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1. Introduction

There are many contest-like situations where the organizer of the contest primarily cares about the winner’s perfor-
mance. For instance, consider an up-or-out promotion contest in which candidates invest in human capital to compete for
the opportunity to stay employed. The firm directly benefits from the winner’s investment whereas the losers’ investments
are lost, having served only the purpose of driving up the winner's incentive to invest.! As another example, it has become
increasingly popular for organizations and individuals to use online platforms such as Topcoder.com and InnoCentive.com
to run crowdsourcing contests to procure innovations or solutions to difficult problems. In such contests, only the quality of
the innovation or the solution eventually adopted by the organizer matters.

In this paper, we analyze the design of all-pay contests with a single prize when the goal of the organizer is to maximize
the expected winner’s effort. We consider a setting where each participating agent privately knows his valuation for the
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prize, with all valuations being independently drawn from the same continuous distribution.> We consider a general class
of all-pay contests, which are defined by agent-specific score functions and a tie-breaking rule: In an all-pay contest, each
agent simultaneously invests non-refundable effort, which is converted into a score by his score function. The prize is then
awarded to (one of) the agent(s) with the highest score, where ties are broken according to the tie-breaking rule. Under
complete information, such contests correspond to all-pay contests as studied in Siegel (2009).* Designing a contest consists
of choosing among any combination of nondecreasing score functions and tie-breaking rule.

The class of contests we consider is large and contains many well-known examples, such as the standard all-pay auction
(which obtains when each score function is the identity function) and modifications thereof with handicaps, head starts,
or bid caps. It also allows for a completely random assignment of the prize (when all score functions are constant and the
same). A restriction is that random assignment is only possible when agents tie for the highest score, which implies that
an agent’s winning probability is either zero, or determined by the tie-breaking rule, or one. Hence, contests where the
probability of winning is a smooth function of the efforts are excluded, as this would require that an agent can still obtain
the prize with a certain probability even if he does not have the highest score. Practical advantages of all-pay contests are
that their rules may be easy to communicate to participants and that it is simple to justify to losers that they did not get
the prize based on their lower score (which, by contrast, is more difficult when there is a stochastic relation between scores
and the assignment of the prize).

For our setting with ex ante symmetric agents, it is well known that symmetric contests are optimal when the goal is to
maximize the expected total effort (this follows from Myerson, 1981). Typically, the standard all-pay auction is then optimal
and any differential treatment of the agents on average discourages effort. By contrast, we find that for a broad class of
environments it is optimal to use differential treatment when the goal is to maximize the expected winner’s effort.

As our first main result, we establish conditions under which every optimal contest involves differential treatment. To do
so, we consider an optimal symmetric contest and identify two separate asymmetric modifications that each strictly increase
the winner’s effort. When restricting attention to symmetric contests, the all-pay auction maximizes the expected winner’s
effort if the valuation distribution is such that an appropriately defined virtual valuation function is strictly increasing. If the
virtual valuation function is not monotone, there is an optimal symmetric contest where the (symmetric) score functions for
some intervals of efforts are constant and otherwise are equal to the identity function like in the all-pay auction. This leads
agents to invest the same effort for a range of valuations, so that with positive probability there is a tie for the highest score,
in which case the prize is randomly allocated to ensure symmetry. This gives rise to the first profitable modification: we
show that whenever such ties happen at scores above the lowest possible one, there is an asymmetric contest that always
allocates the prize deterministically and yields a strictly higher winner’s effort. Whenever the virtual valuation function
exhibits a corresponding non-monotonicity, optimal contests thus must involve differential treatment. The second modifica-
tion is profitable whenever the probability density at the highest valuation is greater than under the uniform distribution
(e.g., if the distribution function is strictly convex). The expected winner’s effort then strictly increases if we modify the
optimal symmetric contest by adding appropriately chosen hierarchical “guaranteed-winning options”: If an agent invests
more than a specific individual cutoff level, then he is guaranteed to win unless some other agent that comes before him
in the hierarchy also is above that agent’s cutoff. If all agents are below their cutoffs, the contest remains unchanged.

Intuitively, such asymmetric modifications cause some of the contestants to work harder on average and others to work
less. When considering total effort, the latter effect always dominates. However, by appropriately designing the differential
treatment, the organizer can ensure that the discouragement effect mostly falls on those who are less likely to win, while
those who are more likely to win are encouraged. Thus, even though the effect on total effort is always negative, the effect
on the winner’s effort can be positive. Moreover, as we show, in many environments differential treatment that increases
the winner’s effort at the same time also increases the contestants’ payoffs on average. That is, for the contestants’ surplus
the reduction in effort costs caused by differential treatment may often outweigh the induced inefficiency in the allocation
of the prize.

As our second main result, we fully characterize the set of contests that maximize the expected winner’s effort for the
case of uniformly distributed valuations. This set of optimal contests is surprisingly large: it contains every contest where
the tie-breaking rule is deterministic and where in equilibrium each agent has the same ex ante probability of winning.
Hence, both the symmetric all-pay auction and a continuum of asymmetric contests are optimal. This allows for many
forms of differential treatment, the only condition being that all agents are ex ante equally likely to win.

As an example, suppose there are two agents with valuations uniformly drawn from [0, 1], and the organizer gives the
prize to the first agent if his effort is at least 1/2 and the other agent obtains the prize otherwise. Clearly, the first agent
exerts effort 1/2 (and wins) if his valuation exceeds 1/2, which happens with probability 1/2, and exerts zero effort oth-
erwise. The other agent always exerts zero effort. As both agents win with the same probability, this is an optimal contest,
resulting in expected winner’s effort 1/4. Moreover, among all optimal contests, this take-it-or-leave-it offer corresponds,
in a sense, to the most efficient production of winner’s effort, as no effort is wasted by the loser. By contrast, the all-pay
auction always results in a positive loser’s effort and minimizes the agents’ surplus. Hence, if the organizer primarily cares

3 An alternative interpretation of our model is that agents have private information about their ability or their constant marginal cost of effort.

4 Specifically, they correspond to the subclass called “separable contests” in Siegel (2009). In Siegel's formulation the agents directly choose their scores
and have individual costs for reaching a certain score. Designing score functions in our formulation is equivalent to designing cost functions in Siegel’s
formulation.
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about the winner’s effort but secondarily also cares about the agents’ surplus or the payoff of one particular agent, she is
better off implementing an asymmetric contest. As a further illustration, consider two agents with affine score functions
such that the first agent is given both an additive head start, which increases his winning probability, and a multiplicative
handicap, which decreases his winning probability. As we show, for any handicap there exists a head start such that the
two effects balance out and the corresponding modified all-pay auction with head start and handicap is an optimal contest.

When applied to the example of promotion contests, the above results suggest that employers may benefit from dis-
criminating between candidates even if they are identical from an ex ante perspective. The results for the uniform case,
where many forms of differential treatment are optimal but all yield the same ex ante probability of winning, show that the
inherent discrimination may not necessarily be recognized as such by an outside observer who relies on aggregate statis-
tics such as promotion rates. Moreover, a manager tasked with organizing the promotion process to maximize the human
capital acquired by the winning candidate can achieve this goal and at the same time also favor some candidate based on
personal preference. As in the take-it-or-leave-it offer discussed above, the manager could require one candidate to work
hard for the promotion and require nothing from the other candidate, who is favored and still gets promoted in half the
cases. Accordingly, very different payoffs may result for the two candidates. Importantly, the manager can implement such
favoritism without compromising the average quality of promoted candidates.

Another important insight emerges from comparing the goal of maximizing the expected winner’s effort to the closely
related goal of maximizing the expected highest effort. Whereas in symmetric contests the winner’s effort and the highest
effort always coincide, under differential treatment the highest effort is greater than or equal to the winner’s effort. Thus,
in every situation where all optimal contests maximizing the expected winner’s effort involve differential treatment, also
all optimal contests maximizing the expected highest effort involve differential treatment. Our results for the uniform case
enable us to show that, in addition, there are situations where differential treatment strictly increases the expected high-
est effort but not the expected winner’s effort. So, overall, the organizer is even more likely to benefit from differential
treatment when maximizing the expected highest effort.

Whether an organizer is interested in the winner’s effort or the highest effort may depend on whether she is able to
use the product or effort from contestants who do not win the prize. That the organizer is obligated to award the prize
to and take the effort from the same contestant is a natural assumption or even necessary in many circumstances. For
instance, in an up-or-out promotion contest, the nature of the contest prohibits the organizer from separating the two
roles. In many online platforms such as InnoCentive.com, the platform only communicates the winner’s contact information
to the organizer. One potential reason is to prevent collusion between the organizer and some of the participants. A side
effect of such precautions is that the organizer is unable to separate the winner of the contest from the solution provider.
This additional restriction is irrelevant when the organizer is restricted to use only symmetric contests. However, as we
demonstrate, it can become a binding constraint when asymmetric contest rules are allowed. This finding suggests a possible
new approach to increase the organizer’s payoff in situations, such as innovation contests, where it is possible to assign the
prize to one contestant but implement the submission from a different contestant.

Our paper contributes to the literature on the design of all-pay contests under incomplete information. A number of
papers have studied the expected highest effort in symmetric contests, where it is typically equivalent to the expected
winner’s effort. In particular, Chawla et al. (2019) characterize an optimal symmetric contest that maximizes the expected
highest effort when the organizer can withhold the prize, which is closely related to the symmetric benchmark in our
analysis. Moldovanu and Sela (2006) and Liu and Lu (2017) study the impact on the expected highest effort of other design
parameters, such as the prize structure or splitting the contest into several parallel contests.” For uniformly distributed
valuations, Seel and Wasser (2014) show that introducing a head start in the all-pay auction increases the expected highest
effort. Combined with our result that the all-pay auction without head start maximizes the expected winner’s effort, this
also illustrates that the two objectives are not equivalent. Kirkegaard (2012) considers two ex ante asymmetric agents and
studies the maximization of total effort when only affine score functions can be used, that is, head starts and handicaps as
discussed above.®

The winner’s effort has also been studied in other types of contest models, typically under complete information. Con-
sidering lottery contests, Serena (2017) studies the design of multiplicative biases among heterogeneous contestants and
Barbieri and Serena (2021) investigate the design of the temporal structure to maximize the expected winner’s effort. Fu
and Wu (2022) consider two-stage nested Tullock contests and let the organizer choose whether to disclose contestants’
interim status after the preliminary round, whereas Deng et al. (2020) analyze the effect of information policies in a lottery
contest with one-sided private information.

