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NORMAL TRACES AND APPLICATIONS

TO CONTINUITY EQUATIONS ON BOUNDED DOMAINS

GIANLUCA CRIPPA, LUIGI DE ROSA, MARCO INVERSI, AND MATTEO NESI

Abstract. In this work, we study several properties of the normal Lebesgue trace of vector fields introduced
by the second and third author in [19] in the context of the energy conservation for the Euler equations
in Onsager-critical classes. Among several properties, we prove that the normal Lebesgue trace satisfies

the Gauss-Green identity and, by providing explicit counterexamples, that it is a notion sitting strictly
between the distributional one for measure-divergence vector fields and the strong one for BV functions.

These results are then applied to the study of the uniqueness of weak solutions for continuity equations on
bounded domains, allowing to remove the assumption in [16] of global BV regularity up to the boundary,
at least around the portion of the boundary where the characteristics exit the domain or are tangent. The
proof relies on an explicit renormalization formula completely characterized by the boundary datum and
the positive part of the normal Lebesgue trace. In the case when the characteristics enter the domain,
a counterexample shows that achieving the normal trace in the Lebesgue sense is not enough to prevent
non-uniqueness, and thus a BV assumption seems to be necessary for the uniqueness of weak solutions.

1. Introduction

Throughout this note we will work in any spatial dimension d ≥ 2. Before stating our main results, we start
by recalling some definitions and explaining the main context.

Definition 1.1 (Lp Measure-divergence vector fields). Let 1 ≤ p ≤ ∞ and let Ω ⊂ R
d be an open set. Given

a vector field u : Ω → R
d we say that u ∈ MDp(Ω) if u ∈ Lp(Ω) and div u ∈ M(Ω).

Here M(Ω) denotes the space of finite measures over the open set Ω. Building on an intuition by Anzellotti
[5, 6], a weak (distributional) notion of normal trace can be defined by imposing the validity of the Gauss-
Green identity.

Definition 1.2 (Distributional normal trace). Let Ω ⊂ R
d be a bounded open set with Lipschitz boundary.

Given a vector field u ∈ MD1(Ω), and denoting λ = div u, we define its outward distributional normal trace
on ∂Ω by

⟨Trn(u; ∂Ω), φ⟩ :=

ˆ

Ω

φdλ+

ˆ

Ω

u · ∇φdy ∀φ ∈ C∞
c (Rd). (1.1)

Note that by a standard density argument, considering φ ∈ Lipc(R
d) in (1.1) yields an equivalent definition.

Clearly Trn(u; ∂Ω) is in general a distribution of order 1. However, see for instance [3, Proposition 3.2], in
the case u ∈ MD∞(Ω) the distributional trace is in fact induced by a measurable function and Trn(u; ∂Ω) ∈
L∞(∂Ω;Hd−1). Note also that we are adopting the convention that n : ∂Ω → S

d−1 is the outward unit
normal vector, which will be kept through the whole manuscript.

Measure-divergence vector fields, with particular emphasis on the case p = ∞, have received great attention
in recent years. They happen to be very useful in several contexts such as establishing fine properties of
vector fields with bounded deformation [3], existence and uniqueness for continuity-type equations with a
physical boundary [16, 17], conservation laws [9–13], dissipative anomalies and intermittency in turbulent
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flows [18] and several others. For a detailed analysis of the theoretical properties and refinements of MDp

we refer the interested reader to [8, 27–29] and references therein.

1.1. The normal Lebesgue trace. The downside of the generality of Definition 1.2 is in that it does not
prevent bad behaviours of the vector field u in the proximity of ∂Ω. For instance in [16] it has been shown that
having a distributional trace of the vector field is not enough to guarantee uniqueness for transport and/or
continuity equations on a domain Ω with boundary, even when a boundary datum is properly assigned.
On the positive side, in the same paper [16] it has been also shown that a BV assumption on u up to the
boundary does imply uniqueness, the main reason being the fact that BV functions achieve their traces
in a sufficiently strong sense (see Section 2 for the definition and main properties of BV functions). More
recently, a new notion of normal Lebesgue boundary trace has been introduced in [19] in the context of the
energy conservation for the Euler equations in Onsager-critical classes. We recall here this notion.

Definition 1.3 (Normal Lebesgue boundary trace). Let Ω ⊂ R
d be a bounded open set with Lipschitz

boundary and let u ∈ L1(Ω) be a vector field. We say that u admits an inward Lebesgue normal trace on ∂Ω
if there exists a function f ∈ L1(∂Ω;Hd−1) such that, for every sequence rk → 0, it holds

lim
k→∞

1

rdk

ˆ

Brk
(x)∩Ω

|(u · ∇d∂Ω)(y)− f(x)| dy = 0 for Hd−1-a.e. x ∈ ∂Ω.

Whenever such a function exists, we will denote it by f =: u∂Ω−n. Consequently, the outward Lebesgue normal

trace will be u∂Ωn := −u∂Ω−n.

It is an easy check that, whenever it exists, the normal Lebesgue trace is unique (see [19, Section 5.1]).
Note that here, to keep consistency with Trn(u; ∂Ω) being the outward normal distributional trace, we are
adopting the opposite convention with respect to [19, Definition 5.2] by switching the sign. The above
definition has been used in the context of weak solutions to the incompressible Euler equations to prevent
the energy dissipation from happening at the boundary [19, Theorem 1.3]. It has also been proved (see the
proof of [19, Proposition 5.5]) that for u ∈ BV the normal Lebesgue boundary trace exists, with explicit
representation with respect to the full trace of the vector field. Clearly, the definition of the normal Lebesgue
trace can be restricted to any measurable subset Σ ⊂ ∂Ω. This will be done in Section 3.2, together with
the study of further properties which will be important for the application to the continuity equations on
bounded domains. Due to the very weak regularity of the objects involved, our analysis requires several
technical tools from geometric measure theory and in particular establishes properties of sets with Lipschitz
boundary that might be interesting in themselves.

From now on we restrict ourselves to bounded vector fields, since otherwise the distributional normal trace
might fail to be induced by a function. Our first main result shows that, for u ∈ MD∞, if the normal
Lebesgue trace exists it must coincide with the distributional one. In particular, it satisfies the Gauss-Green
identity. We emphasize that, in general, the theorem below fails if u is not bounded (see Remark 1.5).

Theorem 1.4. Let Ω ⊂ R
d be a bounded open set with Lipschitz boundary and let u ∈ MD∞(Ω). Assume

that u has a normal Lebesgue trace on ∂Ω in the sense of Definition 1.3. Then, it holds u∂Ωn ≡ Trn(u; ∂Ω)
as elements of L∞(∂Ω;Hd−1).

In particular, for bounded measure-divergence vector fields, either the normal Lebesgue trace does not exist
or it exists and it coincides with the distributional one. This observation will be used in Lemma 3.11 to
construct u ∈ MD∞ which does not admit a normal Lebesgue trace. Moreover it is rather easy to find
vector fields which do admit a normal Lebesgue trace but fail to be of bounded variation (see Remark 2.5).
It follows that Definition 1.3 is a notion lying strictly between the distributional one of Definition 1.2 and
the strong one for BV vector fields (see Theorem 2.4). In Section 3 we also prove some additional properties
of the normal Lebesgue trace which might be of independent interest. Let us point out that here all the
results assume the vector field to be bounded.

Remark 1.5. In the first version of this manuscript, we raised the question whether the existence of the
normal Lebesgue trace implies u∂Ωn = Trn(u; ∂Ω) in the more general case u ∈ MD1(Ω). Soon after posting
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the first version, A. Arroyo-Rabasa [7] provided us the following example that shows that the answer to the
question is negative in general. In the (open) upper half two-dimensional ball Ω := B1(0) ∩ R

2
+ consider

u(x) = x |x|−2
. Then div u = 0 in Ω, u ∈ MD1(Ω), u∂Ωn

∣∣
x2=0

≡ 0 but Trn(u; ∂Ω) has a Dirac delta in the

point (0, 0) ∈ ∂Ω. In particular, u∂Ωn does not satisfy the Gauss–Green identity.

1.2. Applications to the continuity equation. The groundbreaking theory of renormalized solutions
by DiPerna–Lions [21] and Ambrosio [1] establishes the well-posedness for weak solutions of the continuity
equation with rough vector fields on the whole space R

d, more precisely, in the case of Sobolev and BV
vector fields respectively. See for instance [14, 15] for a review.

Let us now focus on the bounded domain setting. Since we will be working with merely bounded solutions,
the rigorous definitions become quite delicate. For this reason we postpone to Section 4 the main technical
formulations which guarantee that all the objects involved are well defined. We consider a solution ρ :
Ω× (0, T ) → R to 




∂tρ+ div(ρu) = cρ+ f in Ω× (0, T )
ρ = g on Γ−

ρ(·, 0) = ρ0 in Ω,
(1.2)

where Ω ⊂ R
d is an open bounded set with Lipschitz boundary, u : Ω× (0, T ) → R

d is a given vector field,
Γ− ⊂ ∂Ω× (0, T ) is the (possibly time-dependent) portion of the boundary in which the characteristics are
entering, while ρ0 : Ω → R, g : Γ− → R and c, f : Ω× (0, T ) → R are given data. Note that if ρ and u are not
sufficiently regular their value on negligible sets is not well defined. However, as noted in [17], a distributional
formulation of the problem (1.2) can still be given by relying on the theory of measure-divergence vector
fields described above, see Definition 4.3. The existence of such weak solutions has been proved in [17] by
parabolic regularization under quite general assumptions. A much more delicate issue is the uniqueness of
weak solutions, which has been established in [16] under the assumption that u ∈ L1

loc([0, T );BV (Ω)), that
is when the vector field enjoys BV regularity up to the boundary. The uniqueness result heavily relies on a
suitable chain-rule formula for the normal trace of ρ2u at the boundary, previously established in [3, Theorem
4.2], which holds when u ∈ BV (Ω). Our main goal is to show that no BV assumption on u is necessary
around the portion of the boundary where the characteristics exit, as soon as a suitable behaviour in terms
of the normal Lebesgue trace is assumed.

In the next theorem, for a set A ⊂ ∂Ω, we will denote its r-tubular neighbourhood “interior to Ω” by
(A)inr := (A)r ∩ Ω, where (A)r is the standard tubular neighbourhood (in R

d) of width r > 0. We refer to
Section 2.1 for a more detailed guideline on the notation used in this whole note.

Theorem 1.6. Let Ω ⊂ R
d be a bounded open set with Lipschitz boundary and u ∈ L∞(Ω × (0, T )) ∩

L1
loc([0, T );BVloc(Ω)) be a vector field such that div u ∈ L1((0, T );L∞(Ω)). Let Γ−,Γ+ ⊂ ∂Ω × (0, T ) be as

in Definition 4.1 and assume that

(i) there exists an open set O ⊂ R
d × (0, T ) such that Γ− ⊂ O, ut ∈ BVloc(Ot) for a.e. t ∈ (0, T ) and

∇ut ⊗ dt ∈ Mloc(O),

(ii) denoting by Γ+
t ⊂ ∂Ω the t-time slice of the space-time set Γ+, for a.e. t ∈ (0, T ) it holds

lim
r→0

1

r

ˆ

(Γ+
t )inr

(ut · ∇d∂Ω)+ dx = 0. (1.3)

Moreover, let f ∈ L1(Ω × (0, T )), c ∈ L1((0, T );L∞(Ω)), ρ0 ∈ L∞(Ω) and g ∈ L∞(Γ−) be given. Then, in
the class ρ ∈ L∞(Ω × (0, T )), the problem (1.2) admits at most one distributional solution in the sense of
Definition 4.3.

Remark 1.7 (Existence). Theorem 1.6 is concerned only with uniqueness. The existence part, in the case
div u, f, c ∈ L∞(Ω× (0, T )) is more classical and can be found in [17]. Notice that the generalization to the
case f ∈ L1(Ω × (0, T )), c ∈ L1((0, T );L∞(Ω)) directly follows by a standard truncation argument together
with the a priori bound on the solution.
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A more general version of the above theorem will be given in Section 4 (see Theorem 4.5 and Corollary 4.6)
where we prove that an explicit weak formulation for β(ρ) holds up to the boundary, for any β ∈ C1(R),
that is the vector field u satisfies a renormalization property on Ω × [0, T ). The renormalization property
can be seen in a certain sense as an analogue in the linear case of the conservation of the energy studied in
[19] in the context of the Euler equations. In particular, it is natural to investigate the role of the normal
Lebesgue trace for the renormalization property. The assumption (1.3) can be thought of as a way to
force characteristics to be “uniformly” exiting, which we will show to be enough to prevent non-uniqueness
phenomena. Equivalently, (1.3) dampens any “recoil” of the vector field which could cause mass to enter
the domain Ω around the portion of ∂Ω where on average (i.e. in the weak sense) it points outward, a
phenomenon which relates to ill-posedness. More effective conditions in terms of the normal Lebesgue trace
from Definition 1.3 which imply (1.3) will be given in Section 3.2 (see for instance Corollary 3.9). As a
consequence of our general results on the relation between the normal Lebesgue trace and the distributional
one, in Proposition 3.10 we will show that (1.3) holds true as soon as u is BV up to the boundary, while in
general it is a strictly weaker assumption. In some sense, Theorem 1.6 shows that the subset of the boundary
in which characteristics are entering, i.e. Γ−, is more problematic than Γ+ since it requires the vector field
to be BV in its neighbourhood. Indeed, we notice that in the counter-example built in [16] the vector field
achieves the normal boundary trace in the strong Lebesgue sense.

