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Metallization and proximity superconductivity in topological insulator nanowires
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A heterostructure consisting of a topological insulator (TI) nanowire brought into proximity with a super-
conducting layer provides a promising route to achieve topological superconductivity and associated Majorana
bound states. Here we study the effects caused by such a coupling between a thin layer of an s-wave supercon-
ductor and a TI nanowire. We show that there is a distinct phenomenology arising from the metallization of states
in the TI nanowire by the superconductor. In the strong coupling limit, required to induce a large superconducting
pairing potential, we find that metallization results in a shift of the TI nanowire sub-bands (∼20 meV) as well
as it leads to a small reduction in the size of the sub-band gap opened by a magnetic field applied parallel to
the nanowire axis. Surprisingly, we find that metallization effects in TI nanowires can also be beneficial. Most
notably, coupling to the superconductor induces a potential in the portion of the TI nanowire close to the interface
with the superconductor; this breaks inversion symmetry and at finite momentum lifts the spin degeneracy of
states within a sub-band. As such coupling to a superconductor can create or enhance the sub-band splitting
that is key to achieving topological superconductivity. This is in stark contrast with semiconductors, where it
has been shown that metallization effects always reduce the equivalent sub-band splitting caused by spin-orbit
coupling. We also find that in certain geometries metallization effects can reduce the critical magnetic required
to enter the topological phase. We conclude that, unlike in semiconductors, the metallization effects that occur
in TI nanowires can be relatively easily mitigated, for instance, by modifying the geometry of the attached
superconductor or by compensation of the TI material.
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I. INTRODUCTION

Topological superconductors can host localized excitations
known as Majorana fermions, for instance, at their boundaries
or within vortices [1,2]. It has been argued that the non-
Abelian statistics and localized nature of Majorana fermions
make them promising candidates for quantum computation
[3–5]. One route to achieve topological superconductivity is
via the proximity effect in which a trivial s-wave supercon-
ductor induces a pairing potential in another material. For
instance, due to the proximity effect, a superconductor cou-
pled to the surface of a topological insulator (TI) can give rise
to a px + ipy superconductivity where Majorana bound states
(MBSs) are predicted to appear at the center of vortices [6–8].

Another proposed platform to achieve MBSs is a thin
nanowire of three-dimensional TIs with quantum confined
surface states [9]. When brought into proximity with a super-
conductor, as it has been shown theoretically, a topological
phase with a large extent in the parameter space can be
achieved in a TI nanowire, either when the superconducting
order parameter possesses a vortex [10]—essentially requiring
a full superconducting shell [11]—or without a vortex [12]—
requiring the breaking of inversion symmetry by, for example,
the application of a gate. Since a full superconducting shell is
not experimentally feasible in the near term, we will focus on
setups without a vortex in the order parameter.

In the past few years there has been substantial progress in
the growth of thin TI nanowire devices [9,13–21], including

the growth of bulk insulating devices in which the chemi-
cal potential can be tuned close to the Dirac point [22,23].
In TI nanowires several transport signatures of the quantum
confinement of surface states have been reported; previously
these consisted of conductivity oscillations [24,25] as a func-
tion of magnetic field or gate voltage [13–22]. Recently, a

FIG. 1. Heterostructure to generate MBSs in TI nanowires. A TI
nanowire (gold color) is brought into proximity with a superconduc-
tor (gray color). The chemical potential in the TI nanowire is adjusted
by means of a gate (red color) placed below the nanowire. Additional
gates (not shown) can be added to provide further control over the
uniformity of the potential in the nanowire. We consider two setups:
(a) the superconductor is placed only on the top of the nanowire and
(b) the superconductor has a horseshoe shape and is in contact with
three sides of the nanowire.
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nonreciprocal transport effect in bulk insulating nanowires
provided strong evidence not only for quantum confinement
of the surface states but also for the splitting of initially spin-
degenerate sub-bands that is predicted due to the breaking of
inversion symmetry by a nonuniform potential through the
cross-section of the nanowire [23]. This sub-band splitting is a
key element required to achieve MBSs without a vortex [12].

Given the substantial recent progress in TI nanowire fab-
rication, the experimental focus now turns to devices where
superconductivity is induced in the TI nanowire via the prox-
imity effect [26–33]. Such a device is shown in Fig. 1 where
the TI nanowire is strongly tunnel coupled to a thin layer
(∼10 nm) of superconductor. In semiconductors that possess
strong Rashba spin-orbit coupling—which have also been
predicted to host MBSs in certain circumstances [34,35]—the
full influence of the tunnel coupling to a superconducting
layer has previously been analyzed [36–43] and revealed that
a significant roadblock to achieving MBSs in semiconductors
is the metallization of the semiconductor by the supercon-
ductor. Metallization [37,38] is the process by which, when a
large pairing potential is induced in the semiconductor, other
properties of the semiconductor are renormalized toward the
values of the attached superconducting metal. Namely, it was
shown in Ref. [38] that inducing a pairing potential of the
order found in the parent superconductor (� ∼ �0)—referred
to as strong coupling—also results in a large sub-band-shift
(∼100 meV), a significant increase in the effective mass
(m∗ ∼ me), and a considerable reduction of the g factor and the
spin-orbit energy. In other words, a large proximity-induced
gap also results in a considerable reduction of the material
properties that made the semiconductor desirable for achiev-
ing MBSs in the first place.

