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1. INTRODUCTION

We consider the following Cauchy problem for nonlocal conservation laws in several space dimensions,

(1.1) { 2?7643 d:ivq[jéff(t’ z,u*n)] =0,

where v : Ry x R? — R is the unknown, V : Ry x R? x RN — R? is a Lipschitz continuous function,
and n € LIIOC(Rd; R™) is a convolution kernel. We denote by div the divergence computed with respect
to the space variable only, whereas the symbol * stands for the convolution with respect to the space
variable only, that is

u*n(t,x) = /Rd u(t, x —y)n(y)dy.

In this work we establish local-in-time existence and uniqueness results for (1.1) under fairly weak
differentiability assumption on 7, in particular we focus on the case of Sobolev and BV (bounded total
variation) regularity. We also consider an explicit example where the solution u experiences finite time
blow up and show that, in general, solutions corresponding to different smooth approximations of 7
converge to different measures after the blow-up time.

In the last few years, the analysis of nonlocal conservation laws has attracted quite some atten-
tion, owing to the wide range of applications spanning from sedimentation [BBKT11] to supply
chains [CHM11], and pedestrian [CGLM12, PT11] and vehicular [Chi21] traffic models. In the ve-
hicular traffic framework, corresponding to the one-dimensional case « € R, several recent works have
focused on the case of anisotropic convolutions kernels, that is, n is supported on the negative real
axis R_. This aims at modeling the fact that drivers tune their velocity based on the downstream traffic
density only. We refer in particular to the original paper [BG16], the recent overview [Chi21] and the
references therein for a non exaustive list of recent contributions establishing global-in-time existence
and uniqueness results, maximum principle and many other properties. Anisotropic convolution kernels
typically have at least one jump discontinuity at the origin, and as such do not satisfy the smooth-
ness properties required in previous works on nonlocal conservation laws, see for instance [CLM13].
In the one-dimensional case, a systematic treatment of nonlocal conservation laws with BV kernels
is provided in [CDNKP22]. At the end of [CDNKP22] the authors quote as an open question the
extension of their analysis to the multidimensional case. In the present work, we first of all provide
an answer to this question. Note that well-posedness results for the nonlocal Cauchy problem (1.1) in
the multidimensional case were already well known, see for instance in [ACG15, CLM13, KPS18], but
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to the best of our knowledge all previous results require much stronger regularity requirements on 7
than the ones we consider in the following.

A primary motivation for our analysis comes from pedestrian traffic or crowd dynamics models: as
an example, in [PT11] the authors model pedestrian flows with equations similar to (1.1) under the
choice

V(t, @, uxn) = Va(t, z) + [ux )t z),
where u represents the crowd density and V; the desired velocity, that is the velocity that a pedestrian
at the point x at time ¢ would have if there were no crowd. The term w * 1 represents a correction
term modeling the fact that pedestrians want to avoid very crowded areas. In [PT11, formula (22)]

the authors consider the discontinuous convolution kernel
z
n(r) == 75— 1p ) (),
B,(0)] *©

where B, (0) denotes the ball of radius r centered at the origin, and 1 the characteristic function. See
also [CGLM12, CHM11, CDF*11, CR24, PR18] for related models. We now state our main existence
result.

Theorem 1.1. Let V : Ry xRIxRY — RY be an L-Lipschitz continuous function. Then the following
holds.

(i) If n € BV(RLGRY) and ug € L®(R?), then there is T* > 0, only depending on L, d, N,
|Dn|(RY) and on ||ug||z, and a distributional solution u € L ([0, T*[; L= (R%)) of the Cauchy
problem (1.1).

(ii) Fizp > 1 and let ¢ = p/p—1). If n € WEP(RERY) and ug € LY(R?), then there is T; > 0,
only depending on L, d, N, [V 1pa,rn xray and on |[uol|aray, and a distributional solution
ue LS ([0, T [; LY(RY)) of the Cauchy problem (1.1).

loc

The proof of Theorem 1.1 relies on an approximation argument combined with a control on the
growth of u obtained through the classical methods of characteristics. By the above result, observe
that either

esssup |[u(t, -)|| e = 400, respectively esssup |Ju(t,-)||ra = 400,

te[0,7+[ te[0,Ty[
or T, respectively Ty, is not maximal and one can construct a solution defined on a larger time
interval. By inspecting the proof one obtains the following lower bounds on 7™ and T} respectively

o0 o0
T > . d T > _
_;K1+2J an q—;KlJrza

In some cases, the nonlocal equation at the first line of (1.1) possesses some further mechanism pre-
venting blow up and as a consequence one has a global-in-time solution. This occurs for instance in
the above-mentioned case of anisotropic kernels in one space dimension, where a maximum principle
holds. Note however that, contrary to the case of smooth kernels where one always has global-in-time
existence [CGLM12, CLM13, KP17], in general in the rough-kernel case finite-time blow up does in-
deed occur, and we refer to [KP17, p.4065] and also to equation (1.5) below for an explicit example.
We now state our uniqueness result.

In2
K2”U0HLOO(Rd)

In2
K2”U0HLq(Rd) '

Theorem 1.2. Let V : Ry x RY x RY — R? be an L-Lipschitz continuous function and T €]0, +oc].
Then the following holds.

(i) Assume that n € BV(R%:RY), ug € L®(R?) and that either
(1.2) lim Rd/ In(z)|dz =0, where BR(0) := {z e R?: |z| < R},
R—+00 R4\ By (0)
or

(1.3) up € L'(RY)
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holds true. Then, there is at most one distributional solution u € L>®(]0,T[; L (R%)) of the
Cauchy problem (1.1).
(ii) Fizp > 1 and let ¢ = P/(p—1). Assume that n € WIP(RLRY), ug € LI(R?) and either

1/p
(1.4) lim R? / In(x)|Pdx =0, where BR(0) :={z e R?: |z| < R},
oo R4\BR(0)

or (1.3) holds true. Then, there is at most one distributional solution u € L>(]0, T[; L(R%))
of the Cauchy problem (1.1).

Interestingly, the proof of Theorem 1.2 boils down to a Gronwall-type argument applied to the
functional Qg defined by equation (4.3) in §4.1 below. The use of similar functionals is by now fairly
classical in the analysis of equations from fluid dynamics or kinetic theory, see for instance [Loe06,
MP94], but to the best of our knowledge this is the first time it is used in the nonlocal conservation
laws framework. The proof is quite flexible and can actually be extended up to the case p = 400 and ug
a finite measure, thus recovering results from [CLM13] (see also [FFR24] for a very recent contribution
in the one-dimensional, anisotropic kernels case).

