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ABSTRACT. In this article, we study the hierarchical tensor decomposition of
functions from both smoothness classes, isotropic Sobolev spaces and aniso-
tropic Sobolev spaces. For this purpose, we consider the known rank estimates
in case of bivariate approximation, which can be found in [I4] and [I6], and
successively apply them to analyze the truncated hierarchical tensor decom-
position. In comparison to the isotropic case, we obtain improved results with
respect to anisotropic Sobolev spaces. Indeed, the associated ranks of the trun-
cated hierarchical tensor decomposition stay essentially bounded which beats
the curse of dimension that is observed in the isotropic case.

1. INTRODUCTION

In the realm of numerical analysis and scientific computing, the challenge of
effectively representing and approximating functions in high dimensions has re-
mained an important task. In this article, we therefore examine the approximation
of functions on the d-fold product Q% of a bounded domain  C R"™ with itself,
where n € N and d is a power of 2. Specifically, we focus on the low-rank approz-
imation of functions from isotropic and anisotropic Sobolev spaces H*®(Q2¢) and

H3, (Q4) = ®f:1 H*(Q), respectively, achieved by means of tensor approxima-
tion.

Various tensor approximation schemes have been developed over the years such
as tensor trains, the canonical tensor format, or hierarchical tensor decomposition,
see e.g. [I7,[18, T9] and the references therein. Note that a thorough introduction to
tensor methods can be found in the textbook [I7], while a comprehensive overview
of current methods and their associated literature is available in [12].

A lot is known about the special situation when d = 2, which revolves around
the use of the truncated singular value decomposition as found in [13} [14]. The
case of higher dimensions, however, is still not well understood and has many open
questions. For this general case, one shall study different tensor decompositions
and corresponding truncations, searching for a balance between minimal error and
minimal cost in the calculations. A common issue one encounters in this setting
is the curse of dimension, which one observes in the computational cost of the
approximations one constructs.
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Limited progress has been made to combat this curse of dimension by low-rank
tensor approximation so far, though in different areas of sciences tensor approxi-
mations have successfully been applied to high-dimensional problems in fields such
as quantum mechanics and physics. However, it has been found in [16] 20] that the
curse of dimension does not impact the computational cost as much, if functions
from anisotropic Sobolev spaces are considered. The reason for this is that the
cost for the truncated singular value decomposition of functions in such spaces is
essentially only determined by the dimension n € N of the domain Q C R™ under
consideration. Here and in the following, essentially in the context of complexity
bounds and error estimates means up to (poly-)logarithmic factors.

The main way we study tensor approximation in this article is by comparing
tensor-ranks, see [9, [10] [I7] for example. As the cost complexity is fully dependent
on the tensor-ranks, we are especially interested in the anistropic Sobolev space
due to the known estimate on the truncated singular value decomposition being
essentially independent of the dimension d and only dependent on n, see [16] 21]
for example. While the approximation of high-dimensional functions in the tensor
train format has been studied in [I5] [I6], we focus here on the hierarchical tensor
decomposition. Its construction by the higher order SVD is well understood, see,
e.g. [I1] or [20]. However, up to this point the tensor-ranks have not been studied in
detail. Therefore, the content of this article is based on a combination of estimates
of the singular value decomposition and the construction of the hierarchical tensor
decomposition.

We like to emphasize that our results are in line with [20] for periodic functions
on the unit d-cube, but generalize the findings therein. Moreover, the convergence
of tensor approximation methods has also been studied by other authors. We refer
the reader to [2, Bl [, Bl 22] and the references therein. In contrast to our setting,
the sparsity of the core tensors is considered in these articles, especially also for
general networks. To this end, functions from Besov spaces instead of Sobolev
spaces have been the objects of study.

