(y) = Jla—al

Hence, we arrive at

[ 10306v/o) |y = azmla | leges)l v Vol dy.

ply)andq' =1, al =1, (q—a)! = 1.

For all functions v whose mixed first order derivatives grow at most exponentially in ||y||, the
norm Hv\/ﬁHWL; (R™:X) is bounded since v/p(y) = [t exp(—y3/4) decays double exponen-
tially in |ly||. Thus, the integrals on the right hand side of this equation are all finite.
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For the solution u, the multivariate version of (5.2) is

(7.5) 1052 e om 1 () S lex '< u ) 1A llz2 o

Therefore, we obtain the first assertion

al!
o N3Vl = 3 5 (i

) Wflzzco /R o )y ey dy

log 2

|
3 |
DI (logQ) 11122

Note that the last step holds since [p., o (y)yT>\/p(y)dy < oo for all £ € N.
For the p-th power u? of the solution, the multivariate version of (5.5)) reads

(76) 108 ey, oo % (225 11

By setting v = uP, we thus arrive at

[ 18 VoD iy 5 Y g (2

2la—«c|

3) 1l [ v TeVoiay

a<lq
_« la
ST o () W1y

This implies the second assertion. ll

Remark 7.2. The estimation of the discrepancy of a set = C [0,1]™, especially for high
dimensions m, has been the topic of many publications in the past fifteen years. The aim is to
avoid the factor (log N)™ 1 in the estimation of the discrepancy which grows exponentially in
the dimension m. This exponential dependence is called intractability in the literature, cf. [35,
39]. To avoid intractability, further regularity assumptions on the integrand are necessary.
Such assumptions are not imposed in the analysis presented above. In particular, the constant
occurring in the previous theorem can only be bounded by

1 2py \ @
Z olal Z (10 2> la]! < exp(emlogm)
a<q &

lafleo<1

with some constant ¢ > 0 if we do not take into account the decay of the sequence {yx}i. As
a consequence, for large values of m, one has to modify the analysis of the quasi-Monte Carlo
quadrature. This can be done by extending the ideas in [36] and additionally exploiting the
decay of the sequence {yx}i, see [2]|] for the case of the Halton-sequence.
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8. Analysis of the multilevel quadrature. We now want to use the results from Sections[f]
and [7] to analyze the error of the multilevel quadrature approximation to the mean and the
moments of the solution to . As we have seen, the error analysis in case of the Gaussian
quadrature or the quasi-Monte Carlo quadrature is based on the derivatives of the integrand.
Since the integrands in the multilevel quadrature are given by terms of the form (1) —u}_|)(y),
cf. , we shall show that their derivatives exhibit a behaviour similar to the derivatives of
uP(y) but provide an additional factor 27,

Lemma 8.1. For the error 0,(y) := (uy — u)(y) of the Galerkin projection, there holds the
estimate

_ - 3
lo" ¢
B0 085 oy S 2 Nlti (g ) Wy Sor a2 0.

Therefore, we have for the detail projections 0y(y) := (uy — up—_1)(y) the estimate

_ - 3
(8.2) H@?H@(y)HHl(D) <3-2 €|a|!/€( )2 (10;2> | fllz2(py  for all |a| > 0.

Proof. Since the Galerkin projection satisfies (a(y)Vxde(y), Vxv)
S}(D), it follows by differentiation that

2(p) = 0 for all v €

( ) / OB a(y) V03 Po(y) Vv dx

for all v € S}(D). For an arbitrary function v € S}(D), we therefore obtain:

IVa)VoZoy) |32 —/Da(y)lvxagf‘ég(y)ﬁdx

_ /D a(y)Vx0250(y) [Vx0S00(y) — Vo] dx

> (Z) /Dayﬁ“ywxa?"&e(y) [V 0§0u(y) — V] dx

04B<a

- (g) /D OB a(y) V03 Poy(y) V05 (y) dx

0#£B<a

_ / a(y) V25, (y) Vv dx = 3
D 048<a

From (2.5)), we derive H@ga(y)/a(y)HLoo(D) < ~P. Hence, we can further estimate
Va1V ozs ) 2 ) < /D a(y) Vd26,(y) [Vx0260(y) — Vxet] dx
£ 3 (S [ a9 P [Va055ty) - V]

0#£B<x

t 2 <Z>Vﬁ /Da<¥>IVXB?“’ée(nya;*ée(y)\dx.