In this paper we consider the impact of tunnel coupling
a thin layer of superconductor to a TI nanowire. Since a TI
is closer to a metallic state than a semiconductor and the
two-dimensional cross-section of a TI nanowire is funda-
mental to its nature, we can expect a unique impact of the
superconductor on the TI nanowire. Indeed, while we find
that TI nanowires undergo some similar metallization effects
to semiconductors in the strong coupling limit, the size of
the metallization effects is smaller than in semiconductors
[36–38]; for instance, we find a sub-band-shift ∼20 meV and
a small reduction in the gap induced by orbital effects from
a magnetic field parallel to the TI nanowire. Unlike in semi-
conductors, we find that metallization effects in TI nanowires
can actually be beneficial. For instance, in a semiconductor
the spin-orbit energy is reduced by the coupling to a super-
conductor; however, in a TI nanowire the sub-band splitting
energy can actually be created or enhanced in the strong cou-
pling regime since the superconductor provides an inversion
symmetry-breaking potential similar to that produced by a
gate. We also show that the superconducting gap is highly
momentum dependent for certain device geometries such that
the magnetic-field strength required to reach the topological
phase can be reduced due to metallization effects. Our findings
show that, unlike in semiconductors [38], metallization effects
in TI nanowires can be relatively easily mitigated and do not
pose as significant a roadblock to achieving MBSs.

The paper is organized as follows. In Sec. II we discuss
the main ingredients that are required to achieve topological

superconductivity in TI nanowires, as outlined in Ref. 12. In
Sec. III we present the tight binding model that we use to
investigate the coupling of a superconducting layer to a TI
nanowire. Sec. IV investigates the impact metallization effects
have on the features of a TI nanowire that are required to
achieve MBSs. This is done first without and then including
the effects of a nonuniform potential induced by a gate. Sec. V
outlines how the metallization in TI nanowires can be ex-
perimentally mitigated and also compares these metallization
effects to the equivalent effects that occur in semiconductor
devices. Finally in Sec. VI we discuss the wider implications
of our findings for the prospects of realizing MBSs in TI
nanowire devices.

II. TOPOLOGICAL SUPERCONDUCTIVITY
IN TI NANOWIRES

We begin by outlining the main ingredients that are re-
quired to achieve topological superconductivity and MBSs in
TI nanowires, further details can be found in Ref. [12]. The
heterostructure we consider is shown in Fig. 1. It consists of a
TI nanowire (gold color) that is tunnel coupled to a supercon-
ductor (gray color), the chemical potential in the TI nanowire
can be adjusted via a gate below the nanowire (red color).
The superconductor can either be attached only to the top of
the nanowire [Fig. 1(a)] or to multiple surfaces such as in a
horseshoe arrangement [Fig. 1(b)]. MBSs at the ends of the
nanowire can be generated in this setup when a magnetic-field
B applied parallel to the nanowire axis results in a topological
superconducting phase (see Fig. 2).

We first consider the TI nanowire when there is no tunnel
coupling to the superconductor. If, in addition, no gate voltage
is applied, the spectrum of the TI nanowire is given by [10,12]

ε�(k) = ±h̄v
√

k2 + (2π�/P)2, (1)

where � = ± 1
2 ,± 3

2 , . . . , v is the Fermi velocity, k is the
momentum along the wire, and and P is the perimeter of the
nanowire [see dashed gray line in Fig. 2(a)]. The spectrum
of Eq. (1) describes doubly degenerate sub-bands which are
equally spaced by ε0 = 2π h̄v/P as has been shown to hold for
many different TI nanowire cross-sections [11]. For instance,
the left panel of Fig. 3 shows the spectrum for a rectangular
cross-section without coupling to the superconductor (see next
section for details). Throughout this study we will consider a
rectangular cross-section – such a cross-section is produced,
for example, by etching MBE films [23]–although the met-
allization phenomena we find will be generally applicable to
any nanowire cross-section.

Applying a gate voltage, one induces a spatially nonuni-
form potential in the nanowire cross-section [12], μ(θ ) =
μ0 + δμ(θ ), where μ0 is the average of the potential and
δμ(θ ) = 2

∑∞
n=1 μn cos nθ is the nonuniform component,

with θ the polar angle within the nanowire cross-section. The
nonuniform component arises because the gate is located only
on one side of the nanowire. This nonuniform potential breaks
inversion symmetry and lifts the degeneracy of the sub-bands
at finite momentum k along the nanowire [see Fig. 2(a)]. For
a nonuniformity with components μn that are small compared
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FIG. 2. Topological superconductivity in TI nanowires: (a) The
low-energy spectrum of the TI nanowire consists of doubly degen-
erate sub-bands with opposite angular momenta � = ± 1

2 , ± 3
2 , . . .