To state our last result we consider the blow up example in [KP17, p.4065], which corresponds to the
choices d = 1, V(t,z,£) = &, n = 1j_1 o, and we choose ug = 219 15[, so that the Cauchy problem (1.1)
boils down to

(1.5) O+ 0 {“ (/:H U(t,y)dyﬂ =0,

u(0, ) = 210,15/ ().
The locally bounded solution of (1.5) is

2
(1.6) ult,x) = T My aip)
hence it is defined up to time ¢ = 1/2, and satisfies
(1.7) ult,) > Op—1pp  weakly” in M(R) as t 11/2,

where M(IR) denotes the space of finite Radon measures on R and 6,_1, the Dirac Delta concentrated
at x = 1/2. Let us now consider the following question: let {n,},cn be a sequence of smooth kernels
converging to 1j_y o[, and consider the corresponding sequence of Cauchy problems

(1.8) { Oy, + O [tn (up, * )] = 0,

up (0, ) = 2]110,1/2[(33).
Global-in-time existence and uniqueness results for the above Cauchy problem are established in several
papers, see for instance [CGLM12, CLM13, KP17]. Does the solutions sequence {u,}nen admit a
unique accumulation point? If the answer were positive, we could regard the limit point as a suitable

definition of solution of (1.5) after the blow-up time. However, our last result shows that this is actually
not the case, thus ruling out a fairly natural strategy for extending the solution after the blow up time.

Theorem 1.3. For every a € [0,1] there is a sequence {n%}neny € WH(R) such that
(1.9) ny — 1j_10f in L'(R) as n — +oo
and the corresponding sequence {ul},en of solutions of (1.8) satisfies
(1.10) o x| u weakly* in L>=(]0,T[xR) for every T' < 1/2,
: tn Vo weakly* in L>(]1/2, +00[; M(R)),
as n — 400, where u is the locally bounded solution of (1.5) for 0 <t < 1/2, and v, is a Dirac Delta
concentrated on the line x = at + (1 — «) /2, that is,

(1.11) Vo € L¥(J12, +00[ M(R)),  va(t) = datt(1-a)/2 -
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The construction of 19 is completely explicit (see formulas (5.1) and (5.2) in §5.1 below) and the
very basic idea can be handwavingly described as follows. The convergence at the first line of (1.10)
is fairly standard, the most intriguing part is establishing the convergence at the second line. We
recall (1.7) and conclude that, at the heuristic level, to extend the limit solution after the blow-up
time, one should determine the velocity field in (1.8), and hence give a meaning to the convolution
dp—15* 1_1 g, which basically amounts to single out the value of the BV function 1;_; o at z = 0. For
every « € [0, 1], the basic idea underpinning the definition of 7% is heuristically speaking to select « as
the value attained by the limit  at x = 0, see Figure 1 in §5.1 for a representation. This implies that,
in the n — +oo limit, the Dirac Delta concentrated at (t,z) = (1/2,1/2) propagates with velocity «,
which in turn yields the convergence at the second line of (1.10).

Outline. The exposition is organized as follows. In §2 we recall some preliminary results, in §3 and §4
we establish Theorems 1.1 and 1.2, respectively. Finally, in §5 we provide the proof of Theorem 1.3.

Notation. For the reader’s convenience we conclude the introduction by collecting the main notation
used in the present paper. We denote by C(aq,...,a,) a constant only depending on the quanti-

ties aq,...,ay,. Its precise value can vary from occurrence to occurrence. We also employ the following
notation:

o Ry :=10,+00[

e |z|: the standard Euclidean norm of z € R?

e Br(0): the ball of radius R and center at 0 in R?

e |E|: the Lebesgue measure of the measurable set £ C R?

e L% the d-dimensional Lebesgue measure

e |Dn|(R%): the total variation of the function n € BV (R% RY), see [AFPO0]

e 1p: the characteristic function of the set E:

@) ={ o 14

e M(X): the space of finite Radon measures on X, see [AFP00]

e C.(X): the space of continuous and compactly supported functions on X

e C([0,T];w — LI(R%)): the space of maps t — u(t, ) which are continuous from [0, 7] to LI(R?)
endowed with the weak topology

e C([0,T];w*—L>®(R%)): the space of maps t — u(t, -) which are continuous from [0, 7] to L>(R%)

endowed with the weak* topology

d: the dimension of the space domain, z € R?

L: the Lipschitz constant of the function V' in (1.1).
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2. PRELIMINARY RESULTS

First, we recall the definition of distributional solution of the Cauchy problem (1.1).
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Definition 2.1. Fiz T > 0, uy € L (R?) and assume that u € L (]0, T[xR?), n € L (R RN) are

loc loc loc

such that [uxn] € L>(]0, T[xRERN). We term u a distributional solution of the Cauchy problem (1.1)
if for every ¢ € C([0, T[xR?) we have

T
(2.1) / / u[Orp + V (-, -, uxn) - Vldedt +/ uop(0,-)dx = 0.
0 JR4 R4

We also say that u is a distributional solution of the equation at the first line of (1.1) if (2.1) holds
for every ¢ € C°(]0, T[xR?) (so that the second integral in (2.1) does not appear).

Next, we consider the linear continuity equation
(2.2) Oyu + div]bu] = 0,

where b : Ry x R* — R? is a given vector field, and recall the following property (the proof is a
slight extension of the proof of [Dafl6, Lemma 1.3.3]). Fix T" > 0 and ¢ € [1,4o0] and assume
that b € L (]0, T[xR% R?) and u € L>(]0,T[; LI(R?)) satisfy (2.2) in the sense of distributions on
10, T[xR%. Then u has a representative (namely, can be re-defined on a £*9%-negligible set) so that
the map ¢ ~— u(t, -) is continuous from [0, T] to L9(R%) endowed with the weak topology (or the weak*

topology, if ¢ = +00), that is,
ue C([0,T);w — LI(RY) resp. u e C([0,T);w* — L®(RY)).
Remark 2.2. Fiz T > 0, p € [1,+], ¢ = P/ip—1), and V :]0,T[xR? x RN — R? an L-Lipschitz

continuous function. Assume that
ne LPRERY),  we L%(0,T[; LY(RY))

satisfy the equation at the first line of (1.1) in the sense of distributions. Then V(-,-,u *n) €

L2 (]0, T[xR% R?) and hence u admits a representative (namely, can be re-defined on a L% -negligible

set) such that
ue C([0,T];w — Lq(Rd)) for1<qg<oo, resp. ueC(0,T;w" — LOO(]Rd)) for g = cc.
In the following we will always tacitly identify u with its continuous representative.
In the following we need the following elementary result.

