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2 CHAPTER I. INTRODUCTION

Understanding the behavior of interacting particles is of great importance in physics and has motivated the
investigation of spin glass models. They model the interactions of a large number N of particles i = 1,..., N,
where each particle has a spin 0. To each configuration o = (o1,...,0n) of spins an energy level given by
the so called Hamiltonian H (o) is assigned. In the physically more realistic models such as the Ising model
[Isi24,Bru67] the interacting particles are placed on the vertices of a lattice and the interaction strength decreases
with their distance. Mean field models do not weigh the interaction strength based on the particles’ locations,
making them easier to study. These mean field models [KTJ76,CS92, CL04, Tal00, Tal06a] and related models
[MPV87,KRI8,MM09,DSS15,DS19] have furthermore attracted general interest within the fields of physics and
mathematics as canonical examples of complex systems, as well as in the study of neural networks [She93, KR9S|.

One important mean field model is the Sherrington-Kirkpatrick (SK) model that was introduced in [SK75]
as toy model of an exotic magnetic alloy. Another important model is its spherical variant, the spherical
Sherrington-Kirkpatrick (SSK) model, that appeared in [KTJ76]. There exist several different approaches to
analyze these models. We are particularly interested in the TAP method [TAP77], which has an elegant geo-
metric interpretation (see Subsection 2.1), and is under active development of a stand-alone approach to general
mean field spin glasses. In this thesis we analyze spherical 2-spin SSK models using a TAP method. Two specific
cases will be studied, namely the spiked 2-spin spherical model (in Chapter IT and III) and a multiple spin SSK

model with constrained overlaps (in Chapter IV).

1. Preliminaries

1.1. Basic mean field models

Let us first introduce the basic terminology and fundamental questions of mean field spin glasses. Let ¥y be
a set of spin configurations (e.g. {—1,1}", [-1,1]¥ or {o € RV : Zf\]:l 0?2 =1}), Hy : En — R be the

Hamiltonian and 8 > 0 be the inverse temperature. Then define the partition function by

Zn(B) = E [exp(BHn (0))] (1.1)

where F denotes the expectation with respect to uniformly distributed o € ¥y. Further define the Gibbs

b,
measure by exp(fHn (o))
Zn(B)

which is a probability measure, its notion dating back to [LR69, Dob68|. It models the behavior of interacting

Gn(do) = Eldo],

spins, and represents the probability of each spin configuration ¢ € 3 in a given system at the temperature % at
equilibirum. Note that this measure has a bias towards configurations of higher energy Hy (o). Configurations
of highest energy are called ground states. Arguably the main goal of the study of spin glass models is to
characterize the behavior of o under this measure. (Note that in the physics literature a negative sign is placed
in front of SH (o) in (1.1). This is merely a notational difference, and reflects the physical convention that
systems tend towards states of lower energy.)

An important feature of spin glass models is that the Hamiltonian is a random function. In the original
(2-spin) SK model [SK75] the Hamiltonian was defined as

1
HJSVK(U) == Z 9ij0i03j, (1.2)
VN 1<i<j<N
where each spin o; € {—1,+1} and the g;; are i.i.d. standard Gaussian random variables. One often also
considers

N
1
HY (o) = Vo Z 9ij0i0; + hzdi (1.3)

1<i<j<N i=1
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in place of (1.2), for some h € R. The added term is an “external field” which favours +1 spins over —1 spins
in the Gibbs measure (if h > 0).

An important step in studying spin glass models is the computation of the free energy, which is the expo-

nential rate of growth of the partition function Zy and given by

Fi(8) = 1108 B exp (FH(0))] (1.4)

In all of these models this converges to a deterministic limit as N — oo, despite the randomness of the
Hamiltonian, see e.g. [T03, Theorem 2.2.4. and Corollary 2.2.5.]. The free energy from (1.4) is also called the
quenched free energy to distinguish it from another important quantity called the annealed free energy, given
by

108 E B [exp (83 ()] (15)

where E denotes the expectation with respect to the randomness of the Hamiltonian. In all aforementioned
models the quenched free energy concentrates and converges to a deterministic limit, which is asymptotically

the same as
B 08 B fexp (5 (0)]. (1.6

Note that the only difference between (1.5) and (1.6) is the position of the logarithm. By Jensen’s inequality
the annealed free energy is an upper bound for the quenched free energy. In some cases the upper bound is
tight and they are asymptotically equal, which is convenient because the annealed free energy is much easier to
compute.

The main results of this thesis are the computation of the fluctuations of the ground state in one model and

the computation of the free energy in another.

1.2. Spherical models

An interesting modification of the SK model is to use a spherical configuration space, i.e. ¥y = {o € RV :
|o| = 1} where | - | denotes the Euclidian norm. This model is more accessible to explicit computations through
random matrix arguments and was studied in [KTJ76] very shortly after the initial SK model was introduced,
and continues to be studied [BL16,BCWLDW21]. A different modification of spin glass models in general is the
addition of spikes. These are “non-linear external fields”, and are one of the focal points of this thesis. Models
with spike terms appear for example in statistical inference problems [RM14, LKZ17, LM19]. Models with a
quadratic spike term were investigated for instance in [AMMN19]. Another important generalization of spin
glass models are (mixed) p-spin models for p > 2 [TalU(),AAlS,AACliB, Subl17a,S7Z17, CSl?,JTl?,BéNSZQ],
which feature other types of spin interactions.

The spiked mixed p-spin SSK model is a generalization that combines all these modifications and is con-
structed as follows. The Hamiltonian is given by H (o) which is a centered Gaussian process with covariance

EHn(o)Hn ()] = Ne (%) (1.7)
for 0,0’ € RY with |o], 0’| < 1 and a power series

&(z) = Zapac” with a, > 0 and £(1) < oo. (1.8)

p=>0

The spiked Hamiltonian is defined as

H5 (0) = Hu (o) + f(o - ),
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where fy : [~1,1] — R is the spike and u € RY with |u| = 1 is the direction of the spike. The model’s free

energy is given by
1
Y (8) = o8 E [exp (1Y ()] - (1.9)

While in this thesis we restrict ourselves to studying the 2-spin case &(z) = 2, part of the motivation is the
long-term goal of developing a TAP method that can handle the general model.

1.3. Multiple spin models

Another interesting adaptation is SSK models with constrained multiple spins [Pan18a,Ko019,AZ22]. They were
introduced to study the so called overlap distribution, which is the distribution of the scalar product of two
independently sampled configurations from the Gibbs measure, and are a focus of this thesis.

The Hamiltonian of a 2-spin SSK model with an external field given by the scalar product hy - o, for some

vector hy, is defined by

1
HY K (o) = —= Z 9ijoi0; + hy - 0,
\/N1gi<j§1v

similarly to (1.3). (Note that the sum of the external field in (1.3) is written as a scalar product here. Due

to the symmetry of the sphere any vector hy of a fixed magnitude yields an equivalent model.) The Gibbs

measure of this model is
~ exp(BHI*C(0))do
Jsy_, exp(BHIPRC(7))dr’

G (do)

where do denotes the uniform measure on Sy_1 = {0 € RY : o] = 1}. If n configurations with (¢?,...,0™) ~

()
®Z:1 Gj‘if’hN =: G are independently sampled at possibly different inverse temperatures §; and external
field vectors hg\l;), then the probability that these overlaps o* - o are within € of gz, € [~1,1] \ {0} for all
k,le{l,..,n}is
G% (Vk‘,€ e{l,..,n}: }ak ot — qug’ < 6)
g A <o) 50 (S S0 dr ot
Jsp exp (S BHN(00)) do®) ..ot

In matrix notation with @ = (¢x,¢)x,¢ one then obtains with |- |, denoting here the supremum norm

108Gk (|0 o) - Q| <e) = F5(5,1.Q) - > Fv(3 1)
p=

where Fy (8%, h*) denotes the free energy from (1.4) for different temperatures and external fields, and

1 n e n
Fy(B,h,Q) = Nlog/ ﬂ{|(a<k>.g<z>)k‘e,Q|m<s}ezi=lﬂHN( VdoM .. do™ (1.10)

SR
defines a free energy of a multiple spin model with an overlap matrix Q.

Computing the free energy (1.10) is of independent interest, and also a step in analyzing the Gibbs measure
of the 2-spin SSK model. One of the results of this thesis is a computation of (1.10).
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1.4. Methods to compute the free energy

A powerful but mathematically non-rigorous tool to calculate the limiting free energy is the replica method used
by Parisi in [Par79, Par80]. Rigorous approaches to tackle this problem include the interpolation method of
Guerra [Gue03] and the methods of Talagrand, Aizenman-Sims-Starr and Panchenko [ASS03, Tal06a, Tal06b,
Conl3,Panl4,Chel3]. A very interesting and more geometric approach to solve the SK model was proposed by
Thouless, Anderson and Palmer [TAP77], which we will call the TAP approach. This approach played a com-
plementary role to other approaches in both physics [BM80, DDY83, GM84a, MPV87, KPV93, CS95, CGPMO03]
and mathematics [Chal0,Tal10,CP18,AJ19,CPS22], but has not been fully developed as a stand-alone solution
of spin glass models yet.

Initial steps to develop such a stand-alone TAP theory were taken in [BK19,Bel22]. In [BK19] the limiting
free energy of the 2-spin spherical SK model with (linear) external field was computed, and shown to be equal
to the solution of a maximization problem involving the TAP free energy. In [Bel22] an upper bound involving
the TAP free energy was shown for the free energy of spiked mixed p-spin models. This thesis is a contribution
to this framework, which is described in more detail in Section 2.

Other frameworks for a mathematically rigorous TAP theory include that of Bolthausen [Boll14,Bol19,BY22],
which relies on an iterative construction of TAP solutions, and that of Subag [Sub18,Sub21, CPS22], which uses

properties of the limiting Gibbs measure in its analysis, and that

2. The TAP method

The TAP method aims to express the free energy as a maximization problem over a set of magnetization vectors
m [TAPT77], in the spherical case {m € R"™ : |m| < 1}. Consider for instance the free energy of the 2-spin SSK
model )

Fn(B) = N log E [exp (BHN(0) + hu - 0)], (2.1)

where Hy : Sy—1 — R is the standard 2-spin SSK Hamiltonian from (1.2), h € R and w a unit vector. The
TAP free energy of this model is

Frap(m) := BHx(m) + Nhu-m + gﬁz(l ~mf)? + %bg(l ~mp), (2.2)

and [BK19] shows that

1
Fn(B) — |Sl‘1p NFTAP(?TL) — 0 in probability. (2.3)
m|<1
BL=|m*)<J5

The condition (1 — |m|?) < % in (2.3) that restricts the optimization space at low temperature is called the
Plefka condition [Ple82a] and will be expained in more detail in Subsection 2.2. In Chapter II of this thesis we
prove a generalization of (2.3) where the free energy has a spike term in place of the external field term.

More generally the TAP free energy of the spherical mixed p-spin model is

&h ¢ N 2y, B 2 2 e 112
Fijp(m) = BHy (m) + Nhu-m + - log (1 = [m[*) + = (£(1) = &(Im[*) = (1 = [m[*)¢'(jm[*))
and [Bel22, Theorem 1.2] proved that the free energy
£h ! ¢
Fy"(B) = NlogE [exp (ﬂ’HN(U) + Nhu - m)}

is bounded from above by the supremum of the TAP free energy, i.e.

1
FyM(B) < sup NF%;(LP(m)+o(1). (2.4)
meBN
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That article conjectures that the same optimization problem is also a lower bound at high temperatures, as is
known to be true for the 2-spin case with a linear external field by (2.3). A future goal is to prove a matching
lower bound for the free energy and also extend this result to low temperatures (with an appropriate Plefka

condition). Here we will focus on spherical models with 2-spin interactions.

2.1. The slicing and annealing method

The main idea of the TAP approach of this thesis is to estimate the contribution to the partition function of
certain subsets of the sphere Sy_1, that can be thought of as “slices” around m € By (see the red circle in
Figure 1.1), by exp(Frap(m)).

Figure 1.1: Slice of the sphere around m. Figure 1.2: Sideview with external field vector u.

Similarly to when one uses the Laplace method, it turns out that the leading order contribution comes from m
that maximize Frap(m). Furthermore one expects the slices of maximal TAP free energy to be the regions of
the spin space charged by the Gibbs measure. The clear geometric intuition behind this analysis of the partition

function is one of the advantages of the TAP approach.

Note that one can show for 8 small and no external field that the quenched and annealed free energies are
asymptotically equal, i.e.
C 1
— ifpg<— 2.5
;A< (25)
[KTJ76], |TT03, Section 2.2]. The strategy of the TAP method is to use a “recentering” and “slicing” to find

certain subsets around the magnetizations where the effective external field almost vanishes. If the effective

108 B exp (3Hx (m))] = ~ 1og B [B [exp (3H ()] =

temperature on that subset is high enough one can then apply a “quenched=annealed” approximation to compute
the contribution of the partition function restricted to that subset.

We will briefly illustrate this for the 2-spin SSK model by sketching a proof for the lower bound on Fy(5)
of (2.3). In the 2-spin SSK model one can use the identity

Hy (o) = Hy(m) + VHy(oc —m) -0+ Hy(c —m) for all o,m € RY
which “recenters” the Hamiltonian, to write the partition function as

Zy =exp (BHy(m) + Nhu-m) E [exp (BHn (o —m) + NA™ - (6 —m))] (2.6)
where

At = %VHN(m) + hu

is the “effective” external field. For a lower bound we can construct a slice by simply inserting an indicator
function into (2.6). Defining A.(m) as the subset of the sphere where the scalar product of ¢ — m with any

vectors in span{m, h™} is bounded by € > 0, one can verify that

A (c—m)=0() and |o—m[*~1—|m/?
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for all o € A.(m). We can then write
Zn > exp (BHn(m) + Nhu-m+ O (eN)) E [14_(m) exp (BHy (o —m))] . (2.7)

By rescaling the argument of the Hamiltonian using the change of variables ¢ = ﬁ one obtains that the

expectation in (2.7) is approximately equal to

E [La.(m)] Bepanfmnmys [exp (B(1 — |m|*) Hy (5))] (2.8)

where Fg,an{m, nmy+ denotes the expectation with respect to 6 uniformly distributed on the sphere restricted to
span{m, h™}+. The first expectation is a volume term and is approximately equal to exp(% log(1—|m|?)). The
second expectation is approximately the partition function on a N — 2 dimensional unit sphere with effective
inverse temperature 3, := 3(1—|m|?) and no external field. The Plefka condition (1 — |m|?) < % is precisely
the high temperature condition 3, < % from (2.5) for this partition function, and if it is fulfilled we can use
(2.5) to obtain

Zn > exp (BHn(m) + Nhu-m+ S log(1 —|m[?) + §8%(1 — [m[*)* +0 (eN)). (2.9)

Frap(m)

Since this applies for all m that satisfy Plefka’s condition one obtains

ZN > sup exp (Frap(m)).
Im|<1,8(1~|m|*)< 5
The argument for the upper bound is more intricate since one must show that regions that do not satisfy Plefka’s
condition can be ignored.
In Chapter II it will be shown that this method extends to general spike terms, and in Chapter IV to multiple
spin models.

2.2. The Plefka condition

To further illustrate the importance of Plefka’s condition let us consider m’s for which it is not satisfied. In the

spherical 2-spin case these m are

Note that the contribution to the partition function of the slice A.(m) around m € By is given by the r.h.s. of
(2.7). Using also the approximation (2.8) its log equals

BHN(m) + Nhu-m +1og E [L4_(m)] + log Egpanm,pmyt lexp (BHy (o —m))] + O(Ne). (2.10)

We argued that this equals Frap(m) if m satisfies the Plefka condition, but this is not necessarily true in
general. The Plefka condition appeared when applying the “annealed=quenched” approximation (2.5) to the
term Egpan fm,nmyt [exp (BHN (o — m))| to obtain the Onsager term 8 82(1—|m[*)%. As mentioned in Subsection
1.1 the annealed free energy is only an upper bound for the quenched free energy, so the TAP free energy for
m not satisfying Plefka’s condition might overestimate (2.10). A special property of the spherical 2-spin model
is that it is possible to obtain an explicit formula for (2.10) even when the Plefka condition is not satisfied (see
[KTJ76]), namely

- N
Frap(m) :=FHn(m) + Nhu -m + 5 log(1 — |m|?)

N [ V38 (1~ |mf?) - Llog (VEB (1 - mP2)) — 3, for A1 — m]?)

> -1,
218 2)2 2 \?
£ (1-mp)?, for (1 — mf?) < L.
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Furthermore one can obtain formulas for % SUD . m|2=q FraAP (M) and + SUP,y: (1|2 =g Frap(m) (for the former
see (2.13) in the next subsection, the latter is derived similarly).

Figure 1.3 shows 4 SUD, s |2=q 'TaP (M) (orange) and %supm:‘mz:q Frap(m) (blue) as functions of ¢ €
[0,1). The region where Plefka’s condition is satisfied is to the right of the red vertical line.

5 1.00
05} 1.20 - -
i 1.15 o.=s
0.4f 1.10 352
- 1.05 =
o 0.30
0.2 1.00 ooe
' 0.95 i
- q 0.70
0z 04 06 08 |10 | S - - g .
02 04 06 08 10 "0z 04 o0& o8 107
1< # > 2=, hlarge > 2=, h small
f by, P> 28 B: Y2

Figure 1.3: Comparison Frrap (orange) to Frrap(m) (blue)

We see that both functions coincide in the Plefka region, while Frap(m) overestimates FTAp(m) in the
non-Plefka region, and thus overestimates the contribution to the partition function of the slice A.(m).

In Chapter IV we will derive the Plefka condition for the 2-spin spherical multiple spin model. At the
moment it is however not clear what the correct Plefka conditions are in general. In (pure) p-spin models a

possible condition was suggested in [BS22a, (1.6) and Lemma 2.1].

2.3. Computing the maximal TAP free energy

Once an estimate of the type (2.3) has been obtained, one needs to compute the maximal TAP free energy. In

the 2-spin case the maximal TAP free energy can be written as

N N
sup {sup {5qHN(J)+Nf(\/§u.U)}+252(1q)2+210g(1q)} o
qG[‘—’J],B(l—q)ﬁ% lo|=1

using the change of variables m = \/go (|o| = 1) and using that Hy(zo) = 2?Hn /(o) for the 2-spin Hamiltonian
(1.2). By defining a new inverse temperature 3 = ¢ and a new spike term f(-) = f(\/q-) one obtains that
the TAP free energy is a maximization problem over a ground state term plus a term that only depends on
the magnitude of m. Thus, if we can compute the ground state for each ¢ € [0,1], the N-dimensional TAP
variational formula turns into a low dimensional variational formula.

In the case of a 2-spin SSK model with linear external field (f(u - o) = hu - o for some h € R) it was shown

in [BK19] that the ground state equals
N+/2B2 + h? (2.12)

to leading order, which was then used to conclude by the logic above that the maximal TAP free energy is
equals

sup N {\/262972 + h2q+ %Bz(l -9’ + %log(l - q)} (2.13)

a€.1).5(1-9)< 5

to leading order. One of the results of Chapter III of this thesis is an extension of this to non-linear spikes.
The degree of precision of the results presented so far is that which in principle allows for a rough description
of the Gibbs measure GG y. To obtain more precise information about the Gibbs measure finer results are needed.

In particular for the 2-spin model a more precise version of (2.3), and a more precise version of (2.13) would



3. RESULTS 9

be needed, going beyond the leading order. In this thesis we take a first step in this direction by studying the

fluctuations of (2.13), including for non-linear spikes.

3. Results

3.1. Spiked SSK

In Chapter IT we will generalize (2.3) by showing that the TAP variational formula is indeed the limit of the

free energy of the 2-spin SSK model with non-linear spikes, i.e.

1
FL(8) - sup — Frap(m)| — 0 in probability. (3.1)
meEBN N
B=|m|*)< 75
In Chapter III we will solve the variational problem for the spiked 2-spin SSK model and give a formula for
the supremum in (3.1). Theorem III.1.1 computes the ground state, while Theorem II1.1.2 (a) gives a formula
like (2.13) for spiked 2-spin models. Let

L(r,a) == f(ra) +v26r*V/1 - a2 + 352(1 —r?)? + %log(l —7r?)

and p = min{0,1 — f%ﬁ} then more precisely the first part of the second theorem implies that

sup iFTAp(m) — sup L(r, o). (3.2)
1

Im|<18(1-|m|*)< 75 relvpilee(=11)
Furthermore, Chapter III computes the fluctuations of the limiting TAP free energy (3.2). Theorem II1.1.2 (b)
implies that

1 1 1 1
sup ~Frap(m) = sup L(r,a) + —=Xn+ =Vn+o0 <> ,
mi<10-fmiy< s Y relVpIlac(-1) VN TN N

where X'y converges to a Gaussian and Yy converges to a quadratic function of three Gaussians.

3.2. Multiple spin SSK

In Chapter IV we will show that a similar TAP variational formula is also the limit of the free energy of a
multiple spin SSK model with linear external field. Recall the definitions from Subsection 1.3. We introduce
the TAP free energy

n

N = N
Frap(m) = 5 log |Q — mm"| + ZﬁkHN(mk) + NZ h*-mb EﬁT(Q —mm")®%3
k=1 k=1

for this model, where m = (m?,...,m") € R"*¥ are magnetization vectors, | - | denotes the determinant, and

A2 = AGA = (Ai,l)]%l:l,m/ﬂ denotes the Hadamard square of the entries of A. We further introduce a Plefka
condition for the vector spin model given by m € Plef 5 (Q, 8) for

Plefn(Q,5) = {m eRVN 0 <mm” < Q, ||B2(Q — mmT)B%|, < %}
where 8 = diag(8) € R™ ", || - ||2 denotes the spectral norm and < is the Loewner partial order on matrices (so

that A > 0 for A € R™*™ means that A is positive semi-definite).
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Theorem IV.1.1 states that for any positive definite @ € [—1,1]"*™ with Qi = 1 for k =1,...,n it holds
that

1
lim lim sup | F (8, h, Q) — sup ~ Frap(m)| =0,
e=0 N_o0o mePlef y(Q,8) N

where the limits are in probability.
Additionally, in Theorem I1V.1.2 we present a formula for the ground state energy when h',...,h" are

multiples of a single vector. Defining for positive definite A € R™*™

1 5 /1 3
GSE(B, h, A) = V2Tr <\/(2hhT + BAB) A(ihhT + BAﬁ) ) :
the theorem implies that

1 1 1
lim sup — Frap(m) = sup (GSE(B, h,A)+ ~log|Q — A| + =37(Q — A)®26>
N—00 mePlefy (Q,8) IV AcPlet, (Q,8) 2 2

where the limits are in probability.

We will define all notation relevant to a chapter at its beginning. Some notation will differ between chapters.
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Free energy of the Spherical SK model
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1. Introduction

In this chapter we will extend the result from [BK19] to spiked 2-spin SSK models. Let Sy_1 denote the surface
of an N — 1-dimensional unit sphere in RY and J € RV*N a symmetric GOE disorder matrix with

1, ifi "
Var(Jij) = n # J
2, ifi=j.

Then for o € RV we define the (2-spin) SK Hamiltonian
N
Hy(o) := VNoTJo =N Z Jijoi0j,
ij=1

and the partition function
ZN(B) = Elexp (BHN(0) + N f (0 - u))]

for 8 > 0, where f € C?([—1,1]) is the spike/external field function, u € Sy_1 the external field direction and

FE denotes the uniform measure on Sy_1. Furthermore we define the free energy

Fi(8) = 1 log Zx (5)

and the TAP free energy
o ) N oo e N 2
Frap(m) := BHy(m) + Nf(u-m) + - f7(1 = |m[*)" + - log(1 — [m[%)
for any m € By := {x € R: |z| < 1}. Let the Plefka region be

Slis
=

The goal of this chapter is to prove the following.

Theorem 1.1. It holds that

1
Fn(B) — sup —Frap(m)| — 0 in probability.
meBN N
B-Im")<J5
We will follow the steps in the proof in [BK19] and make adaptations where necessary. In particular we will

first prove a lower bound and then an upper bound.

2. Lower Bound

The goal of this section is to prove the lower bound of Theorem 1.1. We first adapt a useful lemma from [BK19].

Lemma 2.1. Let vy, v9,v3 € RY and (vy,ve,v3)* be the orthogonal complement of the span of vi,ve,vs. It
holds that

— 0,

1 ﬁ2

sup N log E<1,171)27U3>L [exp (ﬂHN (o’))} — 7
BG[Q%LMWL%GRN

where E,, v, 051 denotes the expectation with respect to o uniformly distributed on the unit sphere intersected

with (vy, vy, v3)*
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Proof. Note that [BK19, Lemma 5] shows a similar statement for two vectors v1,v, € RY instead of three.

However the argument of the proof easily extends to three linearly independent vectors by defining a orthonormal

. . N-3 N-3
basis wy, ..., wy such that (wy_2,wn_1,wN) = (v1,v,v3) and then comparing > ;" b;o? and >, a;07,

where the b; are the eigenvalues of the disorder matrix J, and the a; are the eigenvalues of the top left (N —

3) x (N — 3) minor of J when written in basis wy, ..., wn. O

Now we are ready to prove the lower bound of Theorem 1.1.
Proposition 2.2. Let f € C1([-1,1]) and € > 0. Then
1
P| Fn(B) > sup —Fprap(m)—e| — 1

meBN N
B(1—|m|*)<

1
72
as N — oo.

Proof. Let m be an arbitrary vector in the N-dimensional unit sphere. By writing 6 = 0 — m we recenter the

spins around m, and recenter the Hamiltonian via the identity
BHN(0) + Nf(u-o)=BHN(m)+ Nf(u-m)+ BHN(5) + {(o,m),

valid for all o, m, where
§(o,m) =BVHN(m) -6+ N (f(u-0) = f(u-m))

denotes the effective external field. Let vy, va,v3 be orthonormal basis vectors of a 3-dimensional linear subspace
of RY that contains m, u and VHy(m), and define for ¢ > 0

Ac(m) ={o:16-v;| <e¢, fori=1,2,3}.

We have for o € A.(m)
|6 -u| <V3c andifm#0: |5-%|<\/§5, (2.1)

and since |3 VHy(m)| is bounded by some ¢ > 0 with probability tending to 1 (see [BK19, (2.6)]) one obtains
|6+ % VHy(m)| < ce with probability tending to 1. (2.2)

Furthermore it holds for o € A.(m) that
16> = |o]* — |m|* =26 -m =1—|m|* + O(¢). (2.3)

By restricting the partition function integral to A.(m) we obtain

ZN(ﬁ) > E[]lAa(m) eXp(ﬂHN(J)+Nf(U~U))] (2 4)
= exp(BHy(m)+ Nf(u-m))E []lAs(m) exp (BHN () + £(o, m))] , '
where we will now show that &(o, m) = O(Ne). First note that f € C1([—1,1]), so we have that
, _en
[f(u-0) = flu-m)| <|f'leclu-o] < |f'oce (2.5)

for any o € A.(m). Using this and (2.2) gives us that {(o,m) = O(eN) and therefore it follows from (2.4) that

Zn(B) > exp (BHNn(m) + N f(u-m)) E [14_(m) exp (BHn(5))] €N (2.6)
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€

Let yo! be the projection of & onto the hyperplane (vy,vs,v3)", where ot is a unit vector and v > 0 is the

magnitude of the projection. Since we have for some ¢ > 0 and all o € A.(m) that
|6 —yot| < ee, (2.7)

we obtain by (2.3) that
Y2 =1—|m*+ 0O(e). (2.8)

Since the absolute values of the eigenvalues of \/LNJ are bounded by v/2 + ¢ with probability tending to 1 (see
[EYY12, Theorem 2.2]), we also have by (2.7) that

Hy(5) = Hn(yo) + O(eN),
and furthermore by (2.8) that
Hy(yo~) =7"Hy(0") = (1~ [m[*)Hn(05) + O(eN).
This gives us that the r.h.s. of (2.6) is equal to

exp (BHN(m) + N f(u-m)) E [1a, ) exp (B(1 = [m[*) Hy (07))] €7 (2.9)

€1

Because o is independent of ¢ - m and o - u under E, and is uniform on the unit sphere intersected with

(v1,v2,v3)", we obtain that (2.9) is equal to
exp (BHy(m) + N f(u-m) + O(eN)) E[La_ ()| Bty 00+ [exp (B(1 = [m[*) Hy (0))],

where E y+ denotes the expectation with respect to uniformly distributed o on the unit sphere intersected

V1,V2,V3
with (vi,ve,v3)®. By [BK19, (2.9)] the density of yo with respect to the Lebesgue measure on (vy,vg,v3)" is
F (%) N-5 N — 3 N-5
2 o) de = 21— o)) Fd
WF(N;;g)( o]7)" = do 5 (L= lo]")" = do

and together with (2.8), we obtain that for some ¢ > 0

N—-5

Ella.(m)] = Neg?(1 — |m|* — ce) 2
for all m with |m|?> < 1 — & with § > ce. By setting e.g. € = ﬁ this equals
exp <J;[ log (1 — |m|?) + 0(N)> ,
and thus Zx () is at least
exp (B () 4 N () 4 108 (1= %)+ 0N) ) By [ex0 (500 = P (e)].

for any m with |m|? < 1 — §, where the error term is o(N) uniformly in m. Using Lemma 2.1 one obtains that
Zn(B) must be at least

2
exp (ﬁHN(m) + Nf(u-m)+ glog (1—|m|*) + N%(l — |m|?)? + 0(N)> : (2.10)
provided .
B(1—|m|?) < 7 (2.11)

where the error term is o(IN) almost surely, uniformly in m that satisfy (2.11) and |m|?> < 1 —§. Note that
for € and & small enough the TAP free energy is smaller than ¢N for any given constant ¢ for all m with
|m|? > 1 — § with probability tending to 1. Thus these m will not affect the supremum of (2.10) over all m
satisfying (2.11). O
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3. Upper Bound

We will now prove the upper bound using a few tools from [BK19]. In [BK19, Section 4] an upper bound in
the case of a linear external field is proved. First an upper bound for a coarse-grained Hamiltonian without
external field is shown, and then later a recentering method is used to account for the external field. We adapt
this approach to a non-linear spike.

First we will define an approximation of the Hamiltonian by binning similarly sized eigenvalues together.
Let us define for the K > 2 equally spaced numbers 1, ..., 2 in [—v/2, /2] given by

2v2 5@

f\/§:m<x2<...<xK<zK:\[77 and x4l — TR = %

and let 0;,n < ... < Oy/n be the typical positions of the normalized GOE eigenvalues ﬁ/\l <. < J%AN

0 /o _ 2
9, = inf w/ V2280l forse0,1].
2 T

We define a partition I, ..., [k of {1,...,N} by

given by

In ={i:2p <0yny < w41}, k=1,.., K -1 and Ix ={i:2zx <0;n},

collecting the indices of eigenvalues with roughly the same position, and the relative sizes of these bins

_ L]

=5
Let us define L1 )

Fr(B) = BAK(B) — 373 log(2f) — §hK(AK(5)),
where «
hi(A) = Z,uk log(A — ),
k=1

and for 8 >0

Ak (B) is the unique solution of h (A) =28, A € (xk,0). (3.1)

With this setup we can use [BK19, Lemma 8 - Lemma 18] without changes.

Note that via diagonalization we have

Fn(B)=FE

N
o135 )]

i=1

where 1 is the external field vector u in diagonalized basis. Let Hy (o) = Nf3 Zi\; 0;/n0? be a deterministic

version of Hy (o) and define the deterministic free energy by
- 1 . ~
FL(B,u) = N log E [exp (HN(O') +Nf(o- u))} .
Note that the eigenvalues 9]1\, <...< 0% of ﬁJ satisfy
Oy = 0;/n +o(1),
where the o(1) terms tend to zero in probability uniformly in ¢ (see e.g. [BGKI16, Theorem 2.9]). As a
consequence we also have that

=0, P-as, (3.2)

. 1
lim — sup
N—roo o:|o|=1
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so it suffices to show the upper bound for FJ{,(ﬂ, u). Let us also define a modified TAP free energy by

S Flp(m) = BHx(0) + fm - i) + 3 log(1 — [mP?) + Fie(5(1 ~ ).