Proposition 1.8. Let Ω := R
2 × (0,+∞). There exists an autonomous vector field u : Ω → R

3 such that
div u = 0, u ∈ L∞(Ω) ∩BVloc(Ω), Trn(u; ∂Ω) ≡ u∂Ωn ≡ −1 and the initial-boundary value problem





∂tρ+ u · ∇ρ = 0 in Ω× (0, 1)
ρ = 0 on ∂Ω× (0, 1)

ρ(·, 0) = 0 in Ω
(1.4)

admits infinitely many weak solutions in the sense of Definition 4.3.

The reader may notice that the domain Ω in the above proposition is unbounded. This choice has been
made for convenience in order to directly consider the Depauw-type construction from [16, Proposition 1.2],
so that the vector field u can enter on the full boundary ∂Ω = R

2 × {0} while still being incompressible.
This is clearly enough to show that a non-trivial Γ− makes both notions of traces from Definition 1.2 and
Definition 1.3 not sufficient to obtain well-posedness. Furthermore, let us mention that also (1.3) cannot be
avoided. Indeed in [16, Theorem 1.3] the authors construct an autonomous vector field with Trn(u; ∂Ω) ≡ 1
which fails to guarantee uniqueness. As discussed in [16], such construction can be also modified to have
Trn(u; ∂Ω) ≡ 0. Thus, in the context considered here, the assumptions made in Theorem 1.6 are essentially
optimal and they single out the behaviour of rough vector fields which is truly relevant.

1.3. Plan of the paper. Section 2 contains all the technical tools: we start by introducing the main
notation, then we recall some basic facts about weak convergence of measures and BV functions and we
conclude by proving some technical results about the convergence of Minkowski-type contents. In Section 3 we
focus on various properties of the normal Lebesgue trace: we prove the Gauss-Green identity in Theorem 1.4,
the convergence of the positive and negative parts of the Lebesgue trace, the connection with BV vector
fields and conclude with Lemma 3.11 by constructing a vector field which admits a distributional normal
trace but fails to have the Lebesgue one. The last Section 4 contains all the applications to the continuity
equation: after recalling the main setting from [16], which allows to define weak solutions, in Theorem 4.5
we prove the main well-posedness result, which is a more general version of Theorem 1.6, and then conclude
with the proof of Proposition 1.8.

2. Technical tools

In this section we collect some, mostly measure theoretic, tools which will be needed. We start by introducing
some notation.

2.1. Notation.

• we set Gd
m =

{
linear m-dimensional subspaces in R

d
}
and we denote by Π ∈ G

d
m its elements;

• ωm is the m-volume of the m-dimensional unit ball;
4



• given an open set Ω ⊂ R
d and T > 0, we set Λ := ∂Ω× (0, T ) and LT

∂Ω :=
(
Hd−1 ⊗ dt

)
⌞Λ;

• given a bounded vector field u : Ω×(0, T ) → R
d, we denote by Γ+,Γ− ⊂ Λ the parts of the boundary

in which characteristics are exiting and entering respectively (see Definition 4.1);

• for any space-time measurable set A ⊂ R
d× (0, T ) we denote by At := {x ∈ R

d : (x, t) ∈ A} its slice
at a given time t;

• given f : Ω× (0, T ) → R we denote by ft : Ω → R the map ft(·) := f(·, t);

• given a set M ⊂ R
d, for any point x ∈ R

d, we define dM (x) = inf{|x− y| : y ∈M};

• given a closed set M ⊂ R
d, we denote by πM : Rd →M the projection map onto M ;

• given r > 0 and a set M ⊂ R
d, we denote by (M)r := {x ∈ R

d : dM (x) < r} the open tubular
neighbourhood of radius r;

• given an open set Ω ⊂ R
d and r > 0, we denote by (∂Ω)inr := (∂Ω)r∩Ω and (∂Ω)outr := (∂Ω)r∩(R

d\Ω)
the interior and exterior tubular neighbourhoods of ∂Ω respectively;

• slightly abusing notation, when A ⊂ ∂Ω we still denote by (A)inr := (A)r ∩ Ω and (A)outr := (A)r ∩
(Rd \ Ω) the parts of the r-tubular neighbourhoods of A which belong to Ω and Ωc respectively;

• given an open set Ω we denote by M(Ω) the space of finite signed measures on Ω, while Mloc(Ω)
denotes the space of Radon measures on Ω;

• given µ ∈ M(Ω), we denote by Sptµ the support of the measure µ, that is the smallest closed set
where µ is concentrated;

• Trn(u; ∂Ω) is the distributional normal trace from Definition 1.2;

• u∂Ωn is the normal Lebesgue trace from Definition 1.3;

• uΣn is the normal Lebesgue trace from Definition 3.6 on a subset Σ ⊂ ∂Ω;

• uΩ is the full trace of u on ∂Ω, in the BV sense, as defined in Theorem 2.4;

• whenever we consider the space-time set Ω× (0, T ), we denote by nΩ the outer normal to ∂Ω;

• for any function f we denote by f+ and f− its positive and negative part respectively, i.e. f = f+−f−;

• we denote by div the divergence with respect to the spatial variable;

• we denote by Div the space-time divergence, that is Div(u, f) = div u+∂tf , where u : Ω×(0, T ) → R
d

and f : Ω× (0, T ) → R.

2.2. Weak convergence of measures. Here we recall some basic facts on weak convergence of mea-
sures.

Definition 2.1. Let µk, µ ∈ Mloc(R
d). We say that {µk}k converges weakly to µ, denoted by µk ⇀ µ, if for

any test function φ ∈ Cc(R
d) it holds

lim
k→∞

ˆ

Rd

φdµk =

ˆ

Rd

φdµ. (2.1)

Weak convergence of measures can be characterized as follows.

Proposition 2.2. Let µk, µ ∈ M(Rd) be such that µk(R
d) → µ(Rd). The following facts are equivalent:

• µk ⇀ µ according to Definition 2.1;

• for any open set U ⊂ R
d it holds µ(U) ≤ lim infk→∞ µk(U).
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Proof. It is immediate to see that the convergence of the total mass together with the lower semicontinuity
on open sets imply µ(C) ≥ lim supk→∞ µk(C) for all C ⊂ R

d closed. It is well known that having both lower
semicontinuity on open sets and upper semicontinuity on compact sets is equivalent to weak convergence,
see for instance [22, Theorem 1.40]. □

The following proposition is part of the so-called “Portmanteau theorem” (see for instance [25, Theorem
13.16] for a proof).

Proposition 2.3. Let µk, µ ∈ M(Rd) be such that

lim
k→∞

ˆ

Rd

φdµk =

ˆ

Rd

φdµ ∀φ ∈ C0
b (R

d). (2.2)

Let f : Rd → R be a bounded Borel function and denote by Disc(f) the set of its discontinuity points. If
µ(Disc(f)) = 0 then

lim
k→∞

ˆ

Rd

f dµk =

ˆ

Rd

f dµ.

2.3. Functions of bounded variations. Let Ω ⊂ R
d be an open set. We say that f ∈ L1(Ω) is a

function of bounded variation if its distributional gradient is represented by a finite measure on Ω, i.e. we
set BV (Ω) = {f ∈ L1(Ω) : ∇f ∈ M(Ω)}. An m-dimensional vector field f : Ω → R

m is said to be of
bounded variation if all its components are BV functions. The space of vector fields with bounded variation
will be denoted by BV (Ω;Rm), or, slightly abusing the notation, simply by BV (Ω) when no confusion can
occur. We refer to the monograph [4] for an extensive discussion of the theory of BV functions. Here we
only recall from [4, Theorem 3.87] that a BV vector field on a Lipschitz domain admits a notion of trace on
the boundary.

Theorem 2.4 (Boundary trace). Let Ω ⊂ R
d be a bounded open set with Lipschitz boundary and f ∈

BV (Ω;Rm). There exists fΩ ∈ L1(∂Ω;Hd−1) such that

lim
r→0

1

rd

ˆ

Br(x)∩Ω

∣∣f(y)− fΩ(x)
∣∣ dy = 0 for Hd−1-a.e. x ∈ ∂Ω.

Moreover, the extension f̃ of f to zero outside Ω belongs to BV (Rd;Rm) and

∇f̃ = (∇f)⌞Ω− (fΩ ⊗ n)Hd−1⌞∂Ω,

being n : ∂Ω → S
d−1 the outward unit normal.

Remark 2.5 (BV vs. normal trace). In [19, (ii)-Proposition 5.5] it has been proved that if u ∈ BV (Ω) ∩
L∞(Ω) then the outward normal Lebesgue trace u∂Ωn exists and it is given by u∂Ωn = uΩ · n, where uΩ is the
full BV trace on ∂Ω of the vector field u and n : ∂Ω → R

d is the outward unit normal to ∂Ω. Note that in
[19, (ii)-Proposition 5.5] the assumption u ∈ L∞ is not necessary and u ∈ BV (Ω) is enough. On the other
hand, it is easy to find u ̸∈ BV (Ω) which admits a normal Lebesgue trace. Indeed, on Ω = R

2
+, the vector

field u(x, y) = (g(y), 0) always satisfies u∂Ωn ≡ 0 (and moreover div u = 0) but it is not BVloc(R
2
+) as soon

as g ̸∈ BVloc(R+).

We also recall the standard DiPerna–Lions [21] and Ambrosio [1] commutator estimate. For any function f
we denote by fε its mollification.

Lemma 2.6. Let O ⊂ R
d be an open set, u ∈ BVloc(O) be a vector field and ρ ∈ L∞(O). Then, for every

compact set K ⊂⊂ O it holds

lim sup
ε→0

∥u · ∇ρε − div(ρu)ε∥L1(K) ≤ C ∥ρ∥L∞(O) |∇u| (K).
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2.4. Slicing and traces. We recall the following property from the slicing theory of Sobolev functions.
The trace of a Sobolev function on a bounded open set with Lipschitz boundary is defined according to
Theorem 2.4. Since we were not able to find a reference, we also give the (simple) proof.

Proposition 2.7. Let Ω ⊂ R
d be a bounded open set with Lipschitz boundary and let u ∈ W 1,1(Ω ×

(0, T )). Then, for a.e. t ∈ (0, T ) it holds that u(·, t) ∈ W 1,1(Ω) and u(·, t)Ω = uΩ×(0,T )(·, t) as functions in
L1(∂Ω;Hd−1).

Proof. Since u ∈ W 1,1(Ω × (0, T )), by Fubini theorem we can assume that u(·, t),∇u(·, t) ∈ L1(Ω) and
uΩ×(0,T )(·, t) ∈ L1(∂Ω) for almost every t ∈ (0, T ). Then, for any α ∈ C∞

c ((0, T )), φ ∈ C1
c (R

d), we have
ˆ T

0

α(t)

(
ˆ

Ω

u(x, t)∂iφ(x) dx+

ˆ

Ω

∂iu(x, t)φ(x) dx−

ˆ

∂Ω

φ(x)uΩ×(0,T )(x, t)ni(x) dH
d−1

)
dt = 0.

Therefore, we find a negligible set of times Nϕ ⊂ (0, T ) such that for any t ∈ (0, T ) \ Nϕ it holds
ˆ

Ω

u(x, t)∂iφ(x) dx = −

ˆ

Ω

∂iu(x, t)φ(x) dx+

ˆ

∂Ω

φ(x)uΩ×(0,T )(x, t)ni(x) dH
d−1. (2.3)

Letting D ⊂ C1
c (R

d) countable and dense, we find a negligible set of times N ⊂ (0, T ) such that (2.3) holds
for any t ∈ (0, T ) \ N and for any φ ∈ D. Thus, by a standard approximation argument, (2.3) is valid for
any t ∈ (0, T ) \ N and for any φ ∈ C1

c (R
d). Hence, given t ∈ (0, T ) \ N , we have that u(·, t) ∈W 1,1(Ω) and

u(·, t)Ω = uΩ×(0,T )(·, t) as functions in L1(∂Ω). □

2.5. Measure-divergence vector fields. Here we recall some basic facts on gluing and multiplications of
measure-divergence vector fields.

Lemma 2.8. Let Ω ⊂ R
d be a bounded open set with Lipschitz boundary. Let u be a vector field in L∞(Rd).

