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Very recently, strongly non-Gaussian states have been observed via a direct three-mode spontaneous
parametric down-conversion in a superconducting cavity [Phys. Rev. X 10, 011011 (2020)]. The created
multiphoton non-Gaussian correlations are attractive and useful for various quantum information tasks.
However, how to detect and classify multipartite non-Gaussian entanglement has not yet been completely
understood. Here, we present an experimentally practical method to characterize continuous-variable mul-
tipartite non-Gaussian entanglement, by introducing a class of nonlinear squeezing parameters involving
accessible higher-order moments of phase-space quadratures. As these parameters can depend on arbi-
trary operators, we consider their analytical optimization over a set of practical measurements, in order
to detect different classes of multipartite non-Gaussian entanglement ranging from fully separable to fully
inseparable. We demonstrate that the nonlinear squeezing parameters act as an excellent approximation to
the quantum Fisher information within accessible third-order moments. The level of the nonlinear squeez-
ing quantifies the metrological advantage provided by those entangled states. Moreover, by analyzing the
above-mentioned experiment, we show that our method can be readily used to confirm fully insepara-
ble tripartite non-Gaussian entangled states by performing a limited number of measurements without

requiring full knowledge of the quantum state.
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I. INTRODUCTION

Continuous-variable (CV) systems, where multimode
entangled states can be deterministically prepared [1—13],
constitute an important platform for quantum technolo-
gies, including quantum teleportation networks [14,15],
quantum key distribution [16], quantum secrete sharing
[5], boson sampling [17,18], and multiparameter quantum
metrology [19,20]. Non-Gaussian states in CV systems
have attracted increasing attention in recent years [21,22],
as they have been proven to be indispensable resources
for universal quantum computation [23,24], entanglement
distillation [25-27], quantum-enhanced sensing [28,29],
and quantum imaging [30]. Such perspectives have led
to a growing interest in the experimental preparation of
multimode non-Gaussian quantum states [31-33].

Despite the fact that substantial progress has been
made in the generation of multimode non-Gaussian states,
the characterization of their entanglement structure still
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poses a number of conceptual and practical challenges.
The main reason being that the nontrivial correlations
appear in higher-order moments of the observables that
cannot be sufficiently uncovered by the widely used
entanglement criteria based on second-order correlations
[34-39], partially hindering their application for quan-
tum information tasks. To tackle this problem, several
approaches have been developed to take higher-order
moments into account, such as the entropic entangle-
ment criteria [40—42], the generalized Hillery-Zubairy
criteria based on the multimode moments [43—45], or
nonlinear entanglement criteria based on the amplitude-
squared squeezing [46,47]. The quantum Fisher informa-
tion (QFI) also provides a powerful method for capturing
strongly non-Gaussian features of quantum states. It is
widely applied to detect multiparticle entanglement in
nonclassical spin states [28,48—53] and has been recently
developed to characterize CVs [54-56]. Moreover, QFI
provides a powerful tool to establish a quantitative link
between entanglement and quantum metrology [57,58].
However, most of the above-mentioned methods are
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experimentally challenging, as they require full knowl-
edge of the quantum state, which is extremely difficult
in the multipartite scenario. Recently, a nonlinear squeez-
ing parameter was proposed for the metrological char-
acterization of non-Gaussian features [59,60]. This can
be optimized over a set of observables that are experi-
mentally accessible, and it can ultimately coincide with
the state QFI with increasing the order of the measured
moments.

Experimentally, the recent advances in the gener-
ation of three-photon correlated non-Gaussian states
via a direct three-mode spontaneous parametric down-
conversion (SPDC) process [33] open up novel pos-
sibilities for various quantum information processing
applications. Thus, it would be interesting to develop
experimentally feasible methods to witness different
classes of multipartite entanglement in such systems.

In this paper, we construct a class of CV nonlinear
squeezing parameters for testing fully separable, insepa-
rable, and fully inseparable tripartite non-Gaussian states
with practical measurements. First, we analyze the QFI
for arbitrary sets of accessible local observables (involv-
ing higher-order moments) in three subsystems and find
out the optimal combination that maximizes the viola-
tion of different entanglement bounds. These bounds are
divided into three classes according to the separability
properties with respect to the three splittings (fully sepa-
rable) and particular bipartite splittings (biseparable). To
avoid the requirement of full quantum state tomography,
we then construct a nonlinear squeezing parameter by
analytically determining the optimal measurements within
arbitrary accessible third-order observables, that results in
an excellent approximation to the QFI. The level of the
nonlinear squeezing parameter quantifies the metrologi-
cal advantage provided by different classes of entangled
states. Moreover, by analyzing the accessible conditions
in the three-mode SPDC experiment of Ref. [33], we
show that our method is capable of detecting fully insep-
arable tripartite entangled states by performing a limited
number of measurements. Our results lead to an exper-
imentally feasible way to systematically investigate CV
multipartite non-Gaussian entanglement, which paves a
way for exploiting their potential quantum advantages
beyond Gaussian states.