The following papers have also identified contest settings where differential treatment of ex ante symmetric contestants
can be optimal. For an innovation contest where the quality of a contestant’s innovation depends on both his privately
known ability and his effort, Pérez-Castrillo and Wettstein (2016) show that the organizer may benefit when the size of
the prize depends on the identity of the winner. According to Kawamura and Moreno de Barreda (2014), a head start in
an all-pay auction with complete information may increase the probability that the most able participant wins. Drugov and

5 These papers build on the model introduced by Moldovanu and Sela (2001). Analyzing data from Topcoder.com, Boudreau et al. (2016) find this model
to be consistent with the observed behavior of contestants.
6 For analyses of optimal head starts and handicaps under complete information, see Franke et al. (2018) and the references therein.
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Ryvkin (2017) consider a class of symmetric contests where the probability of winning is a smooth function of the efforts,
which excludes all-pay contests, and study the effect of introducing a small bias.

The rest of the paper is organized as follows. We present the model and preliminary results in Section 2. In Section 3
we determine sufficient conditions such that all optimal contests involve differential treatment. Section 4 is devoted to
characterizing the entire set of optimal contests for the uniform case. We discuss the relation between the winner’s effort
and the highest effort in Section 5. In Section 6, we show how our results extend to the case where the organizer, in
addition to designing the score functions and the tie-breaking rule, can also withhold the prize. We conclude in Section 7.
Most proofs are in the Appendix.

2. Model and preliminaries
2.1. Setup

There are n > 2 risk-neutral agents who compete for a single indivisible prize. Each agent i € N ={1,2,...,n} has a
privately known type 6; € [0, 8] with 6 > 0, which represents his valuation for the prize. If agent i exerts effort b;, his payoff
is 0; — b; if he obtains the prize and —b; otherwise. It is common knowledge that each agent’s type is independently drawn
from the same distribution F with continuous density function f(6;) > 0 for 6; € [0, 9].

An (all-pay) contest (s, t) is characterized by score functions s = (s1(-), ..., Sn(-)), that is, a nondecreasing function
si: Ry — R, for each i € N, and a tie-breaking rule 7. In a contest, each agent i € N simultaneously chooses his effort
b; > 0, which results in score s;(b;), and the prize is given to an agent with the highest score. When several agents tie for
the highest score, the prize is assigned according to the tie-breaking rule .

To define the tie-breaking rule formally, let f)f (M, r) denote the probability that agent i wins under tie-breaking rule 7
when the agents in M C N tie for the highest score and the highest score is r. Let IT denote the set of all n! permutations of
N. For each possible score r € R, t(-,r) is a distribution over I (i.e., (7, r) €[0,1] for each w and )" . t(7w,r) =1). If
there is a tie at r, a permutation 7t € IT is drawn according to 7 (-,r), and then the tie is broken lexicographically according
to 7 (i.e., agent argmin ey 77 (j) wins). Thus

pr(M.r) = > (. 7).
{mell: w(i)<m(j) forall jeM\{i}}

This formulation includes, for example, random symmetric tie-breaking f),?(M, ry=1/|M| if t(r,r) =1/n! for all ¥ and de-
terministic lexicographic tie-breaking if 7 (7r,r) =1 for one 7. Now, for any profile of scores r = (r1, ..., r,), the probability
that agent i obtains the prize under tie-breaking rule t is given by

1 ifr; >rjforall j#1i,
pi(®)=1pf(M,r;) ifieM=argmax;cyr;jand|M|=>2,
0 ifrj <rj for some j #1i.
Accordingly, if the agents invest efforts b = (bq,...,by) in a contest (s, T), then each agent i receives score s;(b;) and

wins the contest with probability pir (s(b)). Let

u;" (b, 6) = p{ (s(b))6; — b;

denote the payoff of agent i with type 6; in contest (s, ) when efforts b are invested. We use pure-strategy Bayesian Nash
equilibrium as the equilibrium concept. Let 8;: [0,0] — R, be a strategy of agent i, which prescribes an effort g;(6;) for
each type 6;. A strategy profile 8 = (81, ..., Bn) is an equilibrium of contest (s, 7) if

Bi(6;) € arbgﬁz)aXEo,,- [uf " ((B1(O1). - .., Bi—1(6i=1). bi, Bit1 (Bix1). ... Bn(6n)). 6) ]

for all 6; € [0,0] and i € N, where 8_; = (01, ...,60i_1,6i41, ..., 6n).
2.2. Implementation

Every equilibrium of every contest induces an effort from each agent and an allocation of the prize as a function of the
realized types. We now take a mechanism-design approach to characterize the set of all such efforts and allocations that
can be obtained in contests.

An allocation q = (qy, ..., qy) is a mapping from type profiles § = (61, ..., 6,) to winning probabilities: for each @ € [0, §]"
and i € N, q;(0) specifies the probability with which agent i obtains the prize. Let

Qi(6;) =Eg_;[qi (6,0 )]
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denote agent i's interim winning probability induced by allocation q when his type is ;. We say that a contest (s, T)
implements the allocation q and efforts 8 if 8 is an equilibrium of (s, t) and

qi(0) = pf (s(B(8))) foralld €[0,0]"andie N. (1

A pair of allocation and efforts (q, B) is contest implementable if there is a contest that implements it.

The lemma below characterizes the set of contest implementable allocations and efforts. It makes use of the following
definition: a direct score function for agent i is a nondecreasing function o;: [0, 0] — R_. Thus, as opposed to score functions
si, direct score functions o; are functions of i’s type rather than i’s effort.

Lemma 1. A pair of allocation and efforts (q, B) is contest implementable if and only if there exist direct score functions o =
(01("), ..., 0n(-)) and a tie-breaking rule T such that

qi(0) = pf (6(8)) forall® c[0,6]" andie N (2)
and
0
Bi(6;) =6;Q;(6;) — / Qi(2)dz forall6; €[0,0]andi e N. 3)
0

Lemma 1 shows that two conditions, (2) and (3), are necessary and sufficient for the existence of a contest (s, ) that
implements (q, 8). Condition (2) characterizes the set of contest implementable allocations q independently of the efforts
B, and condition (3) pins down the efforts B for any given allocation q. An allocation q is contest implementable if and only
if in can be described using direct score functions ¢ and a tie-breaking rule 7 as in (2). As for any contest implementable q
the corresponding efforts B are given by (3), Lemma 1 further shows that we can identify any contest implementable pair
(q, B) with just the allocation q.

In the language of mechanism design, every contest (s, T) is a specific indirect mechanism. By the revelation principle,
for each equilibrium of a contest there is an incentive compatible direct mechanism that results in the same allocation
and efforts, which corresponds to the implemented (q, ). Incentive compatibility is equivalent to each interim winning
probability Q; being nondecreasing and the effort of each agent i being fully pinned down by Q; as in (3), which is
an instance of the well-known payoff and revenue equivalence result. Hence, if contest (s, t) implements (q, 8), each
Q; is nondecreasing and $ satisfies (3), implying each B; is also nondecreasing. Accordingly, we can define the direct
score function o;(-) = s;(B;(-)) for each i, so that q;(9) = p; (s(8(8))) = p; (o(#)), which explains why (2) is necessary for
implementability. In addition, Lemma 1 establishes that (2) and (3) are also sufficient for implementability. In the proof, we
construct for any given o and t a contest (s, t’) that implements allocation and efforts satisfying (2) and (3).

Remark 1. Interpreting the efforts as payments, our contest environment is a special case of the canonical auction en-
vironment considered by Myerson (1981). However, as we restrict attention to contests (s, t), the corresponding set of
implementable allocations and payments is smaller than in the auction environment. First, in the auction environment
any allocation with nondecreasing interim winning probabilities Q; is implementable, whereas any contest implementable
allocation satisfies the stronger requirement (2). The latter requires, for example, that g; is nondecreasing in 6; and nonin-
creasing in 6; for all j # 1, and it restricts the situations where g; is neither zero nor one. Second, in the auction environment
the condition corresponding to (3) only pins down the interim expected payments for any given allocation, leaving much
freedom in designing the ex post payments. By contrast, in contests the interim expected efforts coincide with the ex post
efforts since efforts are invested up front and are nonrefundable. Hence, the allocation fully pins down the efforts. Note that
this second difference from the auction environment is not specific to the class of contests (s, 7): it arises whenever efforts
cannot be conditioned on the allocation of the prize.

2.3. The winner’s effort and differential treatment

Suppose the contest is held by an organizer who only cares about the winner’s effort. If the contest implements allocation
and efforts (q, B), the expected winner’s effort is given by
W(@) =Eg[ X icn ai(0)Bi(6)]
0 0;
=3 @@ (o) - [ awdz)ree. (4)
ieN 0

Note that we define W as a function of only the allocation as for every contest implementable q, the efforts g are uniquely
pinned down by (3). The organizer’s problem of optimally designing the contest corresponds to choosing a contest imple-
mentable allocation q to maximize W (q).
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An allocation q is symmetric if there is a function Q such that Q;(6;) = Q (¢;) for all i € N and almost all 6; € [0, 9].
We say a contest involves differential treatment if the implemented allocation is not symmetric. The main question we study
below is whether it is optimal for the organizer to use differential treatment.

Remark 2. A commonly studied objective for the organizer is maximizing the expected total effort ;_y Eg,[8i(6;)] instead
of W. In this case, the organizer’s problem is equivalent to maximizing the revenue in the auction environment considered
by Myerson (1981). As agents are ex ante symmetric, Myerson’s results imply that a symmetric allocation is always optimal,
and if F satisfies Myerson’s regularity condition, any differential treatment strictly lowers the expected total effort. The
results for the auction environment translate to the contest environment despite the restrictions discussed in Remark 1
because the set of optimal mechanisms in the auction environment does contain a contest. This is no longer true when
considering W. As the winner’s payment equals the total payment in any auction where only the winner pays, the maximal
expected winner’s payment equals the maximal revenue. Thus, that efforts cannot be conditioned on the allocation of the
prize imposes a binding constraint on the problem of maximizing the expected winner’s effort in contests.

3. When is differential treatment beneficial?

In this section, we derive sufficient conditions on F such that the organizer strictly benefits from differential treatment.
To do so, we first determine an optimal symmetric allocation that maximizes the expected winner’s effort among all sym-
metric allocations. Then we identify two ways of introducing asymmetry that improve the expected winner's effort under
some condition on F.

3.1. Benchmark: optimal symmetric contests

Suppose the organizer faces restrictions that only allow her to implement symmetric allocations, that is, q such that
Q; = Q for all i € N. As shown by the following lemma, contest implementable symmetric allocations have the property
that the winner is always (one of) the agent(s) with the highest effort.

Lemma 2. Let q be a contest implementable symmetric allocation and let 8 satisfy (3). Then for almost all § [0, 81", q;(9) > 0 only
ifi € argmax ey Bj(0)).

