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Coupled superconducting spin qubits with spin-orbit interaction
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Superconducting spin qubits, also known as Andreev spin qubits, promise to combine the benefits of super-
conducting qubits and spin qubits defined in quantum dots. While most approaches to control these qubits rely
on controlling the spin degree of freedom via the supercurrent, superconducting spin qubits can also be coupled
to each other via the superconductor to implement two-qubit quantum gates. We theoretically investigate the
interaction between superconducting spin qubits in the weak tunneling regime and concentrate on the effect of
spin-orbit interaction (SOI), which can be large in semiconductor-based quantum dots and thereby offers an
additional tuning parameter for quantum gates. We find analytically that the effective interaction between two
superconducting spin qubits consists of Ising, Heisenberg, and Dzyaloshinskii-Moriya interactions and can be
tuned by the superconducting phase difference, the tunnel barrier strength, or the SOI parameters. The Josephson
current becomes dependent on SOI and spin orientations. We demonstrate that this interaction can be used for
fast controlled phase-flip gates with a fidelity >99.99%. We propose a scalable network of superconducting spin
qubits which is suitable for implementing the surface code.

DOI: 10.1103/PhysRevB.106.115411

I. INTRODUCTION

Superconducting qubits [1–3] and spin qubits [4–9] are
promising candidates to build a quantum computer, as they
can be scaled up using the fabrication techniques of the
semiconductor industry. While superconducting qubits are
experimentally more advanced, they typically have a macro-
scopic size (∼0.1 mm [10]). Spin qubits, on the other
hand, show long coherence times [11] and are very compact
(∼50 nm [9]), but the small size poses a challenge to incorpo-
rate all the gates needed to control the spins individually.

Recently, superconducting spin qubits [12–15], also known
as Andreev spin qubits, have become a growing research field
which combines the concepts of superconducting qubits and
spin qubits. For this, a quantum dot is placed in a Joseph-
son junction where the normal part hosts the subgap bound
states, the Andreev bound states [16,17]. The odd-occupancy
Andreev bound states define a spin qubit that couples to the
supercurrent [12].

While superconducting spin qubits can be coupled to
each other through the superconducting current (“inductive
coupling”) [12], another way of coupling is by effective wave-
function overlap. When two quantum dots couple to the same
superconductor at a distance smaller than the superconducting
coherence length (∼0.7 μm [18]), spins located on these dots
interact isotropically via Cooper pairs that split [19–23]. This
length scale is significantly longer than the direct exchange
of regular spin qubits (∼50 nm [9]), which makes it easier to
add control and readout components. Furthermore, coupling
through overlap [24] is tunable by the superconducting phase
difference [19] and may allow for a more complex qubit

*These two authors contributed equally to this work.

connectivity, as discussed below. Importantly, in contrast to
inductive coupling, which is quadratic in spin-orbit interaction
(SOI) strength [13], our spin coupling does not vanish in
the absence of the SOI. Experimentally, directly overlapping
Andreev bound states have been demonstrated in experiments
on so-called Andreev molecules [25–28], where the coupling
is so strong that two Andreev bound states hybridize [29,30].
The coupling mechanism is based on crossed Andreev pro-
cesses, very similar to Cooper pair splitters [31–37]. These
recent experiments provide strong motivation for the setup
proposed here.

The main aspect we wish to analyze here is how SOI [38]
affects the exchange interaction between superconducting
spin qubits. SOI is a desired property of the quantum dot:
superconducting spin qubits in their initial proposal require
SOI to control the spin degree of freedom via the supercur-
rent [12,13,15,39]. But also, regular spin qubits need SOI to
perform single-qubit rotations via electric dipole spin reso-
nance (EDSR) [6,40], which allows for all-electrical control.
In any case, SOI will likely be present in semiconductor
devices and can even be tuned with gates [41–52], adding
a further control parameter. We here want to answer the
following questions: How does the SOI affect the effective
interaction between superconducting spin qubits? Can this
effect be used to implement efficient quantum gates?

We derive a low-energy spin Hamiltonian and find that
the SOI induces some “twists” in the otherwise isotropic
exchange interaction, which results in not only Heisenberg,
Ising, and Dzyaloshinskii-Moriya (DM) interactions [53,54]
(similar to Refs. [55,56]), but also effective staggered
magnetic fields. By tuning the SOI strength and the super-
conducting phase difference, we can either undo the twist or
tune the exchange interaction to be of pure Ising type, which
allows one to realize a fast controlled phase-flip gate for two
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FIG. 1. (a) Our model describes two spin-1/2 quantum-dot states (violet) that are weakly tunnel coupled (t jn) to two superconducting
leads (green) such that they form superconducting spin qubits. Due to the presence of SOI, the tunneling is not spin conserving. (b) The
superconducting spin qubits can also interact with each other via one superconductor only. (c–f) Virtual tunneling paths that contribute to
the spin interaction given in Eq. (6). Black arrows show the virtual tunneling paths of the electrons. The contributions from panel (e) depend
on the superconducting phase difference ϕ. (g) We propose a scalable architecture of superconducting spin qubits. The setup consists of
parallel nanowires (gray), orthogonal superconducting stripes (green), and a crossbar design of gates (pink) that form quantum dots in the
nanowires and control the strength of tunnel barriers separating them from superconductors. When corresponding tunnel barriers are lowered,
the superconducting spin qubits interact pairwise with each other, see panel (a).

