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Summary

Over the last few decades, topological phases of matter have become an omnipresent topic in
modern solid state physics. While conventional phases of matter and the phase transitions
between them—like, for example, the transition from water to ice—can be fully understood
from local properties of a system, topological phases of matter are characterized by global
invariants that can be defined and described within the mathematical framework of topology.
An early milestone in the field was the discovery of a peculiar class of materials—later termed
topological insulators (TIs)—that exhibit a fully insulating bulk while their surfaces are
conducting.1 The so-called gapless surface states that are responsible for this effect allow for
dissipationless transport of electrons along the surfaces of the system and exhibit a surprising
robustness against perturbations. Indeed, it turns out that the existence of these surface
states is guaranteed by topological—and therefore global—properties of the system, leaving
them unaffected by any local imperfections of a particular sample.

Soon after the initial ideas had spread, it was realized that not only insulating but also
superconducting systems can, at the mean-field level, be described within the framework of
topology. One of the most striking features of topological superconductors (TSCs) is the
fact that they can host so-called Majorana bound states.2 These exotic quasiparticles are
neither bosons nor fermions but so-called non-Abelian anyons. This means that, upon the
spatial exchange of two Majorana bound states, the overall wave function of the system
does not simply acquire a phase factor, but undergoes a more complicated rotation in a
degenerate manifold of ground states. Apart from their fundamental interest, Majorana
bound states—and non-Abelian anyons in general—are considered particularly interesting
due to their potential use for quantum computation.3 Indeed, it was predicted that Majorana
bound states could in principle be used as a means to encode and process quantum information
in a non-local way. This, in turn, would provide an intrinsic protection against quantum
errors, which necessarily occur in any quantum computing device but can be expected to act
locally in physically realistic scenarios.

Following the seminal works on topological insulators and superconductors, the field has
been driven by the desire to access topological phases of matter with increasingly exotic prop-
erties. While the original theory of TIs and TSCs was built on single-particle band structure

1M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 4 (2010)
2S. R. Elliott and M. Franz, Rev. Mod. Phys. 87, 137 (2015)
3C. Nayak, S. H. Simon, A. Stern, M. Freedman, and S. Das Sarma, Rev. Mod. Phys. 80, 1083 (2008)
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considerations, it has been found that the effects of strong electron-electron interactions can
lead to even more exotic phases of matter, many properties of which remain elusive up to
date. One of the most remarkable features of strongly interacting phases of matter is the
fractionalization of quantum numbers: For example, when a two-dimensional electron gas is
driven into the so-called fractional quantum Hall regime, quasiparticle excitations carrying
only a fraction of the electronic charge e exist. Another intriguing consequence of strong
interactions is the possible emergence of exotic bound states such as parafermions.4 Indeed,
to some extent, parafermions can be seen as the fractionalized cousins of Majorana bound
states. With even richer non-Abelian exchange statistics than their conventional counter-
parts, parafermions are—at least theoretically—predicted to harbor significant potential as
building blocks for future quantum computing devices.

Motivated both by potential technical applications as well as by fundamental theoretical
interest, this Thesis is dedicated to studies of novel topological phases of matter with a
particular focus on the effects of strong electron-electron interactions. To begin with, we give
an introduction to Majorana bound states and topological superconductors in Chapter 1.
While focusing mainly on non-interacting systems, this Chapter introduces some of the basic
theoretical concepts that will frequently reappear throughout this Thesis. Next, in Chapters 2
and 3, we move on to strongly interacting phases of matter and study the emergence of
parafermions in so-called higher-order TSCs. In particular, in Chapter 2, we construct a
theoretical model for a fractional second-order TSC with parafermion corner states at two
opposite corners of a rectangular sample. To treat the strong electron-electron interactions
analytically, we make use of a coupled-wires construction. In this approach, a two- or three-
dimensional system is built up from an array of weakly coupled one-dimensional wires, which
makes it possible to incorporate interactions in the language of one-dimensional Abelian
bosonization. Explicitly, our model consists of two tunnel-coupled layers of weakly coupled
Rashba nanowires proximitized by a top and a bottom superconductor. We show that suitable
interwire tunneling terms, together with sufficiently strong electron-electron interactions,
can stabilize a helical TSC phase hosting Kramers pairs of parafermion edge states. Upon
turning on a weak in-plane magnetic field, the system is then driven into a second-order TSC
phase hosting zero-energy parafermion bound states localized at two opposite corners of a
rectangular sample.

In Chapter 3, we propose an alternative model that can host Majorana and parafermion
corner states. Instead of coupled Rashba nanowires, this model is based on coupled quasi-
one-dimensional channels arising in bilayer graphene due to electrostatic gating. It is shown
that suitable interchannel tunneling terms, combined with sufficiently strong electron-electron
interactions, can drive the system into a fractional TI phase with fractionally charged helical
edge states propagating along the edges of a finite sample. The interplay of weak proximity-
induced superconductivity and a weak in-plane magnetic field can then drive a transition to
a second-order TSC phase with parafermion corner states at all four corners of a rectangular
sample. In the non-interacting case, these are reduced to Majorana corner states.