Lemma 2.3. Let T > 0, p € [1,4+0], ¢ = P/(p—1), and V :]0,T[xR? x RN — R? an L-Lipschitz
continuous function. Consider either

(2.3) neWhRERY),  we C([0,T];w— LYRY)
(2.4) n e BV(R%:RY), ue C([0,T); w* — L®(RY))
and set

(2.5) b(t,z) := V(t,z, [u*n](t,x)).

Then the function b: [0,T] x R* — R% is continuous, and it is Lipschitz continuous with respect to the
x variable, uniformly with respect to the t variable. More precisely,

(2.6) Vbl oo qo,rixrey < L+ LIV 1o ramvxayl|ull oo qo, 7 Larayy,  for every t € [0,T]
under (2.3), and

(2.7) IVabl| oo o7 xra) < L + LIDn|(RY)|[u]| poo o, r(xray, for every t € [0,T]
under (2.4).

Note that (2.7) provides in particular an L* bound for divb, which we will repeatetly use in the
rest of this paper.
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Proof. By the chain rule, for any i, = 1,...,d we have

(2.8) Op b = 0y, VI + VeV - 0,0 % ul,

where we denote by ¢ € RY the third independent variable in the argument of V. Since
10z, ulllzoe < IVnllzollul oo go.rpza@ays 10 [0 % ulllze < [Dyl(RY)ullze

under (2.3) and (2.4), respectively, by using (2.8) we arrive at (2.6) and (2.7). Owing to the Lipschitz
continuity of V, in order to conclude the proof of the lemma it suffices to establish the continuity
in time of the convolution term [u * n](¢,x). To this end, it suffices to observe that, for any given
(t,x) €[0,T] x R we have

lim [ (s, ) — u*n(t,z)] = lim | Juls.y) —ulty)ln(z = y)dy =0,
by the weak continuity and the weak* continuity of ¢ — wu(t,-) tested againts n(z — y), under assump-

tion (2.3) and (2.4), respectively. O

Under the same assumptions as in Lemma 2.3, we now consider the characteristic line X (¢, z) defined
by solving the Cauchy problem

d—f(t, ) = b(t, X)

(2.9) d
X(0,z) ==,

which is well-posed owing to the Cauchy-Lipschitz-Picard—Lindel6f Theorem for ODEs combined with

Lemma 2.3 above. This also yields the well-posedness of the Cauchy problem for the continuity

equation (2.2). More precisely, for every uy € Lq(Rd), there is a unique distributional solution u €
L>(]0, T[; L9 (R%)) of the Cauchy problem (1.1) and it verifies u(t,-) = X (¢, -)4uo, namely

(2.10) /Rd e(@)u(t,z)dr = /]Rd o(X (t,2))up(z) dz, for every ¢ € CO(R?)

and

(2.11) u(t, X (t,x)) = ug(x) exp </0t div b(s,X(s,a:))ds) for a.e. (t,z) €]0, T[xR%.

Finally, such solution is renormalized and in particular it satisfies 0;|u| + div [b|u|] = 0 in the distribu-

tional sense. This implies that the unique solution of the continuity equation with initial datum |ug|
satisfies X (¢, )4|uo| = | X (¢,-)guo| = |u(t,-)|, and so we have

(2.12) /]Rd o(z)|u(t,z)|dx = /]Rd O(X(t,2))|ug(2)| dz, for every ¢ € CO(RY).

3. PROOF OF THEOREM 1.1

The exposition is organized as follows: in §3.1 we provide the proof of item (i), and in §3.2 we
provide the proof of item (ii).

3.1. Proof of Theorem 1.1, item (i). In the case of a smooth convolution kernel 7, existence
and uniqueness results for the Cauchy problem (1.1) are established for instance in [CLM13]. See
also [CLM12, KPS18]|. In the proof of the theorem we need the following preliminary lemma.

Lemma 3.1. Let p € [1,+00] and q¢ = P/(p—1). Assume that n € C° N WHP(RGRN) and that
ug € CX(RY). Then there are K1 = C(L), Ky = C(L,d, N)[IV1| Lp(ma;rnxay such that the solution of
the Cauchy problem (1.1) satisfies

[wll oo qo,m, [sLareyy < 2l|uollpa(ray,
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provided

In2
3.1 T, = .
(31) T K1+ 2Ksluoll pagray
Proof. By [CLM13, eq. (2.2)], the solution of (1.1) satisfies (2.11), provided b is as in (2.5). This
implies in particular that « € C°(R, x R%), that u(t,-) is compactly supported for every ¢ > 0 and
that the map t — [Ju(t,-)[| Lo (re) is continuous. We now set

(3.2) ty = sup{t € [0,T,] ¢ [lus, )| oty < 2luollaga for every s € 0,4},

where Ty, is defined as in (3.1) and the constants K; and K3 are to be chosen later. We now assume
by contradiction that t, < Tj (so that, by continuity, |[u(tg, )llLeme) = 2l|uollparas)) and reach a
contradiction, thereby showing that ¢, = 7T;, and hence establishing the statement of the lemma.

We fix 3 € C1(R) and by multiplying the equation at the first line of (1.1) times 4’(u) we obtain
(renormalization formula)

O[B(u)] + div [bB(u)] + div b [B (u)u — B(u)] = 0, b(t,z) == V(t,x, [u*n|(t, z)).

By applying the above equation with f(u) = |u|?, 1 < ¢ < oo, and space-time integrating we arrive at

/ [ultys 2)[“dads < [uoll?, gy + (0 = DIIiv bl oo, peme) / / fu(s, x)|dids,

which owing to Gronwall’s Lemma yields
qg—1 .
5.3 [ty MLa@ey < lluoll pore) exp (T tqlldiv b||L°°(]0,tq[><Rd)>
< o]l o ey ex0 (1l bl o gy ket )

Note that by directly estimating (2.11) we conclude that the bound (3.3) holds also in the case ¢ = 0o
By (2.7) we conclude that

_ (2.8)
[divd(s, )| peomay < C(L) +C(L,d, N)IVn|l Lo (ramiyxay [[u(s, )] Laray
——
(34) =K =Ko
(3.2)
< K1+ 2Ks||uoll pamray for every s < 't,.

By plugging the above formula into (3.3) we get

tg<Ty,(3.1)
w(tys Mipamey < lluoll Lamey exp(te[Kr + 2Kz |luollparay]) < 2[Juoll aray,

which contradicts the equality |[u(tq, )|l ara) = 2[|uoll Lo (ra)- O
We are now ready to provide the proof of item (i) of Theorem 1.1.

Proof of Theorem 1.1, item (i). We apply Lemma 3.1 with ¢ = 400 and fix T < Ts,. Next, we proceed
according to the following steps.