II. A GENERAL METHOD TO DETECT
NON-GAUSSIAN ENTANGLEMENT

Before considering a specific system, we first introduce
a general method to detect non-Gaussian entanglement
with a two-step optimization.

Step 1. We characterize the entanglement with choosing
optimal operators in QFI. For an arbitrary N-partite sepa-
rable quantum state pgp, it was shown that the QFI must

be less than a bound B,, given by the variance [55]

N

< 4ZVar (/I])

j=1

=B, (1)

lsscp

N
FQ /OAsep: ZA]
j=l

Here, A; is a local observable in the reduced state f;,
and Var(4;); = (47); — (Aj)f3 indicates the variance. We
use Fp to denote the QFI, which describes the sensitiv-
ity of the parameter & when the state p is transformed
with unitary evolution gy = e’ 249 56l i 4% and pro-
vides a bound on the accuracy to determine 6 as (Afqg)* >
1/FQ[,5, Zj 4;].

As Eq. (1) represents a necessary criterion for separabil-
ity, its violation is a sufficient criterion for entanglement.
In order to witness the entanglement in the largest possi-
ble parameter range, we need to choose an optimal local
operator 4;, which can be constructed by analytically opti-
mizing over an arbitrary linear combination of accessible

1 (m) 7 (m) A .
operators (namely, 4; :A2m=1 ¢4 =¢ - A;). In this
case, the full operator A(¢) = Z].V:l ¢ - A, is character-

J
ized by the combined vector ¢ = (¢y,...,ey)7. Accord-

ing to Eq. (1), the quantity W[p,A(c)] = Fo[p,A(c)] —
4ZJI.V:1Var(cj -Aj)/; must be nonpositive for arbitrary
choices of ¢ whenever the state is separable. We can
now maximize W[,ﬁ,/f (¢)] by variation of ¢ to obtain an
optimized entanglement operator A According to Ref.
[55], the quantity can be expressed as W[,é,/f(c)] =

e (Q;Jfl — 4F1“.‘[‘(ﬁ)> ¢ and the optimal ¢ can be obtained by

calculating the eigenvector of the maximum eigenvalue of
the matrix O4' — 4Ty, (see Appendix A for details).

Step 2. Computing the QFI is challenging for arbitrary
multipartite states, as it requires the full density matrix of
the system [61]. For this reason, it is often more practi-
cal to find its lower bound, which, regarded as squeezing
parameters x 2, involves simple measurements that are usu-
ally experimentally feasible. The relation between the QFI
and x? fulfills [57]

which is saturable for a certain measurement operator A/ .
Often M is a complicated operator, of difficult implemen-
tation. Therefore, similarly to the analytical optimization
of A, M will be optimized over a linear combination of
experimentally practical observables (see the details in
Appendix B).

It is noted that the general method introduced here can
be applied to arbitrary quantum states for detecting the
multipartite entanglement, where the optimal operators A
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and M will differ for different systems. In the following,
we take a particular non-Gaussian system as an example
and obtain the optimal operators A and M for detecting the
entanglement with the two-step optimization.

ITI. WITNESSING ENTANGLEMENT IN
THREE-MODE NON-GAUSSIAN STATES VIA THE

QFI

Here, we focus on the three-mode SPDC process real-
ized in Ref. [33], where a pump photon at frequency w,
is down-converted to three nondegenerate photons at fre-
quencies w;, wy, w3, respectively. This process is described
by the interaction Hamiltonian

= il (balalal — btaaras), 3)

where « is the third-order coupling constant and b and &
(i=1,2,3) are the annihilation operators for the pump
and ith mode, respectively. With this Hamiltonian, the
three-mode non-Gaussian state is obtained by 9p/0t =
—i[H, p]/k with considering the initial state as vacuum for
the generated triplets and coherent mode o, for the pump.

A three-mode fully separable state allows for a descrip-
tion in three splittings 1]2|3 (dsep = D4 PkAt ® 5 ® p),
which provides the bound Bj. Thus, observing Fp > B;
indicates inseparability among the three modes. Further-
more, we can denote the maximum among the sum of vari-
ances for different bipartitions 1]23,2]13, 3|12, as bound
B,. The state is then confirmed to be fully inseparable if
Fo > B, (see Appendix A 2 for details).