The next lemma will adapt the statement from [BK19, Lemma 17| for non-linear spikes.

Lemma 3.1. There exists a linear subspace My of RY of dimension M := dim My = LN%J such that

1_ -

lim sup sup sup <ﬁVHN(m) + N)\u) -6 =0. (3.3)
N=%0 e My, |m|<1 e M [6]<1 AR floe N IV

Proof. We create My from [BK19, Lemma 17] using |f/|oou in place of hy for its construction. [BK19, Lemma

17] then implies that

lim sup sup <ﬁ;]VP~IN(m) + N|f’|oou) -6=0. (3.4)

N=0 meMp,Im|<1 6eM$,|6]<1

Since My is a linear subspace the claim follows. O

We will now prove a statement similar to [BK19, Proposition 19].

Lemma 3.2. We have for N large enough

; 1

FL(B,u) < <

sup  Fffyp(m) +
m:|m|<1

for a universal constant ¢ > 0.

Proof. We will write ¢ for fixed universal constants, where the exact value of ¢ can change over the course of
this proof. Let My be the set from Lemma 3.1. For any ¢ € RY let m be the projection of o onto My and
& = o —m € My. Recentering the Hamiltonian around m and using that |f(o-u) — f(m-u)| < |f'|so|é - u| one
obtains as in [BK19, (4.44)]

E [exp (BHx(o) + Nf(o-u))]
—E [exp (BﬂN(m) + Nf(m-u)+ BVHN(m) -6+ (f(o-u) — f(m-u)) + BHN(&)H

< [exp (Bte(m) + )+ (L0 (m) + sgn(s )l oa) -6+ 671x(6) )|
which by (3.3) is at most

M E [exp (gﬁN(m) +Nf(m-u)+ 5ﬁN(a—))} . (3.5)

Let us now condition on the projection m. Since the E[-|m]-law of & is the uniform distribution on the sphere
in the subspace My of radius /1 — [m[2, we have that (3.5) is equal to

"N E [exp (ﬂﬁN(m) +Nf(m- u)) Eyy [exp (ﬂ(l - |m|2)P~IN(J))” . (3.6)
[BK19, Lemma 18] implies that that for any C' > 0 and K > 0

1

N log Byt [GXP (ﬁN(U))} —]:K(ﬁ)‘ <

limsup sup

N—oo 8€[0,C] K’

so one obtains that (3.6) is at most

E {exp (,BﬁN(m) + Nf(m-u)+ NF(B(1 — |m|2)))} oM+ EN. (3.7)
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By [BK19, (2.9)] the projection of o € Sy_; onto My has density

1 F (%) N—-—M-2
1—|m|? 2 dm,
ey ()
—eo()
so we get that (3.7) is equal to
eO(N)‘F%N/ exp (ﬁ%\p(m) — (M +2)log(1 — |m|2)) dm, (3.8)
m:m|<1
which in turn is bounded from above by
"M+ Nexp | sup {F{«;p(m) — (M +2)log(1 — |m|2)} / dm. (3.9)
m:|m|<1 m:|lm|<1
—o(1)

Note that we can find a § depending only on 3, u and f such that the supremum is always achieved for
|m| < 1— 4, because
NBHy(m)+ Nf(m-u) + NFg(8(1 —|m|?)) < eN

for some constant ¢ > 0, and therefore we obtain that the supremum in (3.9) is at most

sup  FEp(m) + M, (3.10)
m:|m|<1
which implies that F](, (8, u) is bounded by SUp, (<1 FE o(m) 4+ o(N) + & O

The following lemma will prove the upper bound for low temperatures. We will follow the steps of [BK19,

Proposition 7]. Let us define a deterministic variant of the TAP free energy
- _ af N o0 N ] (2
Frap(m) = BHx(m) + N f(m ) + 5 8(1 — mf?)® + 5 log(1 - |m]?),
where by (3.2) it suffices to show an upper bound with this deterministic variant.

Proposition 3.3. If f € C*([-1,1]) then

. 1 .
FZ{,(B,U) < — sup Frap(m)+o(1).
meMpg

Proof. Fix K > 2. For any N > 1, we have that any local maximum m of F:5, (m) must satisfy
v'ZEW'II’(AP (m) = 07

and
V2FE p(m) is negative semi-definite. (3.11)
Recall (3.1) and note that by [BK19, Lemma 12|

Fie®) = Axl8) - 35,
so it holds that
¥ Ffp i) =07 Ay m) + N (- = N (s + 2676801~ )

—BV Hy (m) + N f'(m - uju — N2BmAx (B(1 - [m|?)).
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Thus the Hessian V2FE, (m) is equal to
BVZHN (m) + N f"(m - u)uu” — N2BAg (B(1 — [m|*))] + N4G2 N (B(1 — [m|?))mm ™,
where I denotes the identity matrix. For any local maximum m let
A= BV Hl(m) — 26Akc (01 — I )1

and
B = f"(m - wuul + 482N (B(1 — |m|?))mm?T.

Since the two matrices are symmetric and B is at most of rank 2, it follows by [Ful00, (11)] for N > 5 that
the third largest eigenvalue ax_o of A is bounded above by the largest eigenvalue of A+ B. By Vgﬁ'ﬁp(m) =
N(A+ B) and (3.11) one obtains that all eigenvalues of A + B must be non-positive, and therefore ay_o < 0.
Furthermore since %BVQINJN(m) is a diagonal matrix with 2360;,y, i = 1,..., N on its diagonal, the eigenvalues
of A are 286;/x — 2BAk (B(1 — |m|?)). This shows that

A (B —|m|*) > 0,_2,
at all m which are local maxima. [BK19, Lemma 13] states that if A (8) > v/2 — ¢ for some ¢ € (0, 2—?), then
B < %, so because 6,2 = v/2 + o(1) it follows that

9 1
B —|m| )Sﬁ

provided that N is large enough depending on K. [BK19, Lemma 14 + (4.28)] state that

52

Fr(B) - 5

lim  sup
K—oo ﬁG[O,%]

)

so that )
< B

Fr (B —[m|*)) 7(1 —[ml*)* + ek,

where limg .o ex = 0. By Lemma 3.2 we then obtain

_ 1 . c
Fl(B,u) < Nmseuﬁ Frap(m) +ex + e
B

Since both Frap(m) and Fj(f,(ﬁ, u) are independent of K we can take the limit in K and obtain the claim. O

Proposition 2.2 and Proposition 3.3 together prove (1.1).



CHAPTER III

Fluctuations of the groundstate in a spiked SSK

model

19



20 CHAPTER III. CHAP:GROUNDSTATES

Fluctuations of the ground state of the spiked spherical Sherrington-Kirkpatrick

model

David Belius, Leon Frober

The Sherrington-Kirkpatrick Hamiltonian is a random quadratic function on the high-dimensional sphere.
This article studies the ground state (i.e. maximum) of this Hamiltonian with external field, or more generally
with a non-linear “spike” term. We compute the level of the maximum to leading order, and under appropriate
condition its first- and second-order fluctuations. The equivalent results are also derived for the maximum of
the model’s TAP free energy on the ball.

1. Introduction

This article studies the maximum of a natural random quadratic optimization problem in N variables over
the sphere or ball in RY, in the presence of a possibly non-linear “spike” term. We prove a leading order
law of large numbers as N — oo, and study the fluctuations around the limit. In the context of spin glasses
[SK75,MPV87, Tall0, Pan13b] the maximum on the sphere that we study is precisely the ground state of the
spherical Sherrington-Kirkpatrick Hamiltonian [KTJ76] with external field, or more generally with a non-linear
“spike”. Our result on maximum on the ball applies to the TAP free energy [TAP77,CS95, BK19] of this
Hamiltonian.

The random quadratic optimization problem supoeRN:|U|:1{oTJa + o - v} for an N x N random matrix J
and vector v € RY constitutes arguably the most basic yet interesting high-dimensional random optimization
problem and merits special attention. The case where J is a GOE random matrix is representative. The large
deviations of this maximum has been studied in [FLD14,DZ15]. A natural generalization is to replace the linear
“external field” term o - v with f (o - v) for some non-linear “spike” function f [RM14,LKZ17,LM19, AMMNI19].
The present paper determines the leading order of the maximum for general f, and gives a precise description of
its fluctuations (i.e. its “typical deviations”). In particular Theorem 1.1 provides both a law of large numbers that
computes the order N asymptotic of the maximum, and under appropriate assumptions on f also determines
first- and second-order subleading fluctuation terms of order N*/2 and 1 respectively.

Our main motivation comes from mean-field spin glasses, and concerns the maximum of the TAP free energy,
which is a function of the form m + m®Jm + f(m - v) + g(|m|) defined on the unit ball, for a certain function
g that we recall below. Theorem 1.2 computes the leading order and fluctuations of the maximum of such a
function on the ball, for a general g. Below we discuss the spin-glass motivation in more detail.

To formally state our results, define the Sherrington-Kirkpatrick Hamiltonian
Hy(o)=VNoTJo for 0 € RN (L.1)

where J is an N x N GOE random matrix, i.e. a symmetric matrix with centered Gaussian entries J; ; mutually
independent for ¢ < j, and Var(J; ;) = %(1 + di=;). Let f:[—1,1] — R be a real function, § > 0 a constant
which we call the inverse temperature and v € RV, |u| = 1, a unit vector giving the direction of the spike. The

ground state is the maximum
Ly = sup {BHn(0) + Nf(v-0)} (1.2)
|lo|=1
over the unit sphere. Let E denote convergence in probability, A convergence in distribution, and N(u, 0?)
the Gaussian distribution with mean p and variance o2. Our result about the maximum on the sphere is the

following.
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Theorem 1.1 (Maximum on sphere). Let f € C°([—1,1]) and

B(a) = f(o) + Bv/2(1 — a?). (1.3)

(a) (Leading order) It holds that

1
—Ly 5 sup B(a). (1.4)
N a€[—1,1]

(b) (Fluctuations) If additionally f € C3([—1,1]) and B(a) has a unique global mazimizer & # 0 with B”(&) < 0,

then there exist a constant k and a matrix G such that

T
1 (U
Ly — NB(@&) — VNsUx — | shn — 2 (U%) ¢ (U¥) ] 250, (1.5)
2\, Ul

where Uy, Ul , Ay are stochastically bounded random variables defined by

TrGy : TrG2 1L 1 X
UN:\/N<’UTGN’U— N >7UN:—\/]V(UTG?VU— NN>’AN:Ni_ZI[_)\i_Z’

. 2 R -1
Jorz =2 —a7 i=22 Gy =(I-1- %)
The random variables satisfy
(Un, Up, An) = (UU', 0),

where 4 6( 2 gt 3 44
z 2R2+a 4+ 2>z
UNN(O,&Q>, U/NN(()’OA;O)’ ANN(w7OA[8) (1.6)
with (U, U") and A independent and
25(1+ a2
Cov(U,U") = — ( % ) (1.7)

The constant and matriz are given by

_ Ba2 [ 88ar (2 & 2’
"= 90 mp@ e )T\ o o))

The same holds if B(«) has a pair of global unique mazimizers £& # 0 with B(&) = B(—=&),B"(&) =
B'(-a&) < 0.

Part (a) for a linear spike functions f(z) = ha,h € R, appears in [BK19, Lemma 20| and is implicit in
[DZ15, Theorem 1.3]. In that case the maximizer & is unique and B(&) = /262 + h2. The first-order fluctuation
result of part (b) in the same linear-spike case, namely the convergence in law of N~1/2(Ly — \/m ) toa
centered Gaussian, is implied also by [CS17, Theorem 5] as explained in Remark 7.3. This corresponds to the
first-order fluctuation term v NxUy in (1.5).

Part (b) of the theorem covers the regime where the fluctuations are determined by the central limit-type
behavior of sums over eigenvalues and entries of the spike vector v, and for this reason requires & # 0. When
& = 0 the fluctuations should instead be determined by the fluctuations of the extreme eigenvalues of J (indeed
for f =0 the maximum is exactly the largest eigenvalue, which has non-Gaussian fluctuations [TW96]).

In Section 5 and 7 we give more explicit formulas for leading order and fluctuations for monomial spike
functions f, and for these determine critical inverse temperatures S where the behavior of the ground state

changes.

Our second main results concerns the fluctuations of the maximum on the ball of combinations of Hy with
a spike and a deterministic radial function. For functions f : [-1,1] - R and ¢ : [0,1] — R define

Ly = sup {BHy(m)+ Nf(v-m)+ Ng(lm|)}, (1.8)
meBN(R)
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where By(R) = {m € RY : |m| € R} and R C [0,1]. The prototypical example is the maximum of the TAP
free energy, where the function g takes a particular form and the maximum is taken only over m with |m|? in

a certain range, which is why we include the set R in the formulation (see the discussion after the theorem).

Theorem 1.2 (Maximum on ball). For f € C°([-1,1]), R C [0,1] closed and g € C°(R) let

B(a,r) = f(ra) + g(r) + priy/2(1 — a2). (1.9)

(a) (Leading order) It holds that

1 -
— Ly sup B(a,r). (1.10)
N reR,a€[—1,1]

(b) (Fluctuations) If additionally f € C3([-1,1]),9 € C3(R) and B(a,r) has a unique global mazimizer (&,7)
in the interior of R x [—1,1] with & # 0,7 # 0, and the Hessian matriz V2B(&, ) is negative definite, then

there is a matriz G such that

T
N N 1 -
Ty — Bla#) - VNkUy — | mdn — 2 (O¥) @ (V%)) 250, (1.11)
2 \Uy Uy

where Uy, Un, AN, & are as in Theorem 1.1. The matriz is given in terms of 2 = 1/2(1 — &2) by

,,»‘2h2

a pa (20 Pat
G=K" (V2B(@,f))_1K—|— (25 = 8) where K = 2pra <£2 2 ) .

0 22 a 0

The same holds if B(c,r) has a pair of global unique mazimizers (£&,7) in the interior of R x [—1,1] with
& #0, B(a,7) = B(—a,7) and V2B(a, ) = V2B(—a, ) negative-definite.

In the Thouless-Andersson-Palmer (TAP) [TAP77] approach to spin glasses one aims to extract important
information about spin glass models from their TAP free energy, which is a random function arising from the
Hamiltonian Hpy of the model. For the spiked spherical Sherrington-Kirkpatrick model of this article it is given
by [CS95, BK19]

Frap(m) = BHy(m) + Nf(v-m) + glog(l —mf?) + gﬂm —|m[?)2, |m| < 1. (1.12)

Ounly m satisfying certain conditions are believed to be “relevant” [TAP77, Ple82a, Ple82b, Sub18, BK19|. For
the spherical Sherrington-Kirkpatrick model the only needed condition is Plefka’s condition, requiring that
V2B(1 —|m|?) < 1. [BK19]. The maximal TAP free energy over m that satisfy Plefka’s condition is of the form
(1.8) with g(r) = 2 (log(1 —r?) + 82(1 —r*)?) and R ={r: 72 > 1 — f%ﬁ} In Sections 5 and 7 we determine
more concretely for this ¢ and monomial f when the conditions of Theorem 1.1 and 1.2 are satisfied and what

the resulting formulas for leading order and fluctuations are.

1.1. Fluctuations and the TAP approach

The SK model and its variants consist of a high-dimensional spin space such the sphere {o € RV : |o| = 1} and
a random energy such as SHy (o) + N f(o - v) associated to each spin configuration vector o, where Hy (o) is a
high-dimensional Gaussian field of which Hy (o) from (1.1) is a special case. From this energy one constructs the
Gibbs measure, which in the case of a spherical spin space is the probability measure with density proportional
to the Gibbs factor exp(BHy (0)+ N f(o-v)) with respect to the uniform measure on the sphere. The normalizing
factor of the measure is known as the partition function and usually denoted by Zx. The vector ¢ sampled
according to the Gibbs measure models the spins of exotic magnet materials, or other complex phenomena
in related models [MPV87, MMO09|. The ultimate goal of the area is to describe the behavior of ¢ sampled

according to the Gibbs measure.
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For the general class of mixed p-spin Hamiltonians Hy [Der80, GM84b, Tal00, AA13] this is a formidable
task that is far from being accomplished. In the general case the “geometry” of the random landscape Hy is
extraordinarily complex [Fyol5, AA13, AAC13, Sub17a], and this is expected to be reflected in the behavior of
the Gibbs measure. The Sherrington-Kirkpatrick Hamiltonian (1.1) is the special case of a 2-spin Hamiltonian,
which when combined with a spherical spin space has significantly simpler behavior, and is much easier to study
due to the spherical symmetry and quadratic nature of the Hamiltonian allowing many explicit calculations
that are impossible in general. As such the 2-spin setting provides a valuable testing ground for new ideas
and techniques. The motivation for this paper is to use the 2-spin spherical Hamiltonian as a starting point to
explore fluctuations in spin glasses via a TAP approach.

A first step in understanding the Gibbs measure is computing the free energy which is the limit of % log Zn
as N — oo, i.e. the rate of exponential growth of the partition function. Knowledge of the free energy morally

—o(N) under

speaking corresponds to knowledge of which regions of the spin space have probability at least e
the Gibbs measure, rather than exponentially small probability. Finer estimates for the free energy, such as
lower order corrections and fluctuations, morally correspond to finer knowledge of the Gibbs measure. There
are several approaches to computing the free energy [Par80, Gue03, ASS03, Tal06a, Tal06b, Con13,Pan14,Chel3].
In the TAP approach one expects that the free energy is roughly speaking given by the maximum of the TAP
free energy Frap(m) of the model. The final term of Frap(m) is called the “Onsager term”, and the Frap(m)
of general mixed p-spin spherical models coincides with (1.12) but with a more general Onsager term. The TAP
approach for general models is under active investigation [Boll4,Bol19,BY22,Sub17b, CPS22,Sub21, Bel22] and
the correspondence between free energy and maximal TAP free energy is proven mathematically rigorously
without appealing to powerful machinery like the Parisi formula only in a few cases [Sub21,BK19, BFK23]. One
of these is the spherical 2-spin case of this paper, where the free energy was computed completely within a TAP
approach in [BK19].

From the point of view of the TAP approach the fluctuations of the free energy should arise on the one
hand from the fluctuations of the maximum of Frap, and on the other hand from the fluctuations of certain
“local” integrals (over “slices” in the terminology of [BK19, BFK23,Bel22] and over “bands” in the terminology
of [Sub17b, Sub18, CPS22[; the Onsager term of Frap describes the leading order behavior of these integrals).
In this article we completely determine the former kind of fluctuations for the spherical 2-spin model, to the
highest degree of precision that is plausibly relevant for the study of the fluctuations of the free energy and
Gibbs measure. The analysis of the latter type of fluctuations, and consequences for the fluctuations of the free
energy, are left to future work.

See for instance [ALRR7, BKL02, Cha09,BL16,CS17,5Z17, BCWDW20, Lan20, .520, BB21, BS22b] for work

on fluctuations in spin glasses from a non-TAP point of view.

1.2. Sketch of proof

In this subsection we give a brief sketch of our arguments. To prove Theorem 1.1 we diagonalize the matrix J
and obtain that

N N
%LN = sup {ﬁ;[HN(U) + f(v- o’)} 4 |51|1p {BZ)\Z'G‘? + f (Zuim) } , (1.13)
=l =1 i=1

jo|=1

where A1 < ... < Ay are the eigenvalues of M%J and u is the spike vector v written in the diagonal basis.
By the orthogonal invariance of J the vector « is uniform on the sphere and independent of the A;. Next we

decompose the maximization in (1.13) according to the value of Zfil u;0; to obtain

N
1
—LyZ sup f(a)+ B sup g Nio? 5. (1.14)
N ac[—1,1]

o|l=1
zlﬂl:a i=1
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In the proof of Theorem 1.2 we use the similar identity (3.4) for %Ii ~ where the outer supremum is also over 7.

We then solve the constrained optimization problem in (1.14) using Lagrange multipliers, and obtain the

identity
su gN Nio? = inf {1 — ot for sy (l) = EN u (1.15)
|”|:f)1 i=1 ERESY sxu(l) T — N '

provided |a| > |un| over I > Ay. This reduces the high-dimensional optimization over o € RY to a low-
dimensional one. We recognize the random function sy ,(!) as the Stieltjes transform of the empirical spectral
distribution of J weighted by u2. It is easy to see that it converges to the Stieltjes transform of the semi-circle
law s(1). In our normalization it is given by s(I) = I — v/I2 — 2, and also Ay — /2 in probability. We thus
obtain from (1.15) a limiting optimization problem which is explicitly solvable:

inf {l - 0[2} =v2(1 - a?), (1.16)
1>v2 s(0)
cf. (1.3). To prove the leading order results Theorem 1.1 (a) and Theorem 1.2 (a) it suffices to approximate
the infimum in (1.15) by that in (1.16). For this purpose we obtain in Section 4 sufficiently uniform estimates
for the convergence of sy ., (1) to s(I), and combine these with a simple ad-hoc argument for |a| < |uy| to prove
Theorem 1.1 (a) and Theorem 1.2 (a).

For the fluctuation result Theorem 1.1 (b) the assumption that & # 0 makes the identity (1.15) hold in a
neighborhood [& — €, & + €] of the unique maximizer & with high probability, and using this the maximum can

be written exactly as the minimax

1 a?
— Ly = sup inf h(a,l, sx4(1 for h(a,l,g9) = f(a +ﬂ<l>.
N agla—c,ate] > N ( aull)) ( ) (@) :

A similar function h((e,7),l, g) gives a similar “high probability” identity for %i ~ (see (6.2)). Therefore both
Theorem 1.1 (b) and Theorem 1.2 (b) can be proved by studying fluctuations of

inf A(y, 1, sxu(l)), 1.17
sup fnf h(y, L, sru (1)) (1.17)

for a general function h(y,l,g) where y € Y C R*,n > 1 and £ C (v/2,00), under the assumption that the
limiting minimax sup, ¢y inficz h(y, [, s(1)) has a unique optimizer (g, Z) In Section 4 we study the fluctuations
of s (l) around s(I) using a combination of central limit theorems for sums over eigenvalues and the entries of
the spike vector v. We then expand h(y, 1, sx (1)) quadratically in these fluctuations and in y, [, around the point
§,1,5(1). The first- and second-order fluctuations of (1.17) are obtained by solving the minimax optimization

for this approximating quadratic, leading to the proof of (1.5) and (1.11).

1.3. Organization

In the preliminary Section 2 we recall some useful results about the GOE random matrix and its eigenvalues.
In Section 3 we use Lagrange multipliers to reduce the optimizations over o in Ly and Ly to low-dimensional
optimization as described in the sketch above. In Section 4 we prove uniform leading order estimates for the
convergence of sy (1) to s(I), and deduce from these the leading order estimates Theorem 1.1 (a) and Theorem
1.2 (a). Then in Section 5 we provide some concrete examples of f and ¢g to which the leading order results
apply. In Section 6 we study the fluctuations of sy ,, and use this and the quadratic expansion described in
the sketch to prove the fluctuation results Theorem 1.1 (b) and Theorem 1.2 (b). Finally in Section 7 we apply

these to study the fluctuation for the examples of Section 5.
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1.4. Notation

We use the following notations, in addition to those already introduced before Theorem 1.1. The unit sphere
is denoted Sy_1 = {0 € RY : |o| = 1}. Furthermore we write Op and op for probabilistic versions of the
standard notation for the order of quantities as N — oo. More precisely we write Xy = Op(T(N)) if Xn/T(N)

is stochastically bounded, i.e. if

- | Xn| >
lim limsupP | ——= >z ) =0, 1.18
oo N%oop (T(N) B ( )
and Xy = op(T(N)) if
IXn| P
T (1.19)

2. Random matrix preliminaries

In this section we recall some standard results about the eigenvalues of the GOE. We denote the semi-circle law

on [_\/Z \/i} by

pee(dr) = Y222 4 (2.1)

™

Let 01/n,...,0n/N € [—\/5, \/5} be given by

[ ) = % (22)
_\/ﬁ SC N7 .

which are sometimes called the classical locations of the eigenvalues of J. From e.g. [EY Y12, Theorem 2.2| we

know that the eigenvalues concentrate around these, i.e.:

Lemma 2.1. For anye >0 and allk € {1,...,N}

I\ — Og/n| < N7+ min {k_

ol

=
|

&y
S~—"
|

wlm

——

with probability tending to one as N — oo.

In particular
Av 5 V2 and A 5 —V2. (2.3)

It is elementary to estimate sums of the classical locations with integrals over the semi-circle law. The next

lemma records this.

Lemma 2.2. For all w € C! ([—\/5 —&,V2+ 6]) it holds that

N NS 1
1 2v2[w' | oo
y vl - [ ) e ()] < 2R (2.4)
=1 -
Proof. Tt follows from (2.2) that
V2 N 0i/n
| w@netdn) =3 [ wplde)
V2 i=1 Y O0i-1y/N
N 1 | X
= ;w(oi/N)N + E(W)N ;(ei/N —0G-1)/N)s
where £(w) € [—|w |0, || o] O

The next lemma is concerned with fluctuations of sums over the eigenvalues.
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Lemma 2.3. Ife >0 and w € C([—v2 —&,v2 +¢])

N
> win) / Dee(dz) <5 N (m(w), v(w))
where
Cw(V2 )+w(—\/§) 1 [V? 1
m(w) = 27T/\/§w(x)mdx

27r2/ / ( Iy<y)) \/%jg_ifdmdy'

Proof. Let 5\1, e AN 4 V21, ..., V2AN and fige the measure of the semi-circle law on the interval [—2,2]. By
[BY05, Theorem 1.1] with k = 0% = 2 and 8 = 0 it holds that for differentiable w

with expectation

w _ 1
Fn(w):f——/ w(2t) ! > dt

2w —1 1—1¢

Y 4—ts+VA— 24— ¢2
) =55 w'(s)w' (t) log dsdt
2m2 [ 5 /) o 4 —1ts — 4 — 524 — 2

By a change of variables we immediately get m(w) from fn(w(%)) For the variance we can show that the

and variance

expressions match by using integration by parts twice. Note that

Qlog 4—ay+ Va4 —a?\/4—y? _ s V4 — 2
dy 4—azy—Vi—a2\/4—y? 4—y*(z—y)

and

0 4 —x2 4 —zy

0 \I—P(x—y)  VI-22/E— gz —y)?

which gives

2 2
_ 2 4—zy
/_ 2 / (w(@) — w(v)* ey

2 2
2 _yia® Ve
) -w)? L]~ [ 2 wle) - wl) w2 T)dx> 0

(w(z) —w(y)) w'(z) log <::Ztgﬁﬂ z— 2

2
’ ’ 4—zy+vVad—x2+/4—y?
+ [2w (y)w'(z) log <4zymm>dy> dz

4—ay+VI—a2\/4—y?
/ / z) log <4zy\/m\/m> dydzx.

—

By a change of variables we thus get the expression v(w) from v(w(—==")). O

NS
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3. Reduction to a low-dimensional optimization

In this section we start the proof of Theorem 1.1 and Theorem 1.2 by applying the method of Lagrange
multipliers to the original high-dimensional optimization problem and as a result reduce it to a low-dimensional
optimization problem.
Recall from (1.2) that
Ly = sup {BHn(0) + Nf(v-0)} (3.1)

lo|=1

where v is a fixed unit vector. We have

N N
—LN = sup {ﬁz )\1-02-2 + f <Z aiui> } , (3.2)
i=1 i=1

lo|=1

where A\; < Ag < ... < Ay are the eigenvectors of ﬁ] and u = (uq,...,uy) is v in the diagonalizing basis of J.
Note that u is a random unit vector uniform on the sphere, independent of A1, ..., \n. We can rewrite (3.2) as

1
—Ly= sup [ f(a)+f sup Z Nio? b (3.3)
N a€e[—1,1] ;

Similarly, using the substitution m = ro with r = |m| for |o| = 1 in (1.8),

1 -
—Ly = sup flar) + g(r)+ Br* sup Nio? 3. 3.4
N reR,ag[-1,1] (ar) ") Z (34

The next lemma will in turn rewrite the inner supremum of (3.3), (3.4) in terms of the Stieltjes transform

of the weighted empirical spectral measure

N
Hxu = Zui(S)\i. (3.5)
i=1

Recall that the Stieltjes transform of a measure p on R is given by

) = [ 5l (3.6)

for [ outside the support of i, so that

Sun () =D 7 iLA (3.7)

i=1 v

In the interest of compact notation we drop the p and write
SX\u = Spuy - (3.8)

We can now formulate our result on the inner optimization in (3.3), which is an exact identity if |a| > |uy]|
and a bound that is sufficient for our purposes if || < |un|. This and all further results in this section hold
deterministically for any u € Sy_; with u?,...,u% € (0,1) and —c0 < A1 < ... < Ay < o0.

Lemma 3.1. For any A\ < ... < Ay and uq,...,uny € (—1,1) \ {0} with vazl u? =1 it holds that if 1 > |a| >
|lun| then

o2
= f — . .
sup g \io? g}\N {l s;Hu(l)} (3.9

|<71L 153
If a € [~|un|, |un|] then

2
AN = i (An = A1) < sup ZA o7 < AN (3.10)

V1—ug lo|=1 5=}

orUuU=x



28 CHAPTER III. CHAP:GROUNDSTATES

In the proof and later we will consider the function py : [Ay,o0) = RT given by

N -1
1 @7 u?
l)=-— = — ! for I > A A1
=0 @Z—Ai) ort AN (3.11)

which satisfies
en(l) = 0asl| Ay (3.12)

when uy # 0, so that defining pn(An) = 0 makes ¢ a continuous function. Note that for I > Ay

1 N u;
oy Sl oo Tt ws

SDN( ) - Sx (l)Q - N w2 2 (313)
so if uy # 0 .
() = 0 for I | Ay, (3.14)

so that ¢y is also differentiable on [An, 00).

Proof of Lemma 3.1. Starting with the main case (3.9), note that introducing Lagrange multipliers we have

N

~ No? < inf sup L (0,1,7), 3.15
sup ; of < jinf, sup Z(o0.7) (3.15)

1
where
Lo,l,r) = ZZI\LI No? —1 (Zivzl o2 — 1) -7 (Zf\il ol — a)
Zil\il (N —Do? —ruio;) + 1+ ar.

Furthermore if there are some [, € R,0 € RY achieving the minimax on the r.h.s. of (3.15), then these (o,[,7)
are a critical point of . and in fact (3.15) with equality.

When [ < Ay then sup,cpn £ (0,1,7) = co. The same is true for [ = Ay and r # 0. For I > Ay, r =0 we
have sup,cp~v -Z (0,1,0) = Ay. Thus

nf sup &£ (o,l,1) = An. (3.16)

i
Lr:l<An or r=0 ocERN

Now consider the remaining case | > Ay, # 0. In this case sup,cpnv -Z (0,7, 1) is maximized by

1 ru;
o br) =557
for which
1L 242
Z (o (T’Z)’r’l):l+ar+121—)\i'

Since « # 0 by assumption we have

2

inf sup .Z (o,l,r) = inf l—i—ar—l—ﬁz]v: i . —
7'75006Rp1v B _rgéO 4 7;:117)\2' o ZN ui ’

where the infimum is attained at r* (I) = —2—%—— # 0, for which

N
i=1T—X;

ZL (o (1,r*), L (1) =1+ a2pn(1). (3.17)

We have
I+ a?on(l) >1—a?(l—\) ‘al—flooaslToo, (3.18)
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and recalling (3.12) we have | + a?pxn(l) — Ay as [ | Ay. Furthermore by (3.14)

2 |a|>|un
i{l+a2<pN(l)}—>1—a—2 | ‘><| ‘Oaslix\]v, (3.19)
dl Uy

so the infimum of (3.17) over | > Ay is attained at some {* > Ay, and we obtain

o

inf l,r)= (Ao, (%)= inf {l— ———— AN
lw:l;ﬁlN’#Oasetﬁ{pr(a, ;7)) =2 (o7 (5r7), 17,7 (1)) = Inf S < AN
Together with (3.16) this proves that the minimax in (3.15) is indeed attained at some I*,7* € R, o* € RY, so
(3.15) holds in equality and (3.9) follows.

