PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: April 5, 2022
REVISED: August 11, 2022
ACCEPTED: September 14, 2022
PUBLISHED: October 3, 2022

Adding Flavor to the SMEFT

Admir Greljo, Ajdin Palavri¢ and Anders Eller Thomsen

Albert Einstein Center for Fundamental Physics, Institute for Theoretical Physics,
University of Bern,

Hochschulstrasse, CH-3012 Bern, Switzerland

E-mail: admir.greljo@unibe.ch, ajdin.palavric@unibe.ch,

thomsen@itp.unibe.ch

ABSTRACT: We study the flavor structure of the lepton and baryon number-conserving
dimension-6 operators in the Standard Model effective field theory (SMEFT). Building on
the work of [1], we define several well-motivated flavor symmetries and symmetry-breaking
patterns that serve as competing hypotheses about the ultraviolet (UV) dynamics beyond
the SM, not far above the TeV scale. In particular, we consider four different structures
in the quark sector and seven in the charged lepton sector. The set of flavor-breaking
spurions is (almost) always taken to be the minimal one needed to reproduce the observed
charged fermion masses and mixings. For each case, we explicitly construct and count
the operators to the first few orders in the spurion expansion, providing ready-for-use
setups for phenomenological studies and global fits. We provide a Mathematica package
SMEFTflavor (https://github.com/aethomsen/SMEFTflavor) to facilitate similar analyses
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1 Introduction

Our current understanding of particle physics is condensed into the Standard Model (SM).
It is a quantum field theory with Poincaré spacetime symmetry and SU(3), x SU(2)r, x U(1)y
gauge invariance. The field content includes five different gauge representations of Weyl
fermions ¢;, ¢;, u;, d;, e; each coming in three flavors (copies, i = 1,2,3) and a single
scalar field that condenses at the electroweak scale, breaking the gauge symmetry down to
SU(3)e X U(1)gy. The Lagrangian is constructed from all local operators consistent with the
gauge symmetries up to the mass dimension four, known as the renormalizable operators.
In the initial days of the SM, the renormalizability was considered to be an important
consistency condition for valid theories. With better understanding, it became clear that
this was only a low-energy property of an effective field theory [2-10]. With more precision



and/or higher energy, we will eventually discover the leading higher-dimensional operators
in the infinite series organized in the inverse powers of the new physics (NP) cutoff A —
an almost inevitable consequence of the known shortcomings of the SM in explaining the
observed universe.

The SM effective field theory (SMEFT) is a framework, which has gained popularity in
recent years [11-27]. The Large Hadron Collider (LHC) discovered the Higgs boson h [28, 29]
completing the list of the light degrees of freedom in the SMEFT. The Higgs mechanism
with h embedded in an SU(2);, doublet (the linear realization) turned out to be a decent
leading-order description of the electroweak symmetry breaking. At the same time, direct
searches failed to discover any new particles despite tremendous efforts, suggesting a possible
mass gap between the NP and SM states: A > G;}/z. With this situation, the SMEFT
analyses have become standard across different sectors of high-p7 phenomenology, including
top quark [30-39], electroweak vector bosons [38-47], Higgs [38-40, 48-51], jets [52-55], and
high-mass Drell-Yan [56-82], aiming at finding smooth and correlated deviations from the
SM predictions. To this end, a global SMEFT fit would optimally summarize the knowledge
about the ultraviolet physics (UV) accessible to us at low energies.

The largest obstacle to such an analysis is the proliferation in the number of independent
operators in the SMEFT. For instance, there are 2499 independent baryon and lepton
number-conserving SMEFT operators that arise at the leading order (dimension 6) [14].!
If the field content had included only a single generation instead of three, this number
would have been 59 [13]. This is not surprising, as most of the parameters are flavorful
already in the SM at dimension 4. While the gauge sector and the scalar potential have a
total of 4 parameters (modulo the strong CP-violating term), the Yukawa sector introduces
an additional 13 parameters to accommodate the charged fermion masses and the CKM
mixing matrix.

In this paper, we address the flavor structures of the baryon and lepton number-
conserving dimension-6 operators in the SMEFT suitable for global fits including high-pr
data. For an anarchic flavor structure, with all real and imaginary coefficients of order one,
charged lepton flavor violation, neutral meson oscillations, and electric dipole moments
set a lower bound on the NP scale many decades above the TeV scale [86-91]. Only a few
operators contributing to those rare transitions would be relevant for the phenomenology,
leaving no hope of seeing new effects in the high-pp collider physics. This would also be in
conflict with resolving the Higgs mass hierarchy problem at the TeV scale or, for instance,
the B-anomalies [92-104] and (g — 2), anomaly [105, 106] should those prove to originate
in new physics.

There is, however, no reason to expect flavor anarchy in the dimension-6 operators given
the peculiar form of the dimension-4 Yukawa interactions. Rather, we observe hierarchical
masses for different generations of charged fermions with Yukawa couplings spanning six

2

orders of magnitude and an almost diagonal CKM mixing matrix.© The elusive why of

!These many new operators also results in a large number of new CP-invariants [83-85].

2In this work, we consider neutrinos to be massless. They obtain a mass from a different set of operators
from those considered here, such as the lepton number-violating, dimension-5 Weinberg operator. We
only consider symmetry-breaking spurions that always preserve the total lepton number, thus giving no



these curious observations has long been sought after in the form of a theory of flavor.
Almost regardless of what the solution is, an explanation will endow a flavor structure on
the SMEFT above the EW scale.

The renormalizable SM without the Yukawa interactions has a large global U(3)°
flavor symmetry. The observed parameters break the symmetry in a particular way. The
largest breaking is due to the top quark Yukawa down to U(2)2 x U(1) x U(3)? subgroup.
This is a good approximate symmetry of the SM, which is further broken in steps by the
smaller Yukawas. Eventually, the exact (classical) accidental symmetry of the dimension-4
Lagrangian, U(1)p in the quark sector times U(1)? for the leptons, is recovered. Higher-
dimensional operators typically contribute to the breaking of the aforementioned (exact or
approximate) accidental flavor symmetries.

Postulating a flavor symmetry and its breaking pattern (via a set of spurions) means
making a hypothesis about the UV physics. A flavor spurion can be viewed as a non-
dynamical (spurious) field that transforms under a nontrivial representation of the flavor
group and whose background value breaks the flavor symmetry. In other words, we imagine
that a UV theory will leave imprints on the flavor structure in the low-energy effective
theory. The selection rules implied by the flavor symmetry have the advantage of reducing
the number of important SMEFT operators (free parameters in the global fits) by truncating
the flavor-spurion expansion to a given order. Global flavor symmetries and their breaking
patterns, thus, provide a good organizing principle for the SMEFT, mapping the space of
theories beyond the SM into universality classes. The induced model dependence should
not be viewed as a drawback but rather as an opportunity to systematically learn about
the UV from the data.

The prototypical example is the minimal flavor violation (MFV) hypothesis [107], which
is a flavor structure based on the U(3)° flavor symmetry broken by the SM Yukawa couplings
Y., Yy, and Y, promoted to spurions. Numerous analysis of the low-energy flavor physics
data have shown that MFV allows for the NP cutoff as low as the TeV scale [108-117]. Such
a flavor structure naturally arises as the low-energy limit of large classes of models, including
supersymmetric models with anomaly or gauge mediation [118, 119]. The drawback of MFV
is the ambiguity in the power counting given that y; is a large parameter. A prominent
competitor to MFV is the U(2) [120] (or general MFV [121]) flavor structures, which also
provide a sufficient protection against dangerous flavor violation [122-126] and allow for
a low NP scale. U(2)° is an excellent approximate symmetry of the SM broken only at
the level of O(1072). The breaking spurions are already small parameters, thus, the power
counting is more transparent. Unlike MFV| it is also a good starting point for the combined
explanation of B-anomalies in charged and neutral currents, where the third family plays
a special role [127-133]. Other flavor structures are also studied in the literature, e.g.,
refs. [134, 135].

Building on the work of ref. [1], we identify several symmetry hypotheses capable,
in particular, of allowing new physics to be at the TeV scale. Apart from theoretical

contributions to the Weinberg operator. Neutrino masses can easily be accounted for by introducing additional
spurions fully contracting L‘L? terms. Due to the smallness of the neutrino masses, the contribution from
these spurions to dimension-6 operators is negligible.



SMEFT O(1) terms Lepton sector
(dim-6, AB = 0) MFVp, UB)y | U@2)2xU(1)? | U(@2)? u@2)v u(1)s u@)? No symm.
MFVq 41 6 | 45 9 | 59 6 62 9 | 67 13 |8 6 | 93 18 | 207 132
U@2)2xU@B)g | 72 10 | 78 15 | 95 10 |100 15 | 107 21 [122 10 | 140 28 | 281 169
U@2)3 xUl)g | 86 10 | 92 15 | 111 10 | 116 12 | 123 21 | 140 10 | 158 28 | 305 175
U(2)? 93 17 | 100 23 | 118 17 124 23 | 132 30 | 147 17 | 168 38 | 321 191
No symmetry | 703 570 | 734 600 | 756 591 786 621 | 818 652 | 813 612 | 906 705 | 1350 1149

Quark

sector

Table 1. Overview of the number of independent O(1) terms for the dimension-6 SMEFT operators
(AB = 0) for different assignments of quark and lepton symmetries considered in the paper.
The left (right) entry in each column gives the number of CP even (odd) coefficients for each
symmetry combination.

motivations such as the Higgs hierarchy problem, we are aiming at having an interesting
interplay between low and high-pr physics, making the case for global fits. Our goal is
to explore a broad spectrum of flavor structures beyond MFV and U(2)°. We extend the
previous study [1] by including four structures in the quark sector and seven in the lepton
sector, for a total of 28 different flavor structures. The set of flavor-breaking spurions is
taken to be the minimal one needed to reproduce the observed charged fermion masses
and mixings (in some cases other interesting spurions have been included for completeness).
We benchmark the lepton sector densely compared to the quark sector. One motivation
to do so is to pave the path for exploration of a broader class of models addressing only
the neutral current B-anomalies and/or (g — 2),, anomaly (see e.g. [136-139]). Unlike the
CKM matrix of the quark sector, the PMNS matrix has only been probed by neutrino
oscillation data and could come from physics at a very high scale completely decoupled
from the low-energy flavor structure of the charged leptons. Without any firm clues as to
the underlying flavor structure, we are open to many possibilities. For each of the flavor
structures, we determine and provide the full basis of dimension-6 SMEFT operators beyond
NLO in the spurion expansion.

A highlight of this work is table 1 summarizing the number of independent AB = 0
operators at dimension-6 in the SMEFT for different flavor symmetry assumptions in the
absence of spurions (i.e. O(1) terms). A general expectation is that low-energy flavor physics
will not be very sensitive to these O(1) operators thanks to the flavor symmetry protection
leaving room for high-pr phenomenology [140] (see, however, refs. [141, 142]). The other
operators, which come with the flavor-spurion suppression, will be constrained chiefly by
low-energy flavor physics. For any of the symmetries in table 1, if an operator containing
fermions turns out to be Hermitian, it is counted in the left column since it introduces a
single real parameter, otherwise it appears both in the left and right columns for the real
and imaginary parameters, respectively (some care has to be taken when connecting the
imaginary parameters with CP violation [83]). Additionally, there are always 9 CP-even
(added to the left column) and 6 CP-odd (added to the right column) parameters for the
pure bosonic dimension-6 operators, which do not carry any flavor. Table 1 illustrates how
the number of independent parameters gradually increases with smaller (less restrictive)
symmetries. Different flavor symmetries are considered to finely chart the space of SMEFT



operators. For reference, these are compared with the no-symmetry case shown in the last
row and column for quarks and leptons, respectively. All the examples have considerably
less O(1) parameters than the anarchic case, making global fits more feasible. During this
project we developed a Mathematica package SMEFTflavor to automatically construct the
SMEFT operators given a flavor group (for details see appendix B). Should the user have a
different symmetry group or breaking spurions in mind, the package can be downloaded at
the github page https://github.com/aethomsen/SMEF Tflavor.

The paper is organized as follows: in section 2, we first discuss the decomposition
and the counting of the pure quark operators, while in section 3, we consider pure lepton
operators. Along the way, we always present an explicit parametrization of the spurions
and Wilson coefficients ready to be employed in the phenomenological studies. The Warsaw
basis used throughout this work is summarized in appendix A. The Mathematica package
is documented in appendix B. Appendix C lists the counting of the mixed quark-lepton
operators for all 28 flavor structures, while appendix D is reserved for useful group identities.
We conclude in section 4.

2 Quark sector

The kinetic Lagrangian is invariant under flavor rotations of the matter, that is, unitary
transformation between fields in the same gauge and Lorentz representations. In the SM
quark sector, these transformations make up the group Gg = U(3)q x U(3), x U(3)4.
Assuming/imposing a flavor structure of NP, then comes down to proposing a finite set of
spurions transforming in a subgroup of G' C G, such that the whole SMEFT Lagrangian
is invariant under G. These assumptions can severely limit the number of operators, which
can occur to a given order in the spurion expansion and will, generically, impose correlation
between various operators.

In the SM, the G quark flavor symmetry is broken classically by the two quark Yukawa
coupling matrices Y, 4:

LD —q.Yqdp H — (jLYuuRﬁ + H.c. (2.1)

Formally, these couplings can be considered spurions transforming as Y, ~ (3,3,1) and
Yy ~ (3,1,3), such as to leave the SM Lagrangian invariant under flavor rotations.?
MFV [107] is a popular framework, which assumes that the SM contains the full flavor
information of the underlying theory; no additional flavored spurions are introduced in
the UV and all other couplings are singlet under Gg. Accordingly, all flavor structure
is contained in Y, and Yy. In this framework, flavor violation in operators, whether
fundamental or effective, can only occur through some combination of the Y, Y, spurions.
This strongly constrains flavor transitions due to NP and presents a mechanism to avoid

the strong flavor bounds from FCNC processes.