A key step to witness tripartite non-Gaussian entangle-
ment is the choice of the local observables /fj , correspond-
ing to the generators of parameter imprinting. To find the
optimal operator /f i, we express A = {Al , Az, A3} through
a set of accessible local operators for each mode Aj =
{ﬁ;”,ﬁ;z), ... }. The optimization of local observable ziopt
to witness entanglement is analyzed over arbitrary linear
combinations of the accessible operators. As the gener-
ated states are non-Gaussian, their characteristics cannot

be sufficiently captured by linear quadratures X;, p;, where
X =a + ?1; p; = —i(a; — aT) Therefore, we extend the
famlly of accessible operators to the second-order, i.e.,

= [%, 5, '7pj (%P5 + Dix;) /2]
To find the optimal linear combination, we make use

of the matrix form W[, A(¢)] = ¢ (QA 4Fn( )> ¢ with

the non-Gaussian state p generated in the three-mode
SPDC process. Then by calculating the maximum eigen-

value and eigenvectors of the matrix Q 4Fﬁ(p), the
optimal local operator /fopt = Z;:l(x2 +p; 2) is obtained.
It can also be rewritten as Aiopt = Zﬁ I AJTA — N, because

the constant term in /iopt has no effect on the results (see
the detailed analytical optimization in Appendix A 2).

6
—DBy - - X 2(Jv[opt)
5 By - - x7X(M;)
— By - - x2(M)
—Fg - - x%(M)
4
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FIG. 1. The QFI Fy[p, N ], the nonlinear parameters x ~2, and

the bounds for different classes of three-mode quantum states
as functions of the effective coupling strength o, k't created by
a direct three-mode SPDC process. The lowest solid curve rep-
resents the metrological bound By, the highest solid curve is the
QFI Fy[p, N1, and the two solid curves between them (from bot-
tom to top) are the fully separable bound B; and the biseparable
bound B,. The different dashed lines are obtained by consider-
ing different operators M; in the nonlinear squeezing parameters
X2 (M).

By comparing the QFI FQ[ﬁ,ﬁopt] to different bounds,
such as the fully separable bound B, and the biseparable
bound B, the three-mode non-Gaussian entanglement can
be classified. In Fig. 1, we plot the QFI and the different
bounds (solid curves) as functions of the effective coupling
strength o, k¢, where t denotes the effective interaction

time. We find that the QFI F[, Aop] is higher than the
biseparable bound B,, which means that the non-Gaussian
states generated in the three-mode SPDC dynamics (3) are
fully inseparable.

It has been clarified that only a specific class of entan-
gled states enable quantum-enhanced parameter estimation
[48], where a sufficient condition for quantum-enhanced
metrology is [62]

Folp, N1 > 4Tr[pN] = By, )

where N = Z aj a; is the total number operator for the
three modes. The right-hand side of the inequality give a
bound By for QFI (the derivation is given in Appendix C).
It is apparent from Fig. 1 that both of the entanglement
bounds (B; and B,) are above the metrological bound By
(the lowest solid curve), which indicates that the entan-
glement witnessed in the three-mode SPDC dynamics is
useful for quantum metrology.
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IV. DETECTING NON-GAUSSIAN
ENTANGLEMENT WITH NONLINEAR
SQUEEZING PARAMETERS

In this section, we take the step 2 optimization to obtain
the squeezing parameter x? with optimal measurement
M. By extending the family of accessible observables to
third order, the optimal M we obtained is My = %1%2%3 —
)21]32[33 —ﬁl)’ez[% —ﬁlﬁz)% (see the details in Appendix B).
As shown in Fig. 1 by the red dashed curve, the non-
linear squeezing parameter with optimal choices of mea-
surements x ‘2(,5,/10pt, Mopt) approximates extremely well
the exact QFI F, Q[ﬁ,ﬁopt]. Hence, the squeezing parame-

ter X*Z(,é,/fopt,]\;[opt) can act as a faithful substitute for
the QFI in the left-hand side of inequalities (1) and (4),
avoiding the need to perform quantum state tomography.