(gray dashed line), these are equally spaced in energy by ε0 =
2π h̄v/P. Applying a gate voltage through the nanowire cross-
section lifts the inversion symmetry and thereby the degeneracy of
the sub-bands at finite momentum, inducing a net spin polarization
(indicated by red/blue color). (b) Due to primarily orbital effects, a
magnetic field, B, applied parallel to the nanowire opens a gap of
size 2δ at k = 0 leaving only a pair of (almost) helical modes at
the Fermi level when the chemical potential is within this gap. (c)
Setting the chemical potential to the sub-band crossing at k = 0. If,
in addition to the gating effects but in absence of a magnetic field, a
pairing potential � is induced in the TI – e.g. by tunnel coupling to
a superconducting layer – a superconducting gap opens. In general
this will be dependent on the momentum k with an interior gap �i at
k = 0 and exterior gap �e at finite momentum. (d) As the strength of
the parallel magnetic field is increased, the interior gap �i closes
(indicated by the gray line) and then reopens with opposite sign,
indicating the transition to a topological superconducting phase and
within this phase well-localized MBSs can appear at the ends of the
TI nanowire [12].

to the sub-band spacing the spectrum becomes [12]

ε±
� (k) ≈ ε�(k) ± μ2�k√

k2 + (2π�/P)2
+ μ0, (2)

where we have used the original angular momenta � > 0 to
label the split sub-band pair. As such the presence of the
nonuniform chemical potential results in a sub-band splitting
with an energy scale Eso ≈ μ2

2�/(2�v/R) [see Fig. 2(a)]. Note
that the nonuniform component of the chemical potential
δμ(θ ) does not alter the energy of the states at k = 0 and they
are only shifted by the average of the gate-induced potential
μ0, this effect is associated with Klein tunnelling.

A magnetic field, B, applied parallel to the nanowire –
indicated by the black arrow in Fig. 1 – opens a gap of
size δ ≈ hv|ϕ|/P at k = 0 primarily due to orbital effects,
where ϕ = 
/
0 is the magnetic flux 
 = BA⊥ (here A⊥

FIG. 3. Tunnel coupling a TI nanowire to a superconductor:
Setup: Superconductor only on top of the TI nanowire [Fig. 1(a)]
as well as we set the pairing potential to zero, �0 = 0. (a) Left: sub-
bands of TI nanowire (blue lines) and of superconducting layer (gray
bands) with no tunnel coupling. The sub-bands of the TI are doubly
degenerate and equally spaced (for our parameters ε0 ≈ 22 meV).
Right: A finite tunnel coupling induces an effective shift in the chem-
ical potential close to the top of the nanowire and results in a shift of
the TI nanowire sub-bands and, in addition, the nonuniformity of the
potential causes a splitting of these sub-bands at finite momentum.
The sub-bands of the superconductor remain largely unchanged. (b)
The probability density |ψ |2 of the state corresponding to the sub-
band crossing at k = 0 for a finite coupling tc = 0.2ts. The color code
indicates the square modulus of the wave function. Despite the tunnel
coupling to the superconductor, the state in the TI is equally localized
at the top and bottom of the nanowire and a portion of the wave func-
tion is located in the superconductor – this portion is distinguishable
by the small wavelength oscillations in the superconductor. (c) The
same as in the panel (b) but for the state at finite Fermi momentum
kF where the chemical potential μ0 is kept at the sub-band-crossing
point. This finite momentum state is localized to top of the nanowire
due to the potential induced by the superconductor, similar to the
effect of a back-gate. Remaining model parameters are the same for
all plots (see Sec. III).
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is the cross-sectional area of the nanowire) in units of the
fundamental flux quantum 
0 = h/e. If the chemical potential
lies within this magnetic-field-induced gap it leaves only a
pair of (almost) helical modes [44–46] at finite Fermi mo-
menta [see Fig. 2(b)].

When the TI nanowire is brought into proximity with an
s-wave superconductor, a pairing potential �(ϕ) is induced in
the TI. It should be noted that in general the induced pairing
potential is momentum dependent (see Fig. 2). In particular, as
a result of a nonuniform potential, the wavefunctions of states
close to k = 0 are more uniformly distributed around the
nanowire perimeter than states at large momenta (see below).
As a result of these differently localized wavefunctions we
can identify two gaps in the spectrum of the resulting energy
spectrum: An interior gap �i at k = 0 and an exterior gap
�e at large momenta [see Fig. 2(c)]. If in addition to the
proximity-induced pairing, a magnetic field is applied along
the nanowire, then a topological superconducting phase can
be achieved when [12]

δ2 > �2
i (ϕ = 0) + μ2, (3)

where μ is measured from the sub-band crossing point at
k = 0. Within this topological phase MBSs appear at the ends
of the TI nanowire, due to both the large sub-band-splitting
energy Eso and ease of opening a field-induced gap δ(ϕ) the
phase space for MBSs can be exceptionally large (∼20 meV).

The key features of TI nanowires that enable a large topo-
logical superconducting phase are the large splitting energy
due to a nonuniform potential Eso ∼ ε0 ∼ 20 meV and the
field-induced large gap due to orbital effects δ(ϕ) ∼ 3 meV/T
(equivalent to a g factor g ∼ 100). However, in the limit of
strong coupling between TI and superconductor it can be
expected that metallization effects on the TI nanowire due
to the superconductor will modify these desirable properties.
In the remainder of this manuscript we will investigate the
impact of these metallization effects in the strong coupling
regime and the challenge they pose to achieving a topological
superconducting phase in the TI nanowire.

