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We present a theory of magnetoelectric magnon-photon coupling in cavities hosting noncentrosymmet-
ric magnets. Analogously to nonreciprocal phenomena in multiferroics, the magnetoelectric coupling is
time-reversal and inversion asymmetric. This asymmetry establishes a means for exceptional tunability
of magnon-photon coupling, which can be switched on and off by reversing the magnetization direc-
tion. Taking the multiferroic skyrmion host Cu2OSeO3 with ultralow magnetic damping as an example,
we reveal the electrical activity of skyrmion eigenmodes and propose it for magnon-photon splitting of
“magnetically dark” elliptic modes. Furthermore, we predict a cavity-induced magnon-magnon coupling
between magnetoelectrically active skyrmion excitations. We discuss applications in quantum informa-
tion processing by proposing protocols for all-electrical magnon-mediated photon quantum gates, and a
photon-mediated SPLIT operation of magnons. Our study highlights magnetoelectric cavity magnonics as a
novel platform for realizing quantum-hybrid systems and the coherent transduction between photons and
magnons in topological magnetic textures.
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I. INTRODUCTION

In electromagnetic cavities, light-matter interactions are
strongly enhanced and can bring hybrids of photons and
the material’s quasiparticles into being [1]. Examples are
magnon-photon (MP) hybrids in magnetic materials [2–8].
Since the frequency of magnon modes can be controlled
with external magnetic fields, it enables exceptionally tun-
able MP coupling. Furthermore, magnons provide inter-
actions with different quantum systems such as phonons,
microwave photons, and optical photons, rendering MP
hybrids a promising platform for novel quantum tech-
nologies [9–11]. Anticipated applications include, e.g.,
magnon-qubit coupling [12,13], transducing microwave to
optical quantum information [14], and quantum-enhanced
sensing [15].

Microscopically, several origins of MP interactions
have been established, e.g., the linear coupling between
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microwave magnetic fields and the material’s magnetic
dipoles [3–6] and, at optical frequencies, the nonlinear
coupling to electric fields [14,16–19]. Recent years have
seen a growing interest in magnetoelectric (ME) materials
that host electrically controllable, topologically nontriv-
ial magnetic textures such as skyrmions [20–30]. These
are well-localized magnetic defects whose bound magnons
[31–34] may get hybridized with superconducting qubits
via cavity-mediated interactions. Alternatively, skyrmions
themselves may serve as qubits [35], with cavity MP cou-
pling realizing qubit-qubit coupling. To explore such pos-
sibilities, a detailed understanding of MP coupling in ME
materials is crucial. Existing theories of cavity magnonics
fall short because they do not account for electrically active
magnons (electromagnons) that were separately studied,
e.g., in Refs. [36–43].

Herein, we extend the microscopic theory of cavity
magnonics to ME materials with topologically nontriv-
ial spin textures (see Fig. 1). We reveal that the resulting
MP coupling is strongly anisotropic with respect to mag-
netization reversal, establishing a means for exceptional
tunability. We make quantitative predictions for the mul-
tiferroic skyrmion host Cu2OSeO3 that recently drew a lot
of interest in the context of cavity magnonics [44–46]. In
the ferromagnetic phase of Cu2OSeO3, the MP anisotropy
can be so strong that MP coupling is absent for one
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FIG. 1. Setup for studying magnetoelectrical magnon-photon
hybridization in magnets with topologically nontrivial textures.
A multiferroic skyrmion crystal phase of Cu2OSeO3 is placed
in an electromagnetic cavity. Left: magnetization M exhibiting a
Bloch skyrmion winding. Right: polarization P with a quadrupo-
lar texture. Both dipoles couple to the electromagnetic cavity
fields, leading to a finite magnon-photon splitting. The coordi-
nate system indicates crystallographic axes and ẑ the direction of
a static magnetic field stabilizing the skyrmion crystal phase.

magnetization direction, but leads to strong coupling for
the opposite direction. The strong coupling limit can even
be reached fully electrically when magnetic dipole cou-
pling is inactive. In the skyrmion crystal (SkX) phase of
Cu2OSeO3, the static magnetization forms regular arrays
of Bloch skyrmions [21] and the corresponding static elec-
tric polarization exhibits a quadrupole moment [22,47,48],
as shown in Fig. 1. The distinct symmetries of magnetiza-
tion and polarization lead to an electric activity of magnons
[39,42,43] beyond their well-known magnetic activity
[49]. In a SkX, the skyrmion-skyrmion interaction allows
hybridization among single-skyrmion bound states and
thus results in a rich magnetoelectrical activity of skyrmion
excitations. We predict the possibility (i) of a purely elec-
tric MP coupling between cavity and magnon modes,
an example being the “magnetically dark” elliptical SkX
mode, and (ii) of cavity-induced magnon-magnon coupling
between the breathing and counterclockwise modes.

As an application in quantum information, we demon-
strate all-electrical quantum gates between two microwave
photon modes coupled to the magnet, with “all electrical”
referring to both the magnon-frequency tuning and MP
interactions being the result of electric dipole coupling. In
particular, we propose magnon-mediated SPLIT and SWAP
operations between two photons in the collinear ferro-
magnetic phase, and a photon-mediated SPLIT operation
of magnons in the SkX phase. We conclude that magne-
toelectric cavity magnonics is a promising platform for
realizing quantum-hybrid systems and quantum transduc-
tion of microwave photons and magnons, which may prove
instrumental for realizing skyrmionic quantum computing
and manipulating quantum states of magnons [50].

The structure of this paper is as follows. In Sec. II,
we develop the theory of ME-MP coupling. The bilinear

ME-MP coupling is obtained by expanding the coupling
between electromagnetic fields and ME materials in terms
of magnon operators. We also discuss the symmetry of
ME-MP coupling. In Sec. III, the multiferroic material
Cu2OSeO3 is considered as a worked example. We esti-
mate the magnetic and electric MP coupling strengths
in the collinear ferromagnetic phase and the SkX phase
of Cu2OSeO3. We show that the interplay between mag-
netic and electric couplings result in the asymmetry of MP
coupling with respect to the magnetization direction. We
also reveal the electrical activity of the elliptic mode and
the cavity-mediated magnon-magnon coupling in SkXs.
In Sec. IV, we discuss the quantum information appli-
cation of ME-MP coupling. We propose protocols for
all-electrical magnon-mediated quantum gates of photons
in the collinear ferromagnetic phase of Cu2OSeO3. We also
demonstrate a coherent quantum operation of magnons
mediated by photons in the SkX phase of Cu2OSeO3. In
Sec. V, we provide a summary of this work. Appendices
A–K contain additional information and technical details.

II. THEORY OF MAGNETOELECTRIC
MAGNON-PHOTON COUPLING

We consider a ME insulator in a microwave cavity,
a situation described by the Hamiltonian H = HSL +
HCA + HEM. Here, HSL is a spin-lattice Hamiltonian, HCA
describes cavity photons, and HEM contains the coupling
between electric, E(r, t), and magnetic fields, B(r, t), and
the material’s electric polarization P and magnetization M,
respectively. The macroscopic moments may be expressed
as a sum over lattice sites at position ri, where i = 1, . . . , N
with N being the total number of sites. Each site features
an electric, pi, and magnetic moment, mi = −gμBSi, with
Landé factor g, Bohr magneton μB, and (dimensionless)
spin moment Si. At the (classical) Hamiltonian level, the
electromagnetic interactions are accounted for by the Stark
and Zeeman energies,

HEM = −
N∑

i=1

[E(ri, t) · pi(t)+ B(ri, t) · mi(t)]. (1)

A. Derivation of bilinear magnetoelectric
magnon-photon coupling

Hybridizations between magnetic excitations and elec-
tromagnetic waves are described by a bilinear Hamiltonian
in the second-quantized language. First, we quantize the
excitations in the material by performing an expansion
about the magnetically ordered ground state in terms of
magnon annihilation (and creation) operators b(†)i [51]. To
linear order in magnon operators, we find that

Si ≈ Sêz
i +

√
S/2(ê−

i bi + ê+
i b†

i ), (2)
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where S is the spin quantum number, ê±
i = êx

i ± iêy
i , and

{êx
i , êy

i , êz
i } the local orthogonal basis, with êz

i along the
ground-state direction. The linear-in-magnons part of the
magnetic moment thus reads

m(1)
i = μibi + H.c., μi = −gμB

√
S/2ê−

i , (3)

where H.c. denotes the Hermitian conjugate. We assume
a spin-driven electric polarization, such that pi can be
expanded in terms of spin operators [52] and, hence, in
magnon operators,

pi = p(0)i + p(1)i + p(2)i + · · · , (4)

where p(l)i contains l magnon operators. While p(0)i is
the ground-state electric moment, the linear-in-magnons
contribution,

p(1)i = π ibi + H.c., (5)

encompasses dynamical fluctuations and π i is a material-
dependent expansion coefficient. It can be nonzero and
allow electrically active excitations even if p(0)i = 0 [41].
The bilinear p(2)i encodes the electric dipole moment
expectation value of the magnetic fluctuations.

For the electromagnetic fields, we perform a standard
photon quantization, such that the field operators in the
Schrödinger picture read

E(ri) =
∑

β

(Eβ(ri)aβ + E∗
β(ri)a

†
β), (6a)

B(ri) =
∑

β

(Bβ(ri)aβ + B∗
β(ri)a

†
β), (6b)

where β is the index of the mode created (annihilated) by
the bosonic operator a†

β (aβ) and Eβ(ri) and Bβ(ri) are
the associated complex electric field and magnetic field
vacuum fluctuations, respectively. We restrict our atten-
tion to a single microwave mode of energy ��, where �

is the reduced Planck’s constant. Additionally, we assume
that the linear scale of the sample is much smaller than
the photon wavelength, such that the fields in the sam-
ple can be treated as spatially uniform. Below, we drop
the β index and set Eβ(ri) = E and Bβ(ri) = B, such
that the cavity Hamiltonian effectively contains a single
mode, HCA = ��a†a. Thus, to lowest order in operators,
the dynamical coupling between the electromagnetic fields
and the material reads

H(1)
EM = −

N∑

i=1

[(aE + a†E∗) · π i + (aB + a†B∗) · μi]bi

+ H.c. (7)

We now assume that there are in total Nu magnetic unit
cells, each of which features Nb basis spins, such that Nu ×

Nb = N . The Fourier transform of the magnon operators
reads

b†
i,j =

1√
N u

∑

k

e−ik·ri,j b†
k,j , (8)

where i labels the unit cell and j the basis atom. We
perform a Bogoliubov transformation to magnon normal
modes, i.e.,

(
bk,j

b†
−k,j

)
=

Nb∑

n=1

Tj ,n
k

(
bk,n

b†
−k,n

)
, Tj ,n

k =
(

uj ,n
k (v

j ,n
−k)

∗

v
j ,n
k (uj ,n

−k)
∗

)
,

(9)

where n is the band index and Tj ,n
k part of the paraunitary

matrix that diagonalizes the bilinear magnon Hamiltonian
[53]. Only the k = 0 magnon gives rise to finite coupling,