Although more accessible in experiments compared
with the QFI, the implementation of the nonlinear squeez-
ing parameter Xz(ﬁ,ﬁopt,ﬁ;lopt) can still be demand-
ing, as (for the three-mode SPDC process) it requires
measuring four collective observables in Mopt. There-
fore, we show that this can be further simplified by
a measurement A/ which is still capable of detect-
ing fully tripartite inseparable states but contains fewer
observables. For this purpose, an experimentally feasi-
ble coincidence measurement is evaluated, which can
be written as Q = [x; sin(0;) + p; cos(61)] x [*; sin(,) +
D2 cos(62)] x [x3sin(63) + p3 cos(P3)], where 0; € [0, 27).
The alternative observable M can be obtained by
varying 6¢;. For the simplest case of M, that con-
tains only one collective observable, by optimizing
0123 we find that the nonlinear parameter X_Z(Ml) =
| ([/Iopt, ]\;[1])/3 |2/Var(M1)/3 is maximized by any one of four
terms in AA/[opt, e.g., M, = %,%,%;. We find that this is an
excellent proxy for the QFI when o, k7 < 0.1, as indicated
by the blue dashed line in Fig. 1.

To test entanglement, we need to compare the simplified
nonlinear parameter x ~2(M,) with different bound B,,. The
simplified nonlinear parameter has the form

oo W Aope M1
x2(M)) = Dopty 7 1700
Var(M1);
. |(D1X2X3 + X1p2X3 +)A615€2133>,a|2
Var(fclfcz)%)ﬁ

®)

In experiments, X_z(M 1) can be obtained by detect-
ing ﬁl)ACz)ACg, )%1]32)%3, )%1)%2[33, and x;X,x3 with collective
measurements [33,63—65]. The different bounds B, =
4 Zj Var(N /) can be obtained by number-resolving detec-
tors [66—68].

In addition, we also provide the results of simplified M,
and M3 that involve two and three collective observables,
receptively, as shown by the two middle dashed curves

in Fig. 1 (the detailed expressions and analysis can be
found in Appendix D). As expected, the more observables
are included in M, the larger range of coupling strengths
over which non-Gaussian multipartite entanglement can be
witnessed.

V. TESTING FULLY INSEPARABLE TRIPARTITE
ENTANGLED STATES IN THREE-PHOTON SPDC
EXPERIMENT

In this section we use the QFI Fjp and the nonlinear
parameter x 2 to examine the three-mode non-Gaussian
entanglement for a realistic scenario. In experiments, ther-
mal noise in the initial state p; (nih) is inevitable, with
average thermal photon number (), ) = 1/(e” — 1), and
Bw; = hw; /(kgT). Here, we refer to the reported tripartite
states produced by three-mode SPDC in the supercon-
ducting experiment [33], where the noise temperature is
T =25 mK and the frequencies of three modes are w; =
2w x 4.2 GHz, w, = 2w x 6.1 GHz, w3 = 27w x 7.5 GHz,
respectively. In this case, the simplified squeezing param-
eter XZ(,é,/Iopt,Ml) is sufficient to characterize the entan-
glement, because the achieved effective coupling strength
is quite small.

Specifically, the experimental result for o, k7 ~ 0.016 is
marked as a red star in Fig. 2, where the parameters are
verified by reproducing the reported results in Ref. [33].
As shown in Fig. 2(a), the simplified nonlinear parameter
X_Z(,é,/Iopt,Ml) (red dashed line) approximates well the
QFI F(f, Aopr) (solid black line). Thus, x (8, Aopt, M1)
is adequate to witness entanglement in such range of cou-
pling strengths. In addition, different separable bounds
to characterize entanglement are illustrated in the figure,
showing that the metrological bound By coincides with the
separable bound B; in this small coupling regime.

In summary, Fig. 2(b) shows that we can characterize the
entanglement of the final state over a wide range of both
coupling strength and environmental temperature. Full tri-
partite inseparability is witnessed with larger coupling
and lower temperature (top right area) by violating the
bound B, of all three possible i|jk bipartitions. The inter-
mediate area, where Xz(ﬁ,/fopt,jf/[l) violates the tripartite
alb|c bound By but does not violate B,, indicates there
is entanglement among three modes. States in the bottom
left area are not detected as useful for quantum metrol-
ogy, because x2(p, /Iopt, M 1) is lower than the metrological
bound By. In addition, as the red star is located in the top
right area, a metrological useful full tripartite inseparabil-
ity is witnessed in the experimentally reported three-mode
states [33].