Next considering (3.10) note that the upper bound is trivial, and the lower bound follows by plugging in

o = l—o en + (a — /= uN) u (3.20)

2 2
1—uy, 1—u%,

where ey = (0,...,0,1), which satisfies |0| =1, 0 - u = @ and 0%, > 1 —u% (1 + L ) so that

\/lfu?\,

N

1
Z)\iO'Z-Q Z )\NO']QV + )\1(1 - 0']2\,) = )\N - U?V (1 + 12) ()\N - /\1) . (321)
i=1 Uy

O

We now prove a few results about this minimization problem. The next lemma shows that the map [ —

—s, ()71 is convex for any measure y, so in particular ¢ (1) is convex. Note that for any y and k € N
&)y B:6) o\ 1
s, (1) =" (=1)"k! L= x)kﬂu(dm). (3.22)

Lemma 3.2 (Convexity). For any A € R and measure p on R with support contained in (—oo, A] the map

l— *%(1) is convex in (A, 00). If the support of p is not a singleton it is strictly convex.
I

Proof. For [ > X the second derivative equals

"

(_ 1 )”:su(l)—%;(l)%u(l)
s, (1) su(l)? '

Letting w(z) = = and using (3.22) the numerator equals

2 [ wlautae) -2 | w<x>2u<daz>)2 [w@ntan),

Since w(z) > 0 on the support of w it holds that [w(z)u(dx) > 0, and dividing through by this quantity we

) (J‘w(mm(dx) ) <IW(x)2u(dw))2> |

obtain

Jw(@)p(d) Jw(@)p(d)

This is non-positive by the Cauchy-Schwartz inequality, and equals zero only if w(z)?

is constant on the support
of p, which is only the case if the support of p is a singleton. O

The previous lemma implies the following about a general version of the minimization in (3.9).

Lemma 3.3 (Uniqueness). Let u be a real measure with support which is not a singleton and is contained in
A, Ay for —oo < A_ < Ay < co. For any o < 1 there is a unique I* > Xy that achieves the infimum of

2
wt {1- % )
>4 Sy](l)

and I* > Ay iff o® > limy 5, fgflzf) If a = £1 then the infimum equals [ Au(d)\) and is achieved for | — .
"
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Proof. If a = 0 then [* = A, is the unique minimizer. If o® € (0,1) then I + a?/s,(I) is strictly convex for
l € (Ay,00) by Lemma 3.2, and similarly to (3.18) it holds that | — a?/s,q) > 1 — a*(l — A_) — oo for | — oo.
This implies that there is a unique minimizer in [A;,00). The minimizer is Ay iff limy) %{l —a?/s,()} >0

iy, o , 5400
Al m o

and

giving the condition in the statement.
For o = +1 it follows from (3.6) and (3.22) with & = 1 that the r.h.s of (3.23) converges to 0 for I — oo,
which together with the convexity shows that the infimum is achieved for [ — oco. Taylor expanding ﬁ yields

1 1 )\2
su(l) = 7 + B /)\ﬂ(d)\) +0 ( ) for i > Ay +1, (3.24)
from which one can verify that the limit for I — oo is [ Au(d\). O

In particular for the minimization in (3.9) we obtain the following from the previous lemma and (3.13)-(3.14).

Corollary 3.4 (Uniqueness for on). For any o < 1,\ < ... < Ay, u?,...,u% € (0,1) with Zil u? =1 there

18 a unique I* > Ay that achieves the infimum of
: 2
lér}\fN {i+a*on(1)},

and I* > Ay iff «® > u%,. If a = &1 then the infimum equals ZZ 1 ug 2)\; and is achieved for | — oco.
From Lemma 3.1 and Corollary 3.4 we obtain the following.

Corollary 3.5. For any A1 < ... < Ay, u3, ... € (0,1) with Z _,u? =1 it holds that

a? u?
sup | sup Z/\O’ — inf {l— } <2(An — A1) Al

a€[-1,1] | Jo|=1 5= I>AN sxu(l) /1 _u%["

Proof. Note that the difference is exactly zero for |a| > |uyx| by (3.9). For |a| < |uy| it follows from (3.10) that

N
sup Z )\iaf — AN

ocu=a’
=1

2
<20y — Ap) Y

\/1—1@\,'

Also Corollary 3.4 implies that if |a| < |uy| then I* = Ay and therefore

a?
inf 41— - L.
W {l SM(Z)} AN

4. Leading order behavior

In this section we will study the behavior of Ly and Ly to leading order, proving Theorem 1.1 (a) and Theorem

1.2 (a). These are in fact immediate consequences of (3.3), (3.4) and the following proposition.

Proposition 4.1. It holds that

sup | sup Z/\O —/2(1 - a?) 5o. (4.1)

ag[-1,1] joru=a ™
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Thanks to Corollary 3.5 and the facts that un % 0 for u uniform on the unit sphere, and that A1, Ay are

stochastically bounded, this in turn is a direct consequence of

inf {z- 0‘2} —V/2(1 = a?)

P
. 4.2
I>AN sxu(l) =0 (4.2)

sup
a€[—1,1]

The goal of the section is thus to prove (4.2) and therefore Proposition 4.1.
To do so we will show laws of large numbers for sy ,, (1) and its derivatives in the first subsection, and in the

second subsection use them to compute the infimum in (4.2).

4.1. Law of large numbers for weighted Stieltjes transform

In this subsection we give a leading order estimate for s , (), showing roughly speaking that sy ,(I) = s,..(]).
The following notations and results will also be useful later to handle the fluctuations of sy, (!) and Ly, Ly in

Section 6. To approximate sy (1) by s,.. () we use the Stieltjes transforms of the measures

1 1 & 1
U = N Za)\ia e = N 269”1\]; o = N ZU?(SG,WW (43)
i=1 i=1 =1

where the first two are empirical measures of random eigenvalues and deterministic classical locations (recall
(2.2)) respectively, and pg ,, is a randomly weighted version of ug, cf. (3.7). As we already have for the Stieltjes
transform of uy ,, we use the abbreviations (see (2.1), (3.6))

\/5 1 2 — 1‘2 N 1
RS
vz -z ; ;

s(l) = sp.. (1) =

1 1 T & u? “4)
89() SHG() Nl:zllfaz/N7 807 () Sﬂe,u() Nl:zllfez/N
The integral for s({) in (4.4) can be computed explicitly yielding the following useful identities
S(Z) = 1-VI*- 2, 5(1)(l) = - lzli;27
(4.5)
@) = 2 @) = 6l
SO0 = —2, SO0 = -,

for all k € N and [ > /2. The two identities on the top row play a role in the study of the leading order here,
and the higher derivatives on the bottom row will play a role in the study of the fluctuations in Section 6. Note
that

5(V2) = V2, 5(1) is decreasing on [v/2,00), and lim s(I) = 0. (4.6)

l—o0
We record the following direct consequence of Lemma 2.1, comparing weighted sums over eigenvalues with

the corresponding sum over classical locations.

Lemma 4.2. For any § > 0 we have

P (Vw € CH[-V2—e,V2+e]),u€Sn_1:

N N
Zu?w (\i) — Zufw (9¢/N)
i=1 i=1

< |u/|OON—§+5> =1 (47

The following approximations are a consequence of the previous lemma and Lemma 2.2.

Lemma 4.3. Lete,6 > 0 and k € N. It holds uniformly for all | > /2 + ¢ that

\sg’”(z) - s(k)(l)’ -0 <]1[> : (4.8)



CHAPTER III. CHAP:GROUNDSTATES

§+5).
1 (k+1)! (4.11)

<Vl > V2+e: ’
RO
(4.12)

(
0
The following lemma gives a law of large numbers for sums over the classical locations or eigenvalues, weighted

32
and
NG g
sgrall) = 5300 + Or
Proof. Let w(l,6) = %5 and fix some k € N. By Lemma 2.2

‘sék)(l) B s(k)(l)‘ - SUD, [ /3,v3] lwk+D (1, z)| - 1 (k+1) 1

N N (1 - \/§)k+2 N ck+2

for all I > /2 + £, which implies (4.8). On the event that Ay < v/2+ £ we have by (4.7) that for any § > 0

s - sB0| < 2<f£§”N5+6) .

(k ()| proves (4.9). O
L(l) — 5(")(1) in probability

., u3;. It implies in particular that 5( )(l) — s®)(1) and s
(4.13)

implying (4.10). The same argument for |s
Lemma 4.4. Lete >0 and w € Cl([ V2 — g, V2 + e]). Let u be a random vector uniformly distributed on the
) pse(da),

by the random u7,

sphere. Then as N — oo
=1
N

Z w(\;)u? SN

i=1 V2
%I with @y, ..., ax ~ N(0, ) i.i.d.. We then have

V2
) = | w@peds) + of)
2

(4.14)

and
Proof. Construct u by setting u; = |
N LN
E 0;/n)i7 | = —
o] - 3

O

=1

by Lemma 2.2 and since Var (Nu ) =2
N
Var (Z w(b;/n)U;
The second claim then follows from Lemma

E 0 2 — v . d N
> ( Z/N) 2 /\/iw( ) sc( CL’) as — 00
(1) to s (1)

Therefore
and since also |@| — 1 in probability the claim (4.12) follows
4.2.
The previous lemma implies the following uniform convergence of s
Lemma 4.5. Let e, >0 and k € N. For anye > 0,L > 2
sup sgfi(l) —s® )] = op(1).
l€[V2+e,L]
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Proof. Firstly, by Lemma 4.4 and a union bound it holds for all § > 0 that

lim sup P (’séki(l) - s(k)(l)’ > (5) = 0.
N=00 e\ /ate, LINGZ ’

Secondly, since | — m is Lipschitz for [ > /2 + ¢ so are séki(l) and s*)(1). These two facts imply the

claim. -

Remark 4.6. (a) Though we do not need it here, it is easy to argue that the convergence is uniform on
[V2 +¢,00), since lim;_, o0 s,gk)(l) =0 for all k and p with compact support. (b) In Section 6.2 we strengthen
the bound to Op(N~Y/2), as this is needed to study the fluctuations of Ly and Ly (see (6.26)).

The estimate (4.10) and Lemma 4.5 together imply that for all e > 0, L > 2,
sx.u(l) — s(1) uniformly in probability on [v2 + ¢, L]. (4.15)

The next lemma deduces from this that also sy ,,(1)~ — s(I)~! uniformly, and here we do take care to prove it
for an unbounded interval.
Lemma 4.7. For all € > 0 it holds that

1 1
sxu(l) s

sup
I>V2+e

Proof. From (4.5) it follows that s(I) = (7! 4+ O (I73) for { large. Similarly from (3.24)

0] NouZN 3
1 i1 Ui i max(| A1, |A
S)\;u,(l) = 7 + —< l21 ) + O (aX(| ;:l | N|) ) )

for all w € Sy—1 and I > Ay + 1. By Lemma 4.4 with w(x) = « it holds that EZ\LI uZN; — f_\?@ ZTpse(dr) =0
in probability, and since also A1, Ay are stochastically bounded it follows that for each n > 0 there is a large

el <11>‘ - Z) -

enough L such that

lim P (sup
N—oo I>L

Furthermore (4.15) implies that

1 1 ‘

sau(l)  s(D)

lim P sup
N—oco lE[\/§+E,L]

giving the claim. O

4.2. Leading order estimate for Lagrange optimization

We now use the laws of large numbers to study the optimization problem

. o?
e {-sm) 1

from (4.2). The law of large numbers sy (1) — s(I) leads us to consider the limiting optimization problem

e fi- i

The next lemma solves this limiting optimization.
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Lemma 4.8. For all a € [—1,1]

lirlji{z - SO(‘;} =201 - a?), (4.18)

and if a € (—1,1) the unique minimizer is

(o) = ——, 4.19
@)= s (1.19)
while if a = £1 the infimum is achieved for | — oc.
Proof. We have
d a? s'(1) (a5 1 a?
Zdl - =V 14402 ="1—a? =1-— 4.20
dl{ 8(1)} BOE a(l— 12 —2) V22 1— a2’ (4.20)

where the last equality comes from the change of variables [ = % (x + xil) for which vI2 — 2 = % (x — xil).
If o € (—1,1) the critical point equation thus has unique solution z = /1 — @? which yields (4.19). The claim

for a? = 1 follows from the general Lemma 3.3, or since the derivative (4.20) is negative for all I > /2. O

We recognize on the r.h.s. of (4.18) the term that (4.2) claims is the limit of (4.16). To prove (4.2) we thus
need to approximate the random optimization (4.16) by the limiting (4.17).

From the explicit formula (4.19) it follows that minimizer in the limiting problem (4.17) is bounded away
from /2 if a is bounded away from zero, and bounded if « is bounded away from +1. Formally, for all § there
exists a € > 0 such that I(a) > 2+ ¢ if |a| > § and I(a) < e ! if |a| <1 -6, and thus

inf {l—%} if o] > 6,

a? } A>V2t
inf Sl—— )= =vare 4.21
)\>\/§{ s() inf {l - C;—l} if o] <1—6. (4.21)
AE[V2,e71]
The next lemma shows that this also holds for the random optimization problem (4.16).
Lemma 4.9. Let y(a,l) =1— #jm For each § > 0 there is an € > 0 such that
lim P( inf ,0) = inf A, Va:lal>6 ) =1 4.22
Jim P (it e = inf y(a.0), v ol 2 ) (422)
and
i i = i : <1- =1 .
ngnOO]P’ <l;r§\fN y(o, 1) le{)\lj{}’l;l]y(oz,l)7 Va: o <1 5) 1 (4.23)
Proof. For any | > /2 and a
1)
s .0 p s(1) o2
0 l)=1 . 1 22—l ———— =it
wlel) =14+ a” o tam i LT Y S0 1— 1s(1)2 (a.)

where the final expression follows by (4.20), since inverting the change of variables [ = %(z +271) used there
yields z = %(l —VI2=2)= %s(l) By (4.6) the r.h.s. tends to —oo if I | v/2 and a # 0, and to 1 — a? > 0 if
11 oo and |a] < 1. Thus there is an € > 0 small enough so that

t(0,V2+¢) <0 and t(1—68,¢e71) >0.

(1)
>\.u(

iz is negative for all [ > Ay (see e.g. (3.13)) we have dyy(a, V2 +¢) < 9y(8,v2 +¢) for |a| > & on
the event v/2 4+ & > Ay (which has probability tending to one). It follows that

Since

lim P (8ly(a,\/§+€) <0, Va:l|of> (5) =1
N—o00
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Since y(a, 1) is almost surely convex in | > Ay by Lemma 3.2 the claim (4.22) follows. The claim (4.23) follows
similarly since 9jy(a, v2 +¢) > Oy(1 — 6,v/2 +¢) for |a| <1 -6 (if V2 + & > Ay), so that

lim P (Qy(e,e™') >0, Va:|a|<1-4§)=1.
N—o00

O
We can now compute (4.16) for a bounded away from zero.
Lemma 4.10. For all 6 >0
sup inf {l - o } —2(1 —a?) 50 (4.24)
ag[-1,1]:6<al [I>AN sxull) ’ '
Proof. If we pick e small enough depending on § then by Lemma 4.7 and (4.22)
2 2
sup inf {la} inf {la} gO,
a€[—1,1]:|a|>8 I>AN SA,U«U) I>V2+e S(l)
while by (4.21) and (4.18) also
P e iV 2) for all 5
in ———= = 1n — —— ¢ =vV2(1 —a?) for all |a| > 0.
12«/§+e{ S(l)} l>¢§{ 5(1)} ( ) o=
O

Next we estimate (4.16) for a close to zero.

Lemma 4.11. There is a universal constant ¢ such that for all § > 0

- o’ 5
R v} RERE

N—oo0 ac[—1,1]:|a| <5

lim P ( sup > c5> =0. (4.25)

Proof. If |a| < § then

V2> inf {l— o }> inf {Z_s,\f(l)}g\/m:\/i+0(6)’

I>Ay Sau() ] Tisan

where we used Lemma 4.10. Since also 1/2(1 — a2) = v/2 + O(§) this implies (4.25). O

Proof of Proposition /.1. The convergence (4.2) is a consequence of Lemma 4.10 and Lemma 4.11. By Corollary

3.5 this proves (4.1), since uy — 0 in probability and A, Ay are stochastically bounded (see Lemma 2.1). O

This also completes the proofs of Theorem 1.1 (a) and Theorem 1.2 (a), since as already mentioned the

former follows from (3.3) and Proposition 4.1, while the latter follows from (3.4) and Proposition 4.1

5. Examples: Leading order

In this section we consider some important special cases where specific choices are made for f and ¢ and
characterize the maximizing o and r as explicitly as possible. Later after proving Theorems 1.1 (b) resp. 1.2
(b) about fluctuations we will see that they also apply to these examples.

Recall

B(a) = f(a) + V281 — a2
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We will first consider the ground state Ly on the sphere for monomials f(x) = ha*. Define for h > 0
00 for k=1,
Be(k,h) == { V2h for k =2, (5.1)
k
h_ k— B

Let also for k£ > 3
hk (k — )

(
V2(p-1)E

The next lemma shows for monomial f that B(«) has a unique maximizer & for 8 # fS.(k, h), where & = 0
if 8> B.(k,h) and & > 0 if 8 < Be(k, h).

Be (kyh) = > Be (K, h). (5.2)

Lemma 5.1 (Ground state on sphere for monomials). When k =1 then for all B > 0
sup B(a) =+/h?+252,
a€e[—1,1]

and the unique local and global mazimizer of B («) is o = T

When k =2 and 8 > . (2, h) the unique local and global mazimizer of B (a) is o = 0 and when B < B.(2,h)

Ba)=h+ 2
sup =h+ —
a€g[—1,1] 2h

and the unique local and global mazimizers of B (a) are o = £4/1 — %
When k >3 and 8 > B. (k,h) the unique local and global mazimizer of B (o) is . =0. When B < Be (k, h)

let & be the largest solution to
2
2(k=2) (1 — 2 b )
« ( ) <hk‘) ) (5 3)

which is the unique solution to the equation in ( i f, 1), Then o = 0,0 = & are the only local mazimizers of
B(a) in [0,1]. When 8 > 8. (k,h) the global mazimizer is & = 0 and when 8 = B, (k,h) both o =0 and a = &
are global mazimizers, and when B < 3. (k,h) the global maximizer in [0,1] is é&.

When k > 4 and k even then o = —& is also local resp. global mazimizer and the unique one in [—1,0), and

if k> 3 and k odd then there are no local mazimizers in [—1,0).

Remark 5.2. Also when k =1,2 and 8 > B. (k,h) the unique global mazimizer is a solution of (5.3) (in fact

the unique solution).

Proof. Since B’ (o) — —oo for @ — +1 a non-negative maximizer must exist and it must be a local maximizer
of B(a) in (—1,1). We have

B’ (a) = hka*~! \[ﬂm

For k odd we have B’ (o) < 0 for o € (—1,0), so there are no local maximizers in that interval. If k is even and
thus B is symmetric, every local or global maximizer —a < 0 must correspond to +a > 0 that is also a local
resp. global maximizum of B. Thus we may now restrict attention to « € [0, 1].

For k =1 and all 8 > 0 we have that B’ (a) =0 < h— \/56\/L = 0 has the unique solution \/#7262

which must then be the unique local and global maximizer of B (a), and indeed B (\/’277252) = h? + 242, This

completes the proof in the case k = 1.
For k > 2 we will use that

" (o) — — 1Dk 2 = __.
B (o) = b (b= 1) 7 = V2
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When k = 2 then B/ (0) = 0 for all . If 3 > B.(k,h) then B/ (o) =0 <= 2ha — \@ﬂﬁ = 0 has
no non-zero solutions, so @ = 0 is the unique local and global maximizer. If k = 2 and 5 < S, (k, h) then the

unique positive solution of B’ (o) =01is y/1 — %, and

ﬁ2 B ﬂQ_ \/>h ﬂ B
B( 1—) h+2}12_\/§<,6+\/§h>>\/§ﬁ_8(0)7

so this is the global maximum. Also B” (0) = 2h — /23 > 0 so a = 0 is a local minimizer. This completes the
proof in the case k = 2.

If & > 3 then o = 0 is always a local maximizer of B («). Also the Lh.s. of (5.3) is maximized at o = \/Z—?,
so when 3 > B, (k,h) then using (5.2) the Lh.s. of (5.3) is smaller than the r.h.s. for all o, so the equation has
no solutions and « = 0 is the unique maximizer. When g = BC (k,h) it has a single solution at o = \/% and

otherwise one in (0, %) and one in (\ / %, 1). At any solution « of B’ (o) = 0 we have that

B (a) = (k—l)\@ﬁﬁ—\/ﬁﬁm

: k=2
<0 if a > k—1°
—2

_ %(kqfﬁ) -0 ifa:\/r

k
k—2
>0 ifa< =1

This shows that when 8 = 3, (k,h) we have that o = % is a saddle point (using that o = 0 is a local

maximizer and B’ (o) — —oo for o — 1), and when 8 < S, (k, h) the smaller solution is a local minimizer and
the larger one is local maximizer. It only remains to check which of the two local maximizers is the global
maximizer when 8 < fB.(k, h).

To this end note that

ok \/éﬁ

B(a) > B(0) < >
@>B0) = ===
The left-hand side is uniquely maximized at @ = Y——— k 2 Thus if B > B (k,h) so that \/ﬁ @ the

global maximizer is « = 0, and if 8 = S, (k,h) we have B (&) = B(0) and B(a) < B(0) for all « € (0,1)\{a&}
so both @ = 0 and a = & are global maximizers, and the latter is the aforementioned non-zero local maximizer.
Lastly if 8 < . (k, h) then the global maximizer is non-zero and is the aforementioned non-zero local maximizer.
This completes the proof for k > 3. O

We will now study an important special case of Ly. Recall the TAP free energy
Frap(m) = BHy(m) + N f(u-m) 4+ Ng(|ml),

where 8 > 0 and
2

1
g(x) = 3 log (1 —2%) + %(1 —2%)? for x > 0.
Let gp = max(1 — ﬁ,O) and define the Plefka region
Plef(ﬂ) = [\/ qp, 1] C [07 1]3 (54)

and denote its interior by Plef(/3)°. In TAP analysis one is interested in the maximum of Frap for m such that
|m| € Plef(B), that is in Ly for this g and R = Plef(3). Let h > 0, f(x) = ha* for k > 1 and define

B(a, r) = f(ra) + V28r2\/1 — a2 + g(r), (5.5)



38 CHAPTER III. CHAP:GROUNDSTATES

so that by (1.10)

1 -
— Ly 5 sup B(a,r).
N rePlef(B),a€[—1,1]

In the rest of the section we will compute the r.h.s. explicitly as possible, and show that except for critical

values of 8, h it has a unique maximizer.

Lemma 5.3 (TAP maximizer with linear external field). Let h > 0, 8 > 0 and f(z) = ha. It holds hat

sup B(O‘ﬂr) = sup L@(Q), (56)
rePlef(8),a€[—1,1] q€lgp,1)

where
2

1
B (q) = Vh2q+26% + 5 log(1 —¢q) + %(1 —q)%,

is a concave function in [qp, 1) whose unique mazimizer § is the unique solution to

g = o0

; ; i /4 e r— /3 A h
in (qp,1). Furthermore the unique mazimizer of the L.h.s. of (5.6) is # = \/q and & = T

Proof. We will first maximize B in « for fixed r # 0. Since

(07

OaB(a, 1) = hr — V281 ——— — —o0 for a — +1
(1) SN
a maximizer must exist and be a critical point. The critical point equation 9, B (a, ) = 0 has the unique solution
h
= ——— (5.8)

/h? 1 25272
which maximizes B(-,7). This implies

sup Bla,r) = Blay,r) = r/h2 + 282r2 + g(r), (5.9)
a€[—1,1]

(also when r = 0 since then all three expressions are identically 32/2). With the change of variables ¢ = r? we

get
B(ay,r) = #(q) == t(q) + 9(\/q) (5.10)
where
t(q) = Vh2q+23%¢,
and
1 32 2

o(y@) = 3 los(1 — ) + 2-(1 - )2 (511)

We have thus proved (5.6).
Furthermore we have
2 2 2 2 2 N2

=——" - an = - :
22 + 2572 VIZq+ 2522 A(h?q+28%2)3
Since 28%(h2%q + 28%¢?) < (h? + 4532¢)? for all ¢ € [0, 1] one sees that t”(q) < 0, so t is strictly concave. Also

Dy =200 - 5 and gl = 5 - it
5q? V9 = REPTr) oV = 219

and the latter is negative for ¢ € (¢p, 1), so

q — 9(y/q) is strictly concave in [gp, 1]. (5.12)
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Thus also %(q) is strictly concave in [gp,1). This implies that B(g) has a unique maximizer § in [gp,1), and
7 = 1/q is the unique maximizer of r — B(a,.,7) in Plef (3), and (1/4, \/m) is the unique maximizer of the
Lh.s. of (5.6).

Thus it only remains to derive the equation (5.7) for ¢. For this it suffices to note that with v (z) =z + 271

we have the identities

PR VA SR __£A, _
t(q)—ﬂ (W) aqg(\/é)— NG (\/56(1 q)). (5.13)

Therefore the critical point equation %’ (¢) = 0 is equivalent to v (\/%) =v(v2B3 (1 — q)) and since v (z)

is a bijection for z € [0, is is in turn equivalent to —~=L£— = —¢) and (5.7). Since a solution to

is a bijection f 0,1] this is in t 'ltt\/% V261 d (5.7). Si lution ¢
q

(5.7) always exists a unique critical point always exists in (gp, 1), and by concavity it is the unique local and

global maximum. O
For the cases k > 2 the following fact will be useful.
Lemma 5.4. For all f, 3, h it holds that 5’(0,7’) is strictly decreasing in r.

Proof. We have

2
~ 1
B(O,’I") = \/§6T2 + %(1 - T2)2 + 5 lOg(l - T’Q), (514)
and )
- B 201 —
d.B(0,7) = —2r (ﬁ (1—7r%)—V28+ S )) —2r (5\/1 r m) <0, (5.15)
with equality only at a single point, implying the claim. O

We are now ready to study the case k = 2. Define for 5 > 0

FO) = sw B0 BO.vam - for 6= 75 (5.16)
relyar,1) V2B - § - 5log(v28)  for B> .

Lemma 5.5 (TAP maximizer with quadratic spike). Let f(z) = ha®. If h > % and B < \/2h then

- 2
sup Bla,r) = b

1
(R =1)+h— 5 (1+log(2h)). (5.17)
rePlef(B3),a€[—1,1]

and the unique maximizers of the L.h.s. are

(ﬂ,i\/l - f;) : (5.18)

If either h < % or 8> \/2h then

sup B(a,r) = F(B), (5.19)

rePlef(B),ac[—1,1]

where the mazimum is attained at (qp,0) (uniquely if § > % and otherwise also on {0} x [0,1]).

Proof. We first maximize in « for fixed r. The critical point equation in « for r fixed is

7 <2ha -2 =0. (5.20)

a
V31— a2>
Thus when r # 0 the only critical points are a = 0 and if 8 < v/2h also

2
= +4/1— % (5.21)
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Note that if 8 < V2h and r # 0 we also have

Blorsr) = 80.) = (205 - VB9 ) = 5 (Van ) >

so that the maximizing « for fixed r # 0 is

0 if 8> /2h,
£/1— 2 if B <+2h

o =

Thus with ¢ = r? and recalling (5.11) we have

._ 2h*4p? :
wup Blor) = B(q) =L g+ 9(/7)  if B<V2h, (5.22)

a€l-1,1] B(0, /9) if B> /2h.

If 8 > +/2h all claims thus follow by Lemma 5.4 and (5.16).
If B < V/2h, since the first term 2 (q) is linear (5.12) implies that 2 (q) is strictly concave in ¢ € [gp, 1),
and so it has a unique maximizer. Note that

2h*+ 6% 9 Jé] Jé;
B (q)=""T + 2 = (v[-L2-)-s(v2p-
=25 e =5 (v (5) -5 (vasa-a)).
recalling the second part of (5.13) and the function v () = z + 2~! from (0, 1] to [2,00) which is an increasing
bijection. Therefore %’ (q) = 0 is equivalent to

B B 1
ﬁf\@ﬂ(].*q) <~ Q—lfﬁ.

Now if h > %, we have that 1 — ﬁ € (gp,1) so that 1 — ﬁ is a critical point in (¢p, 1) and by concavity it is the
unique local and global maximum. It is easy to check that # (1 - ﬁ) equals the r.h.s. of (5.17), completing
the proof when h > % and B < v2h. If h < % the maxmizer is ¢ = /g, since #(q) — —oco for ¢ — 1, and
H#(q) = B(0,/qp) = F(B), giving the claims. O

The result on maximizers of B for monomial f with k > 3 is less explicit, and the analysis more complicated.
We first show that the global maximum of B on [0,1] x |, /Gp, 1] is either achieved at a critical point of in the

interior (,/q,,1) x (0,1) or at (,/gp,0).
Lemma 5.6. For any f € C'([-1,1]) we have that B(a,r) for (a,r) € [0,1] x [\/gp, 1] is mazimized in the
interior (\/qp,1) x (0,1) or at the point (o, ) = (0,/qp).
Proof. Note that we have lg’(a, 1) = —oco0 and

%[g’(a, r)=rf(ra)— f#fi.;
so (a,r) with » = 1 or @ = 1 can not be maximizers. Lemma 5.4 shows the only possible maximizer with

r e [1/qp,1] ,oo =0 is (,/qP,O). If B < % then gp = 0, and B(a,O) = f(0) 4+ ¢ (0) for all a, so if a point on
the remaining boundary r = \/gp, « € [0,1] is a maximizer then so is (,/gp,0).

— -0 asa—1, (5.23)

Lastly if 5 > % then any critical point of

B(a,v/ap) = f(\ara) + V2B8gp V1 — a2 + g(\/ap)

is a solution of

Varf (Vire) - Vigp e =0 F(yra) — Y2V (5.24)

Vi-a? Vi—a?
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However, in any such point the derivative of B in r is

(5.24)

of'(Vare) + 2v26/apV1 = a? + ¢/ (\/ar) V2B (i +2VT = 0?) - 2285

: (5.25)
V28ar (252 - 2),

which is equal to zero for « = 0 and positive for all « € (0,1). Therefore, if some « > 0 maximizes B (a, A /qp)
then there are larger values in the neighborhood of that point, and thus (,/gp, @) cannot be a global maximizer.

L]
Define

0 for k=1,
he(k, B) = { min{3, 5} for k=2, (5.26)

W(k, B) for k > 3,

where

W(k,B) = inf F(B)—g(r)=287r2(1—r) | 5 o7
(5.) reéﬂef(m{ (rv/i2m ) (5.27)

We now show that if h > h.(k, ) for kK > 3 then there is a unique maximizer in the interior (gp, 1) x (0, 1),
while for h < h¢(k, 8) the point (,/gp,0) is the unique maximizer.

Lemma 5.7 (TAP maximizer with degree k > 3 spike). Let k > 3,8 > 0,h > 0 and f(x) = ha®. It holds that

k
sup B(a,r) = sup {hrk (1 —26%(1- 7"2)2) * 42822 (1-r*)+g (r)} . (5.28)
rePlef(B8),ae[—1,1] rePlef(B)

If h < h¢ (k, B) then the unique maximizer of the L.h.s. is (\/qp,0) and the L.h.s. equals F(B), and if h > h. (k, 5)

it the ungiue mazximizer is (7, \/1 —262(1 - f2)2) where 7 is the largest of the two solutions of

1 —7%) (r* (1 —28%(1 - 7“2)2))% _ L (5.29)

in (VaF, 1).