STEP 1: we consider two sequences {ugy }neN, {7n tnen such that

(3.5) o = g weakly” in L®(RY),  [luonl|poo(ray < [0l poo(ray,  ton € C°(RY)

and

(3.6) N, —n  strongly in L*(R%GRY), IVl 1 (e rv sy < |Dn|(RY), 5, € C(RY),

We term {uy, }nen the solution of (1.1) with convolution kernel 7, and initial datum wg,. By applying
Lemma 3.1 we get

(3.5)
(3.7) [wnll Lo qo,rixrey < 2l|uonl|Looray < 2||uol| oo (ra)-
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Owing to (3.7), up to subsequences
(3.8) U, = u  weakly* in L]0, T[xRY).

Assume for a moment that, as we will show in STEP 2 below, we can find a representative of the
function u € L>(]0, T[xR?) (which a-priori is well-defined only up to negligible sets) such that

*

(3.9) Un(t,) = u(t,.) weakly® in L®(R?) for every t €]0,T].
We deduce from (3.9) that

(3.10) V(e tn 1) = V(-,-,usn) strongly in Li _(]0, T[xR% RY).
Indeed, for every 2 C R% measurable and bounded we have

[V (Cssun*mm) =V suxn)llpgorxarey < Lllun * 0 — w*nll g0, ppxirm)

(3.11)
< Lfup * 1 — up * 77||L1(]0,T[><Q;]RN) + Llup *n —u* 77||L1(]0,T[><Q;]RN)'

To control the first term at the right-hand side of the above expression we point out that for a.e. (¢,z) €
10, T[xQ we have

(3.6)

(3.7)
[tn * 10, — up * () = /Rd U (t,  —y)[nn — n](y)‘ < 2|uoll poo ray 1 — nll L1 (Rasmyy = 0.

To control the second term at the right-hand side of (3.11), we point out that by (3.9) for every
(t,x) €]0,T[x we have

i #1 — x| (t, ) = C90.

/ fn — (£, )0 — )
R4

By Lebesgue’s Dominated Convergence Theorem we get that both terms in the right-hand side of (3.11)
vanish in n — o0 limit. With (3.10) in place, we can then pass to the limit in (2.1) and get that
u € L*(]0, T[xR?) is a distributional solution of (1.1).

STEP 2: we are left to establish (3.9). The argument relies on fairly standard techniques (see for
instance [Brell, Chapter 3] and [Dafl6, Lemma 1.3.3]) and we provide it for the sake of completeness.
We recall (3.7) and term B the closed ball of radius C(7')||ug|| o (rey and center at the origin in L>®(RY),

and we endow it with the weak-* topology. We fix a countable family {1y }ren C C2°(R?) dense in the
unit ball of L!(R%); owing to the proof of [Brell, Theorem 3.28] the function

/ [w — v] () (z)da

is a distance metrizing the weak™ topology on B. We introduce the sequence of functions
(3.12) F,:[0,T] = B, E,(t) = up(t,-),

where w,, is the same as in (3.8). We now verify that the sequence {F, }nen is equi-continuous with
respect to the distance d. We fix § > 0 and choose k* € N such that for every n € N it holds

+oo 3.7 —+00

1 (3.7) 4 1)

3.13 Z % [un(t1, @) — un(te, »)|p(z)dz| < Z S5 llwoll oo ray 19kl L1 ey < 5-

(3.13) 2 2 2
bk R4 Ik —_——

<1
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By using the equation for u, and integrating by parts in space, recalling that ¢, € C°(R?), we get
B k*—1 1
=D 5

k=1

k*—1 1
25

k=1

t1
/ Y(x) %(s, x)dsdx
Rd to 8t

/ [un (t1, ) — up(ta, )]k (z)dx
Rd

k*—1

(3.14) =) 2%

k=1

t1
/ Vip(x) - V (8, 2, Uy * np)un (s, v)dzds
to R4

k*—1

(3.7) 1 )
< 2[M + 2L|uol| poo (rayl [[to]| oo (ray|t2 — t1] Z 2—k|’V¢kHL1(Rd;Rd) <3
k=1

provided |t —t1] is sufficiently small. In the previous expression we have used the shorthand notation

k*—1
M = max{V(t,x,O) 1 te [O,T], x € U SUppwk}-
k=1

We then have

o (3.13),(3.14)
d(F,(t1), Fy(t2)) = Z o / [un (t1, ) — up(ta, )]k (z)dx < 46 for every n € N
k=1 R

provided |t; — to| is sufficiently small, that is, the sequence {F, }nen is equi-continuous. We apply
the Arzela-Ascoli Theorem and conclude that, up to subsequences, F;, — F in C°([0,T]; B) for some
limit function F' € C°([0,T); B). We now define the function w € L>(]0, T[xR?) by setting w(t,-) :=
F(t) and fix a test function ¢ € L'(]0,T[xR9). We note that for a.e. ¢ €]0,T[ we can test the
weak convergence uy,(t,-) — w(t,-) with ¢(t,-) € L'(R%) and by (3.7) and Lebesgue’s Dominated
Convergence Theorem for the time integral this implies

T T
/ / o(t, 2)uy (t, x)dxdt — / / o(t, x)w(t, z)dzdt, for every ¢ € L*(]0, T[xR?).
0 JRd 0 JRd

By (3.8) and the uniqueness of the weak™ limit this yields w = u, which eventually implies (3.9). O

3.2. Proof of Theorem 1.1, item (ii). The proof of Theorem 1.1 item (ii) follows the same lines as
the proof of Theorem 1.1 item (i), so we only provide a sketch. We construct sequences {ugp, }nen and
{Nn }nen such that

uon — ug  strongly in LYR?),  [[uon | paray < l[toll pagray, uon € C2(RY),

N — 1 strongly in Lp(Rd§RN)7 ”vnn”Ll’(Rd;RNXd) < an”Ll’(Rd;RNXd)v M € Cfo(Rd)'
We term {up }nen the corresponding solution of (1.1) and recall that T} is given by (3.1). Owing to
Lemma 3.1, for every T' < T and up to subsequences we have

U, = u  weakly in LI(]0, T[xR%)

for some limit function u € L4(]0, T[xR%). To conclude the proof of item (ii) it suffices to show that

V(e tn %1) — V(- uxn) strongly in LP (]0, T[xR%RY).

loc
Towards this end, we can follow the same argument as in STEP 2 and STEP 3 of the proof of item (i).
Note that when applying the Arzela-Ascoli Theorem we consider the same sequence of functions as
in (3.12), but this time B denotes a suitable ball in LI(RY) endowed with the weak topology if ¢ > 1,
and, if ¢ = 1, the set of finite Radon measures with total variation bounded by a suitable constant and
endowed with the weak® topology. O