qubits. We analyze the second possibility in more detail and
find that we only need to fine-tune one of the parameters
(either the superconducting phase or the SOI strength) to reach
a high gate fidelity. Finally, we sketch how to arrange the
superconducting spin qubits in a two-dimensional scalable
array, suitable for the surface code [57].

We organize the remainder of this paper as follows. In
Sec. II we introduce our theoretical model of the quantum
dots and the superconductors and derive the spin-spin inter-
action between the spin qubits. In Sec. III we show how this
interaction can be used to realize a fast controlled phase-flip
gate and we calculate the gate fidelity. In Sec. IV we outline
a scalable design of a qubit network. Section V summarizes
our findings. Finally, Appendix A gives the details of the
perturbation theory, Appendix B shows the results accounting
for an Aharonov-Bohm flux, and Appendix C presents the
exact expressions of the Josephson supercurrent.

II. MODEL AND THEORY

We describe a model of two quantum dots in double
nanowires [27,36,37,58,59] that are tunnel coupled to two
superconducting leads, as shown in Fig. 1(a). We consider
the limit of weak tunnel coupling, large on-site Coulomb
repulsion, and negative dot detuning from the Fermi energy,
such that in the ground state the dot is occupied by one
electron. This parameter choice describes a superconducting
spin qubit [16,60]. (Superconducting spin qubits also exist
at different parameter regimes and in atomic break junc-
tions [61–63].)

The total Hamiltonian consists of three parts, Htot = HD +
HL + HT . The dot Hamiltonian is

HD =
∑

sn

εd†
nsdns + Cd d†

n↑dn↑d†
n↓dn↓, (1)

where d†
ns creates an electron on the dot n ∈ {1, 2} with spin

s ∈ {↑,↓} and energy ε < 0, which is equal on both dots
and tuned by electrostatic gates. Further, we have an on-site

Coulomb repulsion Cd . We assume a small dot size such that
we only take into account one dot energy level.

The leads are conventional singlet superconductors and are
described by the s-wave BCS Hamiltonian:

HL =
∑
jks

ξkc†
jksc jks −

∑
jk

(� jc
†
jk↑c†

j −k↓ + H.c). (2)

Here, c†
jks is the creation operator of lead j ∈ {L, R} with spin

s, wave vector k, and energy ξk . The pairing potential � j =
�e−iϕ j is characterized by the superconducting gap � and
phase ϕ j . The phase difference between the superconductors
is ϕ = ϕL − ϕR.

The leads and the dots are tunnel coupled:

HT =
∑
jnk

t jnc†
jkUjndn + H.c., (3)

with dn =
(

dn↑
dn↓

)
, c jk =

(
c jk↑
c jk↓

)
, positive tunnel amplitude t jn,

and unitary matrix Ujn ∈ SU(2). The SOI in semiconducting
nanowires can be strong [43,48,64] and causes spin rota-
tion [65,66], which is described by the rotation matrix in spin
space Ujn [38,67,68]. We expect this spin rotation matrix to
also describe the spin-orbit mixing in multiorbital dots. Our
spin then is the pseudospin of the low-energy states, and on-
site spin-orbit mixing just renormalizes our phenomenological
rotation matrix [69].

Next we want to find the effective spin coupling between
the dots. Since at least four tunneling processes are needed for
spin interaction, we perform a standard fourth-order perturba-
tion expansion in HT [19,70]. It is valid in the weak-coupling
regime t jn, � j � �, |ε| [19,71], with � j = πρFt j1t j2 where
ρF is the normal density of states per spin of the leads at
the Fermi energy. We also work in the Coulomb blockade
regime by assuming that the Coulomb repulsion Cd on the dot
is the largest energy scale of the system and forbids double
occupation. The influence of finite Coulomb interaction will
be discussed elsewhere [72]. We start with a basis transfor-
mation of operators defined for the superconducting leads and

115411-2



COUPLED SUPERCONDUCTING SPIN QUBITS WITH … PHYSICAL REVIEW B 106, 115411 (2022)

the second dot:

(
c̃Rk↑
c̃Rk↓

)
= U †

R1

(
cRk↑
cRk↓

)
,

(
d̃2↑
d̃2↓

)
= U †

R1UR2

(
d2↑
d2↓

)
,

(
c̃Lk↑
c̃Lk↓

)
= U †

R1UR2U
†
L2

(
cLk↑
cLk↓

)
. (4)

Consequently, in the rotated basis, electron spin could flip
only during the tunneling between dot 1 and lead L, captured
by U = U †

R1UR2U
†
L2UL1. Hereafter, we parametrize the total

SOI effects by the angle α and by the unitary vector u defined
via U ≡ eiαu·S1 , which eventually acts on the spin S1 on dot 1
(see details in Appendix A).