While the previously discussed models explicitly break time-reversal symmetry, it turns
out that a magnetic field is not a necessary ingredient to obtain a second-order TSC. In
Chapter 4, we present a theoretical construction of a time-reversal invariant second-order
TSC with Kramers pairs of Majorana corner states. Our model is based on a layered struc-

4J. Alicea and P. Fendley, Annu. Rev. Condens. Matter Phys. 7, 119 (2016)
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ture consisting of two tunnel-coupled TI layers that are ‘sandwiched’ between two s-wave
superconductors with a phase difference of π between them. The competition between in-
terlayer tunneling and proximity-induced superconductivity can then bring the system into
the second-order phase. In this Chapter, we restrict our attention to the non-interacting case
for simplicity and brevity. However, we note that our model could also be extended to the
fractional case by replacing the TI layers by fractional TI layers that could be described, e.g.,
via a model of coupled wires.

In Chapter 5, we move on to second-order phases in three dimensions and construct
a coupled-wires model for a time-reversal invariant second-order topological insulator with
helical hinge states. For suitably chosen interwire hoppings, we demonstrate that the system
has a fully gapped bulk as well as fully gapped surfaces, but hosts two Kramers pairs of
gapless helical hinge states that propagate along a path of hinges determined by the hierarchy
of interwire hoppings and the boundary termination of the system. Furthermore, we show
that sufficiently strong electron-electron interactions can drive the system into a fractional
second-order TI phase with hinge states carrying only a fraction of the electronic charge e.

Via the coupled-wires approach, all our studies of strongly interacting phases of matter
heavily relied on the one-dimensional bosonization formalism. However, many intricate details
concerning technical aspects of the bosonization formalism are traditionally glossed over in
such studies. For example, in bosonized language, Majorana and parafermion zero modes are
usually derived from a semi-classical picture in the limit of infinitely strongly pinned bosonic
fields in the bulk of the system, leaving the true spatial profile of the bound states unknown.
This is why, in Chapter 6, we take one step back and study the bosonized formulation of
the simplest possible toy model for a TSC—the Kitaev chain—in an abundance of technical
detail. In particular, we derive the exact Majorana wave functions in a finite wire both in
terms of the original fermions as well as in bosonized language using vertex algebra techniques.
The two complementary viewpoints provided by the fermionic and bosonic formulations are
then compared and reconciled, allowing us to provide a complete and exact account of how
Majorana bound states manifest in a bosonized description of a one-dimensional TSC.

The previous Chapters have focused on the construction of theoretical toy models for
exotic phases of matter and the necessary analytical tools to study them. In Chapters 7 and
8 of this Thesis, we take a slightly different perspective and focus on signatures of topological
phases of matter, i.e., characteristic features that could be detected in experiments. In
Chapter 7, we study an observable that we refer to as the fractional boundary charge. As
suggested by the name, boundary charges are excess charges located at the boundary of a
system with respect to some average background charge of the bulk. We use a coupled-wires
construction to describe the fractional quantum Hall effect (FQHE) at odd filling factors
ν = 1/(2l + 1), where l is an integer, and calculate the fractional boundary charge arising
in a Corbino disk geometry. If the hole of the disk is threaded by an external flux, we find
that the fractional boundary charge depends linearly on the flux with a quantized slope that
is determined by the filling factor. Furthermore, the FBC has 2l + 1 different branches that
cannot be connected adiabatically, reflecting the (2l+ 1)-fold degeneracy of the ground state.
We argue that these results allow for a promising way to probe FQHE samples via boundary
charge measurements.

Subsequently, in Chapter 8, we shift our attention back to topological superconducting
systems and study the effects of dilute classical magnetic impurities a two-dimensional time-
reversal invariant TSC with helical Majorana edge states. First, we demonstrate that the
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spin of a single magnetic impurity close to the edge of the TSC tends to align along the
edge. The strong easy-axis spin anisotropy behind this effect originates from the interaction
between the impurity and the Majorana edge states. We then compute the Ruderman-Kittel-
Kasuya-Yosida (RKKY) interaction between two magnetic impurities placed close to the edge
of the TSC. We find that, in the limit of large interimpurity distances, the RKKY interaction
between the two impurities is mainly mediated by the Majorana edge states and leads to
a ferromagnetic alignment of both spins along the edge. All of these effects are absent in
trivial s-wave superconductors. As such, spectroscopy of dilute magnetic impurities could
be a powerful tool to probe helical TSCs or topological materials with helical edge states in
general.

Last but not least, in Chapter 9, we turn our attention to systems that exhibit one or more
completely dispersionless—or so-called flat—bands. While such a peculiar band structure is
interesting already in its own right, flat band systems have attracted particular attention
since they can realize a variety of strongly correlated phases of matter. Indeed, since the
kinetic energy is completely quenched in the flat band, even arbitrarily weak interactions
can drastically modify the properties of the system. The same is true for disorder as well
as for ‘perturbations’ due to, e.g., the presence of dilute impurities. This has motivated us
to study the RKKY interaction between two classical magnetic impurities in two different
one-dimensional lattice models that host flat bands. We start by obtaining exact results for
the RKKY interaction in both models by numerical exact diagonalization and find that, in
both cases, the RKKY interaction exhibits peculiar features that can directly be traced back
to the presence of a flat band. Next, we compare our numerical data to results obtained via
different analytical techniques. We discuss how the presence of a flat band can invalidate
the conventional RKKY approximation based on non-degenerate second-order perturbation
theory and highlight the need for degenerate perturbation theory or even non-perturbative
approaches to accurately capture the effect of the flat band.
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Chapter 1
Introduction