Proof. By Lemma 5.6 the maximizer of the Lh.s. of (5.28) is either (/g ,,0) or a critical point of Bin (1, Vap) X

(0,1). The critical point equations are

0 = hka*rF=1 £ 2v/28r/1 — a2 4 ¢'(r) (5.30)
0 = hka™ 't —/2pr° o (5.31)

Any solution to (5.31) must satisfy hka*rk=1 = /2872
critical point must satisfy

a
1

12, and plugging this into (5.30) we get that any

2
\/% +2v/1— a2 = ¢(r), (5.32)
_9) _ 1
V2Br V2B8(1-1?)
2
The quadratic (5.32) in o2 has the solutions —(c(r) _4)ig(r) VP24 hich are well-defined since c(r) > 2 for

7 > \/qp. Since only one is non-negative and using \/(z +271)2 —4 = 2! — z for z € (0,1) we obtain that
any critical point must satisfy

where

e(r) +V28(1 — ).

g2 S = A= (c(r)’ = 4) 232(1 — 12)2, (5.33)
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The r.h.s. lies in [0, 1] for all 8 > 0 and r € Plef(5). Thus

sup B(a,r) = sup B(y/1-262(1—12)2r), (5.34)

rePlef(8),a€[—1,1] rePlef(3)

noting that when r is the left-end point \/gp of Plef(8) the r.h.s. is B(0, V4p)- The r.hs. of (5.34) equals the
r.h.s. of (5.28), so (5.28) is proved.
Next note that

Ir € (0,1) : B(\/1—28%2(1 —r2)2,r) > B(0, Var) = F(B)
& Fre(0,1): h> LB 0r?)—g(r) .
. (r2(1-262(1-1r2)2)) 3 (5.35)
& h>W(E,B).

Thus indeed for h < h.(k,3) the unique maximizer is (1/q,,0). When h > h.(k, 3) the maximizer is a critical
point (7, /1 —282(1 — 72)2) in the interior (1/q, 1) x (0,1). It remains to characterize this point and prove its
uniqueness.

Firstly, plugging (5.33) into (5.31) one sees that any critical point (a,r) of B and critical point of the
expression on the r.h.s. of (5.28) with r € (\/qp, 1) must satisfy (5.29). When h > h.(k, 3) there is a local and
global maximum, so the equation must have at least one solution. Let

T(q) = (1—q) (¢(1 —26°(1—q)%)) * , (5.36)

so that the Lh.s. of (5.29) is T(r?). Note that T(q) is non-negative for all ¢ € (¢p, 1) and zero for ¢ € {gp, 1}.

Furthermore
1 k—21 282 (1 —
_7+7,_(k_2)L‘1)2
I—q 2 q 1-282(1—q)

201_.\2
k—Q—kq—(kj—Q)q%

3o 10g T (q)

2q(1—q)
k=2-q{k— (k=2 (e - 1) }
= 2q(1—q) .

m — 1 is negative and decreasing in (¢p, 1), we have that the numerator is decreasing. Therefore

3% log T (g) can switch sign only once in (gp, 1), showing that T (¢) has exactly one critical point in (gp, 1), so

Since

the equation (5.29) has zero, one or two solutions. We have already excluded the possibility of it having zero
solutions. Thus the expression on the r.h.s. of (5.28) has one or two critical points, of which at least one is a
local maximum.

To determine the number and type of the critical point(s) it is useful to note that the expression on the r.h.s.
of (5.28) is always decreasing in r in a neighborhood of ¢gp. Indeed when § < % so that gp = 0 this follows
by expanding the expression around r = 0 as %2 + (8% — %)7“2 + O(r®). When 8 = % similarly the expression
expands as %2 —r* 4+ O(r%). When 3 > % we can make the change of variables 1 — 242 (1 —r?) = z and
expand the expression around z = 0 as F(8) + %(1 —/2B)z + O(2?), which is decreasing in z in neighborhood
of 0 and therefore decreasing in r in a neighborhood of ,/gp.

Thus since the expression is decreasing in a neighbourhood of r = ,/gp the left-most critical point cannot
be a local maximum. Thus there are two critical points and (5.29) has two solutions, the smaller which
corresponds to a local minimum, and the larger of which corresponds to a local maximum which is also the

global maximum. O
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6. Fluctuations

In this section we prove Theorem 1.1 (b) and Theorem 1.2 (b) about the fluctuations of Ly resp. Ly. We do
so by studying the fluctuations of minimax expressions of the type

sup iIllf h(y,1, sau(l)).
y

The next lemma shows that under the assumptions of Theorem 1.1 (b) and Theorem 1.2 (b) the quantities Ly
and Ly equal such minimax expressions with probability tending to one. Recall B(«) and B(a,r) from (1.3)
and (1.9).

Lemma 6.1. (a) If B(«) has finitely many global mazimizers &;, i = 1,...,m which are all non-zero then for

all € > 0 small enough

1
lim P| =Ly = max sup inf h(a, 1, sx(1 =1, (6.1
N—oo (N =M agld;—e,ai+e] I€[V24e,e 1] ( ®) )

where
;o

baut.g) = fla) + 5 g2>.

(b) If B(a,r) has finitely many global mazimizers (&, ), i = 1,...,m, all lying in the interior [—1,1] x R
with &;,7; # 0, then for all € > 0 small enough

1 -
lim P (NLN = max sup inf h((a,r),1, 8,\,u(l))> =1, (6.2)

N—oo i=1,...,n a€l&; —e,&;+e]|,re[f;—e,Fite] l€[\/§+6,6*1]

where

h((e,r),1, ) = flar) +g(r) + Br? (z - 0;2) _
Proof. By (3.3) we have

N
1
yLinv= suwp fle)+F sup > Ao}

a€[—1,1] \o’\il i—1
and by Proposition 4.1
N
f(a) + B sup Z N\io? = B(a) + op(1)
‘f_f‘f}l i=1

for all @ € [—1, 1] uniformly, so for any £ > 0 a global maximizer o* of the L.h.s. must lie in a e-neighborhood
of one of the &; # 0 with probability tending to 1. Thus by Lemma 3.1

) inf {z o }
~— LN =  Iax sup m — s
N i=1,...,m ae[&i—s,éi+e]l>>‘1\’ 5>\7U(l)

with probability tending to one. Since f € C*([~1,1]) and the derivative of \/2(1 — a2) diverges for a® — 1,
neither 1 nor —1 can be a maximizer, so the a} are bounded away from +1 with probability tending to one.
By Lemma 4.9 the minimizer in [ of h(d;, 1, sx., (1)) must lie in [v/2 + ¢, 7] with probability tending to one for
each 4, after possibly decreasing ¢, proving (a).

The claim (b) follows similarly using (3.4) and Proposition 4.1. O
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6.1. General minimax optimization involving s ,

In the rest of the section we will study the fluctuations of inf,cy sup;c, h(y, 1, sx,.(])) under the assumptions
that

Y CR" L C (V2,00),G are compact with s(£) C G° (6.3)

(where A° denotes the interior of a set A)

h:Y x L x G — R is three times continuously differentiable, (6.4)

y — B(y) is uniquely maximized at a § € Y°, where B(y) = ggﬁ h(y, 1, (1))}, (6.5)
I — (3,1, 5(1)) is uniquely minimized at a [ € £, (6.6)
Ouh(9,1,s(1)),_; > 0, (6.7)

V2B(9) is negative definite. (6.8)

The existence of the derivatives in (6.8) is guaranteed by the formula (4.18) for the specific h from Lemma
6.1 (a) (b). It also follows from the other assumptions by the implicit function theorem. The latter argument

is included in the following two lemmas, which will be needed also later.

Lemma 6.2. Letn > 1,A CR", n > 0andt: A X [-nn — R be twice continuously differentiable. If
Oppt(a,b) > 0 for alla € A,b € [—n,n], and Opt(a, —n) < 0, 0pt(a,n) > 0, for all a € A then, argminbe[_nm]t(a, b)

is unique for all a € A and b*(a) = argmin,¢(_, ,1t(a,b) is continuously differentiable in A with

 9Vat(a,b)

Vb*(a) = thb*(a) (6.9)
for all a € A. Furthermore for all a € A
Va {t(a,b"(a)} = {Vat} (a,b"(a), (6.10)
and
V2 (1o, b (@)} = V2t(ab (a)) P4 Vat (@b (@) (O Vath(a, b (@) (6.1)

Onpt(a, b)

Proof. The assumption dppt(a,b) > 0 implies that argmin,¢;_,, 1(a,b) is unique. Then the assumption dyt(a, —n) <
0, Opt(a,n) > 0, implies that b*(a) lies in (—n,n) and is the unique solution of dyt(a,b) = 0 in this interval.
Finally by the implicit function theorem applied to dyt(a,b) = 0 the solution b*(a) to this equation for b is

continuously differentiable and satisfies Vb*(a) = —%Z;i(téab’)b), using again that dpyt(a,b) > 0. Furthermore
Vo {t(a,b"(a))} = {Vat} (a,b"(a)) + Opt(a,b*(a)) (6.12)
—_———

=0

for all a € A, which shows (6.13). By taking the derivative of (6.12) one obtains
Va {t(a.b"(a))} = Vit(a,b"(a)) — 0{Vat}(a,b"(a)) VO (a)"
and by using (6.9) this shows (6.11). O

Applied to (y,1) — h(y,l,s(l)) the lemma yields that B(y) is differentiable in a neighborhood and the
following relation between the derivatives of B(y) and the derivatives of h(y, [, s(l)).
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Lemma 6.3. Assume (6.3)-(6.8). Then there is a neighborhood U of § such that inficc h(y,l, s(l)) is uniquely
maximized at a i(y) fory e U, B from (6.5) is three times continuously differentiable in U, and for ally € U

VB(y) = Vyh(y,1(y), s(1(y))) (6.13)

and

0T,y 51D} 00 (5 L))
allh(ya l’ S(l)) I=l(y)’

V2B(y) = Vih(y,i(y), s((y))) — (6.14)
Proof. Using (6.4) and (6.7) it follows that there is a neighborhood U of § and [l — 1,] + 5] of [ where
Auh(y,1,s(1)) > 0forally € U,l € [[—n,I+n], and by (6.6) one can in addition ensure that 8;h(y, [, s()=i_p <
0 and 9ih(y, 1, s(1))|,=;, > 0. By Lemma 6.2 applied to t(a,b) = h(j + a, [ +b,5(I+b)) one obtains (6.13) and
(6.14). Since all terms on the r.h.s. of (6.14) are continuously differentiable it follows that B € C3(U). O

6.2. Fluctuations of s, , around s

We will calculate the fluctuations of sup, ¢y, infiez h(a, 1, 51 (1)) by quadratically expanding h around (g, 1, s(1)).
To this end we start by studying the fluctuations of sg\k) (1) around s¥) (). Note that for all [ € £

U

k 1 k 1 k 1 k
sl =MW + —=W 0 + $AV O + $RY ), (6.15)
where
N Nu? -1
—t 6.16
= o3 L (6.16)
and
AR
i=1 v
as well as

RN(Z):Z(NU?*I) (z—lAi ; >

I —0;/n
We also define

Nu—l
U fz =

2—42

which equals Uy from Theorem 1.1 for [ = (with & and 2 as in the theorem), recalling from below (3.2)

that w is the vector v in the diagonalizing basis of J and \; are the eigenvalues of \/#ﬁ'] ~n. The derivative Up (1)

forl = 2 %+ from Theorem 1.1. Later we will use that

Uy () - W) = —=RY ). (6.17)

The next lemma shows that the error term RE\];) in (6.15) and (6.17) is small.

Lemma 6.4. For all k and ¢ > 0 it holds that sup; /5. |R(k)( D =op(1).

Proof. Let w(l,z) = 2 and denote by w*) (I, z) the k-th derivative in I. Let § > 0 and define the event

& = { sup [N —0yn| < N_§+5} ; (6.18)
i=1,..,N
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whose probability converges to one for any choice of § by Lemma 2.1, and define the o-algebra
OAN = U()\l, ceey )\N)-

First consider N
1 )
=N Z ( W1, A) — (k)(lﬁi/N)) ;
1=1

where @; are i.i.d with law A/(0,1) and independent of .J, as in the proof of Lemma 4.4. Then E[X|o,] = 0 and

E[Cloally, = & {(ZN_ (N2 1) (P 0, A) - 0 (1,6,y)))’ |aA] Ie,
e Zz p (w1 A) — w®) (laai/N))Q les

(6 (k+1)
2|w o — =426 _ —T7/3426
A e NN 34201 = N7/

8)

IN=

which implies via Chebyshev’s inequality that

(|X|> = E|P ‘XlZngjvlaA}

NlogN)

< E[P(IX2 yigwloa) e ] + B(E)
< E[E[X?|oa](Nlog N)21e] + P(E5)
< (log N)2N~5120 L P(EF).

By choosing ¢ < % this probability converges to zero, and so X = oP(%).

Constructing the vector u via u = @/|%| we then have
ity (w0 A) = w B 0n) = S (w0 A) = 0w))
= A=) oty uf (0@ 0 —wM (@ 0yn)

and
P (|- @) S, wf (w® A - 0B 100))] < wrke)

~ 1 N (k 5
>P |1—|U|2’Sm’ i1 63 (WP (L N) = w® (1, 6;/n)) ’<N3+)

<12 1 —245
>F([1-1al ’<W)_P<ii‘f.3w'&‘@/N'>MN ’ )

(if |w'|oc = 0 the claim of the lemma is of course trivial) which for § < & converges to 1 by the CLT on the first
probability and Lemma 2.1 on the second. O

It thus holds that
1 1
Sg\]fl(l) =s®(1) + WWJ(JC)(Z) + NAE\I,C) (1) + op(N~1) uniformly in [ > V2 + ¢, (6.19)

for any € > 0 and k € N. The next lemma shows that W®) (1) of (6.19) is of order Op(1) uniformly.

Lemma 6.5. For all k and ¢ > 0 it holds that sup; /5. |W](\f)(l)\ = Op(1).

Proof. We construct u by setting u; = \T;I with @, ..., uy ~ N(0, %) i.i.d.. We then have

N

1

Z(Nu ~ ) ~s(0)

— l—0;nN

~ . (6.20)
Z Nu —1 ( —S@(l))
P —bin

Nu — |
Wn(l) = —— 22 /N| —

-3
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and similarly

47
l) = — Nu; = 1) ————— — D). 21
WN ( ) a‘g \/N ;( Uy ) <(l . ei/N)k+1 Sp ( ) (6 )
Note that ‘;IQ =1+ op(1) and that by using (4.8) and a CLT we have

= Op(1).

T (6.22)
> = (=0
Note that for z € (0,1)
1 =
T oF = > aiCy(k) (6.23)
j=0
where C; (k) = W so that that we have for | > /24 and all z € | \f—g,\f—&— ]
N ~ oo N
1 Na? — Ci( Z/N N2
N < (l—9i/N’€ NZZ mk (Nai —1)
i=1 Jj=0i=1
1o ()<\[‘F )ji ( 0i/n )J
N k £ :
Nj:O ! i=1 ‘/§+§
Let .
1 N 9'/N !
)= — N -1 . .
o) = 75 2 (Vi )<ﬁ+9
Since

Cilk) = (kZi_l) <(+k)F! and "/iJFE

l
for some ¢ € (0, 1), there exists some ¢; = ¢;(k,q) > 0 such that for fixed k € Ny

j
Ci(k) [(V2+ £ ,
jlk ( 1 2) S Clqj

uniformly for all j and [ > v/2 + ¢, and so

| <Y o [Un ()]
> T <2
We have
27 27 27
2 0; /N V2
Var(¢y ( N ) E[1-N@)?] =+ : <2 .
=3 () mle-mar = () (A
For any € RT via Chebyshev’s inequality

2 (6.24)
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for some ¢z = ca() > 0. Thus the probability in (6.22) is bounded from above by

4ctcy 1

P> e [on ()] P sup [n ()] SR
¢ N>z | <P(su N> | < a2 -
= 1¢°1¥N )| = = jp NI Z 2%, ijo ¢ (1—q)2 22

for all N. Taking the limts N — oo then z — oo completes the proof. O

The following lemma shows that Ag\lf)(l) from (6.19) is of order Op(1) for fixed [, and the suboptimal but
sufficient bound Op(N %) uniformly in .

Lemma 6.6. For all k and [ it holds that |A§\}f)(l)| = Op(1), and sup;s 3, . |AS\’;)(Z)| = Op(N%) for all e > 0.

Proof. Lemma 2.3 implies that |A§\’f)(l)| = Op(1).

Let w(l,z) = 2 and let w®) denote the k-th derivative in I. It holds that

N N N
AP ) = (Z w® (1,07) = w® (1792-/1\,)) + (Z w® (1,0;/x) — Ns(z)> , (6.25)

=1 =1 i=1

where the left most term on the r.h.s. is bounded by

N|w(k+1)(l)1{l2\/§+5}|oo _7§upN |Ai —0i/nls

which is of order Op(N3) by Lemma 2.1. The right-most term of (6.25) is of order Op(1) by Lemma 2.2. [
In particular we have from (6.19) that

sgff) (1) = s®) (1) + Op(N~Y2) uniformly in [ > V2 + ¢, (6.26)

u

for any € > 0 and k € N.

6.3. Quadratic expansion and fluctuations of minimax

We are now ready to expand h(y,l, sx . (l)) quadratically around (g, I, S(Z)) To formulate the result one needs
to take various partial derivatives of h, such as 0, {{9h}(y,l,s(1))} | ;- To keep the typographical size of
expressions manageable we define the shorthand notation

hg...g(y. 1 s(1) = {95h} (y,1,5(1) (6.27)
j times
for first taking the g derivative j times and then substituting s(l) for g, and

hg...g = hg...g(yv [7 5( )) for j € {Oa 15 N '}’ (628)

for in addition substituting (g,[) for (y,l) at the end. Furthermore for V= {l},V = {y} or V = {l,y} the
notation

hV,g...g - VV {hg“.g(yv Za S(l))} |(@j) € R‘V‘v (629)

is the gradient (viewed as a column vector) in some combination of | and y after taking g derivatives and
substituting s(1), evaluated at (§,1). Lastly for V, V' = {I}, {y} or {y,1}

' Vg = Vv Vv {hg. gy, L s(D)} |0 € RV (6.30)

is a matrix of mixed derivatives in y, [ obtained in the same way. Then e.g. h; , = hyy o = O{{0h}(y, 1, s(l))}|(g iy
or hy = hgy = {V,h} (9,1,5()) € R" or hy, = hiyyg = {Vy0y} h(g,1,s(1)) € R™. In the statement and
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proof below h, hg, hgg, by € R, hyy gy, € R™™! (column vector), by 4 € R"™ (column vector) and hyy 1y, 1403 €
R(r+1)x(n+1) (matrix) appear.

Similarly, we write for short
Wi =w (@) and AR =A@ for ke (6.31)

We now state the quadratic expansion.

Lemma 6.7. Let h,Y, L be as in (6.3)-(6.8). Writing A = (y — 9,1 — )T € R*"™L (a column vector) it holds
that

By, L saa(D) = px(A) + Op (A1) + op(NY), (6.32)
uniformly in oll (y,1) € Y x L, for the random quadratic
(A)—h+&A LN+ A Vy+2ATDA (6.33)

where the sequences Cn,Vn of random variables are stochastically bounded and given by

W3 hyg 0\ (W
Cn = Anhg+ —Fhgg, Vi = (hj’g ) ) (W],V) ER™! D =hyy gy € RUTDXOTD 0 (6.34)
9 9 N

Proof. We start by Taylor expanding in sy ,(!) — s(I) and obtain

Wy, Lsxu(l)) = Ry, 1, s()) + 9gh(y, 1, s(1)) (sxu(l) — s(1))

+2045h(y, 1, s(1)) (sx.u(1) — s()?+0 (|5>\,u(l) B 5([)\3) 7 (6.35)

where we used (6.4) and therefore the constant in the O term depends on h, Y, £ (as in several estimates below).
Using (6.19) and Lemmas 6.5 and 6.6 it follows that

— 1 1
A Lana) = hLs(0) + 0hiy, 1 (D) (FWa 0+ FAn0) 6.36)
+30g9h(y, 1, s(1)) = Wn (1D)* 4+ op (N71),
uniformly in [ € L.
Next we Taylor expand h(y, 1, s(1)) around (7, 1), giving with the shorthand notation (6.28)
1
Wy Ls(l) = h+ hyay - A+ 5 A hyyy A + o(|A]%). (6.37)
Note that hy = Oi{h(y, 1, s(1))},—; ,—; = 0 by (6.6), and hy, = VB(§) = 0 by (6.5) and (6.13), so
hiyay = (hy, i) = 0. (6.38)
Similarly Taylor expanding d,h(y, (1)) and dy,h(y, s(1)) around (§,1) gives
Agh(y,1,5(1)) = hg + hiyy.g - A+ O(A[*) and dggh(y, 1, 5(1)) = hgg + O(A|). (6.39)
Finally Taylor expanding W (l) around [ and using Lemma 6.5 gives that
WN(Z) =Wy + W]/VAZ + OP(IAQD, (640)

(recall (6.31)) uniformly in [ € £, and using Lemma 6.6 that Ay (1) = Ay + Op(|A| + |A]> N3), so that
An() = Ay + Op(|]A| + N |AP N~ 2) (6.41)

Combining (6.36)-(6.41) and noting that |A|* (N=1/2)> = O(|A]> + N ~3/2) for a+b < 3 we obtain (6.32). [
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The next lemma computes the minimax of py(A) from (6.33).

Lemma 6.8. For any h satisfying (6.3)-(6.8) there exist constants E1, Es and a stochastically bounded sequence
of random variables Fy such that py from (6.33) a.s. satisfies

1
inf A, N\)=F e —
yseuﬂgmllngN( v A1) 1+\/N

Furthermore, E1, Es, Fiy are explicit in terms of the derivatives of h at gj,i and equal

1
E;Wy + 57F. (6.42)

Ey=h=n(y,s()) = B(H), Ey=hg,  Ez=hgy, (E1,Ey E3€R), (6.43)
and
1 (W, ’ w
Fy=EAy—=[_ Y] c| V)er, (6.44)
where
E T
G=H- ( 03 8) eR>?, H=KTJK + “;Lw R, J=V2B(j) € R™¥™, (6.45)
1,1
hl wT hy hy
K=1— Y RHXQ — »g — g R2><1 L = RnXQ 646
hi < v (Eg) (hg € ’ (hy’g O) < ’ ( )

where we view w as a column vector, and recall from (6.27)-(6.29) that h,hg, hgg, hiy, by g € R are scalars, that

hy.g. hiy € R™ are column vectors and hy; € R™™ is a row vector.

Proof. The expressions D and Vi from (6.34) can be written as

h h 5.46 L
D=hgin = (10 ") and v = (V) o2 (8 (W) (6.47)
hyi T Vi,n w Wy
——
cR(n+1)x2

A
(for V, v € R™ and V} x € R; note that h,; = thy) and A from (6.34) as A = (Ay> for A; € R and row vector
1

A, € R™. With this notation py can be written as

1 1 1 1
pN(Ay7 A =Xny+ ﬁAy “ Uy + WAZUI + iAz;hy,yAy + Arhy Ay + iAlzhl,la

for (recalling (6.43))

E 1
Xy =FE + \/TivWN + 5Cn. (6.48)
Collecting the terms involving A; we can furthermore write
1 1. 7 1 . 1.,
pN(Aya Al) - XN + ﬁAy . Vy,l + iAy hy,yAy + Al WW,N + Ay hl,y + iAl hlJ. (649)
Recalling that h;; is positive by (6.7) the quadratic A; — pn(Ay, A;) with A, fixed is minimized by
A 1 1
Aj=——(—=Vin+ATR 6.50
l T (\/]V LN+ Ay l,y) ) (6.50)
and plugging this into (6.49) gives
. 2
Pn(Ay) = (A A) = X+ FRATV, v+ 3AThy A, = S5l (SoVin + ATh,)

hy
T
= Xy-+ ﬁAS (Vy,N — ﬁW,Nhl,y) + %A; (h v~ Vhl,z,/ ) Ay —

1
Yy 2
T
Wy Wy Wy
— Xy+ ALATK (W&) +3ATJA, - § 4L (W' ) ww' (W;V> ’
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where the last representation follows since by Lemma 6.3

h; yth
J=hy, — —2,
vy hy

and

1 (6.46),(6.47) hy wa Wi W

V — 7‘/ h = L — —= ’ = K ’ )

YNy BT ( hu Wy Wy

and
5.46),(6.47 W, ? W g W,
VZQN (o.-l(:)i(ud.f) wT 1/\7 _ J,V wa ]/V ’
' Wy Wy Wy

We now maximize py(4A,) in A,. Recall that J is negative definite by assumption. It is easily seen that

pn(4Ay) is maximized by

A 1 4 (WnN
Ay=——=J | ] 6.52
YTOUN (WN> (6.52)
and plugging this in yields

w ! W w w

pv(By) = Xy bg (V) KT () a bl () et (N

WNT Wy Wy Wy
(6.45) 11 (WnN I Wn (6.53)

- vl M

Thus have we have proved (6.42). O

The following lemma shows that we can reduce the optimization region ) x £ to a small neighborhood of

(9,1). Let
YVe)={yel:ly—g|<e} and E(e):{leﬁz\l—f|<5}.

Lemma 6.9. For all h that satisfy (6.3)-(6.8), and all e1 > 0 there is a 6 = 0(e1) such that if 0 < eq < ¢ then

lim P | supinf h(y,l,sy.(l)) = su inf Ay, sy =1.
et (1,651611 (Y, L, sxu(l)) yey&)leﬁ(el) (y,1, 5, ()))

Proof. By the continuity of h, the compactness of £\L(g1) and (6.6) it holds for any £; > 0 that

leﬁl\nﬁf(al)h(y,l,s(l)) > h(g,1,s(1)). (6.54)
Using uniform continuity of h on the compact Y x (£L\L(e1)) there is some ¢ > 0 such that if 0 < €5 < ¢ then
in addition
inf  h(y,1,s(1)) > h(y,1,s(1)) for all y € Y(e). (6.55)
leL\L(g1)
By Lemma 4.5, (6.4) and compactness it follows that h(y,l, sx..(1)) — h(y,l, s(1)) in probability uniformly in

Y x L, so that (6.55) holds with s» , in place of s, with probability tending to one. This implies that

lim P (inf h(y, 1 sxu(l) = inf Ayl sy () for all y € — 1. 6.56
Jim P (0052, (0) = B0 sn(0) for il y € V(eo)) (6:56)

Similarly to (6.54) it also follows from (6.5) that

sup inf h(y, 1, s(1)) < k(7,1 s(1)),
YyEV\V(e2) LEL
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and similary by the uniform convergence of h(y, !, sx (1)) it follows that

lim P ( sup 1nf h(y,l,sau(l)) = sup inf h(y,l,sxu(l)) | = 1. (6.57)
N—o0 yeylel yEY(e2) LEL
The claim then follows by (6.56) and (6.57). O

Let 0, denote the directional derivative in the direction of a vector a. The next lemma gives conditions

under which the optimizer of a minimax is given by a unique critical point.

Lemma 6.10. Let n > 1,d > 0,n > 0, A(d) = {a €R":|a| <d} and t : A(d) x [-n,7] — R be twice
continuously differentiable. Assume Oppt(a,b) > 0 for all a € A(d),b € [—n,n], and Opt(a,n) > 0,0t(a, —n) < 0

for all a € A(d), and
1

et (a, b)
fora € A(d),b € [-n,n] (where Amax denotes the largest eigenvalue), and that O, {infye(_, , t(a,b)} exists and is

max <V2 (a b) 8bvﬂt(a7b) (abvllt(aﬂ b))T) < 0

negative for all a with |a| = d. Then t has a unique critical point in A(d) x [=n,n] and sup,e a(q) infpe(—y,y t(a,b)

18 uniquely achieved at this critical point.

Proof. This t satisfies the assumptions of Lemma 6.2, so the map a — b*(a) := argminge|_,, ,t(a,b) is well
defined and continuously differentiable, and V, {t(a,b*(a))} = {Vat} (a,b*(a)) and

1

Ve {tab"(@)} = Vatla,b'(@) - 5o

W Vat(a,b*(a)) (0pVat(a, b (a)))T for all a € A(d).

By assumption this is negative-definite for all a € A(d), implying that if a — ¢(a,b*(a)) is concave and therefore
if not maximized on the boundary of A(d), it has a unique critical point in the interior which is the maximizer.
Since the assumption 9, {infbe[,nm] t(a, b)} < 0 rules out the maximizer lying on the boundary, and (a,b) is a
critical point of ¢ iff b = b*(a) and «a is a critical point of a — t(a,b*(a)), this proves the claim. O

We can now strengthen Lemma 6.9.

Lemma 6.11. It holds that

lim P | sup 1nfh(y,l,s)\u(l)): sup inf Ayl sau(l) | =1
N=oo |\ yeylel yey (1) lec (sl

Proof. By Lemma 6.9 there is for for each €2 > 0 small enough an €; > 0 small enough so that

lim P [ supinf h(y,l,sx.(1)) = sup inf h(y,l,sx.() | =1 (6.58)
N—o00 yeyle yey(az)leL(El)

Furthermore, for each €5 > 0 small enough, there is an €; > 0 small enough such that
all{h’(yalvs( ))}>0 al{h yvl75 }|l >0 al{h y,l,S }|l e1 a
for all y € V(e2),l € L(e1) (see (6.6) and (6.7)), and

alvyh(y7 la S(Z))(alvyh(yv lv S(l)))T
Buhly. . (1) ) <o

for all y € Y(e2),1 € L(e1) (see (6.8)), and since § is the unique maximum (see (6.5))

Amax (vjh(y,z, s()) — (6.59)

Otg—y) {M(y,1,5(1))} > Ofor all y s.t. |y — | = ea.
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By Lemma 4.5 and (6.4) the same holds with s ,(I) in place of s(I), on an event with probability tending to
one. Therefore by applying Lemma 6.10 to (a,b) — h(y + a, [+, s;wu(lA—i— b)) on this event one obtains that

lim P < (y,1) = h(y,l, sx (1)) has a unique critical point (y*,1*)in V(e2) x L(e1) ) _1 (6.60)

N—o0 and Sup,cy(.,) inficce,) Ay, 1, sx,u(l)) is achieved at (y*,1*)

By the Schur complement formula and (6.59) it holds that V;l {h(y,1, s(1))} is non-degenerate, and V, ;{h(7, I,s(i)} =
hiyy = 0 as stated in (6.38), so for £2,£1 > 0 small enough there is a constant ¢ such that

Yyt {h(y, L s} = ey — 97 + |1 = I*) for all (y,1) € V(e2) x L(e1)-
Since [Vh(y,1,5(1)) — Vh(y,1, sx.(1))| = Op(N~/2) by (6.26) it follows that

( h(y,l, sx. (1)) has no critical point in Y(e2) x L(e1) ) _

with [y — g| > 198N 1 — j| > Qoel)”

lim P

N—o0

(6.61)

N1/2
Since we can pick €5 > 0 and then 7 > 0 small enough so that (6.58), (6.60), (6.61) hold simultaneously the
claim follows. O

We can now prove a version of Lemma 6.8 for the actual function h(y, !, sy (l)) rather than its quadratic

expansion.

Proposition 6.12. For any h satisfying (6.3)-(6.8) it holds that

. 1 1 1
181161.1131 llng:h(y’ Lisau())=FE1+ ﬁEQWN + NFN + op (N) , (6.62)

fO?” El, EQ, E3, FN as in (()43)—(()44)
Proof. By Lemma 6.7 and Lemma 6.11

sup inf h(y,1, sx(1)) = sup inf pn (A, A +op(N7L).
yeyleL ( ®) yEV(N—-1/21og N) lEL(N~1/2(log N)?) (B &) ( )

Recall from the proof of Lemma 6.8 that A; from (6.50) is the minimizer of inficr pn(Ay, A;). Note that for
all y € Y(N~/21og N) it holds that P(|A;| < N=/2(log N)?) — 1, so

N—oo \leL(N-1/2(log N)?)

Similarly recall that A, from (6.52) is the maximizer of sup,cgn infier P (Ay, A;) and note that P(|A,| <
N~1/21og N) — 1 so that furthermore

lim P su inf Ay, A = A, A =
N—roo <yey(N—11/O2 log N) lEL(N*I/Z(logN)z)pN( v &) =Py l)>
Thus the claim follows from (6.42). O

The next lemma computes the distributional limit of (W (1), Wy (1)).