We now sum up all virtual paths with four tunneling pro-
cesses that contribute to a spin interaction between the dots
[see Figs. 1(c)–1(f) and Appendix A]. Without SOI the spin
interaction is isotropic ∝ S1 · S2 [19]. Thus the virtual paths in
which electrons tunnel only to the right [see Fig. 1(d)] or left
[see Fig. 1(c)] lead cause twisted spin exchange [55,73–78],
S1 · S̃2 and (U †S1U ) · S̃2, respectively. Here S̃2 = U †

R S2UR
is the spin operator in the rotated basis given by Eq. (4),
where UR = U †

R1UR2. We note that one can always elimi-
nate these twisting effects with single-qubit rotations. The
“two-lead paths” generate an anomalous twisted spin ex-
change eiφ (U †Sν

11)S̃ν
2 + H.c. with Sν

n ∈ {So
n, Sx

n, Sy
n, Sz

n}, where
So

n = 1
2 and φ = ϕ [φ = 0] correspond to processes shown

in Fig. 1(e) [Fig. 1(f)]. By “anomalous” we mean the left
(U †) and right (1) twisting matrix of Sν

1 are different, and one
cannot eliminate the twisting effect by rotating the spin basis.
We sum up the “left-lead,” “right-lead,” and “two-lead” paths
and get for �L = �R = � and � 	 |ε| [79] the low-energy
Hamiltonian

H = JS1 · S̃2 + J (e−iαu·S1 S1eiαu·S1 ) · S̃2

+ 2J cos ϕ
[
cos

(α

2

)
S1 · S̃2 − sin

(α

2

)
u · (S1× S̃2)

]
+ J sin ϕ sin

(α

2

)
u · (S1 − S̃2), (5)

with J ≈ �2/|ε|. (In Appendix B we present the result with-
out the restrictions �L = �R and � 	 ε.) For ϕ �= 0 or π ,
the time-reversal symmetry is broken, and anomalous twisted
spin-exchange results in effective staggered magnetic fields
[see the third line of Eq. (5)]. Here, we dropped a spin-
irrelevant function of ϕ. From Eq. (5) we already see a few
important features. For the special case U → 1 and UR → 1,
H reduce to an isotropic Heisenberg-like interaction [19]. For
U → 1 and UR �= 1, H reduces to an ordinary twisted spin
exchange [55,80,81] consistent with Ref. [23]. For U �= 1
the interaction is nontrivial. Defining parallel and orthogonal
components of a vector as x‖ =u·x and x⊥ = x − x‖u, H can
be rewritten as

H = h(S‖
1 − S̃‖

2 ) + J‖S‖
1 S̃‖

2 + J⊥S⊥
1 · S̃⊥

2 + JDM(S1 × S̃2)‖,
(6)
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FIG. 2. The anisotropy of the spin exchange [Eq. (6)], J⊥/J‖, and
the DM interaction, JDM/J‖, can be tuned by varying the supercon-
ducting phase difference ϕ and the SOI strength α. If ϕ = π ± α/2
(α �= 0), the interaction is of pure Ising type. We note that α can
be varied while keeping the rotated spin basis on the second dot S̃2

unchanged, e.g., by modulating ULn.

where staggered magnetic field and spin-exchange constants,
respectively, are given by

h = J sin ϕ sin
α

2
, (7a)

J‖ = 2J
(

1 + cos ϕ cos
α

2

)
, (7b)

J⊥ = 2J cos
α

2

(
cos ϕ + cos

α

2

)
, (7c)

JDM = −2J sin
α

2

(
cos ϕ + cos

α

2

)
. (7d)

The anisotropy J‖ − J⊥ and the DM interaction JDM are
tuned by the SOI parameter α, the lead-dot coupling � j ,
and the superconducting phase difference ϕ. Both α [43]
and � j [82] can be tuned by the electrostatic gates, while
a magnetic flux can tune ϕ when the superconductors form
a loop [83,84]. To get a better understanding of the spin
interaction we plot J⊥/J‖ and JDM/J‖ as a function of ϕ for
different α in Figs. 2(a) and 2(b). For α = 0, we reproduce
the isotropic interaction limit. The perpendicular component
J⊥/J‖ disappears at α = π , and one obtains maximum modu-
lation of the DM interaction. Importantly, the interaction takes
on pure Ising form for ϕ = π ± α/2 (for ϕ �= 0 or π ).