4. PROOF OF THEOREM 1.2

The exposition is organized as follows: in §4.1 we establish item (i) and in §4.2 we establish item (ii).
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4.1. Proof of Theorem 1.2, item (i). We fix two solutions u;,us € L>(]0, T[xR%) of the same
Cauchy problem (1.1). Our aim is to show that u; = uy. We proceed according to the following steps.
STEP 1: we recall (2.9) and term X (¢, 2) and Xs(¢, x) the solutions of the Cauchy problems

dX dX
— = V(. X, u (X)) = Vit Xa,ug % 1(X2))
(4.1) and
X1(0,z) == X5(0,2) =z,
respectively. As pointed out before, the well-posedness of the above Cauchy problems follows from

Lemma 2.3, combined with the classical Cauchy-Lipschitz-Picard-Lindeléf Theorem for ODEs. Also,
since

d
%‘Xl — Xo| < |V(t, X1,u1 *n(X1)) — V(t, X2, uz * n(X2))|
(4.2) < LIX1 — Xo| + Llug *n(X1) — ug * n(Xa)|
< LIXy — Xo| + L|lutl[zee + lluz|lze]lInll 21

by the Grénwall Lemma we conclude that [ X; — Xo| € L2 ([0, T[; L>®(R?)).
STEP 2: we fix R > 0 and we set

(4.3 Qalt) = [ xrla@)luo(a)|Xi(t.2) — Xaft, )l
where

1 if ug € L(RY),
(44) Xr(w) = { exp( —l=l/R) if ug ¢ L'(R?).

Note that if ug € L'(R%) we are abusing notation since actually yp, and henceforth Qg, does not
depend on R. Also, owing to STEP 1 and to the assumption ug € L>®(R?), the quantity Qg is finite
for every R > 0.

STEP 3: assume that we have established the equality Qg+ (t) = 0 for some R* > 0 and every ¢ €]0, 7.
We now show that this implies u; = uy. Towards this end, we point out that the equality Qr«(t) =0
implies that X (t,z) — Xa(t,z) = 0 for a.e. © € {z : up(z) # 0}. This yields u; = ug, since for every
p € CZ(RY)

/ () [un () — ua(t, @) P2 / (X1 (1)) — @(Xa(t, 2))Juo ()dz = 0.
R4 Rd

STEP 4: we compute

40 (4.1),(43)
% < / Xr|uol|b1(t, X1) — ba(t, X2)| dx
(4.5) R

S /d XR‘UOHbl(taXl) — bl(t,Xg)‘ dx + /d XR‘U()Hbl(t,Xg) — bg(t,Xg)‘ de =: 1 + I7
R R

where we have used the notation b;(t, ) = V (¢, x, [u;*n|(t, z)) for i = 1,2, which is consistent with (2.5).
To control the first integral at the right-hand side of (4.5) we use the Lipschitz bound on b; given by
(2.7) and conclude that

(4.6)
I< [L+L|D77I(Rd)IIU1HLw]/Rd Xr(2)uo(2)]|X1(t,2) — Xa(t, )| dx = [L + L|Dn|(R?)|[u1 || =] Qr(1).
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Since uy,us € L, by approximation the equality (2.10) holds for every test function ¢ € L'(R?).
This yields a control on the integrand in 11, namely

|b1(t, X2) — ba(t, X2)| < Lf(u1 —uz) *n|(t, X2) = L

[ 16t = plun(t) — )l

(4.7)
(210) .

/Rd (Xa2(t,z) — X1(t,y)) — n(Xa(t,z) — Xa(t,y))] uo(y) dy' :

STEP 5: we conclude the proof of Theorem 1.2 in the case ug € L'(RY). We recall that in this case
Xr = 1, plug (4.7) into the expression for /1 and change the order of integration. We arrive at

<L [ Juo)] [0t~ Xa(t9) = n(Xa(t.2) ~ Xa(t. ) Juo(o)ldody
Rd R4
a9 L Jwl [l - Xa(t0) - e - Xa(to)|ualt,o)ldsdy

< LIDn| (R Juz|| o< /R [uo()I1X:1(t,y) — Xa(t.y)ldy =" LIDn|(RY)juz]| = Qr()

and by plugging (4.6) and (4.8) into (4.5), using Gronwall’s Lemma and recalling that Qr(0) = 0 we
conclude that Qr(t) = 0 for every t €]0,7] and R > 0.

STEP 6: we conclude the proof of Theorem 1.2 under assumption (1.2). In this case we have to
introduce a slightly more technical argument owing to the presence of the cutoff function in the
definition of Qr(t). Quite loosely speaking, the basic idea underpinning our argument is that we
employ a computation like (4.8) in some “big” region {(z,y) : |y| < |z| + ¢z R}, and control what is
left by using (1.2). We now provide the technical details: we set for any z € R?

(4.9) E(z) == {y eRe: |y| < || + cLR} ,

where ¢y, denotes a constant (only depending on the Lipschitz constant L), whose exact value will be
determined in STEP 7. Owing to the equality xr(z) = xr(y) exp (LRW) and to (4.9) we have

(4.10) xr(z)<eTxgr(y) for every y € E(x) and x € RY.

Next, we recall that 1T is defined as in (4.5) and conclude that

(47)
I < L/ X g (2)|uo(2)] '/ [n(Xa(t,2) = Xa(t,y) = n(Xa(t, 2) = Xa(t,y))] uo(y) dy' da
R4 Rd

(4.9)
2L / e () o ()| da
Rd

/E OB = Xa(0.0) —n(0a(t, )~ Xalt,0)] o) dy

=11y

) / xr() o () In(Xa(t,2) — Xy (t, )| o (v)|dy dz
R4 RI\ E(x)

(4.11)

=I1p

) / xR (@)|uo(z)| (Xa(t,2) — Xa(t, ) |uo(y)|dy dz
R4 R\ E(x)

=IIpo
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We now control 114 by using the Fubini Theorem as follows:

(4.12)

1, ) e /R Juo(a) /E ) [Xa(t:) = Xa(6:9) = n(Xalts2) = Xa(ts)] Juo(v) dyd

PO Leer / / luo () X r(y) [1(Xa(t ) — X1 (t,y)) — n(Xa(t, ) — Xa(t,9))] [uo(y)| dz dy
Rd Rd

CL2 peer / o () X a(v) / I — X1(t,y)) — n(z — Xa(t,y))] [uz(t, 2)|dz dy
Rd Rd

< Le“"| Dn|(RY) [|uz| L~ /Rd luo(y)Ixr(Y)|X1(t,y)) — Xa(t, y)|dy = Le* | Dn|(RY)||uz|| L~ Qr(t).