The rest of the article is structured as follows. In Section [2], we consider notation
and basic results which we will use later on. Then, in Section |3 we introduce the
truncated hierarchical tensor decomposition for functions in the continuous setting.
Section [4] is then dedicated to the error analysis of the truncated hierarchical ten-
sor decomposition. The specific consequences for the ranks in case of isotropic or
anisotropic smoothness are then considered in Section [5} Finally, we state conclud-
ing remarks in Section [6] while we prove a technical estimate in Appendix [A]

Throughout this article, in order to avoid the repeated use of generic but un-
specified constants, by C' < D we indicate that C' can be bounded by a multiple of
D, independently of parameters which C' and D may depend on. Moreover, C 2 D
is defined as D S Cand C~DasC <D and D <C.

2. PRELIMINARIES

2.1. Notation. For some n € N, let 2 C R" be a sufficiently smooth domain. For
m € N, we denote by €,, the 2™-fold product domain of 2, i.e.

Q,=0x - xQ=02".
N————

om
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Furthermore, for sake of convenience, we set d = 2. The reason why we choose
these values is because we shall consider the hierarchical tensor decomposition which
is based on an arrangement of the product domain €, in form of a binary tree,
where a particular vertex (¢,k) corresponds to a subdomain Q,,_,. Here, { =
1,...,m denotes the level and k = 1,...,2¢ denotes the vertex in the respective
level, counting from left to right, compare Figure |1 with nodes (¢, k).

We denote by

Lok = (meJ(k_l)_,_l, N ,IEQm—Zk) € ﬂm,[

the variables which are associated to the vertex (¢, k) of the binary tree while

Ef,k = (xl, . ,me—Z(k_l), Lom—~Lly 1y - ,xd) € ﬁmfl
denotes the remaining variables which are associated to the respective siblings.
J— £
Here, for sake of simplicity in notation, we set €, _, := Qi:l} such that there
holds Q,,,_¢ X Qp_¢ = Q,,,. Note that arbitrary d # 2™ will also be possible with
straightforward modifications by means of an unbalanced binary tree.

FIGURE 1. A (balanced) binary tree depicting the nodes of the
hierarchical tensor format with three levels, i.e. for a function with
8 variables.

2.2. Sobolev spaces. Let L?(£2,,) denote the space of squared integrable func-
tions. Then, the canonical, standard (isotropic) Sobolev space H?(€2,,) consists of
all functions f € L?*(2y,) whose partial derivatives 021 --- 924 f of order ||all; =
aj+---+ag < p have finite L2-norms. In contrast, the (anisotropic) Sobolev space
H?. () of dominating mixed derivatives consists of all functions f € L*(Q,,)
whose partial derivatives Oy} ---0gd f of order ||| = max{ay,...,aq} < p have
finite L2-norms. Especially, one has

(2.1) H?

mix

() = H/(Q) ® - @ HP(Q).

om
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2.3. Singular value decomposition. We intend to compute low-rank approxi-
mations of functions f € L?(€,,) by means of the singular value decomposition.
In order to separate the variables x, ) € Q,,_, associated with the vertex (¢, k),
from Ty € Q,,—¢, belonging to the same generation (¢,1),...,(¢,k — 1), ({,k +
1),...,(£,2), we define the kernel
k(xg g, x) ) = L F(@e s Top) f() 1, Tep) Tk
Q'm—l
and compute the eigenpairs {(A¢x(aek), pek(aer)}a, =1 of the associated Hilbert-

Schmidt operator

Aek(aek)per(aer ®er) = Koo (o, Tok)
— [ bl )paans ot dag.
Qs

Here, the sequence of eigenfunctions {¢ r(cu x)}a, =1 constitutes an orthonormal
basis in L*(£2,,—¢) while the sequence of eigenvalues satisfies A\r (1) > A x(2) >
e > )\g,k(ag,k) — 0. Setting

(2.2) Vo k(@ k)

1 _
= / f(@e o, To k) pe k(0 r, Tor) dee k.
VAL k) Jom_,

the singular value decomposition of f is given by

(2.3) F@oe:Zen) = >/ Mawr)oer(0en, Ter) V(0w n, Ten)-

Otgykzl

2.4. Truncation of the singular value decomposition. In order to compute a
low-rank approximation of f € L?(£2,,), we shall truncate the singular value decom-
position appropriately. To this end, we recall the bounds on the truncation
error proven [14] [16].