H(1)
EM =

Nb∑

n=1

(�g(n)a†b0,n + �g̃(n)ab0,n + H.c.) (10)

with mode-dependent MP coupling constants

�g(n) = �g(n)m-el + �g(n)m-mag, (11a)

�g̃(n) = �g̃(n)m-el + �g̃(n)m-mag. (11b)

Their electric and magnetic components are given by

�g(n)m-el = −
√

NE∗ · P (n), �g(n)m-mag = −
√

NB∗ · M(n),
(12a)

�g̃(n)m-el = −
√

NE · P (n), �g̃(n)m-mag = −
√

NB · M(n).
(12b)

We defined the dynamic magnetic and electric dipole
moments of the nth magnon mode as

P (n) = 1√
Nb

Nb∑

j =1

(π j uj ,n
0 + π∗

j v
j ,n
0 ), (13a)

M(n) = 1√
Nb

Nb∑

j =1

(μj uj ,n
0 + μ∗

j v
j ,n
0 ), (13b)

where uj ,n
k (vj ,n

k ) is the particle (hole) sector of the wave
function of the nth magnon mode [cf. Eq. (9)]. We pro-
vide additional information on the dynamic moments in
Appendix A.
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B. Symmetries of magnetoelectric magnon-photon
coupling

Magnetoelectricity is tied to a breaking of time-reversal
symmetry T and space inversion symmetry I . Hence,
application of either of the two operations is associated
with a change of the MP coupling �g(n) (and �g̃(n)).
Space inversion I leaves the magnetic domain unaffected,
IM(n) → M(n), but flips the microscopic polarization
vectors, resulting in IP (n) → −P (n). In contrast, time
reversal T comes with a complex conjugation due to
its antiunitarity and a reversal of the magnetic moments,
T M(n) → −(M(n))∗ and T P (n) → (P (n))∗. Both oper-
ations flip the sign of exactly one of the two moments, such
that, in general,

|�g(n)(M, P)| �= |�g(n)(−M, P)|, (14a)

|�g(n)(M, P)| �= |�g(n)(M, −P)|. (14b)

Only the combined operation is a symmetry,

|�g(n)(M, P)| = |�g(n)(−M, −P)|. (15)

III. WORKED EXAMPLE: MULTIFERROIC
INSULATOR Cu2OSeO3

To explore the experimental implications of the ME
coupling �g(n), we consider the multiferroic material
Cu2OSeO3 as an example [21,48,54]. As shown in Ref.
[22], in this material, the spin-driven electric polariza-
tion is brought about by the microscopic p-d hybridization
mechanism [55–57]. We work in the approximation of
effective S = 1 spins per Cu tetrahedron [42]. As a result,
the (coarse-grained) local electric moments per effective
tetrahedron spin can be written as [22,42,47,57]

pi = λ

2

⎛

⎜⎝
Sb

i Sc
i + Sc

i Sb
i

Sc
i Sa

i + Sa
i Sc

i

Sa
i Sb

i + Sb
i Sa

i

⎞

⎟⎠ (16)

in symmetrized form, with λ = 5.64 × 10−27 μC m,
obtained at 5 K under the magnetic field parallel to the
[110] direction [42]. Here λ is a pseudoscalar that changes
sign under space inversion. The a, b, c superscripts denote
the crystallographic axes. Let us assume that the ith spin in
the classical ground state is parametrized as

〈Si〉 = S(cosφi sin θi, sinφi sin θi, cos θi)
T (17)

by angles φi and θi. A magnon expansion yields pi ≈
p(0)i + (π ibi + H.c.), where the static and dynamical

moments respectively read

p(0)i = λS2

⎛

⎜⎝
cos θi sin θi sinφi

cos θi cosφi sin θi

cosφi sin2 θi sinφi

⎞

⎟⎠ , (18a)

π i = λS3/2

√
2

⎛

⎜⎝
cos(2θi) sinφi − i cos θi cosφi

cos(2θi) cosφi + i cos θi sinφi

sin θi cos θi sin(2φi)− i sin θi cos(2φi)

⎞

⎟⎠ .

(18b)

A. Field-polarized phase

We first consider the field-polarized phase of Cu2OSeO3
and set 〈Si〉 = 〈S〉 ‖ [001]. We drop the band index
n (Nb = 1), such that the effective spin-lattice Hamil-
tonian reads HSL = �ωmb†b within linear spin-wave
theory, where �ωm is the magnon energy. Although
p(0)i = 0, the dynamical polarization is finite, π i = π =
λS3/2/

√
2(−i, 1, 0)T, and allows a coupling with electric

fields in the ab plane; e.g., |�gm-el| = √
N/2λS3/2E for E ‖

[100]. With E = E0 ≡ c
√

��μ0/(2V) follows |�gm-el| =
λc
√

��μ0ρsη/2, where � is the photon frequency, c the
speed of light, μ0 the vacuum permeability, ρs = 5.67 ×
1027 m−3 the spin density of Cu2OSeO3 [42], and η =
Vcrys/V the ratio of crystal and cavity volume. Taking
�/(2π) = 9.74 GHz and η = 0.041 [44], we obtain

|gm-el|
2π

= 55.4 MHz, (19)

which is larger than the typical magnetic damping
γm/(2π) ≈ 50 MHz [44] (full width at a half maximum),
suggesting that it is possible to reach the strong cou-
pling limit purely electrically. With a photonic damping
rate of κ/(2π) = 1 MHz, we find that the cooperativity
C = |gm-el|2/(γmκ) ≈ 61.4.

Let us compare the electric coupling to the usual mag-
netic dipole coupling |�gm-mag| = gμBB

√
N/2 for B ‖

[010] and B = B0 ≡ √
��μ0/(2V), yielding

|gm-mag|
2π

= 607.9 MHz. (20)

Thus, for Cu2OSeO3, the maximal magnetic coupling is
stronger by a factor of

|gm-mag|
|gm-el| = gμB

λ
× B0

E0
≈ 11, (21)

which is not surprising given that the electric polarization
derives from the p-d hybridization mechanism that is a
second-order relativistic effect [57,58].

We now study the interplay of magnetic and electric
couplings. We fix E ‖ [100] and B ‖ [010] and focus on
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a-c plane a-c plane

b-c planeb-c plane

FIG. 2. Evolution of the magnetoelectric magnon-photon cou-
pling |g|/2π in the ferromagnetic phase of Cu2OSeO3 upon
rotation of the spin moment 〈S〉 in (a),(d) the a-c plane, (b),(e) the
b-c plane, and (c),(f) a general direction. Note in particular the
asymmetry with respect to magnetization reversal, |�g(〈S〉)| �=
|�g(−〈S〉)|. Cavity field directions read E ‖ [100] and B ‖
[010]. Field amplitudes are chosen as (a)–(c) E = E0/

√
2 and

B = B0/
√

2 and (d)–(f) E = 0.996E0 and B = 0.091B0.

the magnetization direction dependence of |�g| (see Fig. 2;
recall 〈S〉 ‖ −M). As advertised above, a reversal of the
magnetization direction leads to a change of the MP cou-
pling, explicitly, |�g| = √

N |i√2gμBB ∓ iλE |/2, where
“−” (“+”) applies for 〈S〉 ‖ [001] (〈S〉 ‖ [001]). For E =
E0/

√
2 and B = B0/

√
2, rotating 〈S〉 from the [001] to

the [001] direction amounts to a change from |g|/(2π) =
391 MHz to |g|/(2π) = 469 MHz, which is an increase by
about 20% [cf. Figs. 2(a)–2(c)]. If the sample is placed at
a point in the cavity where the ratio between E and B com-
pensates for the factor in Eq. (21), that is, E ≈ 0.996E0 and
B ≈ 0.091B0, electric and magnetic couplings can become
identical in strength. The resulting maximally anisotropic
coupling shown in Figs. 2(d)–2(f) allows, in particular, a
vanishing coupling for 〈S〉 ‖ [001].

We propose two strategies for the experimental detec-
tion of the ME-MP coupling by measuring the associate
spectral splitting in the ferromagnetic phase of Cu2OSeO3.
(1) The pure electric coupling can be probed by either

placing the sample at a node of the magnetic field or by
aligning the magnetic field with the magnetization direc-
tion. Any observed MP splitting must be attributed to
the coupling to the polarization. (2) The predicted asym-
metry |�g(M, P)| �= |�g(−M, P)| may be probed straight-
forwardly by placing the magnet in finite electric and
magnetic fields and comparing splittings for opposite mag-
netization directions.

B. Skyrmion crystal phase

Strictly speaking, the period of skyrmion spin textures
is incommensurate with the period of crystal structures.
However, the size of skyrmions in Cu2OSeO3 is approx-
imately 70 times larger than the lattice constant [21],
justifying the use of a continuum approximation. Here,
we consider a two-dimensional spin-lattice Hamiltonian
discretized on the triangular lattice as a minimal model
[49]:

HSL = 1
2

∑

〈r,r′〉
(−Jr,r′Sr · Sr′ + Dr,r′ · Sr × Sr′)

+ gμBBz

∑

r

Sr · ẑ. (22)

Here 〈r, r′〉 is summed over nearest neighbors of a tri-
angular lattice with the ferromagnetic exchange interac-
tion J > 0 and Dzyaloshinskii-Moriya interaction Dr,r′ =
D(r − r′)/|r − r′|. The unit vector ẑ defines the out-of-
plane direction along the external magnetic field Bz. In
Cu2OSeO3, SkXs are stabilized for ẑ ‖[001], [110], and
[111] [21]. Although we take the ratio D/J = 0.5 to reduce
computational costs, the energies and magnetic fields are
rescaled for the more realistic parameter D/J = 0.09 in
Appendix B. The SkX ground state, as shown in Fig. 1,
is obtained at a finite magnetic field by combining Monte
Carlo and Landau-Lifshitz-Gilbert annealing [59]. The
magnon band spectrum is obtained within linear spin-wave
theory [33,60–63], as detailed in Appendix C.

Magnon modes of SkXs can be characterized by
dynamic magnetic dipole moments. For example, the
counterclockwise (CCW) and clockwise (CW) modes pos-
sess Mx and My , while the breathing mode possesses
Mz, which is confirmed by the selection rule for the
microwave spectroscopy [49,64–66]. In addition to these
magnetically active modes, SkXs support polygon defor-
mation modes, arising from single-skyrmion bound states
[31–34]. These modes are characterized by azimuthal
quantum number  [67], with  = 2 for elliptic,  = 3 for
triangle,  = 4 for square,  = 5 for pentagon, and  = 6
for hexagon, showing higher multipolar characters. Cru-
cially, Eq. (16) relates magnetic quadrupole moments with
electric dipole moments in Cu2OSeO3. As a result, the
elliptic mode, which carries magnetic quadrupole moment
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FIG. 3. Dynamical magnetic and electric dipole moments of
low-energy magnon modes of skyrmion crystals in Cu2OSeO3.
The dimensionless amplitudes of M/(gμB) and P/λ—plotted
on a logarithmic scale—are obtained at D/J = 0.5 and
gμBBzJ/(D2S) = 0.8. We denote Pα , Pβ , and Pγ as electric
polarization with ẑ ‖ [001], [110], and [111], respectively (cf.
Appendices D and E). For all cases, the x axis is taken along
[110]. Black regions indicate dipole moments smaller than 10−3.