Our Hamiltonian H is invariant under the spin rotation
around the axis u, and hence C = S‖

1 + S̃‖
2 is a con-

served quantum number such that the setup is also suitable
for singlet-triplet qubits [85,86]. Furthermore, our effective
Hamiltonian is valid for arbitrary strengths of the SOI α, in
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contrast to the inductive coupling in Ref. [13], which only
considers weak SOI and vanishes as α2 → 0.

We note that the SOI induces a spin-dependent phase shift
in the Josephson current, Î = ∂ϕH , given by

Î = Îs sin ϕ + J sin
(α

2

)
(S‖

1 − S̃‖
2 ) cos ϕ, (8)

Îs

2J
= cos

(α

2

)(
1

4
− S1 · S̃2

)
+ sin

(α

2

)
(S1 × S̃2)‖. (9)

The cos ϕ term enables detection of SOI and the relative spin
orientations of the dots, see Appendix C.

III. CONTROLLED PHASE-FLIP GATE

We can use the interaction defined in Eq. (6) to realize a
controlled phase-flip gate for two qubits. For ϕ = π ± α/2
(for ϕ �= 0 or π ), we get an Ising interaction

2J sin2(α/2)
[
Sz

1Sz
2 ∓ (

1
2 Sz

1 − 1
2 Sz

2

)]
, (10)

where we choose our quantization z axis along u. The
Ising interaction enables a controlled phase-flip gate UCPF ≡
diag(1, 1, 1,−1) = U (α, ϕ = π ± α

2 ) via the evolution [4],
defined for α �= 0, as

U (α, ϕ) = e−i π
4 eiπSz

n(ϕ) e
−iπ

J‖ (α,ϕ) H (α,ϕ)
, (11)

where n(ϕ) = 1 for 0 < ϕ < π and n(ϕ) = 2 for π < ϕ <

2π . The controlled phase-flip gate is sufficient for universal
quantum computing, as it is related to the CNOT gate by single-
qubit rotations [4] (single-qubit gates to be explained below).
The advantage of using the Ising interaction instead of the
isotropic interaction ∝ S1 · S2 is that the latter requires two
interaction gates, for example, via two square-root-of-SWAP

gates [4], while the Ising interaction only requires one interac-
tion gate. This allows faster switching times and decreases the
error probability of the gate [87]. If we consider an aluminum
superconductor with � ≈ 0.1 meV [88] and tune the dot en-
ergy to ε ≈ −10 μeV and � ≈ 1 μeV, the interaction strength
becomes J ≈ 0.1 μeV, which corresponds to a switching time
of t = h̄π

J‖(α,ϕ) ≈ 10 ns for α = π , ϕ = π
2 . This time is more

than 1000 times smaller than the lifetime of a trapped quasi-
particle [15,63,89]. As noted above, the interaction becomes
Ising-like for ϕ = π ± α/2, which means that it is sufficient
to tune either ϕ or α, but not both. This becomes clear when
we calculate the fidelity [90]

F = ∣∣ 1
4 trU †

CPFU (α, ϕ)
∣∣2

, (12)

where the parameters in U (α, ϕ) vary around their ideal val-
ues. In Fig. 3 we show the infidelity 1 − F as a function of α

and ϕ. We average over some statistical Gaussian noise of the
switching time, the tunnel ratio r = �L

�R
(see Appendix B) and

the pulse time of the single-qubit z rotation. By tuning either
α or ϕ, we get a fidelity >99.99%.

IV. SCALABLE NETWORK

Based on the results from the preceding sections, we next
propose a scalable network of superconducting spin qubits,
see Fig. 1(g). The network consists of parallel nanowires
in x direction and orthogonal superconducting stripes in z

π
2 π 3π

2

α

π
4

π
2

3π
4

ϕ

10−4

10−3

10−2

10−1

1
−

F

FIG. 3. Infidelity 1 − F of the controlled phase-flip gate U (α, ϕ)
for varying SOI strength α and superconducting phase difference ϕ

[see Eqs. (11) and (12)]. Only one parameter needs to be fine-tuned
to reach a fidelity >99.99%. We average over statistical Gaussian
noise of switching time t = h̄π

J‖ (α,ϕ) (1 ± 0.003), tunnel ratio �L
�R

= 1 ±
0.005, and z-rotation pulse time tz = 3π h̄

hz,1
(1 ± 0.001) [with magnetic

field hz,1, Eq. (13)], see Appendix B.

direction. A crossbar design [91] of gates confines quantum
dots in the nanowires, controls the tunnel barriers between
the dots and the superconductors, and allows one to address
qubits individually. In summary, the total Hamiltonian of the
network is

Hnet =
∑

i j

Hi j +
∑

i

(hx,iSx,i + hz,iSz,i ), (13)

where Hi j (αi j, ϕi j, �L,i j, �R,i j ) describes the interaction be-
tween dot i and dot j [see Eq. (6)], and hx/z,i is the
global/effective magnetic field of dot i (including the Bohr
magneton and the corresponding g factors).