III. MODEL

To model the superconducting proximity effect and metal-
lization effects in the setup shown in Fig. 1, we use a tight
binding model with translational invariance along the length
of the system (y direction in Fig. 1) such that the momentum k
parallel to the nanowire remains a good quantum number [38].
The total Hamiltonian of the coupled superconductor and TI
nanowire can therefore be written as H = ∑

k Hk , where for
each k we define

Hk = HTI
k + HSC

k + Hc
k , (4)

where HTI
k is the Hamiltonian of the TI nanowire, HSC

k is
the Hamiltonian of the superconductor, and H c

k describes the
tunnel coupling between TI nanowire and superconductor.

To model the TI we use the BHZ Hamiltonian [47–49] on
a square lattice with a rectangular cross-section, such that

HTI
k = 1

2

N,M∑
n=1
m=1

c†
n,m,k ·

{
M(k)τz + A

a
sin(ka)τxσx

}
cn,m,k

+
N−1,M∑

n=1
m=1

{
c†

n+1,m,k ·
{ B

a2
τx + iA

2a
τxσz

}
eiφx

m cn,m,k

}

+
N,M−1∑

n=1
m=1

{
c†

n,m+1,k ·
{ B

a2
τx + iA

2a
τy

}
eiφz

n cn,m,k

}

− 1

2

N,M∑
n=1
m=1

μn,mc†
n,m,k · cn,m,k + H.c., (5)

where M(k) = M0 − 2B[cos(ka) − 3]/a2. Here c†
n,m,k =

(c†
+,↑, c†

−,↑, c†
+,↓, c†

−,↓)n,m,k is a 4-vector, where c†
+(−),↑(↓)

describes the creation of an electron + (hole −) with spin
↑ (↓) on site (n, m) in the cross-section and with momentum
k along the nanowire. The influence of a gate will be modeled
by the local potential μn,m. Throughout we choose the lattice
constant a = 1.5 Å such that the rectangular cross-section is
of width w = (N − 1)a and height h = (M − 1)a with
M = 100 and N = 200, which means that the nanowire
cross-section is approximately of dimension 30 nm × 15 nm.
Orbital effects due to the magnetic field parallel to the
nanowire, which open a gap at k = 0, are taken into account
through the Peierls phases φx

m = aπ
hw

[aM − (h + 1)/2] and
φz

n = aπ
hw

[aN − (w + 1)/2]. For clarity and simplicity we
chose BHZ model parameters that are isotropic along all
three axes, but such that they are consistent with Bi2Se3

[49], namely, A = 3.3 meV Å, B = 44.5 meV Å2, and
M0 = −280 meV. Note that the finite extent of the wave
function into the bulk of the nanowire means that the effective
perimeter P of the TI nanowire spectrum, Eq. (1), is smaller
than this. As such we define the sub-band spacing ε0 using
the gap between the sub-bands closest to the charge neutrality
point of the BHZ model (see left panel of Fig. 3).

The Hamiltonian of the superconductor is given by [38]

HSC
k =

∑
n,m,σ

{2ts[3−cos(ka)]−μs}b†
n,m,k,σ

bn,m,k,σ

− ts

⎡
⎢⎣

∑
〈n,n′〉
m,σ

b†
n′,m,k,σ

bn,m,k,σ +
∑

〈m′,m〉
n,σ

b†
n,m′,k,σ

bn,m,k,σ

⎤
⎥⎦

+
∑
n,m

(�0b†
n,m,k,↑b†

n,m,−k,↓+�∗
0bn,m,−k,↓bn,m,k,↑), (6)

where b†
n,m,k,σ

and bn,m,k,σ are the corresponding creation and
annihilation operators for the electrons in the superconductor,
respectively, σ =↑,↓ the spin values of the electrons along
the quantization axis and where we choose the lattice constant
of the superconductor, a = 1.5 Å, to be the same as that used
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FIG. 4. Metallization and proximity superconductivity in a TI nanowire: Setup: Superconductor is placed only on top of the TI nanowire
[see Fig. 1(a)] and pairing potential �0 = 1.5 meV. (a) The energy ε�(k = 0) for the four sub-bands closest to the Dirac point as a function
of tunnel coupling tc. We observe a sub-band shift up to ∼20 meV, which is dependent on the sub-band index �. (b) Evolution of the
superconductor-induced sub-band splitting as a function of tunnel coupling tc. This is parameterized by the splitting energy Eso and splitting
momentum kso (see Fig. 2). In the very strong coupling regime (tc/ts ∼ 0.25) we find Eso ∼ 4 meV and splitting lengths lso ≡ 1/kso ∼ 25 nm.
(c) Dependence of magnetic-field-induced gap δ on tunnel coupling tc. The magnetic-field-induced gap δ(ϕ) is calculated using the gap at
k = 0 in the presence of a small flux ϕ = 10−4. The overall behavior shows a small reduction in the size of δ(ϕ) with larger reductions
occurring when the TI states at k = 0 are very close in energy to a sub-band of the superconductor and as a result strongly hybridize with it
[for example, at tc/ts = 0.2; see also similar features the panel (e)]. (d) Spectrum of the TI nanowire with the chemical potential tuned to the
sub-band crossing at k = 0 for a finite tunnel coupling tc = 0.15ts. As outlined in Sec. II, the interior and exterior proximity-induced gap, �i

and �e, respectively, stem from the pairing potential �0 inside the superconductor. These gaps are dependent on momentum due to the fact
that the wave functions corresponding to large momenta are more strongly localized close to the top surface of the TI nanowire (see Fig. 3). (e)
Evolution of the interior (blue) and exterior (red) gap as a function of tunnel coupling tc. The sizes of �i and �e are considerably different in
the strong coupling regime where the sub-band-splitting due to the coupling with the superconductor is largest. Remaining model parameters
are the same for all plots (see Sec. III).