3Here we write only the SU(3) representation but assume that the global U(1) charges are also defined
by eq. (2.1). There is no difference between U(3) and its SU(3) subgroup for dimension-6 baryon number
conserving operators. The global U(1) charges will however play an important role for U(2) versus
SU(2) symmetries.


https://github.com/aethomsen/SMEFTflavor

If we wish to classify the SMEFT operators consistent with MFV, it is important to
consider an organizing principle. One challenge is that e.g. (Y,[Y,)"20 all transform in a
similar manner, thus operators can always be dressed with higher powers of Y,[Y,. However,
not all of these are independent. In fact three of these are enough to span the space, and
higher powers can be absorbed into the coefficients of the operators with lower powers: a
finite set is sufficient to capture all physics. A proper organizing principle exists when the
spurions are small (e.g., if Y, always comes with a small parameter ¢, < 1), and the MFV
operators can be organized by powers of the spurions. This naive expansion in powers of
Y,.q4 is not necessarily possible, since y; ~ 1, and in 2HDM type models even y; can be
order 1. The authors of ref. [121] were able to show that non-linearly realized MFV, where
a power expansion is impossible, can be effectively captured as a special case of the later,
much acclaimed U(2)3 flavor symmetry [120].

Here we consider a spectrum of viable flavor symmetries:

i) G = U(2)? decouples the third generation quarks entirely, yet it gives a decent
protection against FCNCs.

i) G = U(2)3 x U(1), decouples only the third generation of down-quarks and keeps s,
a spurion of U(1)y, perturbatively small.

i) G = U(2)? x U(3)4 for when there is no suppression of y; ~ 1 in the SMEFT operators.
The enhanced symmetry allows for a spurion expansion of all but the top quark.

i) G = U(3)? linearly realized MFV, provides strong constraints on NP, and effectively
protects against NP contributions to rare SM processes.

In this section, we explore these 4 different flavor structures for the quark sector. In
each case, we will assume that a perturbative expansion in spurion insertions is possible.
For each symmetry, we provide a parametrization of the spurions, list all flavor contractions
that can occur up to dimension 6 in the SMEFT, and finally provide a counting of the
quark operators at dimension 6.

2.1 U(2)® symmetry

We assume that the NP posses a symmetry G = U(2), x U(2), x U(2)q C Gg, under which
the SM quarks decompose as

_ an(z,l,l) y— u“~(1,2,1) _ d“~(1,1,2)
1= LB ~ (1717 1)] 7 [ )] 7 I |fk’) ~ (17 1, 1>‘| . (22)

The minimal set of spurions needed to reproduce the SM masses and CKM matrix is
Ve~ (2,1,1), Ay ~(2,2)1), Ag~(2,1,2). (2.3)

These spurions generally allow for a slew of Yukawa operators, which contributes to the
Yukawa coupling matrices as

AL Ay g+ aS AN A g+ BV B ALALV, 4

Y, =
wd VI A+ ... Ay + dy ViV, +

(2.4)



for O(1) parameters az’d, .. .dﬁ’d, parametrizing all covariant combinations of the spurions
at each entry in the coupling matrix.

We now wish to point out a redundancy, which to our knowledge has been overlooked
in previous literature on the U(2)? flavor symmetry: despite the assumption of the G
symmetry, the quark kinetic terms are, nevertheless, invariant under all G transformations.
In particular, rotations from the G¢g/G coset space have not been utilized because generic
field transformations of this kind would ruin explicit G invariance of the model. The
spurions, however, allow for the construction of covariant G /G rotation matrices

quxp[ 0 ANV, + MAALV, + ..
—ODVE = () VAL~ 0

0 APIAT Vot
ViAua— ... 0

)

(2.5)

Uu,d = eXp[ ()\u,d)
—\"M1

For a suitable choice of A/, a field transformation will bring the Yukawa couplings on the

form*
v _ [0 But a¥ A AT A, + . BV, + B ALALV,
v 0 dy +dy'Vive+... |7 26)
yr_ |afBa+afAuaiA + 0 '
‘v 0 d +dyVive+..]

Finally, we can do a redefinition of the spurions (in the event that a%,a’, b% are not O(1),
it can be necessary to maintain explicit real coefficients multiplying the new spurions to
maintain the perturbative spurion expansion) to write

Y, = AuVal Y, = Aa 0 (2.7)
0w 0 w

This spurion redefinition shuffles the coefficients of the higher-dimension SMEFT operators
but otherwise does not change the spurions being generic matrices. Gg/G contains a final
phase transformation of the third generation quarks, which allows for setting v, y» to be
real parameters. The Yukawa matrices (2.7) are, thus, completely generic representations
in the U(2)% symmetry. This parametrization effectively breaks G — G x U(1) g, where
the spurions transform under the G symmetry.

We next consider how the spurions break the G symmetry and how the broken symmetry
allows us to choose a minimal parametrization of the spurions. For simplicity, we consider the
realistic case where the singular values of each of the spurions are finite and non-degenerate
in agreement with current data.” First, fixing the U(2), doublet gives®

v, — m : U(2)y — U(1),. (2.8)

€q

4This can be seen order by order in the perturbative expansion.

Such degeneracy could cause an enhanced remnant symmetry (see e.g. ref. [83]).

5To see what parameters can be removed from the spurions, it is useful to write them in terms of their
singular value decomposition such that the flavor rotations can directly remove phases and angles from the
left and right rotation matrices.



Next A,, breaks

C”LL _Su 511, 0
B Lu Cu ] [0 5;] : U(1)g x U2)u — 0, (2.9)
where we adopt the notation s,, ¢, for sine and cosine of the same angle, and
_ e 5
Ag — C‘i. 54€ d (3 . U(2)g — 0. (2.10)
sqe”' g 0 d,

The complete breaking of G — () by the spurions makes it possible to remove 12 unphysical
parameters from the spurions, reducing the naive 10 complex parameters down to a total of
5 real positive parameters, 2 mixing angles, and 1 phase. At dimension 4, together with
and 1, these give the quark masses and the CKM mixing matrix. The breaking pattern and
utilization of the full group of G transformations at dimension 4 means that all coefficients
of the baryon number-conserving SMEFT operators are physical.”

For convenience we compute numerical values for the relevant parameters reproducing
the observed CKM mixing matrix [143] and quark masses (taken from ref. [144] at the
renormalisation scale set to m;) from the Yukawa terms in eq. (2.7) at tree level:®

6q=1.46 x 107°, 8 =291 x 107, yp = 0.0155,
6y =6.72x 1076 5, =3.38 x 1073, yr = 0.934, (2.11)
e, = 0.0380, 04 = 0.210, 6, = 0.0888, a=—1.57.

Although there are corrections from higher order terms and radiative corrections, this
provides a decent estimate. As already anticipated, the largest breaking of the symmetry
occurs at O(1072) by ¢,, while the symmetry-allowed parameter y; is O(1). In other words,
the approximate U(2)? successfully explains these features. However, it fails to explain the
smallness of y, and the hierarchy in A, 4. This flavour structure also gives a suppression
in FCNCs due to the smallness of spurions and allows for new physics scale not far above
the TeV scale [122-126]. Since this is the least restrictive symmetry in the quark sector we
consider, similar (stronger) conclusions will hold in the subsequent three sections as well.
We determine the dimension-6 SMEFT operators allowed by the flavor structure up to
several insertions of the spurions. We base this on the Warsaw basis for the SMEFT (cf.
appendix A), where we identify the unique fermion combinations that appear, the bilinear
and quartic structures. We present the possible flavor contractions (including spurions)
for these field combinations, and these, in turn, can be directly inserted back in to the
appropriate Waraw basis operators to recover the full set of SMEFT operators compatible

"Some of these coefficients are unphysical when using the redundant spurion parametrization of ref. [1].
With this is mind, the parametrization in ref. [1] can still be useful in model building.

8 A suitable parameter point can be found by going to the down aligned basis, which allows for relating 5;')
and y, directly to the down-type Higgs Yukawas. After this, the remaining parameters can be determined
from VCTKM?UQ Vekm = AY, Y, AT, Here the left-hand side consists of the observed up-type Yukawa couplings
(diagonal) and the CKM matrix while the right-hand side consists of our Yukawa matrix in the down-aligned
basis and A = diag(eie7 e'?, e_i(gﬂb)) are additional unphysical phases. This provides a total of 9 constraints
fixing all 9 parameters of the right-hand side.



U(2)g xU(2uxU2)a | OQ) | OF) | O1V?) | O(V?) | O(A) | O(AY)
2 Qun 1 1] 1 1 1 11 1
Qan 1 11 1 1 1|1 1
x| Quawm |3 3]3 3 3 3|3 3
Quews) | 3 3|3 3 3 3|3 3
QYY) 1 2 22
?H?D Quus,Qua | 4 2
QHud 1 1 2
(LL)(LL) (3 10 6 6|10 2[2 2
(RR)RR) | Do 10
Qud 8
(LL)(RR) | QW , QLY | 16 8 8|8 4 412 12
(LR)(LR) QoY 2 2|4 42 2 8 8|12 12
| Total 163 1128 28|22 4 ]2 2 [20 20[50 50|

Table 2. Counting of the pure quark SMEFT operators (see appendix A) assuming U(2), x U(2),, x
U(2)4 symmetry in the quark sector. The counting is performed taking up to three insertions of
the V; spurion, one insertion of A, 4 and one insertion of the A, 4V; spurion product. The left
(right) entry in each column gives the number of CP even (odd) coefficients at the given order in
spurion counting.

with the flavor structure. We present the decompositions of the bilinear structures in
egs. (2.13)—(2.18) and decompositions of the unique quartic structures in egs. (2.19)—(2.24).
This also includes the expanded set of structures available in case the flavor symmetry
assumption is reduced to SU(2)3. The spurion counting of the pure quark SMEFT operators
assuming U(2)? (SU(2)?) symmetry in the quark sector is presented in table 2 3.

Decomposition of bilinear structures. In this section, we present the construction
of bilinear structures invariant under the U(2)3 flavor symmetry, starting with the O(1)
structures. Since ¢, u and d all decompose as 2,4 © 1, respectively, under U(2)? group,
the O(1) bilinears can be formed either by contracting two doublets or singlets of the same
field or by contracting singlets of the different fields. By doing this, we end up with nine
O(1) bilinears: (dg), (Gss), (i), (iisus), (dd), (dsds), (@isds), (dsus) and (Gsds).

There are only three bilinears that can be formed with one insertion of the V; spurion.
All of these include the singlet contraction with the quark doublet and one additional singlet
from the field decomposition: (gV,qs3), (§V4us3) and (qV,ds). However, in the case of SU(2)3,
there are additional bilinears, such as Vq“a“ab((qub). Following analogous reasoning for the
case of O(V?) bilinears, we obtain ((quVqTq) structure for the U(2)3 case and 51,(,((]1/6]‘/(1“'(1[’)
for the SU(2)3.



SU(2), x SU2)u x SU2)s | O(1) | o) | ov?) | owv?) | o) | o)
g Qun 1 1|2 2 2 2| 4 4
Qan 1 112 2 2 2| 4 4
PXH Quews |3 3|6 6 6 6|12 12
Quews) |3 3|6 6 6 6|12 12
QY 4 4 44 2

Y*H?*D Quu,QHd 4 8 8
QHud 11 8 8

(LL)(LL) QL 10 14 1420 128 8
QuusQaa | 10 28 28
(RR)(RR) QU . 5 3
(LL)(RR) | Qu.Q'® | 16 16 16|16 8 16 16| 56 56
(LR)(LR) QL 4 48 8|8 8 16 16| 60 60
Total 65 13|58 58|48 30|8 & |48 48 |224 224

Table 3. Counting of the pure quark SMEFT operators (see appendix A) assuming SU(2), x
SU(2), x SU(2)y symmetry in the quark sector. The counting is performed taking up to three
insertions of the V, spurion, one insertion of A, 4 and one insertion of the A, 4V, spurion product.
The left (right) entry in each column gives the number of CP even (odd) coefficients at the given order
in spurion counting. Due to the presence of the additional SU(2) structures in the decompositions,
the counting is different compared to table 2.

Before we proceed with our discussion about O(A) and O(AV) bilinears, let us introduce
the shorthand notation

(Aua)a = e (AL )peca ~ (2,2,1), (2,1,2), (2.12)

which proves to be useful in constructing SU(2)? invariant structures. The O(A) bilinears
are formed with the (gA, 4)q contractions, which can then be contracted to u® or d* yielding
two bilinears (gA,u) and (gA4d). In case of SU(2)? we get two additional ones given by
(GAyu) and (GA4d).

For the remaining O(AV) bilinears, we observe that the contractions (VqTAu,d)a trans-
form in the anti-fundamental representation of U(2),, 4 meaning they can form singlets when
contracted to u® or d*. We find six such structures: (aA]V,us), (CZAL‘/ng), (aA],V,ds),
(ﬂquTAdd), ((ngqTAuu) and ((ngqTAdd). The complete list of bilinears is presented below
and the new structures that appear in case of SU(2)? symmetry are denoted in blue:

~10 -



oM): (q9), (@sa3), OV): (qVeas), Vieaw (a3¢"), He.,
OWV?): (VoVia) . [ewe (@VyVid"), Hel.
(2.13)
)
o) (au) , (usuz) ,
O(AV) (Al Vous) ,  (Gqus) e (V;Au)b, e%ey. [ﬂ,“qu (Au)“qus], He.,
Ebe [/&gVZIb (Ay) Caua] , H.c..
(2.14)
(dd)
o(1) (dd) , (dsds) ,
O(AV) (CZAEqu:;) s (d_,udg) €ab (VqTAd)b y Eadé‘b(; [(i,avqb (Ad) cddg] , H.c. s
Ebe [(Z3qu (Ad) Cuda} s Hec..
(2.15)
(ud)
o) (usds) ,
O(AV): (ullVyds) , (asV]Aad) , (tads)e™ (V]AL),, (t3d®)eca (Vqul)b,
Eadgbc ['ZL(LV;{I) (Au) CddS] ) 5b65ad |:a3 (Vq*)b (AZ) cdda:| )
o [ (V) (80 5] e [V () o]
(2.16)
(qu)
O(1): (qzus) , oW): (¢Vqus) , (Vq*)agab (qpus),
0@): (@A), (7Auwu),
O(AV) : (équJ‘Auu) , (q’quTﬁuu) ,  Ebe [q’qub (Ay)au®],  ac [q’quI’ (A%) p u’].
(2.17)
(qd)
O(1): (gsds) OWV): (qVads) , (V)" (@ds),
O(A): (qhad), (7had), (2.18)

OAV): (V] Ad) | (qSVqTﬁdd),

Ebe [@3qu (Ag)%ad®],  cac [cngqb (AY)pcd*] .
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Decomposition of quartic structures. Let us continue with the construction of the
quartic structures. In what follows, we focus on the unique, non-factorizable? structures
only. Starting with O(1) structures, we follow the similar reasoning as in the case of
bilinears, obtaining six structures: (7aq?)(@&4q%), (42q3)(q3q%), (Gau®)(upu®), (iqusz)(izu®),
(dad®)(dpd®) and (dud3)(dzd®). In the case of SU(2)? symmetry, only one additional O(1)
structure appears: (q,u3)e(qyds).