0#£B<a
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The Cauchy-Schwarz inequality yields

Hva(Y)VﬁyaMY)H; < [Vay)VOGsu(y)|| 12y |V a(¥)V (050e(y) = 0) || 12 )
> () PV 0 | VT (055:3) = 0

(8'3) 0#£8<

£ 3 (5P IVaBITE 5020y VA5

0#£B<a

Since v € S}(D) can be chosen arbitrarily, the bound holds also for the infimum

IVa)Vogsy)|[72py < IV ay)Vg8ey) | 12 ) i [V a(¥)V (9506(y) = v) || 12y
b X (5P IV P ey it IVAEIVE3) ~ )]
0#B<

veS}H(D)
T S (4 IV, o P IV caL T e
0#B<x

The expression containing the infimum is now estimated in two different ways. On the one
hand, the approximation property of the finite element space S} (D) implies

inf |[va(y)V(95d(y) )HL2D) 27V amax (V) 105w () || 22 ).

veSH(D)
On the other hand, due to 0 € S} (D), we find

inf [Va@)V(073:) =0} 2(p) < [Va&IVOFS)|] 12

veS}H(D)

Dividing (8.3) by H \/a(y)Vag‘ch(y)HLz(D leads in combination with both estimates to

}|\/a(y)vay55 HLQD) 2- \/amax H@u HH2(D
+2 Z ( > BHV )y~ P8 )HL2(D)'

0#4B<a
In view of (5.8]), we obtain

IVl Vo553l oy S 2 Vama@rlel (1-25) 1200y
+2 Z ( > ﬁHV )Vog™ gt )HL2(D)'

0#48B<L

(8.4)

We conclude now by induction that

Va1V 0263 12y S 22 () (35)° Bl Fl 2

amin(y)



22 H. Harbrecht, M. Peters, M. Siebenmorgen

Hereln By, denotes the k-th ordered Bell-number which satisfies the recurrence relation By =
Zl 0 (Z)B with By = 1. For |a| = 0, this is simply obtained by estimate (5.8) and (3.1). Let
now the induction hypothesis hold for all 3 < a. Inserting this hypothesm into (8.4) yields

IV a() VoGl 2 p)
S g-o tundy) ~<y>HfHLz<D)(ra|!(lfg) #2357 3 (5)37 B

amln(Y) 0#£B<a
With
« |a| 1 ‘al_l ‘a‘
S (s £ g () En(z)
0+48<ax fea k=0

and the estimate By, < k!(log2)™*, cf. [], we get

[o7 amax( ) Y < a o|—
V) Vo5suy)llap, 52 ZEZm ISzl (y5) (21 +2-3%71).

Moreover, since 2/¢ + 2. 3lel=1 < 3lel o lat] > 2, amax(Y) < max(y) and amin(y) > amin(y),
we conclude

~ 2 ~
IVaIT0280(3) | S 2 (f;rf*‘g“;))3ﬂ|a|!(3”) 17220y

which implies finally the assertion. H
For p > 2, there holds the following LP-extension of estimate (8.2))

o - 3C(p, D)\ “
(55) 056y 72l (2L 1l

which can be proven if the load f belongs to LP(D). It is applied to get the following result
also for moments of order p > 2.
Lemma 8.2. The derivatives of the difference uz — ul%_l satisfy the estimate

o - 69 \“.
(5.6) 105 = )0 s oy < 2 el (10 ) w1V

Moreover, for the p-th powers of two successive Galerkin projections ulg and 11?,1; there holds
the estimate

112

o _ 3pC(p, D)~
(8.7) Hay (ug_u}g—l)(y)le,l(D) S2 g|a|!(pl§;2>7) Ry )3/2p+1/2

provided that f € LP(D) forp > 2.
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Proof. For the sake of convenience, we demonstrate the proof only for the case of p = 2.
The case of a general p can be treated in a similar way with the help of Faa di Bruno’s formula,
the LP(D)-extension of Proposition and the m-dimensional Hoélder inequality. It holds

|05 (w7 = wi)) DIy py < D < ) 1026,(3)08 P (e + e 1)(¥) |1

B<la

< 2 (5106900 105200+ w9 oy

B<la

Using the estimate (8.2)), the fact that the Galerkin projection u,(y) has the same regularity
with respect to the parametric variable as the solution itself, and Lemma, we obtain

fe _ 5 3~ B ) a—_08
105 = )0 oy S 3 (52 18050* (1 ) (= 80 (15 ) Ko

B<La

sotlalt( ) 5 1w 3 (§)

B<la

which yields the assertion for p = 2. B

By employing Lemma [8.1] and Lemma [8.2] we derive now the crucial estimate which will
be used in the forecoming Theorem