Lemma 6.13. For alll it holds that

(W (D), Wi (D) S (UQ),U'1), (6.63)

where (U(1),U’(1)) is a centered Gaussian vector with covariance matrix

. < —os'(l) — 2s5(1)>  —s"(l) —23(1)5'(1))
—s"(l) — 2s(1)s' (1) —Ls"(1) — 25/ (1)?
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Proof. Define

~ _1\k
WO = o v =) (g — 700,
Then

~ _— —1)k n(_1\k' ,
[P oW o] = %Z (M _ sgk)(z)> <(lf;(/]3k+1 _ sk >(z)> (6.64)

N ’
1 KUk (— 1)k Hh o (8
=2 (N T g e~ 050
i=1 v
(2.4) k\k ’ /
— —2m8(k+k +1)(l) — 28(k)(l)8(k )(l)

Note that for all t = (t1,t5) € R?
E [tle(Z) + tzﬁ/z’v(l)} 0,

and by (6.64)
~ ~ 2
E {(hWN(l) + tQW}\,(Z)) } N
Therefore
W (1) + b Wi (1) =% 6,U(1) + 82U (1) ~ N (0,750)

by Lyapunov’s CLT (see Lindeberg’s theorem [ADD99, Theorem 7.3.1 and Lyapunov’s condition p. 307-309];
note that SN | B[[(Na? — 1)(t1/( — Oiyn) — t2/ (1 — 0in)))] = O(N) while Var(t, W (1) + t2 Wi (1))%/? =
(Zfil 2(t1/(1— 0;yn) — t2/ (1 — 0;/n))?)?/? = O(N3/2), so Lyapunov’s condition is satisfied).

By (6.21) and Slutzky’s theorem thus also

W (1) + Wi (1) =5 6U(1) + tU7 (1) ~ N (0,¢750)

for all t € R3. By the Cramér-Wold theorem [Kal21, Corollary 6.5] one obtains the joint convergence (6.63). [
We also compute the distributional limit of Ay .

Lemma 6.14. For anyl > V2

d =012 -2 1
ANU)HN( 202 - 2) ’(12_2)2>

as N — oo.

Proof. By Lemma 2.3 the random variable Ay converges in law to a normal distribution with mean

1 1
tos 1 V2 1
=v2 | 1+Vv2
m(w) = ————= — — ——dz 6.65
(w) 4 2T /ﬁ (- J])m ( )
and variance )
V2o ov2 /L1
1 / / l—x l—y 2— Yy
v(w) = — dxdy 6.66
=53 | f< T ) — (6.66)
with w(z) = 2. It only remains to compute the integrals in (6.65)-(6.66).

First, note that for any k € N by integration by parts

/ﬁ : \/x dz/ﬁku (dz) =
,\/i(l—l')kﬂ- ) 7\/§(l_x)k+1 sc

sF (1) (6.67)
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and also
\f \/5 x
LA = 1 (1) d e
(4.5) 1
12—2

as well as v V3

5 2

I e ramde = A= (%H) vl
(6.67),(6.68) % (5(2)(1) + 121—2> (6.69)

(2-2)%"

Therefore the expectation of the limiting distribution is

(6.68) l 1 I—VIiZ-2

The variance on the other hand is given by
2—zxy
dxd
27r2/ / (I —x)? l— )1/_ 2_y2xy
1 2—xy
= d:vd , 6.71
/ l —y)2\/2 — y? (l—2)*nv2— v (6.71)
where the inner integral is by (6.67) and (6.69)
21 (4.5) 2(1
A gy 20=y) (6.72)
> —2)3 (> —2)3
Therefore the variance is
1/“5 1 l—y 1 /ﬂ 1 PN
T m -y @-2i ) @-2f Jalmymfaop T P2
O

6.4. Derivation of main fluctuation results

Now we are ready to prove Theorem 1.1 (b) and Theorem 1.2 (b). Before giving the proof, we state the following
simplified versions of (4.5) using (4.19):

(@) —/i(a)2—2 = 2(1-a2) for k=0,
_ii@)2—2 — ,2(1;20‘2) for k=1
. ()22 « ’
s®(l(a)) = \/2()7 2(2(1-02))? (6:73)

—2 = =82V for k =2
([(a)QjQ)% o 2 2\2 ’
__6la) = A0 for k=3,

(Ha)?=2)2

Using this with o = &
52 . 33 . 6(2 — a?)z4

s(l) =2 s’(i):—? ') =225, §"()=——"—g=—, where £=1/2(1-4?). (6.74)
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Proof of Theorem 1.1 (b). Applying Lemma 6.1 and Proposition 6.12 with

hantig) = S+ 5 (1- “g)

we obtain
[
N N
Note that
v —w L0 L p ) = op(N1/2)

N VN

1 1
E; Wy + NFN + op (N) .

(6.75)

(6.76)

by Lemma 6.4. It follows that (Un, Uy ) and (Wy, Wj,) have the same limit, and that we can swap all Wy for

Uy and W}, for U}, in (6.76) at the cost of a negligible error.

The remainder of the proof will revolve around computing F1, Fo, E3, J, L, W, K, G of Proposition 6.12. Note

first that 1
E,=B(&) and J= Ba)

Furthermore for the h in (6.75) we obtain with 2 = {/2(1 — 42)
E,h,66‘2,6@2, B — _2Ba2 2862
2=y =0 = T TR 3= Ngg =~ 0 T T3

s()? 2 s(l)? =
as well as . -
— 28as"() _ _28 _ A2 (s”(l) _25'() ) _
.o Dy o hu b Z e s ) =0
&°s’ 2 2B& 2Ba
g = ~Tgr =% hes = g T E

which gives

KTK 83242 at
H = Fa 4 ;8 €R2X2,

= B”(d) - QSB”(OA[)

22
B Es 0\  88%% (2 4\ 2842
G_H_<o o)‘éSB"(a) CA =

and finally
T
1(U
Fy = EAy — 5 (UJ,V>
N

@Q
TS
zZ-z
~_

This proves (1.5).

The joint convergence in law of Wy, Wj, An follows from Lemma 6.13, Lemma 6.14 and since Ay is

independent from (Wy,W}) for all N. Note that using (6.73) the matrix ¥ can be simplified to

4(1-62)2 _ 4v2vV1=a%°(1+4?%)

Y &2 . &b
4V/2V1=&2°(1+4%) 8(1—&?)3(2+a%+at)

- as &10

while the limiting distribution of Ay is given by

)

4(1-a?)?

a E 4.19 ~2y3
% (zm)\/m ! )2) (1.19) - <2ﬁ<1g4a2>2

2(i(6)2~2) 7 (((&)2-2

)

a8

).

(6.77)
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Proof of Theorem 1.2 (b). As in the previous proof we apply Lemma 6.1 and Proposition 6.12, this time with

2
B(aur)tog) = flar) + o)+ e (1= %)),
and also use that UJ(\;C) - W](Vk) = op(N~Y/2) to exchange Wy, W}, for Uy, Ul, yielding

1 - 1 1 1
NLN =F + ﬁEsz + NFN + op <N> .

Now .
By =B(a,7) and J= (v%((a, f))) ,
and for the A in (6.78) with 2 = {/2(1 — 42)

£252 £2452 5252 £252
E2:hg:ﬁ%_ﬁ%:%7 E3:hgg:_2ﬁl—_ a
2z s

, ( 207 e’ (0) > - ( 267 45'(1) ) - ( —28i?4 5 )
28 (14 55 ) 267 (1+ %5'0) ) ~ \287 (1- 5 %)
2

. ~2 5 5 ;253
— 98372 33)3‘9,(1)2 +5f20‘—s”(l) = B2 <2Z - QZ> = ﬂr - ;

s(1)? at a2 at
By = ~28a%i%5/(I) _ 26 - 2807 _ 2847 _28a% _
’ s(0)? O ERE O

which gives

K:L—M:L— (jf4A _2527:4 z ¢ :2ﬁf& % c R2%2.
hi 287223 3 0 0 22 & 0

Furthermore we obtain

H=K"(V*B((&,7)) K, G=H- <E3 8) — KT (V?B((a,7)) " K + <2BT

and finally

This proves (1.11).

(6.78)

Remark 6.15. Theorem 1.1 (b) and Theorem 1.2 (b) were stated in terms of the sums Un,Up over the random
vector u with weakly dependent but not independent entries. It may be more natural to write the result instead

i terms of sums of truly independent summands. This can be done if one constructs u from i.i.d. Uy, .

we did in the proofs of Lemma 6.5 and Lemma 0.15. If we define

w _ 1 > a2 k(=1)* _ k)
Xy = \/NZ(Ni 1)<([_9i/N)k+1 ()

.., UN as

(6.79)
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one can verify that

1 .
wh =xF - \/—NXJ(V“YN + op(N~1/2), (6.80)
Theorem 1.1 (b) can then be reformulated as
1 (X ’ X
Ly — NB(&) = VNkXy — | sAx —sXnYy — = [2N) a(2N) ] S, (6.81)
2 \ X7, Xy
where the random variables satisfy
(X, Xiv, Yo, An) =5 (X, X7, Y, A),
where with 2 = \/2(1 — 42)
54 609 1 42 + a4
X~ N (o, ) L X AN (o, WH) , (6.82)
& &
23 34
Y ~ 2 A~ — ==
N2, AN ().
with (X, X"), Y and A mutually independent and
25 1 A2
Cov(X, x") = — 2114
&

The constant k and matriz G are the same as before. Comparing the estimate (1.5) in terms of Un,Uy and
(6.81) one sees that the extra term kXNYN of order one appears, which arises from the N—Y2 correction in
(6.80). Note furthermore that (6.81) would remain true if one defined X](f) with the random eigenvalues \;
instead of deterministic classical locations 0;,y in (6.79).

Similarly Theorem 1.2 (b) can be formulated as
1 (X ’ X
Ly —B(a,7) = VNeXy — | kAy —sXnYy —= [N G2V )] 5o, (6.83)
2 | x4, X'y

where Xy, Xn,Yn, AN are as in (6.81).

7. Examples: Subleading order

We showed in Section 5 that for f(z) = ha* and B < B.(k,h) (see (5.1)) the function B(«) has a unique
maximizer in [0,1]. Theorem 1.1 (b) requires also that B”(&) < 0, which the next lemma shows is always
satisfied.

Lemma 7.1. Leth € RY, k €N, f(z) = ha*. If B < B.(k, h) then all global maximizers & € arg maxX,e(_1,1) Bla)
satisfy B" (&) < 0.

Proof. By Lemma 5.1 there is a unique maximizer & € (0,1) for 8 < B.(k,h). Note that we must have
B"(&) <0, so we only have to prove that B”(&) # 0. In the case k = 1 we have B () = —(ﬂ < 0 for all

3
1-a?)2

€ (—1,1). In the case k = 2 we have by Lemma 5.1 that 4> =1 — £ and thus

2h2
B"(4) = 2h — ves %

2\\:  B?
(- (1-4%))
for all 8 < 3.(2) = v/2h. In the case k > 3 note that for any critical a € (0,1)

V38 VBB 38 (k_l_ 1 )
Vi—a (- V- —a?)

(8% —2n%) <0

ot

.3
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which can only be equal to zero if a? = % Thus, it remains to show that a = % is not the global

maximizer of B. Now suppose we have

B’( ’,z?) =B”( 2?)= ) (7.2)

and note that for any critical « € (0,1) the third derivative is

B"(a) = hk(k—1)(k—2)a*? -3v28—=2

(5:3) \/15_;152 ((k—l;(zk—Q) _ (173a2)2> 1-at)3 (7.3)

Then for a = %
B" ( ) = V2lk = 2)8 ((k — 1> = 3(k — 1)°) = ~2/2(k — 2)8(k — 1) <0, (7.4)
which means that a critical a = % is a saddle point and not a maximizer. O

From Lemma 5.1 and Lemma 7.1 it follows that one can apply Theorem 1.1 (b) for all f(x) = ha* whenever

B < B.(k). In the linear and quadratic case one can obtain the following more explicit results.
Corollary 7.2. Let h € R\ {0} and f(x) = hz. Then
1 (U ’ U
Ly — Nvh2+ 282 — VNrUy — | kAN — = ( {V) G( I,V> 0

with k and G given by

h? o h*\/h? + 23
11 =~ g1

K= @7 854 )
h6 th
G2 =Go1 = ——, Goo = =
12 21 3235 22 272 + 252)%
and the joint convergence
4 278%(4B4+582h%+2n*
UN—>U~N(0,,12(,1§7§252)), U]’\,—>U’~N<O, pr(a" 0 )),

4834 /h2+2432 168%(h2+232)2
AN—>ANN<B X ﬂ» ﬂ(h;ﬂ)>a

in distribution, where (U,U’) and A are independent and

_2665(h2 + ﬂ2)

N _
Cou(U,U") = N T (7.5)
Remark 7.3. Note that it follows from Corollary 7.2 that
1 B2h?
= _ 2 2 P
W(LN 2 + 2 N)—)N(O,h2+252>, (7.6)

which coincides with the results from [CS17]. To see this let yo = 3, vp = 0 for p > 2 and

£(s) = B%s? (7.7)
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in [CS17, Theorem 5]. By [CS17, Proposition 1] we then have
1 1

Ly = = , 7.8
P VE R e (7
and by [CS17, Theorem 3] the function u; : (0,1) — R is the solution of
Lg(tﬁ’(ut) + h2) = Uy =4 ut(2ﬁ2 + h2) = t262ut + h2, (79)
which is
h2
This in turn gives us by [CS17, Theorem 5] that
VN (LN — /282 + h2) — Nw (0, ) (7.11)
with ) ) )
h2 ﬁ2h2
Corollary 7.4. Let h € Rt and f(x) = ha?. If B < % then
T
2 2
Iy = 2 Ry — a2 (YY) @ (UM ) 20
2h 2 \Uy .
with constants
. 2h% —pj3? h(4h* — 2h%3% + B4)
K= ——", G11 = — )
20 B
h2(2h2 _ 52) (2h2 _ 62)4
G12—G21——T, G22__Wa
and the joint convergence in law
2434 / / 88°(16h* —682h2+5*)
UN%UNN(O,W), UN%UNN(O, (2hZ_32)5 ),
2h3° 16h*B*
AN — A~ /\/ ((2h27ﬁ2)2a (2h2—,82)4> ;
where (U,U’") and A are independent and
N 4B°(4h* - %)
Cou(U,U") = R (7.13)
Note that it follows from Corollary 7.4 that
1 2h2 +52 ﬂ2(2h2 _ 62)
Recall
B(a,r) = f(ra) + vV26r3V/1 — 2. (7.15)

The next lemma will show that the remaining requirements for Theorem 1.2 (b) are also satisfied for monomial
f with b > h.(k, ).
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Lemma 7.5. Let k € N, 8> 0, h > h.(k,B). Then there is a unique mazimizer (&,+) € (—1,1) x Plef(8)° of
B(a,r) + g(r) and
V2B(&,7) s negative definite. (7.16)

Proof. We know from Lemma 5.3, Lemma 5.5 and Lemma 5.7 that there is a unique (&,#) € (0,1) x Plef(3)°.
We will show the negative definiteness of V22§( 7) by showing that the determinant is positive while the trace
is negative.

Trace: Let us first look at V2B(a,7) = B”(&,). Since (&,7) is a maximizer it must hold B”(&,7) < 0. We

have )
- 2
OaaB(a, 1) = r2f"(ra) — fiﬂrw
(1-a2)}
which is negative for k = 1 for all («,r), while for k > 2 the critical point equation implies
V28
hk(fa) 2 = —— 7.17
= (7.17)
and thus _ 2
OaaB(6,7) = hk(k—1)ikak—2 - Y200
(1-a%)2

(7.17) 72
= (k/' 1) 2\/\[&2 - (f@i)%
= 2 (k-1)(1-a?)—1).

(1-a2)%

This is obviously negative for k = 2, while for &k = 3 it can be zero if 4% = % But if we had &% = % we

would obtain

B"(a,7) = hk(k—1)(k —2)/Fak3 - 7?1@3);
—&2)2
(7.17) FOIN 726
20 (k- 1)k - 2y 22, fff)“
7@2
= % ((k D(k—=2)(1-a%?2-3a )
_ 2(k 2) <0,

which would make this a saddle point and not a maximum, so it must hold that 8aal§(a, r) < 0. Since we also
have 8”[;’(04, r) < 0 the trace is negative.
Determinant: The Hessian of B is given by

_ k. k=2 2 k—1 _ ro
V2B(ar) - hk(k —1)r*a \fﬁ(l O hk?(ra) Qﬁﬂ@

hk?(ra)k—1 hk(k — 1)r*=2a® + 2281 — a2 + ¢"(r)

Using (7.17) it follows that if «, 7 are critical points that

(k — l)r2 ‘fﬁ —V2p

b(ra) 22s — V2B Aoy

V2l§(a7r) = (1 a2)2 ’
k(ra) «1@; (k= 1?22 4+ 2V/35VT— a? + ¢ ()
o (T ((k—l)—ﬁ) (k= 2)ra
o Ve (k- 2)ra (k—1)a +2(1 — a?) + L0
For k =2
Y (T S [ )

=

Since B < v/2h and we have 4> = 1 — (by Lemma 5.5) it holds that

2h2

1 91?2
7’2<11_a2) <152)<0’
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and since also h > Laswellas 2 =1— ﬁ

o +2(1—a?) + g”(r%? _ (2= 1)552 —20%) _

Therefore det V2B(a, ) > 0.

For k > 3 using (5.33) we can write the Hessian of B at critical points (o, r) as

VB(ayr) = = . (k 1 ﬁ) (k= 2y L= 2670 = )" (7.18)
“rT e T o (B0-r)-2)1-2620-7)%) |’ ‘
(k—2)ry/1—282(1—-1r2) e
where the determinant is given by
~ Cr2(1—-282(1—r2)2(— 2 2(1_r2)2(2_gp2 P2
2 — T
_ _r (12133? (1r2)5 )Ck 5(r?), (7.19)
<0

where
Chp(q) = =2+ k(1 —q) +28%(1 — q)*(2 — 4g + k(3¢ — 1)).

Recall T(q) from (5.36), which is a non-negative function with T'(¢gp) = T'(1) = 0. We showed in Lemma 5.7
that T'(¢) has exactly one critical point, and that T'(¢) = ﬁ has two solutions ¢; < go, where ¢, = #2. Thus we
have T"(q1) > 0 and T"(q2) = T"(#?) < 0. Since

(1- 2b2(12— 9)°)q) > (=2+ k(1 —q)+2B°(1 - q)*(2—4q + k(3¢ — 1))),

>0 =Ck,5(q)

T'(q) =

this must mean that ¢, (%) < 0 and thus
- (7.19)
det (VQB(@,f)) S0
For k = 1 let us substitute ¢ for r2, i.e. instead of B consider

52

1
B(a,q) = hy/ga +V2BqV/1 - o? + & (1=)* + S log(1 - q),

where the Hessian is

_ \/iﬁq _ ﬂﬁa + h
Vi—aZ ' 2
V2%(a,q) = Sumen® VAT TR (7.20)
TViar T f B = s (1)2 43
. . . . . 2 . . . .
Since for fixed ¢ the maximizing a(q) is 7@ the determinant of V2.2 (q, a(q)) at the maximizer is given
by
200 +28%0)F (qlem - 82) + 1
2 _ )
det \Y ‘%(a(Q)a Q) - 4(152
Since ¢ > 1 — -1 we have that det V2%(q, a(q)) > 0, and therefore det V2B(d, ) > 0. O

V2B

Lemmas 5.3 - 5.7 together with Lemma 7.5 show that we can apply Theorem 1.2 (b) for monomials f(x) =
hx* and 8 > 0 whenever h > h.(k, 3).
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-0.5

k=23>05

1ol -0 g4} = F 10 -05 ' 05 10
k=3,0<3 k=3.4¢e (4. 5]

Figure II1.1: Plot of B(«) for a € [—1,1]
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TAP variational principle for the constrained overlap multiple spherical Sherrington-

Kirkpatrick model

David Belius, Leon Frober, Justin Ko

Abstract. Spin glass models involving multiple replicas with constrained overlaps have been studied in
[FPV92, PT07, Panl8a]. For the spherical versions of these models [Kol9, Ko20] showed that the limiting
free energy is given by a Parisi type minimization. In this work we show that for Sherrington-Kirkpatrick
(i.e. 2-spin) interactions, it can also be expressed in terms of a Thouless-Andersson-Palmer (TAP) variational
principle. This is only the second model where a mathematically rigorous TAP computation of the free energy
at all temperatures and external fields has been achieved. The variational formula we derive here also confirms
that the model is replica symmetric, a fact which is natural but not obviously deducible from the Parisi formula
for the model.

1. Introduction

We study the free energy of the constrained multiple replica spin glass model of [FPV92, PT07, Pan18a], also
called the vector spin model. In physics this free energy is known as the Franz—Parisi potential [FPV92]. The
model involves multiple replicas with constrained overlaps and was originally introduced to study metastable
states of standard one replica spin glasses [FPV92], and has since been used to study several other of properties
of one replica models [Pan16,CP17, BAJ18,Jag19, AJ21, AK18,FR20, JLM20].

We introduce a new approach to studying the model by adapting the Thouless-Andersson-Palmer (TAP)
approach of [BK19] to the model’s spherical Sherrington-Kirkpatrick (SK; i.e. 2-spin) version. We prove a
variational formula for its free energy in terms of a TAP free energy, and compute a formula for the maximal
TAP free energy, thus yielding a concrete formula for the original free energy. After [BK19] this represents
only the second setting where the free energy of a spin glass model has been computed at all temperatures and
external fields using a mathematically rigorous TAP approach.

We now formally introduce the model. The 2-spin SK Hamiltonian is a Gaussian process of the form

N
HN(O') = \/N Z JijO'iO'j, (11)
i,j=1

where J;; are i.i.d. standard Gaussian random variables, which is indexed by o € RY. For n > 1, we consider

the multiple spin configuration of n replicas denoted by the matrix
o=(cl,...,0") e RN,
where each o € RV denotes the k-th row of o and oF the entry in the i-th column and k-th row. Let
Svo1={ceRYN :6? + .. 0% =1}

denote the unit sphere in RY. Let h = (h!,...,h") € R™Y and 8 = (f4,.. ., B.) denote the external fields and
inverse temperatures of each replica. Furthermore, assume that |h*| = hj, € R and let h = (hq,...,h,) € R™.
Let @ € R™ ™ be a positive semi-definite matrix with 1’s along the diagonal giving a constraint on the overlaps

of the replicas. For a matrix A let ||A||o denote the sup-norm maxy; |Ag,|, and for € > 0 let

Q:={o:|oo" -~ Qs <}, (1.2)

denote the set of replicas with overlaps close to Q.
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Our goal is to compute the limit of the replica constrained free energy

F]if(ﬁ? h, Q) —_ l log 622:1 ﬂkHN(gk)+Nhk.akda (13)
N " Ja.
for fixed model parameters @Q, h, 3, where do = (do)®™ is the product of uniform measures do on the sphere
Sn_1. Note that the integral can not be trivially reduced to a one replica integral using Fubini’s theorem
because the replica overlaps are constrained to the corresponding values of Q. Note further that each replica
shares the same disorder .J;; but can be subject to different inverse temperatures 3 and external fields h*.
The TAP free energy we derive for this model is given by

N - - N
Frap(m) = 5 log Q —mm"|+ > BHy(m") + N> h*-mb+ gﬁT(Q —mmT)*?g, (1.4)
k=1 k=1
where m = (m!,...,m") € R"*¥ are magnetization vectors, || denotes the determinant, and A®? = A© A =

(AR Dki=1,...n denotes the Hadamard square of the entries of A. We further introduce a Plefka condition
[TAP77,Ple82b] for the vector spin model given by m € Plef 5 (Q, 8) for

Plfu(Q.8) = {Q@el-L1"":02Q<Q 8@ - QB2 < 5}

1.5
Plefn(Q,8) = {m e RN :mmT e Plefn(Q,B)} (15)

where 8 = diag(5) € R™*", || - ||2 denotes the spectral norm (largest eigenvalue for symmetric positive semi-
definite matrices) and < is the Loewner partial order on matrices (so that A > 0 for A € R"*™ means that A
is positive semi-definite).

Our main theorem is a TAP variational principle giving the limiting free energy of the model as a supremum
over m € Plef,,(Q, f).

Theorem 1.1 (TAP Variational Principle). Let n > 1 and Q € [—1,1]"*" be positive definite with Qp = 1
fork=1,....n. It holds that

1
lim limsup | FR (8, h, Q) — sup — Frap(m)| =0, (1.6)
€20 Nooo mePlefy (Q,B) N
where the limits are in probability.
If Q is not positive definite then lim._,o limy_ o0 FS (B8, h, Q) = —o0 (see (3.12)).
We also compute the supremum in (1.6) when h', ... h™ are multiples of a single vector. To this end we let

for any 8, h € R™ and positive definite n x n constraint matrix Q

_ 1 ~ i 1 ~ 1
GSE(B,h,Q) = V2Tr <\/(2hhT + 5Q5) ZQ(ihhT + 5@5) 2) . (1.7)
Note that the trace on the right-hand side is the sum of the singular values of (%hhT + ﬂQ)l/ 2Q'/2. The ground
state of the energy over magnetizations m with constrained overlaps converges to this limit:

Theorem 1.2 (Ground state energy). Assume that h' = hsu for a sequence of unit vectors u € RN for
i=1,...,n, For all B, h and positive definite Q we have that

N—o0 mmT=0

lim  sup (Z %BkHN(mk) + ka . hk> = GSE(3, h, Q), (1.8)
k=1 k=1

where the limit is in probability.

The next theorem expresses the limiting maximum TAP free energy as a lower dimensional optimizion,
namely as one of n x n (so bounded in N) rather than n x N dimensions. It follows immediately from (1.4)
and Theorem 1.2.
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Corollary 1.3 (Low Dimensional Variational Principle). Assume that h* = h;u for a sequence of unit vectors
weRN fori=1,...,n. For all B,h and positive definite Q it holds that
1

. ~ 1 ~ 1 ~
s CFnem) = sw (GSEGLQ) ¢ loglQ - @1+ 36TQ - @), (19)
N—=%0 mePlefn (Q,8) QcPlef, (Q,5)

where the limit is in probability.

It follows immediately from Theorems 1.1 and Corollary 1.3 that also the limiting free energy is given by

the same low dimensional optimization problem.

Corollary 1.4. Assume that h' = h;u for a sequence of unit vectors u € RN fori=1,...,n. For all 3,h and

positive definite Q the limit of the free energy is

lim lim F5(8,hQ) =  sup <GSE(B, nQ) + 5l0l@ ~ QI+ LAT(Q - Q)®25>, (1.10)

e—=0 N—oo QGPlefn(Q,ﬁ)

where the limits are in probability.

Remark 1.5. When n = 1 we recover the results of [BK19]. Indeed the only valid constraint is Q = 1, and
with this constraint Frap coincides with Hrap of [BK19], and Theorem 1.1 coincides with [BK19, Theorem 1].

The functional (1.7) is
GSE(B, h,q) = \/28%¢* + h*q, (1.11)
cf. [BK19, (1.6) and Lemma 20]. Corollary 1.5 says

2 1
i 5 = s (VERE R - 2 Jlogl—q1).
N=roo m:p(1-)< %

for alle >0, ¢f. [BK19, Lemma 2].

1.1. Discussion

The most important result about one replica (n = 1) spin glass models [SK75]" is the Parisi formula [Par80,
Par79, MPV87| for the limiting free energy which has been proved rigorously using the methods of Guerra,
Aizenman—Sims—Starr, Talagrand and Panchenko [Gue03, ASS03, Chel3, Tal06b, Tal06a, Pan13a, Panl4]. The
TAP approach is an attractive proposal [TAP77] of an alternative framework to compute the free energy which
is under active investigation, with at least three projects underway to implement it mathematically rigorously
([Bol14,Bol19,BY22], [Sub17b, Sub18, CPS22, Sub21|, [BK19, Bel22|).

Concerning constrained multiple spin glass models (n > 1; [FPV92, PT07,Panl8al) an upper bound for the
free energy of spherical models was proved in [PT07] using the Guerra interpolation scheme. The matching
lower bound for this model was proved in [Ko20,Kol19] by adapting the synchronization property derived for
constrained multiple spin models with respect to product measures by Panchenko in [Pan18a,Pan18b| and the
Aizenman—Sims—Starr scheme. In this article, we investigate the 2-spin constrained multiple spherical spin
model using the TAP approach of [BK19] (see also [Bel22]) and derive the new variational expression (1.10)
for the limiting free energy. The variational formula is expressed as the maximum of a functional defined on
n x n matrices. It is much simpler than the 2-spin version of the Parisi variational formula from [Ko19] defined
in terms of matrix paths [Kol9, Theorem 1 and Theorem 3]. After [BK19| our results represents only the
second setting where the free energy of a spin glass model has been computed at all temperatures and external
fields using a mathematically rigorous TAP approach ([Sub21] uses a different version of the TAP approach to

compute the free energy for pure p-spin spherical spin glasses without external field at all temperatures). We

1See [KTJ76,Der80, GM84b, CS92,Tal00, C1.04, Tal06a] for the various generalizations of the original Ising type 2-spin SK model.
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hope that in the future a further improvement of the present TAP approach can be extended to a wider class

of spin glass models.

A well-known property of the classical (n = 1) spherical 2-spin model is that it is replica symmetric at
any inverse temperature and external field, as can be verified by studying the Parisi formula for the model
[Tal06a, Section 2|. For the constrained multiple spin model, [AZ22] gives a zero temperature Parisi formula
for the ground state and shows that the minimizer is replica symmetric in the case of 2-spin interaction [AZ22,
Proposition 7]|. A similar computation at positive temperature seems infeasible, so presently one can not deduce
that the free energy of the constrained multiple 2-spin model is replica symmetric from its Parisi formula. Since
we use the TAP approach we do not directly study the Parisi formula for the model, instead obtaining the
different formula (1.10). However the formula (1.10) expresses that the free energy is replica symmetric, since

the maximization is over only one matrix Q.

1.2. Outline of proof

The starting point of the proof is the computation of the free energy at high temperature in the absence of
external field. When n = 1 (with the unique possibility @ = 1 as the constraint) the annealed free energy is
% B2, and this is also the quenched free energy if the Hamiltonian is at high temperature, which is the case if
B < % When n > 2 with a constraint @ the annealed free energy turns out to be % BTQ®23 (after subtracting
the normalizing factor %log |Q| corresponding to log-scale volume of spin vectors that satisfy the constraint;
see Lemmas 3.2, 3.3). Similarly this is also the quenched free energy if the Hamiltonian is at high temperature,
which turns out to be the case if HB%QB% Iz < % As is well-known, these properties of the model with n =1
can be verified using a second moment method [T03, Section 2.2|. In this paper we find that a second moment
computation also gives the aforementioned properties of the model with n > 2, though the second moment
computation is more challenging (see Lemmas 3.3, 3.4 and Propositions 3.6, 3.10). As an aside, note that the
aforementioned claim about the quenched free energy is the special case h = 0 and |32 QB2 ||, < % of (1.10),

in which it can be seen that the maximizer is Q = 0.

Armed with this knowledge of the high temperature phase, the proof of Theorem 1.1 splits into a lower and
an upper bound for F§ = F5(8,h,Q), both of which proceed by estimating the partition function integral
restricted to certain subsets of Sy _; that are neighborhoods of a magnetization vector m. That is, for each
no. ef(Mdo where f(o) = Y p_, (BkHn (o) + NhF - o*). We

normalize the integral, subtract the centering term f(m) and take the log to obtain

such subset A(m) C S} _,; we estimate fA(m)
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@ 10g [ 4 (myng, ¢/ do =

F@—F(m) gy
ldo

108 [a(m)nq. 1o+ f(m) + log Lamne:

fA(m)mQE

These terms each give rise to one of the terms of Frap(m), through the approximations

2 I 2
Flog|Q —mm™| + S, (BuHy (m*) + NI -mb) 4+ BT (Q - mmT)™ 8

(I1) = Prap (m)

Furthermore each term has the natural interpretation

Local free ener
Entropy + Local mean energy + &Y
(Onsager term)

as we now explain.