Assume that u ∈ MD∞(Ω) ∪MD∞(Rd \ Ω). Then, u ∈ MD∞(Rd) and it holds

div u = (div u)⌞Ω+ (div u)⌞(Rd \ Ω)−
(
Trn(u; ∂Ω) + Trn(u; ∂(R

d \ Ω))
)
Hd−1⌞∂Ω. (2.4)

Proof. Denote by (div u)⌞Ω = µ1 ∈ M(Ω) and (div u)⌞(Rd \ Ω) = µ2 ∈ M(Rd \ Ω). Given a test function
φ ∈ C∞

c (Rd), by (1.1) we get

⟨div u, φ⟩ = −

ˆ

Ω

u · ∇φdx−

ˆ

Rd\Ω

u · ∇φdx

=

ˆ

Ω

φdµ1 +

ˆ

Rd\Ω

φdµ2 −
〈
Trn(u; ∂Ω) + Trn(u; ∂(R

d \ Ω)), φ
〉
,

thus proving (2.4), since Trn(u; ∂Ω),Trn(u; ∂(R
d \ Ω)) ∈ L∞(∂Ω). □

Lemma 2.9. Let Ω ⊂ R
d be a bounded open set with Lipschitz boundary. Let h ∈ W 1,1(Ω) ∩ L∞(Ω) be a

scalar function and u ∈ L∞(Ω) be a vector field such that div u ∈ L1(Ω). Then, hu ∈ MD∞(Ω) and

div(hu) = h div u+ u · ∇h, (2.5)

Trn(hu; ∂Ω) = hΩ Trn(u; ∂Ω), (2.6)

where hΩ is the trace of h on ∂Ω in the sense of Sobolev functions (see Theorem 2.4).

Proof. Both (2.5) and (2.6) are trivial if h ∈ C∞(Rd). Then, for h ∈ W 1,1(Ω) ∩ L∞(Ω), recalling that Ω
is bounded with Lipschitz boundary, we find a sequence {hε}ε ⊂ C∞

c (Rd) such that hε → h strongly in
W 1,1(Ω), ∥hε∥L∞(Ω) ≤ ∥h∥L∞(Ω) and hε(x) → h(x) for a.e. x ∈ Ω. Moreover, since the trace operator is

continuous from W 1,1(Ω) to L1(∂Ω), we infer that hΩε → hΩ strongly in L1(Ω). Then, writing (2.5) and
(2.6) for hε, it is straightforward to pass to the limit as ε→ 0. □
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2.6. Distance function and projection onto a closed set. Let M ⊂ R
d be a closed set. We recall that

the distance function dM is Lipschitz continuous and thus almost everywhere differentiable on R
d.

Lemma 2.10. Let M be a closed set and define

D =
{
x ∈ R

d : ∃! y ∈M s. t. dM (x) = |x− y|
}
.

Then, Hd(Dc) = 0 and M ⊂ D. Let πM : D →M be the projection onto M that associates to x the unique
point of minimal distance. Then πM (x) = x for any x ∈ M . Moreover, if {xj}j ⊂ D is any sequence
converging to x ∈ M , it holds limj→∞ πM (xj) = x. In particular, if f : M → R is a continuous function,
then f ◦ πM : D → R is continuous at any point in M .

Proof. Following [19, Lemma 2.3], we have that dM is differentiable a.e. in R
d and for any point x of

differentiability it holds

∇dM (x) =
x− y

|x− y|
, (2.7)

where y ∈ M is any point of minimal distance between x and M . We claim that y is uniquely determined.
Indeed, if there were y1, y2 ∈ M minimizing the distance between x and M , since |x− y1| = |x− y2|, it is
clear that y1 = y2 by (2.7). Thus D is of full measure and the projection operator πM : D → M is well
defined at every point in D. Moreover, it is clear that M ⊂ D and πM (x) = x for any x ∈M . Lastly, letting
{xj}j be a sequence in D converging to x ∈M , by the minimality property of πM we get

lim
j→∞

|πM (xj)− x| ≤ lim
j→∞

|πM (xj)− xj |+ |xj − x| ≤ 2 lim
j→∞

|xj − x| = 0.

□

2.7. Rectifiable sets, Minkowski content, and Hausdorff measure. We define rectifiable sets accord-
ing to [23, Definition 3.2.14].

Definition 2.11. We say that M ⊂ R
d is countably m-rectifiable if M =

⋃
i∈N

Mi, where Mi = fi(Ei),

Ei ⊂ R
m is a bounded Borel set and fi : R

m → R
d is a Lipschitz map.

We recall the following property of the Minkowski content of a closed countably rectifiable set.

Proposition 2.12 ([23, Theorem 3.2.39]). Let M ⊂ R
d be a compact countably m-rectifiable set according

to Definition 2.11. Then

lim
r→0

Hd((M)r)

ωd−mrd−m
= Hm(M). (2.8)

The left hand side of (2.8) is usually referred to as the Minkowski content of M . We will mostly focus on
the case m = d − 1 and notice that ω1 = 2. We also recall the following characterization of the Hausdorff
measure in terms of projections onto linear subspaces.

Proposition 2.13 ([4, Proposition 2.66]). Let M ⊂ R
d be a countably m-rectifiable set according to Defini-

tion 2.11. Then

Hm(M) = sup

{
n∑

i=1

Hm(πΠi
(Mi)) : {Πi}i ⊂ G

d
m, Mi ⊂M pairwise disjoint compact sets

}
.

Building on Proposition 2.12 and Proposition 2.13, we study the blow up of the Lebesgue measure around a
closed m-rectifiable set. The proof of the following result is inspired by that of [4, Proposition 2.101].

Proposition 2.14. Let M be a compact countably m-rectifiable set in R
d according to Definition 2.11.

Assume that Hm(M) < +∞. It holds that
Hd⌞(M)r
ωd−mrd−m

⇀ Hm⌞M according to Definition 2.1.

8



Πi

Mx
px

πi(Mi)

O

Mi

(Mi)r

Br(px)

Figure 1. Proof of Proposition 2.14 in the case d = 2 and m = 1.

Proof. By Proposition 2.12 and Proposition 2.2, it is enough to prove that for any open set O ⊂ R
d it holds

Hm(O ∩M) ≤ lim inf
r→0

Hd(O ∩ (M)r)

ωd−mrd−m
=: M

m
∗ (M ;O).

Moreover, using Proposition 2.13, it is enough to check that for any finite collection of pairwise disjoint
compact sets M1, . . . ,Mn ⊂M ∩O and for any Π1, . . . ,Πn ∈ G

d
m it holds that

M
m
∗ (M ;O) ≥

n∑

i=1

Hm(πi(Mi)), with πi := πΠi
. (2.9)

Since M1, . . . ,Mn are compact and disjoint, it follows Mm
∗ (M ;O) ≥

∑n
i=1 Mm

∗ (Mi;O). Then, to prove
(2.9) it suffices to check that

M
m
∗ (Mi;O) ≥ Hm(πi(Mi)) ∀i = 1, . . . , n. (2.10)

Given any i ∈ {1, . . . , n}, by Fubini’s theorem and Fatou’s lemma we compute

M
m
∗ (Mi;O) = lim inf

r→0

Hd((Mi)r ∩O)

ωd−mrd−m

= lim inf
r→0

ˆ

Πi

Hd−m
(
(Mi)r ∩O ∩ π−1

i (x)
)

ωd−mrd−m
dHm(x)

≥ lim inf
r→0

ˆ

πi(Mi)

Hd−m
(
(Mi)r ∩O ∩ π−1

i (x)
)

ωd−mrd−m
dHm(x)

≥

ˆ

πi(Mi)

lim inf
r→0

Hd−m
(
(Mi)r ∩O ∩ π−1

i (x)
)

ωd−mrd−m
dHm(x).

Moreover, for any x ∈ πi(Mi) there exists px ∈ Mi such that πi(px) = x, and so Br(px) ⊂ (Mi)r. Since
Mi ⊂ O and O is an open set, if r is small enough (possibly depending on x), we get Br(px) ⊂ (Mi)r ∩ O.
Thus, for any x ∈ πi(Mi) it holds

π−1
i (x) ∩Br(px) ⊂ π−1

i (x) ∩ (Mi)r ∩O,

i.e. π−1
i (x)∩ (Mi)r ∩O contains a (d−m)-dimensional ball of radius r, provided that r is small enough (see

Figure 1). Hence, we conclude

lim inf
r→0

Hd−m
(
(Mi)r ∩O ∩ π−1

i (x)
)

ωd−mrd−m
≥ 1 ∀x ∈ πi(Mi),

thus proving (2.10). □
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2.8. Lipschitz sets and one-sided Minkowski contents. We start by recalling a basic property of
Lipschitz sets.

Lemma 2.15. Let Ω ⊂ R
d be a bounded open set with Lipschitz boundary. Then, for Hd−1 almost every

x ∈ ∂Ω there exists a unit vector nx such that for any α ∈ (0, π/2) there exists rα > 0 such that for any
r ∈ (0, rα) it holds that

{y ∈ Br(x) : ⟨y − x,−nx⟩ > cos(α) |y − x|} ⊂ Ω,

{y ∈ Br(x) : ⟨y − x, nx⟩ > cos(α) |y − x|} ⊂ R
d \ Ω.

Remark 2.16. Given an open set Ω with Lipschitz boundary, Lemma 2.15 establishes the existence, Hd−1⌞∂Ω
almost everywhere, of a unit vector nx such that for any α ∈ (0, π/2) the cones of angle α around −nx and
nx are contained in Ω and R

d \Ω for small radii, respectively. Moreover, the vector nx is unique at any point
at which it is defined and it plays the role of an outer unit normal vector.

Following the lines of the proof of Proposition 2.14, we establish the following result.

Proposition 2.17. Let Ω ⊂ R
d be a bounded open set with Lipschitz boundary and Σ ⊂ ∂Ω Borel. Then,

for any O ⊂ R
d open it holds

lim inf
r→0

Hd
(
(Σ)inr ∩O

)

r
≥ Hd−1(Σ ∩O) (2.11)

and

lim inf
r→0

Hd ((Σ)outr ∩O)

r
≥ Hd−1(Σ ∩O). (2.12)

Proof. Fix an open set O ⊂ R
d. We check the validity of (2.11) by following the proof of Proposition 2.14.

The proof of (2.12) is analogous and thus left to the reader. By Proposition 2.13, it is enough to check that
for any finite collection of pairwise disjoint compact setsM1, . . . ,Mn ⊂ Σ∩O and for any Π1, . . . ,Πn ∈ G

d
d−1

it holds that

lim inf
r→0

Hd
(
(Σ)inr ∩O

)

r
≥

n∑

i=1

Hd−1(πi(Mi)),

where we set πi = πΠi
. Since M1, . . . ,Mn are compact and disjoint, it is easy to check that

lim inf
r→0

Hd
(
(Σ)inr ∩O

)

r
≥

n∑

i=1

lim inf
r→0

Hd
(
(Mi)

in
r ∩O

)

r
.

Then, to prove (2.11) it suffices to check that

lim inf
r→0

Hd
(
(Mi)

in
r ∩O

)

r
≥ Hd−1(πi(Mi)) ∀i = 1, . . . , n.

Given any i ∈ {1, . . . , n}, by Fubini’s theorem and Fatou’s lemma we get

lim inf
r→0

Hd
(
(Mi)

in
r ∩O

)

r
= lim inf

r→0

ˆ

Πi

H1
(
(Mi)

in
r ∩O ∩ π−1

i (x)
)

r
dHd−1(x)

≥ lim inf
r→0

ˆ

πi(Mi)

H1
(
(Mi)

in
r ∩O ∩ π−1

i (x)
)

r
dHd−1(x)

≥

ˆ

πi(Mi)

lim inf
r→0

H1
(
(Mi)

in
r ∩O ∩ π−1

i (x)
)

r
dHd−1(x).

To conclude, it is enough to prove that for Hd−1 almost every x ∈ πi(Mi) it holds that

lim inf
r→0

Hd−1
(
(Mi)

in
r ∩O ∩ π−1

i (x)
)

r
≥ 1. (2.13)

With the notation of Lemma 2.15, we set

Si := {x ∈ πi(Mi) : ∃px ∈Mi s.t. npx
is well defined and npx

/∈ Πi} .
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We claim that Hd−1 (πi(Mi) ∩ S
c
i ) = 0 and that (2.13) is satisfied for any x ∈ Si. To begin, we notice that

πi(Mi) ∩ S
c
i ⊂ πi(Ai) ∪ πi(Bi), with

Ai = {y ∈Mi : ny is not defined} and Bi = {y ∈Mi : ny is defined and ny ∈ Πi}.

Since πi is 1-Lipschitz and ny is defined for Hd−1-a.e. y ∈ ∂Ω, we infer that Hd−1(πi(Ai)) ≤ Hd−1(Ai) = 0.
Next, we prove that Hd−1(πi(Bi)) = 0. Recalling that Bi is (d− 1)-rectifiable, by the area formula with the
tangential differential [4, Theorem 2.91], we have

ˆ

Πi

H0
(
Bi ∩ π

−1
i (y)

)
dHd−1(y) =

ˆ

Bi

JBi

d−1πi(y) dH
d−1(y).