Scalable single-qubit gates are implemented in the usual
way as for regular spin qubits [91]. A small global magnetic
field in x direction splits the spin states. The spins can now be
flipped via EDSR [48,92–94]. An electric microwave pulse is
sent to the tunnel barrier gates: due to SOI the spins experi-
ence an effective magnetic field in the z direction. We assume
that the global magnetic field is small enough not to affect the
two-qubit gates.

For two-qubit gates there are two possibilities in our
scheme, depending on the relative position of the dots. Both
possibilities have in common that the superconducting spin
qubits start to interact if barriers are lowered. If two neighbor-
ing quantum dots are positioned on the same nanowire [as in
Fig. 1(b)], they only interact through one superconductor and
the interaction will be an “ordinary twisted” interaction. As
discussed in the previous section and in Ref. [23], this means
the interaction can be converted into an isotropic interaction
by additional single-qubit rotations or by tuning the spin-
orbit strength with the gates. This allows one to perform two
square-root-of-SWAP gates, equivalent to a CNOT gate [4,87].
For two spins on neighboring nanowires [as in Fig. 1(a)]
the exchange interaction between them will be “anomalously
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twisted.” As discussed in the previous section, this allows one
to perform a controlled phase-flip gate, which is related to a
CNOT gate via single-qubit rotations. The advantage of this
interaction is that it is tunable by the superconducting phase
difference and only requires one interaction gate.

The two-dimensional setup allows error correction codes
such as the surface code [57]. Furthermore, in principle
this setup allows for increased qubit connectivity: When the
distance between two dots is within the superconducting
coherence length, also coupling beyond nearest neighbor is
possible. Finally, undesired capacitive coupling between the
quantum dots and the superconductors can be suppressed by
detuning the resonant frequency of the superconductor and the
qubit frequency.

V. CONCLUSION

We have found an analytic expression of the pairwise in-
teraction of superconducting spin qubits in the presence of
SOI. The interaction consists of Ising, Heisenberg, and DM
interactions and is tunable by the superconducting phase dif-
ference, the spin-orbit parameters, and the tunnel coupling.
We can realize a controlled phase-flip gate and show that a
high fidelity can be reached without the requirement that both
the superconducting phase difference and the SOI parameters
are fine-tuned. Based on these results, we propose a scalable
network of superconducting spin qubits where single-qubit
rotations are performed with EDSR and two-qubit gates rely
on the spin interaction we have found. Given the fast progress
in the field [15,27,28,58,95], we believe that our proposal is
within experimental reach.

ACKNOWLEDGMENTS

We thank Bence Hetényi and Stefano Bosco for helpful
discussions. This project has received funding from the Euro-
pean Union’s Horizon 2020 Research and Innovation Program
under Grant Agreement No. 862046 and under Grant Agree-
ment No. 757725 (the ERC Starting Grant). This work was
supported by the Swiss National Science Foundation, NCCR
QSIT, and NCCR SPIN, a National Centre of Competence
(or Excellence) in Research, funded by the Swiss National
Science Foundation (Grant No. 51NF40-180604).

APPENDIX A: DETAILS OF THE
PERTURBATION THEORY

In this section we show the details of the perturbation
theory that lead to the spin interaction [see Eq. (5) of the
main text]. Our Hamiltonian is given by Eqs. (1), (2), and (3).
First, we perform three subsequent basis transformations, de-
fined by Eq. (4), which do not change the Hamiltonian of
the dots or superconductors because they are assumed to be
rotationally invariant. We also diagonalize the Hamiltonian of
the superconductors via a Bogoliubov transformation (c̃ jks =
ukγ jks + sv jkγ

†
j−k−s, with uk =

√
Ek+ξk

2Ek
, v jk =

√
Ek−ξk

2Ek
e−iϕ j ,

Ek =
√

(ξk )2 + �2 ):

HL =
∑
jkσ

Ekγ
†
jkσ

γ jkσ . (A1)

Excitations from the superconducting ground state are de-
scribed by Bogoliubov quasiparticles (γ †

jks). The tunnel

Hamiltonian becomes (with d̃1σ = d1σ )

HT =
∑
jnks

( j,n)�=(L,1)

[t jn(ukγ
†
jks + sv∗

jkγ j−k−s)d̃ns + H.c.]