Fix any contest implementable symmetric allocation q. It follows from Lemma 2 that the expected winner’s effort, W (q),
is the same as the expected highest effort, [Eg[max;cy Bi(6;)]. Moreover, observe that by Lemma 1, Q; = Q implies 8; = 8
for all agents i, where B is a nondecreasing function. This further implies that the expected highest effort is the same as
the expected effort of the agent with the highest type. We thus have

W(@) =Eg[>icngi (0)Bi(6) ] = Eg[ maxien Bi(6)] = Eg[ f(maxien 6)]. (5)

An optimal symmetric allocation q is a contest implementable symmetric allocation q such that W (q) > W (q) for all con-
test implementable symmetric allocations . As in Chawla et al. (2019), optimal symmetric allocations can be characterized
using a similar approach as that of Myerson (1981).” The key step is to reformulate the objective as a virtual surplus to
which Myerson’s method can be applied. Using that the distribution of max;6; is F", substituting (3) for 8, and applying
integration by parts, we can rewrite (5) as

0
Wiq) = / BO)dF(©)"
0

0 6 0
=/9Q(9)nF(9)“‘1f(9)d9—//Q(z)dan(e)”—lf(e)de
0 00
g g
=/9Q(9)nF(9)”—1f(9)d9—/Q(e)[1 — F(6)"1d6
0 0

7 Chawla et al. (2019) identify a symmetric allocation that maximizes the expected highest effort when the organizer can withhold the prize. In our
setting the organizer must always allocate the prize to some agent. In Section 6, we extend our analysis to the case where the organizer can withhold the
prize.
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0
= [ne@v@s @
0

where the virtual valuation function ¢ is defined as

1—F@)"

Y(O)=0F@O)" — ———. (6)
nf(6)
The expected winner’s effort under any contest implementable symmetric allocation q can thus be written as
W(q) =Eg[nQ 0)y ()] =Eg[ X icn 7 (@)% (6))]. (7)

Now, note that by Lemma 1, Q; must be nondecreasing for every contest implementable allocation. If ¢/ is nondecreasing,
(7) is maximized when allocating the prize to the highest type. In general, however, optimal symmetric allocations assign
the prize based on ironed virtual valuations. Following Myerson (1981), the ironed virtual valuation function 1 is defined by,
for all ze[0,1] and 6 € [0, 8],

G(Z):/l//(F_1(y))dy, G(2)=convG(z). and ¥(0)=G (F(©))
0

where convG denotes the convex hull of G (i.e., G is the highest convex function such that G(z) < G(z) for z € [0, 1]). The
next proposition identifies an optimal symmetric allocation.

Proposition 1. An optimal symmetric allocation q is given by, for each 8 € [0,6]" and i € N,

00 — [1/|M| ifi € M =argmax;cy /(6)),
0 otherwise
(i.e., q; satisfies (2) for o;(6;) = ¥ (6;) — ¥ (0) and T such that pf (M, ) =1/|M| for all r).

According to Proposition 1, assigning the prize to an agent with the highest ironed virtual valuation and breaking ties
randomly is an optimal symmetric allocation. If ¢ is strictly increasing everywhere, the allocation (8) is ex post efficient:
the agent with the highest valuation 6; obtains the prize (ties occur with probability zero). In this case, the all-pay auction
is an optimal symmetric contest, which corresponds to a contest (s, ) with score function s;(b;) = b; for each i and b; and
pi(M,r)=1/IM| for all r. As Q (9) = F()"~1, the implemented efforts (3) are

0
Bi©) =pr©O)=0F@©O)" ! - / F(2)"'dz, 9)
0

where g4 is the well-known equilibrium of the all-pay auction (see, e.g., Vojnovi¢, 2016).

If ¥ is not strictly increasing everywhere, there are intervals on which v is constant, and the allocation (8) is not ex
post efficient. In this case, an optimal symmetric contest is given by (s, ) with T such that p7 (M,r) =1/|M| for all r and
score function s; defined as follows: for each interval [#!,6!'] where ¥ is constant there is an interval of efforts [b', b'I],
and s;(b;) = (b' + by /2 for b; € [b!, b'"] whereas s;(b;) = b; outside these intervals. Under the slightly stronger condition
that v is strictly decreasing on some interval (so that v is different from 1), it follows from the proof of Proposition 1 that
not only the allocation (8) but every optimal symmetric allocation fails to be ex post efficient.

There is a simple sufficient condition for the virtual valuation function s to be monotone: as is easily verified from (6),
Y (6;) is strictly increasing for all 6; if f(6;) is nondecreasing, that is, if F is convex. On the other hand, if f is differentiable
and f’(0) <0, then ¥’'(0) < 0. That is, v is strictly decreasing at the lower bound of the support if F is strictly concave.
Hence, the all-pay auction is optimal among symmetric contests if F is convex, but not if F is strictly concave. More
generally, ¢ is strictly decreasing on some interval if there is a sufficiently strong decrease in f on some corresponding
interval. As a simple example, let § =1 and consider

3/2 ife <7/16,
fO)=15-80 if7/16 <6 <9/16, (10)

1/2 ifo >9/16.
Then for n =2, ¥ (0) is strictly decreasing, approximately, for 6 € [0.505,0.563] and strictly increasing otherwise. Numeri-
cally applying the ironing procedure results in () being constant for 6 € [0.460, 0.599] and strictly increasing otherwise.
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3.2. Improvement 1: deterministic tie-breaking

When two or more agents tie for the highest ironed virtual valuation, the optimal symmetric allocation identified in
Proposition 1 randomly assigns the prize among those agents. According to the next result, given any contest implementable
allocation that is specified with a random tie-breaking rule, this tie-breaking rule can be replaced by a deterministic one
to obtain a contest implementable allocation that generates at least the same and sometimes a strictly higher expected
winner’s effort. A tie-breaking rule t is deterministic if f)i’ (M,r)e{0,1} for all M and r.

Proposition 2. Consider any direct score functions o and tie-breaking rule t. Denote by q°* = (p{ (6 (), ..., py (0 (-))) the contest
implementable allocation defined by o and .

(i) There is a deterministic tie-breaking rule T* such that W (q°-*") > W (q®"%).
(ii) There is a deterministic tie-breaking rule T* such that W(q®:7") > W (q°"%) if there is a score r > 0 and a set of agents M with
IM| > 2 such that P[max;ey 0(6;) =r] > 0 and foralli € M, p} (M, 1) € (0, 1), P[0;(6;) =r] > 0, and IP[0;(6;) <] > 0.

Any combination of direct score functions ¢ and tie-breaking rule  define a contest implementable allocation. Holding
o fixed, part (i) of Proposition 2 assures there is always a deterministic tie-breaking rule such that the defined allocation
yields a weakly higher winner’s effort W than the allocation defined by any other tie-breaking rule. If ties occur with
probability zero, W is, of course, constant across all tie-breaking rules. If ties occur with positive probability, there is a
deterministic tie-breaking rule that yields either the same or even a strictly higher W than any random tie-breaking rule.
Part (ii) of Proposition 2 identifies a sufficient condition under which randomly breaking relevant ties yields a strictly lower
W there is a score r such that at least two agents tie for the highest score at r with positive probability and those agents
also obtain a score less than r with positive probability (i.e., their direct score functions assign a lower score than r to an
interval of types).

To illustrate the proof of Proposition 2, let n =2 and fix direct score functions ¢ and a score r such that for each agent
i, 0;(6;) =1 for 6; € [x;, y;] with x; < y;. Then there is a tie at r with positive probability, and the contest implementable
allocation defined by any tie-breaking rule t is such that Q;’~f(9,-) = K; for 6; € [x;, y;] for some constant K;. By Lemma 1,
the effort B;(6;) implemented under this allocation is also constant for 6; € [x;, y;]. Now, suppose the tie-breaking rule is
changed in favor of agent i, which implies that K; increases. This change has two effects on agent i: First, for any type
0; € [xi, yi], it increases both the probability that i is the winner and i’s effort §;(6;), as achieving score r becomes more at-
tractive for i. Second, for any type 6; > y;, it leaves the probability that i is the winner unchanged but it decreases §;(6;), as
i's benefit from scores above r becomes lower. Because of the first effect the expected winner’s effort quadratically increases
in K; and because of the second effect it linearly decreases in K;. As a result, W is convex in K; and K;. Therefore W is
maximized at a tie-breaking rule that is as asymmetric as possible, that is, deterministic. The proof of part (i) generalizes
this insight to n > 2 agents, and part (ii) follows because W is strictly convex in that case.

Under the optimal symmetric allocation identified in Proposition 1, the prize is randomly assigned whenever there is
a tie for the highest ironed virtual valuation. By part (i) of Proposition 2, using a deterministic tie-breaking rule weakly
increases the expected winner’s effort. Unless ¢ is strictly increasing everywhere, ties occur with positive probability and
deterministic tie-breaking results in differential treatment, which implies that some form of differential treatment is op-
timal for organizer. If ¥ is constant on some interval at a level greater than v (0), part (ii) of Proposition 2 implies that
deterministic tie-breaking strictly increases W, that is, the organizer strictly benefits from differential treatment.?

3.3. Improvement 2: differential treatment at the top

We now present a second channel through which differential treatment is beneficial when f (@) > 1/0, that is, when
high types are sufficiently likely. Specifically, there is a threshold x € (0, 8) such that the expected winner’s effort increases
if the prize is allocated lexicographically rather than efficiently among agents with types above x.

Consider an allocation that is efficient at the top: let 87 € [0,0) and let q” be a contest implementable symmetric
allocation such that qiT(~) = p,.’(a(~)) for some direct score functions ¢ and tie-breaking rule T where o;(6;) = 6; for all
0; € [6T,0] and i € N. Hence, the corresponding interim winning probabilities satisfy QT (6;) = F(6;)"~! for all 6; € (87, 9.
Now, for a given threshold x € (67, 6], let the contest implementable allocation q* be such that q;()= pf(a"(~)), where for
allieN,

0i(6;) if6; <x,
o () = n—i .
x—i—n 1(1—x) if 0; > x.

8 If ¥ is constant on some interval [0, y] and strictly increasing otherwise, replacing the random tie-breaking rule with a deterministic one leaves W
unchanged. The corresponding allocation is, e.g., implemented by a biased all-pay auction where one agent has a head start (i.e., s;(b) =b +h for one i and
sj(b)=b for j#i).
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The corresponding interim winning probabilities are

Q6 ife; <x,

Q) = e
F(x) if 0; > x.

The allocation q* coincides with q7 except when two or more agents have types greater than x. In this case, as ol (&) is

constant in #; and decreasing in i, q* assigns the prize to agent min{i € N | 6; > x} whereas q” allocates it efficiently. The
following proposition shows that there exists a threshold x such that the expected winner’s effort is greater under q*.