Qxy [32], exhibits a nonzero electric polarization Pz for
ẑ ‖ [001], rendering it electrically active.

Using Eqs. (13a) and (13b), we compute M and P
of low-energy magnon modes in SkXs for three exper-
imentally relevant directions of the static magnetic field
as shown in Fig. 3. (For additional information on the
necessary rotation of the coordinate system and mag-
netic quadrupoles, see Appendices D and E, respectively.)
Besides the three magnetically active CCW, CW, and
breathing modes, we obtain large P in the elliptical modes
due to their magnetic quadrupole moment. Furthermore,
the other polygon modes carry nonzero M and P , which
is not allowed if  is a good quantum number, as is the case
for a single skyrmion. However, for SkXs, we find that
the skyrmion-skyrmion interaction with C6 rotational sym-
metry breaks the rotational symmetry of polygon modes,
resulting in strong hybridization with magnetically and/or
electrically active modes, except for the triangle (sex-
tupole) modes that are “magnetoelectrically dark.” (For a
detailed numerical investigation, see Appendix F.) Instead,
it takes a small cubic anisotropy—which is neglected
here—for the triangle modes to hybridize with other modes
[68,69].

For experimental studies of ME-MP coupling, the low-
temperature SkX phase provides an ideal platform, which
can be realized in a thin film or quenched bulk crystal
[21,68,69]. Noting a remarkably small Gilbert damping
and enhanced effective exchange interaction at low tem-
peratures [42,71], the strong coupling limit can be real-
ized with the magnetic coupling constant for the CCW

110 150
4.4

4.5

4.6

4.7

110 1502.35

2.40

2.45

(a) (b)

1.0

0.0

Elliptic

Cavity

CCW

(c) (d)

Breathing

Cavity

FIG. 4. Cavity-induced magnon-magnon interaction and MP
hybridization of the magnetically dark elliptic mode. (a),(c) Mag-
netic field dependence of the magnon-photon spectrum of the
low temperature SkX, obtained at D/J = 0.5 and ẑ ‖ [001]. The
Planck constant is denoted as h. The color code indicates the
probability density of cavity mode (dark yellow) and skyrmion
excitations including breathing (magenta), CCW (cyan), and
elliptic (blue) modes. (b),(d) Calculated microwave reflection
|S11(ω)|2 using the input-output formalism [44,70] (cf. Appendix
H), obtained for regions enclosed by black dashed lines in (a)
and (c). The cavity field directions are fixed as (a),(b) E ‖ [110]
and B ‖ [001] at �/(2π) = 4.55 GHz and (c),(d) E ‖ [001]
and B ‖ [110] at �/(2π) = 2.4 GHz. In (a)–(d), we assume
that the SkX is placed slightly away from the antinode of the
electric component of the cavity mode with |B| ≈ 0.1B0 and
|E | ≈ 0.995E0. We also assume that the damping rate of cav-
ity mode κa/(2π) = 1 MHz, the damping rate of the nth magnon
mode κn/(2π) = 20 MHz, and η = 0.1. The energy eignenval-
ues E and magnetic fields are rescaled for Cu2OSeO3 at 5 K (cf.
Appendix B).

and breathing modes potentially exceeding 500 MHz (cf.
Appendix G for the numerical evaluation of MP coupling
in skyrmion eigenmodes). Furthermore, the ME coupling
leads to fundamentally new phenomena when the damp-
ing rate of skyrmion eigenmodes becomes smaller than
100 MHz. Let us consider the SkX placed slightly away
from the antinode of the electric component of the cav-
ity mode with ẑ ‖ [001], where |B| ≈ 0.1B0 and |E | ≈
0.995E0. Applying E ‖ [110] and B ‖ [001] at �/(2π) =
4.55 GHz, the triple resonance condition is satisfied with
the cavity mode coupled magnetically and electrically with
the breathing and CCW modes, respectively. As demon-
strated in Figs. 4(a) and 4(b), the cavity-mediated magnon-
magnon coupling induces a hybridization gap between the
breathing and CCW modes, which can be experimentally
observed in microwave reflection |S11(ω)

2|. (For the the-
ory of microwave reflection and additional discussion of
MP hybridizations, see Appendix H.) We also find a small
anticrossing between the cavity mode and elliptic mode of
purely electrical origin, as shown in Figs. 4(c) and 4(d),
hence allowing the MP hybridization of magnetically dark
modes.
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IV. QUANTUM INFORMATION APPLICATIONS
OF MAGNETOELECTRIC MAGNON-PHOTON

COUPLING

A. Electrically tunable magnon-mediated coherent
information transduction between microwave photons

As reviewed in Ref. [72], magnon-photon coupling may
find application in scalable hybrid quantum computing
architectures, e.g., in quantum information processing with
on-chip magnonics and superconducting circuits where
it is used to implement quantum gates (see Appendix
I for magnon-mediated and photon-mediated quantum
gates). One may use a magnet to couple two circuit quan-
tum electrodynamics systems, each of which consists of
a superconducting qubit and a microwave cavity. As a
result, quantum information can be controllably transduced
between the two systems because they effectively interact
with each other via the tunable magnon-photon coupling.
The tunability of the latter arises from controlling the
magnon frequency by external means.

In contrast to the well-established magnetic field tun-
ability of the magnon frequency, ωm = ωm(B), magneto-
electricity facilitates an additional electric field tunability,

ωm = ωm(E). The electric field dependence of the magnon
frequency can be extracted from the bilinear part p(2)i in
the magnon expansion, Eq. (4), of the local electric dipole
moments. As shown in Appendix J, in the collinear fer-
romagnetic phase of Cu2OSeO3, the electric-field-induced
magnon frequency shift can be written as�f = 14.7 Hz ×
E/(V/m), where we have assumed 〈S〉, E ‖ [111]. Thus,
similar to existing protocols of magnetic field pulses
[72–74], it is feasible to design electric field pulse pro-
tocols to tune the magnon frequency relative to pho-
ton frequencies and to realize quantum operations like
SPLIT and SWAP operations between two different photon
modes.

Below, we explore the possibility of realizing SPLIT and
SWAP operations by all-electrical means to highlight the
importance of magnetoelectric coupling. We emphasize
that “all electrical” refers to both the magnon frequency
tuning and the magnon-photon coupling being a result of
electric dipole coupling. We model one magnon mode and
two photon modes with the respective complex amplitudes
given by b(t), a1(t), and a2(t). Their time evolution is
governed by the equation of motion [72–74]

⎛

⎝
ȧ1(t)
ȧ2(t)
ḃ(t)

⎞

⎠ =
⎛

⎝
−i�1 − κ1/2 0 −ig1

0 −i�2 − κ2/2 −ig2
−ig1 −ig2 −iωm(t)− γm/2

⎞

⎠

⎛

⎝
a1(t)
a2(t)
b(t)

⎞

⎠ , (23)

where �1 and �2 are the photon frequencies, ωm(t) =
ωm[E(t)] is the E-field-dependent magnon frequency, κ1
and κ2 are the photon damping, γm is the magnon damp-
ing (full width at half maximum), and g1 and g2 are the
magnon-photon couplings of the first and second pho-
tons, respectively. The potential coupling between cavity
modes via an output transmission line is neglected. We
set κ1 = κ2 = 0 for simplicity, assume a high-quality crys-
tal with low magnon damping γm/(2π) = 8 MHz, and
set g1 = g2 = g with g/(2π) = 40 MHz being an all-
electrical magnon-photon coupling of similar magnitude as
that estimated in Eq. (19).

We consider two types of E-field protocols to electri-
cally tune the magnon frequency in and out of resonance
with the two photon frequencies. First, we concentrate on
a full-period cosine protocol in the time interval −�t/2 <
t ≤ �t/2, where

ωm(t) = ω(0)m +�ωm
1 − cos(ωE(t +�t/2))

2
. (24)

Here, ω(0)m is the magnon frequency at zero electric field,
�ωm/(2π) = 14.7 Hz × 6.8 × 107 is the pulse amplitude,
and ωE = 2π/�t denotes the pulse frequency. Figure 5(a)

depicts how this protocol tunes the magnon frequency
in and out of resonance with two photon frequencies
�1/(2π) = 9.72 GHz and �2/(2π) = 9.68 GHz, with
ω(0)m /(2π) = 8.7 GHz and ωE/(2π) = 20.83 MHz. The
maximal required field amplitude is E = 6.8 × 107 V/m,
as shown in Fig. 5(b). Solving Eq. (23) numerically with
this protocol, we trace the mode populations P1(t) =
|a1(t)|2, P2(t) = |a2(t)|2, and Pm(t) = |b(t)|2, with the ini-
tial conditions P1(0) = 0, P2(0) = 1, and Pm(0) = 0. As
shown in Fig. 5(b), the field protocol acts as a SPLIT opera-
tion, resulting in the transformation of the initial state into
a superposition of output states. Because of the damping of
the magnon mode, the sum of final populations is smaller
than the initial one.

As a second E-field protocol, we consider a half-period
cosine pulse also in the time interval −�t/2 < t ≤ �t/2,
where

ωm(t) = ω(0)m +�ωm
1 − cos(ω′

E(t +�t/2))
2

(25)

with ω′
E = 2π/(2�t). For t > �t/2, the electric field

stays switched on, such that ωm(t) = ω(0)m +�ωm. This
protocol is depicted in Fig. 5(c) for �1/(2π) = 9.74 GHz
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and �2/(2π) = 9.66 GHz, ω(0)m /(2π) = 9.2 GHz, and
ω′

E/(2π) = 5 MHz. The time-dependent mode populations
shown in Fig. 5(d) reveal that the protocol realizes a SWAP

operation [with initial conditions P1(0) = 1, P2(0) = 0,
and Pm(0) = 0], with the quantum information getting
swapped from photon 1 to photon 2.