This introduction is adapted from:
K. Laubscher and J. Klinovaja

“Majorana bound states in semiconducting nanostructures,”

Journal of Applied Physics 130, 081101 (2021)

1.1 Introduction

In 1937, the Italian physicist Ettore Majorana proposed the existence of an exotic type of
fermion—later termed a Majorana fermion—which is its own antiparticle [1]. While the orig-
inal idea of a Majorana fermion was brought forward in the context of high-energy physics [2],
it later turned out that emergent excitations with related properties can also be constructed
in condensed matter systems [3]. Of particular interest in this context are so-called Majorana
bound states (MBSs) emerging at point-like defects in a special class of superconducting sys-
tems referred to as topological superconductors (TSCs) [4–6]. These MBSs are characterized
by several intriguing properties: Firstly, similarly to their high-energy cousins, MBSs can be
interpreted as being their own antiparticles in the sense that, in second-quantized language,
the creation and annihilation operator associated with an MBS are equal to each other. This
also immediately implies that an MBS carries both zero spin and zero charge. Secondly,
MBSs appear at exactly zero energy and are separated from other, conventional quasiparticle
excitations by a finite energy gap. For this reason, MBSs are also often referred to as Ma-
jorana zero modes (MZMs) and we will use the two terms interchangeably in the following.
Thirdly—and probably most importantly—it was shown almost two decades ago that MBSs
in a two-dimensional (2D) host material obey quantum exchange statistics that are neither
fermionic nor bosonic [7–13]. Rather, MBSs are an example of so-called non-Abelian anyons.
Loosely speaking, this means that exchanging two MBSs realizes a non-trivial rotation of the
many-body ground state within a degenerate ground state subspace, with subsequent such
rotations not necessarily commuting. This property makes non-Abelian anyons such as MBSs
promising potential building blocks for topological quantum computers, where logical gates
would then be performed by exchanging (‘braiding’) anyons [14,15].

MBSs in condensed matter systems were first predicted to occur in the ν = 5/2 fractional
quantum Hall state [4] and in superconductors with an exotic spin-triplet pairing symme-
try [8–13, 16]. Unfortunately, though, materials with intrinsic spin-triplet superconductivity

1



Chapter 1 1.1. Introduction

Figure 1.1: A nanowire (blue) placed on a superconducting substrate (green). The SOI vector
α is taken to lie along the z axis and determines the spin quantization axis. A magnetic field
B is applied along the x axis such that it is oriented perpendicularly to the SOI vector. By
proximity, the substrate induces a superconducting pairing of strength ∆sc in the nanowire.
In the topological phase [see Eq. (1.41)], MBSs (red) emerge at the wire ends.

turn out to be extremely rare. Crucially, it was later realized that an effective spin-triplet
pairing component can be engineered from a conventional spin-singlet s-wave superconduc-
tor when combined with a material exhibiting helical bands, i.e., bands with spin-momentum
locking [17]. With the realization of MBSs now suddenly seeming well within experimental
reach, the field has witnessed a veritable explosion. Following the earliest proposals based on
proximitized topological insulator (TI) edge or surface states [17,18], MBSs have subsequently
been proposed to emerge in 2D semiconducting quantum wells [19–22] and one-dimensional
(1D) semiconductor nanowires with strong Rashba spin-orbit interaction (SOI) [23–26], chains
of magnetic adatoms deposited on a superconductor [27–32], TI nanowires [33–35], graphene-
based structures such as carbon nanotubes and nanoribbons [36–42], planar Josephson junc-
tions [43–47], and many more.

Due to its expected experimental feasibility, the Rashba nanowire model [23–26] is one of
the most well-explored proposals among the above. Here, a semiconducting nanowire with
strong Rashba SOI is placed in a magnetic field and proximitized by a conventional s-wave
superconductor, see Fig. 1.1. The magnetic field, in combination with the strong SOI, leads to
the emergence of a helical regime with two counterpropagating bulk modes carrying opposite
spin projections. Since all of the required ingredients are in principle readily available in
the laboratory, this proposal has triggered significant experimental activity, culminating in a
series of works measuring zero-bias conductance peaks consistent with the signatures expected
from MBSs [48–58]. However, it was soon realized that very similar zero-bias peaks can also
appear due to alternative, non-topological mechanisms in the absence of MBSs [59–76]. As
such, irrefutable experimental proof of the presence of MBSs has not been obtained up to
date.