At O(V), the U(2)3 and SU(2)? unique structures are (g.qs)(qVg4q%), (ng“)(qasz,cwfqb)
and (33¢%)(qVy2acq®), while at O(V?) there is only one structure of the form (cjquTq)(qqu).
With one insertion of A spurion, there are four U(2)? unique ones: ((j(l‘/'qTq)(Au)ab(ﬁ;;ub),
(Gaq3)(Aa)"5(d3d"), (Gaus)(Aa)*s(g3d”) and (g3u®)(Aw) a(@eds).

With the insertion of both A, 4 and V; spurions, we obtain six O(AV') U(2)? structures
given by (iq13) (BALV;u%). (dads)(AALVad®), (0V] @) ()" (), (V) 0)(Aa) s (dsd?).
(Gat3) (Ag)%(qVyd®) and (gVyu®)(Ay)%(Gds). There are, however, plenty of new SU(2)3
unique structures that emerge at both O(A) and O(AV). The complete list is presented
below and the SU(2)?3 structures are denoted in blue:

(q9)(q9)

O0):  (7.d") (@9") . (dags) (@3q") .
O(V) : (ilqd) ((j‘/qqa) ) ((73(1[1) ((jagbcvchb) ) (stqa) ((i‘/;]gacqu)v H'C'7

O(V?): (@V]q) (@Veq®)
(2.19)

O01): (ﬂaub) (upu®) , (Uqus) (usu®),
O(AV): (uqus) (ﬂALun“) , (tiqus)e™ege [ﬂbV[Id (Au)ecu‘:} , e%cq (tiqus) [’L_vaqc (Au)dcu“] , Hec.,
(uzu®) [ﬂqu"'Ecd(Au)dbub} , (usu®) [ﬂaadeq“(AZ)cdub} y €ac (ugu®) [ﬂb\/qd (A*)dbu“] , H.c..

u

(2.20)
(dd) (dd)
o): ( @) (dvd) , (dads) (dsd”) ,
oA ods) (AAWVd") | (duds) ™ eac [V (Aa) o], £z (dads) [V (Aa) Led”], He

(d Y [daVicea(Da)Dd"], (dszd®) [dagoaVe (DY) d’], cac (dsd®) [dpVH(AS)a"d], He

(2.21)

9Epithets ‘unique’ and ‘non-factorizable’ are used interchangeably when dealing with the quartic structures.
This nomenclature refers simply to the quartic structures that cannot be formed as a product of two factorizing
bilinears fully invariant under the discussed flavor group. Needless to say, the final spurion counting of the
SMEFT operators is performed taking the full set of quartic structures.
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(qq) (uu)

O(A) : ((?aq3) (Au) ab (1_143ub) ) gbc ((jaqiﬂ) (Au) ac (/&/bug) ) Ebdgac (@3(1“) (Au) Cd (ﬂbUB) ) H.c. ’
€ac (nga) [’U«S (Au) cbub] , Hee.,
O(AV): ((janq) (AL)% (ﬂgub) , €%ehq ((quql’) (Ay) e (Teus), €epq (@qu‘lqb) (Ay) % (ueus), Hee.,

Ebd @qub) (Au) dc ({LSuC) s Ebd (qaquqb) (Au) ac (aﬁuc) y Eed ((j‘/qu) (AZ) bd (aSUC) ) He..
(2.22)

O(A):  (ags) (Aa) (d3d”) , " (Gags) (Aa) e (dpd®), e"eac (d30") (Aa)a (dbds), Hee.,
€ac (39") [d3 (Aa) "], Hec
O(AV): (2V{a) (Ba)® (dsd’) . eera (aVad") (Do) (deds)  eena (2V'") (D) (deds) , Hee.,
e (0Vyd") (Ba) e (dsd®), epa (7aV'q") (Aa)“c (dsd®), cca (qVoq") (A5)" (dsd®), HC( )
2.23

(qu) (qd)

O():  (qaus)e™ (qvds),
O(A): (Gaus) (Aa)“s (33d”)  (33u®) (Au)a (Bds) , (qaus) (&1) “ ((stb) , (gzu®) (Eu) ba (Bods)

O(AV): (@aus) (A)s (FVad") , (@Veu®) (Au)a (@ods) , =*“eve (") Vi (A1) d (2uds)
(aViu®) (Bu) 0 (@eds) s = [ (Vi D), u”) @eds), = [ (V) yu } % (Gods)
[ ViA, ) U} Ged®), e [da (Vg )dftb}( ) b (2d®), e®ece (Gaus) Vi (A7) a® (@d°),
() (Ba) e @Vid®), < (Gaus) [ (V 8a) @], [0 (V) yus] (D) (@),

" (Gaus) {(jb (‘Cf&z)vdﬂ , € qa (V) jus] (Aa)e(@d®).
‘ (2.24)
2.2 U(2)3 x U(1)g4, symmetry

If the NP possesses a G = U(2) x U(2), x U(2)q x U(1)g4, C Ggq, it is possible to introduce
the b Yukawa as a spurion for the perturbative counting. Under this symmetry, the quark

fields decompose as'®
[e~@rap] o fe~@20] e e wi2n] 0
qs ~ (1717 1|O> uz ~ (13 15 1|0) d3 ~ (13 15 1|1)

and the minimal set of spurions required to write the Yukawa matrix is given as:

Ay ~ (2,5,1|0), Ag ~ (2,1,§|0), V,~(2,1,10), X, ~(1,1,1|—1).
(2.26)

10The representations of the fields and spurions with respect to this particular group are labeled as

(U(2)q: U2)w, U(2)alU(1)as)-
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U(2)? x U(1)g, 0(1) | o) | ow?) | oW | o)) | oY) | OX) | OVX) | 0(V2X) | O(AX) | O(AVX)
R Qun 1 111 1 1 1)1 1
Qan 1 1|1 1)1 1)1 1
SXH Quewp | 3 3|3 3 3 3|3 3
Quew.p) 3 3|3 3(3 3|3 3
QY |4 2 22
SHAD Qua | 2 11
QHa 2 1 1
QHud 1 1 (1 1 1 1
@LyrL) | QW |10 6 6|10 2|2 2
Quu 5 3 3
(RR)(RR) Qudd 5 33
QLY |8 4 4 4 4
QWY | 8 4 4|4 2 216 6
(LL)(RR) Qt(ﬂli.s) 3 4 4|4 s 9 |6 6
(LRV(LR) | Q' 4 4|6 6|2 2|4 4 ]2 2 |4 4|6 6
Total ‘56 4‘20 20‘20 2‘2 2‘14 14‘29 29‘7 7‘8 8‘2 2 ‘G 6‘21 21‘

Table 4. Counting of the pure quark SMEFT operators (see appendix A) assuming U(2)? x U(1)g4,
symmetry in the quark sector. The counting is done up to three insertions of the V; spurion and
one insertion of A, 4 or Xj. For spurion products, the counting is presented for A, 4V5, V, X3, and
Ay.q Xy as well as for VQZXb and A, 4V, X, insertions. The left (right) entry in each column gives
the number of CP even (odd) coefficients at the given order in spurion counting.

Transforming the fields with G /G rotations and redefining the spurions as in section 2.1,
the Yukawa matrices can generically be written as:

y, = [BuVal oy B O (2.27)
0 0 X,

for y; > 0. The complete breaking of GG by the spurions proceeds in the same way, leading
to the parametrization of the A, 4 and V; spurions of egs. (2.8)—(2.10). The only novelty
compared to the U(2)3 case is the introduction of the X, spurion, which breaks the U(1)4,
symmetry, allowing us to remove an extra phase from X; and make it real and positive.
In total, we end up parametrizing spurions with 6 real and positive parameters, 2 mixing
angles and 1 phase. The numerical values of the parameters are as in eq. (2.11) but with
the replacement y;, = X, explaining the smallness of the bottom Yukawa.

The spurion counting of the pure quark operators is presented in the table 4,
while the bilinear and unique quartic structures are listed in eqs. (2.28)—(2.33) and
egs. (2.34)—(2.39) respectively.

Decomposition of bilinear structures. We follow the analysis of section 2.1 to obtain
all SMEFT structures in the presence of the U(2)3 x U(1)4, symmetry. The only difference
is that when the U(1)g4, charge of a structure is nonzero, powers of the X} spurion need
to be included, giving further spurion suppression. The list of all invariant bilinears is
presented below:
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0(): (q0), (@), OV): (@Vaaw), He,  O(V?): (aVVfq) . (228)

O1): (au), (asus), O(AV): (aALung), He.. (2.29)

0(): (dd), (dsds),  OAVX): (dAWV,Xpds) , He.. (2.30)
(ud)
O(X): (usXpds), O(AV): (aqumdd), O (AVX) : (aALVqudg).
(2.31)
(qu)

O): (gus), OV): (@Vyus),  O(A): (FAgu),  O(AV): (q3vqTAuu)
(2.32)

—~

Ly
QL

=

O(X): (g3Xpds) , OVX): (qgVyXpds) , O(A) : (qAqd) ,

O(AV) : (qquT Add) . (2.33)

Decomposition of quartic structures. Again following the construction of quartic
SMEFT structures in section 2.1 and with suitable insertions of X}, the complete list of
U (2)® x U(1)4, unique quartic structures is presented below:

(q9) (q9)

0(): (@) @a"), (@) @a"),  OV): (Guts) (@Vya®) . Hc,

(2.34)
o(V?): (cjquTq) (@Vyq®) -

o(1): (ﬁaub)(dbua), (Gous) (Gzu®),  O(AV): (aau3)(aAquua), He.. (2.35)

o1): (Jadb) (&bda), (ciudg) (dgda), O(AVX): (&axbd3) (dA;qua), He..
(2.36)
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(aq) (dd)
O(AX): (qaqg)(Ad>ac(J3xgdc), He, OAVX): (cjquTq)(Ad)“c(Jngdc), He..
(2.38)
(qu) (qd)
OA): (@us) (Da) (), O(AX): (G5u®) (D) a (@ Xpds)
(2.39)

O(AV): (@us) (A)*s (Vad’) . O(AVX): (@Vyu®) (Au)“a (2 Xods) -

2.3 U(2)?% x U(3)4 symmetry

We consider the quark symmetry G = U(2)4 x U(2), x U(3)q4 C G, which is the flavor
symmetry of the SM when only the top quark has a Yukawa coupling to the Higgs. This
is also a good approximate symmetry of the realistic Yukawa sector. Here, ¢ and u

_ q® ~ (2,1, 1) . Ul ~ (1’2’1)
" lq?, ~ (L1, 1)] 7 [U:a ~ (1,1, 1)] ’ (2.40)

under G, while d transforms as d° ~ (1,1,3). The minimal set of spurions needed to

decompose as

produce realistic Yukawa matrices for the quarks are
Au ~ (27§a1)a z:cl'\“ (27173)7 AdN (17173)7 (241)

but we will also allow for V; ~ (2,1,1) to allow for further mixing between top quarks
and light generations. In the minimal analysis, one can simply set V, = 0. In either
case, a combination of rotations in Gg/G and redefinitions of the spurions, as detailed in
section 2.1, allows for the generic Yukawa matrices to be parametrized as

Ay 0 )
Y, = l ] . Y= [Aﬂ , (2.42)

with a real coefficient g;.
To see how the spurions break G, we begin with A,, which, after a suitable rotation,
can be parametrized as

Ay — l‘sg (2] : U@)y % U(2)u — U2, (2.43)

Meanwhile, a U(3), rotation can be used to align A to the 3rd generation:

Ag— (003" U(3)q — U(2)a. (2.44)
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The last part of the symmetry is used to parametrize

- 0 -
—sdem (Sd 00 13 513
qt+u

C
Zd — [ d 0 5/ 0 —S813593 €23 —C13S23| : U(1)2 X U(Q)d — @
d

sget ™ ¢y

S13C23 $23 C(13C23
(2.45)

The singular values can always be taken to be 55,), 5((;), yp > 0. The complete breaking of G
by the spurions makes it possible to remove 17 unphysical parameters from the spurions,
reducing the naive 13 complex parameters down to a total of 5 real positive parameters,
3 mixing angles, and a phase. In case Vj is included, both of its complex parameters are
physical.

Following a similar procedure to eq. (2.11), the observed CKM matrix and quark masses
are reproduced for

8q = 5.70 x 1072, o =6.91 x 107%, yp = 0.0155,
8y = 6.72 x 1075, 6 =3.38x 1073, yr = 0.934, (2.46)
64 = 0.096, 015 = 0.412, 093 = 1.453, a=—1.19.

The absolute value of all symmetry-breaking parameters (including ) is small compared
with the symmetry-allowed y;.

The spurion counting of the pure quark SMEFT operators assuming U(2)? x U(3)4
symmetry is presented in table 5. The decompositions of the bilinear structures are listed
in (2.47)—(2.52) and the unique quartic structures are given in (2.53)—(2.58).