Here JBi

d−1πi(y) is the determinant of the differential of the restriction of πi to y + Tan(y;Bi), computed at
y. We notice that

H0
(
Bi ∩ π

−1
i (y)

)
≥ 1πi(Bi)(y) ∀y ∈ Πi,

thus proving

Hd−1(πi(Bi)) ≤

ˆ

Bi

JBi

d−1πi(y) dH
d−1(y).

Moreover, for any y ∈ Bi, πi is constant along any line contained in the tangent space to ∂Ω at y. Thus, the
determinant of the tangential Jacobian at y vanishes. Therefore, we deduce

ˆ

Bi

JBi

d−1πi(y) dH
d−1(y) = 0,

yielding Hd−1(πi(Bi)) = 0. To conclude, pick any x ∈ Si. We check that (2.13) is satisfied at x. Let vi be
a unit vector such that Π⊥

i = Span(vi). Since x ∈ Si we can find p ∈ Mi such that πi(p) = x and np /∈ Πi.
Without loss of generality we can assume that ⟨np, vi⟩ > 0. Then, we can find an angle αp ∈ (0, π/2) such
that 0 < cos(αp) < ⟨np, vi⟩. Letting rαp

as in Lemma 2.15, it is clear that for any r < rαp
the segment

between p and p+ rvi is contained in (Mi)
in
r ∩ π−1

i (x). Since O is an open set, the segment is also contained
in O, possibly choosing a smaller rαp

. This proves (2.13) at x. □

Now, let us restrict to Σ ⊂ ∂Ω closed. We remark that by [2, Corollary 1] (see also the more general
statement [2, Theorem 5]) we also have the convergence of the total masses of the two sequences of measures
defined as

Hd
(
(Σ)inr ∩A

)

r
and

Hd ((Σ)outr ∩A)

r
∀A ⊂ R

d Borel.

Thus, with Proposition 2.17 in hand, by Proposition 2.2 we could directly conclude the weak convergence
of the one-sided Minkowski contents as measures concentrated on Σ. However, in order to keep this note
self-contained, the next corollary gives an independent and elementary proof of this fact.

Corollary 2.18. Let Ω ⊂ R
d be a bounded open set with Lipschitz boundary and Σ ⊂ ∂Ω closed. Then, as

r → 0, it holds that
Hd⌞(Σ)inr

r
⇀ Hd−1⌞Σ and

Hd⌞(Σ)outr

r
⇀ Hd−1⌞Σ.

Proof. We want to apply Proposition 2.2. Thanks to Proposition 2.17 we already have that both sequences
of measures are lower semicontinuous on open sets. Thus, it suffices to check that their masses converge to
Hd−1(Σ). We split

Hd ((Σ)r)

2r
=

1

2

(
Hd
(
(Σ)inr

)

r
+

Hd ((Σ)outr )

r

)
.

By Proposition 2.12 and by applying (2.11) and (2.12) with O = R
d we deduce

Hd−1(Σ) ≤
1

2

(
lim inf
r→0

Hd
(
(Σ)inr

)

r
+ lim inf

r→0

Hd ((Σ)outr )

r

)
≤ Hd−1(Σ).

In particular

lim inf
r→0

Hd
(
(Σ)inr

)

r
+ lim inf

r→0

Hd ((Σ)outr )

r
= 2Hd−1(Σ),
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which, by using again (2.11) and (2.12), necessarily implies

lim inf
r→0

Hd
(
(Σ)inr

)

r
= Hd−1(Σ) and lim inf

r→0

Hd ((Σ)outr )

r
= Hd−1(Σ).

Since the above inferior limits are uniquely defined and do not depend on the choice of the sequence r → 0,
we conclude

lim
r→0

Hd
(
(Σ)inr

)

r
= Hd−1(Σ) and lim

r→0

Hd ((Σ)outr )

r
= Hd−1(Σ).

□

3. Normal Lebesgue trace: Gauss-Green and further properties

In this section we prove several properties of the normal Lebesgue trace, the most important being the
Gauss-Green identity. In addition to their possible independent interest, such properties will be used in the
proof of Theorem 1.6 and for a comparison with the previous results obtained in [16].

3.1. Gauss-Green identity. Here we prove Theorem 1.4, together with several others properties relating
integrals on tubular neighbourhoods to boundary integrals of traces, when the latter are suitably defined.
Everything will follow from the next general proposition.

Proposition 3.1. Let f : Ω → R, f ∈ L∞(Ω), Ω ⊂ R
d a bounded open set with Lipschitz boundary and

Σ ⊂ ∂Ω closed. Assume that there exists fΣ : Σ → R such that

lim
r→0

1

rd

ˆ

Br(x)∩Ω

∣∣f(y)− fΣ(x)
∣∣ dy = 0 for Hd−1-a.e. x ∈ Σ. (3.1)

Then, for any φ ∈ C∞
c (Rd) it holds

lim
r→0

1

r

ˆ

(Σ)inr

fφ dy =

ˆ

Σ

fΣφdHd−1.

Remark 3.2. If f ∈ L∞(Ω), the sequence of functions

Σ ∋ x 7→
1

rd

ˆ

Br(x)∩Ω

f(y) dy

is bounded in L∞(Σ;Hd−1). Thus, fΣ ∈ L∞(Σ;Hd−1).

A direct corollary of Proposition 3.1 is the following.

Corollary 3.3. Let u : Ω → R
d, u ∈ L∞(Ω), Ω ⊂ R

d a bounded open set with Lipschitz boundary and set

χr(y) :=

{
1 y ∈ Ω \ (∂Ω)inr
d∂Ω(y)

r
y ∈ (∂Ω)inr .

(3.2)

Assume that u has an outward normal Lebesgue trace u∂Ωn on ∂Ω according to Definition 1.3. Then, for any
φ ∈ C∞

c (Rd), it holds

lim
r→0

ˆ

Ω

φu · ∇χr dy = −

ˆ

∂Ω

φu∂Ωn dHd−1. (3.3)

Proof. The left-hand side in (3.3) can be written as

lim
r→0

1

r

ˆ

(∂Ω)inr

φu · ∇d∂Ω dy.

Thus, by applying Proposition 3.1 with f = u · ∇d∂Ω, f
Σ = u∂Ω−n and Σ = ∂Ω, we obtain

lim
r→0

ˆ

Ω

φu · ∇χr dy =

ˆ

∂Ω

φu∂Ω−n dH
d−1.

The proof is concluded since u∂Ω−n = −u∂Ωn . □
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Then, Theorem 1.4 directly follows.

Proof of Theorem 1.4. Denote λ := div u. Since φχr ∈ Lipc(R
d) and φχr

∣∣
∂Ω

≡ 0, by (1.1) we have
ˆ

Ω

φχr dλ+

ˆ

Ω

φu · ∇χr dy +

ˆ

Ω

χru · ∇φdy = 0.

Letting r → 0, since Ω is open, we have
ˆ

Ω

χru · ∇φdy →

ˆ

Ω

u · ∇φdy and

ˆ

Ω

φχr dλ→

ˆ

Ω

φdλ.

Thus, by Corollary 3.3 we conclude
ˆ

Ω

φdλ+

ˆ

Ω

u · ∇φdy =

ˆ

∂Ω

u∂Ωn φdHd−1.

According to (1.1) the left hand side of the above equation equals
´

∂Ω
Trn(u; ∂Ω)φdH

d−1, which concludes
the proof by the arbitrariness of φ. □

We are left to prove the key Proposition 3.1.

Proof of Proposition 3.1. Let δ > 0 be fixed. By Lusin’s theorem we find a closed set A1 ⊂ Σ such that
Hd−1(Σ \A1) <

δ
2 and fΣ is continuous on A1. Let rk → 0 be any sequence. By Egorov’s theorem, we find

A2 ⊂ Σ, with Hd−1(Σ \A2) <
δ
2 , such that the convergence in (3.1) is uniform on A2. To sum up, by setting

A := A1 ∩A2 ⊂ Σ we have
Hd−1(Σ \A) < δ, (3.4)

fΣ is continuous on A and there exists k0 ∈ N such that for any k > k0 and for any x ∈ A it holds

1

rdk

ˆ

Ω∩B5rk
(x)

∣∣f(y)− fΣ(x)
∣∣ dy < δ. (3.5)

By Tietze extension theorem we find a continuous function f̃Σ : ∂Ω → R such that f̃Σ ≡ fΣ on A and
∥f̃Σ∥L∞(∂Ω) ≤

∥∥fΣ
∥∥
L∞(Σ)

. Since ∂Ω is compact, f̃Σ is uniformly continuous. Denote by γ̃ its modulus

of continuity. Let φ ∈ C∞
c (Rd) be any test function. Then, by using the projection onto ∂Ω defined in

Lemma 2.10, we split the integral
∣∣∣∣∣
1

rk

ˆ

(Σ)inrk

φf dy −

ˆ

Σ

φfΣ dHd−1

∣∣∣∣∣ ≤∥φ∥L∞(Rd)

ˆ

Σ

∣∣∣fΣ − f̃Σ
∣∣∣ dHd−1

+

∣∣∣∣∣
1

rk

ˆ

(Σ)inrk

φf̃Σ ◦ π∂Ω dy −

ˆ

Σ

φf̃Σ dHd−1

∣∣∣∣∣

+
∥φ∥L∞(Rd)

rk

ˆ

(Σ)inrk
\(A)rk

∣∣∣f − f̃Σ ◦ π∂Ω

∣∣∣ dy

+
∥φ∥L∞(Rd)

rk

ˆ

(Σ)inrk
∩(A)rk

∣∣∣f − f̃Σ ◦ π∂Ω

∣∣∣ dy

=Ik + IIk + IIIk + IVk.

By (3.4) together with Remark 3.2 we have

Ik ≲ Hd−1(Σ \A)
∥∥fΣ

∥∥
L∞(Σ)

≲ δ.

Moreover, Lemma 2.10 implies that f̃Σ◦π∂Ω is continuous on ∂Ω. Thus, by Corollary 2.18 and Proposition 2.3
we deduce limk→∞ IIk = 0. Note that here we are allowed to apply Proposition 2.3 since our sequence of
measures is concentrated on compact sets, thus the two notions of convergence (2.2) and (2.1) are equivalent.

To estimate IIIk, since both Σ and A are closed (d− 1)-rectifiable sets, by Proposition 2.12 it holds that

lim
r→0

Hd((Σ)r)

ω1r
= Hd−1(Σ) and lim

r→0

Hd((A)r)

ω1r
= Hd−1(A).
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Thus, we infer that

lim
r→0

Hd((Σ)r \ (A)r)

ω1r
= Hd−1(Σ \A) < δ,

from which we deduce

lim sup
k→∞

IIIk ≲ lim sup
k→∞

Hd
(
(Σ)inrk \ (A)rk

)

rk
≲ lim sup

k→∞

Hd((Σ)rk \ (A)rk)

rk
≲ δ.

We are left with IVk. By Vitali’s covering lemma we find a disjoint family of balls {Br(xj)}j∈J such that
xj ∈ A for any j ∈ J and

(A)r ⊂
⋃

j∈J

B5r(xj).

Since the Minkowski dimension of ∂Ω is d− 1, for sufficiently small radii r it must hold that

#J ≲ r1−d. (3.6)

Then, recalling that f̃Σ = fΣ on A ⊂ Σ, we have that

IVk ≲
1

rk

∑

j∈J

ˆ

Ω∩B5rk
(xj)

∣∣∣f(y)− f̃Σ(π∂Ω(y))
∣∣∣ dy

≤
1

rk

∑

j∈J

ˆ

Ω∩B5rk
(xj)

∣∣f(y)− fΣ(xj)
∣∣ dy + 1

rk

∑

j∈J

ˆ

Ω∩B5rk
(xj)

∣∣∣f̃Σ(xj)− f̃Σ(π∂Ω(y))
∣∣∣ dy

= IV 1
k + IV 2

k .

By (3.5) and (3.6), for k > k0 we infer that IV 1
k ≲ #Jδrd−1

k ≲ δ. For any j ∈ J and for almost every
y ∈ B5rk(xj) ∩ Ω, by the minimality of π∂Ω(y) we get

|π∂Ω(y)− xj | ≤ |π∂Ω(y)− y|+ |y − xj | ≤ 2 |y − xj | ≤ 10rk,

from which, recalling that γ̃ is the modulus of continuity of f̃Σ, we deduce

IV 2
k ≲

#J

rk
γ̃(10rk)H

d(B5rk) ≲ γ̃(10rk).

Thus, we achieved

lim sup
k→∞

IVk ≲ lim
k→∞

γ̃(10rk) + δ ≲ δ.