Proposition 3. Suppose f(8) > 1/6. Then W (q*) > W (q") for some x € (87, ).

Note that the optimal symmetric allocation given in Proposition 1 is always an efficient-at-the-top allocation q’. This
is because ¥ (9) =0 > y(6;) for all 6; < &, which implies that ¥ is strictly increasing for types close to §. Consequently,
Proposition 3 shows that if f() > 1/6, differential treatment in the form of allocation q* yields a strictly higher expected
winner’s effort than any contest implementable symmetric allocation.

Suppose 8T = 0. Then q7 is the ex post efficient allocation, as is implemented by the all-pay auction (and q” coincides
with (8) if v is strictly increasing). The implemented efforts are 84 as defined in (9). On the other hand, the implemented
efforts under the modified allocation q* are B;(6;) = B (6;) for 6; < x and i(6;) = BA(x) + xF(x)'~1(1 — F(x)"~) for 6; >
x. The allocation q* can be implemented using a modified all-pay auction where each agent i is offered a hierarchical
guaranteed-winning option bl.GW: if agent i invests at least effort biGW, he is guaranteed to win against all agents j > i. This
corresponds to a contest (s, ) where for all i € N, si(b;) =b; if bj <b®"™ and si(b;) =n+1—i if b; > bW The allocation
q* is implemented if b®" = B4 (x) + xF(x)'~1 (1 — F(x)" ).

In response to this modification of the all-pay auction, each agent i with type above x changes his effort to biGW, which
is decreasing in i. Thus, agents with high priorities invest more and agents with low priorities invest less. Moreover, agents
with high priorities are more likely to win, making their efforts more valuable to the organizer relative to the efforts of
agents with low priorities. Proposition 3 shows that it is possible to find a suitable threshold x such that the overall effect
on W is positive if f(9) > 1/6.

As we had seen above, the all-pay auction is not optimal if F is strictly concave, as there are other symmetric contests
that generate a greater expected winner’s effort. By Proposition 3, the all-pay auction is also not optimal if F is strictly
convex (which implies f(0) > 1/0), as it is outperformed by some asymmetric contests. Interestingly, as we will find in
Section 4, the all-pay auction is optimal if F is uniform (i.e., both concave and convex), while many asymmetric contests
are also optimal in that case.

3.4. The main result

We are ready to present the main result of this section, which summarizes our insights obtained above. We have iden-
tified two situations where differential treatment improves upon the optimal symmetric allocation in Proposition 1. First,
part (ii) of Proposition 2 implies that if v/ is constant at a value greater than v (0), deterministic tie-breaking improves
upon the random tie-breaking involved in the optimal symmetric allocation. Second, Proposition 3 shows that if f(8) > 1/0,
differential treatment when types are close to § improves upon the optimal symmetric allocation, which is efficient at the
top. We obtain the following theorem.

Theorem 1. Suppose at least one of the following two conditions holds:

(i) Thereare 6, 6! such that 0 < 6" < 6" and ¥ (0) < ¥ (6") =¥ (6'".
(ii) f(@) > 1/6.

Then, there is a contest implementable allocation q such that W (q) > W (q) for every contest implementable symmetric allocation q.
Hence, differential treatment occurs under every contest that maximizes the expected winner’s effort.

The above theorem presents two separate conditions on the type distribution F, and it establishes that the organizer
strictly benefits from differential treatment if F satisfies one (or both) of them. Condition (i) requires that the virtual
valuation function v is nonincreasing on some interval in such a way that the ironed counterpart v is constant on an
interval where its value is higher than at the lowest type. This is satisfied if there is a sufficiently strong decrease in the
density f on an interval of sufficiently high types. A simple example of such a distribution is given in (10). Condition (ii)
requires that the (continuous) density f is greater than that of the uniform distribution at the upper bound of the support.
Being a local property of F, one can easily construct examples that satisfy (ii) in addition to (i). But (ii) is also satisfied by
many distributions that do not satisfy (i). Specifically, as discussed in Subsection 3.1, if F is convex, v is strictly increasing
and thus condition (i) does not hold. However, except for the uniform distribution every convex F satisfies condition (ii).
On the other hand, concave F do not satisfy (ii), but they may satisfy (i).
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Theorem 1 identifies a broad class of situations where an organizer who aims at maximizing the winner’s effort is strictly
better off when she is not restricted to use only contests that implement a symmetric allocation. We next demonstrate that
in many cases also the agents are strictly better off when the organizer does not face such a restriction. Using Lemma 1,
the agents’ surplus, that is, the sum of their ex ante expected payoffs can be written as

G 6
S Eateiens - pion1= [ [ ai@dzr@nds
ieN ieNO 0
0
- / Q@ - F2)dz
ieN
—F®)
=K i(0 . 11
oLZNqU 76 ] (11)

Now, suppose F is convex. Then v is strictly increasing and the ex post efficient allocation is the unique optimal symmetric
allocation (it is optimal according to Proposition 1 and the uniqueness can be easily verified using (7)). Moreover, (1 —
F(6;))/f(6;) is strictly decreasing in 6;, so that the ex post efficient allocation uniquely minimizes the agents’ surplus (11)
among all contest implementable allocations. If, in addition, condition (ii) of Theorem 1 holds, which only excludes the
uniform distribution, allocations that maximize the winner’s effort are not ex post efficient and thus yield a higher agents’
surplus.

Corollary 1. Suppose F is convex and f(8) > 1/0. Then every contest that maximizes the expected winner’s effort involves differential
treatment and yields a strictly higher agents’ surplus than the optimal symmetric allocation.

So far, we have focused on situations where every optimal contest uses differential treatment. In the next section, we
present a situation where many optimal contests use differential treatment, but also one symmetric allocation is optimal.

4. Optimal contests in the uniform case

In this section, we will obtain a full characterization of all contest implementable allocations that maximize the expected
winner’s effort when types are uniformly distributed. We start with some preliminaries and then focus on the uniform case.

4.1. Preliminaries

To identify the contests that maximize the expected winner’s effort, we consider the problem of maximizing W (q) over
all contest implementable allocations q. It will be useful to separate the expected winner’s effort as given in (4) into two
parts:

w@=w'@-w'@
where
6
Q@ asede and we=Y [a f Qi(2)dzf (6)d6;

ieN 0

w(q) =

o\m.

In the mechanism-design literature, optimal allocations are usually studied for objectives that take the form
6
> / '(Qi(6).6) f(6)do
ieN

for some function I". When restricting attention to symmetric allocations in Subsection 3.1, we used the observation that the
winner’s effort equals the highest type’s effort to rewrite the objective W (q) in this form with I'(Q, ) = Q ¥ (), enabling
us to apply Myerson’s (1981) approach because I' is linear in Q. This is not possible when we allow for asymmetric
allocations. Considered in isolation, part W' can be written using I'(Q , #) = Q 26, which belongs to a class of objectives for
which Gershkov et al. (2021) recently identified the conditions under which symmetric allocations are optimal when n = 2.
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Part W!I, however, cannot be written using I" and is much less tractable.® And, of course, also the interaction between W'
and W!T must be dealt with.!°

The optimization problem becomes significantly more tractable for uniform F. As we show below, W' then takes a
simple form and W/ is constant for all deterministic allocations. For the latter result, we will make use of the following
lemma, which holds for general F. We say an allocation q is deterministic if q;(8) € {0, 1} for almost all 8 € [0,4]" and all
i € N. The lemma shows that for every contest implementable deterministic allocation the interim winning probabilities can
be represented by some direct score functions alone.

Lemma 3. Let q be a contest implementable deterministic allocation. There exist direct score functions ¢ such that Q;(6;) =
1_[#1- F(oj’1 (0i(6;))) foralli € N and almost all 9; € [0, 6], where ai’l (r) =inf{6; € [0, 0] : 0i(6;) > 1}.

4.2. The uniform case

We now assume types are uniformly distributed, that is, f(6;) = 1/6 for all 6; € [0,8]. We first focus on part W' of
the objective. To illustrate our approach, let n =2 and 6 = 1. Consider any contest implementable deterministic allocation
such that Q1 is strictly increasing, is differentiable, and satisfies Q1(0) =0 and Q(1) = 1. By Lemma 3, we have Q,(#) =
o7 1 (02(0)) = Q; 1 (6) for 6 €0, 1]. Using

1 1 1
f Q2(6)*6d6 = / Q;'(6)%0do = f Qi1(2)Q;(2)dz,
0 0 0
where the second equality obtains by the change of variable 6 = Q1(z), we have

1

1 11
w!@ = / (Q©?%0 +62Q:0)Q;©)do = [ 50,0767 ] =3
0
Hence, W! is the same for all such allocations, and it equals E[6;]. The next lemma generalizes this result to all contest

implementable deterministic allocations, arbitrary n, and arbitrary 8. The proof is based on a generalization of Young's
inequality to n > 2 nondecreasing functions.

Lemma 4. Let F be uniform. Then, W!(q) = 6,2 for every contest implementable deterministic allocation q.

Turning to part W of the objective, define R;(6;) = f(f" Qi(2)dz. Then we can write W I for every allocation q as

6 _
1 1 - 0 2
wiha=>" / Ri(O)Ri(0)=d6i =Y —Ri(0)* ==Y (E[Qi(6)])". (12)
4 0 —~ 20 24
ieN ieN ieN
Thus W!! is independent of the details of the allocation and is only a function of the ex ante winning probability IE[Q;(6})]
of each agent.
Combining Lemma 4 and (12) we obtain the expected winner’s effort for every contest implementable deterministic
allocation q as

g
W@ =3 -3 (BlQi@)). (13)

ieN

N D

Accordingly, the problem of identifying the contest implementable deterministic allocations that maximize W reduces
to maximizing (13) with respect to the ex ante winning probability of each agent. Note that (13) is strictly concave
in E[Q1(61)], ..., E[Qn(fr)]. Hence, as every allocation satisfies Y | ; E[Q;(®)] =1, (13) is maximized if and only if
E[Q;(6;)]=1/n for all i € N. This condition characterizes all optimal contest implementable deterministic allocations. By
Proposition 2 the expected winner’s effort cannot be higher under non-deterministic allocations. In the proof of the follow-
ing theorem, we further show that any non-deterministic allocation generates a strictly lower expected winner’s effort.

9 One difficulty with W!(q) is that a local change of Q;(6;) for one type 6; affects the term f:" Qi(2)dz for all types 6,-’ > 6;.

10 For n =2, Gershkov et al. (2021, Theorem 2) implies that W!(q) is uniquely maximized by the ex post efficient symmetric allocation if F(0) > 6 f ()
for all 6. Consider f given in example (10) and modify it with some small € > 0 to obtain f(6) = f(6) + €(175/512 — 6) for 6 < 7/16 and f(F) =
f(6)—€(49/512) for 6 > 7/16. Then F satisfies both F(9) > 9}(9) and condition (ii) in Theorem 1. Hence, even though the symmetric allocation maximizes
w!, differential treatment strictly increases W because of W!.