If f € HP(Q,,,), then the truncated singular value decomposition

R
Fr@erTor) = > A Mawk)per(@emr Tor)er(@en Te)

ag =1
satisfies the error estimate
oo
@4) I = el =, D M) SEZ s,
og p=R+1

if f € HP(Q,,), see [14] for the details. In contrast, in accordance with [16], we
essentially obtain the truncation estimate

oo

(2.5) If — frllz2 (0, = Z Moer) SR fllar @)

mix
az,k:R-‘rl

We emphasize that the decay in suffers from the so-called curse of dimen-
sionality while the decay in is essentially dimension independent. Note that
here and in the following “essentially” in the context of asymptotic estimates means
up to (poly-)logarithmic factors.



HIERARCHICAL TENSOR APPROXIMATION IN HIGH DIMENSIONS 5

2.5. Projections. Based on the truncated singular value decomposition with
respect to a given vertex (¢, k) of the binary tree under consideration, we shall define
L?-orthogonal projections Pfk : L?(Q,,) — L?(€,,) which will play an important
role in the error analysis of the truncated hierarchical tensor decomposition. We
define the projection Pfk by

(2.6) P/ f(e Z/ F(@h g T k) pe (e, o i) Ay g, e (e r, o)

o =1 Qe

In particular, in view of (2.2)), there holds the identity

(2.7) Pl f(x Z mtpek (o ks o) Ve (e, T k)

ap =1

Hence, due to (2.4) and due to (2.5, we arrive at the error estimates

(2.8) (I — Pel,%k)fHL? . SR

and (essentially)
(2.9) (I — PZI?k)fHLz . SR 2]D/"”fHHl’ Q) if feH}

IIllX mlx (

22—171

P Fllie (s i f € HP(Qm),

),

respectively. It is important to note that the generic constants in these error es-
timates are dependent on m and p but independent of the rank R. In particular,
estimate (2.8)) depends strongly on the specific vertex (¢, k) of the binary tree, while
estimate depends only mildly on it as the rank decay depends only logarith-
mically on the dimension 2 ~* of the underlying domain €2,,_,.

3. HIERARCHICAL TENSOR DECOMPOSITION

Consider a function f(x) = f(x1,...,24) with d = 2™ for some m € N and Q2 C
R™, where n € N is arbitrary but fixed. In the hierarchical tensor decomposition,
we apply the singular value decomposition to the function f to successively separate
the desired variables from the rest. This leaves us with a tree-like pattern, where
every branch provides a set of orthonormal functions for the hierarchical tensor
decomposition.

Let f € L?(R,,). We first consider the root vertex. Applying the singular value
decomposition to separate the variables &1 1 € Q,,—1 and ;2 € Q,,_1 gives
us the representation

Z 1(ar)eri(on, 1,1)@1,2(0n, ®1.2),

ar=1

where we set 1 2(aq) := 1,2(aq) for all oy € N.

We next consider both children of the root vertex and apply the singular value
decomposition directly to f again to separate the variable x2 ) € Q,,_2 for each
k=1,2,3,4 from the rest. We get the identity

Z \ A2k k)2 k(o r, Tok)bo k(02 Ta k), k=1,2,3,4.

Qg k=1
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The functions {2 (az2x)}3; =1 constitute orthonormal bases in L?(2,,_2) for
each k. Thus, defining the core tensor in vertex (1,1) by

Bri(ar,az1,a02) ==/ ra(ar, )2 1(an1, T21)p22(q02, T2 2) dar
Q1

and the core tensor in vertex (1,2) by
Bi2(a1, az 3, a04) 5=/ p1,2(01, T1,2)p2,3(02,3, 2,3)9P2 (2,4, T2,4) ATy 2
Q1

gives us the representation

fl@)=>" V(o)

oo o0

S Bralon, a1, 022)@21(02,1,T21)p22(02,2, 22)

az1=1as =1

oo oo

Y0 D Bialar,azs, a0a)pas(ans, Do) 2402, T2 a) |-

01213:1 a274:1

In general, we employ the singular value decomposition of f in the vertex (¢, k)
to separate the variable @41 251 € Qp—¢—1 from Tp11 25—1 and 12k € Qpp—p—1
from ¢4 1,2k, respectively. This yields two sets of orthonormal bases