Lemma 8.3. In case of MLQMC and MLGQ, the estimate

(88) IT= Q) (wf =) W)l S &2 N Wpie )
holds for all p > 1, where X = H'(D), e =1 ifp=1and X = WH(D), e = 0 if p > 2,

respectively.
Proof. The results of Lemma [8.I] and Lemma [8.2] imply

_ 37
o l
(5.9 105 ey amancon < 2t 125 ) Wlco

for all & > 0, provided that the weight o from Definition [5.2] satisfies 3 > 44, and

6~
(310 105 (6 = )0 cgam sy S 2Nl (g ) 110

for all & > 0, provided that the weight o satisfies 3 > 65. Moreover, if f € LP(D), we derive

from ({8.7)) that

_ 3pC (p,
S0 056 ) ey oy £ 2 el (2L
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for all & > 0, provided that the weight o satisfies 3 > (3p+1)7. In the analysis of Section [6]
the dependency of the error estimate on the behaviour of the derivatives arises in Lemma
In view of the proof of this lemma, it holds for 7. < log2 that

sup o-(Re(z))Ht% HCO*(Rm Lx) ~ S27 Z”fHL2

z€X(Tk)
Analogously, we get for the p-th moments with 7, < 11)%% 2 that
4
sup a’(Re H(ue — le 1) HCO (Rm=1;X) ~ < 2" ||f||LP(D

ZEE(Tk)

We thus obtain the estimate in case of the Gaussian quadrature when the number of
quadrature points of Q;_, in (6.5)) is chosen according to €;_,. In the analysis of the quasi-
Monte Carlo quadrature we have to replace the estimate . 7.5) by (8.9 . for the mean and
the estimate (7.6) by (8.10) and ( - ) to obtain the additional factor 2~ in Theorem [7.1] .
Choosing the number of quadrature points of Q;_; according to the accuracy ¢;_y, yields then
E3. =

With the previous lemmata at hand, we are finally able to bound the error of the multilevel
quadrature methods under consideration. Again, to show this result also for moments of order
p > 2, we need the LP-extension of estimate for j = 0:

(8.12) lu¥) lw2rpy S KW fllLr (D)

This estimate holds if the load f belongs to LP(D).
Theorem 8.4. Let {Qu} be a sequence of quadrature rules which satisfy (4.2)) and let u €

C’g(Rm,H&(D)) be the solution to ([2.6)) which satisfies (3.1)) and (3.2). Then, in case of
MLQMC and MLGQ, the errors of the multilevel estimators (4.3) and (4.4]) are bounded by

(8.13) HMﬁ ZQ; o(u) —up_y)

<211 e
X

where e =1, X = HY(D) ifp=1and e =0, X = WLY(D) if p > 2.
Proof. We shall apply the following multilevel splitting of the error

(8.14) HMﬁ ZQJE )|

HMp M{J)JHX+2H I-Q;- 4)( —uy 1)”X
(=0

Employing (4.2) in ({8.8]), the sum on the right hand side is estimated by
J

J
DI = Qi) (@ =) e S D022 SR e ) S 327 NI
/=0

=0
For p = 1, due to (3.1)) and the continuity of I on CY(R™; H?(D)) for o with B > 37, the
first term on the right hand side of (8.14) satisfies

IEw — Euyllsr1(p) S 277 sup o (y)VEW) @)l m) S 27 IN1fllz2 (o
yeR™
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For p > 2, we use (3.1)), the continuity of T on C2(R™; H?(D)) for o with B > 4p7 and the
assumption (8.12)) to obtain

(8.15) M = ME ||y ) S 277 Sup o (Y)Y I1u) 2y S 2711500
y m

Inserting (|8.15D into (8.14)) yields

HM’Z ZQJ (-

This completes the proof. W

Finally, when applying Monte Carlo quadrature, we have to modify the above arguments
since the error needs now to be bounded in the mean square sense.