100



C. Wasser and M. Zhang Games and Economic Behavior 138 (2023) 90-111

Theorem 2. Let F be uniform. The contest implementable allocation q maximizes the expected winner’s effort W (q) if and only if q is
deterministic and E[Q;(6;)] = 1/n foralli € N.

Theorem 2 shows that the set of allocations that maximize the expected winner's effort is large. The only requirements
are that the allocation is deterministic and that every agent has the same ex ante probability of winning. This leaves a lot
of flexibility at the interim stage, so that many forms of differential treatment (i.e., Q;(9) # Q;(#) for a set of types 6 with
positive measure) are optimal. On the other hand, a unique symmetric allocation is optimal: the ex post efficient allocation
that is implemented by the all-pay auction. By (13), IE[Q;(6;)] = 1/n implies that the maximized expected winner’s effort
equals (n —1)/(2n).

As an illustration, suppose there are only two agents and § = 1. In this case, every nondecreasing function a: [0,1] —
[0, 1] such that fol a(z)dz = 1/2 gives rise to an optimal contest implementable deterministic allocation q where q1(8) =1
if and only if 6, < a(6y).

For example, consider a contest (s, T) where s1(b1) =h + cb1 and s3(b3) = by for some h >0 and c € (0, 1] and where
pT(M,r) =0 for all r. This corresponds to the biased all-pay auction with head start h and handicap c studied by Kirkegaard
(2012). If types are uniformly distributed on [0, 1], Kirkegaard (2012, Proposition 1) implies that the implemented efforts
are

0 ifo; < hee, 0 if 6y < hTie,
B1(61) = 1 e 1 . . B2(6>) = c 1 1
0,¢ ———h if6; >hTe, oIt L~ _h if@, > hTie,
14+c ! 1+c 1= 14c¢ 2 +1+c o2 =

Moreover, the deterministic allocation q is implemented where q1() = 1 if and only if 6, < a(6;) = max{h1/<1+c),01l/c}. It
follows that IE[Q1(61)] = min{(h + ¢)/(1 + ¢), 1}. Consequently, any combination of head start h and handicap c such that
(h+c¢)/(1+c)=1/2 maximizes the expected winner’s effort. Special cases include h =0 and ¢ = 1, which corresponds to
the all-pay auction, as well as h =1/2 and ¢ = 0, which corresponds to a take-it-or-leave-it offer to agent 2 to win the prize
for effort 1/2.

Whereas the organizer is indifferent between all contest implementable deterministic allocations where E[Q;(6;)] =1/n
for all i, the agents’ payoffs differ across these allocations. With uniform F the agents’ surplus (i.e., the sum of their payoffs)
as given in (11) becomes Eg[} ;.y qi(0)(@ — 6;)], which is (uniquely) minimized by the ex post efficient allocation. Hence,
among all optimal allocations identified in Theorem 2, the symmetric one minimizes the agents’ surplus. For example, for
n=2 and 6 = 1, the all-pay auction yields sum of payoffs 1/3 whereas the take-it-or-leave-it offer to agent 2 yields sum of
payoffs 3/8.

Even though the agents’ surplus when the organizer uses differential treatment is always higher than in the all-pay
auction, not necessarily all agents benefit from differential treatment. For instance, with n =2 and § =1 the take-it-or-
leave-it offer to agent 2 results in payoff 1/4 for agent 1 and payoff 1/8 for agent 2, while the all-pay auction results in
payoff 1/6 for each agent. In this case, differential treatment makes agent 1 better off and agent 2 worse off, and one
can show that this is also true for all other combinations of head start h and handicap c¢ that maximize the winner’s
effort. However, with other forms of differential treatment, it is possible that both agents benefit. For example, consider
the allocation where q;(#) =1 if and only if 6; > 1 — 1/4/2 and 6, < 1/+/2, which belongs to the set of allocations that
maximize the winner’s effort. As can be easily verified, under this allocation each agent obtains payoff +/2/8 > 1/6, that is,
both agents are better off than in the all-pay auction.

5. Winner’s effort vs. highest effort

In this section, we compare the expected winner’s effort to the expected highest effort, another possible objective for the
organizer. Although the two objectives are closely related, we show that the corresponding maximization problems differ,
and we discuss implications for the role of institutional constraints an organizer may face in applications.

In a contest that implements allocation and efforts (q, B), the expected highest effort is

H(q) = Eg[ max;en Bi(6)) 1.

Clearly, we have H(q) > W (q) for every contest implementable allocation q, as the winner is not necessarily the agent with
the highest effort.

By Lemma 2, H(q) = W(q) for every contest implementable symmetric allocation q. As a consequence, if differential
treatment improves the winner’s effort, it also improves the highest effort. Specifically, under the conditions given in Theo-
rem 1, there is a contest implementable allocation q such that

H(@) =W (g > W(@ = H(@

for every contest implementable symmetric allocation q, that is, differential treatment occurs in every contest that maxi-
mizes the expected highest effort.
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Now, suppose types are uniformly distributed, as in the preceding section. Let § =1 and recall the two-agents example
with the biased all-pay auction with head start h and handicap c, which maximizes the expected winner’s effort if and
only if (h+c)/(1 4 c) =1/2. Observe that in case of the all-pay auction (h =0, c = 1) and the take-it-or-leave-it offer to
agent 2 (h =1/2, ¢ =0), the winner also invests the highest effort, so that H and W coincide. However, the equivalence
fails for some less extreme choices of h and c. For example, let h =1/4 and ¢ = 1/2. Then agent 1 wins if and only if
0 < max{(1/4)?/3, (91)?}, and the implemented efforts are

0 if 01 < (1/4)1/3, 0 if 6, < (1/4)%/3,
1

p1(61) = {2 1 B2(62) =

1
30— it =1/, 022 + = if 62> (1/4)27,

3
Observe that for type profiles # such that 6; € ((1/4)'/3,(5/8)1/3) and 6, € ((1/4)%/3, (61)2), agent 1 wins but g;(8;) <
1/4 < B2(62). Hence, the expected highest effort exceeds the maximum expected winner’s effort.

The example discussed above has important implications. Combined with Theorem 2, it shows that if types are uni-
formly distributed, there exists a contest implementable allocation q such that H(q) > W (q) > W(q) = H(q) for all contest
implementable symmetric allocations ¢, whereas W is maximized by a contest implementable symmetric allocation. Thus,
differential treatment also strictly benefits the organizer in the uniform case if her payoff is H(q) instead of W (q). This
demonstrates that the set of environments where the winner’s effort can be increased with differential treatment is a
proper subset of the set of environments where the highest effort can be increased with differential treatment.

The organizer of an innovation or crowdsourcing contest ideally wants to implement the best submitted solution, that
is, the highest effort. However, for the reasons outlined in Section 1, the organizer may face the constraint that she is
only allowed to implement the winning solution. Thus she can only choose the allocation to maximize the winner’s effort.
When restricting attention to symmetric allocations, the two objectives are equivalent and such a constraint is not binding.
However, as shown above, the equivalence fails for asymmetric allocations, and thus the constraint becomes binding. This
creates an incentive for the organizer to invest in a commitment device, so that she can credibly separate the winner from
the contestant with the best submission.

6. Extension: withholding the prize

In every contest (s, 7), the prize is always allocated to one of the agents. Formally, every contest implementable alloca-
tion satisfies ) ;_ qi(@) =1 for all . We now extend our definition of contests to allow for the possibility that the organizer
withholds the prize. This means that also some allocations where »";_\ qi(#) < 1 for some 6 become implementable. We
define such contests as follows.

A reserve contest (s, T, s*) is characterized by score functions s, a tie-breaking rule 7, and a reserve score s* € R. Given
profile of efforts b, if sj(b;) < s* for all i € N, the prize is withheld (i.e., there is no winner), and otherwise the winner is
determined as in the contest (s, 7). Note that the additional design parameter s* together with the score functions enable
the organizer to set for each agent i an individual minimum level of effort below which i cannot win the prize. This is
similar to setting individual reserve prices in an auction.

We say that a pair of allocation and efforts (q, B) is reserve-contest implementable if there is a reserve contest that
implements it. That is, 8 is an equilibrium of some reserve contest (s, 7, s*) and for each i € N and 6 € [0, 8], if s5;(8;(6})) <
s* then g;(#) = 0 and otherwise q;(9) = p; (s(8(9))).

From the perspective of the agents, competing in a reserve contest with n agents and reserve score s* is equivalent to
competing in a contest with one additional agent whose score function satisfies sp11(bpt+1) =s* for all b,+1 € Ry and who
never wins in case of a tie. Indeed, in such a contest with n+ 1 agents, the effort chosen by agent n+ 1 is always zero and
the efforts of the other agents correspond to an equilibrium if and only if they do so in the reserve contest with n agents.
Hence, the same allocation is implemented in both cases, except that agent n + 1 obtains the prize in the contest whenever
it is withheld in the reserve contest. This observation immediately yields the following characterization of reserve-contest
implementable allocations and efforts.

Lemma 5. Allocation and efforts (q, B) for n agents are reserve-contest implementable if and only if allocation and efforts (q, B) for
n + 1 agents are contest implementable, where

qi(61,...,6n) ifi<n,

qi6,...,0 =
qi (61 h+1) {1_2?:]%(91““79’1) ifi=n+1,

Bi6) ifi<n,

/31'(9i)=[0 fiznti

forall (61, ...,60,41) €[0,0]"F1. Moreover, W (q) = W (q).
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Using Lemma 5, many results we obtained for contest implementable allocations in the preceding sections can easily be
extended to reserve-contest implementable allocations.

As in Section 3, we next identify situations where differential treatment increases the winner’s effort. It is straightfor-
ward to adapt Proposition 1 and its proof to reserve-contest implementable allocations, the only difference being that the
prize is withheld if the highest ironed virtual valuation is negative!': an optimal reserve-contest implementable symmetric
allocation q is given by, for each # €[0,0]" and i € N,

1/|M| ify(6)>0andie M =argmaxcy w(ej)

(14)
otherwise.

qi(0) =

If ¥ (@) =¥ (©6") >0 for some 0! <!, this optimal symmetric q assigns the prize randomly with positive probability.
Then, applying part (ii) of Proposition 2 to the corresponding contest implementable allocation with n + 1 agents (i.e., q
in Lemma 5), one can show that there is a reserve-contest implementable deterministic allocation that generates a strictly
higher expected winner’s effort.'?> Moreover, note that the optimal symmetric allocation (14) is an efficient-at-the-top al-
location. As the proof of Proposition 3 continues to hold if ) ;_y qiT(O) < 1 for some @, Proposition 3 also applies here,
showing that the expected winner’s effort can be increased if f () > 1/6. Consequently, we obtain the following counter-
part to Theorem 1.