In spite of—or maybe exactly because of—these unresolved issues, the field of MBSs is a
highly active and rapidly evolving research area. The goal of this Tutorial is to familiarize
graduate students—both theorists and experimentalists—with some of the most well-known
proposed realizations of MBSs in semiconducting nanostructures. We assume the reader to
be familiar with elementary quantum mechanics and the formalism of second quantization.
Furthermore, some basic knowledge of the Bogoliubov-de Gennes (BdG) formalism used to
treat systems with superconducting order at the mean-field level is highly beneficial. Readers
unfamiliar with this concept may for example consult Ref. [77] for a pedagogical introduction.
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1.2. Preliminaries Chapter 1

Throughout this Tutorial, we try to expose the relevant physical properties of the considered
systems using only the simplest mathematical tools. In particular, we will not introduce the
concept of topological invariants and the elaborate mathematical framework underlying the
general theory of topological phases of matter. For this and other relevant aspects that are
not covered in this Tutorial, we refer the reader to several excellent comprehensive reviews
of the field [2–5,78–87].

The Tutorial is organized as follows: In Sec. 1.2, we introduce some basic notions related
to MBSs that will reappear frequently throughout the entire Tutorial. Using the Kitaev chain
toy model [16], we demonstrate how isolated MBSs can emerge in a superconducting system
and how their pinning to zero energy is guaranteed by particle-hole symmetry. We explain
how an MBS can intuitively be pictured as ‘half’ a fermionic zero mode and how two spatially
separated MBSs encode a non-local fermionic degree of freedom, leading to a two-fold ground
state degeneracy of the system. After this introductory part focusing on a toy model, we turn
our attention to more physical systems. First, in Sec. 1.3, we discuss the paradigmatic model
of a Rashba nanowire proximitized by a conventional s-wave superconductor in the presence
of a magnetic field. We identify the topological phase transition separating the trivial phase
from the topological phase with a pair of MBSs at the wire ends, demonstrating how the
exact MBS wave functions can be obtained in the limit of strong Rashba SOI. Furthermore,
we also introduce the concept of synthetic SOI. In Sec. 1.4, we then turn our attention to
proximitized TI edge states as an alternative platform for MBSs. We introduce the Jackiw-
Rebbi mechanism [88, 89] leading to the emergence of bound states at mass domain walls
and show how this mechanism can be exploited to construct MBSs. For completeness, we
comment on a selection of other (quasi-)1D platforms hosting MBSs in Sec. 1.5. Finally, due
to their recent interest, Sec. 1.6 is dedicated to 2D higher-order topological superconductors
hosting so-called Majorana corner states. We conclude in Sec. 1.7.

1.2 Preliminaries

In this section, we introduce some basic notions needed to understand the emergence of
Majorana zero modes in condensed matter systems. The simple ideas developed here will
frequently reappear throughout the entire Tutorial.

Let us start by recalling that, within the formalism of second quantization, a single species
of electrons is described by creation and annihilation operators c†, c satisfying the canonical
anticommutation relations {c†, c†} = {c, c} = 0, {c, c†} = 1. If we now want to construct a
quasiparticle excitation that behaves as its own antiparticle, γ = γ†, it is clear that it has to
take the form of an equal-weight linear combination of electronic creation and annihilation
operators, γ = eiϕc + e−iϕc† for some phase ϕ. We can thus already guess that the most
natural place to look for MBSs is in superconductors. Indeed, the quasiparticle excitations
of a superconductor (also referred to as Bogoliubov quasiparticles) are linear combinations of
electronic creation and annihilation operators [90]. However, it is not enough to just take a
plain s-wave superconductor: In such a conventional superconductor, the Bogoliubov quasi-
particles take the form γ = ucσ + vc†σ̄ for some complex coefficients u and v and with spin
σ ∈ {↑, ↓},1 and where we have omitted any other degrees of freedom that might be present.

1Throughout this Tutorial, we use the shorthand notation ↑̄ =↓, ↓̄ =↑. A similar notation will be used for
other quantum numbers as well.
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Chapter 1 1.2. Preliminaries

Figure 1.2: Pictorial representation of the Kitaev chain model [see Eq. (1.1)] in two limiting
cases. For illustrative purposes, the physical fermion living on site i (light blue box) is split
up into two Majorana operators γi1, γi2 (blue dots) according to Eq. (1.2). (a) ∆ = t = 0.
In this case, the chain is in the trivial phase, where Majorana operators belonging to the
same site are coupled (red line). (b) ∆ = t > 0 and µ = 0. In this case, the chain is in the
topologically non-trivial phase, where Majorana operators belonging to neighboring sites are
coupled (red line). This results in two Majorana operators γ11 and γN2 at the ends of the
chain not entering the Hamiltonian.

Clearly, such a particle can never be its own antiparticle due to the mismatching spin indices.
Fortunately, there are ways to circumvent this problem: One can, for example, consider more
exotic types of superconductors beyond the standard Bardeen-Cooper-Schrieffer (BCS) the-
ory [90]. Indeed, it turns out that spinless p-wave superconductors are the simplest platforms
capable of hosting MBSs. Even though this type of superconductivity is unlikely to occur
naturally, we will see later that an effective spinless p-wave component can also be realized in
heterostructures combining conventional s-wave superconductors with suitable other materi-
als, such as, e.g., semiconductors with strong SOI. As such, studying of the simplest spinless
p-wave superconductor can give important conceptual insights into the emergence of MBSs.
We will therefore devote the remainder of this introductory section to a toy model based on
spinless fermions with intrinsic p-wave pairing before moving to more physical models in the
next sections.