+
∑
kss′

[tL1(ukγ
†
Lks + sv∗

LkγL−k−s)Uss′ d̃1s′ + H.c.]. (A2)

We see that the total unitary basis transformation U =
U †

R1UR2U
†
L2UL1 now only acts on the spins of electrons that

tunnel between the left superconductor and dot 1.
We now want to calculate the spin-exchange interaction

between the dots mediated by the Cooper pairs in the super-
conductors. For this we evaluate the fourth-order perturbation
theory contribution in the weak-coupling limit t jn, � j �
�, |ε| [19,71], with � j = πρFt j1t j2 and ρF being the nor-
mal density of states per spin of the leads at the Fermi
energy:

H = PHT

(
1 − P

E0 − H0
HT

)3

P. (A3)

Here, the unperturbed Hamiltonian is H0 = HL + HD with
the ground-state energy E0. The operator P projects to the
spin-1/2 low-energy subspace {|s1, s2; 0〉}s1s2 , where both dots
are occupied with one electron with spins s1 and s2 (in the
d1s, d̃2s-basis), and both superconductors are in their ground
state. In other words, we evaluate 〈s′

1, s′
2; 0|Heff|s1, s2; 0〉 by

summing up virtual tunneling paths. We take the perturba-
tion theory to fourth order because it is the smallest order
at which spin interaction between the two quantum dots is
possible. The first HT will always destroy one electron on one
of the dots (because in the Cd → ∞ limit we do not allow
double occupancy) and create one Bogoliubov quasiparticle
in the superconductors. Thus the first virtual intermediate
state will be |s1, 0; γ jks〉 or |0, s2; γ jks〉. Next, in the limit
� 	 |ε|, the electron on the other dot will tunnel to the
superconductor and destroy the Bogoliubov particle again,
in total creating a Cooper pair. The second virtual interme-
diate state is then |0, 0; 0〉. This process will dominate, as
it costs more energy to create a second Bogoliubov quasi-
particle than to remove an electron from the dot. The third
virtual intermediate state involves a Bogoliubov quasiparticle
and an electron, similar to the first virtual intermediate state,
and after the fourth tunneling we get back to our ground
state.

For virtual paths that involve the right superconductor only
[see Fig. 1(d) of the main text] one can permute the order
of the first two tunneling events and of the third and fourth
tunneling events, giving a total of four virtual tunneling paths.
It turns out that each of them gives the same contribution to
〈s′

1, s′
2; 0|Heff|s1, s2; 0〉, namely,

t2
R1t2

R2

∑
k,q

ukv
∗
RkuqvRq

(Ek − ε)2ε(Eq − ε)
s1s′

1δs1,−s2δs′
1,−s′

2
. (A4)
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We evaluate∑
k,q

|ukvRkuqvRq|
(Ek − ε)2ε(Eq − ε)

= 1

8ε

⎛
⎝∑

k

1√(
ξk

�

)2 + 1
(√(

ξk

�

)2 + 1 − ε
�

)
�

⎞
⎠

2

= 1

8ε

⎡
⎣∫ �

−�

ρ(ξ )√(
ξ

�

)2 + 1
(√(

ξ

�

)2 + 1 − ε
�

)
�

dξ

⎤
⎦

2

≈ ρ2
F

8ε

[∫ ∞

−∞

dx√
x2 + 1

(√
x2 + 1 − ε

�

)
]2

�	ε≈ −ρ2
F π2

8|ε| .

(A5)

Here, � is some cut-off energy (of the order of the Fermi
energy) and ρ(ξ ) is the density of states per spin, which we
assume to be approximately constant ρ(ξ ) ≈ ρ(0) = ρF in
the region around the Fermi energy, which contributes most
to the integral. Further, we can replace s1s′

1δs1,−s2δs′
1,−s′

2
→

−2S1 · S̃2 − 1
2 , where the − 1

2 is an irrelevant constant. The
operator S1 is the spin operator of dot n = 1 and S̃2 is the
spin operator of dot n = 2 in the rotated basis [see Eq. (4)]:
S̃2 = UR2U

†
R1S2U

†
R1UR2. All virtual paths corresponding to

processes shown in Fig. 1(d) together give

ρ2
F π2

|ε| t2
R1t2

R2S1 · S̃2. (A6)

For virtual paths involving the left superconductor only
[see Fig. 1(c)] we can use the result for the right lead and
simply rotate the spin operator of the upper dots by U , as the
“left-lead-paths” and “right-lead-paths” are equivalent up to a
basis rotation:

ρ2
F π2

|ε| t2
L1t2

L2(U †S1U ) · S̃2. (A7)

For virtual paths where a Cooper pair transfers from the
left to the right superconductor [see Fig. 1(e)], there exist four
permutations of tunneling paths. Each of them contributes
with

−ρ2
F π2

8|ε| tL1tL2tR1tR2e−iϕ (−1)s1s′
2δs1−s2U

∗
−s′

2s′
1
. (A8)

Using that

U = cos
(α

2

)
+ 2iu · S1 sin

(α

2

)

=
(

cos
(

α
2

) + iuz sin
(

α
2

)
(uy + iux ) sin

(
α
2

)
(−uy + iux ) sin

(
α
2

)
cos

(
α
2

) − iuz sin
(

α
2

)), (A9)

we simplify

s1s′
2δs2−s1U

∗
−s′

2s′
1
→ 2 cos

(α

2

)(
S1 · S̃2 − 1

4

)
+ uz sin

(α

2

)
(2S1yS̃2x − 2S1xS̃2y + iS1z − iS̃2z )