Theorem 1R. Suppose at least one of the following two conditions holds:

(i) Thereare 6',6'" such that 0 < 6" < 6" and 0 <y (6') =y (6').
(ii) f(@) > 1/6.

Then, there is a reserve-contest implementable allocation q such that W (q) > W (q) for every reserve-contest implementable symmet-
ric allocation q. Hence, differential treatment occurs under every reserve contest that maximizes the expected winner’s effort.

Theorem 1R identifies sufficient conditions on F such that the organizer strictly benefits from differential treatment even
if she can withhold the prize. While condition (i) is satisfied by a smaller set of F than if the prize cannot be withheld,
condition (ii) remains unaffected.'?

As in Section 4, suppose now that types are uniformly distributed. Let q be a reserve-contest implementable allocation
for n agents and let q be the corresponding contest implementable allocation with n + 1 agents as defined in Lemma 5.
As a (non-)deterministic q corresponds to a (non-)deterministic q, Proposition 2 implies that for every reserve-contest
implementable non-deterministic allocation, there is a reserve-contest implementable deterministic allocation that generates
a weakly higher expected winner’s effort. Using (13), we obtain that for every reserve-contest implementable deterministic
allocation q,

%l

.0 g
W@ =Ww@=> - 52 E[Qi(®))” = 5 (E[Qns1 Gns)])”
i=1
i 6y
== 5; E[Qi(6:)) ——(1—ZIE[Q(91)]) (15)

Maximizing (15) and showing that any non-deterministic allocation generates a strictly lower W, we obtain the following
counterpart to Theorem 2.

Theorem 2R. Let F be uniform. The reserve-contest implementable allocation q maximizes the expected winner’s effort W (q) if and
only if q is deterministic and E[Q;(6;)] =1/(n+ 1) foralli € N.

Theorem 2R characterizes the set of allocations that maximize the expected winner’s effort when the prize can be
withheld. Optimality only requires that the allocation is deterministic and leads to the same ex ante probability of winning
for each of the n agents, namely 1/(n + 1). Accordingly, the ex ante probability that the prize is withheld also equals
1/(n+ 1). Using (15), we find that the maximized expected winner’s effort equals On/(2n + 2).

Again, like when the prize cannot be withheld, many forms of differential treatment are optimal, and there is also a
unique optimal symmetric allocation. For § = 1, the optimal symmetric allocation is implemented by a modified all-pay

11 See also Chawla et al. (2019, Theorem 3.6) for a sketch of an optimal symmetric reserve contest that maximizes the expected highest effort.

12 Part (ii) of Proposition 2 always applies in this case because v (0) < 0, which implies ¥ (0) < 0.

13 Chawla et al. (2019) present a numerical example where the expected highest effort is higher in an asymmetric reserve contest than in an optimal
symmetric one. The example meets condition (ii) of Theorem 1R.
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auction where the prize is withheld if the highest effort is below the minimum level of effort b* = (n 4+ 1)~(t1D/n_ By
contrast, one can verify that the following contest with differential treatment is also optimal: agent i € N wins the prize if
and only if his effort is greater than or equal to i/(n + 1) and the effort of each agent j > i is less than j/(n + 1).

As in Section 5, we use an example to demonstrate that maximizing the winner’s effort is different from maximizing
the highest effort. Suppose there are two agents, F is uniform, and 6 = 1. Consider the reserve-contest implementable
deterministic allocation q such that gq1(#) =1 if and only if 6; > max{3/5, (66, — 1)/5} whereas g2(#) =1 if and only if
02 >5/9 and 61 < max{3/5, (60, — 1)/5}. As is easily verified, E[Q1(61)] = E[Q2(62)] = 1/3, and thus q maximizes the
expected winner’s effort (Theorem 2R). The implemented efforts are

0 if 6 < 5/9,
0 if 61 <3/5, 1 .
B1B1)=1 5 1 . Pa(62) =13 if5/9 <6, <2/3,
ﬁ(Ql)2 + 2 if 61 > 3/5, 3
() + — if 2/3.
5(92) tz i 02 >2/3

Now, if 67 € [3/5,16/25] and 6, € (7/10, «/5/3). then q(0) =1 but B2(62) < 2/5 < B1(01). That is, with positive probability
a type profile realizes such that agent 2 is the winner although agent 1’s effort is higher than agent 2’s. Consequently, the
expected highest effort exceeds the highest possible expected winner’s effort. So, also when she can withhold the prize, the
organizer strictly benefits from differential treatment more often when her objective is the highest effort than when it is
the winner’s effort.

7. Conclusion

A natural objective for the organizer of a contest is to maximize the expected winner’s effort. We find that for a broad
class of incomplete information environments, the organizer benefits from appropriately designed differential treatment of
contestants even if they are identical from the ex ante perspective. This result stands in contrast to the case where the
organizer’s goal is to maximize the total effort and symmetric treatment is always optimal. Optimality for maximizing the
winner’s effort may thus offer an alternative explanation for existing discrimination in contest-like situations. For the case of
uniformly distributed valuations, we find that every contest where each participant is ex ante equally like to win maximizes
the expected winner’s effort. Accordingly, symmetric treatment and many forms of differential treatment can be optimal at
the same time, which allows the organizer to also pursue secondary goals without affecting her primary goal. Specifically,
optimal differential treatment can increase the contestants’ welfare on average, but may make some of the contestants
worse off. We also find that when the organizer can use differential treatment, the problem of maximizing the expected
highest effort no longer coincides with that of maximizing the expected winner’s effort. In particular, the maximum of the
highest effort may be strictly greater. Applied to innovation contests, for example, this insight suggests that the flexibility
to separate the winner of the prize from the contestant whose innovation is adopted can be of great value to the organizer.
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Appendix A. Proofs

Proof of Lemma 1. First, we show that (2) and (3) are necessary for implementability. Suppose allocation and efforts (q, 8)
are contest implementable: there is a contest (s, ) such that B is an equilibrium of (s, 7) and q satisfies (1). Consider
the following direct mechanism where each agent reports his type instead of choosing his effort: if types 6 € [0,8]" are
reported, each agent i receives the prize with probability q;(#) and must exert effort 8;(6;). By the revelation principle, this
direct mechanism is Bayesian incentive compatible, that is,

Ui(6;) = 6;Qi(6;) — Bi(6;) = 6;Qi(8]) — Bi(6)) forall6;, 6] €[0,0]andie N. (A1)
By standard arguments (see, e.g., Myerson, 1981), (A.1) holds if and only if
0;
Q;(6) is nondecreasing in#; and U;(6;) = U;(0) +/ Qi(2)dz (A.2)
0
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for all 6; € [0,0] and i € N. Note that U;(0) = 0 because in any equilibrium of (s, t), agent i with valuation 6; = 0 invests
zero effort and obtains payoff zero. The definition of U; and (A.2) then imply (3). Moreover, §; is nondecreasing because
Q; is nondecreasing. We can thus define for each i € N the direct score function o;j(-) = s;(B;(-)). Then, (1) is equivalent to
qi(0) = p} (¢ (#)), which implies (2).

Now, we show that (2) and (3) are sufficient for implementability. To do so, we will need the following auxiliary result.

Claim A.1. Suppose allocation and efforts (q, B) satisfy (2) and (3) for some direct score functions o and tie-breaking rule t. Then
(q, B) also satisfy (2) and (3) for some 6 and T such that foralli e Nand 0 <x; < y; <1,

Bi(x) =Bi(yi) = Gi(x) =6i(yi), (A3)
Bi(xi—) < Bi(xi+) = Gi(xi—) < Gi(xi+), (A4)
where Bi(xi—) = limg, 1, Bi(6;) and Bi(x;+) = limg, | x; Bi (6;) denote the one-sided limits.

Proof. Consider any i € N and x; < y; such that gj(x;) = Bi(yi) but oi(xi) < 0i(yi). By (3), Bi(¥i) — Bi(xi) = xi[Qi(yi) —
Qi(x)1 + 7' [Qi(y)) — Qi(2)1dz. Hence, B;(yi) = Bi(x;) if and only if Qi(yi) = Qi(x). By (2), qi(6;,6—;) is nondecreasing in
0;, so that Q;(y;) = Q;(x;) implies q;(x;,0_;) = q;i(yi,0_;) for almost all #_;. Note that this means pi’(oi(é,'),o_i(()_,-)) =
pi (oi(xi), 0 _i(0_;)) for all 6; € [x;, y;], that is, the scores in [0j(x;), o;(y;)] all result in the same winning probability for
agent i. Define ¢ such that 6;(0;) = oi(x;) for all 6; € [x;, yi] whereas & coincides with o otherwise. Clearly, (q, 8) also
satisfies (2) and (3) for 6 and 7. Repeating this procedure for any i € N and x; < y; such that Bj(x;) = Bi(yi) but G;(x;) <
&i(y;), we eventually obtain ¢ that satisfies (A.3).

Consider any i € N and x; € (0, 1) such that g;(x;—) < Bi(xj+) but oj(xi—) = 0j(x;+). Fix & > 0. We construct new direct
score functions ¢ and a tie-breaking rule T as follows. For every j e N, 6;(0j) = 0j(9;)) if o)) < o0i(x;) and 5(6;) =
0j(0;) + ¢ if 0j(8)) = 0i(x;). Moreover, T(-,1) =1(-,1) if r <0j(x;) and T(-,r) =7(-, 7 —¢) if r > 0j(x;) + &. Then 6;(x;—) <
oi(xi+) and p}(a 0)) = p]f (6(9)) for all je N and 0 €[0,0]", so that (q, B) also satisfies (2) and (3) for ¢ and 7. Repeating
this procedure for any i and x; such that 8;(x;—) < Bi(x;+) but o;(x;—) = 0;(x;+), we eventually obtain ¢ that satisfies (A.4)
and the corresponding 7. O

Suppose allocation and efforts (q, B) satisfy (2) and (3) for some direct score functions o and tie-breaking rule t. By
Claim A.1, there exist direct score functions ¢ and a tie-breaking rule 7 that also satisfies (2) and (3) and, in addition,
(A.3) and (A.4). Conditions (2) and (3) imply (A.2) and, thus, that the direct mechanism corresponding to (q, 8) is Bayesian
incentive compatible. Define the score functions s such that

si(bi) =sup{6;(8;) | 6; € [0, 9] and B;(6;) <b;} foreachie N.