B. Photon-mediated coherent information transduction between magnons

Above, we concentrated on two-photon operations using magnons as a mediator. We now focus on the opposite idea of
two-magnon operations using a photon as a mediator, as motivated by the recent interest in magnonic quantum states [50]
and facilitated by the magnetoelectric photon-mediated magnon-magnon coupling reported in Sec. III B. In particular, we
consider a SPLIT operation between the CCW and breathing modes. Similarly to Eq. (23), the equation of motion is written
as

⎛

⎝
ȧ(t)
ḃB(t)
ḃC(t)

⎞

⎠ =
⎛

⎝
−i�− κ/2 −igB −igC

−igB −iωB(t)− γB/2 0
−igC 0 −iωC(t)− γC/2

⎞

⎠

⎛

⎝
a(t)
bB(t)
bC(t)

⎞

⎠ , (26)

where � is the photon frequency, ωB(t) = ωB[E(t)] and
ωC(t) = ωC[E(t)] are the E-field-dependent frequencies of
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FIG. 5. All-electrical coherent magnon-photon quantum oper-
ations in the ferromagnetic phase of Cu2OSeO3. (a),(b) Photon
SPLIT operation with a full-period cosine E-field pulse. (a) Time
dependence of the bare photon (red and blue) and magnon fre-
quencies (black). (b) Time dependence of the modes’ population
upon the electric field pulse. The quantum information of a max-
imally populated photon (blue) gets split into two parts (blue and
red). (c),(d) Photon SWAP operation with half-period cosine E-
field pulse. (c) Time dependence of the bare photon (red and
blue) and magnon frequencies (black). (d) Time dependence of
the modes’ population upon the electric field pulse. The quantum
information of a maximally populated (red) and empty photon
(blue) gets swapped. For both operations, losses are associated
with the magnon damping. For the parameters used, see the text.

the breathing and CCW modes, κ is the photon damp-
ing, γB and γC are the damping of the breathing and
CCW modes (full width at half maximum), and gB and
gC are the magnon-photon coupling of the breathing and
CCW modes, respectively. We set�/(2π) = 4.9 GHz and
κ/(2π) = 2 MHz, and assume that γB = γC = 0 for sim-
plicity. We note that the currently available estimates of
the magnon damping in SkXs are too large for quan-
tum gates between magnons [45,46]. It is thus crucial to
reduce the magnon damping, which could be realized in
ultraclean materials at ultralow temperatures. In this con-
text, we note that nonlinear magnon-photon coupling (e.g.,
two-magnon-one-photon interactions) might also give rise
to additional channels of magnon damping, calling for a
detailed theoretical analysis that we leave for further inves-
tigations. The results for zero magnon damping presented
below demonstrate which operations could be achieved in
principal.

Using the full-period cosine protocol, the E-field-
dependent magnon frequencies are defined as

ωB(t) = ω
(0)
B +�ωB

1 − cos(ωE(t +�t/2))
2

, (27a)

ωC(t) = ω
(0)
C +�ωC

1 − cos(ωE(t +�t/2))
2

, (27b)

with −�t/2 < t ≤ �t/2 and ωE/(2π) = 12.34 MHz. We
assume that Bz = 112 mT, where ω(0)B /(2π) = 4.73 GHz
and ω

(0)
C /(2π) = 4.08 GHz. Since the frequency shift

of magnons in SkXs strongly depends on the direc-
tion of magnetization, applied electric fields, and the
band index of magnon modes, it is possible to con-
trol the frequency of magnon modes selectively. (For a
detailed numerical investigation, see Appendix K.) We
set ẑ, −E ‖ [111] with the maximal field amplitude E =
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FIG. 6. A SPLIT operation of magnons mediated by photons
in the SkX phase of Cu2OSeO3 under a full-period cosine E-
field pulse. (a) Time dependence of the bare photon frequency
(black) and bare frequencies of the CCW (cyan) and breathing
(magenta) modes. (b) Time dependence of the modes’ popula-
tion upon the electric field pulse. The quantum information of a
maximally populated CCW mode (cyan) gets split into two parts
(cyan and magenta). Losses are associated with the photon damp-
ing; magnon damping is set to zero. For the parameters used, see
the text.

6.2 × 107 V/m to achieve the largest frequency shift
�ωC/(2π) = 11.2 Hz × 6.2 × 107 in the CCW mode,
while �ωB/(2π) = 0.01 Hz × 6.2 × 107 in the breath-
ing mode [see Fig. 6(a)]. The coupling constants are
obtained as gB/(2π) = 24 MHz and gC/(2π) = 52 MHz
for B ‖ [112], E ‖ [111], |B| = 0.1B0, and |E | = 0.995E0
(cf. Appendix G). With only the CCW mode initially occu-
pied, i.e., P(0) = 0, PB(0) = 0, and PC(0) = 1, we solve
Eq. (26) numerically to study the time evolution of the
modes’ population. Figure 6(b) clearly illustrates a SPLIT
operation where the quantum information is split into both
the CCW and breathing modes after the E-field pulse is
applied.

V. CONCLUSION

We have studied the MP coupling in electromagnetic
cavities hosting ME magnets, where a remarkable control
over the coupling strength can be realized by rotating the
magnetization direction. It even allows the strong enhance-
ment of the MP coupling in one direction and the com-
plete cancelation in the opposite direction. Focusing on
the skyrmion-hosting multiferroic insulator Cu2OSeO3, we
have shown that the strong coupling limit can be achieved
electrically in the ferromagnetic phase. Furthermore, the
ME coupling enables MP hybridization of the elliptic
(quadrupole) modes, which are “magnetically dark” exci-
tations in the skyrmion crystal phase. We have also demon-
strated that cavity modes can mediate the magnon-magnon
coupling between the counterclockwise and breathing
modes. For the quantum information application of mag-
netoelectric magnon-photon coupling, we have proposed
magnon-mediated quantum SPLIT and SWAP operations of

photons in the collinear ferromagnetic phase, and a photon-
mediated SPLIT operation of skyrmion eigenmodes, allow-
ing all-electrical quantum transduction and entanglement
generation. Our theory also applies to other skyrmion-host
materials, such as the lacunar spinels [23,25], by adjust-
ing the dynamical electric moments π according to the
relevant microscopic mechanism of spin-driven polariza-
tion [41]. We conclude that ME cavity magnonics pro-
vides an attractive platform for the coherent transduction
between photons and magnons in topological magnets.
The magnetoelectric MP hybridization and cavity-induced
magnon-magnon coupling proposed in this work opens a
novel path towards skyrmionic quantum-hybrid systems,
quantum computing, and quantum magnonics.
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APPENDIX A: MAGNETIC MULTIPOLE
MOMENTS AND ELECTRIC DIPOLE MOMENTS

OF MAGNONS

In this section, we introduce macroscopic dynamical
magnetic and electric multipole moments of magnons. The
dimensionless magnetic dipole moment and quadrupole
moment can be defined as [32]

Ma =
∫

V

dr
V

n̂a(r), Qab =
∫

V

dr
V

(
n̂a(r)n̂b(r)− 1

3
δab(r)

)
,

(A1)

respectively. Here, n̂(r) is a unit vector parallel to the mag-
netization and the integration is evaluated over the sample
volume V. The subscript in Ma refers to a component of
M along a unit vector â. In order to compute multipole
moments of magnons, we need to substitute n̂(r, t) into Eq.
(A1) to find oscillations in multipole moments Ma and Qab,
where n̂(r, t) represents the time evolution of spins when a
magnon mode is excited [33].

As an alternative approach, we provide a more conve-
nient expression in terms of the wave function of the nth
magnon mode. Replacing n̂(r) with the dynamical dipole
moment μj [see Eq. (3)], the magnonic dipole moment and
quadrupole moment are respectively defined as

M(n)
a = 1√

Nb

Nb∑

j =1

(μj ,auj ,n
0 + μ∗

j ,av
j ,n
0 ), (A2a)

Q(n)
ab = 1√

Nb

Nb∑

j =1

(μj ,aμj ,buj ,n
0 + μ∗

j ,aμ
∗
j ,bv

j ,n
0 ), (A2b)
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with Nb denoting the number of spins in a magnetic unit
cell. In Eqs. (A2a) and (A2b), the magnetic dipole moment
and quadrupole moment are weighted by the wave function
of the nth magnon mode, where a particle (hole) sector is
represented by uj ,n

k (vj ,n
k ) from Eq. (9). Similarly, we can

define the electric dipole moment of the nth magnon mode
as

P (n)
a = 1√

Nb

Nb∑

j =1

(πj ,auj ,n
0 + π∗

j ,av
j ,n
0 ), (A3)

where the expressions for π j are given in Eq. (18b) of
the main text for Cu2OSeO3. We note that the amplitude
of multipole moments defined in Eqs. (A2a)–(A3) is inde-
pendent of Nb, as shown for the SkX in Appendix E. This
is understood from the normalized probability distribution
of magnons, written as

∑Nb
j =1(|uj ,n

0 |2 − |vj ,n
0 |2) = 1, which

implies that uj ,n
0 , vj ,n

0 ∝ 1/
√

Nb. As a result, the overall
dependence in Nb is canceled out in Eqs. (A2a)–(A3).

Importantly, M(n) and P (n) naturally appear in the
magnon-photon coupling as shown in Eq. (12a). Therefore,
they represent macroscopic dynamical magnetic and elec-
tric dipole moments of the nth magnon mode, by which
the latter couples to microwave fields. Furthermore, our
expressions reveal that the coupling constant for magnon-
photon interactions is enhanced with the total number of
spins regardless of the size of magnetic unit cell.

APPENDIX B: RESCALING ENERGIES AND
MAGNETIC FIELDS FOR THE

LOW-TEMPERATURE SKYRMION CRYSTAL
PHASE OF Cu2OSeO3

To enhance the magnon-photon coupling, we consider
the low-temperature SkX that can be realized in a thin-film
sample or by quenching a bulk sample [21,68,69]. Using
the expressions for energies and magnetic fields in the con-
tinuum limit [33], we rescale the energy eigenvalues of
magnons and magnetic fields as

Ẽn = J̃√
3

(
D̃

J̃

)2(D
J

)−2 En

JS
, (B1a)

B̃z = 2J̃
3

(
D̃

J̃

)2(D
J

)−2 gμBBz

JS
, (B1b)

with D/J = 0.5 in our spin-lattice model and D̃/J̃ = 0.09
in Cu2OSeO3 [42]. The effective strength of ferromag-
netic exchange interaction J̃ depends on temperatures
and is estimated as J̃ = 3 meV at 5 K [42]. Here, we
add numerical prefactors in Eqs. (B1a) and (B1b) to
account for the triangular lattice. Substituting these val-
ues, we have Ẽn/h = En/(JS)× 13.58 GHz and B̃z =
gμBBzJ/(D2S)× 140 mT with the Planck constant h. In

the main text, we drop tilde symbols to simplify the
notation.