in the BHZ model for the TI (see above). We consider different
shapes and heights of superconductors, therefore the sums
run over all sites (n, m) of the superconductor and 〈n, n′〉
indicates a sum over nearest-neighbor sites. For numerical
simplicity we do not model any specific superconductor, how-
ever, throughout we use parameters which give reasonable
electronic properties compared to those found in, for exam-
ple, niobium or vanadium. Namely, we choose the hopping
ts = 4 eV and set the chemical potential in the superconductor
to μs = 0.5ts, this corresponds to an effective mass m∗

s =
h̄2/(2tsa2) ≈ 0.43 me and Fermi velocity vsc

F = √
2μ/m∗ ≈

1.8 × 106 m/s.
Finally, the tunneling between the TI and superconductor is

described by hopping from sites on either side of the interface
between the two subsystems, these sites are denoted by 〈i, j〉.
The coupling Hamiltonian between TI and superconductor is
therefore given by

Hc
k = −tc

∑
n,σ,η
〈m′,m〉

b†
n,m′,k,σ

cn,m,k,η,σ

− tc
∑

m,σ,η
〈n′,n〉

b†
n′,m,k,σ

cn,m,k,η,σ + H.c., (7)

where η = ± denotes the particle/hole degree of freedom
of the BHZ model. As such, the hopping between adjacent
sites preserves spin but otherwise the coupling tc is isotropic

between the degrees of freedom of the TI and those of the
superconductor.

IV. METALLIZATION EFFECTS

To begin we consider a setup with the superconductor
only on top of the TI nanowire as shown in Fig. 1(a). We
will discuss the potential advantages of the horseshoe-shaped
superconductor shown in Fig. 1(b) in the next section.

A. Effect of tunnel coupling to superconductor

We first consider the impact of coupling the superconduc-
tor to the TI nanowire in the absence of nonuniform potential
generated by an applied gate voltage. The TI nanowire energy
spectrum for a finite coupling tc is shown in Fig. 3; the most
notable features are a sub-band shift similar in size to the
sub-band spacing ε0, a sub-band-splitting at finite momenta,
and a renormalization of Fermi velocity.

As shown in Fig. 3, there is sub-band shift when the su-
perconducting layer is coupled to the TI nanowire, similar to
the sub-band shift previously investigated in semiconductors.
This sub-band shift is most easily quantified by considering
the change of the sub-band energy at zero momentum, ε�(k =
0). The full dependence of this shift in ε�(k = 0) with respect
to the tunnel coupling tc is shown in Fig. 4(a). We find that
this shift reaches values of the order of the sub-band spacing
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ε0 ∼ 20 meV for realistic parameters, which is smaller than
the effect in semiconductors [38]. We also observe that the
shift of the sub-bands is always n type and is strongly depen-
dent on the sub-band index � > 0.

Possibly the most striking feature of Fig. 3 is the sub-band
splitting resulting from the coupling to the superconductor.
As discussed in Sec. II, a nonuniform potential through the
nanowire cross-section can induce such a sub-band splitting.
Above we considered a nonuniformity created due to gat-
ing; however, the potential resulting from a superconductor
attached to only one side of the nanowire also results in a
sizable nonuniform potential with the effect largest close to
the interface. As a result, the coupling to a superconduc-
tor by itself results in a sub-band splitting of size Eso. The
evolution of the splitting energy as a function of increasing
coupling strength tc is shown in Fig. 4(b). Additionally, since
for small momenta only the average of the potential induced
by the superconductor, μ0, results in a sub-band shift, the large
nonuniformity of the potential also partially explains why the
overall sub-band shift (discussed above) is smaller compared
to that found in semiconductors.

The size of the field-induced gap at k = 0, δ(ϕ), is also
modified by the tunnel coupling to a superconductor. As
shown in Fig. 4(c) it is renormalized down and substantial
reductions occur when the crossing point at k = 0 coincides
with the bottom of sub-band of the superconductor [resulting
in the dips shown in Fig. 4(c)]. We find that the size of the
gap is directly proportional to the weight of the TI state in the
superconductor.