Decomposition of bilinear structures. For the O(1) bilinear structures, since d* ~
(1,1,3), there is only one O(1) bilinear with two appearances of d given as (dd) and
four with two appearances of ¢ and u: (qq), (gsqs), (uu) and (usug). One additional O(1)
structure can be formed with two singlets: (gsus).

We proceed with the bilinear structures containing one insertion of the V; or Ay spurion.
Since V; ~ (2,1, 1), the only possible singlet is formed contracting V; and the quark doublet.
There are two such structures of the form (¢gV,g3) and (gV5u3). Similar reasoning holds for
Ay, yielding two more bilinear structures: ((ngild) and (713A2d).

For bilinear structures at O(V?) and O(A32), we have two structures formed by con-
tracting the insertion of the spurion with the appropriate field: (chqVJq) and (JAdALd). At
O(A) there is only one structure allowed: (gA,u), and similar conclusion holds for O(3)
with one structure: (gXqd).

In order to construct structures with two insertions of different spurions, let us first
note the transformation properties of the relevant spurion products. At O(AgXy), we
have ¥qAq4 ~ (2,1, 1) transformation, which, being the same as for the V; spurion, gives
two structures: (¢X4Aqq3) and (¢XgAqu3). The analogous product we have is VqTEd ~
(1,1, 3), which can be utilized to construct two more structures of the form ((ngqTEdd) and
(ﬂg‘/;jEdd). There is also one structure at O(V;A4) given as ((quAjld). Finally, we note the
transformation VqTAu ~ (1,2,1), which can be used to construct the remaining O(AV,)
structures: (A} V,us) and (cngqTAuu). The complete list of bilinears is presented below:
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U2), x U2 x UEB) | 00) [ oy [owvd) [ owd) [ o) [o@ry [oma) [om) [ o [owd) [owz) | omaz)
S Qun 1 11 1 1 111 1 1 1
Qan 111 1|1 1 11
. wewn | 3 3|3 3 3 3|3 3 33
VX Qu(a,w.B)
Quc.w.p) 3 3|3 3|3 3 3 3
QY | 4 2 22 2 2
- W |2 11
W2 H?D Qu
QHa 1 1
QHud 11 11
@ryr) | QW |10 6 610 2]2 2 6 6
Quu 5 3 3
(RR)(RR) Qaa 2 2
QLY |4 2 2 4
(1,8)
i 8 4 4|4 2 2|6 6 4 4
(LL)(RR) jm)
Q) 4 2 2|2 4 4 4
(LR)(LR) | Q) 2 2|4 4|4 4 6 6
‘ Total ‘44 4‘18 18‘18 2‘2 2‘6 6‘16 16‘7 7‘8 8‘8 8 ‘11 ‘11 11‘20 20‘

Table 5. Counting of the pure quark SMEFT operators (see appendix A) assuming U(2), x U(2),, x
U(3)q symmetry in the quark sector. The counting is performed taking up to three insertions of V,
one insertion of A, or ¥4, and two insertions of A4 as well as one insertion of A, Vg, VoAq4, Vo324,
and A4X4 products each. The left (right) entry in each column gives the number of CP even (odd)
coefficients at the given order in spurion counting.

(qq)
O(): (@), (@as), OW): (@Vess), He, O(V2): (aVyVia),
O(Adzd): ((jEdAdqg), H.c..
(2.47)
(uu)
O1): (uu), (dsus), O(AV,): (aALX/}Ju;g), He.. (2.48)
(da)
0): (dd), O(A}): (dAsAld) . (2.49)
(ud)
O(Ag): (asAld) . OVySa): (u3VfSad) . (2.50)
(qu)
O(): (gsus),  O(Vy): (qVqus),  O(A): (¢hwu),  OAVy): (aGViAwu),
O(AdZd): (chdAdu?,).
(2.51)
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O(Aa): (BAld),  O(Sa): (@ad),  OWViha): (aVeAld),
(2.52)
O (VyZa) : (Y, ud).

Decomposition of quartic structures. At O(1) there is only one unique structure
containing four appearances of d, (d;d’ )(cfjdi), two with four instances of ¢, (7aq")(qq®)
and (gag3)(g3q®), and two similar ones with u. One insertion of V, yields only one unique
O(V,) quartic structure (¢aq3)(qV4q®), and there are no structures with one insertion of
Ag only. There is one O(A) structure (guq3)(Au)%(uzu’) and one at O(X4) given as
(Gaus)(Za)"(qzd’).

With two insertions of V; or A4, there are only two unique structures: (cjaT/Jq)(cﬂ/;an)
and (dAqd )(JjALd). We also get two structures with one insertion of the A;¥; product,
(7%aMad") (@y3) and (7ags)(3a)?;(dAad’), and one at O(Vy%q) given as (qauz)(3a)%; (qVed’).
At O(AV,) we have two structures, (ii,uz)(4AfV,u®) and (da%Tq)(Au)ab(ﬂgub), and there
is one at O(AAy): (cjgua)(Au)ba(cijLd). We list all the quartic structures below:

(qq) (q9)
001): (dud’) @a") » (dags) (G34") ,  O(Vy): (dugs) (@Vyg") , He.,
(2.53)
O(Vf)i (QquTQ) (aVqyq®) , O (AaXq) : (@Edf\dqb) (ag3), Hec..
o(1) : (uub) (ipu®) ,  (dqus) (usu®) ,  O(AVL): (iqus) (aAquu“), He..
(2.54)
(Jd) (Jd)
00): (dd)(dd),  ©(AZ): (drad’) (d;Ald). (2.55)

O(A): (dags) (Au) % (@su®) . He,  OAVy): (@WVig) (Au)% ('), He.,

(2.56)

(dq) (dd)
O (M%) : (duts) (Ba)®; (AAad’), He.. (2.57)

(qu) (ad)
O(Za) ¢ (Gatis) (Ba)’y (@A), OViZa): (Guus) (Ba); (Ve 059

O (AAg) : (33u) (Au) " (aA]d) -
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2.4 MFVg symmetry

Minimal flavor violation assumes that the only spurions of the Gg = U(3)4 x U(3), x U(3)q4
symmetry in the quark sector are the SM Yukawa couplings. The quarks transform as

¢~ (3,1,1), u~(1,31), d~(1,1,3) (2.59)

under Gg. As the Yukawa couplings are the sources of the symmetry breaking, they are
promoted into spurions with the transformations assigned as

Yo~ (331),  Ya~(3,13) (2.60)

Fixing the parameters of the SM, i.e., the values of the Y, 4. spurions, breaks G.
With no degenerate or vanishing eigenvalues nor any accidental alignment of Y, and Yy, Y,
can be parametrized exclusively with the diagonal matrix of its singular values, Vo

Yy, — Yy U(3)g x U3)y — U1)3,,. (2.61)

The remaining quark sector symmetry can then be used to partially diagonalize Yy, writing

Y, — VYy: U(1)3,, x U(3)g — U®)s. (2.62)

Here V is a special unitary matrix with 3 rotation angles but only 1 phase, as the others
have been successfully factored out: V is nothing but the CKM matrix. Only the vectorial
baryon number symmetry U(1)p remains unbroken after the inclusion of the quark Yukawa
couplings. Only 9 real parameters and 1 phase are physical; a total of 26 unphysical
parameters have been removed. The remnant flavor symmetry of the quark sector is U(1)p,
which is consistent with 26 broken generators. No additional phases can be removed from
the baryon number-conserving SMEFT operators with the remnant symmetry.

The spurion counting of the pure quark operators is presented in table 6, while the
decompositions of the bilinear and quartic structures are listed in egs. (2.63)—(2.68) and
egs. (2.69)—(2.74).

Decomposition of bilinear structures. We present the decompositions of the bilinear
structures with up to three insertions of the spurions. O(1) structures can be formed only
by contracting a field with its conjugate. This gives the three distinct structures (qq), (uu),
and (dd).

At O(Yyq), we get only two bilinears: (qY,u) and (¢Ygqd). Meanwhile, the O(Y?)
structures can be obtained by contracting one index of the Yukawas with each other and the
remaining two open indices with fields. There are five such structures: (7Y, Y,/ ¢q), ((ijYdT q),
(wY,[Yu), (JYdTYdd), and (uY,Yyd). Note that the singlets formed by tracing over the
Yukawas, e.g., (YJ Y.)(qq) drop from the counting, since contractions like this give bilinears,
which are structurally the same as the O(1) ones.

Lastly, there are four O(Y®) structures, which can be formed by inserting the prod-
ucts YdeJ 4 and Yli Yu,d in the O(Y) bilinears. These four structures are ((ijYdT Yyu),
(Y, YY), (gY. Y, Yyd) and (q_Yachzf Y;d). The full list of bilinears follows below:
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MFVq 01) | O(Y,) | OYF) | O(Yy) | O(YF) | O(YuYa) | O(Y2Ys, YiY.) | OY;, Y7
RH? Qun 1 1 1 1 1 1
Qan 11 1 1 11
VXH Quicw.B) 3 3 3 3 3 3
Qu.w,B) 3 3 3 3 3 3
QY | 2 2 2
VPH2D QHu 1 1
Qua 1 1
QHud 1 1
(LL)(LL) | QW” | 4 4 4
Quu 2 2
(RR)(RR) Qaa 2 2
QLS | 9 2 2
(LL)(RR) 08 2 6 2
QLY | 2 2 6
(LR(LR) | QLY 4 4
Total ‘18 \4 4\19 \4 4\19 \5 5 ‘8 8 ‘8 8

Table 6. Counting of the pure quark SMEFT operators (see appendix A) assuming MFV symmetry
in the quark sector and taking the combinations up to three insertions of Y,, and Yy spurions in the
decompositions. The left (right) entry in each column gives the number of CP even (odd) coefficients
at the given order in spurion counting.

(qq)
01): (4q) . O(Yf): (qyuyjq), O(Yf): (qydyjq). (2.63)

(Tu)
O1): (au), O(Yf): (aYJYuu) . (2.64)

(dd)
O): (dd), O(¥}): (dv)Yad) . (2.65)

(ud)
O (Y, Yy) : (anYdd). (2.66)

(qu)
O,): (Veu) , O(Yqu); (qdequu), O(Yj); (q’YuYJYuu). (2.67)

(gd)
OYy): (§Yad) , O(Yu?Yd): (QYUYJYdd), O(Yj); (ngYijd). (2.68)
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Decomposition of quartic structures. At O(1) in the spurion counting, there are only
three unique structures that can be formed: (g;¢”)(g;q"), (ww?)(u;u’) and (d;d?)(d;d’). All
the remaining unique quartic structures contain two insertions of Y, 4 spurions and can
be formed accounting for the transformation properties of the bilinears, e.g., ¢; (Yu)é q* ~
(3,3,1) and q(Y;1)7sq* ~ (3,3,1), and contracting the two. Examining and counting these
combinations, we conclude that there are in total seven unique O(Y?) quartic structures,
which we list below:

(q9) (q9)
W) (ad) (g4')

(1) (@) (rd) e (@a) . 0 ()¢ (@) (vavd) ' (aa")

@)
(2.69)
@)

0): () (wu'),  O(¥2): (we!) (Viva) % (wut) . (2.70)

00): (dd)(dd),  O(v): (dd) (v]va)'s (dsd*) . (2.71)

(qq) (uu)
o0(¥2): e (vl (ad) (w’) - (2.72)

(q4) (dd)
O (YdQ) : (Yd) ik (Yj) Zj ((jiqj) (Cngk) . (273)

(qu) (qd)
O (YuYa): (Ya)'5 (Ya) (q_iuk) (szj) : (2.74)

3 Lepton sector

Similarly to quarks, leptons come in three flavors, allowing for flavor transformations,
which leaves physics unchanged. The lepton kinetic terms are symmetric under flavor
transformations from the group G = U(3)y X U(3)e. In the SM, this symmetry is broken
explicitly by the Yukawa term

LDl Y.erH +Hec., (3.1)

leaving an accidental U(1)? symmetry conserving the individual lepton numbers. Clearly, the
observation of neutrino oscillations indicates that BSM physics must necessarily violate this
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accidental symmetry at some level. On the other hand, the non-observation of any charged
lepton flavor-violating decays indicates that TeV-scale NP must suppress contribution to
such processes.

In contrast to the quark Yukawa matrices, from which derives the CKM matrix, the
charged lepton Yukawa matrix is not fixed by the PMNS mixing matrix, which could come
from the neutrino sector. Neutrino masses in the SMEFT originate from lepton number-
violating operators, such as the dimension-5 Weinberg operator. All flavor symmetries we
consider here contain the usual lepton number symmetry as a subgroup, and this symmetry
is preserved by the spurions populating the Yukawa matrix. The inclusion of neutrino
masses, therefore, necessitates new lepton number-violating spurions. Due to the smallness
of the neutrino masses these additional spurions must be vanishingly small (for TeV-scale
NP) and can be neglected.!! In extreme examples where the neutrino mass operators are
highly suppressed by loop factors and/or operator dimension rather than the size of the
spurions, the relevant spurions can simply be included to the symmetries.

In this work, we identify several viable scenarios for the lepton flavor structure of the
SMEFT that can accommodate hierarchical Yukawa couplings while suppressing charged
lepton flavor-violating contributions from the dimension-6 operators. Accordingly, we
consider a variety of different options for a flavor symmetry G C Gp:

i) G = U(1)? vectorial provides lepton flavor conservation but does not allow for any
spurions providing a perturbative suppression of the electron mass;

ii) G = U(1)% is also compatible with exact lepton number conservation but allows for a
controlled expansion in lepton masses;

i11) G = U(2) vectorial symmetry gives additional correlation between the light leptons
but no LFV;

i) G = U(2)? decouples the 3rd generation from the first two generations of leptons
while completely forbidding LF'V depending with the minimal set of spurions;

v) G = U(2)? x U(1)? decouples the 3rd generation from the first two generations of
leptons and allows for a perturbative expansion in all lepton masses;

vi) G = U(3) vectorial symmetry is compatible with exact lepton flavor conservation;

vii) G = U(3)?, linearly realized MFV symmetry gives lepton flavor conservation but only
SM-like violation of lepton flavor universality.