+ uy sin
(α

2

)
(2S1xS̃2z − 2S1zS̃2x + iS1y − iS̃2y) + ux sin

(α

2

)
(2S1zS̃2y − 2S1yS̃2z + iS1x − iS̃2x ). (A10)

When we reverse the tunnel sequence such that Cooper pairs travel from the right to the left superconductor, this adds the
Hermitian conjugate to the expression above [Eq. (A8)]. Multiplying with the permutation factor 4 we get

2ρ2
F π2

|ε| tL1tL2tR1tR2

{
cos ϕ

[
cos

(α

2

)
S1 · S̃2 − sin

(α

2

)
u · (S1 × S̃2)

]
+ 1

2
sin(ϕ) sin

(α

2

)
u · (S1 − S̃2)

}
+ g(ϕ),

g(ϕ) = −ρ2
F π2

2|ε| tL1tL2tR1tR2 cos ϕ cos
(α

2

)
. (A11)

Adding all contributions together, we calculate the effective Hamiltonian in the spin-1/2 subspace to be

H = ρ2
F π2

|ε|
(

t2
R1t2

R2S1 · S̃2 + t2
L1t2

L2(U †S1U ) · S̃2 + 2tL1tL2tR1tR2

{
cos ϕ

[
cos

(
α

2

)
S1 · S̃2 − sin

(
α

2

)
u · (S1 × S̃2)

]

+ 1

2
sin(ϕ) sin

(
α

2

)
u · (S1 − S̃2)

})
+ g(ϕ). (A12)

This equation is Eq. (5) of the main text for tL1tL2 = tR1tR2.
We note that the spin Hamiltonian in Eq. (6) can be viewed

as a form of Ruderman-Kittel-Kasuya-Yosida (RKKY) inter-
action [96–98] between the dot spins which is mediated by
Cooper pairs that virtually split and recombine or vice versa.

APPENDIX B: AHARONOV-BOHM FLUX

In this section we present a more general result of
the effective Hamiltonian found by using the perturbation

theory without the restriction � 	 |ε| and accounting for an
Aharonov-Bohm flux f inclosed by the two quantum dots and
two superconductors. We note that in the limit � 	 |ε|, those
terms that depend on the Aharonov-Bohm flux are higher-
order contributions [19] and correspond to virtual tunneling
paths as depicted in Fig. 1(f) of the main text.

We adopt a more general description of the tunnel Hamil-
tonian, which is k dependent and includes a Peierls phase in
the presence of an external magnetic vector potential A. For
this we replace t jn by t jn exp(−ik · r j − iπ

φ0

∫ r j

rn
dl ·A), where
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r j is the position on the superconductor that couples to both
quantum dots, each located at position rn. In addition, φ0 = hc

2e
is the superconducting flux quantum. (We assume the associ-
ated Zeeman splitting on the dot to be small and neglect it.)

From the symmetry arguments presented in the main part, it
still follows that the total Hamiltonian has a similar form as
Eq. (5) in the main text. The generalized result then becomes
(without the restriction � 	 |ε|)

H = �2
R

(
C

|ε| + C0 + C1

�

)
S1 · S̃2 + �2

L

(
C

|ε| + C0 + C1

�

)
(U †S1U ) · S̃2

+ 2�L�R

[
C1

�
cos( f ) +

(
C

|ε| + C0

�

)
cos(ϕ)

][
cos

(α

2

)
S1 · S̃2 − sin

(α

2

)
u · (S1 × S̃2)

]

+ �L�R sin
(α

2

)[
C1

�
sin( f )u · (S1 + S̃2) +

(
C

|ε| + C0

�

)
sin(ϕ)u · (S1 − S̃2)

]
+ g(ϕ, f ). (B1)

In order to reveal the structure of the spin interaction, we rewrite Eq. (B1) in a form similar to Eq. (6) in the main text:

H = h(S‖
1 − S̃‖

2 ) + hz(S‖
1 + S̃‖

2 ) + J‖S‖
1 S̃‖

2 + J⊥S⊥
1 · S̃⊥

2 + JDM(S1 × S̃2)‖ + g(ϕ, f ). (B2)

Here, the effective magnetic fields, spin-exchange constant, and a spin-irrelevant constant g(ϕ, f ), respectively, are given by

h = �L�R

(
C

|ε| + C0

�

)
sin

(α

2

)
sin(ϕ), (B3a)

hz = �L�R
C1

�
sin

(α

2

)
sin( f ), (B3b)

J‖ = (
�2

R + �2
L

)( C

|ε| + C0 + C1

�

)
+ 2�L�R

[
C1

�
cos( f ) +

(
C

|ε| + C0

�

)
cos(ϕ)

]
cos

(α

2

)
, (B3c)

J⊥ = [
�2

R + �2
L cos (α)