VI. COMPARISON WITH OTHER CRITERIA

In this section we compare our criterion to the widely
used Hillery-Zubairy (HZ) criterion [43], where full
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FIG. 2. (a) The QFI Fp, the nonlinear parameter X 2(M),
and the bounds of different separability classes versus ), «t, for
T =25 mK. The bound Bj is satisfied by all quantum states
(see Appendix A2). (b) The condition to witness fully insep-
arable, biseparable entanglement, and metrological advantage
consists of observing a nonlinear parameter x ~2(M;) that is
higher than B, (dashed orange), B; (dotted yellow), and B (solid
blue), respectively. These bounds vary with the effective cou-
pling strength a,«t and inverse temperature Sw; = hw;/(kgT).
The red star denotes the experimentally generated state with
T'=25 mK and a,kt~ 0.016 reported in [33], located in the
area of fully inseparable tripartite entangled states.

inseparability is witnessed if Iyz = min{/y, 5,5} > 0,
where I; = [(@1d083)| — / (N))(N;Ny) and N; = 4l a, i #
j # k # i. Similarly, we define I, = x (5, Aopt> Mopt) —
B, based on the optimal measurements we proposed, such
that a state is fully inseparable if /, > 0. The values of Iyz
and 7, are presented in Fig. 3 as functions of the effec-
tive coupling strength and the inverse temperature, where
the three-mode states are generated under the interaction
Hamiltonian (3). It is shown that /7 fails to detect tripar-
tite inseparability when a,«xf > 0.66, whereas our witness
I, works well in a larger coupling regime. This can be
explained by the fact that detecting entanglement for large
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FIG. 3. The values of witness (a) /, and (b) Iz as functions

of both effective coupling strength «,«¢ and inverse tempera-
ture Bw;, when system evolves under Hamiltonian (3) for three
modes with w; = 27w x 4.2 GHz, w, = 27 x 6.1 GHz, and w3 =
2w x 7.5 GHz. A positive value of I, or Iz (the region above the
dashed curve) indicates full inseparability of the three modes.

coupling strength requires observing correlations of higher
order, which are not considered in the witness /7.

As shown in Fig. 3(a), I, fails to witness fully insep-
arable tripartite entangled states in the area below the
dashed black line at the region with very weak coupling
and high temperature, where Iz has a better performance
[Fig. 3(b)]. This result can be explained by the fact that our
entanglement conditions are tailored to detect metrologi-
cally useful entanglement, and that the region where the
HZ criterion outperforms our criterion might correspond
to states less useful for parameter-estimation tasks.

VII. CONCLUSIONS

Based on the widely used quantifiers for metrological
sensitivity, we have obtained an experimentally practi-
cal entanglement witness for CV tripartite non-Gaussian
states generated by three-mode SPDC. First, the optimal
phase-space observable that maximizes the QFI has been
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analyzed to detect the tripartite non-Gaussian entangle-
ment, where fully inseparable states, biseparable entangled
states, and fully separable states can be distinguished.
Then, in order to avoid the full quantum state tomog-
raphy required by the QFI, we constructed a nonlinear
squeezing parameter by analytically determining the opti-
mal measurements within arbitrary accessible observables,
and demonstrate that it performs as well as the QFI by
involving up to third-order moments of phase-space mea-
surements. Moreover, by considering the experimental
conditions in a recent three-mode SPDC experiment, we
show that our method can detect fully inseparable tripar-
tite non-Gaussian entanglement with only a limited num-
ber of measurements. Notably, the level of the nonlinear
squeezing parameter quantifies the metrological advantage
provided by the examined entangled states. Our results
provide an approach to understand and characterize mul-
tipartite non-Gaussian entanglement, and paves the way to
harness their potential applications in quantum metrology
experiments.
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APPENDIX A: QUANTUM FISHER
INFORMATION

1. Fisher information

Originally, the Fisher information was introduced in
the context of parameter estimation (see Ref. [69] for a
review). To infer the value of 6, one performs a mea-

surement M = {]\A/[u}, which in the most general case is

given by a positive operator valued measure (POVM). The
Fisher information F[p ©), M ] quantifies the sensitivity of
n independent measurements and gives a bound on the
accuracy to determine 6 as (A6)? > 1/(nF[ﬁ(9),M]) in
central limit (z >> 1). In particular, the Fisher information

is defined as [61]
o 1 AP(u | 6)\?
Fp =Y ot (U
I

where P(u | ) = Tr { 0(O)M, u} is the probability to obtain
the measurement outcome 4 in a measurement of M given
the state p(0).

The Fisher information for an optimal measurement,

i.e., that which that gives the best resolution to deter-
mine 6, is called QFI, and is defined as Fp[p(0)] =

max, F[p (9),M ]. There, one is interested in distinguish-
ing the state p from the state p(0) = e % pe1?, obtained
by applying an unitary induced by a Hermitian generator

~

A. With the spectral decomposition p = ), pi|Wi) (W,
an explicit expression for F Q[,é,/i] is given by [61]

. px—p1)°
Folp.d1=2 ) = ——= (A2)
. Petp

Pk+pi#0

N 2
(Wil A 1w

In pure states, it takes the simple form FQ[W)(W,A] =
4(AA)?.