Explicitly, we consider a 1D chain of spinless fermions described by the Hamiltonian [91]

H =

N−1∑

i=1

(−tc†ici+1 + ∆cici+1 + H.c.) − µ

N∑

i=1

c†ici. (1.1)

Here, N is the number of sites, t ≥ 0 is the nearest-neighbor hopping amplitude, ∆ ≥ 0 is
the superconducting pairing potential, which we have taken to be real for simplicity, and µ
is the chemical potential. This Hamiltonian was popularized by Ref. [16] and is therefore
often referred to as the Kitaev chain. Following the original work, we find it convenient to
introduce new operators γi1, γi2 for i ∈ {1, ..., N} defined via

ci =
1

2
(γi1 + iγi2), c†i =

1

2
(γi1 − iγi2). (1.2)

Loosely speaking, this can be thought of as separating the electron operator into its real and
imaginary parts. The inverse relation of the above transformation reads

γi1 = c†i + ci, γi2 = i(c†i − ci), (1.3)
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1.2. Preliminaries Chapter 1

and it can be checked that the new operators γi1, γi2 satisfy the relations

{γiα, γjβ} = 2δijδαβ, γ†iα = γiα. (1.4)

From the second relation, we thus see that the γiα correspond to Majorana operators in the
sense discussed above.

Rewritten in terms of the Majorana operators, the Hamiltonian given in
Eq. (1.1) takes the form

H =
i

2

N−1∑

i=1

[
(∆ + t)γi2γ(i+1)1 + (∆ − t)γi1γ(i+1)2

]
− µ

2

N∑

i=1

(iγi1γi2 + 1). (1.5)

While this Hamiltonian is rather complicated in its full form, a lot of insight can be gained
by focusing on certain limiting cases. For future reference, let us start by briefly looking at
the trivial case ∆ = t = 0, µ < 0, where the chain simply consists of uncoupled sites. The
Hamiltonian then takes the form

H = −µ
N∑

i=1

c†ici = −µ
2

N∑

i=1

(iγi1γi2 + 1). (1.6)

We now see that this corresponds to the case where the two Majorana operators corresponding
to a physical fermion are paired up, see Fig. 1.2(a). The system is fully gapped as adding a
fermion costs a finite energy −µ. This phase is called the (topologically) trivial phase and
does not host any MBSs.

A more interesting situation arises for ∆ = t and µ = 0. In this case, the Hamiltonian
reduces to

H = it
N−1∑

i=1

γi2γ(i+1)1. (1.7)

Pictorially, this now corresponds to the case where Majorana operators belonging to neigh-
boring sites are paired up, see Fig. 1.2(b). It is therefore insightful to rewrite the Hamiltonian
given in Eq. (1.7) in terms of new fermionic operators

di =
1

2
(γi2 + iγ(i+1)1), d†i =

1

2
(γi2 − iγ(i+1)1), (1.8)

leading to

H = 2t

N−1∑

i=1

(
d†idi −

1

2

)
. (1.9)

As such, we see that the bulk of the system is still gapped, i.e., adding a fermion of type
d costs a finite energy 2t. However, the two Majorana operators γ11 at the left end of the
chain and γN2 at the right end of the chain do not enter the Hamiltonian at all. This implies
[H, γ11] = [H, γN2] = 0, i.e., the two outermost sites of the chain now host two isolated zero-

energy modes satisfying the Majorana property γ11 = γ†11, γN2 = γ†N2. These are exactly the
MBSs we were looking for, and we say that the system is now in the topologically nontrivial
phase (topological phase) with one MBS at each end of the chain. As becomes clear from
the pictorial representation in Fig. 1.2(b), we can think of each of the two MBSs as ‘half’ a

5



Chapter 1 1.2. Preliminaries

physical fermion. This also suggests that the two MBSs can be combined to form a single
fermionic zero mode,

d0 =
1

2
(γ11 + iγN2), d†0 =

1

2
(γ11 − iγN2). (1.10)

Since the constituent MBSs are localized far away from each other at opposite ends of the
chain, this fermionic zero mode is highly delocalized. Furthermore, this non-local fermionic
state can be filled or emptied at zero energy cost, leading to the presence of two degenerate
ground states differing in their fermion number. This two-fold ground state degeneracy,
together with the non-Abelian exchange statistics of MBSs, lies at the heart of the idea
that MBSs can be used for topological quantum computation. While a detailed discussion
of how MBSs can be used to perform topologically protected quantum gates is beyond the
scope of this Tutorial, we refer the interested reader to several excellent reviews covering this
topic [2, 3, 78,79,82,83].