To summarize, we have shown that

lim sup
k→∞

∣∣∣∣∣
1

rk

ˆ

(Σ)inrk

φf dy −

ˆ

Σ

φfΣ dHd−1

∣∣∣∣∣ ≲ δ.

The conclusion immediately follows since both rk → 0 and δ > 0 are arbitrary. □

Since it might be of independent interest, we also state the following result, which in turn generalizes
[19, Proposition 5.3].

Corollary 3.4. Let u ∈ L∞(Ω) be a vector field, Ω ⊂ R
d a bounded open set with Lipschitz boundary

and let χr be as in (3.2). Assume that u has an outward normal Lebesgue trace u∂Ωn on ∂Ω according to
Definition 1.3. Then, for any φ ∈ C∞

c (Rd), it holds

lim
r→0

ˆ

Ω

φ |u · ∇χr| dy =

ˆ

∂Ω

φ
∣∣u∂Ωn

∣∣ dHd−1.

Notice that

1

rd

ˆ

Br(x)∩Ω

∣∣|u · ∇d∂Ω| − |u∂Ω−n(x)|
∣∣ dy ≤

1

rd

ˆ

Br(x)∩Ω

∣∣u · ∇d∂Ω − u∂Ω−n(x)
∣∣ dy.

Thus, Corollary 3.4 follows again by Proposition 3.1. By recalling the notion of traces for BV functions from
Theorem 2.4, we also get the following corollary, which will be useful later on in Section 4.
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Corollary 3.5. Let Ω ⊂ R
d be a bounded open set with Lipschitz boundary and let f ∈ BV (Ω) ∩ L∞(Ω).

Let Σ ⊂ ∂Ω be a closed set. Then, it holds

lim
r→0

1

r

ˆ

(Σ)inr

f dx =

ˆ

Σ

fΩ dHd−1.

3.2. Positive and negative normal Lebesgue traces. We start by specifying how Definition 1.3 trivially
extends to the case in which only a portion of the boundary Σ ⊂ ∂Ω is considered.

Definition 3.6. Let Ω ⊂ R
d be a bounded Lipschitz open set, Σ ⊂ ∂Ω measurable and u ∈ L1(Ω) a vector

field. We say that u admits an inward Lebesgue normal trace on Σ if there exists a function f ∈ L1(Σ;Hd−1)
such that, for every sequence rk → 0, it holds

lim
k→∞

1

rdk

ˆ

Brk
(x)∩Ω

|(u · ∇d∂Ω)(y)− f(x)| dy = 0 for Hd−1-a.e. x ∈ Σ.

Whenever such a function exits, we will denote it by f =: uΣ−n. Consequently, the outward Lebesgue normal

trace on Σ will be uΣn := −uΣ−n.

Even if the definition is given on a general measurable set Σ ⊂ ∂Ω, the meaningful case isHd−1(Σ) > 0.

Remark 3.7. The same definition can be given for any oriented Lipschitz hypersurfaces Σ ⊂ R
d. In the

case Σ ⊂ ∂Ω, an orientation is canonically induced on Σ. Since it will be sufficient for our purposes, we will
only deal with such a case.

It is rather easy to show that the positive and negative part of the normal Lebesgue trace behave well as
soon as the latter exists. Indeed, if f+ and f− are the positive and the negative part of a function f , that is
f = f+ − f−, from |f− − g−|, |f+ − g+| ≤ |f − g| we immediately obtain the following result.

Proposition 3.8. Let Ω ⊂ R
d be a bounded Lipschitz open set, Σ ⊂ ∂Ω be measurable, u ∈ L1(Ω) a vector

field which has a normal Lebesgue trace uΣn according to Definition 3.6. Then, for every sequence rk → 0,
we have

lim
k→∞

1

rdk

ˆ

Brk
(x)∩Ω

∣∣∣(u · ∇d∂Ω)+(y)−
(
uΣ−n

)
+
(x)
∣∣∣ dy = 0 for Hd−1-a.e. x ∈ Σ

and

lim
k→∞

1

rdk

ˆ

Brk
(x)∩Ω

∣∣∣(u · ∇d∂Ω)−(y)−
(
uΣ−n

)
−
(x)
∣∣∣ dy = 0 for Hd−1-a.e. x ∈ Σ.

As an almost direct consequence we have the following result.

Corollary 3.9. Let Ω ⊂ R
d be a bounded open set with Lipschitz boundary, Σ ⊂ ∂Ω be measurable, u ∈

L∞(Ω) a vector field which has an outward normal Lebesgue trace uΣn . The following facts are true.

(i) If Σ̃ ⊂ Σ is any closed set on which uΣn
∣∣
Σ̃
≥ 0, we have

lim
r→0

1

r

ˆ

(Σ̃)inr

(u · ∇d∂Ω)+(y) dy = 0. (3.7)

(ii) If Σ̃ ⊂ Σ is any closed set on which uΣn
∣∣
Σ̃
≤ 0, we have

lim
r→0

1

r

ˆ

(Σ̃)inr

(u · ∇d∂Ω)−(y) dy = 0.

Restricting to closed subsets of Σ in the above result is necessary. Even if uΣn has distinguished sign on Σ, we

can not expect the conclusions of Corollary 3.9 to hold replacing Σ̃ by Σ. Indeed, Σ could be countable and
dense in ∂Ω, from which (Σ)r = (∂Ω)r for any r > 0, but it is clear that any assumption on a Hd−1-negligible
subset of ∂Ω will not suffice to deduce anything in the whole (∂Ω)r.
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Figure 2. The “tiles” Qi,j become finer approaching the axis {y = 0}.

Proof. Since uΣ−n

∣∣
Σ̃
= −uΣn

∣∣
Σ̃
≤ 0, by Proposition 3.8 we deduce

lim
k→∞

1

rdk

ˆ

Brk
(x)∩Ω

(u · ∇d∂Ω)+(y) dy = 0 for Hd−1-a.e. x ∈ Σ̃.

Then, (3.7) follows by applying Proposition 3.1 with f = (u · ∇d∂Ω)+, f
Σ̃ = 0 and φ = 1. The proof of (ii)

is completely analogous. □

We conclude this section by showing that BV vector fields satisfy (3.7) with Σ̃ being the portion of the
boundary where u is pointing outward. In particular, this shows that our assumption (1.3) automatically
holds if the vector field u is BV up to the boundary. Thus Theorem 1.6 offers an honest generalization of
[16]. In some sense, and as expected, the next proposition shows that BV vector fields achieve the positive
and negative values of their normal trace in a uniform integral sense.

Proposition 3.10. Let Ω ⊂ R
d be a bounded open set with Lipschitz boundary and let u ∈ BV (Ω)∩L∞(Ω) ⊂

MD∞(Ω). We set

Σ+ := {x ∈ ∂Ω : Trn(u; ∂Ω)(x) ≥ 0} and Σ− := ∂Ω \ Σ+.

Then

lim
r→0

1

r

ˆ

(Σ̃)inr

(u · ∇d∂Ω)+(y) dy = 0 ∀Σ̃ ⊂ Σ+ closed (3.8)

and

lim
r→0

1

r

ˆ

(Σ̃)inr

(u · ∇d∂Ω)−(y) dy = 0 ∀Σ̃ ⊂ Σ− closed. (3.9)

Proof. Since u ∈ BV (Ω), by [19, Proposition 5.5] we deduce that u admits a normal Lebesgue trace u∂Ωn
in the sense of Definition 1.3. Moreover, Theorem 1.4 implies that u∂Ωn

∣∣
Σ+ ≥ 0, from which (3.8) directly

follows by applying Corollary 3.9. The proof of (3.9) is completely analogous. □

The global BV (Ω) assumption could have been relaxed to hold only locally around Σ+ and Σ−, possibly
also up to a negligible subset of the boundary.

3.3. Lebesgue traces are strictly stronger than distributional traces. In this section we provide an
example of a 2-dimensional bounded divergence-free vector field which has zero normal distributional trace,
but does not admit a normal Lebesgue trace. Denote by {e1, e2} the canonical orthonormal basis of R2.
Consider the square Q := {(x, y) ∈ R

2 : 0 ≤ x < 1, 1 ≤ y < 2} and its rescaled and translated copies

Qi,j := 2−j(Q+ ie1) =

{
(x, y) ∈ R

2 :
i

2j
≤ x <

i+ 1

2j
, 2−j ≤ y < 2−j+1

}
, ∀i, j ∈ Z.

Notice that this family of squares tiles the upper half-plane R
2
+ (see Figure 2).
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Take any (possibly smooth) bounded divergence-free vector field v : Q → R
2 tangent to ∂Q, define the

corresponding rescaled vector fields vi,j : Qi,j → R
2 as

vi,j(x, y) := v(2jx− i, 2jy)

and combine them to get u : R2
+ → R

2 by setting u = vi,j on each Qi,j . We establish some properties of
this vector field. In the lemma below we will denote by Trn(u; ∂Ω) the distributional normal trace on ∂Ω
according to Definition 1.2.

Lemma 3.11. The vector field u : R2
+ → R

2 defined above satisfies the following properties:

(i) u is bounded, divergence-free and Trn(u; ∂R
2
+) ≡ 0;

(ii) the restriction of u to the strip {0 < y < 2−k} is 2−k−1-periodic in the first variable;

(iii) for any (x̄, 0) ∈ ∂R2
+ it holds that

lim inf
r→0

1

r2

ˆ

B+
r ((x̄,0))

|u · e2| dx dy ≥
1

8

ˆ

Q

|v · e2| dx dy. (3.10)

In particular, if v satisfies
ˆ

Q

|v · e2| dx dy > 0, (3.11)

then u does not admit a normal Lebesgue trace on ∂R2
+ = R in the sense of Definition 1.3.

Proof. Since v is bounded, the same holds for u. Given φ ∈ C1
c (R

2) we compute
ˆ

R2
+

u(x, y) · ∇φ(x, y) dx dy =
∑

i,j∈Z

ˆ

Qi,j

vi,j · ∇φdx dy

and since vi,j is divergence-free
ˆ

R2
+

u(x, y) · ∇φ(x, y) dx dy =
∑

i,j∈Z

ˆ

∂Qi,j

φvi,j · nQi,j
dH1 = 0,

where in the last equality we have used that vi,j is tangent to ∂Qi,j since v is tangent to ∂Q. This computation
shows that u is divergence-free (for this it would have been enough to test with φ ∈ C1

c (R
2
+)) and that the

normal distributional trace vanishes according to Definition 1.2, thus proving (i).

To check (ii) it is enough to prove that the restriction of u to the strip {2−k−1 ≤ y < 2−k} is 2−k−1-periodic
in the first variable. This is evident, since a point (x, y) in this strip belongs to some square Qi,k+1 and
hence

u(x+ 2−k−1, y) = vi+1,k+1(x+ 2−k−1, y) = v(2k+1x− 1− i+ 1, 2k+1y)

= v(2k+1x− i, 2k+1y) = vi,k+1(x, y) = u(x, y).

We are left with (iii). Notice that in this case ∇d∂R2
+
(x, y) = e2 for any (x, y) ∈ R

2
+. Hence, given

(x̄, 0) ∈ ∂R2
+, for 2

−k ≤ r < 2−k+1 one can estimate

1

r2

ˆ

B+
r ((x̄,0))

|u · e2| dx dy ≥ 4k−1

ˆ

B+

2−k
((x̄,0))

|u · e2| dx dy

≥ 4k−1

ˆ

[x̄−2−k−1,x̄+2−k−1]×[0,2−k−1]

|u · e2| dx dy.
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By exploiting the periodicity with respect to the first variable (u is 2−k−2-periodic in x in the strip 0 < y <
2−k−1), we get

4k−1

ˆ

[x̄−2−k−1,x̄+2−k−1]×[0,2−k−1]

|u · e2| dx dy = 4k−1

ˆ

[0,2−k]×[0,2−k−1]

|u · e2| dx dy

= 4k−1
∑

j≥k+2

2j−k−1∑

i=0

ˆ

Qi,j

|vi,j · e2| dx dy = 4k−1
∑

j≥k+2

2j−k−1∑

i=0

4−j

ˆ

Q

|v · e2| dx dy

=

ˆ

Q

|v · e2| dx dy
∑

j≥k+2

2k−j−2 =
1

8

ˆ

Q

|v · e2| dx dy.

thus proving (3.10). To conclude, by Theorem 1.4, we know that if u admits a normal Lebesgue trace, then it
has to vanish. In particular, if v satisfies (3.11), by (3.10) we infer that u does not admit a normal Lebesgue
trace on ∂R2

+. □

Remark 3.12. For completeness we give an explicit example of a vector field v satisfying the assumptions
of Lemma 3.11 and (3.11). Let us define

v(x, y) =
(
sin(2πx) cos(2πy),− sin(2πy) cos(2πx)

)
.

It is apparent that v is divergence-free, tangent to ∂Q and
ˆ

Q

|v · e2| dx dy =

ˆ 1

0

ˆ 2

1

| sin(2πy) cos(2πx)| dx dy =
4

π2
> 0.