APPENDIX C: SPIN WAVES IN SKYRMION
CRYSTALS

We compute the magnon spectrum of SkXs using lin-
ear spin-wave theory. Performing the Holstein-Primakoff
transformation as described in the main text, the bilinear
magnon Hamiltonian is obtained by rewriting spin oper-
ators as Si ≈ êz

i (S − b†
i bi)+ √

S/2(ê−
i bi + ê+

i b†
i ), where

ê±
i = êx

i ± iêy
i and êz

i is a unit vector parallel to the classi-
cal ground-state spin configuration of SkXs. From Eq. (22)
of the main text, the linear spin-wave Hamiltonian reads,
up to a constant [30,33,62],

HSW = S
2

∑

k,j ,j ′
ψ

†
k,j

(
�jj ′(k) �jj ′(k)
�∗

jj ′(−k) �∗
jj ′(−k)

)
ψk,j ′ , (C1)

where ψk,j = (bk,j , b†
−k,j )

T. The Fourier transform of
magnon operators is written as bk,j = (1/

√
Nu)

∑
i bi,j

e−ik·ri,j , where i and j respectively represent a magnetic
unit cell and sublattice site, and Nu is the total number of
magnetic unit cells. We defined

�j (k) =
∑

j ′
[Jjj ′(k = 0)êz

j · êz
j ′ − Djj ′(k = 0) · êz

j × êz
j ′]

+ gμBBz ẑ · êz
j

S
, (C2a)

�jj ′(k) = δjj ′�j + 1
2 [−Jjj ′(k)ê+

j ·ê−
j ′+Djj ′(k) · ê+

j ×ê−
j ′ ],
(C2b)

�jj ′(k) = 1
2 [−Jjj ′(k)ê+

j ·ê+
j ′+Djj ′(k) · ê+

j ×ê+
j ′ ], (C2c)

with Jjj ′(k) = ∑
i Jri,j ,r0,j ′ e

−ik·(ri,j −r0,j ′ ) and Djj ′(k) = ∑
i

Dri,j ,r0,j ′ e
−ik·(ri,j −r0,j ′ ). After diagonalization of Eq. (C1),

we obtain

HSW = S
∑

k,n

En(k)
(

b†
k,nbk,n + 1

2

)
, (C3)

where En(k) is the energy eigenvalue of the nth
magnon mode at crystal momentum k and (bk,j , b−k,j )

T =
Tj ,n

k (bk,n, b−k,n)
T. We note that Tj ,n

k is a paraunitary matrix
[53], whose general expression is given in Eq. (9).

Since the wavelength of microwave cavity modes is
much larger than the size of the magnetic unit cell of SkXs,
which is approximately 50 nm in Cu2OSeO3 [21], we
only consider �-point magnon excitations in the following.
Using the classical ground-state spin configuration of SkXs
[cf. Fig. 7(a)], we obtain the magnon spectrum at k = 0
as a function of the static magnetic field Bz, as shown in
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FIG. 7. Magnon spectrum of SkXs at the � point. (a) Classical
ground-state spin configuration of SkXs, obtained at D/J = 0.5
and gμBBzJ/(D2S) = 0.55 under periodic boundary conditions.
The magnetic unit cell consists of 16 × 16 spins on a trian-
gular lattice. (b) Magnon spectrum of SkXs at k = 0 for the
18 lowest-energy eigenstates as a function of magnetic field. It
highlights three magnetically active modes: CCW (cyan); breath-
ing (magenta); CW (lime). In addition, the polygon modes are
shown as  = 2 (solid blue),  = 3 (solid black),  = 4 (solid
salmon),  = 5 (solid orange), and  = 6 (solid green). Dashed
lines indicate modes that hybridize with polygon modes for
 ≥ 4, corresponding to elliptic (dashed salmon), CCW (dashed
orange), and breathing (dashed green) modes. (c)–(g) Wave func-
tion of polygon modes in SkXs. The color represents the real part
of the particle sector of Tj ,n

k , which is denoted as uj ,n
k in Eq. (9).

Each panel corresponds to a polygon deformation mode with (c)
 = 2, (d)  = 3, (e)  = 4, (f)  = 5, and (g)  = 6.

Fig. 7(b). Each magnon mode is identified by computing
the time evolution of spin textures when the corresponding
magnon mode is excited [33]. In addition to magnetically
active modes, we highlight polygon deformation modes up
to  = 6. Interestingly, we note that polygon modes with
 ≥ 4 show flattening or even decreasing energy eigenval-
ues as a function of magnetic fields in contrast to those
hosted by single skyrmions [31,32]. Polygon modes are in
fact strongly hybridized with an elliptic mode for  = 4, a
CCW mode for  = 5, and a breathing mode for  = 6,
as indicated by large hybridization gaps between solid
and dashed lines in Fig. 7(b). In contrast, the triangle
mode is completely decoupled from CCW and breath-
ing modes, showing band crossings. This is understood
from the skyrmion-skyrmion interactions in SkXs, which

breaks the rotational symmetry of polygon modes except
for triangle modes. To support our argument, we discuss
the hybridization of single-skyrmion bound states under
perturbations in Appendix F. Figures 7(c)–7(g) illustrate
that the wave function of the th polygon mode has C
symmetry as expected. We note that the wave function
for the  = 6 mode looks different from other modes due
to the hybridization with the second-harmonic breathing
mode.

APPENDIX D: DYNAMICAL ELECTRIC DIPOLE
MOMENTS IN SKYRMION CRYSTALS

In the main text, we give the expression for π i in
terms of the crystallographic basis (a, b, c) [see Eq. (18b)].
While it is straightforward to apply the formula to the
ferromagnetic phase, it is more convenient for the SkX
phase to rewrite π i in terms of another orthogonal basis
(x, y, z) whose out-of-plane component is antiparallel to
the external magnetic field direction ẑ. In the following, we
consider three cases with ẑ ‖ [001], [110], and [111] while
x̂ ‖ [110] for all cases.

Firstly, we introduce a global rotation matrix that maps
from xyz coordinates to abc coordinates as

〈Si,abc〉 = R̂abc,xyz 〈Si,xyz〉 . (D1)

Here, 〈Si,abc〉 = S(cosφi sin θi, sinφi sin θi, cos θi)
T and

〈Si,xyz〉 = S(cosφ′
i sin θ ′

i , sinφ′
i sin θ ′

i , cos θ ′
i )

T respectively
represent the classical ground-state spin configurations in
abc and xyz coordinates. We also need to define a local
rotation matrix that maps from the local orthogonal basis
(êx

i , êy
i , êz

i ) to xyz coordinates for the Holstein-Primakoff
transformation, given as

Rxyz,êi =

⎛

⎜⎝
cos θ ′

i cosφ′
i − sinφ′

i cosφ′
i sin θ ′

i

cos θ ′
i sinφ′

i cosφ′
i sin θ ′

i sinφ′
i

− sin θ ′
i 0 cos θ ′

i

⎞

⎟⎠ . (D2)

Finally, we obtain the expression of π i by collecting linear
terms in magnon operators from the expression

pi,xyz = R̂−1
abc,xyz pi,abc(〈Si,abc〉)

= R̂−1
abc,xyz pi,abc(R̂abc,xyzR̂ ˆxyz,eiSi), (D3)

where Si ≈ êz
i (S − b†

i bi)+ √
S/2(ê−

i bi + ê+
i b†

i ) and pi,abc
(〈Si,abc〉) is given in Eq. (16) of the main text.

The expressions for π i are respectively obtained as

π i = λS3/2

√
2

⎛

⎜⎝
− cosφ′

i cos 2θ ′
i − i sinφ′

i cos θ ′
i

sinφ′
i cos 2θ ′

i − i cosφ′
i cos θ ′

i

− cos 2φ′
i sin θ ′

i cos θ ′
i − i sin 2φ′

i sin θ ′
i

⎞

⎟⎠

for ẑ ‖ [001], (D4)
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π i = λS3/2

√
2

⎛

⎝
(− sin 2φ′

i cos θ ′
i + i cos 2φ′

i) sin θ ′
i

− 1
4 (3 + cos 2φ′

i) sin 2θ ′
i − i cosφ′

i sinφ′
i sin θ ′

i
cos 2θ ′

i sinφ′
i − i cosφ′

i cos θ ′
i

⎞

⎠ for ẑ ‖ [110], (D5)

and

π i = λS3/2

2
√

3

⎛

⎝

√
2(− cosφ′

i cos 2θ ′
i − i cos θ ′

i sinφ′
i)− sin 2φ′

i sin 2θ ′
i + 2i cos 2φ′

i sin θ ′
i√

2(− sinφ′
i cos 2θ ′

i + i cos θ ′
i cosφ′

i)− cos 2φ′
i sin 2θ ′

i − 2i sin 2φ′
i sin θ ′

i
−3

√
2 cos θ ′

i sin θ ′
i

⎞

⎠ (D6)

for ẑ ‖ [111].
We note that the symmetry of π i is consistent with

the magnetic point group for each case. For example, we
find that π i → C2z(π i) by substituting φ′

i → φ′
i + π for

ẑ ‖ [001]. This implies that π i is symmetric about C2z
rotation [30], which is a symmetry of the corresponding
magnetic point group 2′2′2 for ẑ ‖ [001] [42]. Similarly,
we find that π i is symmetric about C2yT (C3z) for ẑ ‖ [110]
(ẑ ‖ [111]). This is demonstrated in Fig. 8, showing spatial
profiles of the real part of π i obtained from the spin con-
figuration of SkXs in Fig. 7(a). It is important to note that
the out-of-plane component of dynamical electric dipole
moment π for ẑ ‖ [001] shows a quadrupolar feature sim-
ilarly to the ground-state electric polarization P (see Fig. 1
of the main text). Therefore, the electric coupling allows
us to study the quadrupole moment of magnons, which is
defined in Appendix A.

APPENDIX E: MAGNETIC MULTIPOLE
MOMENTS AND ELECTRIC DIPOLE MOMENTS

IN SKYRMION CRYSTALS

In this section, we discuss magnetic and electric multi-
pole moments of low-energy magnon modes in skyrmion
crystals. Firstly, we demonstrate that the amplitude of mul-
tipole moments defined in Eqs. (A2a)–(A3) is independent
of Nb. This is illustrated in Fig. 9, where we inves-
tigate MCCW

x , MBreathing
z , and QElliptic

xy at different D/J

+max–max

(a) (b) (c)

z z z

FIG. 8. Spatial profile of dynamical electric dipole moments in
SkXs. (a)–(c) Real part of π i is plotted for the spin configuration
of SkXs in Fig. 7(a) for (a) ẑ ‖ [001], (b) ẑ ‖ [110], and (c) ẑ ‖
[111], which are defined in Eqs. (D4)–(D6).

ratios. Since the linear size of skyrmions is approximately
proportional to (D/J )−1, the total number of spins in
each magnetic unit cell scales as Nb ∝ (D/J )−2. Figure 9
clearly demonstrates that the amplitudes of M and Q
are constant for various sizes of skyrmions stabilized at
different D/J ratios. We also confirm that P is inde-
pendent of D/J ratios, where the expressions for π j are
given in Eqs. (D4)–(D6). Magnetic dipole moments, elec-
tric dipole moments, and magnetic quadrupole moments
of low-energy magnon modes in SkXs are summarized in
Fig. 10 and Table I. We note that our definition of Qab is
consistent with the previous work, where Qab in Eq. (A1)
was computed for the elliptic modes and breathing modes
[32].