2. The optimal operator in QFI

Any separable quantum state pep = D, PP} @+ Q@
Py must satisfy [55]

N N
Fo | feps Y 4 | <4 Var (Aj)/3 =B, (A3)
]=1 J:l sep

where A4; is the local operator acting on the reduced state
pi. Var(4), = (4?%) 5= (A)f3 denotes the variance. If a state
violates this inequality, it cannot be divided into the cor-
responding separable quantum state. In our case, for a
generated state with the local operators A, the right-hand
side of Eq. (A3) can be characterized by the different
bounds, taking the form of

By = 4 [Var(4,);, + Var(4y), + Var(ds) ],

B, =4 max{Var(/Il),;a + Var(AE + 143)%,
Var(/iz),ab + Var(/fl + /13)[3,1”
Var(ds);, + Var(d, + 42)5,),

By =4 [Var(d, + Ay + 43);].

If the left-hand side F’ Q[,ésep,/f] > Bj, then the state is not
separable, i.e., there is entanglement between three modes.
Furthermore, if FQ[ﬁsep,/I] > B,, the state is fully insep-
arable, which means full tripartite inseparability between
three modes. Furthermore, B3 give a bound valid for all
physical states, which satisfy FQ[ﬁ,zi] < Bj for arbitrary
density matrices p.

The metrological witness for entanglement depends on
the choice of the local operator A. Certain choices of opera-
tors may be better suited than others to detect entanglement
in a given state 0. In order to find an optimal operator for a
family of accessible Aj = [/I](U ,ﬁ;z) ---1%, the local oper-

ators A; are denoted by the expression Y, _, Q;m),i_;m) =

- Aj , and the full generator of the unitary transformation
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/I(c) =c - Al +c;- Az +c¢3 - Ag. is characterized by the
vector € = [¢y, €2, €3]7. According to Eq. (A3), the quantity

N
Wp,A(©)] = Folp,A(0)] -4 Var(e; - A;);  (A4)

j=1

must be nonpositive for arbitrary choices of ¢ whenever
the state p is separable. We can now maximize W[,é,/f (©]
by variation of ¢ to obtain an optimized entanglement wit-
ness for the state p, given the sets of available operators
contained in A = {A}, A, Az}

To this aim, let us first express the QFI in
matrix form as FQ[,5,/I(C)] =c’ Q;f‘c, where the spec-
tral decomposition p =), pr| W) (Vx| defines (Q;;‘)g?"

=2 Y @i =10/ P+ o) WA [9) (Wil 4] W)
element-wise and the sum extends over all pairs with
pr + p1 # 0. The indices i and j refer to different parties,
whereas the indices m and n label the respective local sets
of observables. Similarly, we can express the elements of
the covariance matrix of p as (Fi“);’” = Cov(/fg'"),/f(.")) 5
If the above covariance matrix is evaluated after replac-
ing o with TT1(0) = 01 ® - - - ® pw, Where p; is the reduced
density operator, we arrive at the expression for the
local variances, Z]]-V:1 Var(¢; -Aj) = cTFﬁ(ﬁ)c. Combin-
ing this with expression for the quantum Fisher matrix, the
separability criterion reads

W, Ae)] = ¢ (Qg‘ —4T4, ﬁ)) c<0. (A5)

An entanglement witness is therefore found when the
matrix ¢’(Q7' — 4’ ; )¢ has at least one positive eigen-
value. The criterion (A5) can be equivalently stated
as AmaX(Q;f‘ — 4Fﬁ(ﬁ)) < 0, where A, (M) denotes the
largest eigenvalue of the matrix M.

For pure states p = |W)(¥|, the quantum Fisher matrix
coincides, up to a factor of four, with the covariance
matrix, i.e., Qﬁm = 4F|{},>. Thus, according to Eq. (A5),
every pure separable state must satisfy the condition

Tig) — Thgey <0 (A6)
Common choices for such a set are the local posi-
tion operators x; and momentum operators p;. As
our state is non-Gaussian, their characteristics can-
not be sufficiently uncovered by measuring linear
observables. We need extend the family of accessi-
ble operators by adding second-order nonlinear local
operators: Aj = [)ch,ﬁj,)?jz,ﬁjz, (%p; + p;%)/2]". The opti-
mum is given by the maximum eigenvalue of the
matrix (Q;)f‘ —4Fé(ﬁ)), the optimal direction is given
by the corresponding eigenvector. The result is ¢; =

[0,0,1,1,0], whAich indicates the optimal operators tak-
ing the form: Aj(.’pt =X} +p/. The full optimal opera-
tor is Aopt = Z?Zl/f;’pt =+ +pI 4+ +pi =
A(alay + abar + alas) + 6, where we take % = &; + 4,
p; = —i(a; — &}L) for j = 1,2,3. As the constant in the
operator A does not influence the optimal result, the opti-

mal operator can be rewritten in the form of /Iopt =N-=
N1+ N, + Ns.