{eet1k-1(er126-1)}ar 1 e i=10 {Per1,26(Qer126) o, =1
of L?(2,_¢_1). With the help of these bases, we expand the basis functions in the
vertex (¢, k)

o0 oo

ook, Tog) = Z Z Bk (e, Qo1 26—1, Qot1,2k)

ogq1,2k—1=1 app1,2=1
' <,0z+1,2k71(0l£+1,2k717 wz+1,2k71)80£+1,2k(Oéz+1,2k, CB£+1,21€)7
where the core tensor is given by
Be k(e ks Qo1,26—15 Qe41,2k) =/ Pok( ke, To k)
Q?nff
: s02+1,2k—1(0415+1,2k—1, $£+1,2k—1)90£+1,2k(Oé£+1,2k7 $£+1,2k) dﬂ?z,k-
Proceeding successively in this way in all vertices, which are different from the

leaves of the binary tree, gives us the final hierarchical tensor decomposition in
accordance with

o0 o0 o0
f@) =Y Vala) DY Bralan,asg,as2)Bra(n, ans, aza) -
a;=1 as1=1 ag =1

o0 oo
S Y Buera(@me11, @, 0m) -
1

am,1=1 oy om=

5m7172m—1 (am71,2m—1,04m,2M—1, am,Zm)SDm,l(am,la $1) cPm2m (Oém,zm, 332m)~
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Of course, on a computer, we have to truncate the singular value decomposition
in each vertex (¢, k), resulting in a finite rank Ry. Therefore, we arrive at the
low-rank approximation fng Rr,, ~ [ given by

Ry Ra Ro
B ma @) =Y Vi) DY Bualen, s, 009)B10(ar, a3,a9.4) -
(11:1 012,1:1 012,4:1

Rm m

R
Z s Z Brn—1,1(Qm—1,1, Qm,1, ¥m,2) * -

amJ:l Ocynam =1

ﬂm—l,Q’"*l (am—l,szl,am,szl, am,2m)90m,1(04m,1, 331) o Pm2m (Oém,2m, €B2m)~

Thus, in each vertex (¢, k) being different from a leaf, the truncated core tensor
{Ber(c ks, us1,26—1, et1,2k)} needs to be stored. It is of size RgR%H except for
the root vertex where we only have to store the R; singular values {v/A1}. In

addition, we also need to store the d = 2™ basis sets {@m,k(am,k)}f;ﬁk:l.

4. ERROR ANALYSIS

The error analysis of the truncated hierarchical tensor decomposition follows
essentially [I1], but we translate the results therein to the continuous setting con-
sidered here. The analysis makes heavy use of the L2-orthogonal projections PER,f

from ([2.6)).

Lemma 4.1. The truncated hierarchical tensor decomposition can be expressed by

m  2°

(4.1) fgf...,Rm: HHPflﬁ fs

{=1k=1

where the L?-orthogonal projections Pf,f c L2(Q,,) — L%(2,) are given by ([2.6)).

Proof. We start by showing that the assertion holds true for the first vertices of the
binary tree. We especially find

Ry
P if=Pof = Z A (on)er,i(ar)er (o).