4. On the continuity equation on bounded domains

We now give the precise definition of weak solutions to the continuity equation (1.2). We follow [16,17]. For
a regular solution ρ to (1.2), testing the equation with φ ∈ C1(Ω× [0, T )), we get

ˆ T

0

ˆ

Ω

ρ(∂tφ+ u · ∇φ) + (cρ+ f)φdx dt =

ˆ T

0

ˆ

∂Ω

ρu · nΩφdH
d−1 dt−

ˆ

Ω

ρ(x, 0)φ(x, 0) dx. (4.1)

We aim to give meaning to the integral formulation (4.1) for rough solutions. To prescribe the boundary
condition of ρ on ∂Ω, we exploit the theory of normal distributional traces. Let u, ρ, c, f as in Theorem 1.6
and let ρ ∈ L∞(Ω× (0, T )) be an “interior in Ω” distributional solution to

{
∂tρ+ div(ρu) = cρ+ f in Ω× (0, T )

ρ(·, 0) = ρ0 in Ω,

that is, we restrict (4.1) to test functions in C∞
c ([0, T )×Ω). Thus, for the moment, we are not interested in

the boundary datum on ∂Ω. Moreover, setting U = (u, 1), we notice that the space-time divergence of ρU
satisfies

Div(ρU) = div(ρu) + ∂tρ = cρ+ f, (4.2)

that is ρU ∈ MD∞(Ω× (0, T )) and, recalling (1.1), we can define

Trn(ρU ; ∂(Ω× (0, T ))) ∈ L∞(∂(Ω× (0, T ))).

We remark that the latter is a space-time normal trace. Indeed, for any fixed time t ∈ (0, T ), the vector field
ρ(·, t)u(·, t) might fail to belong to MD∞(Ω). Thus, we need to consider the restriction of the space-time
trace to Λ := ∂Ω× (0, T ), that is

Trn(ρu) := Trn(ρU ; ∂(Ω× (0, T )))
∣∣
Λ
. (4.3)

Similarly, we define

Trn(u) := Trn(U ; ∂(Ω× (0, T )))
∣∣
Λ
. (4.4)

In this case, since u(·, t) ∈ MD∞(Ω) for a.e. t (recall that we are assuming div u ∈ L1(Ω × (0, T ))), the
normal trace at fixed time of u is well defined and it can be checked that Trn(u(·, t); ∂Ω) = Trn(u)(·, t) for
a.e. t as functions in L∞(∂Ω) (see Lemma A.1). Since the outer normal to the set Ω× (0, T ) is given by the
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vector (nΩ, 0) at any point of Λ, then the traces Trn(u) and Trn(ρu) describe the components of u and ρu
(respectively) which are normal to ∂Ω.

Definition 4.1. With the above notation, we define the space-time set where u is not entering the domain
Ω by

Γ̃+ := {(x, t) ∈ Λ : Trn(u)(x, t) ≥ 0} .

We define Γ+ := Spt(Hd⌞Γ̃+). Then, the set where u is entering Ω is defined by Γ− := Λ \ Γ+ ⊂ Λ.

Remark 4.2. In Definition 4.1, the set Γ̃+ is defined up to Hd-negligible sets. Then, we replace it with the
closed (in Λ) representative given by Γ+ for convenience. Hence, the set Γ− is open in Λ. We remark that Γ+

is independent of the choice of the representative of Trn(u). In view of the assumption (i) in Theorem 1.6,
if we set Γ± as in Definition 4.1, Γ− is the smallest subset of Λ around which additional regularity of the
vector field is assumed.

We notice that in the regular setting, we would have

ρ =
(ρu) · nΩ

u · nΩ
=

Trn(ρu)

Trn(u)
,

provided u · n ̸= 0. Then, the idea is to impose the validity of the above formula to make sense of the
boundary datum in the rough setting. Motivated by the discussion above, we recall the definition of weak
solution to the initial-boundary value problem (1.2) from [16,17].

Definition 4.3. Given u, c, f, ρ0, g as in Theorem 1.6, we say that ρ solves the continuity equation (1.2)
with boundary condition ρ = g on Γ− and initial datum ρ0, if for any φ ∈ C1

c

(
Ω× [0, T )

)

ˆ T

0

ˆ

Ω

ρ(∂tφ+ u · ∇φ) + (cρ+ f)φdx dt =

ˆ T

0

ˆ

∂Ω

Trn(ρu)φdH
d−1 dt−

ˆ

Ω

ρ0(x)φ(x, 0) dx

and Trn(ρu) = gTrn(u) on Γ−, where Trn(ρu),Trn(u) and Γ− are defined by (4.3), (4.4) and Definition 4.1.

By the interior renormalization property established in [1], under the assumptions of Theorem 1.6, for any
choice of β ∈ C1(R), in the above notation, we have that

Div(β(ρ)U) = div(β(ρ)u) + ∂t(β(ρ)) = cρβ′(ρ) + fβ′(ρ) + (β(ρ)− ρβ′(ρ)) div u, (4.5)

in D′(Ω× (0, T )). Hence, β(ρ)U ∈ MD∞(Ω× (0, T )) and we set

Trn(β(ρ)u) := Trn(β(ρ)U ; ∂(Ω× (0, T )))
∣∣
Λ
∈ L∞(Λ). (4.6)

We prove a chain rule for the distributional normal trace of weak solutions to (1.2). The proof follows closely
that of [3, Theorem 4.2] and relies on the Gagliardo extension theorem [24] (see also [26, Theorem 18.15] for
a modern reference).

Proposition 4.4. Under the assumptions of Theorem 1.6, for any β ∈ C1(R) let Trn(ρu), Trn(u) and
Trn(β(ρ)u) be defined by (4.3), (4.4) and (4.6) respectively. Then, it holds that

Trn(β(ρ)u) = β

(
Trn(ρu)

Trn(u)

)
Trn(u) in O ∩ Λ, (4.7)

where the term β
(

Trn(ρu)
Trn(u)

)
is arbitrarily defined in the set where Trn(u) = 0.

Proof. For the sake of clarity, we split the proof in several steps.

Step 0: Assume W 1,1 regularity. First, assume in addition that both ρ and u enjoy W 1,1(Ω × (0, T ))
regularity. In this case, β(ρ) ∈ W 1,1(Ω × (0, T )) and the normal traces of u, ρu, β(ρ)u can be computed
explicitly by Lemma 2.9. Thus, (4.7) follows immediately. In the rest of the proof, we show how to extend
the vector fields u and ρu from Ω× (0, T ) to R

d × (0, T ) in such a way that all the traces on the set Λ ∩O
from inside and outside coincide. Thus, we can compute the inner traces relying on the (stronger) outer
ones.
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Step 1: Extension of U . By Lemma A.1, we find a measurable function Tr(u) ∈ L∞(Λ ∩ O;Rd) such
that Tr(u)(·, t) = uΩt as elements in L∞(∂Ω ∩Ot), for a.e. t ∈ (0, T ). Here, uΩt denotes the full BV trace of
u(·, t) on ∂Ω ∩Ot. Then, with a slight abuse of notation, we define UΩ×(0,T ) ∈ L∞(Λ;Rd+1) such that

UΩ×(0,T )(x, t) =

{
(uΩt (x), 1) if x ∈ ∂Ω ∩Ot

(0, 1) if x ∈ ∂Ω ∩ (Ot)
c.

Since the trace operator is surjective from W 1,1 to L1, by Gagliardo’s theorem, we find a vector field V ∈
W 1,1(Ωc×(0, T );Rd+1) such that V Ωc×(0,T ) = UΩ×(0,T ). Since UΩ×(0,T ) ∈ L∞(Λ), by a truncation argument
we also have V ∈ L∞(Ωc × (0, T )). Moreover, by the property of the Sobolev trace (see Theorem 2.4), it is
immediate to see that V can be taken of the form V = (v, 1). Thus, we define the extension of U as

Ũ(x, t) =

{
U(x, t) if (x, t) ∈ Ω× (0, T )

V (x, t) if (x, t) ∈ Ωc × (0, T ).

We have that Ũ(x, t) = (ũt(x), 1), where

ũt(x) =

{
ut(x) if x ∈ Ω,

vt(x) if x ∈ Ωc.

Then, for almost every t ∈ (0, T ), by [4, Theorem 3.84] we have ũt ∈ BVloc(Ot) and

|∇ũt| (∂Ω ∩Ot) =
∣∣∣uΩt − vΩ

c

t

∣∣∣Hd−1(∂Ω ∩Ot) = 0. (4.8)

Step 2: Extension of ρ. Consider the function defined on Λ by

θ =
Trn(ρu)

Trn(u)
1Trn(u) ̸=0.

With the same argument as in the proof of [3, Theorem 4.2], we have

∥θ∥L∞(Λ) ≤ ∥ρ∥L∞(Ω×(0,T )) .

Therefore, again by Gagliardo’s extension theorem, we find σ ∈W 1,1∩L∞(Ωc×(0, T )) such that σΩc×(0,T ) =
θ. Since σ and V are space-time Sobolev, by (2.6) and Remark 2.5, we have that

Trn(σV, ∂(Ω
c × (0, T ))) = σΩc×(0,T )V Ωc×(0,T ) · nΩc = −θTrn(u) = −Trn(ρu) on Λ. (4.9)

Then, setting

ρ̃(x, t) =

{
ρ(x, t) if (x, t) ∈ Ω× (0, T )

σ(x, t) if (x, t) ∈ Ωc × (0, T )

and noticing that ρ̃Ũ ∈ MD∞(Ω×(0, T ))∪MD∞(Ωc×(0, T )), by Lemma 2.8 we have that ρ̃Ũ ∈ MD∞(Rd×
(0, T )) and by (2.4) and (4.9) it holds ∣∣∣Div(ρ̃Ũ)

∣∣∣ (Λ) = 0. (4.10)

Step 3: Proof of β(ρ̃)Ũ ∈ MD∞(Rd × (0, T )). By Ambrosio’s renormalization theorem for BV vector

fields [1], we have that (4.5) holds in D′(Ω × (0, T )). Hence, it is clear that β(ρ̃)Ũ ∈ MD∞(Ω × (0, T )).

Moreover, since ρ̃, Ũ ∈ W 1,1 ∩ L∞(Ωc × (0, T )), we get β(ρ̃)Ũ ∈ MD∞(Ωc × (0, T )) as well. Thus, by

Lemma 2.8, we infer that β(ρ̃)Ũ ∈ MD∞(Rd × (0, T )). We claim that
∣∣∣Div(β(ρ̃)Ũ)

∣∣∣ (Λ ∩O) = 0. (4.11)

Given a space mollifier η ∈ C∞
c (Rd), denote by ϕε = ϕ ∗ ηε the space regularization of a function ϕ. Then,

since Ũ ∈ MD∞(Rd × (0, T )) (see Lemma 2.8) and ρ̃ε is smooth in the spatial variable, we compute

Div(β(ρ̃ε)Ũ) = β(ρ̃ε)Div Ũ + Ũ · ∇(x,t)β(ρ̃ε)

= β(ρ̃ε) div ũ+ ũ · ∇β(ρ̃ε) + ∂tβ(ρ̃ε)

= β(ρ̃ε) div ũ+ β′(ρ̃ε)ũ · ∇ρ̃ε + ∂tβ(ρ̃ε),
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where the above identities hold in D′(Rd × (0, T )). Since Ũ = (ũ, 1), by (4.2), Lemma 2.8 and (4.10) we get

∂tρ̃ε = Div(ρ̃Ũ)ε − div(ρ̃ũ)ε

=
(
1Ω×(0,T ) Div(ρU) + 1Ωc×(0,T ) Div(σV )

)
ε
− div(ρ̃ũ)ε

=
(
1Ω×(0,T )(cρ+ f) + 1Ωc×(0,T )(σDiv V + V · ∇(x,t)σ)

)
ε
− div(ρ̃ũ)ε.

Therefore, we have that ∂tρ̃ε ∈ L1(Rd × (0, T )) and, by the chain rule for Sobolev functions, we deduce
∂tβ(ρ̃ε) = β′(ρ̃ε) ∂tρ̃ε ∈ L1(Rd × (0, T )). To summarize, we have shown

Div(β(ρ̃ε)Ũ) = β(ρ̃ε) div ũ+ β′(ρ̃ε)Div(ρ̃Ũ)ε + β′(ρ̃ε) (ũ · ∇ρ̃ε − div(ρ̃ũ)ε) ∈ L1(Rd × (0, T )).