APPENDIX B: THE OPTIMAL SQUEEZING
PARAMETER

1. Squeezing parameter

The Fisher information has a lower bound, which is
given by

x2[p(6), M] < F[p(6), M] < Folp,Al, (B1)

where X”[ﬁ(@),]@[] is thg reciprocal of the squeezing

parameter and p(6) = e’ pe? is obtained by apply-
ing an unitary evolution A on initial state 5. The chain
of inequalities is saturable by an optimal measurement
observable M. The squeezing parameter is also used
to estimate an unknown phase 6 encoded in a quan-
tum state p(@) by the method of moments (see Ref.
[69] for details). In the central limit (» >> 1), the phase
uncertainty is given by (A ) = x2[p(0), M1/n, where
-2

KCLAO), 81 = (AR, (d(M) 50 /de) is the squeez-
ing parameter of p associated with the measurement of the
observable M. In particular, for unitary evolution () =
e 0 5ei 9 the squeezing parameter is a property of the
initial state 0, which takes the form of

(B2)

with the unitary evolution A and observable M.

2. The optimal observable in nonlinear quadrature
parameters
The analytical optimization is over arbitrary linear com-
binations of accessible operators (M —n-M= > n;M,),
where M include the different observable. If we only con-

sider the first-order operators, the set M can be written
as

M(l) = [&1’ﬁ1,227ﬁ255&35ﬁ3]9 (B3)

024065-7
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and if we add the second-order operators, the set M can be
expanded over the following 27 terms:

> > AD AD AD A
M(2) = {M(l) [xl’p19x2’p2’x3sp3 sxlpl’xlxb
X1P2,X1X3,X1D3, X201, P1P2, X3P1, P1D3,
Xop2,X0X3, X2D3, P2X3, P2D3, X3D3]}; (B4)

if we add the third-order operators, the set can be written
as the 83 terms

M® = (MO M, (3], 57,53, 53,53, 53. X1 p1
3?%3?2,56%132,X%X3,x1p3,p1x1,p1x2,p1p2,
PiR3.pibs. 5351, 53P1, X3P, %583, 853,
D381, P3P1, D3R, 3%3, P33, R3R1, X3P,
X3%2, 83P2, X3P3. D331, P31, D3R, P3P2s
P33, Rikaks, 2iFapr, K1Xapo, ¥1%2P3,
X1X3p1, X1X3p2, X1 X33, X191D2, X1P1D3,
X1D2D3, X2X3P1, X2X3D2, X2X3D3, X2p1 D2,

Xop1p3,Xop2p3, X3pP1P2, X3P1P3,X3P2P3,

pipap3lt (BS)
From these, we obtain
~ ~ 2
a5 d A [ (Fop 1)
X_ 107 aM - =
o Var[M];

=n'C[p,MI[5,M]'n,  (B6)
where  T[,M]y = Cov(M;, M) and  C[p,M]y =

([/fopt, Mk]) ([M;, Opt]) The optimum is glven by the max-
imum eigenvalue of the matrix C[p,M]l"[p,M] ! and
the optimal direction is given by the corresponding eigen-
vector. We show the results in Fig. 4, where we find
that the optimal value is zero with only considering first-
and second-order observables. Instead, if we add third-
order measurements, the optimum of the nonlinear param-
eter X‘z[ﬁ,ﬁopt,]\;lopt] can be nearly equal to the QFI
Folp, /Iopt], which indicates the M in third order is the opti-
mal measurement in this case. The optimal measurement
takes the form

M ot = X1X2X3 — X1P2P3 — P1X2oP3 — P1D2X3. (B7)

12+ —Fo(p, Anpi)
- X Z( onhjwzggt))
10 L X72(p, Ao, NIS)
X2, Aoy, 1 upt))
%) 8r
3
= 6
=
4t
2 .
0 ; . .
0.0 0.1 0.2 0.3 0.4

apKt
FIG. 4. Evolution of the optimal nonlinear parameters x 2
are plotted as a function of the effective coupling strength o, «t
by taking different order correlations in M. Here, the solid
red, yellow, and dashed purple lines denote the first-, second-
, and third-order correlations, respectively. The black solid line
denotes the QFI.