APPENDIX F: HYBRIDIZATION OF
SINGLE-SKYRMION BOUND STATES

In the main text, we show that all polygon
deformation modes except for the triangle modes carry
nonzero M and/or P in SkXs, although single-skyrmion

0.4 0.6 0.8 1.00.0

0.2

0.4

0.6

FIG. 9. Dynamical magnetic dipole moment M and
quadrupole moment Q of magnons are independent of the size
of skyrmions. The dimensionless amplitudes of M/(gμB)

and Q/(gμB)
2 are plotted as a function of D/J . For each

value of the D/J ratio, the classical ground-state spin con-
figuration of SkXs is obtained at gμBBzJ/(D2S) = 0.8,
where Nb = [576, 361, 256, 169, 144, 121, 100, 81] for
D/J = [0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0].
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1 2 3 4 5 6 7 8 9 10 11 12 13

xx
yy

zz
xy
yz

zx

Band index

100

10–1

10–2

10–3

FIG. 10. Magnetic quadrupole moment Q of low-energy
magnon modes in SkXs. The dimensionless amplitude of
Q/(gμB)

2 is plotted on a logarithmic scale, obtained at D/J =
0.5 and gμBBzJ/(D2S) = 0.8. Black regions indicate dipole
moments smaller than 10−3. See Table I for the description of
magnon modes.

bound states, characterized by azimuthal quantum number
 [67], cannot have magnetic or electric dipole moments
except for the elliptic modes besides CCW, CW, and
breathing modes [32]. In Appendix C, we demonstrate
that this is because the skyrmion-skyrmion interactions
strongly hybridize single-skyrmion bound states with dif-
ferent values of  in SkXs. Here, we provide a pedagogical
example by studying single-skyrmion bound states under
symmetry-breaking perturbations.

According to previous studies, most of the bound states
of a single skyrmion are found above the bulk continuum
excitations of the ferromagnetic background [31,32,34]. To
eliminate the bulk continuum from the low-energy spec-
trum, we introduce a magnetic field potential trap [see

Fig. 11(a)] [75]:

gμBB′
z(r)J

D2S
= 6(cos θ(r)+ 1), (F1)

θ(r) = 2 arctan
(

sinh(R/�)
sinh(r/�)

)
,

with r denoting displacement from the skyrmion center,
R = 6 for skyrmion radius, and � = 0.5. The classical
ground-state spin configuration is prepared by Monte Carlo
annealing to create an isolated single skyrmion at D/J =
0.5 and gμBBzJ/(D2S) = 1.0. The obtained spin configu-
ration is then relaxed under the additional magnetic field
potential B′

z with Landau-Lifshitz-Gilbert simulations.
In the presence of a large magnetic field potential

B′
z, many single-skyrmion bound states are successfully

obtained in the magnon spectrum as shown in Fig. 11(b).
While the elliptic mode is known to cause a bimeron insta-
bility below the critical magnetic field [76], the magnetic
field potential prevents such instability. Hence, the lowest-
energy mode is found to be the CCW mode instead of the
elliptic mode. At higher energies, we find other polygon
deformation modes that are highlighted in Fig. 11(b). In
addition, we find second-order and even higher-order har-
monics, as shown in Fig. 11(c). In contrast to the magnon
spectrum of SkXs, there is no signature of avoided cross-
ings in Fig. 11(b). Analogously to atomic orbitals of hydro-
gen atoms, the azimuthal quantum number  is a conserved
quantity of single-skyrmion bound states, thus preventing
hybridization between different  states. We also confirm
that only the elliptic modes carry finite P in addition to
CCW, CW, and breathing modes.

TABLE I. Dynamical magnetic dipole moment, electric dipole moment, and magnetic quadrupole moment of low-energy magnon
modes of SkXs in Cu2OSeO3. The absence of a finite component is denoted by an ellipsis. For relative magnitudes, compare with
Fig. 3 in the main text and Fig. 10. If the corresponding single-skyrmion bound states are magnetically (electrically) active, they are
highlighted in bold red (blue). In the “Index” column, the colors in brackets coincide with the colors chosen in Fig. 7(b). We denote
Pα , Pβ , and Pγ as electric polarizations with ẑ ‖ [001], [110], and [111], respectively. For all cases, the x axis is taken along [110].

Index Description M P Q
1 (solid gray) Goldstone mode · · · · · · Qyz ,Qzx

2 (solid blue) Elliptic · · · Pα
z ,Pβ

x ,Pβ
y ,Pγ

x ,Pγ
y Qxx,Qyy ,Qxy

3 (solid cyan) CCW Mx,My Pα
x ,Pα

y ,Pβ
z ,Pγ

x ,Pγ
y Qyz ,Qzx

4 (solid magenta) Breathing Mz Pβ
y ,Pγ

z Qxx,Qyy ,Qzz
5 (solid black) Triangle · · · · · · · · ·
6 (solid lime) CW Mx,My Pα

x ,Pα
y ,Pβ

z ,Pγ
x ,Pγ

y Qyz ,Qzx

7 (solid gray) Elliptic · · · Pα
z ,Pβ

x ,Pβ
y ,Pγ

x ,Pγ
y Qxx,Qyy ,Qxy

8 (solid salmon) Square · · · Pα
z ,Pβ

x ,Pβ
y ,Pγ

x ,Pγ
y Qxx,Qyy ,Qxy

9 (solid gray) Triangle · · · · · · · · ·
10 (dashed salmon) Elliptic · · · Pα

z ,Pβ
x ,Pβ

y ,Pγ
x ,Pγ

y Qxx,Qyy ,Qxy
11 (solid orange) Pentagon Mx,My Pα

x ,Pα
y ,Pβ

z ,Pγ
x ,Pγ

y Qyz ,Qzx

12 (dashed orange) CCW Mx,My Pα
x ,Pα

y ,Pβ
z ,Pγ

x ,Pγ
y Qyz ,Qzx

13 (solid green) Hexagon Mz Pβ
y ,Pγ

z Qxx,Qyy ,Qzz
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6(a) (b)

(c)

FIG. 11. Single-skyrmion bound states trapped inside the
magnetic field potential. (a) Spatial profile of magnetic field B′

z
from the center of the skyrmion, added on top of uniform mag-
netic field Bz . The expression for B′

z is given in Eq. (F1). The
inset shows the spin configuration of a single skyrmion inside the
magnetic field trap, obtained at D/J = 0.5 for 50 × 50 spins with
periodic boundaries. (b) Spectrum of single-skyrmion bound
states at k = 0 as a function of uniform magnetic field Bz . High-
lighted modes are CCW (cyan), breathing (magenta), CW (lime),
 = 2 (blue),  = 3 (black),  = 4 (salmon),  = 5 (orange),  =
6 (green), and  = 7 (purple). (c) Wave function of high-energy
skyrmion bound states obtained at gμBBzJ/(D2S) = 0.65. From
left to right, we show second-order CCW, second-order breath-
ing modes,  = 6, and  = 7. Their eigenenergies are E/(JS) =
1.21, 1.92, 2.84, and 3.58. The color code is the same as in
Figs. 7(c)–7(g).

Now, we break the continuous rotational symmetry by
adding small perturbations of the form

gμBδBz(r)J
D2S

= 0.04 cos[qφ(r)]Hs(R − r) (F2)

with φ denoting an azimuthal angle from the center of
the skyrmion, integers q for Cq symmetric perturbations,
and Hs(x) representing the Heaviside step function. In
the following, we consider perturbations with q = 6 and
q = 4 to simulate the skyrmion-skyrmion interactions of
hexagonal and square SkXs. For each case, the classical
spin configuration of a single skyrmion is relaxed under
Bz + B′

z + δBz, which is then used to compute the magnon
spectrum. Figure 12 shows magnon spectra for (a) q = 6
and (b) q = 4. It is clearly demonstrated that the C6 sym-
metric perturbation results in hybridization of the lowest
square mode (salmon) with the second elliptic mode (dark
gray), while the C4 symmetric perturbation hybridizes the
triangle mode (black) with the CW mode (lime). This is
because the azimuthal quantum number is no longer a good
quantum number except for  = q/2 polygon modes, not-
ing that th-order polygon modes carry multipole moment

0.6 0.7 0.8 0.90.8

1.0

1.2

1.4

1.6

1.8

0.6 0.7 0.8 0.90.8

1.0

1.2

1.4

1.6

1.8
(a) C6 perturbation (b) C4 perturbation

CW CW

FIG. 12. Hybridization of single-skyrmion bound states under
symmetry-breaking perturbations. (a),(b) Magnon spectrum of a
single skyrmion at k = 0 under Bz + B′

z + δBz , where B′
z and δBz

are respectively defined in Eqs. (F1) and (F2). The continuous
rotational symmetry of skyrmions is broken by (a) C6 sym-
metric perturbations and (b) C4 symmetric perturbations. The
symmetry-breaking perturbation results in hybridization between
the lowest  = 4 mode (salmon) and second  = 2 mode (dark
gray) in (a), and between the lowest  = 3 mode (black) and CW
mode (lime) in (b).

of order 2. Therefore, only an  = q/2 polygon mode
remains an exact eigenstate, rendering the triangle modes
elusive for experimental observations in hexagonal SkXs.

APPENDIX G: MAGNON-PHOTON COUPLING IN
SKYRMION CRYSTALS

In this section, we estimate the magnon-photon cou-
pling strength in SkXs. For simplicity, we consider low-
energy magnon modes of SkXs coupled with a single
cavity mode. Using the rotating-wave approximation, the
effective magnon-photon coupling is given as

HEM =
18∑

n=1

(�g(n)a†b0,n + �(g(n))∗ab†
0,n), (G1)

where magnon modes are included up to n = 18, cor-
responding to those shown in Fig. 7(b). The coupling
constant is given as [see Eq. (12a)]

�g(n) = −
√

N (E∗ · P (n) + B∗ · M(n)), (G2)

where E and B are quantized electromagnetic fields at the
position of the SkX. We note that Eq. (G1) is derived as a
perturbation, assuming that the coupling constant is much
smaller than the energy eigenvalues of magnon and cavity
modes.

The maximum amplitude of electromagnetic fields
inside a cavity is given as B0 = √

��μ0/(2V) and E0 =√
��/(2ε0V) [3], where μ0 and ε0 respectively denote the
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vacuum permeability and vacuum permittivity, � is the
frequency of microwave cavity, and V is the volume of cav-
ity. Substituting into Eq. (G2), the maximum magnetic and
electric components of the MP coupling are given as

�g(n)m-mag = −
√

��μ0ρsη

2
B̂ · M(n), (G3)

�g(n)m-el = −
√

��ρsη

2ε0
Ê · P (n), (G4)

with ρs ≈ 5.67 × 1027 m−3 being the spin density of
Cu2OSeO3 [42] and η = Vcrys/V the volume ratio between
the crystal and cavity. Here, B̂ (Ê) represents a unit vector
parallel to magnetic (electric) fields of the cavity mode.
In order to realize a strong coupling between magnon
and cavity modes, it is crucial to increase the value of
η. However, it also needs to be sufficiently small to have
an approximately spatially uniform microwave field inside
the sample. In the previous experiments, the parameters
were chosen as η ≈ 0.03 and �/(2π) = 1.1 GHz in Ref.
[45] and η ≈ 0.06 and �/(2π) = 0.68 GHz in Ref. [46],
where |gCCW

m-mag|/(2π) was found to be approximately 120
MHz in both references. Substituting |MCCW

x | = 0.55gμB
(see Fig. 9), we obtain |gCCW

m-mag|/(2π) = 135 and 150 MHz,
respectively. Hence, our theory is in good agreement with
the experiments. In the following, to enhance the magnon-
photon coupling, we use the rescaled magnon energies Ẽn
and magnetic fields B̃z for the low-temperature SkX phase
provided in Appendix B.