While the above discussion focused on two limiting cases corresponding to the fully dimer-
ized situations shown in Fig. 1.2, the qualitative properties of the trivial and nontrivial phase
persist also if one deviates from these fine-tuned points. Indeed, the number of MBSs at a
given end of the chain is directly related to a topological invariant, meaning that it is robust
under continuous changes of the system parameters as long as the bulk gap remains open
and none of the protecting symmetries are broken. More generally, the theory of topological
phases of matter states that topologically inequivalent phases are separated by closing points
of the bulk gap and differ by the values of their topological invariant. In the case of the
Kitaev chain, this invariant takes the values 0 (trivial phase) or 1 (topological phase) and
gives the number of MBSs at one end of the chain.2

The above statement motivates us to look at the bulk spectrum of the Kitaev chain.
Assuming periodic boundary conditions for the moment, we can rewrite the Hamiltonian
given in Eq. (1.1) in momentum space. In order to account for the superconducting term,

we resort to the standard BdG description employing the Nambu spinor C†
k = (c†k, c−k). The

bulk Hamiltonian then takes the form H = 1
2

∑
k C

†
kH(k)Ck with

H(k) = (−2t cos k − µ) ηz − 2∆ sin k ηy. (1.11)

Here, ηi for i ∈ {x, y, z} are Pauli matrices acting in particle-hole space. It is important to
note that, as for any mean-field BdG Hamiltonian in the Nambu representation, the electron
and hole components of H(k) are not independent [77]. More specifically, H(k) satisfies the
so-called particle-hole symmetry

UCH(k)U−1
C = −H∗(−k) (1.12)

with UC = ηx [92]. This symmetry guarantees that the spectrum of H(k) is symmetric around
zero in the sense that for any eigenstate φE(k) at energy +E(k) there is also an eigenstate
UCφ

∗
E(−k) at energy −E(−k). Explicitly, we find that the bulk energy spectrum is given by

E2(k) = (2t cos k + µ)2 + 4∆2 sin2 k. (1.13)

2More explicitly, when taking particle-hole symmetry as the only symmetry of the model, the Kitaev chain
belongs to the class D in the symmetry classification of topological phases of matter [92, 93], which has a Z2

topological invariant in one dimension. Via the bulk-boundary correspondence, the value of this topological
invariant is directly related to the number of MBSs at a given end of the chain.
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Figure 1.3: Bulk spectrum of the Kitaev chain, see Eq. (1.13). In the absence of supercon-
ductivity, i.e., for ∆ = 0, the spectrum is gapless (black dashed lines). Any finite ∆ leads
to a fully gapped spectrum (red solid lines) for any µ within the normal-state band. In this
example, we have used µ/t = −1 and ∆ = 0 for the black dashed line (∆/t = 0.3 for the red
solid line).

We show an example plot of this energy spectrum in Fig. 1.3. It can easily be checked that,
for any finite ∆, the bulk spectrum is fully gapped except for µ = ±2t. Thus, these points
mark the possible transition between topologically distinct phases. Starting from the fully
dimerized case shown in Fig. 1.2(b), we can then infer that the Kitaev chain remains in the
topologically nontrivial phase for any finite ∆ and any chemical potential |µ| < 2t, i.e., for
any µ within the normal-state band. This also means that the two MBSs persist for any
set of parameters within this range. However, the MBSs will generally cease to be perfectly
localized to only the outermost sites of the chain. Instead, their spatial profile will decay
exponentially into the bulk. This also means that in a chain of finite length, the two MBSs
at opposite ends of the chain will acquire a finite overlap with each other, thereby lifting
the exact two-fold ground state degeneracy discussed above. However, the energy splitting
between the two ground states of opposite fermion parity is exponentially suppressed with
the system length, meaning that our simplified picture introduced above remains valid in the
limit of long chains.

An intuitive explanation for the stability of the MBSs can be given via a simple symmetry
argument. This is easiest to understand when we first consider a semi-infinite system with
a single end. In the topological phase, a single zero-energy MBS is located at this end
[see, e.g., Fig. 1.2(b)]. Furthermore, the particle-hole symmetry discussed above can easily
be recast to real space and also applies in the case of a finite system. This means that
the spectrum of the BdG Hamiltonian is symmetric around zero energy, or, equivalently,
the creation of a Bogoliubov quasiparticle at energy E is equivalent to the annihilation of
a quasiparticle (i.e., the creation of a quasihole) at energy −E. It is now straightforward
to see that a single isolated MBS at E = 0 cannot be removed from zero energy without
violating particle-hole symmetry. This argument also remains valid for a long but finite
chain: Since the overlap between the two MBSs is exponentially suppressed with the system
size, it can become negligibly small for a sufficiently long chain. In this case, neither of the
MBSs can be removed from zero energy by continuous changes of the system parameters or
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Chapter 1 1.3. Majorana bound states in nanowires

Figure 1.4: Bulk spectrum of a bare Rashba nanowire, see Eq. (1.17). The spectrum consists
of two parabolas—one for spin up and one for spin down—shifted by ±kso. At µ = 0, the
Fermi momenta are given by k = 0 and k = ±2kso.

arbitrary particle-hole symmetric local perturbations as long as the bulk gap remains open.
The exponential suppression of the energy splitting between the two degenerate ground states
is also referred to as the topological protection of the ground state degeneracy.