We now control I1g;:

1 L L @@ [ @l (e Xafen) - 1de da
(4.13) R4 D(t,x)
< Dl | xa@luo@)] [ (n)ldds,
R4 D(t,x)
provided
(4.14) D(t,x) = {£ e RY: & = Xo(t,z) — X1 (t,y), with y € RO\ E(z)}.
Assume for a moment we have established the inclusion
(4.15) D(t,z) CRIN\Bg(0) for every t € [0,1] and R > C(||u1|| o, ||u2]|re, L, |1l 11)-

Owing to (4.13) we then have for any such R

Iy < Lijugl| e </[Rd XR(x)\uo(l’)D </Rd\B 0 \ﬁ(f)"%)

(4.16)
xr(z)=exp(—|z|/R) d
< c@rrul ol ([ el .
R4\ BR(0)
By relying on an analogous argument we show that
(4.17) Ty < C(d)LR |uz|| oo |uol| o </ \n(f)!di) :
R4\ BR(0)

We now combine (4.5), (4.6), (4.11), (4.12), (4.16) and (4.17), use the Gronwall Lemma and recall that
Qr(0) = 0. This yields

(4.18) Qr(t) < R? ( /R . \n(é)!ds) K [exp(Kat) — 1],

provided K; and Kg are suitable constants (which could be explicitly computed) only depending on
d, L, |Dn|(RY), ||ui|pe, ||uz|lr= and |Jug| . To conclude, we point out that the map R — Qg(t) is
monotone non-decreasing, which yields for any R* > 0

(4.19) Qr-(t) < Rlil}rl Qr(t) (219 0, foreveryt € [0,1]
— 400

and hence by STEP 3 to the identity u; = uz on t €]0, 1[. By iterating the argument, we establish the
identity u; = ug on the time interval ¢ €]0, T7[.

STEP 7: to conclude the proof of item (i) we are thus left to establish (4.15), where D is the same as
in (4.14). Towards this end, we recall (4.1) and argue as in (4.2) to get

d
o X1t y) = Xo(t y)l| < LIXa(t,y) — Xa(t, 2)] + L{lutllze + [luzllz=]linllcs
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which upon integration in time implies
[ X1(ty) — Xa(t,2)| 2 |y — zle™ = [Jlur]|poe + Jur || poe] nll 1 1 — €]

<1 L L

> |y —=zle™ = [[lual|ze + lluallzee]llnll 2 [1 —e77]

yeRNE(z) _ _
> epRe™t — [Juallzee + fluaflpoe]llnl oo [t — €]

for y € R¥\ E(z). Choosing c;, and R so that
. 3 _
cre > o, Rl + Jlunfleellnllze [t = 7]
we conclude that (4.15) holds. O

4.2. Proof of Theorem 1.2, item (ii). The proof follows the same steps as the one of item (i), so
rather than repeating it we only highlight the points where the argument is different. In (4.2) we control
the term |[uy — ug] *n| by [||u1||La + ||u2||Le]||n||zr rather than by [||u1||pee + ||uz| L]l In (4.6) we
use Holder inequality and the finite difference quotients characterization of Sobolev functions and get

/Rd[n(Xl —y) = (X2 = y)lus(t, y) dy|<[[n(X1 — ) = (X2 — )| ze[[ur | La <[Vl Lr [ X1 — Xa[[ur] e

and similarly in (4.8) and (4.12). To control term IIp; we use, instead of (4.13), the estimate

[1g S0 / Xa(@) oz y/ O)llua (8, X (t, @) — €)|dE da
(4.20) 1/p
< Lt e | xn@luo(z) ( / In(é)l”d£> i,
R4 D(t,x)
and similarly for [/p,. Finally, in (4.19) we use (1.4) rather than (1.2). O

5. PROOF OF THEOREM 1.3

The exposition is organized as follows: in §5.1 we discuss some preliminary results and in §5.2 we
complete the proof of Theorem 1.3.

5.1. Preliminary results. We recall the discussion in [KP17, p.4065], apply Theorem 1.2 and con-
clude that for every T' < 1/2, the Cauchy problem (1.5) has a unique solution u € L*°(]0, T[xR), which
is given by formula (1.6). Next, we fix a € [0, 1] and set

0 x< —rq—1/n

nr +nrq + 1 —r® — 1y <z < -1l

1 —r& <z < =2
(5.1) ne(z) =< nla—zx+1+n(a—1) 2 <z < 1l

(0% - 1/n <z < 1/n

—anz + 2a Un <z <2/n

0 T > 2/n,

where 7y > 0 is a suitable constant to be chosen in such a way that

(5.2) /Rnf{(x)dx =1.

See Figure 1 for a representation of 7. Note that by combining (5.1) and (5.2) one gets (1.9). We now
consider the Cauchy problem (1.8), with % in place of 7, and term u its solution. More precisely,
owing to the regularity of the kernel n2 it is well known that there is a unique u§, € LS (R4 x R)
solving (1.8), see for instance [CGLM12, CLM13, KP17]. To establish (1.10) we need the following
result.
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FIGURE 1. The function 1% defined as in (5.1)

2/n

Lemma 5.1. Let ul be the solution of the Cauchy problem (1.8), with ng defined in (5.1), (5.2) in
place of n,. Then

(5.3) 0 <ul(t,x) <

T for every a € [0,1], n € N and a.e. (t,z) € [0,1/2[xR

Proof. We proceed according to the following steps.
STEP 1: we point out that (2.5), (2.9) boil down to

dX®
L= e xun](t, X5
o Xa a1, X3)
X,?‘(O,:E) =
and
(5.5) W8t X0 (1) % 20, (9) exp (— [ty = um(s,ms,y))) ,

respectively. This immediately yields the first inequality (non-negativity) in (5.3), and also the follow-
ing implication:

(5.6) forevery t e Ry, a € [0,1] and n € N, ufi(t,z) >0 = X (t,0) <z < X (t,1/).
STEP 2: we set for any n € N
G790 =sup{uite), 2 € R} X suplui(ta), X2(1,0) <@ < Xi(t1/2))

= supf{uy, (£, X5 (t,y)), 0 <y < 12} = max{uy (6, X5 (t,y)), 0 <y < 1/2}

and point out that the map g is locally Lipschitz continuous on R, since it is the maximum of uniformly
Lipschitz in time functions by (5.5). Our goal is now to show that

(5.8) g t) < g*(t) forae. t€]0,1/2.