" Eurthermore, for the lepton number-conserving operators we consider here, the neutrino mass spurions
must combine in lepton number-conserving combinations requiring at least two such. This further suppresses
the relevance of such insertions.
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3.1 U(1)3 vectorial symmetry

The first symmetry of the lepton sector we consider is the vectorial G = U(1)3 = U(1), x
U(1), x U(1)r C G symmetry, under which the ¢ and e fields decompose as

El ~ (17010) €1 ~ (1>070)
0= 1t~(0,1,00], e=lea~(0,1,0)], (3.2)
b3 ~ (0,0, 1) €3 ~ (0707 1)

with the U(1) charges indicated in the brackets. Since the U(1)? vectorial symmetry is
exact, there are no spurions present. The Yukawa matrix can be written as

Ye
Ye = Yy : (3.3)

Yr

These coefficients break the axial U(l)i C G, symmetry, which can be used to rotate away
unphysical phases from ¥, , -. Accordingly, they can be chosen to be real and positive. The
numerical values of these parameters are

Yo =2.793x 1075, 5y, =5884 x 1074, y, =9.994 x 107> (3.4)

The smallness (yy < 1) and the hierarchy among different generations is an open question.
In section 3.2, these parameters are actually spurions, which explains their smallness but
not the hierarchy. The motivation to consider this flavor structure comes from stringent
experimental constraints on charged lepton flavor-violating processes.

The neutrino masses can be minimally accounted for by the dimension-5 Weinberg
operator and three additional spurions with the opposite charge to the leptons in eq. (3.2).
The PMNS mixing matrix is accommodated by assuming no hierarchy in the three spurions.
Note that, for the TeV-scale cutoff, these spurions take extremely small values in order
to reproduce the observed neutrino masses. Therefore, their effect on charged lepton
flavor-violating processes is negligible. For these reasons, we omit them from the counting
of dimension-6 operators.

The counting of the pure lepton SMEFT operators is presented in the table 7 and the
decompositions of the bilinear and unique quartic structures are listed in egs. (3.5)—(3.9).

Decomposition of bilinear and quartic structures. Constructing bilinear and quartic
structures is straightforward in the case of U(1)? vectorial symmetry, since only O(1)
structures are present. These are given by (£;(;), (¢;¢;) and ({;e;). Similarly, the only
possible non-factorizable quartic structures are given by (£;¢;)(¢;¢;) and (£;4;)(;e;).

The structures of the form (e;e;)(€je;) are identical to (e;e;)(eje;j) due to the Fierz
identity for vector currents in the underlying operators. This is valid not only here but for
all lepton symmetries we consider, that is, there are no unique (ee)(ee) structures. Thus, the
quartic structures with four insertions of e are formed solely by multiplying (ee) bilinears.
We list the decompositions of the bilinear and unique quartic structures below:
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V2 H? Qen 3 3
V' XH Qew,B 6 6
o3 | g
¢2H2D H?
QHe 3
(LL)(LL) Que 9
(RR)(RR) Qee 6

(LL)(RR) Qe 12 3
Total 45 12

Table 7. Counting of the pure lepton SMEFT operators (see appendix A) assuming U(1)$, symmetry
in the lepton sector. Since the U(1)3, symmetry is exact (no spurions), the counting is presented for
the O(1) operators only. The left (right) entry in each column gives the number of CP even (odd)
coefficients at the given order in spurion counting.

o(1): (Zlel), (Zm), (2363). (3.5)
(%)
0W): (htr), (bb), (fsts) . (3.6)
(ee)
O1): (erer), (fae2), (eses) - (3.7)
(2¢) (2)
O1): (67162) (z@el), (Zleg) (5361), (@eg) (2352). (3.8)
(2) (ee)
O): (Gitz) (eaer) , (Bals) (esea) ,  (lstr) (eres) , Hee.. (3.9)
(ee) (ee)

No unique structures present due to Fierz identities.

3.2 U(1)% symmetry

For a G =U(1)% = U(1)g, x U(1)e, x U(1)g, X U(1)e, x U(1)gy x U(1)ey C G, symmetry of
the lepton sector, we have the field decompositions and U(1)® charge assignments

t ~ (1,0,0,0,0,0) ~ (0,1,0,0,0,0)
(= |ty ~(0,0,1,0,0,0)] , ey ~ (0,0,0,1,0,0)] . (3.10)
t3 ~ (0,0,0,0,1,0) ~ (0,0,0,0,0,1)
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U(1)° o) | O(y)

1/12H3 QeH 3 3

V*XH | Qew.p) 6 6
2 2D Q%f) 6
w a QH@ 3
LL)(LL) Que 9
(RR)(RR) Qee 6
(LL)(RR) Qre 9

| Total (33 |9 9]

Table 8. Counting of the pure lepton SMEFT operators (see appendix A) assuming U(1)% symmetry
in the lepton sector. The counting is performed taking up to one insertion of y. , r spurion. The
left (right) entry in each column gives the number of CP even (odd) coefficients at the given order
in spurion counting.

The minimal set of spurions required to write the Yukawa matrix is
Ye ~ (1,-1,0,0,0,0), y, ~(0,0,1,-1,0,0), y-r~(0,0,0,0,1,—-1), (3.11)
which we use to write the Yukawa matrix

Ye
Y, = Yp , (3.12)

Yr

The flavor symmetry breaking pattern is given by:

Ye: U(l)e, x U(l)ey — U()L,,
Yo UMy x U(L)ug — U(L)L,,, (3.13)
Yr : U(l)TL X U(l)TR — U(l)L

T

yielding a total of 3 broken generators. This allows for the elimination of redundant phases
from ., -, which can all be taken to be positive, real numbers.

We present the spurion counting of the leptonic operators assuming U(1)% flavor
symmetry in table 8. The decompositions are listed in egs. (3.14)—(3.17).

Decomposition of bilinear and quartic structures. In this case, the O(1) bilinear
structures can only be constructed with two appearances of the same field. These structures
are (£;¢;) and (é;e;). Matching the charges, the bilinear structure with one insertion of a
spurion (Y¢);; can only be of the form [@(Ye)iiei]. The set of unique quartic structures is
comprised of three O(1) structures of the form (¢162)(faty), (f2€3)(f362) and (£301)(4143),
whereas there are no unique (££)(ée) structures present. We list the decompositions below:

(fe)

O(y) : (Zlyeel) ) (Zzy,m) 5 (573%63) . (3.14)
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O(1): (Lly), (Baly), (sls). (3.15)
(ee)
O(1): (ere1), (f2ez), (Eses). (3.16)
(6)(20)
O1): (L) (latr), (Lals)(lsts), (Cstr)(frls). (3.17)

(¢0)(ee)

No unique structures present.

(ee)(ee)

No unique structures present due to Fierz identites.

3.3 U(2) vectorial symmetry
Next, we consider a U(2) C G, vectorial flavor symmetry, under which the fields decompose
0~ 2 et ~ 2
{ = = ) 3.18

The minimal choice of spurion necessary to produce a realistic Yukawa coupling is Ay ~ 3,

as

which we take to be real.'?> We use the simplifying notation

ALTH = (Ag)%. (3.19)
With this spurion, the Yukawa matrix generically takes the form
A 1
y, = |[Fet s 01. (3.20)
0 ¥y
Ay breaks the U(2)y symmetry as
Ay — [_05‘ 501 : U©2)y — U], (3.21)
¢

where we use the general properties of the special unitary matrices along with the flavor
symmetry breaking pattern to parametrize the A, spurion with 1 real parameter. The
Yukawa matrix (3.20) also preserves an accidental U(1)g, e, symmetry, while it breaks axial
U(1)’s, which can be used to remove phases from the coefficients sy and y,. The numerical
values of the relevant parameters are

sp=2.956 x 1074, 6, =2.928 x 107*, y, =9.994 x 1073. (3.22)

This flavor structure fails to explain the hierarchy among generations. Furthermore, a
tuning is needed between s, and (the symmetry-breaking) dy in order to accommodate for
the observed e and p masses.

The spurion counting of the pure lepton operators assuming U(2)y symmetry is given
in table 9 and we list the decompositions in eqgs. (3.24)—(3.28).

12 A slightly less minimal choice would be to introduce a V; ~ 2 in place of Ay.
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UR)v O1) | O(Ay)
Vv2H3 Qenr 2 21 1
V°XH | Quwp | 4 4] 2 2
Qu’ |4 |2
1/]2H2D QHe 2 1
(LL)(LL) Que 5 3
(RR)(RR) | Qee | 3 2
(LL)(RR) | Qu |6 1|5 2
| Total (26 7]16 5 |

Table 9. Counting of the pure lepton SMEFT operators (see appendix A) assuming U(2) vectorial
symmetry in the lepton sector. The counting is performed taking up to one insertion of A, spurion.
The left (right) entry in each column gives the number of CP even (odd) coefficients at the given
order in spurion counting.

Decomposition of bilinear and quartic structures. (O(1) bilinear structures can
only be constructed by directly contracting the doublets or the singlets of the ¢ and e fields.
There are six such structures: (e), (fzes), (), (€303), (€e), and (eze3). To form the O(A,)
bilinears, the A, has to be contracted to ¢ and e®, giving three bilinears: (£Age), (£A),
and (eAge).

Analyzing the possible contractions involving four field appearances in an analogous way,
we obtain four O(1) quartic structures: (£,£°)(£5€%), (£al3)(€30%), (Lal)(ee®), and (£,03)(E3€2).
Similarly, we find that there are three O(A;) structures given by (£af3) (Ag)%, (£3°),
(£al) (A0)", (Bpe”), and (Lals) (D), (E3€”).

We remark that there is a overcounting if we include all the (£¢)(ee) factorizing
quartic structures contain only the U(2)y doublets ¢ and e. Having the O(1) and O(Ay)
decompositions of the bilinear structures, the factorizing O(Ay) quartic structures are
formed simply by multiplying the corresponding bilinears. Applying this recipe trivially
gives two O(Ay) structures of the form (£0)(eAge), ((AgL)(ée). Tt turns out that due to
the group identity (D.6), one of these structures can be expressed in terms of the other
factorizing quartic structure and the unique contraction (£,£°) (Ap)", (epe®) and its Hermitian
conjugate:

(80) (e0re) = AF (1) %0%0 (£et”) (eae”) = AT [(17) 240" a = (t7) a0+ () “a0®s] (£et?) (Fac®)

- [(mb) (D))" (ébec)—i-H.c.} — (EA0) (ee).
(3.23)
The (£€)(eAge) structure, therefore, drops from the counting. We list the complete decom-
positions below:

(fe)

0): (fe), (Bses), O(A): (fAce). (3.24)
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O1): (Zz), (z@,zg), O (A) : (mge). (3.25)
(€e)
O(): (ee), (ese3), O(Ag): (EAge) . (3.26)
(e) ()
0): (L) (Ger) , (tats) (Bs07) ;0D (Lals) (A% () . (327)
(2) (ee)
O1): (ZQE)(éea), [(Eaﬂg)(égea), Hel,
O(A0): (Lal?) (AD)", (@), (Lals) (A)%, (3¢") , Hec.. (3.28)
(€e) (ee)

No unique structures present due to Fierz identities.

3.4 U(2)% symmetry

We consider the case where NP is invariant under G = U(2), x U(2). C G. In this case,
the fields decompose as

e~ 2,1) fen~q1,2)
e B B (329

In order to write a realistic the lepton Yukawa matrix, a spurion
Ae ~(2,2) (3.30)

is required. It is then possible to write the Yukawa matrix

A, 0
Y, = [0 yT] . (3.31)

We also allow for the non-minimal inclusion of the spurion V; ~ (2,1) to allow for a mixing
of third generation leptons with the light generations. Note that V; will be included in the
decompositions (SMEFT operators), but it is absent from the Yukawa matrix, since the
inclusion of V; leads to a non-minimal parametrization of Yukawa.

We determine the breaking pattern of the U(2)? flavor symmetry by the spurions.
Fixing the A, bi-doublet, we have

A, — ﬁf (?,1 : U(2)p x U(2)e — U(1)7 . (3.32)
15
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U(2)e x U(2)e O@1) | O(V) | O(V?) | O(V?) | O(A) | O(AV)
V2H? Qen 1 11 1 1 1)1 1
VY XH | Qewp | 2 2] 2 2 2 212 2
2H2D ng) 4 2 22

QHe 2 1 1

(LL)(LL) Que 5 3 3|5 11 1
(RR)(RR) | Qe | 3 2 2
(LL)(RR) Qe 4 2 2|2 1 13 3
Total 21 3|10 10/9 1 |1 1 |4 419 9

Table 10. Counting of the pure lepton SMEFT operators (see appendix A) assuming U(2), x U(2),
symmetry in the lepton sector. Analogously to the counting performed in the quark sector assuming
the same symmetry (see table 2), we once again take up to three insertions of V; spurion, one
insertion of A, and one insertion of the A.V} spurion product. The left (right) entry in each column
gives the number of CP even (odd) coefficients at the given order in spurion counting,.

In the second step, V; breaks

/

V) —s m : U1)Z,, — 0, (3.33)
l

for eg) > 0. Thus, we conclude that these spurions completely break the flavor U(2)?

symmetry, making it possible to remove 8 unphysical parameters from the parametrization
of the spurions. y, breaks a third generation axial U(1) symmetry, and its unphysical phase
can be removed. The numerical values of the relevant parameters for the Yukawa matrix
are

6 =2793x107% 5, =584 %1071  y, =9.994 x 1073, (3.34)

This flavor structure provides a rationale for why the tau is much heavier than the other
two leptons. The light lepton masses can be accommodated without tuning in contrast to
the previous section; however, the hierarchy among them is left unexplained.

The spurion counting of the pure lepton operators assuming U(2)? symmetry of the
lepton sector is presented in table 10. The decompositions of bilinear and quartic structures
are listed in egs. (3.35)—(3.39).