Moving now to the discussion of the size of the proximity-
induced pairing potential � in the TI nanowire, in Fig. 4(d) we
analyze the typical spectra for the chemical potential tuned to
the sub-band crossing point at k = 0. We see that the size of
the resulting superconducting gap is k dependent leading to an
interior gap �i close to k = 0 to be of different size compared
with the exterior gap �e. The reason for the momentum-
dependent gap stems from the fact that finite momenta states
are more localized at the top of the TI compared with the
states near k = 0 (see Fig. 4) and therefore states at large
finite momenta couple more efficiently to the superconductor
(note that if a gate voltage is applied, the opposite effect
can occur; see below). When the chemical potential is tuned
close to the sub-band crossing point of the lowest sub-band,
this momentum dependence can reduce the magnetic-field
strength required to achieve the topological superconducting
phase, in accordance with the topological phase-transition
criterion defined in Eq. (3). This is a useful effect as it helps
to reduce the detrimental impact of the magnetic field on
the parent superconductor itself. In addition to this overall
behavior, an additional enhancement of the proximity-induced
pairing potential occurs due to the increase in hybridization
that occurs when the TI states at the Fermi level are very close
in energy to equivalent states in the superconductor [37]; these
additional features depend strongly on the exact parameters of
the system, explaining features seen in Figs. 4(c) and 4(e).

B. Impact of gating

We now consider the interplay of gating and metallization
effects. As discussed in Sec. II, the application of a gate breaks

FIG. 5. Tunnel coupling of a gated TI nanowire to a supercon-
ductor. Setup: The superconductor only on top of the TI nanowire
[Fig. 1(a)] as well as we set the pairing potential to zero, �0 = 0.
Left: Gating the nanowire induces a nonuniform chemical poten-
tial through the cross-section modeled here by ±δμ(z) = ∓2ε0z/h.
Center: If the potential induced on the top of the nanowire by a
finite tunnel coupling between the TI and the superconductor has the
same sign as that induced by the gate then the sub-band splitting
is enhanced by the presence of the superconductor. Right: If the
potentials induced by the gate and by the superconductor compete
then the sub-band splitting is reduced. Remaining model parameters
are the same for all plots (see Sec. III).

inversion symmetry which lifts the degeneracy of sub-bands
at finite momenta and results in a splitting of the sub-bands
with individual states localized close to or far from the gate,
depending on the sign of the applied gate voltage (see Fig. 5,
far left panel).

As discussed above, the induced potential at the interface
with the superconductor can result in a similar localization of
the states on one surface of the TI nanowire and associated
splitting of the TI nanowire sub-bands. To model this we use
a potential which varies in the vertical (z direction) through
the TI nanowire cross-section such that ±δμ(z) = ∓2ε0z/h
with z measured from the center of the nanowire. We choose
this form for nonuniform potential due to the fact that the gate
is positioned below the TI nanowire, although we note that it
was previously shown that the induced sub-band splitting is
not strongly dependent on the exact shape of the gate-induced
nonuniform potential δμ(z) (see Ref. [12]). We find that the
interplay between the gate voltage and the potential arising
from the superconductor can either enhance or reduce the size
of the sub-band splitting, Eso, depending on the relative sign
of the induced potentials from the gate and superconductor;
see Fig. 5. If the sign of the nonuniform potential induced by
the gate and by the superconductor on the surface adjacent
the superconductor are opposite the total sub-band splitting is
reduced; however, if the signs are the same the sub-band split-
ting is enhanced. We note that this is in strong contrast with
semiconductors, where the equivalent sub-band splitting due
to spin-orbit coupling is a materials property and is therefore
reduced by metallization effects [38]. A plot of this splitting
energy as a function of the tunnel coupling strength tc is shown
in Fig. 6(a) for both signs of gate-induced potential.

The impact the nonuniform potential, δμ(z), arising due
to gating on the induced pairing potential, �, is shown in
Fig. 6(b). Here the chemical potential is kept at the sub-band
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FIG. 6. Impact of gating on metallization and proximity super-
conductivity in a TI nanowire. Setup: The superconductor only on
top of the TI nanowire [Fig. 1(a)] and pairing potential is fixed to
�0 = 1.5 meV. Left column: Impact of a gate-induced nonuniform
potential modeled by +δμ(z) = −2ε0z/h. Right column: Impact of a
gate-induced nonuniform potential modeled by −δμ(z) = +2ε0z/h.
(a) Evolution of the sub-band splitting energy, Eso, and splitting
momentum, kso, as a function of tunnel coupling tc. Depending on the
relative sign of the gate-induced potential and the potential arising
from the coupling to the superconductor, the sub-band splitting can
be either enhanced or diminished (see Fig. 5). (b) Spectra of the TI
nanowire with the chemical potential tuned to the sub-band crossing
at k = 0 for a finite tunnel coupling. The interior gap �i is similar
for both signs of gate-induced potential; however, the exterior gap �e

depends strongly on the gate potential. In particular we find a negli-
gibly small exterior gap when the gate- and superconductor-induced
nonuniform potentials compete (right column). (c) Evolution of the
interior (blue) and exterior (red) gaps [defined in panel (b)] as a func-
tion of tunnel coupling. When the gate-induced nonuniform potential
localizes the TI wave functions at the bottom of the nanowire cross-
section (right panels) and thus reducing the overlap with the bulk
superconductor, a sizable exterior gap only appears in the spectrum
at the values of tc for which also Eso ≈ 0; in other words, when the
nonuniform potential induced by the superconductor cancels out the
gate-induced potential. Remaining model parameters are the same
for all plots (see Sec. III).