With (5.8) in place, the inequality (5.3) follows by the classical Comparison Theorem for ODEs and
the equality ¢g(0) = 2. To establish (5.8), we fix a point ¢, €]0,1/2[ at which ¢ is differentiable and by
using (5.7) we conclude that

(5.9) g(t.) = ul(te,2.) for some z, € [XZ (b, 0), X5 (b, 12)].
We now let a, € R such that X% (¢, a.) = z, and set
(5.10) f(t) =y (t, X7 (¢, ax)),
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and observe that f(t) < g(t) for every ¢t € R+. Note that the derivative of f is the material derivative
(5.11) F1(t) = —ug O fupy + mi] = —ugfug * (n7)]

and hence f is a differentiable function. We rely on the following elementary property: Assume that
I C R is an interval, and f,g : I — R are two continuous functions with f > g. If both f and g are
differentiable at T € I and f(1) = g(7), then f'(1) = ¢'(7). (Indeed, set h := f — g > 0 and observe
that if h(7) = 0 then 7 is a point of minimum A and therefore by the differentiability of h at T we get
R'(T) = 0). It follows that in order to establish the inequality ¢/(t.) < g2(t) it suffices to show that

(5.12) F(t) < (k)

Towards this end, we point out that by combining (5.1) and (5.2) an elementary computation yields
(5.13) ro > 3/4 for every n > 18 and « € [0, 1].

We now show that

(5.14) X (t, 1) — X (t,0) <3/a, foreveryte Ry, n>18 and o € [0, 1].

Note that by combining (5.13) and (5.14) with (5.1) we get

(5.15) (NS (z —y) <0, for every t > 0, z,y € [X(t,0), X3 (¢,1/2)].

To establish (5.14) we write a differential inequality for the quantity X (¢,1/2) — X5 (¢,0). Indeed, we
point out that X5(0,1/2) — X%(0,0) = 1/2 and that as long as this quantity is smaller than 3/4 we
have (5.15) and hence

dl Xt 1) — X5 (t,0)] 5.4 o o o v o
SR SEOLED [ i xa ) - ) - 60,0 - )] us (e o)dy
(5.6) (XA o/ ya o
(5.16) = L BROGHE ) ) = 0) — pug ey
s,
Xp (1) Xp(t1/2) . (5.15)
— [ ) [ R - ey <o
Xg(10) Xg(60)
This establishes (5.14). We then point out that

(5.9)

(5.11) « « «
= _un(t*7x*)[(77n)/*un](t*7x*) =

£(t) g(t) /R (1Y (s — Yl (b y)dy

(5.6) X (te,1/2) ) G0, X5 (te,1/2) ,
9 o) / (=Y (s — 9) (e g)dy < g2(2) / (—n2 (s — y)dy
X&(ts,0) — X (t«,0)
>0by (5.15)
= ()[R (2 — XO(tr1/2)) — (e — X0, 0)] S P(02),

that is (5.12). O

5.2. Proof of Theorem 1.3. We fix a € [0,1]. By using Lemma 5.1 and by arguing as in the proof
of Theorem 1.1, item (i), we obtain the first limit in (1.10) (the one on the time interval |0,1/2]).
Establishing the second limit in (1.10) amounts to show that

(5.17)

T T 1—
lim / / o(t, z)uy (t, z)dedt = / <,0<t,ozt + Toz) dt for every ¢ € L*(]1/2, +o0[; C'(R)).
2 JR

n——+oo [q 1/9

Since the left-hand side can be rewritten as

// (t,z)u t:nd:z:dt // (t, X (t,y))uo(y dydt—2// o(t, X, (t,y))dydt,
2 2 2
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by using the elementary bound

1/2 1
| et Xa ey < et

we conclude by Lebesgue’s Dominated Convergence Theorem that in order to establish (5.17) it suffices
to show that

1
(5.18) lim X2(t,y) = at + Toz’ for every y € [0,1/2] and t > 1/2.

n—o0

Towards this end, we first establish compactness of the sequence {X2(-,0)}nen in the C°(]0, 7)) topol-
ogy. We point out that

(5.3) ) )
(5.19) 0 < [u®*n0)(ta) < [ullp ne e "Y1, for every (£a) € Ry, n e N.

Next, we recall (5.4) and conclude that 0 < X%(¢,0) < T for every n € N, t € [0,7], and that the
sequence {X%(-,0)},en is equi-continuous. We apply the Ascoli-Arzela Theorem and conclude that,
up to subsequences, X2(-,0) converges to some limit function X§* in the C°([0,77) topology. Similarly,
up to subsequences, {X%(-,1/2) }nen converges to some limit function X¢ in the C°([0,T]) topology.
Since X5(t,0) < X%(t,y) < X%(t,1/2) for every t € Ry and y € [0,1/2] and for every n € N, in order
to establish (5.18) it suffices to show that

1- 1-
(5.20) Xi(t) > at + Ta’ XX(t) < at+ Ta, for every t € [1/2,T].

We split the ODE arguments leading to (5.20) in several steps.
STEP 1: we plug (5.15) into (5.5) and conclude that

(5.21) up(t,x) > 2, for every t € Ry, n > 18 and = € [X(¢,0), X1 (¢,1/2)].
STEP 2: we show that X*(1/2) =1/2 = X,(1/2). Owing to (5.19) we have
(5.22) X2(t,0)<t, X (t,1p2)>1/ foreveryn € Nandte R,

and hence X7*(1/2) < 1/2, X*(1/2) > 1/2. Assume by contradiction that X7*(1/2) < 1/2; this implies that
there is € > 0 such that

(5.23) X (1R,0) <l2—e <2< X(1/2,1/2)
for n sufficiently large. We set
E. ={(t,x):lp—cfa<t<l—efs, lh—c<x<l—cf}
and we point out that, owing to (5.19) and (5.23), we have
X (t,0) <z < X;(t,1R) forevery (t,x) € Ex

and every n sufficiently large. Owing to (5.21), this implies
(5.24) // “(t,y)dtdy > £%/8
for every n sufficiently large. On the other hand, owing to (1.6), we have

(5.25) // u(t,y)dtdy = 0.

By combining (5.24),(5.25) and the limit at the first line of (1.10) we get a contradiction, which allows
us to conclude that X{*(1/2) =1/2. An analogous argument yields the equality X*(1/2) = 1/2.



STEP 3: we conclude the proof of (5.20).