Theorem 8.5. Under the assumption of Theorem[8.]], the errors of the multilevel estimators

(4.3) and (4.4) are in case of MLMC bounded by

(8.16) <EHM” ZQJ o(uf —uj_,)

2 j”f”Lp-‘—& D) +j27ij||Lp+e ~ j2 ]Hf||Lp+6(D

2 l
) S 21
X

Proof. 1t holds

J 2\ 3 1 J 1
(EHM{L—Z Q11 ) ‘X> < (B - (1) 43 (BIa-Q 0 (- ) [1%)
=0 =0

by the triangle inequality. The first term on the right hand side is just H/\/lﬁ — /\/lﬁj H  which
is already estimated in the proof of Theorem The second term on the right hand side is
estimated in accordance with

1
(EH(I_Q%Z)(L‘I;_L‘?—J Hx) ej—t]| (uf — i) (v HL2 R™;HL(D)) ~ S ej-e2” €Hf||L2p

Here, the last inequality is obtained by using estimate if p=1. If p > 2, then the
estimate is immediately derived by the generalized Holder inequality. |

9. Complexity. In this section, we give estimates for the complexity of the different mul-
tilevel quadrature methods. We assume for each quadrature point in Q,;_, that the computa-
tional cost for solving the resulting elliptic partial differential equation on level £ is O(2").

The complexity of the multilevel Monte-Carlo quadrature has been considered before in
e.g. [3, 11, 12], where the number of quadrature points on each level is chosen in order to get
an overall root mean square error of €. Our analysis differs slightly since we equilibrate the
error contribution on each level.

The Monte Carlo quadrature with Ny quadrature points has a precision of (9( 1/ 2)
Thus, to reach an accuracy of 27, we need Ny ~ 2% quadrature points. Therefore, the overall
cost of MLMC quadrature to achieve the accuracy 277 are bounded by

02%), ifn=1,

J J
Cyrme = Z 22=0gnt = 92 Z 2(n=2t — L O(j2%), ifn=2,
=0 =0 o), ifn>2.
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For the quasi-Monte Carlo quadrature, we need Ny, ~ 2™ quadrature points to ensure
the accuracy 27¢. Indeed, there holds

N, (log Np)™ =27 ™ log (2%’”)7” < 279%™ (0 4+ mlogt)™ < C1(m)2~".
This leads to the overall cost of MLQMC method

j J | sm~+1 3
- o L O27jmth, ifn=1
C =277 (log(2771)) M2t < Y27 (j — oy = . ’
MLQMC 4 (log(2™)) = Z G-0 O(2M), if n > 2.

In case of the Gaussian quadrature, we have that Ny = [§((¢log2)? + 1)]™ < Ca(m)e*™
according to . This yields

J
Cninaq < Ca(m) Y~ (4 — Z)Qanz < C3(m)2™.

quadrature points in total for MLGQ.

The cost complexities of the multilevel quadrature methods under consideration are sum-
marized in Table [0.1]

’ spatial dimension H n=1 ‘ n=2 ‘ n=3 ‘

MLMC 227 2% | 2%

MLQMC 2igmtl | 92 237

MLGQ 27 22 237
Table 9.1

Cost complezities of the different multilevel quadrature methods to get the accuracy j277.

Remark 9.1. The constants hidden in the computational cost estimates depend in case of
MLQMC and MLGQ exponentially on the dimension m and thus explode for large m. For
high dimensions m, the anisotropy induced by the weight 4 has to be taken into account to
avoid this exponential dependence.

Y%
"'AV
SN
/AN é'

gmmwwnm'u
OO NN

VAN

wwm“.-s S "."',A“ Wil 'A'A'#'“u
mn,dwm',,
v
A s,

'u"A R
,’0

)

nmm.vm v
I
VNN

T A AT S O U
o mvmmmnnn HAARNSRREZAAR Y

S NAWWAAAORRIE OO0
Wmmm‘g; ';An‘v'w NN Avg'A‘ K 1# ::;wmm
'A'A AN g “fA\\N'W'Agﬁ, hv‘yyl\\‘n‘
v,v‘; kKT 00y vs‘v mA REE 4.‘¢an
s VAL

L5 <§' ‘# S

’-

eSS

KRRKS
Asn

X
.%

A‘

Figure 10.1. Computational domains with inscribed coarse grids.
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10. Numerical results. In this section, we present numerical examples to validate and
quantify the presented methods by studying the convergence for the mean and for the second
moment of the solution to (2.1). To that end, we consider two different settings. In the
first case, the diffusion coefficient is represented exactly by a Karhunen-Loeéve expansion of
finite rank. In the second case, the diffusion coefficient is described by a Gaussian correlation
function. Hence, the Karhunen-Loéve expansion has to be appropriately truncated, where
the truncation rank m tends to oo as the overall accuracy increases. The domain of the
spatial variable is always the unit square. For the approximation of the Karhunen-Loéve
expansion, we employ the pivoted Cholesky decomposition as described in [22, 25] together
with a piecewise constant finite element discretization of the two-point correlation.