crossing point at k = 0 of the lowest sub-band. While the
interior gap �i is similar in magnitude for both signs of
gate potential, the exterior gap �e differs dramatically. Strik-
ingly, a negligibly small exterior gap is present when the gate
and superconductor-induced potentials compete [−δμ(z)],
whereas when the potentials complement each other [+δμ(z)]
the exterior gap is much larger than the interior gap in the

strong coupling regime. This difference in exterior gap oc-
curs because the gate-induced nonuniform potential localizes
states at finite momentum either on the top of the nanowire
cross-section [+δμ(z)] or on the bottom [−δμ(z)] of the
cross-section, resulting in a stronger [+δμ(z)] or weaker cou-
pling [−δμ(z)] to the superconductor; see also Figs. 2(b) and
2(c). Finally, in Fig. 6(c), we demonstrate the evolution of
the interior and exterior gaps as a function of the tunnel cou-
pling tc. When the gate-induced and superconductor-induced
nonuniform potentials complement each other, the evolution
of the induced gap � is similar to that of the ungated nanowire
[left panel of Fig. 6(c)], while when the potentials compete,
the exterior gap �e is negligible up to the tunneling strengths
at which Eso ≈ 0 [right panel Fig. 6(c)].

V. EXPERIMENTAL CONSIDERATIONS AND
COMPARISON WITH SEMICONDUCTORS

A. Metallization effects

In the previous section we saw that a strong tunnel coupling
between a superconducting layer and a TI nanowire leads to
a shift and splitting of the TI nanowire sub-bands as well as
a reduction of the size of the possible gap δ(ϕ) opened by
orbital effects when a magnetic field is applied parallel to
the nanowire. In this section we will consider the challenges
posed by and possible mitigations of these effects possible
in experiments. The main criteria for achieving MBSs in
TI nanowires are (1) a large exterior gap �e ∼ �0; (2) the
ability to tune the chemical potential close to the sub-band
crossing; (3) a large splitting energy Eso such that helical
modes cross the Fermi level at large finite momentum; (4) a
magnetic-field-induced gap δ(ϕ) which can exceed the size of
the interior superconducting gap �i at field strengths lower
than the critical field of the superconductor, such that the
topological criterion in Eq. (3) can be satisfied.

We first note that our results show that, unlike in semi-
conductor nanowires, metallization effects in TI nanowires
pose a more limited experimental challenge to the ability to
fulfill the requirements for topological superconductivity. For
instance, in the strong coupling limit � ∼ �0, the sub-band
shift (∼20 meV) found in TI nanowires is smaller than that
found in semiconductors (∼100 meV). A shift of this size can
relatively easily be mitigated by an applied gate voltage [22]
or a change of the compensation of the TI material during
growth [50,51].

Further, as long as one is careful about the sign of the
applied gate voltage or uses a horseshoe geometry (see be-
low), in the strong coupling limit a large splitting energy Eso

is maintained and even enhanced by metallization effects in TI
nanowires. The main reason stems from the fact that the split-
ting energy in TI nanowires is induced externally and is not
a material property. This presents a significant benefit of a TI
nanowire compared with a semiconductor with strong Rashba
spin orbit coupling since, unlike in TI nanowires, the sub-band
splitting due to spin-orbit coupling in a semiconductor will
always be renormalized by the smaller spin-orbit effects of
common superconductors. The tunability of the splitting en-
ergy in TI nanowires also makes it possible to further mitigate
the effects of the superconductor by simply inducing a large
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or smaller nonuniform potential; this is not possible in semi-
conductor nanowires. If required, this additional tunability
could be achieved, for example, by the addition of a top gate
[52,53] which would provide a more independent tuning of the
average chemical potential μ0 and the nonuniform potential
δμ(θ ). Note that such dual gate device could also make it
easier to ensure a large exterior gap (see below).

Finally, the reduction of the magnetic-field-induced gap
δ(ϕ) is also a relatively minor problem in TI nanowires. This
is because δ(ϕ) is primarily created by orbital effects and
therefore the size of the effective g factor (before metalliza-
tion) is huge, for example, the 30 nm × 15 nm TI nanowires
considered here have an effective g factor ∼100. Further, if
desired, the reduction of δ(ϕ) can be offset relatively easily
simply by utilizing a nanowire with a larger cross-section.
This is in stark contrast with semiconductor nanowires where
the g factor (in the Zeeman term) has a very limited tunability
if one wants to offset metallization effects.

B. Geometry of superconductor

A significantly smaller interior gap �i than exterior gap
�e—as found when the nonuniform potential from the su-
perconductor and from the gate complement each other—is
preferable since it reduces the field required to reach the
topological phase as defined in Eq. (3). Nonetheless, in the
previous section, we also found that inducing an exterior gap
�e ∼ �0 at all momenta is not always possible; see Fig. 6.
The main reason for this is that a large superconducting
pairing term is only strongly induced for states in the TI
nanowire that have a sizable probability density adjacent to
the superconductor. This presents a limitation to the versatility
of devices with a superconductor on only one side of the
TI nanowire [as shown in Fig. 1(a)] since the applied gate
voltage must always induce a nonuniform potential that for
large momenta localizes the states to the top of the nanowire
cross-section; this is only easily achievable for all chemical
potentials in a dual gate device [52,53].