APPENDIX C: BOUND OF METROLOGICAL
USEFUL RESOURCE

It has been clarified that nonclassicality is a neces-
sary resource to achieve quantum advantage in quantum
metrology tasks [70]. Therefore, we try to distinguish the
useful resource for quantum metrology with the help of the
nonclassicality.

To this aim, we make use of the following two properties
of QFL. (i) For pure states, such as coherent states |«), the
QFI becomes proportional to the variance of the generator:

Fola), &) =4 (A,XG>2

=4(<a ¢ a>— <a|6;|a)2). (C1)
(i1) The QFTI is convex. Thus, for classical states
Pclass = /dzapclass(a)la)(oda (CZ)

where Pgjas (@) 1S a non-negative function no more singular
than a delta function.

Based on these properties, the bound for the QFI of
classical states reads [62]

Fo (pclaSSa G) = /dzaPclass(a)FQ(|a>: G) (C3)

Taking the generator G = a7 into account, the right-hand
side of inequality (C3) is then given by its means number

024065-8
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of photons in coherent states:

Fo (|es),a'a) = 4nk@'a)

= 4(a |a'a] )

= 4Tr (pa'a). (C4)
Thus, Eq. (C3) can be rewritten for classical states as
Fo(p,a‘a) < 4Tr(pa’a). (C5)

This approach is also suitable for a classical multimode
system with the generators G = N = &I&l + &;212 + &;&3,
as the QFI for separable coherent states is given by

~ AN 2
FQ (lO[](XzOlg,)Ia ,N) =4 (AﬁN)

=4 <a1a2a3 ’N‘ a1a2a3>
o

= 4tr (ﬁN) . (C6)

Thus, the bound for QFI of classical multimode system
reads

Fo(p,N) < 4Tr(pN). (C7)
The violation of Eq. (C7) means the state is nonclassical,
which indicates the state is a useful resource for quantum
metrology.

APPENDIX D: THE SIMPLIFIED SQUEEZING
PARAMETER

We have obtained the optimal nonlinear squeezing
parameter X*Z(/S,Aopt,Mopt), which requires at least four

observables for Mopt and four for [ziopt,]\;[opt] in the three-
mode SPDC systems:

M oyt = X1X2X3 — X1p2P3 — P1XoP3 — P1P2X3,

[Aopts M opt] = 3i(p1X2X3 + X1P2X3 + X1X2P3
— D1D2D3)- (DI)
In the following, we want to simplify the squeezing param-
eter to be more easily accessible in experiments. One col-
lective measurement can be written as Q; = [X, sin(é‘{) +
P10s(8)] x [X2sin(8}) + pa cos(B))] x [13 sin(6}) +
p3cos(8})], where 6; € [0,27). Our aim is to use fewer
collective measurements to obtain the squeezing parame-
ter that can be used to witness entanglement. To obtain the
optimal simplified squeezing parameter, we need to con-
sider both M and [A.p, M], where M can be written in

the form of M = > Qj with n measurements for M. By

optimizing the parameter 6; in M with a fixed number of
collective measurements, we can find that we need at least
one observable in M. There are four optimal observables
of M:
MY = 3130k,
s A
[Aopt, M\ = i(priaks + 21pa%3 + 2152P3);
A() A A A
M 5 ) = %1papss
RG] A A A aaaA s
[Aopts MP'] = i(p1paps — %132p3 — 21pa33);
~(3) A n
M § ) = P1x2p3,
PG| cA A A aaA A
[Aopts M1 = i(Pr1paps — F152p3 — Priaks);
A ) aonn
MY = pipats,
T cA A A AaaaAa
[op M1 = i(p1p2ps — priois — 2ipaRs). (D2)
In the main text, we have set M, = M 1(1) and obtained the
corresponding results. Please note that all of the simpli-
fied nonlinear parameters x ~>(M;) behave the same when
choosing M, as each of the four optimal observables.
With considering two observables in M, the optimal M

is given by any two terms out of four terms in Mopt, for
example, we show one of the optimal results is

M = %1333 — R1p2p3,
[Aopts Ma] = i(P15a%s + 281 poks + 2815253
— D1D2aD3). (D3)
When considering three observables, the optimal M is

given by any three terms out of four terms in My, for
example, we show one of the optimal results is

M3 = X1XoX3 — X1p2p3 — P1Xops,
[Aopt, M3] = i(2p1X2X3 + 2X1p2X3 + 3X1X2P3

— 2p1p2p3). (D4)
The results of the simplified nonlinear parameters with
different observables are shown in Fig. 1.
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