Oé1:1

We proceed by continuing on level £ = 2 of the tree and obtain

Ry
Py 1PioPiaf = Z Vi(er)

Oélzl

R>
Z [/ 1112, @21, )p2,1(a21, ®2,1) dXa1 | p2,1(a2,1)p1,2(a1)
Q2

ag1=1
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and further

Ry
PyoPy 1 PioPiaf = Z V(o)

alfl

2
Z Z [/ V1,1 Oél2,3321,1322)9021(0421,3321)3022((12275822)(1%21(1%22

Q1= 1a22 1 Q-2

T P2, 1(02 1)902 2(C¥2 2)%01 2(Ol1)

Ry
Z \/ al Z Z 511 Oé1,042 1,0422)802 1(042 1)4,022(0422)801 2(0l1)

a;=1 az1=1az =1

Likewise, we obtain

Ry
P2,4P2,3P2,2P2,1P1,2P1,1f = Z vV >\1(041)

a;=1
Ra R»
Z Z Bri(ar, o, az2)B12(ar, a1, a22)p21(02,1) -+ - p2.4(24).
az1=1 ag 4=1

In the general step, the basis set {yg k(. k)}&e .—1 With respect to the vertex

(¢, k) is replaced by the application of the projections Ppiq 2k—1FPp+1,2k in accor-
dance with
Reqq Rpq1

o k(e g, Tok) = Z Z Bek (e s Qo1,2k—1, Qot1,2k)

apt12k—1=1 gy 2=1
“e41,2k—1 (01, 2k—1, Tog1 26— 1)Pe+1,2k (41,285 Tot1,2k)-
By proceeding successively through the binary tree, one obtains the representation

formula (4.1)). O

The next lemma is the key ingredient to estimate the truncation error of the
hierarchical tensor decomposition.

Lemma 4.2. Let f € L*(2,,) and let P : L?*(Q,,) — L*(Q,,) and Q : L2(Q,) —
L?(Q,,) be arbitrary L?-orthogonal projections. Then, there holds

(4.2) I(I = PQ)f72(q,) < 1T = P)flZ2 (e, + I = Q)fll72@
Proof. We have
I(I = PQ)fl22,) = III = P)f + P = Q)fll12(q,,)

Due to the orthogonality of P and I — P, the claim follows by Pythagoras’ theorem
in accordance with

(I = PQ) [,y = | = P)fll72(,) + IPU = Q) [,
< T = P)fll72,) + I = Q) fl 22,

m)’

O

We shall use the above lemma and the representation formula (4.1) to find an
upper bound of the over-all truncation error of the truncated hierarchical tensor
decomposition.
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Theorem 4.3. There holds

Hf Rlv

(M_ZZH = Pz,

(=1 k=1
Proof. In view of (4.1), successive application of (4.2)) yields

m 2 2 m—1 2°
iy i)

2

£=1k=1 L2(Q) £=1 k=1 Lz(nm)
5 m—1 22
<= PR P + (fpm Py HHPZR;)
£=1 k=1 L2(Qm)
2" m—1 2
<- <Z|| (1= P + ( 11 HPﬁf)
=1 k=1 L2(2,)

By continuing this procedure also on the other levels, we conclude the claim. [

Given that the truncation ranks Ry are chosen such that we always have

1 =PI 2,y S @

Q) —

for all levels ¢, we conclude from Theorem [£.3] that
[EA mHL2(n ) S V2d = 3e

Here, we exploited that we apply only one projection in the root vertex while two
projections are applied in all the other vertices which are not a leaf. This implies
that 1+ Z;n:_ll 2.2% = 2d — 3 truncations are performed in total, each of which of
order €.

5. COST COMPLEXITY

5.1. Ranks in the case of isotropic Sobolev smoothness. We are now in-
terested in determining the necessary ranks for the truncated hierarchical tensor
decomposMon le R, for functions f € HP(€,). To this end, we exploit Theo-
rem 23] which shows that all ranks should be chosen such that the truncation error
in each singular value decomposition is of order £. By (2.8 -, we have that the error
in each vertex is given by

H(I - Pflﬁ)fum Q) ,S R mp/anHHP(Qm)'

Therefore, we conclude that we shall choose
Ry ~ 6727"471/1)

to ensure an error bound S e.