We assume the frequency of the cavity mode to be
at resonance with the nth magnon mode, � = Ẽn/�, and
fix the value of η as η = 0.1. In this ideal condition, we
compute the magnetic and electric coupling strengths of
the lowest 18 energy eigenstates in the low-temperature
SkX using Eqs. (G3) and (G4). Since the energy eigenval-
ues are increased by a larger effective coupling constant
J̃ compared to the high-temperature SkX, the magnetic
coupling strength reaches 500 MHz in the CCW and
breathing modes, as shown in Figs. 13(a)–13(c). Noting
that the damping rates for CCW and breathing modes
were estimated approximately as 300 MHz for CCW
and breathing modes in the high-temperature SkX phase
[45,46], the strong coupling regime can be realized in the
low-temperature SkX phase.

The electric coupling strength can also exceed 50 MHz,
but it is approximately 10 times smaller than the mag-
netic coupling strength, similar to what we extracted for
the ferromagnetic phase in Eq. (21) of the main text.
As shown in Figs. 13(d)–13(l), many magnon modes
exhibit a nonzero electric coupling. Also, the coupling
strength depends on directions of both the external mag-
netic field ẑ and the cavity mode Ê , resulting in a strongly

0
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70 140 70 140

70 140
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

x y z

z

z

z

z

zyx

FIG. 13. Magnetic and electric coupling strengths of magnon
modes in the low-temperature SkX. (a)–(c) Magnetic coupling
constant |g(n)m-mag|/(2π) and (d)–(l) electric coupling constant
|g(n)m-el|/(2π) of the lowest 18 energy eigenstates, obtained at
D/J = 0.5, � = Ẽn/�, and η = 0.1 with Eqs. (G3) and (G4).
The rescaled energy eigenvalues of the nth magnon mode Ẽn and
magnetic field B̃z are defined in Eqs. (B1a) and (B1b), respec-
tively. For typical parameters of V = 300 mm3 [44] and � = 4
GHz for the CCW mode, the maximum amplitudes of magnetic
and electric fields are B0 = 2.4 pT and E0 = 0.7 mV m−1. In
each row, the directions of electromagnetic fields B̂ and Ê are
aligned parallel to the x̂, ŷ, and ẑ axes (from left to right), where
ẑ is parallel to the applied magnetic field and the corresponding
crystalline axes are indicated to the right. The color code is the
same as in Fig. 7(b).

anisotropic MP coupling. Magnon modes with a large elec-
tric coupling include the CCW (solid cyan), breathing
(solid magenta), second elliptic (solid gray), lowest pen-
tagon (solid orange), second CCW (dashed orange), low-
est hexagon (solid green), and second breathing (dashed
green) modes. For experimental observations, we are inter-
ested in the lowest-energy elliptic mode (solid blue),
whose coupling constant is |g(n)m-el|/(2π) ≈ 6.8 MHz when
ẑ, Ê ‖ [001] [see Fig. 13(f)]. In addition, polygon modes
with  ≥ 4 show a strong magnetic field dependence in
g(n)m-el. This is a result of hybridization with electrically
active modes as discussed in Appendix C. For example,
the pentagon mode (solid orange) shows a large enhance-
ment of g(n)m-el above B̃z ≈ 100 mT when ẑ ‖ [001] and
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Ê ‖ [110], as it hybridizes with the second CCW mode
(dashed orange) [see Fig. 13(d)].

APPENDIX H: EXPERIMENTAL SIGNATURE OF
MAGNON-PHOTON COUPLING IN SKYRMION

CRYSTALS

In this section, we discuss experimental signatures of
magnon-photon coupling of skyrmion crystals employ-
ing the input-output formalism [44,70]. We consider the
magnon-photon Hamiltonian

H = �

(
�− i

κa

2

)
a†a + i�

√
κext

a a†ain − i�
√
κext

a a†
outa

+
18∑

n=1

[(
Ẽn − i�

κn

2

)
b†

0,nb0,n + �g(n)a†b0,n + H.c.
]

,

(H1)

where ain and aout are introduced as external input and
output fields to the cavity, κext

a /(2π) = 1 MHz is the
coupling constant between microwave cavity modes and
external fields, � is the frequency of cavity mode, g(n) is
the coupling constant of the nth magnon mode given as
Eq. (G2), and κa/(2π) = 1 MHz is the damping rate of
the cavity mode [9]. For the damping rate κn of the nth
magnon mode, we assume that κn/(2π) = 20 MHz for the
low-temperature SkX phase [68], which could be realized
owing to a very low Gilbert damping constant of α ≈ 10−4

at 5 K [71]. Since anomalous terms such as a†b†
0,n are

neglected in the rotating-wave approximation, Eq. (H1)
can be diagonalized by a unitary matrix U:

H = �

(
�′ − i

κ ′
a

2

)
a′†a′ +

18∑

n=1

(
Ẽ′

n − i�
κ ′

n

2

)
b′†

0,nb′
0,n

+ i�
√
κext

a �
′†
j Uj 0ain − i�

√
κext

a a†
outU

†
0j�

′
j (H2)

with �j = (a, b0,1, . . . , b0,18)
T, � ′

j = (a′, b′
0,1, . . . , b′

0,18)
T,

and � ′
j = Uij�j for i, j = 0, 1, . . . , 18.

The expectation value of each operator in Eq. (H1)
evolves as ∂ 〈o〉/∂t = −(i 〈[o, H ]〉)/�, where 〈o〉 repre-
sents the expectation value of an operator o. Assuming
that a(t) = ae−iωt and b0,n(t) = b0,ne−iωt, the equations of
motion are obtained as [44]

−iωa =
(

− i�− κa

2

)
a −

18∑

n=1

ig(n)b0,n +√
κext

a ain,

(H3a)

−iωb0,n = −ig(n)a +
(

− i
Ẽn

�
− κn

2

)
b0,n, (H3b)

ain + aout = √
κext

a a, (H3c)

where the third equation is introduced as a boundary con-
dition between the cavity and external fields [70]. Using
the diagonalized basis, we obtain the equations

−iωa′ =
(

− i�′ − κ ′
a

2

)
a′ + U00

√
κext

a ain, (H4a)

−iωb′
0,n =

(
− iẼ′

n/� − κ ′
n

2

)
b′

0,n + Un0
√
κext

a ain, (H4b)

ain + aout = √
κex

a (U
†
00a′ + U†

0nb′
0,n). (H4c)

Finally, it is straightforward to derive the expression for
microwave reflection |S11(ω)|2 = |aout/ain|2 as

|S11(ω)|2 =
∣∣∣∣− 1 + κext

a

( |U00|2
i(�′ − ω)+ κ ′

a/2

+
18∑

n=1

|Un0|2
i(Ẽ′

n/� − ω)+ κ ′
n/2

)∣∣∣∣
2

. (H5)

When g(n) = 0, the input field is reflected almost perfectly
except at ω = � with a line width given by κa and κext

a . In
contrast, the MP coupling results in the scattering of pho-
tons when they are at resonance. Hence, magnon-photon
hybrid systems can be studied by measuring |S11(ω)|2
when changing the frequency ω of the input field.

In the following, we assume that the SkX is placed
slightly away from the antinode of the electric compo-
nent of the cavity mode with ẑ ‖ [001]. Noting that the
total energy density of electromagnetic fields (|B|2/μ0 +
ε0|E |2)/2 is constant inside the microwave cavity, we take
|B| = 0.1B0 and |E | = 0.995E0. The MP coupling is then
written as

�g(n) = −
√

��μ0ρsη

2
(0.1B̂ · M(n) + 0.995cÊ · P (n))

(H6)

with the speed of light c and ρs = 5.67 × 1027 m−3. We
set η = 0.1. Since the magnetic coupling is stronger than
the electric coupling by approximately a factor of 11 [see
Eq. (21) of the main text], this setup compensates for the
difference in their coupling strengths.

First, we consider the case when the cavity mode is at
resonance with the CCW and breathing modes. Choos-
ing the frequency of the cavity mode at �/(2π) = 4.55
GHz, we have |B| ≈ 0.25 pT and |E | ≈ 0.75 mV m−1 for
V = 300 mm−3. Importantly, both modes are magnetically
and electrically active with large coupling constants, as
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FIG. 14. Cavity-induced magnon-magnon interaction at off-
resonance microwave frequencies. (a),(b) Magnetic field depen-
dence of the magnon-photon spectrum of the low-temperature
SkX at k = 0, where D/J = 0.5, η = 0.1, κa/(2π) = 1 MHz,
and κn/(2π) = 20 MHz. The energy eigenvalues Ẽ and magnetic
fields B̃z are rescaled for Cu2OSeO3. The color code indicates
the probability density of the cavity mode (dark yellow) and the
breathing (magenta) and CCW (cyan) modes. Planck’s constant
is denoted as h. (c),(d) Calculated microwave reflection |S11(ω)|2
using Eq. (H5). In all panels, electromagnetic fields of the cav-
ity modes are directed in B̂ ‖ [001] and Ê ‖ [110] with (a),(c)
�/(2π) = 4.4 GHz and (b),(d) �/(2π) = 4.7 GHz. The direc-
tion of static magnetic fields is fixed as ẑ ‖ [001]. The SkX is
assumed to be placed slightly away from the antinode of the
electric component of the cavity mode with |B| ≈ 0.1B0 and
|E | ≈ 0.995E0 [see Eq. (H6)].

shown in Fig. 13. By applying the cavity mode with B̂ ‖
[001] and Ê ‖ [110], it is coupled magnetically and elec-
trically with the breathing and CCW modes, respectively.
This allows cavity-induced magnon-magnon interactions.
As demonstrated in Figs. 4(a) and 4(b) of the main text,
the cavity-induced magnon-magnon interaction is the most
prominent at the triple resonance point among the cavity,
CCW, and breathing modes. However, even if the cav-
ity mode frequency is slightly detuned from the triple
resonance frequency, we can realize the magnon-magnon
interaction via virtual processes mediated by the cavity
mode. As shown in Figs. 14(a) and 14(b), we find small
hybridization gaps between the CCW and breathing modes
with the blue-detuned or red-detuned cavity mode. Unlike
in the triple resonance condition, the anticrossings between
the CCW and breathing modes are not directly observed
in the microwave reflection |S11(ω)|2 [see Figs. 14(c) and
14(d)]. We also discuss the dependence on the damping
rate κn of magnon modes. When κn < |gCCW

m-el |, it is in
the strong coupling regime with clear signatures of the
level anticrossings, as shown in Fig. 4(a) of the main
text. In contrast, when κn > |gCCW

m-el |, the hybridization gap
becomes less pronounced [45]. However, we can still see
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FIG. 15. Cavity-induced magnon-magnon interaction and MP
hybridization of the magnetically dark elliptic mode at a larger
damping rate. Calculated microwave reflection |S11(ω)|2 using
Eq. (H5), where D/J = 0.5, η = 0.1, κa/(2π) = 1 MHz, and
κn/(2π) = 100 MHz. The energy eigenvalues Ẽ and magnetic
fields B̃z are rescaled for Cu2OSeO3. Electromagnetic fields of
the cavity modes are directed in (a) B̂ ‖ [001] and Ê ‖ [110]
at �/(2π) = 4.55 GHz and (b) B̂ ‖ [110] and Ê ‖ [001] at
�/(2π) = 2.4 GHz. The direction of static magnetic fields is
fixed as ẑ ‖ [001]. We choose the same range of magnetic fields
and frequencies as in Figs. 4(b) and 4(d) of the main text for (a)
and (b), respectively. The SkX is assumed to be placed slightly
away from the antinode of the electric component of the cavity
mode with |B| ≈ 0.1B0 and |E | ≈ 0.995E0 [see Eq. (H6)].

that |S11(ω)|2 is increased significantly when the CCW and
breathing modes intersect with the cavity mode, as shown
in Fig. 15(a).