(5.26)
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We recall that, owing to (5.4),

)
X3(t,0) = X2(1/2,0) + / / (X (5,0) — y)u (s, y)dyds

A(s,1/2)
O X0(1/2,0) + / / (X9 (s,0) — y)u (s, y)dyds.
2

2(s,0)

We now use (5.14), which implies that for every y € [X%(s,0), X%(s,1/2)], s € Ry and n > 18

(5.27)

@1)@1@

—3/4 < X (s,0) —y <0 no(X(s,0) —y) > a.

By plugging the above inequality into (5.26), we get

7 (s,1/2)
X(t,0) > X5 (1/2,0) / / aun(s,y)dyds
2

2(s,0)

8 00+ [ o= K00+l i

By passing to the n — +o0o limit in the above inequality and recalling STEP 2 we establish the
first inequality in (5.20). To establish the second inequality in (5.20) we use an analogous argument,
but instead of (5.27) we use the observation that, for every y € [X%(s,0), X%(s,1/2)], it holds that

X5 (s,1/2)

[ACG15]
[AFP00]
[BBKT11]
[BG16]
[Brel1]
[CDF*11]
[CDNKP22]
[CGLM12]

[Chi21]

[CHM11]
[CLM12]
[CLM13]
[CR24]

[Daf16]

[FFR24]

[KP17]

—y > 0 and hence 7% (X%(s,0) —y) < a. This concludes the proof of Theorem 1.3. O

REFERENCES

A. Aggarwal, R. M. Colombo, and P. Goatin. Nonlocal systems of conservation laws in several space dimen-
sions. STAM J. Numer. Anal., 53(2):963-983, 2015.

L. Ambrosio, N. Fusco, and D. Pallara. Functions of bounded wvariation and free discontinuity problems.
Oxford Math. Monogr. Oxford: Clarendon Press, 2000.

F. Betancourt, R. Biirger, K. H. Karlsen, and E. M. Tory. On nonlocal conservation laws modelling sedi-
mentation. Nonlinearity, 24(3):855-885, 2011.

S. Blandin and P. Goatin. Well-posedness of a conservation law with non-local flux arising in traffic flow
modeling. Numer. Math., 132(2):217-241, 2016.

Haim Brezis. Functional analysis, Sobolev spaces and partial differential equations. Universitext. Springer,
New York, 2011.

J. A. Carrillo, M. DiFrancesco, A. Figalli, T. Laurent, and D. Slepcev. Global-in-time weak measure solutions
and finite-time aggregation for nonlocal interaction equations. Duke Math. J., 156(2):229-271, 2011.

G. M. Coclite, N. De Nitti, A. Keimer, and L. Pflug. On existence and uniqueness of weak solutions to
nonlocal conservation laws with BV kernels. Z. Angew. Math. Phys., 73(6):Paper No. 241, 10, 2022.

R. M. Colombo, M. Garavello, and M. Lécureux-Mercier. A class of nonlocal models for pedestrian traffic.
Math. Models Methods Appl. Sci., 22(4):1150023, 34, 2012.

F. A. Chiarello. An overview of non-local traffic flow models. In Mathematical descriptions of traffic flow:
micro, macro and kinetic models. Selected papers based on the presentations of the mini-symposium at ICIAM
2019, Valencia, Spain, July 2019, pages 79-91. Cham: Springer, 2021.

R. M. Colombo, M. Herty, and M. Mercier. Control of the continuity equation with a non local flow. ESAIM
Control Optim. Cale. Var., 17(2):353-379, 2011.

R. M. Colombo and M. Lécureux-Mercier. Nonlocal crowd dynamics models for several populations. Acta
Math. Sci. Ser. B (Engl. Ed.), 32(1):177-196, 2012.

G. Crippa and M. Lécureux-Mercier. Existence and uniqueness of measure solutions for a system of continuity
equations with non-local flow. NoDEA Nonlinear Differential Equations Appl., 20(3):523-537, 2013.

R. M. Colombo and E. Rossi. Non linear hyperbolic—-parabolic systems with Dirichlet boundary conditions.
Differential and Integral Equations, 37(7/8):443 — 478, 2024.

C. M. Dafermos. Hyperbolic conservation laws in continuum physics, volume 325 of Grundlehren der math-
ematischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer-Verlag, Berlin,
fourth edition, 2016.

M. Di Francesco, S. Fagioli, and E. Radici. Measure solutions, smoothing effect, and deterministic particle
approximation for a conservation law with nonlocal flux, Preprint arXiv2406.03837, 2024.

A. Keimer and L. Pflug. Existence, uniqueness and regularity results on nonlocal balance laws. J. Differential
Equations, 263(7):4023-4069, 2017.



18

[KPS18]
[Loe06]
[MP94]
[PR18]

[PT11]

M. COLOMBO, G. CRIPPA, AND L. V. SPINOLO

A. Keimer, L. Pflug, and M. Spinola. Existence, uniqueness and regularity of multi-dimensional nonlocal
balance laws with damping. J. Math. Anal. Appl., 466(1):18-55, 2018.

G. Loeper. Uniqueness of the solution to the Vlasov-Poisson system with bounded density. J. Math. Pures
Appl. (9), 86(1):68-79, 2006.

C. Marchioro and M. Pulvirenti. Mathematical theory of incompressible nonviscous fluids, volume 96 of
Applied Mathematical Sciences. Springer-Verlag, New York, 1994.

B. Piccoli and F. Rossi. Measure-theoretic models for crowd dynamics. In Crowd dynamics. Vol. 1, Model.
Simul. Sci. Eng. Technol., pages 137-165. Birkh&user/Springer, Cham, 2018.

B. Piccoli and A. Tosin. Time-evolving measures and macroscopic modeling of pedestrian flow. Arch. Ration.
Mech. Anal., 199(3):707-738, 2011.

M.C. EPFL B, StaTioN 8, CH-1015 LAUSANNE, SWITZERLAND.
Email address: maria.colombo@epfl.ch

G.C. DEPARTEMENT MATHEMATIK UND INFORMATIK, UNIVERSITAT BASEL, SPIEGELGASSE 1, CH-4051 BASEL,
SWITZERLAND.
Email address: gianluca.crippa@unibas.ch

L.V.S. IMATI-CNR, viAa FERRATA 5, [-27100 PAvIA, ITALY.
Email address: spinolo@imati.cnr.it



	1. Introduction
	Outline
	Notation
	Acknowledgments

	2. Preliminary results
	3. Proof of Theorem 1.1
	3.1. Proof of Theorem 1.1, item (i)
	3.2. Proof of Theorem 1.1, item (ii)

	4. Proof of Theorem 1.2
	4.1. Proof of Theorem 1.2, item (i)
	4.2. Proof of Theorem 1.2, item (ii)

	5. Proof of Theorem 1.3
	5.1. Preliminary results
	5.2. Proof of Theorem 1.3

	References