Now, let O′ ⊂ O be an open set. Pick any φ ∈ C0
c (O

′), |φ| ≤ 1. Since β(ρ̃ε)Ũ → β(ρ̃)Ũ in L1
loc(R

d × [0, T ])

and div ũ,Div(ρ̃Ũ) ∈ M(Rd × (0, T )), we deduce
∣∣∣∣
ˆ

φdDiv(β(ρ̃)Ũ)

∣∣∣∣ = lim
ε→0

∣∣∣∣
ˆ

φdDiv(β(ρ̃ε)Ũ)

∣∣∣∣

≤ C

(
|div ũ| (O′) +

∣∣∣Div(ρ̃Ũ)
∣∣∣ (O′) +

ˆ T

0

lim sup
ε→0

∥ũt · ∇(ρ̃t)ε − div(ρ̃tũt)ε∥L1((Sptϕt)ε)
dt

)
.

The commutator is estimated by Lemma 2.6 as
ˆ T

0

lim sup
ε→0

∥ũt · ∇(ρ̃t)ε − div(ρ̃tũt)ε∥L1((Sptϕt)ε)
dt ≤ C

ˆ T

0

∥ρ̃t∥L∞(Rd) |∇ũt| (Sptφt) dt

≤ C ∥ρ̃∥L∞(Ω×(0,T )) (|∇ũt| ⊗ dt) (O′) .

To summarize, since φ ∈ C0
c (O

′) is arbitrary, we deduce
∣∣∣Div(β(ρ̃)Ũ)

∣∣∣ ≤ C
(
|div ũ|+

∣∣∣Div(ρ̃Ũ)
∣∣∣+ |∇ũt| ⊗ dt

)

as measures in O, and (4.11) follows by (4.8) and (4.10).

Step 4: Conclusion. By (4.11) and (2.4) we infer that

Trn

(
β(ρ̃)Ũ ; (∂Ω× (0, T )) ∩O

)
= −Trn

(
β(ρ̃)Ũ ; (∂Ωc × (0, T )) ∩O

)
.

Therefore, exploiting Step 0 on the set O ∩ Ωc × (0, T ), we conclude

Trn(β(ρ)u) = Trn

(
β(ρ̃)Ũ ; (∂Ω× (0, T )) ∩O

)

= −Trn

(
β(ρ̃)Ũ ; (∂Ωc × (0, T )) ∩O

)

= −Trn

(
β(σ)V ; (∂Ωc × (0, T )) ∩O

)

= −β

(
Trn(σV ; (∂Ωc × (0, T )) ∩O)

Trn(V ; (∂Ωc × (0, T )) ∩O)

)
Trn

(
V ; (∂Ωc × (0, T )) ∩O

)

= −β



Trn

(
ρ̃Ũ ; (∂Ωc × (0, T )) ∩O

)

Trn

(
Ũ ; (∂Ωc × (0, T )) ∩O

)


Trn

(
Ũ ; (∂Ωc × (0, T )) ∩O

)

= β

(
Trn(ρu)

Trn(u)

)
Trn(u).

□

We are ready to state and prove the main result of this section.

Theorem 4.5. Let Ω ⊂ R
d be a bounded open set with Lipschitz boundary and let u ∈ L∞(Ω × (0, T )) ∩

L1
loc([0, T );BVloc(Ω)) be a vector field such that div u ∈ L1(Ω×(0, T )). Let Γ−,Γ+ ⊂ Λ be as in Definition 4.1

and assume that u satisfies the following conditions:
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(i) there exists an open set O ⊂ R
d × (0, T ) such that Γ− ⊂ O, ut ∈ BVloc(Ot) for a.e. t ∈ (0, T ) and

∇ut ⊗ dt ∈ Mloc(O);

(ii) for a.e. t ∈ (0, T ) it holds

lim
r→0

1

r

ˆ

(Γ+
t )inr

(ut · ∇d∂Ω)+ dx = 0. (4.12)

Assume moreover that c, f ∈ L1(Ω× (0, T )), ρ0 ∈ L∞(Ω) and g ∈ L∞(Γ−). Let ρ ∈ L∞(Ω× (0, T )) be any
distributional solution to (1.2) in the sense of Definition 4.3. Then, for any β ∈ C1(R), it holds

ˆ T

0

ˆ

Ω

β(ρ)
(
∂tφ+ u · ∇φ

)
dx dt+

ˆ T

0

ˆ

Ω

(
(β(ρ)− ρβ′(ρ)) div u+ (cρ+ f)β′(ρ)

)
φdx dt

= −

ˆ

Ω

β(ρ0)φ(x, 0) dx+

ˆ

Γ−

φβ(g) Trn(u) dL
T
∂Ω + ⟨Bβ [u, ρ], φ⟩, (4.13)

for all φ ∈ C1
c (Ω× [0, T )), where

⟨Bβ [u, ρ], φ⟩ = lim
r→0

1

r

ˆ T

0

ˆ

(∂Ω)inr

φβ(ρ)(ut · ∇d∂Ω)− dx dt.

Moreover, if we assume in addition that c+, (div u)− ∈ L1((0, T );L∞(Ω)), then ρ is unique.

Proof. To aid readability, the proof will be divided into steps.

Step 0: Uniqueness. We start by proving that the renormalization formula (4.13) implies uniqueness. By
linearity it is enough to prove that ρ ≡ 0 whenever ρ0 = g = f = 0. Let α ∈ C∞

c ([0, T )) be arbitrary. By
choosing φ(x, t) = α(t) in (4.13) we obtain

ˆ T

0

α′

(
ˆ

Ω

β(ρ) dx

)
dt+

ˆ T

0

α

(
ˆ

Ω

(β(ρ)− ρβ′(ρ)) div u+ cρβ′(ρ) dx

)
dt = ⟨Bβ [u, ρ], α⟩.

Since the sequence of functions

t 7→
1

r

ˆ

(∂Ω)inr

β(ρ)(ut · ∇d∂Ω)− dx

is bounded in L∞((0, T )), by weak* compactness we can find bβ ∈ L∞((0, T )) such that

⟨Bβ [u, ρ], α⟩ =

ˆ T

0

αbβ dt.

In particular, by choosing β(s) = s2, we deduce that the function F (t) :=
´

Ω
|ρ(x, t)|2 dx belongs to

W 1,1((0, T )) with F (0) = 0. Note that for any β ≥ 0 it must hold bβ ≥ 0. Thus, for α ≥ 0 we can
split and bound

ˆ T

0

α′F dt =

ˆ T

0

α

(
ˆ

Ω

|ρ|2(div u− 2c) dx

)
dt+

ˆ T

0

αbβ dt

≥ −

ˆ T

0

α

(
ˆ

Ω

|ρ|2((div u)− + 2c+) dx

)
dt ≥ −

ˆ T

0

αGF dt,

with G(t) := ∥(div u)−(t)∥L∞(Ω) + 2∥c+(t)∥L∞(Ω) ∈ L1((0, T )). For a.e. t ∈ (0, T ), we let α converge to

the characteristic function of the time interval [0, t] and deduce F (t) ≤
´ t

0
G(s)F (s) ds, from which F ≡ 0

follows by Grönwall inequality.

We are left to prove the validity of (4.13), whose proof will be divided into three more steps.

Step 1: Interior renormalization. We set

H := (β(ρ)− ρβ′(ρ)) div u+ (cρ+ f)β′(ρ) ∈ L1(Ω× (0, T )).

By the renormalization property for BV vector fields [1], we have
ˆ T

0

ˆ

Ω

(
β(ρ)

(
∂tψ + u · ∇ψ

)
+Hψ

)
dx dt = −

ˆ

Ω

β(ρ0)ψ(x, 0) dx ∀ψ ∈ C∞
c (Ω× [0, T )). (4.14)
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By a standard density argument, (4.14) can be tested with Lipschitz functions vanishing on Λ. For any r > 0
we set χr = 1

r
d∂Ω ∧ 1 and, given φ ∈ C1

c (Ω× [0, T )), we get

ˆ T

0

ˆ

Ω

χr

(
β(ρ)

(
∂tφ+ u · ∇φ

)
+Hφ

)
dx dt+

ˆ T

0

ˆ

Ω

φβ(ρ)u · ∇χr dx dt = −

ˆ

Ω

χrβ(ρ0)φ(x, 0) dx. (4.15)

By dominated convergence, we have that

lim
r→0

ˆ T

0

ˆ

Ω

χr

(
β(ρ)

(
∂tφ+ u · ∇φ

)
+Hφ

)
dx dt =

ˆ T

0

ˆ

Ω

(
β(ρ)

(
∂tφ+ u · ∇φ

)
+Hφ

)
dx dt

lim
r→0

ˆ

Ω

χrβ(ρ0)φ(x, 0) dx =

ˆ

Ω

β(ρ0)φ(x, 0) dx.

We study the limit of the term involving ∇χr. Since u behaves differently around Γ+ and Γ−, we split
the integral as follows. Since 1Γ+ ∈ L∞(Λ), by Gagliardo’s theorem and a truncation argument, we find
λ+ ∈W 1,1(Ω×(0, T )) such that 0 ≤ λ+ ≤ 1 and its trace on Λ satisfies (λ+)Λ = 1Γ+ . Then, set λ− := 1−λ+,
that has the same properties relatively to Γ−. We also define φ± := φ λ±. We claim that

lim
r→0

ˆ T

0

ˆ

Ω

φ−β(ρ)u · ∇χr dx dt = −

ˆ

Γ−

φβ(g) Trn(u) dL
T
∂Ω, (4.16)

and

lim
r→0

ˆ T

0

ˆ

Ω

φ+β(ρ)u · ∇χr dx dt = lim
r→0

1

r

ˆ T

0

ˆ

(∂Ω)inr

φβ(ρ)(u · ∇d∂Ω)− dx dt =: ⟨Bβ [u, ρ], φ⟩. (4.17)

Note that the limit (4.17) is the only one which is not known to exist a priori. However, the fact that all the
other terms in (4.15) have a finite limit, shows that also the limit in (4.17) is finite and thus it defines the
linear operator Bβ [u, ρ] acting on smooth test functions φ.

Step 2: Behaviour on Γ−. We now check (4.16). Let V := φ−β(ρ)U . Since φ− ∈W 1,1∩L∞(Ω× (0, T ))
and β(ρ)U ∈ MD∞(Ω × (0, T )), by Lemma 2.9, we infer that V ∈ MD∞(Ω × (0, T )). Since χr does not
depend on time and χr

∣∣
∂Ω

≡ 0, we have
ˆ

Ω×({0}∪{T})

χr Trn(V ; ∂(Ω× (0, T ))) dx =

ˆ

∂(Ω×(0,T ))

χr Trn(V ; ∂(Ω× (0, T ))) dHd

=

ˆ T

0

ˆ

Ω

φ−β(ρ)u · ∇χr dx dt+

ˆ T

0

ˆ

Ω

χr Div V dx dt.

Letting r → 0 we get
ˆ

Ω×({0}∪{T})

Trn(V ; ∂(Ω× (0, T ))) dx = lim
r→0

ˆ T

0

ˆ

Ω

φ−β(ρ)u · ∇χr dx dt+

ˆ T

0

ˆ

Ω

Div V dx dt

= lim
r→0

ˆ T

0

ˆ

Ω

φ−β(ρ)u · ∇χr dx dt+

ˆ

∂(Ω×(0,T ))

Trn(V ; ∂(Ω× (0, T ))) dHd.

In the above formula the boundary integrals on Ω × ({0} ∪ {T}) cancel. Thus, since Λ = ∂Ω × (0, T ), the
above identity is equivalent to

lim
r→0

ˆ T

0

ˆ

Ω

φ−β(ρ)u · ∇χr dx dt = −

ˆ

Λ

Trn(φ
−β(ρ)U ; ∂(Ω× (0, T )))

∣∣
Λ
dLT

∂Ω.

Moreover, by (2.6) and the chain rule for traces by Proposition 4.4 (recall that ρ = g on Γ− in the sense of
Definition 4.3), on Γ− we have that

Trn(φ
−β(ρ)U ; ∂(Ω× (0, T ))) = (φ−)Ω×(0,T ) Trn(β(ρ)U ; ∂(Ω× (0, T )))

= φ1Γ− Trn(β(ρ)u) = φ1Γ−β(g) Trn(u),

where in the second equality we have used (4.6). This proves (4.16).
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Step 3: Behaviour on Γ+. We check (4.17). For a.e. t ∈ (0, T ) we estimate

1

r

∣∣∣∣∣

ˆ

(∂Ω)inr

φ+β(ρ)(u · ∇d∂Ω) dx−

ˆ

(∂Ω)inr

φβ(ρ)(u · ∇d∂Ω)− dx

∣∣∣∣∣

≤
1

r

ˆ

(∂Ω)inr

∣∣φ+β(ρ)
∣∣ (u · ∇d∂Ω)+ dx+

1

r

ˆ

(∂Ω)inr

∣∣φ−β(ρ)
∣∣ (u · ∇d∂Ω)− dx.

To estimate the first term we split

1

r

ˆ

(∂Ω)inr

∣∣φ+β(ρ)
∣∣ (u · ∇d∂Ω)+ dx ≤ C

(
1

r

ˆ

(Γ+
t )inr

(u · ∇d∂Ω)+ dx+
1

r

ˆ

(∂Ω)inr \(Γ+
t )inr

∣∣φ+
∣∣ dx

)
.