We note that the ranks R,,, associated with the leaves of the underlying binary
tree are the smallest ones. By setting R := R,, = ¢ ™7, we conclude the expo-
nentially increasing ranks illustrated in Figure We like to emphasize that our
analysis shows that the truncated hierarchical tensor decomposition fﬁ T r With
fixed rank R cannot be expected to approximate a function f € HP(€,,) well in
general.
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FIGURE 2. Rank requirements in case of a function f of isotropic
Sobolev smoothness with R ~ e~™/?. The ranks grow exponen-
tially with the level £ in accordance with R2" "

The total amount of coefficients in the core tensors required to represent f g T R

sdm

is determined by the ranks in the truncated hierarchical tensor decomposition. We
obtain

m—1 .
R+ Z QERZR%H _ Rz’"—l n Z QZRzm_Z (Rzm_e_1)2
=1 et

m—1

_ R27n—1 + Z 2£R27n—2+1.
(=1

Hence, by using the estimate

m—1
(5.1) S ofR?T < R
=1

which is proven in the appendix, we conclude that the cost complexity for storing
the core tensors is bounded by O(R?). Note that the Tucker decomposition is of
the same complexity, compare [15].

5.2. Ranks in the case of anisotropic Sobolev smoothness. We are next
interested in studying the truncation ranks if we have f € H?. (§2,,) for arbitrary
d=2" € Nand Q2 C R”. Recall that the term essentially means up to powers of
the logarithm.

We exploit again Theorem and choose the ranks such that the truncation
error in each singular value decomposition is of order . By , we have that the
error in each vertex is essentially given by

H(I - Pfiﬁ)fHLz(nm) SR, 2p/n||fHH§ﬂx(9m)'

Therefore, we conclude that we shall essentially choose

Ry ~ c—2n/p
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to ensure an error bound < e. We especially observe that the ranks are essentially
independent of the level ¢ of the vertex, i.e., R = e~2"/P everywhere in the binary
tree. This behaviour is also illustrated in Figure

FIGURE 3. Rank requirements in case of a function f of
anisotropic Sobolev smoothness with R ~ ¢~2"/P. The ranks stay
essentially constant with the level £.

The total amount of coefficients required to represent the core tensors of f# T R
is computed analogously as in the previous subsection by

m—1 m—1
R+ Y 2RR*=R+R*) 2 ' SdR’
=1 =1

Hence, the cost complexity for storing the core tensors is essentially of the order
O(dR?). In particular, it depends only mildly on the spatial dimension d.

5.3. Approximation of the eigenfunctions. We shall finally discuss the ap-
proximation of the basis sets {gom,k(am,;c)}g;” To this end, we decompose 2
into an admissible decomposition

T ={m CR":i=1,...,Np}.

Here, we denote by h;, i = 1,..., Ny, the local mesh size and h = max; h; is the
maximal mesh size.
To a shape-regular sequence {7}, we relate the spatial finite element spaces

Vi = {vp € C(Q) : vp|7 € IL.(7) for all 7 € T, }

k=1

of functions, which are globally continuous, piecewise polynomial functions. Here,
IT,(A) denotes the space of polynomials of order r on a set A C R™. For r = 2,
we obtain the usual piecewise linear hat functions. For r > 2, the present setting
includes finite elements of higher order and B-splines, compare [0, [7, ] for details.

We know from [I3] that the basis functions ¢y, k(am k) are in HP(Q) if f €
HP(€,,). Hence, we obtain the error estimate

min{p,r}/n

inf H‘Pm,k(am,k) - Uh||L2(Q) S Nh_ ||‘Pm,k(0‘m,k)HHP(Q)-

v €VR
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Although the HP-norm of ¢, k(aum, k) increases as oy increases, it suffices to
choose N, min{pr}/m 2 This choice ensures that the numerical realization of
the projection Pﬁ’;; produces an error of order e, compare [14]. We therefore
conclude that, in addition to the storage for the core tensors, we need a storage of
2m RNy = 2™ RN, with Nj, := ¢~/ min{p,r} 4 represent the required basis sets.
We emphasize that these cost are independent of f being in the isotropic Sobolev
space HP(2,,) or in the anisotropic Sobolev space H”. (£2,,).