If one wants to ensure that a sizable exterior gap �e is
always present, regardless of the nonuniform potential, it is
better to attach the superconductor to more than one side of
the TI nanowire. To highlight this, we have also considered
a horseshoe superconductor geometry [shown in Fig. 1(b)]
where the superconductor is attached to the top and side
surfaces of our rectangular TI nanowire cross-section. The
potential advantages of a horseshoe geometry are shown in
Fig. 7. Namely, as in Fig. 7(a), we see that the superconductor
now couples to the sides of the nanowire and that the TI wave
function at finite momentum is now localized on all three sides
of the nanowire cross-section. As a result, a sizable exterior
gap �e is induced regardless of the sign of the applied gate
voltage due to the bottom gate [see Fig. 7(b)], although it
should be noted that a weak momentum dependence of the
induced gap is still visible even in this setup.

C. Height dependence

Another important effect arises from the finite height of the
superconducting layer. Similar to semiconductor nanowires

FIG. 7. Potential advantages of a horseshoe superconductor. The
superconductor covers multiple surfaces of the TI nanowire [see
Fig. 1(b)] with a thin side layer of thickness of 3 nm and �0 =
1.5 meV. (a) Typical probability density profile of the wave function
of a TI state at finite momentum for tunnel coupling tc = 0.15ts. The
wave function is localized on all surfaces of the TI nanowire that are
connected to the superconductor. (b) Spectra of the TI nanowire with
the chemical potential tuned to the sub-band crossing at k = 0 for a
finite tunnel coupling tc. The size of the interior gap �i stays almost
the same independent of gating. In addition, a sizable exterior gap
is induced regardless of whether a gate voltage is applied or not; as
well, the sign of the applied gate voltage does not affect the strength
of the superconducting proximity effect. In contrast with that, the size
of the sub-band splitting strongly depends on the gating. Remaining
model parameters are the same for all plots (see Sec. III).

[37,38], the relative energy between the sub-bands within
the superconducting layer and the TI nanowire sub-bands
strongly impacts metallization and proximity effects. In par-
ticular, properties induced by the superconductor in the TI can
be expected to oscillate as a function of the layer height h
depending on whether the superconducting states at k = 0 are
or are not close in energy to the TI nanowire states at k = 0;
when they are close in energy, this results in a resonance
behavior (see Ref. [37] for further details). As a result the os-
cillations as a function of height occur with a period set by the
Fermi wavelength of the superconductor, which determines
the energy distance between SC sub-bands; see Fig. 3(a). For
instance, this is shown in Fig. 8 for the interior gap �i. The
oscillations occur with a period set by the Fermi wavelength
of the superconductor λs (for our parameters λs ≈ 0.9 nm).
Although, due to disorder, one will observe some averaging of
this effect; the oscillations of the TI nanowire properties due
to small changes of layer thickness will likely make devices
with consistent properties difficult to fabricate.
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FIG. 8. Dependence of interior gap �i on superconductor layer
height h. Setup: The superconductor only on top of the TI nanowire
[Fig. 1(a)]; pairing potential is fixed to �0 = 1.5 meV, tunnel cou-
pling tc = 0.2ts, and no gating effects are included. Changing the
finite height h of the superconducting layer, we find that the size
of proximity-induced gap and metallization effects oscillate with a
period set by the Fermi wavelength of the superconductor λs (for our
parameters λs ≈ 0.9 nm). Remaining model parameters are the same
for all plots (see Sec. III).

VI. DISCUSSION

We have investigated the impact of tunnel coupling a su-
perconducting layer to a TI nanowire. In the strong coupling
regime, where the proximity-induced pairing potential is of
the order of that found in the parent superconductor, we found
a distinct phenomenology associated with the metallization
effects due to the tunnel coupling. Although we find a sub-
band shift similar in size to the TI nanowire sub-band gap
∼20 meV and a reduction of the magnetic field-induced gap
δ(ϕ), these metallization effects are considerably smaller than
the equivalents in semiconductors and can be mitigated rela-
tively easily by gating or compensation. We also found that,
in certain scenarios, metallization effects can actually be ben-
eficial for inducing a topological superconducting phase; for

instance, the sub-band splitting associated with the breaking
of inversion symmetry by an applied gate voltage can actually
be enhanced by a similar potential arising at the interface
between the TI nanowire and the superconductor.

While metallization effects in TI nanowires do pose some
experimental challenges, we have shown that these can be
largely mitigated during the device fabrication phase and
do not present a significant roadblock to realizing MBSs.
When compared with semiconductors, the reduced impact of
a superconductor on the ability for a TI nanowire to realize
topological superconductivity is a significant benefit, espe-
cially given recent developments in device fabrication and
improvements of superconductor-TI interfaces [9].

The main remaining experimental challenge to achieve
topological superconductivity and associated MBSs in TI
nanowires is disorder. For instance, it remains an open ex-
perimental question whether disorder, in particular charged
impurities in the bulk of TI nanowires [54–59], will allow
current TI nanowires to produce devices that can reliably
and reproducibly realize MBSs. That said, the presence of a
superconductor should help screen charged impurities, and the
large topological phase space for MBSs reduces constraints
imposed by disorder. Nonetheless, the reduced metallization
effects studied here and the large scope for further improve-
ments of TI materials make TI nanowires a very competitive
platform to realize MBSs in the near term.
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