Since we use linear finite elements, the representation on different grids for the solution’s
second moment is performed via a quadratic prolongation. The reference solution is not
analytically known. Thus, we compute it numerically by a quasi-Monte Carlo method on a
finer spatial grid with 1048 576 finite elements and 10® samples based on the Halton sequence,
cf. [21], as described in Section Iﬂ All computations have been carried out on a computing
server consisting of four noded¥ with up to 64 processes.

10.1. An example with a covariance of finite rank. In our first numerical example, we
focus on the covariance function Covy(x,y) = Z?:l 1p,(x)1p,(y), where the sets By, ..., B4
are discs of diameter 0.3 equispaced in D = (0,1)2. A visualization of the associated trian-
gulation can be seen in the left picture of Figure We consider f = 1 as load vector.
Figure shows the solution’s mean (on the left) and the solution’s variance (on the right).

M
ean 0.0862nd Moment
0.08
0.2

0.06
0.04
0.1
0.02
0 0

Figure 10.2. Solution’s mean (left) and uncentered second moment (right) in case of the first example.

0.292

For the multilevel methods, we choose the respective number of samples as follows. We set
Ny =10 - 477t for MLMC and N; = 10 - 20-0/0-9) for MLQMC where 6§ = 0,0.25,0.5. As
quadrature method in the quasi-Monte Carlo case, we employ the quasi Monte-Carlo method
based on the Halton sequence with respect to the auxiliary density function \/p(y)/p as pre-
sented in Section [7] The number of samples for MLGQ is controlled by the quadrature orders
determined from . In order to guarantee the overall precision of €, we set the accuracy
of the Gaussian quadrature in each stochastic dimension to £/4. On the right hand side of
Figure [10.3] we visualize the chosen quadrature orders for MLGQ on each level and in each
stochastic dimension for the computations on level 6. A comparison of the number of samples

*Each node consists of two quad-core Intel(R) Xeon(R) X5550 CPUs with a clock rate of 2.67GHz (hyper-
threading enabled) and 48GB of main memory.
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n
(4]

MC

n
o

QMC (0)

-
(9]

QMC (0.25)

quadrature order
>

QMC(0.5)

10° 102 10° 10* 10° 108 stochastic dimensions 1-4

Figure 10.3. Number of samples for the different quadrature methods for the first example (left) and related
orders of the Gaussian quadrature (right).

for each of the methods is depicted on the left hand side of Figure [10.3] Here, the different
colors refer to the samples on each particular level sorted in decreasing order from left to
right, i.e. £ =6,5,...,1. Note that, for MLMC, we averaged five realizations of the multilevel
estimator in order to approximate the root mean square error. This fact is not taken into
account in the visualization in Figure [10.3] i.e. the number of samples refer to one realization
of the multilevel estimator. The error plots found in Figure [I0.4] indicate that the three meth-

Error

—=—MC f—=—MC
——QMC (5=0) ——QMC (5=0)
1074 —=-QMC (=0.25) —>~QMC (3=0.25)
—e—QMC (3=0.5) || ~*=QMC (3=0.5)
——GQ 10 ' +-GQ
-- 'Asymptotics 127! ‘ ‘ -- 'Asymptotics 127! ‘ ;
1 2 3 4 5 6 1 2 3 4 5 6
Level Level

Figure 10.4. Error of the mean (left) and of the second moment (right) in case of the first example.

ods, i.e. MLGQ, MLMC, and MLQMC, provide the theoretic order of convergence of j277 for
the approximate mean with respect to the H!'-norm (picture on the left) and for the approx-
imate second moment with respect to the W'!-norm (picture on the right). Indeed, it seems
that the logarithmic term j which stems from the summation of the multilevel error does not
occur here. Moreover, the choice of § = 0, i.e. linearly increasing number of samples, seems
sufficient in MLQMC to maintain the optimal rate of convergence. Since MLGQ provides a
higher convergence rate for the second moment, it seems that the finite element error for the
computation of the second moment converges with a higher rate than expected in Lemma 3.1
In addition, this suggests that MLGQ overestimates the quadrature error.
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M
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0.008
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Figure 10.5. Solution’s mean (left) and solution’s uncentered second moment in case of the second example.