Indeed the first term in (I) is precisely the log-volume of o that lie in A(m) and satisfy the constraint given
by @, and is thus an entropy. The neighborhood A(m) is chosen essentially as a subset of the “slice” passing
through m, i.e. the hyperplane with normal m passing through m intersected with S3,_;. Such a slice turns
out to have log-volume approximately given by % log |Q —mmT| (i.e. by the first term in (II)), and the subset
we choose retains enough of the volume of the slice to have approximately the same log-volume.

The centering term f(m) = >_;_, (BHy (m*) + Nh* - m*) of (I), (II) represents the “local” mean energy
on A(m).

For the last term of (I) we use the knowledge of the high temperature phase of the first paragraph of this
subsection. The identity

Hy(o) = Hn(m)+VHy(m)- (0 —m)+ Hy(oc —m)

valid for all m,o € RY implies that

N

N
f (o) = (BeVHy(m") + 1) - (6% —mF) + 3 BeHy (% — mF).
k=1 k=1
effective Hamiltonian

effective external fields

From this one sees that the last term in (I) can be interpreted as the free energy of an effective Hamiltonian
on the spin space A(m) N Q. subject to effective external fields. In the proof we construct the sets A(m)
so that the effective external field term vanishes for o € A(m) (in the easiest case, simply by intersecting
the slice with a hyperplane with normal given by the effective external field). Furthermore after normalizing
o% —mF it turns out that the recentered Hamiltonian is essentially the original Hamiltonian with an effective
constraint Q(m);; = (Q—(mmT));;/(\/1 — [mi[2\/1 — [m7|2) subject to an effective temperature By, = (B1(1—
|m!|?), ..., Bn(1 — |m™|?)). Therefore applying the approximations for the high temperature free energy in the
first paragraph of the subsection one obtains that if ||Gm@(m )ﬁmHg < 5 then the third term of (I) can
be approximated by £ 3] T Q(m)®2B,,. Since ||BmQ(m)Bmll: = [182(Q — Q),B l2 the former condition is
precisely Plefka’s condltlon and since —BT Q( )92Bm = %ﬂT (Q — mmT)®2ﬁ the latter is precisely the

approximation of the last term of (I) by the Onsager term in (II).

This justifies the approximation log [ A(m)NQ el do ~ Frap(m) provided Plefka’s condition holds for m.
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Finally, it turns out that only m satisfying Plefka’s condition are relevant. Indeed, in Section 3 we prove
the lower bound for F§ by simply only considering m that satisfy Plefka’s condition, and deduce that F, is
lower bounded by Frap(m) for any m that satisfies the condition.

The central difficulty in proving the upper bound for Ff; in Section 4 is that we cannot a priori ignore m
that do not satisfy Plefka’s condition. Instead we approximate the recentered Hamiltonian by one that is in
some sense always at high temperature, even when Plefka’s condition is not satisfied. This gives rise to an upper
bound of Ff; in terms of a modified TAP free energy which has a different Onsager term. We then show that
any maximizer of this modifed TAP free energy in fact must satisfy Plefka’s condition, and that in this case its
Onsager term is close to the usual Onsager term.

The above constitutes a multidimensional (n > 2) adaption of the method (for n = 1) in [BK19] (elements
of the above ideas are also used by TAP [TAP77], Bolthausen [Boll4, Bol19] and Subag and collaborators
[Sub17b, Sub18, CPS22, Sub21]).

Lastly in Section 5, we express the ground state of the Hamiltonian as a finite dimensional variational problem
over positive semi-definite matrices using the method of Lagrange multipliers. The resulting variational problem

can be solved explicitly yielding the closed form representation in Theorem 1.2.

2. Preliminaries

We denote constants, whose value may change from line to line or even in the same expression, by ¢. They may
depend on the number of replicas n, but are independent of all other parameters unless otherwise stated.

At certain points in the proof we will use the standard fact that

lim P ( sup  |Hy(m)|<eN, sup |VHy(m)| < cN) =1 (2.1)

N—oo meRN:|m|<1 meRN:|m|<1

J+JT

5— is a GOE random matrix we have

This follows for instance by writing J = (J; ;)i j=1,...~8 so that
Hy(m) = mTJ+TJTm, and noting that VHy(m) = (J + JT)m and

Jim P (I + T2 < eN) = 1. (2.2)

We will also use that writing NA\; < ... < Ny for the eigenvalues of J +2J ! we have

max [Nir1 — A 5 0as N — . (2.3)

i=1,...,

Finally for the upper bound we will use that

P
r{laxN|/\i—0i/N| —0as N — oo, (2.4)

i=1,...,

(see [EYY12, Theorem 2.2|) where 6,y are the classical locations

0;/n —inf{é):/eﬂdusc(x) _ } (2.5)

=|

defined in terms of the semi-circle distribution
1
dptse () = - 2-2%1_ 5 s (@)de. (2.6)
Tt follows from (2.5) that

lim lim sup |6;n —6;/n|=0. (2.7)

N—o00 e—0 |27]|§6N

Note that (2.2) and (2.3) are consequences of (2.4)-(2.7).
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3. Lower bound

In this section, we will prove the following lower bound of the free energy.

Proposition 3.1 (TAP lower bound). Let n > 1 and Q € [—1,1]"*" be positive definite with Qi = 1 for
k=1,...,n. Let hy,...,h, €[0,00) and h',... h" a sequence of vectors with h* € RN and |h*| = hy. Then
there exists a ¢ = c(n,hi,...,hn, Q) > 0 such that for all ¢ > (0,c71)

mePlef n (Q,)

ngn P (Fﬁf(ﬁ,h,Q) > % sup Frap(m) — c\/g> =1. (3.1)

To prove this we first compute the free energy at high temperature in the absence of external field using the
second moment method in Subsection 3.1. Then in Subsection 3.2 we consider the model with external field at
arbitrary temperature, and as described in Subsection 1.2 proceed by fixing a m that satisfies Plefka’s condition,
constructing a set A(m) (see (3.51)) that is “centered around” m, recentering the Hamiltonian around this m
(see (3.48)) and estimating the free energy of the recentered Hamilontian on the set A(m) (see (3.66)).

3.1. Free energy without external field

Let us define
Z5(8,h, Q) = / eXnoy BHN (") +NR * (L3) NFx (B,h,Q) (3.2)

The goal of this subsection is to use the second moment method on Z5(3,0,Q) to show that it concentrates
as N — oo. In the first lemma of this section we show that the volume of the Q-constrained n-fold product of

spheres is approximately 4 5 log |Q| at exponential scale, with which we can calculate the moments of Z5 (3,0, Q).

Recall that || A||2 denotes the spectral norm of A.

Lemma 3.2 (Constrained volume). Let n > 1. There is a constant ¢ > 0 such that for for all symmetric
positive semi-definite Q € [—1,1]"*™ with 1’s on the diagonal and all € € (0,c¢™1) and N > ce~! we have

1 1 _

‘N log/l{”o.a.T,Q”ocgg} do — B log |Q| < C(l + HQ 1”2)6, (33)

and 1
—log/l{HUO.T QHoo<E} dO' §log\8I+Q\ + c. (34)
Proof. Letu;p,k=1,...,n,9=1,...,N beiid. standard normal random variables, and let ub = (Ui gy s Unk) €
k

RY and u; = (ui1,...,uin) € R™. Note that the conditional law of u*/ [u*| on the event ||“—\/ﬁ‘ — 1] < ¢ is the
same as the law of o, for k=1,...,n, so

1
*bg/l{nmﬂ Qllw<e} do

1 k., k:

= 571067 (s = @ <o g =1 <)

1 uk’ l | k| 1 | k|
NlOgP( W le e Sup \/T—l )-NIOgI[D(Sup —1 <E> .

\ u

By the Chebyshev inequality ]P’( \ﬁ 1’ > 5) < =%z, which implies the last term is bounded by ce if ¢ is

large enough and N > ce~ 1, so it suffices to control the probability of the event

k l
u” - u
A{max le

k,l

|u¥]
5sup -1l <ey.
VN

|| ul|
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We apply the standard proof of Cramér’s theorem to the i.i.d. vectors uq,...,uy, taking care to obtain a bound

that is uniform in Q. There exists constants cq, ¢y such that for all £ smaller than some constant and all @ with

1Qllc <1
{H]lcalx|uk cul — Nkal| < claN} CAC {nﬁx|uk sl — NQk,g| < cQsN} .

We begin with the upper bound. For all symmetric n x n matrices A

n 2
P (max|u “u —NQM| < 025N> <E |exp Z Aklu cut e N Zka=1 MeaQrateeen®| Al N
k=1

If 2A < I, it holds that

n N
exp Z Ak,luk ! lexp (Z Aui>

k,=1 i=1

- (E [eXp ((ul)T Aul)DN — [T —2A| >

Thus for all such A

N
P (max |u cut = NQy l| < czeN) < exp < log |I —2A] — NZAk 1Qk,1 + caen 2|Al|so N ) . (3.5)
ki

—3 log|[I —2A| = ;log|Q|

The non-error terms on the r.h.s are minimized by choosing A = 1

> AkiQrs =Tr(AQ) = Tr <Q 2_ I> =0. (3.6)
kl

and

Thus we have that
k1 N -1
P n}ialx‘u ul = NQpu| < c2eN | < exp 510g|Q|+c(1+||Q ll2)eN |,

since con?||Alloo < ¢(1+ ||Q7Y||2) for a large enough ¢ depending only on n. This proves the upper bound of
To obtain (3.4) let A = HQ;rid)il and note that then >, Ay Qr; = Tr (AQ) = Tr (W) > —
and ||Alloo < ce™h
For the lower bound of (3.3) we use the change of measure

w3

-
aQ al exp Zkl Akzu ul) B N exp <Zz (ui) Aui)
s [T -2A

ap 1T —2A7Y/?

=1

-1
for A = I_éz . Under the measure Q the u; are i.i.d. centered Gaussian vectors in R with covariance Q. We

have
}P’(|uk cub — NQ;CJ| < clsN)
=Q 1{\uk-u’—NQk7l\§claN}%>
>Q (maxk,l |uk cul — NQk,l’ < 01€N) b
(3.6)
> Q (maxyy |+ > uful — Qra| < cre) exp (Flog |Q] — c(1+ (| Q7 |2)eN) .

Using a union bound and the Chebyshev inequality (recall Q (uful) = Q) we obtain

Q ({maxp; | Yy ujui — Qry| <cie}’) < Y Q(lx X uk Lﬁ — Q| = cie)
Var w;u
< 5, el Zudvl) (338)

Varg (uhu!
Zk,l @( 1 1).

c3e2N

= S Ak 1 Qi i—cin’e|| Al V) (3.7)
|[T—2A|N/?

A
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Now crudely bounding

Varg (ufut) < Q ((ufuh)’) < \/@ ((u’f)4>\/(@ (@) <e,

where the last constant is independent of @ since u¥ is Gaussian with variance Q, = 1 under Q, for all k.
Thus provided ¢ is smaller than some constant depending only on n the r.h.s. of (3.8) is at most %, and so from
(3.7) it follows that

N
P (o = NQu| < 1) > exp (5 TomlQ] - (1 4 1Q e )

giving the lower bound of (3.3). O

We now compute the first moment, or equivalently annealed free energy. Recall that A > §I means that all
eigenvalues of A are greater than §. We also use the notation A®2 = A® A = (A%J)k,l:l,wn to denote the
Hadamard square of the entries of A.

Lemma 3.3 (First moment; Annealed free energy in absence of external field). Letn > 1. Forallé € (0,1),C >
0 there exists a constant ¢ = ¢(0,C) > 0 so that for all € less than a universal constant, |5] < C and N > ¢(d,¢€)

we have

sup
Q>61

1 1 1
N ORI (5.0.Q)] - (3575 + 1ox@l) | < e (39)
where the supremum is taken over all symmetric Q € [—1,1]"*™ with 1’s on the diagonal.

Proof. We have

E[Z%(8,0,Q)] ) E/ eXii=1 Bl (M) g :/ E lexp (i ﬁkHN(Jk)>‘| do. (3.10)
k=1

€ €

Since the Hamiltonian is a sum of Gaussians for fixed o we have for o € Q.

exp (Z BkHN(ak)>] = exp <; Var <Z BkHN(ak)>> . (3.11)
k=1

k=1

E

Since E[Hy(0)Hy(0")] = N(o - ¢')? we have
Var (Z ﬁkHN(O'k)> = Z BrBe(ok - 0’[)2. (3.12)
k=1 k=1

For o € Q. we have | 22,5:1 BrBe(ok - 01)? — EZ’ZZI BkﬁgQ%ﬂ < ceN for a constant ¢ depending only on C' and
n, and ZZ,H BrBeQi, = BTQ®?3. Therefore for all o € Q.

- 1
logE |exp (Z BkHN(Uk>>] - §5TQ®2,6’ < ceN.
k=1
Lemma 3.2 implies that for Q > 01
N
log/ ldo — 10g|Q|‘ < ceN,

Q. 2

which completes the proof. O

Next we compute the second moment.
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Lemma 3.4 (Second moment). Let n > 1. For all 6,C > 0 there exists a constant ¢ = ¢(d,C) > 0 so that for
all e € (0,¢71),|8] < C and all N > c(e,6) we have

sup (}VlogE[Ziv(ﬁ,aQ)Q] - (BTQ@QBHZP V(A)) ) < e, (3.13)

Q=61

where the supremum is taken over all symmetric Q € [—1,1]"*™ with 1’s on the diagonal and

V(A) =BTA®?B + ;log‘ (3.14)

Q A
AT Q|
Proof. We have
UG (5.0.@1) =B [ [ (TR a5t ]
_ / / ]E{ezzzl/skHN<ak>+zzzlﬁeHN(r@>] dodr.

Similarly to in the proof of the previous lemma the inner expectation is a Gaussian exponential moment that

satisfies

logE [62221 BrHN (") +37, ﬂZHN(TZ)] _ NBTQ®25—N Z By Be (Uk .76)2 < Nee,
k=1

for all o, 7 € Q., where ¢ depends only on C,n.

It remains to prove that
n 2
/ / N Ekem1 BBe(0" ) o dr < exp <N supV(A) + Nca) . (3.15)
€ € A

By partitioning the space [—1,1]"*" into at most (2—15]"2 subsets of diameter of order ¢ one obtains that for all

e>0 )
Ja.Ja. " Ziama 8B ) o dr

S exp NSupAe[_Ll]an {ﬂTA®2ﬂ + %longa an 1{HO"I'T—AHoo§8}dO.dT} + NC€> s

for a ¢ depending on C, for all N > ¢(g). Note that the second term in the supremum equals

1
— log / 1 dv,
N vl — Q A <e
AT Q B
where the integral is over v € S3 ;.

Note that for any matrix B € R"*" such that || B||o < 1, we have

(3.16)

|Bllz2 <nand 6" < |B| < dn"1if § > 0 is B’s smallest eigenvalue. (3.17)

Fixaé € (0, %) small enough depending only on d,n,C such that

1 ~ 1 om—1 9 ) (3.17)
1 log(26) + 3 log (4n) +n“maxf; <nlogd < V(0).

A - <
Then if A is s.t. (;fT Q) has an eigenvalue smaller or equal to ¢ and € € (0,0) then by (3.4) and (3.17)
1 T
- < - ©23. .
Nlog/l 0 A dv <V (0)— Np'A®°p (3.18)
v’ — <e
AT Q
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- A
(after possible decreasing ¢ further depending on the constant in (3.4)). If on the other hand (j.r Q) > 6T

then (3.3) implies that

1 1 Q A <1

—1 1 <=1 . Nl

Nog/ (@ 4 _ dV_QOgAT Q+05 € (3.19)

AT Q|
The bounds (3.16), (3.18) and (3.19) imply (3.15). O
We will show that V(A) is maximized at zero for § that lie in
1 1 1
HT(@Q) = {5 < B 15E @Bt < | (3.20

which is the high temperature region of the model (recall that 3 = diag(51,...,0r)). Together with Lemma
3.4 this will give us

1 1

08 E[Z5(5,0,Q)%) — 1 og B3, (8,0, Q)] < =
for p € HT(Q), with which we can use a second moment method to prove concentration of Z%,(3,0, Q) for such

8.
In the computation showing that V(A) is maximized at zero a different form of the high temperature
condition naturally appears. The next lemma shows that this form is equivalent to the condition in (3.20).

Lemma 3.5 (Equivalence of the two forms of high temperature condition). For any positive definite symmetric

matriz Q,

" LQIBQIAY | < =
HT(Q) = {5€R 'HBSﬁlf:lHB Q*BQ:B*||r < ﬁ} (3:21)

where || - || denotes the Frobenius norm.

Proof. The claim follows once we have shown that

sup ||B2QV2BQYV*B'?|r = ||B2QB% .. (3.22)

IBll%=1
To this end note that

||51/2Q1/2BQ1/2,61/2”2F - Tr (B1/2Q1/23Q1/251/2 (,81/2Q1/2BQ1/2ﬁ1/2)T)
= Tr (BQ1/2ﬂQ1/2BTQ1/2/BQ1/2)
= [|IBQ'?BQ"|}.

Let 3 be the diagonal matrix of eigenvalues of Q'/28Q"/?, and let B denote B in the (orthogonal) diagonalizing
basis of Q'/28Q'/2. Then | B||} = || B||} and | BQY/28Q"/?|% = || BB|[%, so

sup [8°Q'*BQY?B'?|% = suwp | BB}
IBl%=1 1Bli3=1

Since |B3||% = > (Z] BZQJ) 532 the r.h.s. clearly equals max; Bfl Since AB and BA have the same eigen-

values for any square matrices A, B, also

Q'?BQ'? and BY2QBY? have the same eigenvalues, (3.23)
and this proves (3.22). O

We are now ready to show that V(A) is maxmized for A = 0 when 8 € HT(Q).
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Proposition 3.6. For any positive definite Q and § € HT(Q) it holds that

sup V(4) = V(0). (3.24)
A

Proof. Using the Schur complement formula

A
|fT Q| —1QIQ-ATQ 4.

We have
Q-ATQ'A=1Q-ATQ :Q :A|=1Q - (Q:A)T(Q :A)|

By the matrix determinant lemma this equals
QII - (Q:A)Q 1 Q*A)T| = QI - (Q:AQ %)(Q *ATQ %), (3.25)

Thus 1
V(A) = 5TA6 +1og|Q| + log | — (Q :AQ *)(Q :ATQ #)T|.

Now make the change of variables B = Q_%ATQ_% & Q%BTQ% = A to obtain
1
V(4) = 5T(Q*BTQ*)%*8 +10g|Q| + 5 log|I — BTB|. (3.26)

It thus suffices to show that the right-hand side is maximizes for B = 0.

To this end we first optimize along rays by fixing B and considering
1
o(t) = V(ViB) = 15T (Q*BTQ*)**f +log |Q| + 5 log|I — tB"B|,t > 0.

The functional v(¢) is clearly concave in [0, 00) because the first term is linear in ¢, the second term is constant,
and the last term is concave in t (for instance by diagonalizing BBT). Thus to show that v(t) has a global
maximum at 0, it suffices to show that v’(0) < 0.

We have

V(0) = 7@V BTQ) 5 + L Sloa|T ~1BTBI|
t—

Since

= -Te(B'B) = —| B| %,

d
—log|I —tB"B| =TI - tB"B)"'B"B) .
t= t=

dt

and wT A®%w = ||diag(w)* Adiag(w)? |2 for any vector w and matrix A we obtain

1 1 1 11 1
V0 = [872Q BQIS 1% - SIBI: = |BI% (167°Q¢ BQI8 1% - 1 ).
where B = B/||B||p. If 8 satisfies the high temperature condition (3.21) then the r.h.s. is non-negative, so
v'(0) < 0 and indeed v(t),t € [0, 00) is maximized at ¢ = 0.
But since this holds for any B, it must be that the r.h.s. of (3.26) is maximized when B = 0, so A =
Q:BTQz = 0 is the global maximizer of the functional V(A). O

Remark 3.7. Note that for v in the previous proof v'(0) < 0 for all B only if the condition (3.20) is satisfied,
so the reverse of the implication of the Proposition also holds (though we do not need this fact).

For the lower bound of the free energy with the second moment method one needs the standard exponential

concentration inequality.
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Lemma 3.8 (Exponential concentration for free energy). Let n > 1 and C > 0. There exists a ¢ = ¢(C) > 0
such that for alle >0, |8 < C and Q >0

P <‘F§,(ﬁ, 0,Q) — M[Fx(5,0,Q)] ‘ > t) < exp (—ct’N), (3.27)

where M denotes the median.

Proof. This follows by Gaussian concentration [BLM13, Theorem 10.17], since for all 4, j, 3, Q
(L3) 1
91, F% (8,0,Q) Z/ak

where () = fQ - eXk=1 B’“HN("k)da/fQ Xk AN () g denotes the expectation over the Gibbs measure, so
that when |5| < C

C? - 2 (2 - 2 2 C?n
VFR (3.0.Q)F < 5 Y3 (okeh)’ < = 33 ((0) (o)) = 5
i, k=1 ij k=1
implying that the map J — F5 (5,0, Q) is Lipschitz with Lipschitz constant N—1/20pt/2, O

To obtain an estimate for the free energy uniformly over 5 and Q (see (3.29)) we will use the next result.

Lemma 3.9 (Lipschitz property of the free energy). Let n > 1,C > 0,e > 0. There exists a L = L(C) > 0
such that

Jim P(vQ >0 and [81], 6% < C: [F§(8',0,Q) = F(8%,0,Q)| < L|B" = p*|) = 1.

Proof. We have for any k € {1,...,n} that

0

9BF F5(8,0,Q) 2 (B (o)) (3.28)

where (-) denotes the expectation over the Gibbs measure as in the previous lemma. Thus by (2.1) we have for

L = L(C) large enough
P sup
Q,8|<C

This implies that F5 (8,0, Q) is Lipschitz continuous in § with probability tending to one. O

(fmkFN(ﬁ’O Q)’ ) — 1.

The next Proposition will now combine all previous arguments to show that F5 concentrates as N — oo if

the external field h is zero and f lies in the high temperature region.

Proposition 3.10 (Free energy at high temperature). Let n > 1. Let 0,C > 0 be some constants. There exists
ac=c(§,C) >0 such that for all e € (0,c71)

1
lim P| sup sup |F5(8,0,Q)— =(BTQ*B+1log|Q)| <cve | =1, (3.29)
N=oo | Q>0 BeHT(Q) 2
|8|<C

where the supremum is taken over all symmetric Q € [—1,1]™*™ with 1’s on the diagonal.

Proof. Let A" € [-1,1]"™*" i =1,..., M, with M < f%]"z such that for all @ € [—1,1]™*" there exists an 4
such that
A"~ Qlls <&, (A)*? = Q%% < 2¢, [|A'] QI <n"Te. (3.30)



3. LOWER BOUND 79

For this 7 we have Aiés C Q. C A%, and thus for all 3

FEE(8,0,A1) < F5(3,0,Q) < F¥(8,0,A0). (3.31)

We also construct a finite sequence 8, ..., 8% with L < [g]" such that for each 8 € {b € R" : |b] < C} there is
a j < L with |3 — 7| < e. Then with probability tending to one by Lemma 3.9 there is for each 3 with |3| < C
some j such that

|F§7(5, 0,Q) — F]‘E\,(ﬁj,O, Q)| < ¢(C)e for all @ (3.32)
and for each Q with @ > I and the ¢ such that (3.31) holds

1BTQ“?B +1log|Q| — (/)T A'?B7 —log |A’|| < c(6,n,C) e (3.33)

provided ¢ is small enough depending on §.
Upper bound: This implies that for if the constant c is chosen large enough depending on §, C,n then

P (VQ > 61, 8| < C: Z5(8,0,Q) > exp (;V (87Q%%5 +1og |Q| + ce)))

<P <3¢ =1, M, j=1,..,L: Z3(#,0,A)) > exp ( ((ﬂﬂ) (AP287 +log |A| + ;€)>) :
where by Markov’s inequality and Lemma 3.3 the r.h.s. is bounded by
Z25 J 0 Az
SN A < e (-52)
== exp (5§ ((87)T(A)92p7 + log |AT| + Se)) 4

and thus

(VQ > oL 18] < C: FR(5.0.Q) < (57Q8) + L 1og[Q) +ce) Ll

Lower bound: By the Paley-Zygmund inequality and Lemmas 3.3 and 3.4 we have for any large enough ¢
depending on §, O, n that for all e € (0,c¢™1) and N > c(e,6) and 4, j

F3(B,0,A7) > 1(8")7(A i)®25j+%1og|Ail—§s>
P (25(87,0,A%) > LE[Z2 (57,0 Az)])

>

e 3.34
> ;IE[Z&(B],O,AU]2 ( )
— YE[Z2(59,0,41)2
Z %efcaN'

Since otherwise there is a contradiction by Lemma 3.8 (after possibly enlarging ¢) this implies that M (F ]\%, (87,0, Az)> >
L(B)T(A)2B7 + Llog|A!| — £4/e for all e € (0,c™') and N > N (g,6), and then another use of Lemma 3.8
implies that

Nlim P (Fﬁ(ﬁj,QAi) < %(ﬁj)T(Ai)sz’j + %10g|Ai| - ;JE) =0foralle € (0,c),i,j.
—00
Then (possibly enlarging ¢ again) we have

(30201, 181 < 5 F5(6.0.Q) < 5(57Q°%9) + 10g [l - eV (3.35)
& : 1 1 ¢
< P(F2(p7,0,A —(BHT(AHO?B + = log |AT| — = :
>3 (07,0, < (G974 + g A~ §VE) ) 0 (3.36)

for all € € (0,c™ 1), which gives the lower bound.
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3.2. With external field

We now prove the lower bound at all temperatures in the presence of an external field. We will follow the proof
of [BK19, Lemma 5|. We start by showing that Lemma 3.4 still holds if we restrict the integral in the parition
function to the intersection of the product of unit spheres with hyperplanes of high dimension.

In the following it will be convenient to denote the integral f -do over the sphere Sy_1 and the integral
[ -do over 8% _; by E[-]. For a subspace U C R™*¥ let us write EV to denote the expectation/integral with

respect to o conditioned on o € U.

Lemma 3.11. For all 6 > 0 it holds that

) TNHO2
ilOgEU 1Qaezk=1ﬂkHN(0k)} (ﬁQ 6 lOg|Q>

P ( sup sup sup < cﬁ) — 1, (3.37)

Q>56I BeHT(Q) U

as N — oo, where the innermost supremum is over all subspaces of dimension N — 2n and the outermost

supremum is taken over all symmetric Q € [—1,1]™*™ with 1’s on the diagonal.

Proof. Define an orthonormal basis wy, ...,wx of RY such that

U= <'U)N72n; ce ,U}N>.

Let A be the top left (N —2n) x (N —2n)-minor of J+TJT when written the basis wy, ..., wy. For o € U+ we have
Hy(o) = ij_jl" Gi6jA;; = NZN n a;(0;)? where & is o in the basis wy,...,wy, and Na; < ... < Nay_a,

are the eigenvalues of A. Thus

lq. exp <zn: ﬁkHN(Uk>>] — pN-2n

k=1

EU"

lq. exp <N26k i ai(af)2>] ; (3.38)

k=1 i=1

where EN~2" is the expectation over o uniform on S%_,,. ;. Let B be the top left (N — 2n) x (N — 2n)-

minor of J+T‘]T when written in standard basis and let Nb; < ... < Nby_o, be its eigenvalues. Recalling

that NA; < ... < NAy are the eigenvalues of < +2JT so by Cauchy’s eigenvalue interlacing inequality (see
[Par98, Theorem 10.1.1]) we have A; < a;,b; < Aj12,. Thus (2.3) implies that

n N—-2n n N— 2n N 2n
sup  sup Zﬁk Z a;(o Zﬁk Z bi(0F)?| =5 0 as N — oo, (3.39)
U 0€SK _on 1 | k=1 i=1 i=
and so
S = VN =2
EU" |1g. exp (Z BkHN(ok)> = BN 1o exp (Z 5k(0k)TnBak>] e’ (3.40)

= VN

uniformly in U. By applying Proposition 3.10 with N — 2n in place of N the r.h.s. equals

k=1

2522 (BTQ f+10g |Q) (1+0(VE)) (3.41)

for all @ > 0I and 8 € HT(Q) (note that HT(Q) is a bounded set), proving the claim O

Let us define the matrix Q(m) € R™ ™ given by

A Qe —mk -m*

= s 3.42
Ot = T [t P T P (3.42)

which is thus a function of Q and mm”.

The next lemma will be used in the proof of Proposition 3.1 to exclude m such that Q(m) has a small

eigenvalue or mm" has an entry close to 1.
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Lemma 3.12. For any B3, (hi,...,h,) and positive symmetric Q € [—1,1]™*"™ with 1's on the diagonal, there
is a § € (0,1) such that

P sup FTAP (m) < sup FTAP (m) — 1.

mEPlef v (Q,5):Q(m)>0,Q(m) has eval. <6 mePlef§ (Q,8):Q(m)>61,|mmT| o <1-6
or lmmT|>1-6

Proof. Choose n € (0, 1) satisfying n < (\/§||,6'%Q,6'%H2)_1 and let Q = (1 —1)Q, so that Q € Plef,(Q, 8) by
(1.5). Let ¥ = (QY?)y; for k,i =1,...,n and mF = 0 otherwise and m = (', ... ,m"), so that mmT = Q
and so T € Plefx(Q, 8). Then || |lo =1 —1n. Let § be the minimum of 7 > 0 and the smallest eigenvalue
of Q(m). We then have

1
N sup ~FTAp(m)

mEPlef v (Q,8):Q(m) >3, [ mmT|| o <1-4 (3.43)
(1.4),(2.1)

> —cnmax;(|Bi| + hi) + 28TQ?B + Zlogn + 3 log |Q|

with probability going to 1.
On the other hand assume that § € (0,1) and m € Plefx(Q, 8) and |mmT || > 1 —§. Then (mm7); >
1 — § for some k and because |A| < [], A for any positive semi-definite A we have |Q —mmT| < § and
1 (1.4),(2.1) 5 5 1
NFTAp(m) < enmax(|B| + hi) + n” max i + 3 log é. (3.44)
Assume now instead that m € Plefy(Q,3) and the smallest eigenvalue of Q(m) is less than ¢. Let
S = Diag((1 — [m'?)~V2,...,(1 — |m"?)~"/2). Since Q(m) = S(Q — mm")S and S;; > 1, the smallest
eigenvalue of @ — mm" is bounded above by the smallest eigenvalue of Q(m) Thus if m is such that the

T

smallest eigenvalue of Q(m) is less than 4, then the smallest eigenvalue of Q —mm' is also less than 4, so with

probability tending to 1 all such m satisfy

1 (1.4),(2.1),(3.17) ) , 1 1

NFTAp(m) < enmax(|B;| + h;) + n° max 5; + i(n —1)logn + 5 log d. (3.45)
If § is picked small enough depending on n, 8, Q, (h1,...,h,) then the r.h.s of both (3.44) and (3.45) are less
than the bottom line of (3.43), and if we also ensure that § < & this proves the claim. O

We are now ready to prove the TAP lower bound Proposition 3.1. The idea of the proof will revolve around
recentering the o around some vector m and then restricting our integral to a set where the contribution of the
external field is negligible, which enables us to use the results of the previous subsection about the free energy

without an external field.
Proof of Proposition 3.1. By Lemma 3.12 there is a 6 € (0,1) such that (3.1) follows once we have shown that

1
lim P | Fy(8,h,Q) > — sup Frap(m) —cye | =1, (3.46)
N=oo N mePletn (Q.5):Q(m) >, [mmT || <1-5

for all e € (0,c¢71).
Fix some m!,...,m" € RN with [mmT|. < 1—4, Q(m) > 6I and mm" € Plefx(Q, 3). By definition
(1.1) it follows that for all o,m € RV

HN(J):HN(m)+VHN(m)-(U—m)+HN(J—m), (347)
so that for all k

BrHn(c%) + NhE . 0% = B Hy(mF) + NB* - mF + Nn™F . (6% — mF) + BrHy (oF — mF), (3.48)
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where 5
Rk = NkVHN(m’“) +hF k=1,...,n, (3.49)
is the effective external field. Using this we obtain
Z5(8,h, Q) = eXim (AN (e nt) [y o iy (Bt (o= NAT o =) | (3.50)
Let U be a 2n-dimensional space whose span includes m*, h™* for k = 1,...,n. We will now bound the

expectation on the r.h.s. from below by inserting another indicator 14 given by
A= {o-:|PU(Jk—mk)|§Zforkzl,...,n}. (3.51)

Note that on the event (2.1) for o € A

(0% — m*) - mf| < Z and |(oF —mF) - ™| < ce, (3.52)
for all k,¢ € {1,...,n}. Therefore we obtain
E [1Q mAeZZ:1(ﬁl«HN(Uk*mk)Jrth’k'(a"’fmk))} > e NE [1Q Aaei=1 ﬁkHN(O’kfmk)i| . (3.53)
Let us define the normalised projection of o* — mF onto UL by
PV (0% — mh)
kK
= Jk=1,...,n.
7 [PUT (0% — k)| K
For o € A and k it holds
lo —mF]2 = |o]2 — |mF|? — 2(c% —mP) - mF =1 — |m*)?> + O(e) (3.54)
and so
‘\PUL (o —mF) > —(1- |mk’2)‘ < ce.
Thus using that Hy is 2-homogeneous we obtain that on the event (2.1)
Hy (0 — mk) >(1- |mk|2)HN (6) — ce,
for all k, and
E {162 naeiet ﬁw“"“’"ﬂ >eNE [1Q naeZier Be(l=m* ) Hx (69 (3.55)

To replace g, with an indicator that is a function only of the & = (61, ...,6™), note that if

W, Qe —mk -m*

(3.42) GF .5l
VI= P T [P

<

& ' — Qryl

g, Vk{=1,..n
then
oF - ot — Qi [(o% —mF) - (6" —m*) = (Qr,e — mF - m")| + [m* - (6f —m®) +m" - (o —m")]

VI /T iP5 + § <.