As Bi(0) =0, s;(b;) is defined for all b; > 0. To complete the proof, we show that the contest (s, ) implements (q, 8).
Suppose agent i invests effort b. If b = B;(6;) for some 6;, then by (A.3) we have s;(b) = 6;(6;), that is, agent i obtains the
same score as when reporting 6; in the direct mechanism. If b is not in the image of B;, then b is dominated for i by some
lower effort: Efforts b > B;(0) yield score 6;() and are dominated by effort 8;(9). Efforts b € (8;i(xi—), Bi(xi+)) for some x;
yield score 6;(x;—) and are dominated by effort B;(x;—) (and because of (A.4), effort b = B;(x;j+) > Bi(x;—) is not dominated
as it yields score 6j(x;+) > ;(x;—)). Consequently, each agent i investing effort B;(6;) if his type is 6; is a pure-strategy
Bayesian Nash equilibrium of contest (s, 7): for each i, efforts outside the image of 8; are dominated and choosing an effort
within the image of B; is equivalent to reporting a type in the direct mechanism, where truthful reporting is a pure-strategy
Bayesian Nash equilibrium as it is Bayesian incentive compatible. O

Proof of Lemma 2. Consider a contest implementable symmetric allocation q, and recall this means that for almost all
type profiles 6 € [0,0]", Q;(6;) = Q (6;) for all i € N for some function Q. We will show that the lemma holds for any
such type profile. The proof is by contradiction. So suppose there is such a type profile 9 such that ql(é) =K > 0 but
B1 (91) < ﬁz(éz) (where the focus on agents 1 and 2 is without loss of generality). As q is symmetric, 8;(6;) = 8(6;) for
almost all 6; and all i € N. Hence, B1(61) < Bo2(6) implies 6; < 6, and Q (81) < Q (B2) (since B(H1) = B(H2) if Q (B1) = Q (H2)).
As q is contest implementable, it satisfies (2) for some direct score functions . As K > 0 and Q(é1) < Q(éz), we have
02(92) <o (él) <0 (éz), and therefore ql(éz,éz, 9,1,2) =1 (if K <1 because of a tie at 8, there can be no longer any tie
when agent 1's score increases to o7(6)). Now, as g1(#) is nondecreasing in #; and nonincreasing in 0;j for j>1, we have
for all 6; < §; with j > 1,

<1—K for6; € (b1,62),

> K for 61 € (é], éz), =
=0 for 61 > éz.

0 ¢
LGN for 6; > 6,

and thus q2(0) {

Consequently, letting P =Py_, ,[0;(6;) < oz(éz) for all j ¢ {1, 2}],
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Q@)= F@)P and Qa(By) = [(1 = K)IF@2) — F@)1+F (O | P
which contradicts Q1(62) = Q2(82) = Q(6>). O

Proof of Proposition 1. Note that for all nondecreasing Q

0
/ ©) [¥(0) — v (©)] f(6)do = [Q(G) G (F(G))—G(F(G))] f®)do
0

[G(F(6)) — G(F(6))]dQ6) =0

Il
Or\cm

where the second line uses integration by parts and that G(0) = G(0), G(1) = G(1), and G(z) < G(z) for z € (0, 1) because
G = convG. Moreover, the inequality holds with equality if Q is constant on any interval [x, y] where G(F(8)) > G(F(9))
for all 6 € [x, y]. Hence,

0 0

W(Q)anQ(G)x/f(Q)f(G)dG S/HQ(Q)E(Q)f(G)dG’ZEO[Ziequ’(f))W(Gi)], (A5)

0 0

with equality if Q is constant on any interval of & where G(F(6)) > G(F(9)). . _ .
Consider the allocation q given in (8). Clearly, q maximizes Eq[} ;. qi(#)¥ (6;)]. Moreover, because G = convG, ¥ is

constant on any interval of & where G(F(9)) > G(F(0)). Hence, also Q is constant on any such interval, implying that (A.5)
holds with equality. Thus q also maximizes W(q). O

Proof of Proposition 2. The winner’s effort under contest implementable allocation q°'* can be written as W(q°'%) =
2?21 Eq,[Bi(6;)] where the contribution of type 6; of agent i is

Bi(6) = Qi () Bi(6) = Qi(6:1)*6; — Qi(6h) / Qi(2)dz
0

and Q;(6;) =Eg_; [qf”(@,-, 0_))] (i.e., we drop the superscript o, T to simplify the notation).

First note that if ties happen only for a set of type profiles # with measure zero (e.g., if each o is strictly increasing),
W(q°-%) is constant across all tie-breaking rules . In this case, part (i) clearly holds.

Now, suppose there is a score r > 0 and at least two agents i such that P[oj(6;) =r] > 0. This means that for some
0<xi<yi<0, 0i6) <r if 6; <x;, 0i(6;) =r if 6; € (xi,y;), and 07(6;) > r if 6; > y;. Accordingly, Q;(6;) = K; for all
0; € (xi, yi) for some constant K; that depends on tie-breaking at r, that is, T(-,r). Type 6;'s contribution to W (q°'%) can
then be written as

Qi(6)%0; — Qi(6) fy' Qi(2)dz for 6; < x,
Bi(6) = { K*xi — Ki [37 Qi(2)dz for 6; € (xi, yi),
Qi(6)%6; — Qi) (f3 Qi@ dz+ Kilyi —x) + ;! Qi(2)dz) for 6; > yi.
For agent i's expected contribution follows
Vi
Eei[Bi(9i)]=wi+/ KZxi — Kz/Q (2)dz dF(@)—/Q (6 Ki(yi — xi)dF (6})
Xi Vi
where w; represents terms that are independent of K;. Note that

Vi
W=/ 2Kix; — /Q (2)dz dF(Ql)_/Q @) (yi —xp)dF (6y),
! Xi Yi
92E, [Bi0)] [
0; i
o670 _ | oxdF (6
aK? / o

Xi
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Let M denote the set of agents that with positive probability tie at score r. Since BZIE(;I.[B,-(Oi)]/aKi2 >0 for i e M,
W(@q% %) =31 Eq[Bi(6)] is a convex function of (K;)iem-

Recall that a tie-breaking rule t lexicographically breaks the tie according to 7 that is drawn from t(-,r). Hence, each
K; is a convex combination of the winning probabilities under all possible lexicographical tie-breaking rules:

Ki=> w@,n [ Fop [ Fep

mell {jim () <m ()} {j:m (>m (D)}

(where xj =y €0, 6] for j ¢ M). Accordingly, choosing the tie-breaking rule at r corresponds to choosing (K;)icy from a
convex set. Hence, the convex function W (q°'%) is maximized at an extreme point of this convex set, that is, at a (K;)iem
that corresponds to deterministic tie-breaking at r (i.e., T(;t,r) =1 for one ). As this argument holds for any score r at
which ties happen with positive probability, W (q°-7) is maximized at a deterministic tie-breaking rule 7. This completes
the proof of part (i).

In part (ii), there is a positive probability that the winner is determined by breaking a tie at score r among agents
i € M and, in addition, P[0j(6;) <] > 0 for all i € M. The latter implies x; > 0 and thus 3?E,[B;(6;)]/d0K? > 0 for i € M.
Hence, W(q°®'") is a strictly convex function of (Kj)ijcp and is strictly maximized at an extreme point of the set of possible
(Kj)iem- Any tie-breaking rule t such that f)f(M, r) € (0,1) for i € M does not correspond to this extreme point and results
in a strictly lower W(q%-%). O

Proof of Proposition 3. Consider the allocation q* for some x € (67, 8]. With Q) = QT(#) if  <x and Q}(6) = F(x)'"!
if 6 > x, the sum of the agents’ contributions to the winner’s effort for a common type 6 is

nQT6)20 —nQT®) J QT(2)dz ifo <x,
XY F22 — (U1 Fo' ) i QT (@dz if6 > x.

By the formula for the sum of the first n terms of a geometric series,

Y QNOBi6) =

ieN

. g 1—F®" . siy 1= Fx)2
;F(X) _]——F(X) and lzZ]F(x) —m

Accordingly, the expected winner’s effort W (q*) as a function of x amounts to

X 0

W (0 = Eo[Yien QXO)Bi(0)] = / nQ"(©)20 —nQ " (®) / Q" (2)dz | dF (6)
0

0

_ 2n _ n X
+[1—F®)] x1 Fo” 1-F® /QT(z)dz
0

1-Fx2 1-F®)

Taking the first derivative with respect to x, we obtain

W' () =nQ T (02xf () + nF@™ — QT01f (0 / QT (2)dz
0

N 1— F(x)2 M MFX)*™ T+ @n-DF®*™ +1
1+ F(x) [1+ F(x)1?

Using QT (x) = F(x)"~! (since x > 67), this simplifies to

[1—Fx"QT ().

xf (%) 1—F(x)%"
T+ FWP? R gy

where v(x) =1 — nF(x)2"2 + (n — 1)F(x)?". Note that v(x) > 0 for all x <8 since v(#) =0 and V'(x) = —2n(n —
1DF(x)2"3[1 — F(x)2]f (x) < 0. Hence,

W/ (x) = —[1-F@"]F@®"!

W (x) <0 < xf(x) > )
v(x)

where p(x) =14+ F(x) — F(x)"™! —2F(x)" — F(x)"T1 + F(x)2"~1 4+ F(x)?". It is straightforward to verify that v(8) =V’ (9) =
(@) = ' (6) = 0. Applying I'Hospital’s rule twice yields
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lim “® lim 1—=DFX®" 2 —2nFx)" 1=+ 1DF®"+ 2n— HF(x)2"2 4 2nF(x)2"1
X8 V(X) _x_>9 —2n(n — DF(x)2"=3 4+ 2n(n — 1)F(x)2n—1
i E(x)
= l1m
x—g —2n(M —1)2n — 3)F(x)2"~4 4 2n(n — 1)(2n — 1)F (x)2"—2
=1

where £(x) = —(n— 1)(n —2)F(®)"3 —2n(n — HF (x)""2 — (n+ HnFx)"~ 1 + 2n — 1)(2n — 2)F (x)*" 3 + 2n(2n — 1)F(x)2” -2
and 5(9) =4n(n — 1). Since f(49) > 1/9 and because of the contmu1ty of f(x)x and w(x)/v(x), there is thus an X < 6 such
that W’ (x) <0 for all x € (%, ). Consequently, for x € [X, ), W(q¥) = W(x) > W(Q) =w@"). o

Proof of Theorem 1. In the main text. O
Proof of Corollary 1. In the main text. O

Proof of Lemma 3. Consider a contest implementable deterministic allocation q. By Lemma 1, there are direct score func-
tions o and a tie-breaking rule T such that q;(#) = p} (¢ (8)) for all # and i. As the allocation is deterministic, there is a
deterministic T with this property, and this t is thus lexicographic at each score. Note that T affects q on a set of type
profiles with positive measure only if the are two agents i and j such that P@i’gj [0i(6) =0j(0j)] > 0, that is, there is a
positive probability for a tie between i and j. We will now show that if ties occur with positive probabilities under o, then
the same allocation can also be represented with modified direct score functions ¢ under which ties occur with probability
zero.