Decomposition of bilinear and quartic structures. Forming the structures invariant
under U(2)? symmetry follows the same approach as in the case of U(2)? symmetry in the
quark sector (see egs. (2.13)—(2.24)). Therefore, in order to obtain the invariant structures
it is sufficient to take the corresponding structures in the quark sector (either ¢ and u or
g and d structures) and do a relabeling ¢ — ¢ and u/d — e. The decompositions of the
bilinear and quartic structures are listed below:
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O(1): (Egeg) , OW): (Z‘/ge;),) ) O(A): (EA86> , O(AV): [(73 (VJAJ e} .
(3.35)

o@: (&), (&), oW): (Vils), He, O(VZ): (ViVie). (3.36)

0): (ee), (ese3), O(AV): (eAlVies), He.. (3.37)

(20) ()

0): (Ll?) (b)), (Ts)(GsL),  OV): (Vil) (Bots), He,
o(v?): (i) (Bv)e) .

(3.38)

(2¢) (ée)

O(A): (mg) (Ae)ab(égeb>, He., O(AV): (Wb) (Ae)% (eces), He.. (3.39)

(ee) (ee)

No unique structures present due to Fierz identities.

3.5 U(2)2 x U(1)? symmetry

If we wish to include the 7 Yukawa as a spurion in our expansion, we can consider extending
the lepton symmetry to G = U(2)% x U(1)? C G, (a similar construction is possible with

one U(1) factor). Under this symmetry, the fields decompose as'?
“~ (2,1 “~ (1,2
EZ € ( ) ‘070) , e = € ( ? ‘070) , (340)
€3N(1,1’1,0) €3N(1,1|0,1)

and the minimal set of spurions required to produce a realistic Yukawa matrix is given by
Ac ~ (2,2]0,0), X;~ (1,1]1,-1). (3.41)

With these spurions, the Yukawa matrix can be written as

A, 0
Y, = lo XJ . (3.42)

3The representations under the flavor group are indicated in the (U(2)¢, U(2)e|U(1)ey, U(1)ey) format.
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We will also include Vy ~ (2,1|0,—1) and V. ~ (1,2]|—1,0) spurions in the decompositions
of the bilinear and quartic structures, but these spurions can be set to 0 in the minimal
parametrization of the Yukawa matrix (see section 2.1 for details).

Let us take a look at how this set of spurions breaks the flavor symmetry. First, A,
breaks

A, —» [‘Z 3] L U@ x U@ — U1),. (3.43)
14
In the next step, X, breaks
Xe—r xe: U(l)fa X U(l)es — U(1)€3+63‘ (344)
Furthermore, inclusion of V; breaks the flavor symmetry down to global lepton number
€
Vi — Lé| ’ U(l)%+e X U(1)53+63 — U(l)L7 (345)
14

with eg/) > 0. V. does not break the symmetry further and has 2 complex parameters.
We are left with 5 real, positive parameters and 2 complex parameters in the spurion
parametrization. The numerical values of the spurion parameters appearing in the Yukawa
matrix are given by

§r=2793x107°% 5 =5884x 1071 yx,=9.994 x 1073 (3.46)

The added advantage with respect to the previous section is the explanation of the small y..

The flavor spurion counting of the leptonic operators assuming U(2)? x U(1)? symmetry
is presented in table 11, and the flavor decompositions of the bilinear and unique quartic
structures are listed in eqgs. (3.47)—(3.51).

Decomposition of bilinear and quartic structures. Decomposing O(1) bilinear struc-
tures proceeds in a similar way as in the case of quark U(2)3 symmetry. We obtain following
O(1) structures: (£¢), (ee), (£3¢3) and (ése3). At O(A) there is only one bilinear structure
allowed: (¢Age). There are two O(V) bilinears of the form (£Vie3) and (£3V.fe). Two
doublets of £ or e can also be contracted to two insertions of V; or V. respectively, giving
(ZVZVZTE) and (eV,V/ie) structures. We also get one O(X) structure of the form (£3Xye3).

More interesting bilinears emerge for two or three spurion insertions. Two O(XV)
structures can be written based on X}V, ~ (2,1]|—1,0) and XV, ~ (2,1]0, —1): [£(X}V;)3]
and [6(X,V.)es]. Similarly, at order O(AV), we have AV, ~ (2,1|—1,0) and AlV; ~
(1,20, —1), giving two bilinears of the form [¢ (A.V.) £3] and [¢ (A.V.) £3]. At order AXV,
we have the transformations XgVZTA6 ~ (1,2[1,0) and XA V. ~ (2,1|0,—1), yielding two
additional bilinears: [Eg(XgVZrAe)e] and [£(X,A:Ve)es).

The unique O(1) quartic structures with four instances of ¢ include (£,£°)(£,¢*) and
(@3)([738). Using the transformation properties of the XV, product, we can construct one
more structure: (£qf3)[0y(X;V)?€%]. Analogously, we deduce that there are three O(AV)
structures, [(q(VoA) P (£yl3), (EVel®) (AY) b(epes), and (£af3) (A.) “(eVee?), and three
O(V?) ones, (EaVJE) (OVel®), (ZgVJE)(ZVgEg), and (ZVM?,) (eVeez). We present the complete
list below:
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UE2xu12  |oa) o) ow?) [on) | ox) [oxv)[onarv) | oxva)
W2 H? Qerr 2 2 1 1)1 1 2 2
V°XH | Qew,p) 4 4 2 212 2 4 4
VHD QUS| 4 2 2 2|2 2
Que 2 1 1 11 1
(LL)(LL) | Qu | 5 4 3 303 3
(RR)(RR) | Q.. |3 2 2 2|2 2
(LLY(RR) | Qu | 4 5 1 4 416 6
| Total (18 |6 614 13 3|3 3[12 12/14 146 6 |

Table 11. Counting of the pure lepton SMEFT operators (see appendix A) assuming U(2)? x U(1)?
symmetry in the lepton sector. The counting is performed up to two insertions of V' and one insertion
of A, and X, spurion. Moreover, the counting is presented taking two (X,Ve s, AcVe ) and three
(X¢Ve,eA.) insertions in the spurion product. The left (right) entry in each column gives the number
of CP even (odd) coefficients at the given order in spurion counting.

(¢e)

O(A): (fAce), OV): (tVes), (I3Vie), O(X): (l3Xge3),

- T _ (3.47)
O(AXV): [l3(X, V] Ao)e], [z(XgAeve)eg].

(£0)

|

O(1): (¢0), (f35),  O(XV): [{(X;Ve)ls], He., OAV): |
OW?): (VVi).

(Ae‘/;)fg] ; H.C.,

(3.48)

O(1): (ee), (eses), OXV): [e(X¢Ve)es], H.c., O(AV): [E(Al‘/g)eg}, Hec.,

(3.49)

O(1): (L) (Ept®), (Ls)(lsL),  O(V?): (LVIOEVE®), (L3V]0)(EVits),

_ B A (3.50)
O(AV): [la(VoA) ) (yts), He.,  O(XV): (Lals)[ly(X;Ve)0%], He..

() ee)

O(V?): (0Vils) (eVees), Hee.,  O(AV): (EVel?) (A%)p*(Eaes), (Lal®)(Ac)“p(EVee’), Hec..
(3.51)

(ée)(ee)

No unique structures present due to Fierz identities.
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3.6 U(3) vectorial symmetry

In this section, we take a look at the G = U(3) C G, vectorial symmetry, under which the
fields transform as
(~3,  e~3. (3.52)

The minimal spurion required in this case, similar to the U(2)y case, is Ay ~ 8, which
we take to be real. For simplicity, we once again use the implicit contraction with the

generator:
A (TA) 5 = (A0 (3.53)
With the Ay spurion, the Yukawa matrix is parametrized by
Ye = A+ z/1. (3.54)
Ay breaks the U(3)y flavor symmetry as

_5£
Ay — Y : U@B3)y — U(1)E... (3.55)
5g —+ 52

The flavor symmetry, thus, removes 6 unphysical parameters from Ay, leaving 55) > 0.
Furthermore xy breaks a U(1) axial symmetry, which allows us to remove an unphysical
phase. We observe that the realistic lepton masses require a high degree of tuning between
xp and 5&0, naturally of the order of the tau Yukawa coupling, to produce the small electron
and muon Yukawa couplings. The numerical values of the relevant parameters are given by

6p =3.526 x 1073, ), =2.940 x 1073, = 3.529 x 1073, (3.56)

Note that one needs a tuning among parameters to accommodate for the smallness of v,
and y,, with respect to y;.

We present the spurion counting in table 12 and list the flavor decompositions of the
bilinear and unique quartic structures in eqgs. (3.57)—(3.61).

Decomposition of bilinear and quartic structures. The O(1) bilinears are given by
(¢¢), (ée) or (fe). Bilinears containing one insertion of A, are formed similarly to the U(2)y
case and are given by (£Af), (€Ase) and (£Age). The O(1) unique quartic structures we
obtain are (£;67)(¢;¢%) and (£;¢7)(gje?). Considering quartic structures with one insertion of
Ay, there are two allowed structures: (£;67) (Ag) ' (£;¢%) and (£:67) (Ag) 'k (€;e¥). Allowed
O(1) and O(Ay) structures are presented below:

(7e)

0@): (fe), O(A): (lAse). (3.57)

(%)

O(1): (Ee), O (A) : (EAM). (3.58)
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U3)v O(1) | O(Ay)
V2H3 Qen 1 1|1 1
¢2XH Qe(W,B) 2 21 2 2

QLY | 2 2
¢2H2D H?
QHe 1 1
(LL)(LL) Que 2 2
(RR)(RR) | Qe 1 1
(LL)YRR) | Qu | 2 3 1
Total 11 3|12 4

Table 12. Counting of the pure lepton SMEFT operators (see appendix A) assuming U(3) vectorial
symmetry in the lepton sector. The counting is performed up to one insertion of Ay spurion. The
left (right) entry in each column gives the number of CP even (odd) coefficients at the given order
in spurion counting.

“ O1): (ee),  O(Ar): (ele) (3.59)

(e¢) ()
oW (GU)(G6), 0@ (60) (A% (40F) (3.60)

(2) (ee)
0): (60) ('), O (L7) (A, (6¢*) , He (3.61)

(ee) (ee)

No unique structures present due to Fierz identities.

3.7 MFVy symmetry

Lastly, let us take a look at minimal flavor violation in the lepton sector, with the full
symmetry G = U(3); x U(3)e = Gr. The leptons are in the representations

{~(3,1), e~ (1,3), (3.62)
and the leptonic Yukawa matrix, which serves as the sole spurion transforms as
Y, ~ (3, 3) . (3.63)
As in the SM, the Yukawa matrix breaks the symmetry according to

Y, — Y, : U(3) x U(3)e — U(1)3,., (3.64)
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MFV7, O() | O(Ye)
V2 H? Qerr 11
V*XH | Quw,p) 2 2
Q(I’S) 9
¢2H2D H?
QHe 1
(LL)(LL) Que 2
(RR)(RR) | Qe |1
(LL)(RR) | Qe |1
Total 7 3 3

Table 13. Counting of the pure lepton SMEFT operators (see appendix A) assuming MFV
symmetry in the lepton sector. The counting is performed up to one insertion of Y, spurion. The
left (right) entry in each column gives the number of CP even (odd) coefficients at the given order
in spurion counting.

where Y, is a real, positive, diagonal matrix. 15 unphysical parameters are removed from
the spurion in this manner, and the remnant symmetry ensures conservation of individual
lepton numbers.

The flavor spurion counting of the pure lepton operators is presented in table 13 and
the decompositions are listed in egs. (3.65)—(3.68).

Decomposition of bilinear and quartic structures. At O(1), we get two structures
of the form (£;*) and (&;e*). Using one insertion of Y, we obtain one structure given by
(¢Y,e). Regarding the non-factorizing quartic structures, there is only one that can be
formed with four appearances of £ of the form (£;¢7)(¢;¢'). There are no unique structures
of the form (£¢)(ée). Taking these remarks into account, the list of the O(1) and O(Y?)
structures is presented below:

(7e)

O(Ye): (Vee) . (3.65)

(#)
O01): (Ze). (3.66)

(€e)
O@1): (ee) . (3.67)

0): (&t7) (46 . (3.68)
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No unique structures present.

No unique structures present due to Fierz identities.

4 Conclusions

The hierarchical pattern of charged fermion masses and mixings observed in nature craves an
explanation: the dimension-4 Yukawa interactions in the SM provide only a parametrization
but not an understanding of flavor. To make progress in addressing this long-standing
puzzle, we must uncover new, flavored interactions beyond the SM. The SMEFT is a
powerful framework that can capture the low-energy physics of a high-energy model. There
are 2499 leading dimension-6 baryon and lepton number-conserving operators, the great
majority of which are flavorful. The hope is that experiments will observe some of these
interactions and start clarifying their flavor patterns. This might provide a crucial clue
towards solving the puzzle. Perhaps the ongoing flavor anomalies are the first step in
this direction.

Patterns are closely related to symmetries. In this paper, we systematically explored
the flavor structure of AB = 0 dimension-6 SMEFT operators using flavor symmetries
as an organizing principle in an extension of ref. [1]. Our underlying assumption is that
short-distance physics will leave a global flavor symmetry and a breaking pattern in the
effective operators at low energies. From the IR perspective, postulating different flavor
structures in the effective field theory means mapping the space of physics beyond the
SM into the universality classes. These assumptions impose correlations among operators,
which can be tested in experiments, providing a systematic way to learn about BSM.

Concretely, working in the Warsaw basis (appendix A), we imposed a variety of
different global flavor symmetry assumptions in both the quark and the lepton sectors. The
symmetries are carefully chosen to allow for new physics at (not far beyond) the TeV scale
while respecting the experimental bounds from FCNC, LFV, and EDMs. In particular,
they allow for potential new physics effects in the high-pp experiments and motivate global
SMEFT fits in the top, Higgs, and EW sectors. The symmetry breaking spurions are
non-dynamical objects formally transforming in a non-trivial representation of the imposed
flavor group. For each flavor structure, we construct the basis of dimension-6 operators
compatible with the flavor symmetry and breaking spurions.

As a supplement to this work, we also provide a Mathematica package SMEFTflavor
for automatic generation of the operators should the user have a different symmetry group
or breaking spurions in mind (appendix B).