<
(3.52)
<

Thus we obtain
{o:6€Qm);) o oeQ.)
and
B [1q.nacTin A0t NN 5 [1A1{&€Q(m)g}ezz’1ﬂk(l|mk2)HN(Erk) . (3.57)
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Let A be the o-algebra generated by PVc* for k = 1,...,n. Note that the ¥ are independent and uniform
on Sy_1 NUL under P[|A]. Thus

n imF|2 &F
B [1A1{&€Q(m)g}ez“ﬁk<1 [ 12 H )}
n —imF 2 P
=FE|14E [H&e@(m)s}ez“lﬁ’“(l e HN @) A” (3.58)
:E 1AEUL |: Q( ) eZk 1Bk(1 |mk‘ )HN(U):l:l
Note that by letting
(Bm) = Be(1 = |m"?),k=1,..,n and By, = diag(Bm) € R"*", (3.59)
we have
PR 1
182QB% |2 = B Q(m) Bl -
so that ) )
15 PN 1
mmT €Plef,(Q.0) & 81QBY < 5 & 1BRQMIBAIL < & 560
(3,20) :
& By € HT(Q(m)).
Therefore Lemma 3.11 implies that on the event in (3.37) the quantity (3.58) is equal to
T0 02
. m . 1 A
exp (W +5 log [Q(m)| + O(ﬁ)) . (3.61)
Thus on that event (3.58) is bounded below by
TA ®2 1 R
E14] exp (N (Wﬂ + 3 log |Q(m)|> - Ncﬁ) . (3.62)

We also have

Ela] > ﬁ( "(1- |m |2 —cg)W) ZeXp< Zlog —c&:N) (3.63)

for a constant ¢ depending on § and N > ¢, since [m*|2 = (mmT),, <1 -4 (see [BK19, (2.9)]). Combining
(3.53), (3.55), (3.57), (3.58), (3.62), (3.63) we obtain that
B [1que i (L (a7 i)
n ! Q o2g ~
> exp (S Y log (1= [mHP?) + N (£=2Q 0 4 Log|Q(m)|) — NeyE)

Recall (3.42) and (3.59), which imply that

zn:log (1 — |m*?) + log |Q(m)| = log ( ﬁ 1 — |m*? ) =log|Q — mmT|, (3.64)
k=1 k=1
and
B Q(m) 2B = 57 (Q — mmT) " 5. (3.65)
This implies that
B [1guoacTios (Ber et -m* e Nhm (ot ) oo

> exp (§87(Q — mm™)®28 + Jlog|Q — mmT| — Neye).
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Combining this with (3.50) we obtain that

Z]E\/v(ﬁ7 h7 Q) > 622:1(@cHN(mk)-‘rNhkan)+%,3T(Q—mm-r)®2,3+% log \Q—mmT|—Nc\/E, (367)

for all m with |mmT|| < 1 -6, Q(m) > 6I and mm" € Plefy(Q, ), with probability tending to one.
Recalling (1.4), we see that (3.67) is equivalent to

Z?V(Ba h; Q) > eFTAP(m)—Nc\/E.

This proves (3.46), so completes the proof of Proposition 3.1.

4. Upper bound

In this section we prove the following upper bound on the free energy.

Proposition 4.1 (The TAP Upper Bound). Let Q,3,h be as in Proposition 3.1. For any n > 0 there is a
c=c(B,h,Q,n) such that for all € € (0,c)

lim P (Fﬁ,(ﬂ, h,Q) < 1 sup Frap(m) + 77) =1 (4.1)
N—oo mEPlefn (Q,5)

The proof involves constructing, in Subsection 4.2, a low-dimensional subspace of magnetizations M7, with
the property that after recentering around m € MY, the effective external field is again almost completely
contained in M?%. The set A(m) described in Subsection 1.2 is here essentially the hyperplane m + (M%,)+
intersected with the cartesian product S%_,, where (M%)+ is the perpendicular space. We write the integral
in F5 (8, h, Q) using Fubini’s theorem as a double integral first over M7, and then over the perpendicular space
(M%)+, so that the inner integral is an integral of the recentered Hamiltonian over the sets A(m). The latter
lacks external field and has a higher effective temperature than the original model (as long as m # 0). However,
as opposed to in the proof of the lower bound, for some m Plefka’s condition may not be satisfied, which means
that this recentered Hamiltonian is not at high temperature.

Therefore we replace the effective Hamiltonian by an approximation whose partition function is essentially
a low rank Harish-Chandra-Ttzykson-Zuber (HCIZ) integral, and is in some sense always at high temperature.
In Subsection 4.1 we estimate such integrals. Using those estimates in Subsection 4.2 we integrate out the
inner integral so that the remaining outer integral is now the integral of a modified TAP free energy, in which
the Onsager term %ﬁT(Q — mm7T)®23 is replaced by the asymptotics of the HCIZ integral. The integral in
F5 (8, h,Q) thus reduces to an integral of the exponential of N times the modified TAP free energy over the
low-dimensional space M7;, and by the Laplace method the log of the integral turns into the maximizer of the
modified TAP free energy over all m.

In Subsection 4.3 we then show that if the Hessian of the modified TAP free energy at a critical point is
negative semi-definite, as it must be at the maximizer, then m satisfies Plefka’s condition. Furthermore we
show that the Onsager terms of the modified TAP free energy and the original TAP free energy Frap(m) are
close, so that the upper bound on the free energy F5 (5, h, Q) in terms of the modified TAP free energy implies
the needed upper bound in terms of the original TAP free energy.

To implement the above strategy we will have to rely more heavily on random matrix calculations than in

Section 3. Define a deterministic version of the Hamiltonian by

N
FIN(U) = NZ@‘/NU?’ (4.2)
i=1
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where 0;, are the classical locations from (2.4). If U is the change of basis matrix that diagonalizes J + J T
then by (2.4)

lim sup |Hy(o)— Hy(Uo)| =0 in probability, (4.3)

N—o0 oc€SN-1

so it suffices to prove the upper bound of the free energy for the deterministic Hamiltonian

- 1 n - .

FE(B7 h, Q) = i 1Og/ k=1 BrHn (%) +hF o* do (4.4)
where h* is the external field h* in the diagonalizing basis of the disorder matrix J + J'. The upper bound
will be in terms of a corresponding TAP free energy

_ n ~ n_ N N
Prap(m) =Y BHy(mF)+ N> 1% -mb + 5 10g|Q — mm| + gﬂT(Q —mmT)*?, (4.5)
k=1 k=1

which is simply Frap from (1.4) with the original Hamiltonian and external field replaced with the deterministic
diagonal Hamiltonian and rotated external field.

We further discretize the deterministic Hamiltonian Hy (o). Given K > 2, we consider K equally spaced

numbers in [—v/2, v/2]
2/2 2v2

—\/§:m1<x2<~--<mK:\[—7 and zpy1 —xp = e (4.6)
and the corresponding partition Iy, ..., Ik of {1,..., N} given by
Ik:{ilﬁkgei/]v<l'k+1} and IK:{iZZ'KSQi/N}. (47)

Consider the “binned” Hamiltonian .
HE(o)=N Z Z rRo?, (4.8)
k=1icly
where the eigenvalues 0;/y are replaced with the left end point of the “bin” it belongs to. We will compute an

upper bound for the free energy of the binned Hamiltonian

k

=~ 1 n r7 7 c
P (51, Q) =y log [ i WIRCH4E " g, (49)

€

and by taking K — oo obtain an upper bound for (4.4).

We first prove an upper bound of the free energy F N,k in the absence of an external field, i.e. h = 0. For this
we use a result from [GH21| about the asymptotics of HCIZ [HC56,1Z80] integral of rank n (or n dimensional
spherical integrals in the terminology of [GH21, GM05, HK22]).

4.1. Binnned Hamiltonian without external field

In this subsection we compute the free energy of the binned Hamiltonian without external field.

We begin by using [GH21] to compute the free energy with identity constraint @ = I, which is essentially an
HCIZ integral of rank n. We now recall the limiting formula of [GH21] (which are simplified due to the absence
of outlier eigenvalues here). Given any measure v let G, denote its Stieltjes transform defined on C \ supp(v),

Gu(z) = /(z — ) tdv(z), (4.10)
and if \* is the rightmost point in the support of v, we define as in [GH21, Proposition 1| the function

Ju(z) = N2+ (v, (2) = X)Gy(v,(2)) — logz — /log [y (2) — x| dv(z) — 1 for z >0
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where

s if G () < 2
vle) = Gol(2), if G,(\*) > 2. (1)

L ...,0") are uniformly sampled orthonormal vectors (i.e. the

Let Eyaar denote the probability measure where (o
top k rows of a Haar distributed orthogonal random matrix). Also, suppose that X is a matrix with empirical
spectral distribution v and suppose that the extremal eigenvalues of Xy converge to the corresponding smallest

and largest points in the support of v. The result [GH21, Proposition 1] implies that
n

exp (Nng T X yo® )] = %Z (2B). (4.12)

1
lim — log Efan
N N 0B

The Hamiltonian in (1.1) can be written as

> BeHR (o") NZBk ) X 0", (4.13)
k=1
for
XK:diag(xl,...,m1,x2,...,x2,...,a:K,...,a:K>, (4.14)
[11] [12] k|
1 2 K

and that the limiting spectral distribution of X g of is equal to

i k| et
LK = pkOz, where pp= lim — = / dpse (), (4.15)
= k N—ooo N T

(recall (4.6)-(4.7)). Thus defining
1
Fr(B) = §Jux<26) for 8 >0, (4.16)
it follows from (4.12) that

1
lim — log F;
Ngnoo N 0g LiHaar

exp (NZBk T X ga® )1 = zn:]:K(ﬁk)~ (4.17)
k=1

The upper bound for the free energy (4.9) of the binned Hamiltonian will be given in terms of a modified
TAP free energy where the  in the right-hand side of (4.12) are replaced by the eigenvalues Bl(m), ey Bn (m)
of BY/2(Q — mmT)B/?, namely

n

Ffyp(m) =" (BkHN(mk) + N - mk> + glog Q —mmT|+ N> Fi(Br(m)), (4.18)

k=1 k=1
for m = (m!,...,m") € RN cf. (1.4), (4.5).
For v = pux we have \* = /2 and G, (\*) = oo so that

Unk (2) = G (2), (4.19)

12324

which is smooth on (0, 00). Therefore J,, is a smooth function on (0,00), and so is Fx. Note that
Fx coincides with the Fy from [BK19, (4.15)], (4.20)

which can be verified by comparing [BK19, (4.13)-(4.15)] and (4.10)-(4.16), where by (4.19) the Ax (5) of [BK19]
is the same as v,, (26). The representation of [BK19, Lemma 10|, or the case n = 1 of (4.22) below, implies
that Fx(8) — 0 as f — 0, so setting Fi (0) = 0 gives a continuous extension of the function to [0, c0) (in fact,
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Fk is smooth on [0,00), but we refrain from proving or using this fact). Furthermore the representation of
[BK19, Lemma 10] (or the case n =1 of (4.22)) implies that Fg is convex, so that

Fk () is Lipschitz on compact subsets of [0, 00). (4.21)

We now use an approximation argument to derive a formula for the limiting free energy
- 1 n -
F]%,K(Baoa-[) = N log/ exp <ZBI@HII\§(O—]€)>
1. k=1

of the binned Hamiltonian with an identity constraint from (4.17). Since the r.h.s. of (4.22) is smooth we see

that for all finite K the partition function of the right-hand side is at high temperature for all 5.

Lemma 4.2. For any 8 € [0,00)" and K > 1
1 n n
o TR (K _
glg% 1\;520 N log /IE exp (;ﬂkHN (o )) do = ;}"K(,Bk), (4.22)

where the region of integration I, is the neighborhood of the identity matriz I as defined in (1.2).

Proof. We approximate the integral of the Lh.s. of (4.22) by the expectation in (4.17).

To this end let E denote the measure under which (o!,...,0") are independent uniform unit vectors on the
sphere. Define o = (o’a’T)_%a'7 which exists F-almost surely. By construction the matrix & has orthogonal
rows. Furthermore, if O is an arbitrary N x N orthogonal matrix then o 2 50 under E by rotational symmetry

of the uniform measures on the product of spheres. It follows that under F
52 (UO(O’O)T)_%UO = (O’O’T)_%O'O =60,

so that the E-law of & is Fyaa;. Since (00)(00)" = oo for any orthogonal O so that P (o € A,0 € I.) =
P(cOe€A,oc0€l) = P(oO € A,o € I.) for any measurable set A also the E[|I:]-law of & is Fuaar-
Lemma 3.2 implies that limy_,o 4 log P(I:) = Jlog|I| = 0 for all ¢ > 0. Thus for all € > 0 it follows
from (4.17) that

1
lim —log F
Nl—IgoNOg

1 exp (Niﬁkw’“fxmk)] =3 Fr(B). (123)
k=1

k=1
Since (I+A) "> =1+ 0(||All) if [|Al2 < L we have for o € I. that

~ —1/2 —1/2
16 —olr=(eo7) o —allr < val| (667) > — Iy <c|I — 00|l <l — 00 |0 < cz,

and so for o € I,
(6%)" Xi5" = ()" Kot | < ce.
Therefore (4.22) follows from (4.23) and (4.13).
O

We will extend this formula to general positive definite constraints @ > 0. For this we will need the next
lemma which uses a change of variables to estimates integrals with a general constraint in terms of integrals

with an identity constraint.

Lemma 4.3. For any & € (0,1) there is a constant ¢ = c(8) such that for any symmetric Q € [—1,1]""" with
1’s on the diagonal and Q > 61, any ¢ > (0,c™ 1), and any Lipschitz f : (Sn_1(1+ ¢ 1e))™ — R with Lipschitz
constant L we have for N > c(e)

log [11 _,_exp (f(Q'?0))do + 3log|Q| —c(1+ %)e
¥ 1og [1g. exp(f (o)) dor (4.24)
v log [ 11, exp (f (Q'/?)) do + 3 log|Q| + c(1 + F)e.

IA A e
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Proof. Fix Q with Q@ > §I. Let Q be the measure under which ug,...,uy are independent Gaussian vectors in
R” with covariance NQ, and let u* = (u1k,...,ung) for k=1,...,n, as in the proof of Lemma 3.2. Writing
also u = (ul, . 7u”) € R"*N we have using the same change of measure as in (3.7) in that lemma that
1 n
% 103Q (exp (£ (7o 1257) ) Luwrena.., ) + S log1@Q1 = c(6) e
< $1og [ 1o, exp (f (o)) do (4.25)
1 n
S % IOgQ (eXp (f (‘Zl| Yt |Zn|)) 1uuT€NQsc2) + %log |Q| + C((S) g,

for all N. Furthermore letting E be the law of i.i.d. independent Gaussian vectors we have that the E-law of
Q'/?w is the Q-law of u, so that for [ = 1,2

Writing a =< b if there is constant ¢ depending only on n such that ¢~ < % < ¢, and writing a =<s b if the

constant is allowed to depend also on J, we have

1Q2uQ' u’ — NQ| = [|Q"*uQ'*u" — NQ|l2 =5 [un’ — NI|l2 < un’ — NI||. (4.27)
Let 6% = % so that under E the 5!,...,6" are i.i.d. uniform on the unit sphere. The inequalities (4.27) imply
1/24,) .

that on the event in the indicator of (4.26) we have |EZ”2§ — Q26| < c(0) e, and that the bottom line of

(4.26) is bounded below by
E (exp (f (Ql/%l, o Q1/26”>) 1uuTeN,c(5)_ls) e~ Le(®)e, (4.28)

We have

{667 € L. wlax||u’| - N| < eN} € {uu" € NL}, (4.29)

for a small enough ¢ and all € € (0,c). Also & is independent of |u’|, and assuming € < 6 (as we may) we have
P (max?_, ||u’| = 1| <€) — 1 as N — oo, and we obtain from (4.29) with ¢(6)~'e in place of € that (4.28) is at
least

1
§E (exp (f (Ql/zal,...7Q1/25n)> 567 ¢ Ic(a)*le) e L@z

for N > c(e). This implies the lower bound of (4.24). The upper bound of (4.24) follows similarly, with the
simplification that (4.29) is replaced by the simpler {uuT € NIE} C {&&T € ICE} for a large enough ¢ and all

e € (0,¢71), so that the independence of & of ‘ui| need not be invoked. O

To extend Lemma 4.2 to non-identity constraints the next lemma will also be needed. Let Bl, . Bn denote
the eigenvalues of B1/2Q3'/2.

Lemma 4.4. For any §,C > 0 and K € N there exists a constant L = ¢(5,C, K) such that (8, Q) — Fx (Br) +
2log|Q| is L-Lipschitz continuous for Q > 61 with ||Q|les < 1 and |8] < C.

Proof. The eigenvalues of Q are Lipschitz continuous in the entries of @ with Lipschitz constant depending only
on n. Since Q > I¢ implies that all eigenvalues lie in (6,7] it follows that 1 log|Q)| is Lipschitz in the entries
of @ for such Q. Furthermore the 31, ey Bn are also the eigenvalues of BQ), so they are Lipschitz as functions
of the entries of Q and S with Lipschitz constant depending on n and C, and they are bounded in terms of C.
Since Fi is Lipschitz on compact intervals (recall (4.21)) the claim follows.

O
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We can now compute the limiting free energy
FRk(8,0,Q) = flog/ exp (ZBkHN ) (4.30)

of the binned model without external field and with general constraint Q. Similarily to in (4.22) the smoothness

of Fx means that for all finite K the partition function in (4.30) is at high temperature for all §.

Lemma 4.5 (Limiting free energy of the binned model). For every 6 > 0 and C > 0 we have

Yo [ exp(zﬁkffﬁ(ok))da—(Zmékwilogm)\—m (431)
k=1 k=1

e

lim lim sup sup
6~>0N~>00Q>5I|B|<C

where the outermost sup is over symmetric Q € [—1,1]™ with 1s on the diagonal and Bl, e 7Bn are the eigen-

values of B/2QBY/2.
Proof. We use
= Z Bkﬁ}l\f{(ak)v
k=1
in Lemma 4.3. From (4.8) and using |3] < C this f has Lipschitz constant at most ¢ (C) N, and we obtain
A log [11,_,_exp (i) AHE(Q20))) do + L log|Q| — ce
<

% 1og [ g, exp (Xiy Aullk (o)) (4.32)
K log [ 11 exp (L1 B ((QV20)") ) do + L 1og Q) + ez,

IN

for any Q as in the statement of the lemma. Next writing QY/28Q"2 = OTB0 for an n x n orthogonal matrix
and 3 the diagonal matrix of eigenvalues of 3'/2Q3'/2 (recall (3.23)) we have using (4.13) that

St B (Q'0)) Tr (B(QV?0) Xk (Q'?a)T)
= NTr(QY?BQY*0cXkoT)
- NTv OTBOUXKUT)
= NTr BOO’XK(OO')T)
= Y Bl (00)").
We have [ g(Oo)do = [ g(o)do for any measurable g by symmetry so we can use Lemma 4.2 to estimate the
first and last line of (4.32) we obtain that for any fixed @ and 3

%bg/ng exp (Z Bkﬁﬁf((ak)> do — (Z]:K(Bk) + ;10g|Q|>‘ =0. (4.33)
k=1 k=1

As in Proposition 3.10 we can then deduce the uniformity in @ and § in (4.31) by making two lattices of finitely
many A! ..., AM € [-1,1]"*" and b!, ..., b € (0,C]™ and then use Lipschitz continuity (see Lemma 4.4). More

precisely we can choose two lattices such that for all @ we have

lim lim
e—=+0 N—oo

|Q — A" <e and A%CQECAQE

for some i € {1,..., M} (cf. (3.30)-(3.31)), as well as for all 3

m}?x|ﬁk — b <e and Zﬂkﬁf\?(ak) — I;bj’“ﬁﬁ(ak) < ¢(C)eN

for some j1,...,7k € {1,..., L} (cf. (3.32)). Then using Lemma 4.4 completes the proof (cf. (3.33)).
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To recover the free energy F§, of (4.4) from the binned version Ff\, x, we will need to send the number of
bins K — oo. The next lemma shows that if 5 is in the high temperature region HT (Q) (recall (3.20)) the sum
Sor_, Fx(Bk) from (4.31) converges to the simple expression that appears in the annealed free energy (recall
(3.9), (3.29)).

Lemma 4.6. It holds that

2 - 1
lim sup > Fre(B) - 587Q%B| =0, (4.34)
K—o0 ﬂEHT(Q) =1 2
uniformly over symmetric positive definite matrices Q, where 1, ..., [, are the eigenvalues of B*/2QBY/2.
Proof. Recall (4.20). By [BK19, Lemma 14 + (4.28)] we get that
- 32
lim sup |Fk(8)— —=|=0. (4.35)
K—oo BG[O,%] 2

If 8 € HT(Q) then §; < % for all k € {1,...,n} by the definition (3.20). Thus by (4.35) we have that

n - n ~2
> Fr(Br) - kz::l %

k=1

lim  sup =0.

K=00 geHT(Q)

We can now write 3 back in terms of 8 and Q using

B =Tr <(ﬁ1/2Qﬁ1/2)2> =T (QAQB) = Y (QB),; (@B),;, = BTQ8.
k=1

)

4.2. Upper bound in terms of modified TAP free energy

In this subsection, we prove an upper bound of the free energy in the presence of external fields in terms of a
modified TAP free energy.

The main idea is to divide each of the n spheres into two parts: A subspace My of dimension much smaller
than N, where most of the effect of the external fields is felt, and the complementary space Mﬁ which is almost
orthogonal to all the external fields (as in [BK19, Section 4]). We write the partition function integral as a
double integral over first the lower dimensional My and then the higher dimensional My, where the inner
integral is the partition function of the recentered the Hamiltonian. The inner integral is essentially a partition
function without external field, so it can be estimated using the results of the previous subsection. In this way
we obtain an estimate for the partition function where the remaining outer integral is now the integral of NV
times the exponential of a modified TAP free energy whose Onsager term is an expression involving Fx rather
than %BT(Q — mmT)®23. Since the dimension of the outer integral is much smaller than N we can then
estimate it in terms of the maximum of the modified TAP free energy using the Laplace method.

The following lemma constructs the spaces M. Recall that the external fields are denoted by h € RxN
and satisfy |h¥| = hy for each k € {1,...,n} for fixed values hy,...,h, > 0, and that the external fields in the
diagonalizing basis of the Hamiltonian is denoted by h = (ﬁl, very iL”)

Lemma 4.7. Let N > 1. For any B1,...,B, and h',...,h™ € RN, there exists a sequence of linear subspaces
My, M, ... such that My C RV,
dim(My) < nN3/4

and M% = (Mp)™ is approximately invariant under the map

m=(m',...m") = (51%VI~{N(m1) HRY L Bak VHN(m™) + B")
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in the sense that

lim sup max |PMN (B’“vﬁN(mk) + /}k) ’ =0. (4.36)
N—oc0 memM®, k=1,...,n N
[ ey <1

Proof. By [BK19, Lemma 17] with 8 = 1 there exists for each k a subspace My C RY such that

1 - -
lim  sup |PMwx <VHN(mk) + h’“) ‘ =0. (4.37)
N—o00 meMpy N
mk[<1

Letting My := My 1+...4+ My, we have that dim(My) < nN#, and for any k and m¥ € My with [m*| < 1
one can decompose

mF =l 4 o (4.38)
for some v' € My, [vF] < 1,1 =1,...,n. Therefore (using that VHy (1) is linear in m and My,; C My for
all [)

SUD, ke My || <1 PMz (%’“VﬁN(mk) + Bk) ‘

1 n ~ ~
= SUPyte My 1, Imt <1 PMy (% pIy- VHy (V') + hk) ’
n L ~ 1 o~
S ﬂk Zl:l Sup’UEMN,lalvl<1 PMN’Z (%VHN(UI)) ‘ + ’PMNkhk‘

n L 7 7
< Bk Zl:l SqueMN,z,,lv|<1 PMN’Z (%VHN(UZ) + hl) ’ + C(ﬂ) maxj=i,....,n

PMﬁrliLl‘

and thus by (4.37) we get (4.36). O

The next lemma shows that in the absence of external fields, the partition function restricted to the complements
of the previously constructed subsets satisfies the same approximation as the unrestricted partition function.
Recall from the beginning of Subsection 3.2 that EV denotes the expectation with respect to o € S%_,

conditioned on o € U for some set U.

Lemma 4.8. For any C >0,K >0, >0

lim limsup sup sup

1 0L v e e (ak n o .
— log EMR) [1 iy Arfin (o )} Nr 1 _c
A lisup sup Sub | 08 Q. > Fr(Br) = 5log QI < -

k=1

where (MR)n>1 is the sequence of subspaces from Lemma 4.7 and B, ..., B, are the eigenvalues of B1/2QBY/3.

Proof. Recall N' = dim(M7;) < nNt. Similarly to in the proof of Lemma 3.11, let wy, ..., wy be an orthonormal
basis of RY such that the space My is spanned by the last N — N’ of these vectors. Let D be the diagonal
matrix with Dj; = N6,y so that Hy (o) = o' Do. Let A be the (N —N’) x (N — N’) minor of D when written
in the basis wy, ..., wxn. By the eigenvalue interlacing inequality and (2.7) the eigenvalues Nay, ..., Nay_n+ of
A satisfy Na; = NO;/n +o(1) = (N — N")0;;(n—n+) + o(N). We have

nyL - ~
EWMy) llQ8 exp (Z ﬁkHN<O'k)>‘|
k=1
n N-N’

—gN-N lg. exp (N—N’)Zﬁk Z Hj/N,N/(Uf)Q e?),
k=1  j=1

Also
K
|HE (o) — Hy(0%)] = ‘NZ Z (xx — 0;/n5)(0h)?

k=1j€l}

22 & ; 22
OIS
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so we get for bounded

n N—N'
ENTN Mg exp | (N =N B Y 0iyv-nn(of)?
k=1  j=1

_EN-N

lq. exp (Z BrHN N (Uk)>] 5.
k=1

The claim follows from Lemma 4.5. O

The next lemma will be used to show that m with some |m*| close to 1 have a negligible contribution to

the partition function.

Lemma 4.9. Let Uy C RY be a sequence of linear subspaces of dimension N' = o (10]gVN). For allm € (0,1)
it holds that

li ! 1 1 do < 11
ljffn_itlop N og st {o’: Hje{l,“.,n}:‘PuN(a'j)|2>1777} g 2 081
Proof. First note that
/S" 1{6: Elje{l,...,n}:lPuN(0-7')‘2>1—n}d0- SZ/n 1{0‘:|P“N(aj)|2>1—n}da- (439)
N-1 j=1 N-1

n
_ J
‘z;/sN R e e
J= -
By [BK19, (2.9)]

r(%)

/ Lr i o do” :N,i/ Lz 1y (1 — [m]2) =5 dm, (4.40)
e k= =)
where dm denotes Lebesgue measure on By = {m € RN : |m| < 1}. Since
1 r(&¥
s (il ) =
T2 (555)
and
1 N-N'—2 1 1
Nlog/ Limegmfzs1-ny (L= m|?) "= dm = 5 logn +o(1) + 7 log dm
By By
L log 4 o(1) + —1 nt
= glogn+o(l) + & log )
=o(N)
the claim follows from (4.39) and (4.40). O

We now prove that the free energy (4.2) of the deterministic Hamiltonian (4.8) is bounded above by the
corresponding modified TAP free energy from (4.18).

Proposition 4.10. For K > 2 there is a C = C(B,h,Q, K), such that for ¢ € (0,C), N large enough and

c=c(p)
1

N

~ c
sup  FE, o(m) + e (4.41)

m:mmT<Q

F5(8,h,Q) <
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Proof. Let M% = My X ... x My be the space from Lemma 4.7 with each of the n components having
dimension N’ < nN#%. For any o = (0!, ...,0™) € R"*¥ let m be the projection onto MPy,ie Vie{l,..,n},
m' = PMNgt and m = (m!,...,m").

By recentering Hy (o) around the m* as in (3.50) we get
/ exp <Z (Bt (o*) + NI ak)) do
. k=1

_ _ n B - .
—E g ezzzl(BkHN(mk)+Nhk.mk)eEk:1< < Bk VAN (mF )Jrhk) (P —m*)+BrHn (oF mk)>‘| . (4.42)

Since Lemma 4.7 implies that

lim sup sup (ﬁ" VHN )—l—ﬁk) (o —mM)| =0,
N—)oomeM &E(M}{,)i ;
loi|<1,¥i€{1,...,n}

the effective external field vanishes and (4.42) is at most

E 1Q662}'5=1(ﬁkﬁw(mk)—i-Nﬁ’“.mk) exp (Z BeHy (o — mh)] e®(N) (4.43)

k=1
The expectation equals
k=1

where the E[-|m]-law of o —m is the uniform distribution on the cartesian product of the n spheres Mz N

Sn_1(y/1—|mF2) for k € {1,...,n}.
Note that for all k,¢ € {1,...,n}
(0" =m*) - (6" = m®) = (Qu.e — (mm 7))

=k .ot — Qe — (ak - mk) -mt— (0 — m)Z -mk— (m”-m* — (mmT)M),

=0 =0 =0

since mF = PMy ok € My and 0% — m* € My, so
{c:0eQ.}={c:0—-mec(Q—mm').}. (4.45)

Let 6% = —¢i=m"_ Using also that Hy is 2-homogeneous (recall (4.2)) the expression in (4.44) equals

Sy Br(1-|m* )y (64)

F |:€ZZ=1<Bng(mk)+Nﬁk‘mk)E [1{am€(QmmT)a}e

-

Let 7 > 0 and define W;(n) = {o : [m?|> <1—n} and W(n) = ﬂ?:l W;(n). Using that N~ Hx(0), B, |h¥| are

all bounded and Lemma 4.9 we obtain

k=1 5k(1*|mk|2)HN(&k)

E |:1Wj(n)cezz1(ﬂkﬁN(mk)+Nﬁk,mk)E 1{U_m€(Q_mmT)E}e

| R

< N E [ ] < eV < exp (NFfp (0))

if  is picked small enough depending on @, 3, and N is large enough. To conclude (4.41) it thus suffices to

bound
b {1W<n)€m1(BkHN(mk)+Nhk'mk)E |:1{a—mE(Q—mmT)s}€Z£1Bk(1Imk|2)HN(&k) H '
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Recall the matrix Q(m) given by

~ Q”—mzm]

Qs = T

Let ¢/ = en~!. For o € W(n)
{o:0-mec(Q-mm").}C{o:6cQ(m).}. (4.48)

Using this we can bound (4.47) from above by

Liscqm).) &P (Z Br(1 — [m"*[*)Hy (6'“)) ‘mH . (4.49)
k=1

Because 6% is distributed uniformly on S%_, N (M%)* under E[:|m] we can also write this as

E 1W(n)822:1 ﬁkHN(mk)-i-NFlk-mkE

E

1W(n)62§$:1 ﬂls-,I:IN(m’€)+]\7ﬁk‘.m’cEv(/WRf)L [IQ(m)EI exp (Z 5k(1 B |mk|2)HN (&k))]] ) (450)
k=1

Note that (4.50) is bounded from above by

jeXim Br H v (m*)+ N m® (M) - {1 .

e ST
m).s
ME)*E {1

E[l 1,
W)~ {m:Q(m)>d1 (4.51)

cN . ~
eV E [y mye £ aom. ]

for any & > 0, where we have crudely bounded all terms in exp by ¢V to arrive at the second term. Since
under EMMT the 6% are i.i.d. uniformly distributed on a sphere of radius 1 in the subspace M7 of dimension
N — N’ we have by (3.4) (with N — N’ in place of N) and (3.17) that E(MK)LHQ( ) 1< e log(20n™ ") (N-N")
for ¢/ < §, so there is § > 0 such that the second term of (4.51) is at most exp(NFE, p(0)). It thus suffices to
bound the first term of (4.51) to prove (4.41) (cf. (4.47)).