The first term goes to 0 as r → 0 for a.e. t ∈ (0, T ) by (4.12). To estimate the second term, by the slicing
properties for Sobolev functions (see Proposition 2.7), it follows that |φ+(·, t)| ∈ W 1,1(Ω) for a.e. t ∈ (0, T )

and |φ+(·, t)|
Ω
= |φ(·, t)|1Γ+

t
as functions in L∞(∂Ω). Hence, for a.e. t ∈ (0, T ), recalling that Γ+

t is closed,

by Corollary 3.5 we deduce

lim
r→0

1

r

ˆ

(∂Ω)inr \(Γ+
t )inr

∣∣φ+
∣∣ dx = lim

r→0

1

r

ˆ

(∂Ω)inr

∣∣φ+
∣∣ dx− lim

r→0

1

r

ˆ

(Γ+
t )inr

∣∣φ+
∣∣ dx

=

ˆ

∂Ω

∣∣φ+(·, t)
∣∣Ω dHd−1 −

ˆ

Γ+
t

∣∣φ+(·, t)
∣∣Ω dHd−1

=

ˆ

Γ−

t

|φ(·, t)|1Γ+
t
dHd−1 = 0.

For the term involving (u · ∇d∂Ω)−, given δ > 0, we choose K ⊂ Γ−
t compact and A ⊂ ∂Ω open such that

K ⊂ A ⊂⊂ Γ−
t and Hd−1(Γ−

t \K) ≤ δ. Then we estimate

1

r

ˆ

(∂Ω)inr

∣∣φ−β(ρ)
∣∣ (u · ∇d∂Ω)− dx ≤ C

(
1

r

ˆ

(∂Ω\A)inr

∣∣φ−
∣∣ dx+

1

r

ˆ

(A)inr

(u · ∇d∂Ω)− dx

)
.

Since A ⊂ Γ−
t is closed, the second term vanishes in the limit by Proposition 3.10. Since also ∂Ω\A is closed

in ∂Ω, using Proposition 2.7 and Corollary 3.5 as before, it is readily checked that

lim
r→0

1

r

ˆ

(∂Ω\A)inr

∣∣φ−
∣∣ dx =

ˆ

∂Ω\A

|φ|1Γ−

t
dHd−1 ≤ ∥φ∥L∞(∂Ω) H

d−1(Γ−
t \K) ≤ Cδ.

The arbitrariness of δ > 0 implies that the above limit vanishes. To summarize, we have proved

lim
r→0

1

r

∣∣∣∣∣

ˆ

(∂Ω)inr

φ+β(ρ)(u · ∇d∂Ω) dx−

ˆ

(∂Ω)inr

φβ(ρ)(u · ∇d∂Ω)− dx

∣∣∣∣∣ = 0 for a.e. t ∈ (0, T ).

Moreover, by Proposition 2.12, we find r0 > 0 such that for all r < r0 we have

1

r

ˆ

(∂Ω)inr

∣∣φ+β(ρ)(u · ∇d∂Ω)− φβ(ρ)(u · ∇d∂Ω)−
∣∣ dx ≤ C

Hd((∂Ω)r)

r
≤ 2CHd−1(∂Ω)

for a.e. t ∈ (0, T ). Then, (4.17) follows by dominated convergence. □

A direct consequence of Theorem 4.5 is the following result, in the specific setting of a transport equation
with a divergence-free vector field which is tangent (in the Lebesgue sense) to the boundary. It should be
compared with [19, Theorem 1.3].

Corollary 4.6. Let Ω ⊂ R
d be a bounded open set with Lipschitz boundary and u ∈ L∞(Ω × (0, T )) ∩

L1
loc([0, T );BVloc(Ω)) be a given vector field such that div u = 0 and u∂Ωn (·, t) ≡ 01 for a.e. t ∈ (0, T ). Then,

for any ρ0 ∈ L∞(Ω), there exists a unique distributional solution ρ ∈ L∞(Ω× (0, T )) to
{

∂tρ+ u · ∇ρ = 0 in Ω× (0, T )

ρ(·, 0) = ρ0 in Ω,

1Note that this implies Γ− = ∅.
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in the sense of Definition 4.3. Moreover, for any β ∈ C1(R), it holds
ˆ T

0

ˆ

Ω

β(ρ)
(
∂tφ+ u · ∇φ

)
dx dt = −

ˆ

Ω

β(ρ0)φ(x, 0) dx ∀φ ∈ C1
c (Ω× [0, T )),

and thus also
ˆ

Ω

β(ρ(x, t)) dx =

ˆ

Ω

β(ρ0(x)) dx for a.e. t ∈ (0, T ).

4.1. A counterexample to uniqueness with normal Lebesgue trace. In this section we prove Propo-
sition 1.8. The proof relies on [16, Proposition 1.2], which is a suitable modification of the celebrated
construction by Depauw in [20].

Proof of Proposition 1.8. Let b : R2 × (0, 1) → R
2 be the time-dependent vector field built in [20] satisfying

the following properties:

• b ∈ L∞(R2 × (0, 1));

• for every t ∈ (0, 1), b(·, t) : R2 → R
2 is piecewise smooth, divergence-free and b(·, t) ∈ BVloc(R

2);

• b ∈ L1
loc((0, 1);BVloc(R

2)), but b /∈ L1([0, 1);BVloc(R
2)), namely the BV regularity blows up as

t→ 0+ in a non-integrable way;

• the Cauchy problem (1.4) with initial datum ρ0 = 0 admits a nontrivial bounded solution.

Following [16, Proposition 1.2], we adopt the notation (y, r) ∈ R
2× (0,+∞) =: Ω and define the autonomous

vector field u : Ω → R
3 as

u(y, r) =

{
(b(y, r), 1) r ∈ (0, 1),

(0, 1) r ≥ 1.

In other words, to construct u we are lifting from 2-d to 3-d the Depauw vector field, turning the time
variable into a third space variable. By [16, Proposition 1.2], u satisfies the following properties:

• u ∈ L∞(Ω) ∩BVloc(Ω) and u is divergence-free;

• the initial-boundary value problem (1.4) admits infinitely many different solutions in the sense of
Definition 4.3.

Since d∂Ω(y, r) = r, it is clear that u∂Ωn (y, 0) = −1 for all y ∈ R
2. Moreover, by Theorem 1.4, it must hold

Trn(u; ∂Ω) ≡ u∂Ωn = −1. □

Appendix A. Measurability of the space-time trace

In the following lemma we study the existence of the full trace of a time-dependent vector field with spatial
BV regularity on a portion of the boundary of a space-time cylinder. For the reader’s convenience we give
a complete the proof, which is based on that of [3, Proposition 3.2].

Lemma A.1. Let u be a vector field as in Theorem 1.6. Then, there exists a function Tr(u) ∈ L∞(Λ ∩ O)
such that Tr(u)(·, t) = uΩt for a.e. t ∈ (0, T ) as functions in L∞(Ot ∩ ∂Ω).

Proof. For any component ui, we define its distributional trace on Λ ∩O by setting

⟨Tr(ui), φ⟩ :=

ˆ

Oin

ui divφdx dt+

ˆ

Oin

φ · d∇uit ⊗ dt ∀φ ∈ C1
c (O;Rd),

where Oin = O ∩ (Ω× (0, T )). We claim that there exists gi ∈ L∞(Λ ∩O) such that

⟨Tr(ui), φ⟩ =

ˆ

Λ∩O

gi nΩ · φdLT
∂Ω ∀φ ∈ C1

c (O;Rd). (A.1)

Indeed, for any φ ∈ C1
c (O;Rd), following [3, Lemma 3.1], we find φε ∈ C1

c (O;Rd) such that

• φε = φ on (Λ)ε ∩Oin and φε ≡ 0 on Oin \ (Λ)2ε,
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• ∥φε∥L∞(O) ≤ ∥φ∥L∞(O),

•
´

Oin
|divφε| dx dt ≤

´

Λ∩O
|φ · nΩ| dL

T
∂Ω + ε.

It is immediate to see that the distribution Tr(ui) is supported on Λ ∩ O. Hence, noticing that Spt(φε) ⊂
Spt(φ), we write

∣∣⟨Tr(ui), φ⟩
∣∣ =

∣∣⟨Tr(ui), φε⟩
∣∣ ≤

∣∣∣∣
ˆ

Oin

ui divφε dx dt

∣∣∣∣+
∣∣∣∣∣

ˆ

(Λ)2ε∩Oin

φε · d∇u
i
t ⊗ dt

∣∣∣∣∣

≤
∥∥ui
∥∥
L∞(Rd)

ˆ

Oin

| divφε| dx dt+ ∥φε∥L∞(O)

∣∣∇uit
∣∣⊗ dt ((Λ)2ε ∩Oin ∩ Spt(φ))

≤
∥∥ui
∥∥
L∞(Rd)

(
ˆ

Λ∩O

|φ · nΩ| dH
d + ε

)
+ ∥φ∥L∞(O)

∣∣∇uit
∣∣⊗ dt ((Λ)2ε ∩Oin ∩ Spt(φ)) .

Since
⋂

ε>0(Λ)ε ∩Oin = ∅ and
∣∣∇uit

∣∣⊗ dt ∈ Mloc(O), letting ε→ 0, we obtain

∣∣⟨Tr(ui), φ⟩
∣∣ ≤

∥∥ui
∥∥
L∞(Rd)

ˆ

Λ∩O

|φ · nΩ| dL
T
∂Ω ∀φ ∈ C1

c (O;Rd).

Hence, there exists T i ∈ L∞(Λ ∩O;Rd) such that

⟨Tr(ui), φ⟩ =

ˆ

Λ∩O

T i · φdLT
∂Ω ∀φ ∈ C1

c (O;Rd).

Moreover, it holds
∣∣∣∣
ˆ

Λ∩O

T i · φdLT
∂Ω

∣∣∣∣ ≤
∥∥ui
∥∥
L∞(Rd)

ˆ

Λ∩O

|φ · nΩ| dL
T
∂Ω ∀φ ∈ L1(Λ ∩O;Rd).

Hence, we find gi ∈ L∞(Λ ∩O) such that T i = ginΩ, thus proving (A.1). We define Tr(u) ∈ L∞(Λ ∩O;Rd)
such that (Tr(u))i = Tr(ui) for all i = 1, . . . , d.

To conclude, we check that Tr(u)(·, t) agrees with the BV trace of u(·, t) for a.e. t as L∞ functions on
Ot ∩ ∂Ω. Indeed, letting φ ∈ C1

c (O;Rd), by Fubini’s theorem we compute
ˆ

Λ∩O

Tr(ui)φ · nΩ dx dt =

ˆ

Oin

ui divφdx dt+

ˆ

Oin

φ · d∇uit ⊗ dt

=

ˆ T

0

(
ˆ

Ot∩Ω

uit divφdx+

ˆ

Ot∩Ω

φ · d∇uit

)
dt

=

ˆ T

0

(
ˆ

Ot∩∂Ω

(uit)
Ot∩Ωφ · nΩ dH

d−1

)
dt.

Thus, by a standard density argument, we have that
ˆ T

0

(
ˆ

Ot∩∂Ω

(
Tr(ui)(·, t)− (uit)

Ot∩Ω
)
φ · nΩ dH

d−1

)
dt = 0 ∀φ ∈ L1(Λ ∩O;Rd).

The conclusion follows since φ · nΩ can be chosen to be any scalar L1 function. □
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[20] N. Depauw, Non unicité des solutions bornées pour un champ de vecteurs BV en dehors d’un hyperplan, C. R. Math.

Acad. Sci. Paris 337 (2003), no. 4, 249–252.
[21] R. J. DiPerna and P.-L. Lions, Ordinary differential equations, transport theory and Sobolev spaces, Invent. Math. 98

(1989), no. 3, 511–547.

[22] L. C. Evans and R. F. Gariepy, Measure theory and fine properties of functions, Chapman & Hall/CRC, 2015.
[23] H. Federer, Geometric measure theory, Die Grundlehren der mathematischen Wissenschaften, Band 153, Springer-Verlag

New York, Inc., New York, 1969.
[24] E. Gagliardo, Caratterizzazioni delle tracce sulla frontiera relative ad alcune classi di funzioni in n variabili, Rend. Sem.

Mat. Univ. Padova 27 (1957), 284–305.
[25] A. Klenke, Probability theory, Universitext, Springer-Verlag London, Ltd., London, 2008. A comprehensive course, Trans-

lated from the 2006 German original.
[26] G. Leoni, A first course in Sobolev spaces, Second, Graduate Studies in Mathematics, vol. 181, American Mathematical

Society, Providence, RI, 2017.
[27] N. C. Phuc and M. Torres, Characterizations of the existence and removable singularities of divergence-measure vector

fields, Indiana Univ. Math. J. 57 (2008), no. 4, 1573–1597.
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