As shown in table 1, the number of leading flavor-symmetric operators without spurion
insertions, which are important for the high-pr fits, is significantly reduced from the initial
2499 when no symmetries are imposed. In section 2, we explicitly construct independent
operators for U(2)3, U(2)% x U(1), U(2)? x U(3), and U(3)3 quark flavor symmetries, focusing
on the quark-only operators. We pay special attention to the SU(2) subgroup invariants.
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We also derive minimal spurion parametrizations, which can be directly employed in the
phenomenological studies. The novelty here is the use of the full U(3)3 field redefinitions
consistent with the imposed symmetry to avoid overparametrizations often found in the
literature. In section 3, we repeat the analysis for the lepton-only operators and lepton
symmetries U(1)%, U(1)3,, U(2)y, U(2)2, U(2)? x U(1)2, U(3)y, and U(3)2. The counting
of the mixed quark-lepton operators is worked out in appendix C for each combination of
the four quark and the seven lepton symmetries.

Our methodology can be extended to the dimension-8 operators in the SMEFT, which
will be presented in a separate publication. We hope the flavor structures proposed in this
work will find its place in the future phenomenological studies of low and high-pr data.
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A Warsaw basis

Here we list the AB = 0 dimension-6 fermionic SMEFT operators in the Warsaw basis [13]

with division into classes as presented in [14].

5-7: Fermion Bilinears

non-hermitian (LR)

5: Y2 H? 6: Vv XH

Qe (H'H)(lperH) || Qew (Lo e, ) T! HWE, | Qua ((jpa“”TAuT)fleV Qic (ot TAd,)HG,

(
Quu (HTH) ( 7pu,fl) QeB (¢po*¥ e, )HB Quw ((jpcr“”u,.)T[FIWl{l, Qaw ((jpcf”"dr)TIHWu[V
QdH (HTH) ( _pdrH) QuB (q_pawjur)f{B;w QdB ((jpa'uudr)HB;w

hermitian (+ Qguq) ~ T7: Y?H?D
(LL) (RR) (RR)
b DGt | Que (D) e ) | Qua i(TDL) )
@ (HYDLH) Gy v0) | Quu  (HY'D ,H) (w7 u,)
@"a) | Qua  (H'D,H)(dn d,)
@ ((HYDLH) @)

(

=
0 D)
(
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8: Fermion Quadrilinears

hermitian
(LL)(LL) (RR)(RR) (LL)(RR)
Que (Gl ) (s l) | Qee (Epruer) (s er) Qe (prulr) (Es7"er)
5 (@9) (@7 %) | Quu () @y ue) | Qua (Tl (1151
9 @wre) @ ) | Qua (dpyudy) (dsrds) | Qea (L) (dydr)
Qly Gl (@7 a) | Qeu Epruen) (@ u) | Qg (@nar) (€7 er)
ng) Ly ) (@ q1) | Qea (epyuer)(dsyHdy) QW (Tpyuar) (Tsyur)
Qflld) (upypr) (dsy¥dy) Qt(;i) @y T2 qr) (s y T uy)
QW (T (do TAd) | Q) (@) (s )
QW (T ) A TAdy)
non-hermitian
(LR)(RL) (LR)(LR)
Queag  (Ger)(dsary) | Qg (@ur)ejn(TEdr)
QB (@T M )en(@TAdy)
Qeequ (Gher)ejn(@hue)
Qeequ (Gower)eji(qEor ur)

B SMEFTflavor

In this section we briefly outline the details of the Mathematica package developed during
this project, which has played an important, twofold role: first, it has been used to perform
the cross-checks of all the decompositions and counting tables. Second, the code has been
developed to allow for implementation of other flavor symmetries than those analyzed here
to determine the SMEFT operators and corresponding spurion counting tables. The package
can be downloaded from the github page https://github.com/aethomsen/SMEFTflavor.
It can then be run from a notebook located in the base directory of the package (the one
with the ‘Tutorial.nb’ notebook) by setting the directory to that of the notebook with
SetDirectory@ NotebookDirectory[] and then running « SMEFTflavor .

Let us now present the main functions of the program and describe their output.
SMEFTflavor comes with implementations of the 4 quark and 7 lepton symmetries considered
in this paper ready to use, and more symmetries can be added by the user. The details of the
implemented symmetries can be found in the association $flavorSymmetries . The keys
of this association, Keys@ $flavorSymmetries, are all the names of symmetries (strings)
with the indicative labels, e.g., ‘3U2’ for U(2)3, ‘6U1’ for U(1)%, ‘2U2xU3’ for U(2)? x U(3)
etc. To access the details (groups, representations, spurions) of a particular combination of
quark and lepton symmetry assignment, one simply picks out the element of the association,
e.g., $flavorSymmetries@ {"quark:MFV", "lep:2U2"} for the MFV in quark and U(2)?
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in the lepton sector. Similarly, details of the SMEFT operators (Warsaw basis) are found
in the association $smeftOperators and the keys Keys@ $smeftOperators constitute a
list of all the operators. As the pure quark, pure lepton and mixed quark-lepton operators
are analyzed separately in this work, these subsets of the SMEFT operators are listed in the
program using leptonicOperators, quarkOperators and semileptonicOperators

The main function of the package is DetermineOperatorBasis[symmetry, options]

and it is used to construct the operator basis provided the symmetry (input as a string or a
list of strings if mixed quark-lepton operators are considered) along with other options. The
options this function can take are SpurionCount (taking an integer value — default 3 — and
used to indicate the order in the counting of the spurions based on the corresponding input
in the FlavorSymmetries) and SMEFToperators (defining the set SMEFT operators to
consider — default A1l —e.g., one of the three subsets of the SMEFT operators mentioned
above). An illustrative example of this command is

DetermineOperatorBasis["lep:2U2",
SpurionCount-> 1,
SMEFToperators->leptonicOperators]

The output of this function consists of an association of the pure lepton operator
basis (organized by SMEFT operator and spurion insertions) up to order 1 in the specified
spurion counting. In order to present operators in a more legible form with the contractions
explicitly indicated, //OpForm can be added to the end of the previous line. OpForm
generally formats all the operators to make them legible to humans.

The second important function we point out is the
CountingTable [symmetry, options] function, which also takes SpurionCount
and SMEFToperators for options. This function returns the spurion counting table
for particular symmetry based on the operator basis. Let us present three illustrative
examples of this function. In order to return the spurion counting table for the
pure quark MFV case (table 6) up to order 3 in the spurion counting one can call
CountingTable["quark:MFV", SpurionCount— 3] . Similarly, to get the spurion
counting table for the pure lepton U(1)? case (table 7) one can run the analogous command
CountingTable["lep:3U1", SpurionCount— 1] Lastly, to obtain the full spurion
counting table for all operators assuming, MFV in the quark and U(1)? in the lepton sector
one can run CountingTable [{"quark:MFV", "lep:3U1"}, SpurionCount—3]

The last function we would like to point out is AddSMEFTSymmetry , which enables
user to implement a new quark, lepton, or mixed quark-lepton symmetry. The syntax
of this function is AddSMEFTSymmetry["Type", "Name"— GroupInfoAssociation] The first
argument can either be "Lepton" , "Quark",K or "Mixed" , designating which sector the
newly added symmetry is associated to. Name refers to the string introduced as the name of
the added symmetry and the GroupInfoAssociation associates all the symmetry properties
(similar to those contained in $flavorSymmetries ) to the new symmetry. To illustrate
how this function is used, let us imagine that we would like to introduce a U(2)giag Symmetry
group in the lepton sector with a real spurion transforming in the adjoint:
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AddSMEFTSymmetry ["Lepton", "U2diag"-> <|
Groups-> <|"U21"-> SU@ 2|>,
Spurions-> {"Al"},
Charges-> <|"112"-> {1}, "13"-> 0, "el2"-> {1}, "e3"-> 0, "Al"-> 0,
"wWir-> {1}|>,
Representations-> <|"112"-> {"U21"@ fund}, "el2"-> {"U21"@ fund},
"Al"-> {"U21"@ adj}|>,
FieldSubstitutions-> <|"1"-> \{"112", "13"\}, "e"-> \{"el2", "e3"\}|>,
SpurionCounting-> <|"Al"-> 2|>,
SelfConjugate-> {"Al"}|>]

Note that only SU(2) and SU(3) factors are supported. This should cover the vast
majority of cases. All the aforementioned functions and their outputs along with additional
practical examples have been presented in the tutorial notebook provided in the package.

C Mixed quark-lepton operators

The mixed quark-lepton four-fermion operators change for every combination of the 4 quark
and 7 lepton flavor structures we have considered (for a total of 28 unique cases). In each
case, the flavor structure factorizes straight-forwardly into a quark and a lepton bilinear, all
of which we have presented in the main text. Here we report in tables below the counting
for all 28 cases while the exhaustive results, including the explicit forms for the operators,
can be generated using the SMEFTflavor package.

MFVg X MFV,

MEVg x MEV, | O(1) [ O(Y2) [ O(Y2) | O(Y.Y,) | O(Y.Yy)
(LL)(LL) | Q%Y | 2 2 2
ew |1
(RR)(RR) ged ) )
Qu |1 1
(LL)(RR) | Qe |1
Qe | 1 1
(LR)(RL) | Qedq I 1
(LR)(LR) | Qi) B
| Total ERE |5 (2 2 [1 1

MFVQ X U(3)V,L

MEVgo x UB)vz | O(1) [ OY,) [ O(V2) [ 0Ya) [ 0Y2) [ O(Y2Ya) [ OV Y2 [ O(Ar) [ O(AY.) [ O(AYy)
(LL)(LL) | QY | 2 2 2 2
eu 1 1
(rr)(ER) | o | X X
Qéu 1 1 1
(LL)(RR) | Qu |1 1 1
Qpe |1 1 1 1
(LR)(RL) | Qredq 11 11 11
(LR)(LR) | Qi) 2 2 2 2 2 2
\ Total (7 2 275 [1 175 (1 1 J2 2 [7 (2 2 1 1




MFVg x (U(2)%2 x U(1)?),,

MFVq x (U(2)° x U(1)*), | O(1) | O(Y7) | O(YF) | O(XVie) | O(AVye) | O(VE,) | O(AYy AY.) | O(VeeYa, VeeYa) | O(XYa, XYa)
(LL)(LL) QY 4 4 4 2 2 |2 2 |2
(RR)(RR) Qeu 2 2 11 11 |1
Qed 2 2 1 1 1 1 1
Qr 2 2 11 |1 1 |1
(LL)(RR) Qu 2 2 11 |1 1 1
Qqe 2 2 2 1 1 1 1 1
(LR)(RL) Qtedq 1 1 2 2 1 1
(LR)(LR) Qi 2 2 4 4 2 2
‘ Total ‘ 14 ‘ 10 ‘ 10 ‘ 7 7 ‘ 7 7 ‘ 7 ‘ 3 3 6 6 3 3
MFVQ X U(2)%
MFVgo x U(2)2 | O(1) | O(Y,) | O(Yy) | OY2) | OY2) | OV) | O(V?) | OAV) | O(VYy,VY,) | O(AY,, AYy)
(LL)(LL) | QWY | 4 4 4 2 22
(RR)(RR) Qe | 2 2 ot
Qea | 2 2 11
Quu | 2 2 1 11
(LL)(RR) | Qu | 2 2 111
Qee | 2 2 2 1 1
(LR)(RL) | Qredq 11 1 1 1 1
(LR)(LR) | Q42 2 2 2 2 2 2
| Total (14 2 201 1]10 [0 [4 44 (3 3 |3 3 3 3
MFVgqg X U(2)V,L
MFVo x UQ2)y | O(1) | O(Yy) | OY2) | OYy) | OYE) | O(Ar) | O(AY,) | O(AYy)
(LL)(LL) | Qu” | 4 4 4 2
Qeu | 2 2 1
(RR)(RR) Qe 9 9 1
Qéu 2 2 1
(LL)(RR) | Qu | 2 2 1
Qe | 2 2 2 1
(LR><RL) QZedq 2 2 1 1
(LR)(LR) | Qi) 4 4 2 2
| Total (14 |4 410 2 2]10 |7 (2 2 [1 1
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MFV, x U(1)¢

MFVo x U(1)§ | O(1) | OY2) | OF) | O@wY.) | O(yYq)
(L)L) | QLY |6 6
eu 3
(RR)(RR) @
Qed 3 3
Qﬁu 3 3
(LL)(RR) | Qu | 3
Qpe | 3 3
(LR)(RL) | Qredq 3 3
(LR)(LR) | Qo 6 6
| Total 21 [15 |15 |6 6 [3 3|
MFVg x U(1)3
MFVo x U(1)E | O(1) | OY,) | OYg) | O(Y2) | O(Y]) | OY.2Yy) | OY}FY,)
(LL)(LL) | QnY | 6 6 6
Qeu 3 3
RR)(RR
(RR)(RR) Qu | 3 3
qu 3 3
(LL)(RR) | Qu | 3 3
Qge | 3 3 3
(LR)(RL) | Qedq 3 3 3 3
1,3
(LR)(LR) | Qi) 6 6 6 6
| Total (21 [6 63 315 | 15 3 3 |6 6
(U(2)2 x U(3))o x MFV,
(U@ x UEB))g x MEV,, | 0(1) | 0(vy) | 0va) | 0a3) | 0v2) | 0(asS0) | 0(AsY) | O(VY) | 0v8) | 0(23) | 0z | 00v2) | 0v.8)
(LL)(LL) o’ 4 |2 2 2 22 2 4
(RR)(BE) Qeu, 2 1 1 2
Qed 1 1 1 1
Qeu 2 1 1 2
(LL)(RR) Qud 1 1 1 1
QqE 2 1 1 1 1 1 1 2
(LR)(RL) Qtedq 1 1 1 1
(LR)(LR) Qi) 2 2 22 2 2
Total ‘12 ‘3 3‘2 2‘2 ‘3 ‘3 3 ‘1 1 ‘2 2‘2 2‘3 ‘1 1 ‘12 ‘2 2‘
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(U(2)2 X U(3))Q X U(3)V,L