- 0.006
0.004

0.002

10.2. An example with a covariance of infinite rank. For our second example, we con-
sider the covariance function Covy(x,y) = 0.5exp (—2|x —y||3). The computational domain
is again the unit square D = (0,1)? which is triangulated as seen in the right picture of Fig-
ure The load vector is again f = 1. The Karhunen-Loeve expansion for the reference
solution is approximated with a trace error of 10712, cf. [25], which results in m = 72 terms.
Figure shows the solution’s mean (picture on the left) and its variance (picture on the
right). Notice that the QMC approach with auxiliary density is here no longer feasible since
m tends to infinity, cf. Section [7] Therefore, we apply the QMC approach without auxiliary
density. According to [24], convergence can then be shown if the sequence {7} decays suffi-
ciently fast. Nevertheless, we emphasize that, in case of a finite and relatively small stochastic
dimensionality like in the previous example, the QMC approach with auxiliary density per-
forms better.

MC

QMC (0)

QMC (0.25)

quadrature order

QMC (0.5)

10° 10" 10®° 10® 10* 10° 10° 10" 10° 10° T8 hastic Nimensions. 012 13192021

Figure 10.6. Number of samples for the different quadrature methods for the second example (left) and
related orders of the Gaussian quadrature (right).

In order to preserve the approximation order of 277, the Karhunen-Loéve expansion is
truncated after m = 21 terms on the finest level of computation 7 = 8. The number of
samples for MLMC and MLQMC is chosen as in the previous example. For MLGQ, to
account for the anisotropies in the integrand, we choose in this example Ny ~ log(e)/log(7x),
which is in accordance with the related formula from [2] for the case of a bounded parameter
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\ [ method || MC [QMC(0=05)] QMC(0=025)] QMC(6=0)] GQ |

single-level || 51200 10240 1015 320 456976
Example 1 | multilevel 300 60 25 20 2371
speed-up 171 171 41 16 193
single-level || 819200 163840 6450 1280 663552000
Example 2 | multilevel 400 80 26 20 267749
speed-up 2048 2048 248 64 2478
Table 11.1

Cost of the multilevel quadrature methods and the related single-level methods in terms of fine-grid samples.

domain. Although the results of Section [§] imply that we have to choose 73 with respect to
37K/ log 2, we set for reasons of computability 7, = log2/v; which already seems to provide
a sufficiently small quadrature error. The related orders of the Gaussian quadrature in each
single dimension and on each level are illustrated in the right plot of Figure The number

1073

2 2 407%
i} Ny i}
—-=-MC N —-=-MC
——QMC (8=0) ——QMC (8=0)
—e—QMC (5=0.25) —e—QMC (5=0.25)
—e—QMC (3=0.5) —e—QMC (5=0.5)
102l -aca 1074 GQ sl
- - -Asymptotics 127! q - - -Asymptotics 127! b
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
Level Level

Figure 10.7. Error of the mean (left) and of the second moment (right) in case of the second example.

of samples obtained is shown in the left plot of Figure The related computational errors
are depicted in Figure We achieve similar results as in the previous example. As before,
it seems that the logarithmic factor j does not occur in the computation of the mean. In case
of the second moment, only MLQMC with § = 0.5 and MLGQ provide a linear convergence
rate 277. The convergence rate of MLQMC with § = 0.25 and MLMC is rather j277. For
MLQMC with § = 0, the convergence rate even stagnates on level 6,7 and 8. This suggests
that all methods except for MLQMC with 6 = 0 yield the expected convergence rate and
that the quadrature settings of MLQMC with § = 0.5 and MLGQ slightly overestimate the
quadrature error. Nevertheless, a higher order convergence of MLGQ for the second moment,
as in the previous example, is not obtained here.

11. Conclusion. In this article, we have presented the analysis for approximating the mo-
ments of the solution to partial differential equations with log-normally distributed diffusion
coefficient by multilevel quadrature techniques. Our theoretical results as well as our numer-
ical findings corroborate that any given single-level quadrature method can significantly be
accelerated by multilevel techniques. To quantify this gain of the multilevel quadrature, we
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list in Table [I1.1] the total cost of the different quadrature methods for j = 6 levels in the first
example and for j = 8 levels in the second example. The total cost of the multilevel Monte
Carlo method, includes now that we average five runs. The cost for the multilevel methods
is measured in terms of samples on the finest grid. We determine this number by summing
up the number of samples on all level £ scaled by the respective work 27"0U—9 . The cost are
found in the row entitled by “single-level” and “multilevel” for the single-level and multilevel
quadrature, respectively. In addition, Table[I1.1] contains the ratios between these cost in the
row entitled by “speed-up”. As can be seen, we obtain a remarkable acceleration for each
particular quadrature method up to a factor 2478 in case of the Gaussian quadrature for the
second example.
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