]( C

|ε| + C0 + C1

�

)
+ 2�L�R

[
C1

�
cos( f ) +

(
C

|ε| + C0

�

)
cos(ϕ)

]
cos

(α

2

)
, (B3d)

JDM = −�2
L

(
C

|ε| + C0 + C1

�

)
sin(α) − 2�L�R

[
C1

�
cos( f ) +

(
C

|ε| + C0

�

)
cos(ϕ)

]
sin

(α

2

)
, (B3e)

g(ϕ, f ) = 1

2
�L�R

[
C1

�
cos( f ) cos

(α

2

)
−

(
C0

�
+ C

|ε|
)

cos(ϕ) cos
(α

2

)]
+ (

t2
L1t2

R1 + t2
L2t2

R2

)ρ2
F π2C0

2�
cos(ϕ). (B3f)

We have parameterized the tunneling coupling by � j =
ρF πt j1t j2. The dimensionless parameters C, C0, and C1 are
given by

C =
[∫ ∞

−∞

dx

πh0(x)g0(x)

]2

(B4)

C0 =
∫ ∞

−∞

∫ ∞

−∞

dx dy

π2h0(x)h0(y)g0(x)g0(y)[h0(x) + h0(y)]
(B5)

C1 =
∫ ∞

−∞

∫ ∞

−∞

dx dy [h0(x) − |ε|
�

]

π2[h0(x) + h0(y)][g0(x)]2g0(y)
, (B6)

where h0(x) = √
x2 + 1, g0(x) = √

x2 + 1 + |ε|
�

[19]. The
phase ϕ and Aharonov-Bohm flux f , respectively, are given
by

ϕ = ϕL − ϕR − π

φ0

∫ rL

rR

(d�1 + d�2) · A, (B7)

f = π

φ0

∫ rL

rR

(d�1 − d�2) · A. (B8)

Here �n corresponds to the path rR → rn → rL and f is the
dimensionless Aharonov-Bohm flux f running through the
area between the dots and the superconductors [19]. In ad-
dition to the effective staggered magnetic fields [first term

in Eq. (B2)] there exists a symmetry-allowed Zeeman term
[second term in Eq. (B2)]. Generally, the external flux f offers
one more experimentally tunable parameter, which increases
the tunability of our scalable architecture. Again, if �L = �R,
we can achieve the purely Ising coupling with J⊥ = JDM = 0:(

C

|ε| + C0 + C1

�

)
cos

(α

2

)

= −
[

C1

�
cos( f ) +

(
C

|ε| + C0

�

)
cos(ϕ)

]
. (B9)

In the absence of flux, Eq. (B9) reproduces the criterion de-
rived in the main part. The flux f gives us one more parameter
to be used to achieve the optimal regime with high fidelities
(see Fig. 3). We also note that if �L �= �R, it is not possible to
achieve the pure Ising regime.

APPENDIX C: JOSEPHSON SUPERCURRENT

The detection of spin interactions can be also realized by
observing the Josephson supercurrent Î , being defined by the
derivative of H with respect to ϕ, i.e., Î = ∂H/∂ϕ. Using
Eq. (B2), we obtain for the supercurrent

Î = Îs sin ϕ + I0 sin
(α

2

)
(S‖

1 − S̃‖
2 ) cos ϕ, (C1)
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with

Îs = −2I0

[
cos

(α

2

)
S1 · S̃2 − sin

(α

2

)
(S1 × S̃2)‖

−1

4
cos

(α

2

)]
− I1. (C2)

Note that the Josephson current Î is still an operator in spin
space, indicated by the hat. This current involves only “two-
lead” paths, as manifested by the current amplitudes that
contain simultaneously tunneling amplitudes from right and
left superconducting leads:

I0 = �L�R

(
C

|ε| + C0

�

)
, (C3)

I1 = (
t2
L1t2

R1 + t2
L2t2

R2

)ρ2
F π2C0

2�
. (C4)

In the presence of SOI (α �= 0), the supercurrent contains
an anomalous term proportional to cos ϕ. This means that
the supercurrent Î is finite even if ϕ = 0. This phase shift
in the supercurrent can be exploited to detect the presence of
the SOI, depending on the orientations of the dot spins relative
to each other. In turn, this spin dependence of the phase shift
can also be used as a readout of the spin states of the dots: if
one spin is aligned along its quantization axis, while the other
one is antialigned along its respective quantization axis, the
amplitude of the Josephson current at ϕ = 0 will be maximal
for finite SOI. In the opposite extreme case, when the spins
are both aligned along their respective quantization axes, the
current is minimal at ϕ = 0, i.e., it vanishes.

For the special case considered in the main text, �L =
�R = � and |ε| � �, we have C0 � 0 and C � 1 (and
C/|ε| 	 C0/�). Then Eqs. (C1) and (C2) reduce to Eqs. (8)
and (9), respectively, of the main text.
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