Last but not least, let us stress once again that the Kitaev chain should merely be viewed
as a toy model. Firstly, electrons in solids naturally come with a spin degree of freedom, and
secondly, intrinsic spin-triplet superconductors are very rare to almost non-existent in nature.
It is therefore natural to ask whether there exist ways to enable topological superconducting
phases in heterostructures based on conventional s-wave superconductors. Fortunately, this is
indeed possible when so-called helical bands—i.e., bands with spin-momentum locking—are
present. Indeed, when a conventional s-wave pairing term is projected onto a helical band,
an effective spinless p-wave component emerges.3

In the remainder of this Tutorial, we will explore some of the most well-known realizations
of MBSs based on conventional s-wave superconductors. Our main focus lies on proximitized
Rashba nanowires in the presence of a magnetic field (Sec. 1.3) as well as proximitized topo-
logical insulator edge states (Sec. 1.4). In light of our previous discussion of the Kitaev chain,
our main strategy will be to first identify the topologically inequivalent phases of the models
under consideration by looking for closing points of the bulk gap. Subsequently, we will derive
the conditions under which MBSs emerge by explicitly solving for localized zero-energy wave
function solutions of the corresponding BdG equations.

1.3 Majorana bound states in nanowires

In this section, we study the paradigmatic example of MBSs arising in semiconducting
Rashba nanowires in the presence of a magnetic field and proximity-induced s-wave su-
perconductivity [23–26]. Due to its expected experimental feasibility, this setup is often
considered one of the most promising proposals for the realization of MBSs. Indeed, over
the last decade, significant progress has been reported in experiments based on InAs or InSb
nanowires [48–50,54,55]. In the following, we present the theoretical arguments leading to the
emergence of MBSs and demonstrate how the explicit MBS wave functions can be obtained
in the limit of strong SOI. For this, we will closely follow the methods developed in Ref. [94].

3For an explicit demonstration of how this happens, see for example Ref. [78].
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1.3.1 MBSs in Rashba nanowires: Minimal model

Our starting point is a 1D Rashba nanowire that is taken to be oriented along the x axis,
see Fig. 1.1. The bare nanowire is described by the Hamiltonian H0 = Hkin + HSOI , where
Hkin denotes the kinetic contribution to the Hamiltonian and HSOI denotes the Rashba SOI.
The SOI is characterized by the spin-orbit vector α, which is oriented perpendicular to the
nanowire and defines our spin quantization axis. For concreteness, we assume that α points
along the z axis, see again Fig. 1.1. Explicitly, the kinetic term takes the form

Hkin =
∑

σ

∫
dxΨ†

σ(x)

(
−ℏ2∂2x

2m
− µ

)
Ψσ(x), (1.14)

where Ψσ(x) [Ψ†
σ(x)] destroys (creates) an electron of spin σ ∈ {↑, ↓} at position x in the

nanowire, m denotes the effective electron mass, and µ denotes the chemical potential. The
SOI term is given by

HSOI = −iα
∑

σ,σ′

∫
dxΨ†

σ(x)(σz)σσ′∂xΨσ′(x), (1.15)

where σi for i ∈ {x, y, z} are Pauli matrices acting in spin space and α > 0 denotes the
strength of the SOI. Note that in this description, the chemical potential is measured relative
to the SOI energy Eso = mα2/(2ℏ2). For a translationally invariant nanowire, H0 can be

written in momentum space as H0 =
∑

k Ψ†
kH0(k)Ψk, where we have defined Ψ†

k = (ψ†
k↑, ψ

†
k↓)

and the Hamiltonian density H0(k) is given by

H0(k) =
ℏ2k2

2m
− µ+ αkσz. (1.16)

The bulk spectrum of H0 is readily found to be

E0,±(k) =
ℏ2k2

2m
− µ± αk (1.17)

and corresponds to two parabolas—one for each spin species—shifted relative to each other,
see Fig. 1.4. In the special case µ = 0, the Fermi points are given by k = 0 and k = ±2kso,
where the spin-orbit momentum kso is given by kso = mα/ℏ2. In general, for a small but
possibly finite µ, we will call the branches close to k = 0 (k = ±2kso) the interior (exterior)
branches of the spectrum.

Let us now additionally consider the effect of a magnetic field of strength B oriented
perpendicular to the SOI vector. For concreteness, we take the magnetic field to be oriented
along the x axis in the following, see Fig. 1.1. The magnetic field gives rise to the Zeeman
term

HZ = ∆Z

∑

σ,σ′

∫
dxΨ†

σ(x)(σx)σσ′Ψσ′(x) (1.18)

with ∆Z = gµBB/2, where g denotes the g-factor of the nanowire and µB the Bohr magneton.
In the following, we will assume ∆Z ≥ 0.
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Finally, if the nanowire is brought in tunnel-contact with a bulk s-wave superconductor,
we can account for the proximity-induced superconductivity via

Hsc =
∆sc

2

∑

σ,σ′

∫
dxΨσ(x)(iσy)σσ′Ψσ′(x) + H.c., (1.19)

where we take ∆sc to be real and non-negative for simplicity. The total Hamiltonian that we
will be concerned with in the remainder of this section is then given by H = H0 +HZ +Hsc.