(U(2)2><U(3))Q xUB)vr | O) | O(Ag) | O(Vy) | O(Zq) | O(Ay) | O(A) O(A?,,V'Q{Aqu) O(AgXa, ViXa) | O(AaAr, ViAy) | O(VLA)
(LL)(LL) QWY 4 ) 4 2 2 2 2 2
Qeu, 2 2 1 1
(RR)(RR)
Qed 1 1 1
Qo 2 2 1 1
(LL)(RR) Qua 1 1 1
Qq«’ 2 1 1 2 1 1 1 1 1
(LR)(RL) Qredq 11 11 1 1 1 1 1 1
(LR)(LR) Q) 2 2 2 2 2 2102 2 2 2 2 2 2 2
Total ‘14 2‘1 115 51 1‘14 2‘2 2‘6 1 6 6 6 6 ‘4 4‘
(U(2)? x U(3))q x (U(2)? x U(1)?);
(U(2)? x U3))e x (U(2)* x U(1)*)r, | OQ1) | O(Very) | OX) | O(Ac) | OV NG AaVer, VerVa) | O(XVerg)
(LL)(LL) QY 8 4 4 8 4 4
eus 4 2 2 2
(RR)(RR) “
Qed 2 3 1 1
QZ’U, 4 2 2 2
(LL)(RR) Qua 2 3 1 1
Qqe 4 2 2 4 9 9
(LR)(RL) Qf@dq 2
(LR)(LR) QL 4 412 2]2 2|4 2 2
| Total (24 10 10[2 2]2 2|28 6 14 14
2 2
(U(2)* x U(3))qe x U(2)1
(U2> xUB))g xUER) | O1) | ONg,Vig) | O(Za) | O(Acw) | O(AZ,VE,) | O(MaVi, AaVy, ViVy)
(LL)(LL) Ql” 8 8 8 8 4
eu 4
(RR)(RR) @
Qed 2 2
Qeu 4 2 2 2
(LL)(RR) Qua 2 11 3
Qe 4 2 2 2
(LR)(RL) Q@edq 1 1 1 1 2 2
(LR)(LR) QL) 2 24 4 4 4 2 2
| Total (26 2[18 18 [1 1|4 4 |17 8 8
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(U(2)2 X U(3))Q X U(2)V,L

(U2)* xUB)e xUR)v,r | O1) | O(Ag) | OV | O(%4) | O(Ar) | O(A) | O(AF, V7, AaVy)
(LL)(LL) Q" 8 4 4 4 4
Qeus 4 2
(RR)(RR) o ) | )
Qru 4 2
(LL)(RR) Qed 2 1
Qqe 4 2 2 P
(LR)(RL) Qredq 2 2 2 2 2 2
(LR)(LR) Qi 4 4 4 4 2 2[4 4
| Total (28 42 2]10 10]2 2[14 2[4 4|12 2

(U(2)* x U(3))q x U(1)}

(U(2)> x U3))g x UL)§ | O(1) | O(Vy) | Oy) | O(ALVS) | OyAd) | O(yVy) | O(AdZa) | O(VaA)
(LL)(LL) Qi 12 |6 6 6 6 6
Qeu; 6 3 3
RR)(RR
(RR)(RR) 0., 5 5
Qlu 6 3 3
(LL)(RR) Qud 3 3
Qe 6 |3 3 3 33
(LR)(RL) Qledq 3 3
(LR)(LR) Qo) 6 6 6 6
| Total (36 |9 9|6 6|15 3 3]6 6]9 9 [6 6 |

(U(2)% x U(3))q x U(1)F

(U(2)2x U)o x U(1)] | O(1) | O(Ag) | OV,) | O(E4) | O(A) | O(AZ, V2 AaVy) | O(AgSa, VySa) | O(VyA)
(LL)(LL) Q) 12 6 6 6 6 6
eus 6 3 3
(RR)(RR) @
Qed 3 3
Qe 6 3 3
(LL)(RR) Qud 3
Qqe 6 3 3 3 3
(LR)(RL) Qtedq 3 3 3 3 3 3 3 3
(LR)(LR) | Q) 6 6 6 6 6 6 6 6 6 6
| Total (42 6[3 3 [15 153 3|6 618 3 18 18 |12 12|
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(U(2)2 x U(1))g x MFV,

(U2 x U(L)g x MEV,, | 0(1) | O(V,) | 0v2) [ 0(V2) | 0VYe) [ O(VyA) | O(XYe)
(LL)(LL) Q) 4 |2 2 2
Qeus 2 1
RR)(RR
(RRRR)| 5|
Qlu 2 1
(LL)(RR) Qed 2
Qqe 2 1 1 1
(LR)(RL) QZedq 1 1
13
(LR)(LR) QL) 2 2 2 2
| Total |14 [3 3 ]2 2|3 (2 2 |2 11
(U(2)? x U(1))g x UB)vL
(U(2)° x U(1)g x UBJv | O) | OVy) | O(Xs) | O(A) | O(Ay) | O(VF) | O(VyXs) | O(Vyd) | O(Vedr) | O(XpAy)
(LL)(LL) QLY 4 2 2 4 2 2 2
Qeu, 2 2 11
(RR)(RR) Ous 9 9
Q(’u 2 2 1 1
(LL)(RR) Qu 2 2
Qqe 2 11 2 1 11
(LR)(RL) Qtedq 1 1|1 1 1 1 |1 1 11
(LR)(LR) QL 2 2]2 2 2 22 2 2 2 |2 2
\ Total (16 2[5 51 1]3 3[16 2]3 1 1[5 5[5 5 [1 1
(U(2)° x U(1))q x (U(2)? x U(1)?)L
(U2)? x U(1)g x (UR)?2 x UL)2), | O1) | O(Very) | OX) | O(A) | OVEVLY,) | OVLX,V.Xs) | O(VEVV,) | O(ViX,ViXs) | O(V2) | O(XX,)
(LL)(LL) Qw’ 8 |4 4 4 4 4 4
Qeus 4 2 2 2
(RR)(RR)
Qed 4 2 2 2
Quu 4 2 2 2
(LL)(RR) Qu 4 2 2 2
Qqe 4 2 2 2 2 2 2
(LR)(RL) Qredq 1 1 1 1 11
(LR)(LR) QL) 4 4|2 2|2 2|2 2 2 2
Total 28 10 102 22 2|8 2 7 7 10 2 9 9 6 1 1
(U(2)? x U(1))q x U(2)]
(UQ2)* x UM)g x (U2)*) | 0Q) | OVe) | O(Vy) | O(X) | O(A) | O(Ae) | O(VE) | O(VE) | O(ViVy) | O(XsViy)
(LL)(LL) QY 8 4 4|4 4 4 4 4
QE’U/',q 4
(RR)(RR) o A
Q/fu 4 2 2 2
(LL)(RR) Qua 4 2 2 2
Qqe 4 2 2 2
(LR) (RL) Qledq 1 1 1 1 2 2
(LR)(LR) Q) 2 2] 2 2]2 2 2 2 )2 2 2
\ Total (30 2]10 10]8 8[1 13 3[]2 28 |6 |6 2 2
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(U(2)3 X U(l))Q X U(2)V,L

(U(2)> xU1))g x UQ2)v,p | O(1) | O(Vy) | O(Xp) | O(A) | O(A) | O(VF) | O(XsVq)
(LL)(LL) Qw” 8 4 4 4 4
Qeu 4 2
(RR)(RR) O . )
qu 4 2
(LL)(RR) Qud 4 2
Qqe 4 2 2 2 2
(LR) (RL) Qéedq 2 2 2 2 2
(LR)(LR) QL) 4 4|4 4 412 2
| Total (32 4]10 10]2 2|6 6[16 26 (2 2
(U(2)% x U(1))q x U(1)§
(U2)° x U)o x UM)E | O(1) | O(Vy) | O(VF) | Oy) | OVgy) | O(yXs) | OVeAu, VeXpAa)
(LL)(LL) Qh? 12 |6 66
Qe'm 6 3 3
(RR)(RR) o 6 5 ;
Qéu 6 3 3
(LL)(RR) Qud 6 3 3
Qe 6 |3 3|3
(LR)(RL) Qredq 3 3
(LR)(LR) | Qi) 6 6|6 6
| Total (42 ]9 99 (6 6]6 6 [3 3 [12 12
(U(2)® x U(1))q x U(1)}
(U2)> xU(1)e x UML) | O1) | O(Vy) | O(Xs) | O(A) | O(VF) | O(XpVy) | O(V4A)
(LL)(LL) Q) 12 6 6 6
Qeus 6 3 3
RR)(RR
(RR)(RR) Ous 6
Qeu 6 3 3
(LL)(RR) Qea 6
Que 6 3 3 3
(LR)(RL) Qtedq 3 3|3 3 3 3 |3 3
(LR)(LR) Qi) 6 6|6 6 6 6 6 6
| Total (48 6]15 15[3 3 ]9 99 (3 3 [15 15|
U(2)3 x MFV,
U(2)5), x MFV, O) | O(V) | O(V2) | O(AV) | O(Y.) | O(Y.V) | O(Y.A) | O(Y.AV)
oL | QY |4 2 22
(RR) (RR) Qem Qed 4 2 2
Qeu, Qea | 4 2 2
(LL)(RR) 0w |2 |1 11
(LR)(RL) |  Qredq 1 1]1 1 [1 1 [1
(LR)(LR) | Qi) 2 202 2 |2 2 |2 2
| Total (14 [3 33 (4 4 ]3 3|3 33 3 [3 3
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U(2)3 x UB)v,r

U@2)% x UB)v,r O(1) [ O(V) | O(V?) | O(A) | O(AV) | O(A) | O(AV) | O(AA)
Loyrr) | QLY |4 2 2|2 4 2 2
( R)(RR) Qeua Qed 4 2 2 4
Qeus Qua | 4 2 2 | 4
(LL)(RR) Qe | 2 111 2 11
(LR)(RL) | Queqg | 1 11 1 1 11 1|1 1)1 1 |1 1
(LR)(LR) | Q) |2 2[2 2 2 202 2 ]2 22 2 |2 2
| Total 17 3[6 6|3 3 3[7 7 ]17 3]6 6 [3 3
U(2)5 x (U(2)? x U(1)*)¢
U@ x (U2 < U2, | o) | o) [ow? [ow?) o) [ox) [oav) [oxv) [oxa) [ oxva)
(LL)(LL) QLY 8 4 48 2 2 4 4|4 4
(RR)(RR) Q6117 ch 3 4 8 8 4 4
(LL)(RR) Quuy, Qua 8 4 8 8 4 4
Qqe 4 2 2 4 1 1 2 2 2 2
(LR)(RL) Qredq 2 22 2 1 1)1 13 3|1 1)1 1 |3
(LR)(LR) QL 4 44 4 2 202 2/6 6|2 2[2 2 |6
| Total (28 |12 12026 6[3 3 [3 3|3 3[30 31|17 17]3 3 [9 9
U(2)j x U(2)7
U(2)3Cf2 x U(2)2 o) | OW) | OWV?) | OWV3) | OA) | OAV)
1,3
(LL)(LL) | QY | s 8 8|12 4|4 4
(RR)(RR) Qem Qed 8 8 8
Qeu, Qua | 8 4 4] 4 4 4
L
(LL)(ER) Qe | 4 2 2|2 2 2
(LR)(RL) | Qeueaq | 1 1|2 2[1 1 2 2|4 4
1,3
(LR)LR) | QY |2 24 4|2 2 4 48 8
| Total 31 3]20 20]21 7|4 4 ]6 626 26
U(2)'Z? X U(2)V,L
U(2)4 x U@)v.e O@1) | O(Vy) | O(A) | O(Ay) | OVF) | O(V4A) | O(VeAy)
(LL)(LL) | QWY | 8 4 4 4 4 2 2
(RR)(RR) | Qeu, Qeq | 8 4 4 4
Qeu, Qea | 8 4 4 4
(LL)(RE) Qe | 4 2 2 2 2 11
(LR)(RL) | Queaq | 2 2] 2 2 2 1 1 2 2 |1 1
(LR)(LR) | QWY |4 4]4 4 412 2 4 4|2 2
| Total (34 612 12[6 6[17 3]6 (14 14]6 6
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U(2)g x U]

U(2)3, x U(1)§ O(1) | O(V) | O(V2) | O(A) | O(AV) | O(y) | O(yV) | O(yA) | O(yAV)
(LL)(LL) | Q%Y |12 |6 6|6
(RR) (RR) Qeua ch 12 6 6
(LL)(RR) Q(m Qfd 12 6 6
Qe |6 |3 3|3
(LR)(RL) |  Qredq 3 3/3 3|3 3|3 3
(LR)(LR) | QL) 6 6|6 66 6|6 6
| Total (42 9 909 | (12 12]9 99 99 9o o

U(2)g x UQQ)3

U(Q)Zf2 x U(1)3 O() | OV) | O(V?) | OA) | O(AV)
(LL)(LL) | QW” |12 6 6|6
(RR)(RR) | Qeu, Qea | 12 6 6
Qeus Qua | 12 6 6
(L) |G s 5 ls
(LR)(RL) | Queag | 3 3 313 3
(LR)(LR) | QY |6 6|6 6 6 6|6 6
| Total 51 9[18 1809 (9 9]21 21

D Group identities
In SU(2) the following identities hold:
Eijz’;‘kg = 5ig(5jk — (5ik(5jg (D.1)

using the convention €19 = —el2,

In SU(N) the following identities hold:

. 1. 1 .
k k k
fabctbijtcké — % (taig(skj _ takj(sig) ’ (D3)
; 1 - ) 1 , A
be b k k k k k
dereitity = o (t%d j+tt j(w) - (tf“jd ¢+t gézj), (D.4)

where the defining identity for the symmetric tensor is

171
ab _ — ab abc - pabc pc
tt_2[ 6]l+(d +if )t} (D.5)
In the case of SU(2) there is no 3-index symmetric tensor and eq. (D.4) implies the identity

£k ;4 1750 = 190, 6F ) + 1R 57 (D.6)
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