6. CONCLUSION

In this article, we explored the hierarchical tensor decomposition applied to
functions from isotropic or anisotropic Sobolev spaces. By considering anisotropic
Sobolev spaces alongside the typical isotropic Sobolev spaces, we could exploit the
(essential) dimension independence of the ranks of the singular value decomposition
in the multivariate case. With this, we could show that the curse of dimension is not
present when applying the truncated hierarchical tensor decomposition to functions
from anisotropic Sobolev spaces.

In contrast, we have proven that the curse of dimension is present when applying
the truncated hierarchical tensor decomposition to functions from isotopic Sobolev
spaces. This leads us to the conclusion that the required ranks to achieve a desired
target accuracy for the truncated hierarchical tensor decomposition are significantly
smaller when applied to functions from anisotropic Sobolev space, as opposed to
the ranks necessary to achieve the same accuracy when considering functions from
isotropic Sobolev spaces. In fact, we have seen that, in the isotropic case, the ranks
grow exponentially as we move up in the binary tree, leading to infeasibly large
ranks as we increase the dimension of the functions we wish to approximate.

Finally, we note that in this article we have restricted ourselves to the study of
the ranks of the hierarchical tensor decomposition in the continuous setting. In
addition, we have only looked at the case in which the hierarchical tree is in the
form of a binary tree. Of course, should the scheme be performed, for example,
for functions in an isotropic or anisotropic Sobolev space with a general product
domain 4 X --- x 4, where each subdomain €2; € R™ might be different including
different dimensions, the corresponding decomposition would have to be performed
with the aim of splitting the variables into two sets of similar dimension in every
step. This could lead to a tree with shorter and longer branches, with leaves, i.e.
vertices containing the final desired functions, being on different levels of the tree.
This would further complicate the construction of the approximation and, especially
in the isotropic case, the determination of the resulting ranks.

APPENDIX A. ASYMPTIC EXTIMATE

In this appendix, we shall prove the estimate (5.1). To this end, let us set
a =R,

decreasing for £ = 1,...,m—1. Indeed, if g(z) := za*, then we have 202" = a(2%).

Since
1 1
g (z) = ar — —a* loga = as (1 B oga) ,
z x

We start to remark that the function ¢ — 2¢a? " is monotonically
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we have ¢/(z) < 0 whenever z < loga = 2™*!log R. Under the assumption that
R > 2, this is the case whenever x < 2™. Therefore, there holds

m—1 m—1 m—1

S 2t =ovatava+ Y 2% <2RY 4R +/ 276" du.

=1 =3 2
Thus, as 2R*" + 4R2" < R?, we just need to asymptotically bound the integral
by R

First, by the coordinate transform z — ¢(z) := log, z, using that ¢'(z) =
we obtain

_1
x log2?

2771,—1 2777,—1

m—1
. 1
/ 2702 " dx z/ zar dx N/ ar dz
2 4 zlog 2 4
gm—1 2™~ /loga
1 1
:/ exp( oga) dx:/ exp () logadz
4 € 4/loga €
1/(4log R) 1
= 2dlogR/ exp (> dz,
2/(dlog R) Z
as loga = 2™ log R = 2dlog R. Hence, as
1 1 1
/exp <> dx = xexp (> —Ei () +C
x x x

xexp<1>+/ %(%)dwrc,
T

1
e

see [I] for example, we have

m—1
/ 27a? " dz = 2dlog R
2

RY2RE TR exp(-t)
4log R dlogR —dlog R/2

dlog R/2
_dpt R4 404 logR/ exp(t) o)
2 4log R t

As the integrand is monotonically increasing for ¢t > 1, we can further estimate

exp(glogR) d
—= — (=1 —41
dlog i \gloeft—4lg Rt

provided that 4log R > 1 which is satisfied for R > 2. Thus, we indeed conclude

m—1
/ 2962 " da < gR4 —4R® +4dlog R
2

m—1 —z d d d d
/ 2%¢% " dx < 5R4 —4R% +2R% logR (2 — 4) < RY.
2
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