Suppose the agents in M € N with |M| > 2 tie with positive probability at score r, and t(;r,r) =1 for permutation 7,
that is, i beats j in a tie at r if 7w (i) < 7w (j). As score r has positive probability for these agents, there are x; < y; for each
i € M such that o;(6;) =r for 6; € (xi, y;) and 0;(6;) #r for 6; ¢ [x;, yi]. Let £ > 0 and consider the modified direct score
functions ¢ where

i (6;) if 6; < x;, . o0 <1
6i@) =010 +m—me if6elxyl and &@p=3 2 )0 00
0i(6;) +ne if6; > yi iV iy =

for all i € M and all j ¢ M. Let the tie-breaking rule 7 be such that T(-,s)=1(,s) fors<r, (-, s)=1(,r) for s € [r,r+ne],
and 7(-,s) =t (-,s—ne) for s > r+ne. Observe that p (¢ ()) = p; (6 (0)) for almost all @, that is, the allocation represented
by 6 and 7 differs from q on a set of type profiles of measure zero. Moreover, the probability of a tie between agents with
types 6; € [x;, yi] is zero under 6.

Iteratively modifying the direct score functions as in the preceding paragraph at every score r where ties occur with
positive probability, we obtain direct score functions ¢ that represent an allocation almost identical to q and that result
in ties occurring with probability zero. Accordingly, the interim winning probabilities Q1,..., Q, can be represented with
6 and are independent of the tie-breaking rule almost everywhere: for each i € N, Q;(6;) = Py_,[max;.;i 6;(6) < 6i(6)] =
]_[#i F((%JT] (6i(6))) for almost all 9;, where 6;1 is a generalized inverse of ;. O
Proof of Lemma 4. We first establish a technical result that we will use to prove Lemma 4. The following lemma states
a generalization of Young’s inequality. It is a higher dimensional analogue of a result by Mitroi and Niculescu (2011) on
Young's inequality for nondecreasing functions. A related higher dimensional analogue is stated without proof in Mitroi and
Niculescu (2011, Remark 2.6). Given a nondecreasing function ¢;, let its generalized inverse be defined as ¢f1(5i) =inf{t; :

@i (ti) = si}.

Lemma A.1 (Young’s inequality). Let ¢;: [0, o0) — [0, o0) fori € {1, ..., n} be nondecreasing functions such that ¢;(0) = 0, and let
K: [0, 00)" — [0, 00) be a locally absolutely continuous function that is strictly positive almost everywhere. Then, for any tq, ..., t, >
0

$1(t1) $2(t2)  Pn(tn) n i) G1@7 D) dn(ey )

f1<(s)dsn...dszds152/ / f K(s)ds_; | dsi, (A.6)
i=1

0 0 0 =19 0 0

where ds_; denotes dsy, ... ds;+1dsi—1 ... dsy. Inequality (A.6) holds with equality if and only if t1 = t; for all i > 1.

Proof. Consider first n = 2. By Mitroi and Niculescu (2011, Theorem 2.3), we have for every nondecreasing function
g: [0, 00) — [0, 00) such that g(0) =0 and limy_,~ g(x) =cc and any t >0, c>0
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g c gl

t
/fl((x, y)dydng / K(x, y)dydx+/ f K(x, y)dxdy, (A7)
0 0

00 0 0

t ¢

with equality if and only if ¢ € [g(t—), g(t+)]. Given any nondecreasing functions ¢7, ¢> and t1,t; > 0, we can set g(x) =
o) (d)]_l(x)), t = ¢1(t1), and ¢ = ¢ (t2). Hence, (A.7) yields (A.6) for n = 2, with equality if and only if t; =t,.
We now prove inequality (A.6) for n > 2 by induction. Suppose (A.6) holds for i =n — 1. Let R(s1,...,sn_1) =

fg’"(t") K(s1,...,sp)dsy. Then (A.6) for n=n—1 and K implies

¢1(t1) $2(t2)  Pn(tn)

/ K(s)dsy ...dsadsq

0 o0 0
o176 1@ S gnltn)
/ K(s)ds, [ds_;, | ds;
0 0 0

=
|

_
hSe
=

IA
o—_®

o
=

Il
—_

$1@67 ) @ | en@ 6)

n—1 ¢i(ti)
= / / / / K(s)ds, [ds_;, | ds;
i=1 g 0 0 0
n1 G [ GG @ ED| gattn)

i / f / / K(s)dsp | ds_in | ds;
0 0 0 o (@' (51)
g G [ 1@ D) a7 i)

= / / e / K(s)ds_; | ds;
i=1 ¢

0 0
1 1 (A.8)
a1 Gt dn(tn) $1(d; " G0))  Pn-1(d; (i)

+ Z / / / / K(s)ds_;, | dspds;.
=10 g ) 0 0
Changing the order of integration in the summands on the last line gives
6it)  dnt) [ 1@7 D) b1 (i)
K(s)ds_; n | dsuds;
O (g (1) 0 0
In(tn) Bi(dn ) [ 167 ) b1 (87 (50))

= / / / cee / K(s)ds_; n | dsidsp

0 0 0 0
and therefore the sum becomes

nq i) dntn) [ S@TIGD) b @] 60

/ / / . / K(s)ds_; | dspds;
0

on (@7 (s1) 0 0
fnltn)| g Gi@n ) [ S broa @ (50)

:/ Z / f / K(s)ds_; , | ds; | ds.

0 =1 0 0
Now, applying (A.6) for fi=n — 1 with equality (as t; =-- - =tp,_1 = qb,j] (sn)), we get
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R R )
[]: / / K(s)ds_p.
0 0

Consequently, (A.8) is equal to the right-hand side of (A.6) for n. We thus have shown that (A.6) holds for n if it holds for
i=n-1. O

We are now ready to prove Lemma 4. According to Lemma 3, for every contest implementable deterministic allocation q,
there are nondecreasing functions o7, ..., oy such that Q;(6;) = ]_[]-#,- F(oj’l(a,-(ei))) for all i € N and almost all 6; € [0, 0].

Moreover, we can assume without loss of generality that ¢;(0) = 0 and ¢;(9) =& for some & > 0 for all i € N, as this affects
q only on a set of type profiles with measure zero. Then, W' can be written as

W<q)—Z/Q1(9,> 0i=do; = 2/0,(
0

where 01.4((71-(9,-)) € [0, 8] is well-defined since o;(0) =0 and o;(8) = & for each i € N. We now apply Young’s inequality.
For K(s) =2"""T]_, si, Lemma A.1 yields

(i (6)
—) 5d91 s (A9)

j#i

n %it)

_l n
FICEEDD / si<1'[¢>j(¢;1(s,-))2)dsi, (A10)
i=1

i=1 § i

with equality if t; =¢; for all i > 1. Let ¢; = oi’1 and t; = o for each i € N. Thus, (A.10) holds with equality and ¢;(t;) =
o0 1(6) =0, resulting in

oy / o[ Jo7 i6)dss. (A11)

i= 19 J#i

Using (A.11) in (A.9) yields W/(q) =6/2. O

Proof of Theorem 2. That a contest implementable deterministic allocation q maximizes W (q) if and only if E[Q;(6;)] =
1/n is shown in the main text. We are left to show that non-deterministic allocations q do not maximize W (q). By con-
tradiction, suppose the contest implementable non-deterministic allocation q°'* maximizes W, where we use the notation
introduced in Proposition 2. As q°°7 is non-deterministic, there must be a score r > 0 where with positive probability the
set of agents M C N with |M| > 2 tie at r for the highest score and the tie-breaking rule t is not deterministic at r. As in
the proof of Proposition 2, for i € M, let x; < y; be such that o;(6;) =1 if 6; € [x;, yi]. Let Qi(6;) = K; for 6; € [x;, yi].

As shown in the proof of Proposition 2, W(q®:%) is a convex function of (K;)jem, and choosing the tie-breaking rule at
r is equivalent to choosing (K;)icp from a convex set whose extreme points correspond to deterministic tie-breaking. Now,
since T is not deterministic at r, (Kj)jepm corresponds to a convex combination of at least two extreme points. Since q°-°
is optimal, these extreme points as well as all convex combinations of them maximize the expected winner’s effort. Let
(KDiem and (K[)ijem be two such extreme points, and let " and t” denote corresponding deterministic tie-breaking rules.
(If T is not deterministic at scores other than r, let at all those scores T/ and 7” be equal to each other, deterministic, and
such that they generate the same W as 7, which is possible by Proposition 2.) As q"*” are q‘”" are optimal deterministic
allocations, ]E[Q;”/(ei)] = E[Qf*f/’(ei)] =1/n for all i € N. Clearly, there is an agent i € M such that K] > K. But then

E[Q7 T )1 =E[Q™ @)1+ [F(yi) — F&x)I(K, — K/') > E[Q" (6], which is a contradiction. O
Proof of Lemma 5. In the main text. O
Proof of Theorem 1R. In the main text. O

Proof of Theorem 2R. A reserve-contest implementable allocation q maximizes W (q) if it is deterministic and maximizes
(15). Let Q; =E[Q;(6))] for each i, so that (15) divided by @ is equal to

Taking derivatives, we have for all j € N,
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W — = 1w PW
T=1—Q]—ZQ1, T2=—2, i=—1f0rj§ék.
0Q = 9Q 0Q;0Qk

It is straightforward to verify that W is strictly concave (the Hessian is negative definite). Hence, W and thus (15) is
maximized if and only if 9W/0Q ; =0 for all j, which has the unique solution Q ; =1/(n+ 1) for all j.

We are left to show that reserve-contest implementable non-deterministic allocations do not also maximize W. By
contradiction, suppose the reserve-contest implementable non-deterministic allocation q maximizes W, and let q be the
corresponding contest implementable allocation with n+ 1 agents as defined in Lemma 5. Let the direct score functions o
and the tie-breaking rule t be such that §;(-) = pl.r (o () for all i, and let 0* = 0y,+1(6p+1) for all 6,41 denote the constant
score of agent n+ 1. Because q is non-deterministic, there must be a score r > o* where ties occur with positive probability
and are randomly broken under 7. Now, note that the prize is withheld with positive probability under q because non-
deterministic contest implementable allocations are not optimal by Theorem 2. Hence, for the agents involved in a tie at r,
r cannot be their lowest possible score. But then, according to part (ii) of Proposition 2, replacing t with a deterministic
tie-breaking rule strictly increases W, which contradicts that q maximizes W. O
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