Now we can apply Lemma 4.8 with (Bm)r = Bi(1 — |mF|?) in place of Bi, Bm = diag Bm € R™ ™ in place

of B and Q in place of Q to bound the first term of (4.51) by

n
E 1w ) Lm0 (m)>s1} €XP (ZﬁkHN(mk) + NB* - mF (4.52)
k=1

+ N Y Fr(Be(m)) + glog |Q(m)|>] oM+

k=1

recalling from (4.18) that 3j(m) are the eigenvalues of the symmetric positive semi-definite matrix

1

BY2(Q — mm™)BY2 = B30 (m)Bh.

Since each m* is a projection onto My we can use [BK19, (2.9)] to write the expectation as

1 (2) 1 ) n 1_ k2N71;1172 453
< F( ; )) /(BN(M)FTMN)" {m:Q(m)>s1} ,];[1( ‘m | ) ( X )
X exp (Z (5kﬁN(mk) + NhF .mk) + NZ]:K(Bk(m)) + %log Q(m)|) dm,
k=1 —1

where By (1) denotes the ball of radius n in RY and dm is the nN’-dimensional Lebesgue measure on M?%. We

have

(;(4
log |Q(m |+Zlog log|Q — mmT|.
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Therefore recalling (4.18) we have that (4.53) equals

— 2t Lo oimesn €D | Fip(m) — X423 og(1 — [mF|?) | dm.  (4.54)
LF(N N)) /(BN( =H) M) {m:Q(m)>dI} ( 2 ;

: . 1 EA) 3 o(N) _ w2 nN’' _ _o(N)
Since the prefactor in (4.54) is at most e and fM?v dm < anN/(n) dm = ()" =e the
expectation in (4.52) is bounded from above by

~ cN
exp ( sup FX p(m) + K) , (4.55)
meM?y,,Q(m)>81

for N large enough. As DTAD > 0 and D invertible implies that A > 0 we have that Q > 01 implies
Q —mm" > 0, so the claim (4.41) follows. O

4.3. Location of the maximizer

In this subsection we will derive Proposition 4.1 for the free energy in terms of the TAP free energy F{&P (m)
from the upper bound Proposition 4.10 for the free energy in terms of the modified TAP free energy F%\P (m).
To do so we will show that the maximum of Fi (), is attained at some m € Plef x(Q, 8). Similarly to (3.60)
we have

m € Plefy(Q,5) "2 e HT(Q — mm") & f(m) € HT(Q), (4.56)
i.e. m satisfies the Plefka condition if and only if the “effective temperature after recentering" B(m) lies in
the high temperature region HT(Q). Therefore once we have proven that the maximizer of Fﬁp (m) satisfies
m € Plefn(Q, ) we will be able to derive the upper bound Proposition 4.1 for the free energy F% from
Proposition 4.10 and Lemma 4.6 by taking the limit K — oo.

To obtain nice formulas for the derivatives of F:5, p(m), we will interpret the terms

Z}‘K(ﬁk(m)) and log\QfmmT|
k=1

of (4.18) as traces of primary matrix functions [Hig08, Chapter 1].

Definition 4.11. Given a scalar function f and a real symmetric matric A = UDUT € R™"™ we define the

primary matriz function f(A) associated with f by
fA) = UFDUT  where  f(D) = diag(f(\), . f(\n)).
These matriz valued functions are well-defined if f(\;) is well-defined for all i < n.

Remark 4.12. The primary matriz functions of [Hig08, Chapter 1.2] are defined more generally in terms of
the Jordan canonical form. However, in this work, we only deal with diagonalizable matrices, so the definition

simplifies.
It follows that
> Fr(Br(m)) = Tr(Fi (8% (Q — mm™)37))

k=1

where Fi (A) is the primary matrix function associated with Fx (), and (for m < Q)

log |Q — mmT| = Tr(log(Q — annT)))7
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where log(A) is the primary matrix functions associated with log(z). Replacing the corresponding terms of

(4.18) we arrive at the matrix form of Ff, 5

Ffyp(m) =) (ﬁkﬁN(mk) + NmkF ﬁk> + NTr(Fx (8% (Q — mm")3%))

k=1

+ gTr(log(Q —mm")). (4.57)

We want to study the critical point condition of the maximizers of this function, which will require a formula

to differentiate primary matrix functions.

Lemma 4.13. Let f be a smooth scalar function which is continuously differentiable on its domain, and let
A(a) be a smooth map from a subset of R into the subset of R"*™ on which f(A) is well-defined. Then
fa(A(@)),a,b=1,... ,n is continuously differentiable smooth

OaTr(f (A(a))) = Tr (f' (A(a)) daA()). (4.58)

In particular, for positive definite A(«)

OaTr(log(A(a))) = Tr(A(a) 10, A(a)) (4.59)
and .
OaTr(Fr (A(a))) = Tr(v,, (2A(a))0aA(a)) — iTr(A(a)_laaA(a)). (4.60)
Proof. By linearity we have
9aTr(f (A (a))) = Tr(0af (A (a))). (4.61)

To manipulate the right-hand side we use the concepts of [Hig08, Chapter 3.2]. Let L(A,C) denote the
Fréchet derivative of f(A) in the direction C defined in [Hig08, (3.6)]. Then

9af (A(a)) = L(A(a), 9 A()). (4.62)

We write A(a) = U(a)D(a)U(a)" in its eigendecomposition where D(a) = diag(\;(a),..., A\, ()) are the
eigenvalues of A. Let ® denote the Hadamard product. By [Hig08, Corollary 3.12 (see also the top of p. 61

and the remark before equation (3.13))] we have
L(A(a), 02 A(@)) = U(a)(A(a) © U(a)" 9. A(a)U (a))U (o)
where A is given by

M by 74 \
A=A = [AFOuA)ijen and AFAN)={ A2

o o (4.63)

Thus using the invariance of the trace under cyclic permutations
Tr(9,f(A(a)) = Te(U(A 0 UTo,AU)UT) = Tr(I(A 0 U9, AU)) = Tr(U(I © A)UT9,A),
where the last inequality follows since for any symmetric matrices A, B, C
Tr(A(Bo C)) =Tr((Ae B)C))
The claim then follows since I ® A = diag(f'(A1),..., f' (An)) so

UIoAUT = f/(A).
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This proves (4.58). From (4.58) we now derive (4.59)-(4.60). Recall that both the scalar functions log(z) and

Fr (z) are smooth on (0,00). To prove the first formula, we have -+ log(z) = 1, so (4.58) implies

DaTr(log(A(0))) = Tr(A(a) ', Ala)),

where A~! is the primary matrix function arising from f(x) = x~! applied to A, which coincides with the usual

matrix inverse of A.
By [BK19, Lemma 12] or [GMO05, Theorem 6] it holds that

Fr(B) = v, (28) — % for all z > 0, (4.64)

so (4.58) implies
O Tr(Fr (A(a))) = Tr(vu, (2A())0aA(a)) — %TY(A(OZ)A@@A(&)%
where again we can interpret A~! arising from the primary matrix function ! as the usual inverse. O
We now study the maximizers of Fif (m) defined in (4.57). First note that the set
{m:mm' < Q} (4.65)

is an open set. Also because FE, (m) diverges to —oco as |Q —mmT| — 0 the global maximum lies in (4.65). We
vectorize the matrix m = (ml,...,m7,...,mk,...,m%) € RN" and treat F:fp as a function from RN" — R.
With this vectorization the gradient of F p(m) is a vector in RV™ and its Hessian is an Nn x N block matrix
which consists of N x N blocks of size n x n. That is, for any sufficiently regular function f : RN" — R,

Vi(m) = O f(m), Oy f(m), Oy f(m), -+, O f(m))" € RV
and
fir - fin 3m}3mjlf(m) 0 O Omr f(m)
Vifm)=| + .. i | eRVVNT = : : € R™*",
Fvi o INN Oy O f(m) -+ Oy Oy f(m)
Since F&,p is smooth its local maximizers m* satisfy
VEEp(m*) =0 and V2EE (m*) <0.

Remark 4.14. Since we formally only proved that Fk is smooth on (0,00) and not on [0,00) we can strictly
speaking only claim that the term of F%xp involving Fi (and hence Fﬁp itself) is smooth when all entries
of B are positive, so that B/%(Q — mmT)BY/2 is positive definite. In the proofs below we assume that § has
positive entries (which also simplifies the arguments) and later remove the assumption by approximation. With
additional effort one could prove that Fy is in fact smooth on [0,00) and extend all the arguments below to

cover [ with zero components, but we refrain from this.
The part
fm) =" Befly (m"),
(=1
of FX (m) that depends on the Hamiltonian has a simple Hessian given by the Nn x Nn matrix
B)=2N | . (4.66)
0, - 0.3

N

V2f(m) = 2Ndiag(91ﬂ,0¥ﬂ, ...,0

L
N



98 CHAPTER 1V. CHAP:VECTORSPINS

(recall (4.6)-(4.8) and (4.57)).
The other part of F (m) is Ng(mmT) for
1 1 1
9(A) = Tr(Fx(B2(Q — A)B?)) + 5 Tr(log(Q — A)).
Its Hessian is given by the next lemma.

Lemma 4.15. Assume that B > 0 for k=1,...,n. Then for Q@ — mm" > 0, the Hessian V2g(mm7) is the
Nm x Nm matrix

B30 (2Qm)B? -+ 0,
—9 L +L, (4.67)
0, o BEU (2Qm) B
where
Qm = ,6%( - mmT),B%, (4.68)

and L is a matriz of rank at most n*.

Proof. We have

By Lemma 4.13,

>
H
VS
=}
LR
@
|
3
3
=
R
N——
I
|
=
O
3L
®
@
EX
3
3
—
®

and

0, Tt (F (B (Q = mm™)8Y) ) = ~Tr (011 (2Qum)B10,,0mm BY) + %Tr(cz;fﬁ%am;mm%%).

Thus the first derivatives of g(m) equal
Oprg(mmT) = ~Tr(v,, (2Qm) B0,y mm B%).
To obtain the second derivatives let h : R"*"™ — R™*"™ be given by
h(A) = v, (28'2(Q — A)B'%).

By the product and chain rules

8m€/Tr(h(mmT)/6%amlf mmTIB%) = Zab hab(mmT)anLg/ (IB%amz mmT/@%)ab)—’_ 4.69
J i i i

Eabcd 04, hab(mmT)amf/ (mmT)cd(:@% Ot mmTﬂ% )ab)~ (4.69)
Therefore

V2g(mm") =W + L, (4.70)
where

W06 == hab(mmT)amﬁ, (820,,emm! B2) ),
ab
and
Loy = = O Dacshan(mmT)0,, o (mmT)ea(820,cmm’ B%)). (4.71)
abed

We have

W((i,@),(j,@’)) = —TT(UMK (2Qm)ﬂ%(’)mfam§/ mmTﬂ% )
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Also
_ ) -
0 m; 0
T _ 1 .. [ n
amﬁrmm = |m; 2m; m
L0 - m? - 0|

where only the #-th row and column is non-zero, and
OOyt mm” = (8i=; (8.7 =(ab) + 0(.0)=(b.0))asb<n (4.72)

which is a zero matrix if ¢ # j and if i = j it is a zero matrix except for the entries (¢, ¢') and (¢, ¢) which takes
values 1 if £ # ¢ (on the off-diagonal) and value 2 if £ = ¢/ (on the diagonal). Using this and the symmetry of

the matrix v, (2Qm) we obtain

1/2 51/2 1 1
Wi0),6.)) = —0i=i20 2Qum) e By B1* = =26, (B 0,0 (2Qum) B )e,er-

This gives the first term in (4.67).

As for L, we can write its entries as

n
c,d a,bT
LioGen == D dapear™ ()
a,b,c,d=1 ((3,0),(4,¢"))

where

d=0a.,hay(mm7),
and v>? € RN is given by
ved, = (8 /mmT)
R4 7rL§ cd ’
and w*® € RN™ by
b 1 Tt
wiy = (B2 Oppem B7) ap,

T. . . .
so that v&? (w“vb) is an Nn x Nn matrix. Thus L is the sum of n* terms of rank at most 1, so it has rank at

most n?. O

The remainder of the proof of Proposition 4.1 involves a slightly stronger version of Plefka’s condition given
by,

Plefy(Q.5) = {meR™Y:mm' <Q.[}(Q —mm")Bi > < J; —5}.
Note that
Plef(Q, 8) C Plefd(Q, 3) = Plef 5 (Q, ) for all § > 0,Q, 5. (4.73)

This stronger Plefka condition is a device to allow the derivation of the upper bound for all § from an upper
bound for § with only non-zero entries using continuity in the proof of Proposition 4.1 below. The next lemma
is a slight strengthening of [BK19, Lemma 13|, and will be used below to prove that any maximizer of F’ﬁp (m)

must satisfy the stronger Plefka condition.

Lemma 4.16. For all K > 2 there is an € € (0, %) and an dg > 0 such that

()= V2 = ﬂg%—éK
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Proof. We may set ¢ = /2 — 'qu(% — dk) since

Vi (8) = v (5 =0 ) = B < 25 — o

and
TK < Ve (% - 5K) <3, (4.74)

where the second inequality follows for some dx > 0 small enough, because xx < ’UMK(%) < /2 by [BK19,

Lemma 13] and v,,, is continuous. O
We now show that all maximizers of Ff, ,(m) must satisfy the stronger Plefka condition.

Lemma 4.17 (Critical point condition). Assume that B > 0 for k = 1,...,n. Let K > 1. There exists a
constant ¢(K) such that if N > ¢(K) then

mm' < Q and V2EEp(m) <0 = m € Plef3¥ (Q, ). (4.75)

for 6k as in Lemma 4.16.

Proof. By (4.66) and Lemma 4.15 we have

V2Efp(m) = N(A+ L) <0, (4.76)
for 1 1
0.8 - 0, B2u,, (2Qm)B2 -+ 0,
A=2|: . 1| =2 : : ;
0, - 6, 0, e B2, (2Qm) B

and L has rank at most n? (recall that Q,, := ﬂ%(Q - mmT)ﬂ%).

Since A is block diagonal its eigenvalues are the eigenvalues of its blocks. By Weyl’s inequality [HJ13,
Theorem 4.3.1] all but n* + 1 of the eigenvalues of the matrix A are bounded above by the largest eigenvalue
of the entire Hessian V2Fk, . This means that there is a block among the last n* +2 < 2n* that has all
eigenvalues bounded by the largest eigenvalue of VQFrﬁP.

Thus if V2FEp < 0 then

20, 21 — 287, (2Qm)B% < 0. (4.77)

If B/2BBY/2 < 0 for a matrix B then B < 0, since we have assumed that 3 is diagonal with positive entries
on the diagonal. Therefore (4.77) implies that
917% < v(Bi(m)) Vi < n.

The properties of v, (-) in Lemma 4.16 imply that there exists a C'(K) and dx > 0 such that for all e < C(K),
1
U (28) 2 V2 —e = B < 75~ 0K

Since 0, 5,1 = V2 4 on(1), it follows that for N sufficiently large depending on K,

N
- 1 .
Bilm) < — =g Vi<n

V2

(recall that f;(m) are the eigenvalues of Q,,, defined in (4.68)) which implies that m € Plefr n(Q,8) C

Plef 5 (Q, B).
O
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To conclude, we give the proof of Proposition 4.1.

Proof of Proposition /.1. We first assume that 8 € (0,00)™ . By (4.3), it suffices to study the free energy of the
deterministic diagonalized Hamiltonian Hy (o). Starting from the upper bound Proposition 4.10 we have that
forany K >2and 0 <e < C(B8,h,Q, K) as well as N > ¢(e, K) that

Fre 1 K c(8)
< — .
Fy(8,h,Q) < N, 51713_<QFTAP(”L) + K

Recall from below (4.65) that F  has a global maximizer in the set (4.65). This maximizer must satisfy
V2 p(m) <0.

Thus it follows by Lemma 4.17 that

L
N

sup FE o(m) + @ (4.78)

Fy(8,h,Q) < i
mePlef3X (Q,8)

By the definition (1.5), the equivalence in (4.56) and the uniform bound on Fx from Lemma 4.6 implies that
for all m € Plefn(Q, 3)

Fi(BHQ - mmT)Bh) - 15TQ5) < o).

where the term ox (1) does not depend on any parameters and tends to zero as K — oo. This allows us to
replace Fi of F p(m) in (4.78) with the Onsager correction term of Frap (see (4.5)) in the upper bound, so
that we obtain from (4.78) that

. 1 .
F]ﬁ/’(67h7Q) S AT sup FTAP(m) +OK(1)7 (479)
mePlef X (Q,8)

where the term ox (1) depends on § and tends to zero as K — oo for fixed 5. This upper bound holds for
all0 < e < C(B,h,Q), all K > 2 and all N > ¢(¢, K). Using (2.4) we can bound the difference between the
normalized Hamiltonian %H ~ and its diagonalized and deterministic counterpart %ﬁ N by any n > 0 with

probability going to 1. Thus, we get for Frap (recall (1.4))

1
Fy(8,h.Q) = sup  Prap(m) +ok(1) (4.80)
mePlef3F (Q,8)

with probability going to 1. Using (4.73) and picking K large enough depending on n we arrive at (4.1). We
have thus proven (4.1) provided 38 € (0, 00)".
To handle § with vanishing entries, note that if 1, 82 € [0,00)™ then by (1.3) and (2.1) we have

‘F]i/(ﬂlvhaQ)iFﬁ/(/627haQ)| §C|/81762‘7 (481)

with probability tending to 1. Write Frrap(m; ) for Frap with the dependence on S made explicit (recall
(1.4)). We similarly have
|Frap(m; B1) — Frap(m; B2)| < c|B1 — Bel, (4.82)

for bounded f1, B2, using also that
m— B (Q - mmT)®2 3 is Lipschitz on compact subsets of R"™ (4.83)

uniformly in ||Q||oc <1 and m with mm?' < Q. Using (4.83) again we have that some small enough constant

p(K) depending only on K

Plef3¥ (Q, B2) C Plef% (Q, 51) = Plef 5 (Q, B1) for |81 — Bao| < p(K), (4.84)
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for bounded Sy, Bs.
Therefore for any §; with zero entries and n > 0 we can pick K large enough depending on 8; and 7, and

B2 with all positive entries close enough to 7, such that

(4.81) (4.80)
FJEV(thﬂQ) < F]i](ﬁ27h7Q)+g < sup FTAP( ﬁ?) ?T]
mePlef 3K (Q,8:)
(4.82),(4.84)
< sup Frap(m; 1) +
mePlefn (Q,51)

with probability tending to one. This proves (4.1) for 8 with vanishing entries.
O

Combining the TAP lower bound Proposition 3.1 and the TAP upper bound Proposition 4.1 completes the
proof of Theorem 1.1.

5. Ground State Energy

All that remains is to prove the ground state formula in Theorem 1.2. To avoid technical issues with the
invertibility of matrices, we will first assume that 8 and h are non-zero, then extend to all 8 and external fields
using continuity.

By the uniform bound (4.3), we can write Hamiltonian and external field in terms of its diagonalizing basis,

so it suffices to compute the limit of

sup f(m,B,h):= sup < ZB}@HN +ka-7zk) (5.1)
k=1

mmT=Q mmT=

where Hy is the deterministic counterpart of Hy defined in (4.2) and h* is the vector h¥ written in the
diagonalizing basis of the disorder matrix .J, as in the previous section. We define the following variational form

of the ground state functional

GSE(B,h,Q) = inf (ihTﬂl/Q (A= /A2 —21)87"/?h + Tr(A51/2Q51/2)). (5.2)

A—V/2I>0

We will now show that sup,,,,,,—g f(m, B, h) converges in probability to @E(ﬁ, h,Q).

Proposition 5.1. For 81,...,084,h1,...,hy # 0, we have

sup < ZﬁkHN )+ imk . iLk> 5 C/u‘rgf)(ﬂ, h, Q). (5.3)

mmT= k=1

Proof. We use Lagrange multipliers to explicitly solve the constrained maximization problem. Consider the

Lagrangian

n N n_o L .

Fm, M) =" B> 0w (mf)® + ) hF-mF + Tr(AB? (Q — mmT)32)
k=1 =1 k=1
N
= > ((BEm)T(O:nI = A)(B3m,) + (B~3hi) - B5m, ) + Tr(ABEQBY).

i=1

Note that

On,y F(m,A) = (14 0i2) /BiB; (@ = mm™) .

)



5. GROUND STATE ENERGY 103

Thus if A* > /2T and m* is a critical point of f(m, A) then

f(m* A*) < sup f(m,B,h).
mmT=Q
Also
sup f(m,B,h) < inf  sup f(m,A) < inf sup f(m,A).
mmT=0 A>\2I mmT=0 A>V2I m
Therefore since f is differentiable for fixed N, h, if a finite optimizer of the r.h.s. such that A* > /2I exists
then

sup f(m,B,h) = inf sup f(m,A). (5.4)

mmT=0 A>V2I m

Consider sup,,, f(m, A) for fixed A. We have
Oy f(m, A) = 2(0; /8T — A)BY*m; + B~/ %M.

If A > /2T then the unique critical point of m — f(m,A) is thus

1

BN~ 0,)nI)' 872N, (5.5)

and by concavity this critical point corresponds to a local maximizer, and thus

N
sup f(m, A) = (iﬁfﬂl/Q(A - ai/NIVﬂl/?iu) +Tr(ABY2QB'). (5.6)

i=1

Note that if 8Y/2QBY2 > 0 then since (UTﬁl/zé,@l/zU) = ul'BY2QBY?u; > 0 for all orthogonal U we
have "

sup f(m, A) > Tr(ABY2QBY?) = oo if A > V2I, sup A\ (A) = .
m k

Also if A = v/2I and A > /21 then almost surely

P, f(m, A) 2 ShYBTVAA ~ 6w D) B hy
> 1 129
= 4 (BY2(A—V21)B1/?)
— 00,

since Ay # 0 a.s. and Amax (,81/2 (A — \/§I),61/2) — 0. This shows that minimizer of

it f(m(8). ),

is attained at a point in {A A > \/5,8}, and thus that there exists an optimizer of

inf sup f(m,A),
b up f(m, A)

which is a critical point of f, so that (5.4) holds.
We now show that f(m (A), A) converges to the limiting function of A so that

inf sup f(m,A) = inf (1hTﬂ_1/2(A— A2—21)[3_1/211—|—Tr(Aﬁ1/2Qﬂ1/2))_
A>V2I m A>v2r \4

By Proposition 5.3 and (5.4), this convergence is uniform on compact subsets of 8 and h and the limit is
\/§—Lipschitz because the left hand side is.
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Recall (5.6). Note that since E[izlkiz”] = h;h; it holds that
1- ~ 1
E [4hjg—1/Z(A — 9i/NI)—1g—1/2hl} = Jh'BT(A = Oy D) 3720,

and also the h; are independent, so by the law of large numbers
N
1-r I .
f(A,m)=>" (4h}ﬁ V2(A—0nI)7'B 1/2,”) + Tr(ABY2QB'?)
i=1
1 4 ~1/2 V2 _1 —1/2 1/2/°31/2
5 82 al) (o) )80+ THABY2QB)

in probability. For A such that A\pin(A) > /2, we can compute the integral explicitly. Let A = UD\UT. We
see that

V2 V2 V2
/ (A — 2D pge () do = / U(Dy — ) 'UT pee(2) dzz = U/ (Dy — 1) pee () daU ™
V3 2 V3

and the integral on the inside is easy to compute. In fact, using the formula for the one dimensional case, we
see that

V2
/ﬁ(A —aI)  se(z)de =UD, _ soU" =UD\U" ~UD so—U" = A-UD ;z—U".

Since

UD /5>—U" = \/UDy. ,UT = /UD:UT — 21 = \/(UD,\UT)2 2T = /A2 —2I

we have

V2
/ (A — o)  pge(z)de = A — /A2 — 21

-2
With this formula, it follows that

sup f(A, m) — ihTﬁ‘l/z (A — VA2 —21)37/2h + TH(ABY2QBY?)

and that the critical point corresponds to a maximum. Notice that this formula is well defined for A > V2r.

It follows from (5.4) that the maximum of (5.1) is attained at

inf (ihTﬁ‘l/Q (A —VA2-21)37?h + H(Aﬂl/QQﬂ1/2)> (5.7)

A>V2I

in the limit. O

We now explicitly solve the optimization in @E(ﬁ ,h, Q) to arrive at the closed form expression from (1.7).

5.1. The One Dimensional Case

We first address the case n = 1 as a warm-up. Solving the variational problem in this case is considerably easier

because we do not have to worry about the non-commutativity of the matrices. When n = 1 the variational

problem is
1 A2
inf [~—(A=—VA2—=2)+2]) ~). 5.8
(350 VA=) 4 (5.9
Let A = i% and B = (G. With the change of variables A = % (:E+ %) ,x € (0,1], and using that
A2 —2= % (2 — x) one obtains that (5.8) equals

1 1
inf AV?2 B— | - = /2B (2A + B) = \/Gh? + 253242
xen({)ﬂ( V2 + ﬁ<x+x>) V2B (2A + B) = \/Gh? + 282§

which proves (1.11) and is indeed the formula from [BK19, (1.6) and Lemma 20].



5. GROUND STATE ENERGY 105

5.2. The n Dimensional Case

A matrix version of this change of variables allows one to solve also the case n > 1, giving rise to GSE(3, h, Q)
from (1.7).

Proposition 5.2. For Q > 0 and 8 > 0 it holds that
GSE(8,h, Q) = GSE(8,h, Q). (5.9)

Proof. Let

A= iﬂfl/thTﬂfl/Q and B = ﬂl/QQﬁ1/2~

Writing the first term of GSE(S, h, Q) as the trace of a 1 x 1 matrix and using the cyclical property of the trace

we have
GSE(3,h,Q) = inf (LH((A — VA2 -21)A) + Tr(AB)).
A—v2r>0 \ 4

We use the change of variables A = %(X + X 1) where 0 < X < I and X is symmetric (to see that A can

always be written in this form recall that A is symmetric and has eigenvalues larger or equal to \/5) It follows

that (A2 —2I)z = Z5(X 7' = X). Thus

GSE(8,h,Q) = oJuf | (ﬂTr(XA) + \%m(x + X—1)3)>. (5.10)

Consider the critical point equation for the quantity in the inf:

ox (ﬁTr(XA) + \%Tr(B(X + Xl))) —\V2A+ \%B - %X”BX” — 0.

Using the change of variables Y = B 3 X1 it is equivalent to
Y'Y =2A+ B.

If we diagonalize 2A + B = U, DU, it is further equivalent to Y = UQD%U;— for some orthogonal U,, and
therefore to X = Uy D~ 2UJ B = (2A + B) :UB?, where U = U] U] Thus if X is symmetric and

X =(2A+ B) *UB?, (5.11)

for some orthogonal U it is a critical point. Such a U can be found as follows. The symmetry condition is

equivalent to
(2A+ B) *UB? =B*U'(2A+ B) * < UB?(2A+ B)? = (2A+ B)*B>U".
Write Bz (24 + B)2 = SETT in its singular value decomposition. The condition then becomes,
USST' =TxS'U',

so U = T'ST is orthogonal and makes X symmetric. We have thus proven than this X is a critical point of the
expression in the infiumum of (5.10).

Now note that X + Tr(BX 1) is convex because X — X ! is convex and X + Tr(BX) is increasing for
positive definite B, see [Bha96, Corollary V.2.6]. Therefore the expression in the infiumum of (5.10) is convex

in X, and thus the exhibited critical point is a global minimizer.
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Next we compute the value at this minimizer. Substituting it into (5.10) and using X! = (X 1T =
(2A + B)zUB™ 2 one obtains

Asiw,h Q)
% 2Tr(A(2A + B)~ %UBé)+TT((2A+B)_5UBéB)+TY((2A+B)$UB—$B))
é(m (BXA(24+ B) *U) + Te(B* (24 + B) *U) + T(B* (24 + B)* U))

U
ﬁTr< <2A +B+(2A+ B)) ((QA +B) éU))

=V2Tr(B%(2A + B):U)
=V2Tx(SETTTST) = V2Ti(8).

Note that X is the diagonal matrix of singular values of B2 (2A + B)1/2, i.e. of square roots of the
eigenvalues of

T
Bl/2 (2A—|—B)1/2 (B1/2 (2A—|—B)1/2)

Using repeatedly the property that C D and DC have the same eigenvalues for square C, D we get that these
eigenvalues coincide with those of

(2A+ B) B = (2A + B) 3'/?QB"/*.
Using the same property again this r.h.s. in turn has the same eigenvalues as
- 1 N <
8224+ B)B'*Q = (3hhT +BQB)Q,

which in turn has the same eigenvalues as

[SE

(3407 +6Q0) %Q( W+ BQB)"
This proves that

1 ~ 3
T () =Tr <\/(2hm + 5@,@) Q( hhT + ﬁQ,B) )
and recalling the definition (1.7) of GSE this completes the proof. O

Thus for 8 and A with only non-zero components

mmT=

sup ( ZﬁkHN +§n:mk-ﬁ’€)ﬂGSE(ﬁ,h,Q) (5.12)
k=1

(by combining Propositions 5.1 and 5.2). The formula for GSE(3, , Q) is well-defined also if some entry of 3 or
h is zero. To extend (5.12) to this case we will using a continuity argument enabled by the next lemma, which
shows that (5.1) is Lipschitz in 8 and h.

Lemma 5.3. IfQ is positive definite with entries bounded by 1, then

‘ sup _f(ma517h1)_ sup Nf(m7ﬁ2vh2)‘ S\/§”Bl_52”00+“h1_h2”00

mmT=Q mmT=Q

Proof. This follows since

sup | f(m, B hY) = f(m,B%,h%)| < sup  [f(m,BY,h') — f(m, 5% h?)]

mmT=Q [mt],...,Jm"|<1

< V28" = B%|oe + sup [(hF) = (F)?|
< \/5”51 - 52”00 + th - h2||007
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because
(W) = (h*)?| = [hju — hiul® = |hy — hi .

Note also from the formula in (1.7) that
for all @ > 0 the map (h, 8) — GSE(8, h, Q) is continuous. (5.13)

Theorem 1.2 is now immediate from Propositions 5.1 and 5.2 and continuity.

Proof of Theorem 1.2. The reduction above (5.1) and Propositions 5.1 and 5.2 prove the claim (1.8) when all
entries of § and h are non-zero. A simple approximation argument using Lemma 5.3 and (5.13) extends this to
all 3, h.

O
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