Second, we consider a purely electric coupling between
the cavity mode and lowest-energy elliptic mode. Elec-
tromagnetic fields of the cavity mode are directed in B̂ ‖
[110] and Ê ‖ [001] at �/(2π) = 2.4 GHz. Although the
coupling constant is not as large as that of the third elliptic
mode [see Fig. 13(f)], the damping rate is expected to be
much smaller in the lowest-energy elliptic mode. Further-
more, the cavity mode is only coupled to the elliptic mode
at this frequency, allowing clear experimental signatures.
Assuming that κn/(2π) = 20 MHz, we obtain a small level
repulsion between the cavity and elliptic modes, as shown
in Fig. 4(d) of the main text. As we increase the damping
rate κn/(2π) to 100 MHz, an anticrossing between them
is no longer observed, as shown in Fig. 15(b); however,
a very sharp increase in |S11(ω)|2 is still observed with a
small frequency shift of the cavity mode where these two
modes intersect.

APPENDIX I: QUANTUM GATES MEDIATED BY
MAGNONS AND PHOTONS

In Sec. IV, we demonstrate magnon-mediated SWAP and
SPLIT operations and photon-mediated SPLIT operations
using a semiclassical approach. Here, we discuss the con-
nection between our results and two-qubit quantum gates,
following Ref. [73]. The standard basis for quantum gates
is called the computational basis, which labels |0〉1q and
|1〉1q as the ground state and excited state of a single qubit,
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respectively. Since a qubit is represented as a superpo-
sition of |0〉1q and |1〉1q, a single-qubit quantum gate is
represented by a 2 × 2 unitary matrix. Similarly, a two-
qubit quantum gate is represented as a 4 × 4 unitary matrix
U with elements Uij = 〈i|UA|j 〉, where i and j run over
the basis states 0 to 3, which read |0〉 = |00〉, |1〉 = |10〉,
|2〉 = |01〉, and |3〉 = |11〉.

Below, we consider magnon-mediated photon gates (as
in Sec. IV A), although the following argument is also
applicable to photon-mediated magnon gates (as in Sec.
IV B). Assuming that two photon modes a1 and a2 are
strongly coupled to |1〉 and |2〉, respectively, quantum
operations mediated by magnons b lead to gate operations
between |1〉 and |2〉. Hence, they are represented as

U =

⎛

⎜⎝

1 0 0 0
0 U′

11 U′
12 0

0 U′
21 U′

22 0
0 0 0 1

⎞

⎟⎠ , (I1)

where

U′ =
(

U′
11 U′

12
U′

21 U′
22

)
(I2)

is a 2 × 2 unitary matrix, describing the quantum operation
mediated by magnons. To derive the expression of U′, we
rely on the semiclassical photon-magnon coupled model in
Sec. IV A and use a transfer matrix T to relate initial and
final quantum states [73]:

⎛

⎝
a1
a2
b

⎞

⎠

final

= T

⎛

⎝
a1
a2
b

⎞

⎠

initial

. (I3)

We recall that a1 and a2 are the complex amplitudes of
two photon modes and b that of a magnon mode. Crucially,
using a suitable field protocol, the population of magnons

does not change after mediating the quantum operation.
Thus, we can write the transfer matrix in a block diagonal
form as [73]

T =
⎛

⎝
U′

11 U′
12 0

U′
21 U′

22 0
0 0 1

⎞

⎠ , (I4)

where the effect of decoherence is neglected. If we assume
that the effective coupling between photons can be writ-
ten as H ′ = G(t)σx with a phenomenological coupling
strength G(t), we can write U′ as U′ = eiφ(ασ0 + iβσx),
with α and β being real, and σi denoting the identity matrix
and Pauli matrices for i = 0, x, y, z.

As shown in Sec. IV A, the magnon-mediated SWAP
operation results in quantum transduction between |1〉 and
|2〉. This is realized when α = 0 and β = 1. We note that
the complex phase of φ depends on the choice of field
protocols. In particular, we have U′

SWAP = σx when φ =
−π/2. Similarly, the magnon-mediated SPLIT operation
results in splitting of |1〉 and |2〉 into a superposition of |1〉
and |2〉. Thus, the SPLIT gate is realized at α = β = 1/

√
2,

where it is represented as U′
SPLIT = eiφ(σ0 + iσx)/

√
2. We

note that it is equivalent to a square root of the SWAP
gate when φ = π/4, which is entangling and thus uni-
versal [77]. Since SPLIT gates also generate entanglement
between qubits, a universal set of quantum gates can be
constructed with magnon-mediated quantum operations
[78].

APPENDIX J: MAGNON STARK EFFECT IN THE
COLLINEAR PHASE OF Cu2OSeO3

In the expansion of the microscopic electric dipole
moments in terms of magnon variables, Eq. (4), the electric
dipole moment expectation value of magnons is encoded in
the bilinear p(2)i . For Cu2OSeO3, it reads

p(2)i = λS
2

⎛

⎜⎝
−(bibi + 6b†

i bi + b†
i b†

i ) sin θi cos θi sinφi + i(bi − b†
i )(bi + b†

i ) sin θi cosφi

−(bibi + 6b†
i bi + b†

i b†
i ) sin θi cos θi cosφi − i(bi − b†

i )(bi + b†
i ) sin θi sinφi

1
4 (3(bi − b†

i )
2 sin(2φi)+ (bibi + 6b†

i bi + b†
i b†

i ) cos(2θi) sin(2φi)− 4i(bi − b†
i )(bi + b†

i ) cos θi cos(2φi))

⎞

⎟⎠

(J1)

and contains both normal magnon coupling (b†
i bi) and

anomalous coupling (bibi). In the ferromagnetic phase, we
may drop the index i and the anomalous coupling, leaving
us with p(2) = −3b†bp(0)/S, where p(0) is the ground-state
polarization given in Eq. (18a). Consequently, p(2) can
only be nonzero if p(0) is nonzero.

Figure 16 depicts the magnitudes of p(0) and p(2) upon
variation of the direction of 〈S〉. As indicated by the red
lobes, maximal p(2) is found for 〈S〉 ‖ [111] (along the abc
direction; θ = arctan

√
2, φ = π/4), for which we find that

p(2)[111] = −λb†b(1, 1, 1)T (recall that S = 1). Thus, apply-
ing a static electric field E parallel to p(0) ‖ [111] causes a
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S

FIG. 16. Magnitude of the electric ground-state polarization
p(0) and the bilinear p(2) as a function of the ground-state spin
polarization 〈S〉 in the collinear phase of Cu2OSeO3. For 〈S〉
along the a, b, or c direction, which respectively corresponds to
[100], [010], or [001], there is zero p(0) and p(2). Maximal p(0)

and p(2) are found for 〈S〉 along the 〈111〉 direction.

Stark frequency shift of magnons of

�f = 14.7 Hz × E
V/m

for 〈S〉, E ‖ [111]. (J2)

For a field strength between E = 106 and 108 V/m,
the resulting magnonic Stark shift is estimated as �f =
14.7 MHz and 1.47 GHz.

APPENDIX K: MAGNON STARK EFFECT IN
SKYRMION CRYSTALS

The bilinear term p(2)i contains both normal and anoma-
lous terms as shown in Appendix J. While the anomalous
term (b†

i b†
i ) vanishes in the magnon Stark effect of collinear

ferromagnets, it becomes finite in noncollinear magnets.
From Eq. (J1), we have

p(2)i = −3
S

p(0)i b†
i bi + ηibibi + η∗

i b†
i b†

i (K1)

with

ηi = λS
2

⎛

⎝
(i cosφi − cos θi sinφi) sin θi

−(cosφi cos θi + i sinφi) sin θi
1
4 (3 + cos 2θi) sin 2φi − i cos 2φi cos θi sin 2φi

⎞

⎠.

(K2)
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FIG. 17. Magnon Stark effect of low-energy magnon modes in
SkXs. The amplitude of frequency shift �fn is plotted on a log-
arithmic scale, obtained at D/J = 0.5 and gμBBzJ/(D2S) = 0.8
(B̃z = 112 mT). The superscripts α, β, and γ denote ẑ ‖ [001],
[110], and [111], respectively, and the subscript denotes the
direction of static electric field Ê. For all cases, the x axis is taken
along [110]. Black regions indicate a frequency shift smaller than
10−1. See Table I for the description of magnon modes.

Assuming the spatially uniform and static electric field
E(ri, t) = E, we perform the Fourier transform to obtain

H = −
∑

k

Nb∑

j =1

E

·
(

− 3
S

p(0)j b†
k,j bk,j + ηj bk,j b−k,j + η∗

j b†
k,j b†

−k,j

)
.

(K3)

From (bk,j , b†
−k,j )

T = ∑Nb
n=1 Tj ,n

k (bk,n, b†
−k,n)

T, the frequency
shift of the nth magnon mode is given as

�fn = 1
h

Ê ·
∑

j

{
− 3

S
p(0)j (|uj ,n

k |2 + |vj ,n
k |2)

+ 2ηj uj ,n
k (v

j ,n
k )∗ + 2η∗

j (u
j ,n
k )

∗vj ,n
k

}
Hz × E

V/m
,

(K4)

where Ê is a unit vector parallel to the electric field.
Figure 17 shows the amplitude of�fn for the low-energy

magnon modes in SkXs. As shown in the top three rows,
the magnon Stark effect does not vanish despite

∑
i p(0)i =

0 for ẑ ‖ [001], where |�fBreathing|/E ≈ 0.95 Hz/(Vm−1).
The maximum frequency shift is obtained as |�f CCW| ≈
1.1 GHz for ẑ ‖ [111] and E = 108 V/m. Importantly, �fn
strongly depends on the magnetization direction ẑ, the
external electric field Ê, and the band index n. Thus, the
magnon Stark effect enables a selective control of magnon
mode frequencies in SkXs.
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