Assuming a translationally invariant system for the moment, we can rewrite H in mo-
mentum space. It then takes the form H = 1

2

∑
k Ψ†

kH(k)Ψk, where we have introduced the

Nambu spinor Ψ†
k = (ψ†

k↑, ψ
†
k↓, ψ−k↑, ψ−k↓) and the Hamiltonian density is given by

H(k) =

(
ℏ2k2

2m
− µ

)
ηz + αkσz + ∆Zηzσx + ∆scηyσy. (1.20)

Here, ηi for i ∈ {x, y, z} are Pauli matrices acting in particle-hole space. Like any BdG
Hamiltonian, this Hamiltonian is particle-hole symmetric as expressed by Eq. (1.12). As
discussed in Sec. 1.2, it is exactly this particle-hole symmetry that is responsible for pinning
any isolated MBS—if present—to exactly zero energy. We will come back to this point when
we explicitly solve for MBSs in Subsec. 1.3.2.4

Via a straightforward eigenvalue calculation, the spectrum of H(k) is found to be

E2
±(k) =

(
ℏ2k2

2m
− µ

)2

+α2k2 +∆2
Z +∆2

sc±2

√(
ℏ2k2
2m

− µ

)2

(∆2
Z + α2k2) + ∆2

Z∆2
sc. (1.22)

By direct inspection, one can show that, for any finite ∆sc, the above spectrum is always
fully gapped except for a single gap closing point at k = 0 for5

∆2
Z = µ2 + ∆2

sc. (1.23)

As we will see in the next subsection, this closing and reopening of the bulk gap corresponds
to a topological phase transition between a trivial phase and a topologically nontrivial phase
characterized by the emergence of an MBS at each wire end.

1.3.2 Majorana wave functions

In the following, we focus on the regime of strong SOI with 0 ≤ ∆Z ,∆sc ≪ Eso. If we
furthermore assume |µ| ≪ Eso, we can linearize the spectrum around the Fermi points for

4Furthermore, if and only if ∆Z = 0, the Hamiltonian also has time-reversal symmetry expressed by

UTH(k)U−1
T = H∗(−k) (1.21)

with UT = iσy [92,93]. However, as we will see later, the existence of MBSs in this minimal model necessarily
requires that time-reversal symmetry is broken.

5Recall that we are assuming α > 0 throughout this entire section. In the absence of SOI, i.e., for α = 0,
the bulk gap can also close at points other than k = 0 and the arguments presented in the following do no
longer hold.
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Figure 1.5: Bulk spectrum of a Rashba nanowire in the presence of a magnetic field and
proximity-induced superconductivity, see Eq. (1.22). For simplicity, we depict the case µ = 0.
(a) In the absence of superconductivity, i.e., ∆sc = 0, a Zeeman gap of size 2∆Z is opened
around k = 0, while the exterior branches remain gapless. (b) If a small but finite ∆sc > 0
is turned on, the interior gap is modified to 2∆− with ∆− < 0, while a gap of size 2∆sc

opens around k = ±2kso. (c) As ∆sc is increased, we eventually reach ∆Z = ∆sc, where the
interior gap closes. (d) For ∆sc > ∆Z , the interior gap reopens with ∆− > 0. The closing
and reopening of the bulk gap shown in panels (b)-(d) marks the phase transition between
the topologically nontrivial phase with ∆− < 0 and the trivial phase with ∆− > 0.

µ = 0, which are given by k = 0 and k = ±2kso (see again Fig. 1.4). The linearized fields
take the form

Ψ↑(x) = e−2iksoxL↑(x) +R↑(x), (1.24)

Ψ↓(x) = L↓(x) + e2iksoxR↓(x), (1.25)

where Rσ(x) [Lσ(x)] is a slowly varying right-moving [left-moving] field and where we have
explicitly taken out the rapidly oscillating factors e±2iksox. In the linearized model, the kinetic
term takes the form

Hkin = −iℏvF
∑

σ

∫
dx [R†

σ(x)∂xRσ(x) − L†
σ(x)∂xLσ(x)], (1.26)

where the Fermi velocity is given by vF = α/ℏ and where we have dropped all rapidly
oscillating terms.6 Similarly, the Zeeman term now reads

HZ = ∆Z

∫
dxR†

↑(x)L↓(x) + H.c., (1.27)

while the superconducting term takes the form

Hsc = ∆sc

∫
dx [R↑(x)L↓(x) + L↑(x)R↓(x)] + H.c. (1.28)

As an additional simplification, we note that the interior and exterior branches are only
coupled among themselves. This allows us to separate the total Hamiltonian into two decou-
pled subsystems Hi and He. For l ∈ {i, e} we can write Hl = 1

2

∫
dxΦ†

l (x)Hl(x)Φl(x) with

Φ†
i = (R†

↑, L
†
↓, R↑, L↓) and

Hi(x) = −iℏvF∂xσz − µηz + ∆Zηzσx + ∆scηyσy (1.29)

6This is justified if the period of oscillation ∝ π/(2kso) is much smaller than all other relevant length scales
in the problem, since the corresponding contributions average out in the spatial integral.
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for the interior branches and similarly Φ†
e = (L†

↑, R
†
↓, L↑, R↓) and

He(x) = iℏvF∂xσz − µηz + ∆scηyσy (1.30)

for the exterior branches. Passing to momentum space once again, the bulk energy spectra
for the interior and exterior branches are readily found to be

E2
i,±(k) = (ℏvFk)2 + (∆2

+ + ∆2
−)/2 ± 2

√
[(∆2

+ − ∆2
−)/4]2 + (ℏvFk)2µ2, (1.31)

E2
e,±(k) = (ℏvFk ± µ)2 + ∆2

sc, (1.32)

where the momentum k is now taken from the Fermi points and where we have defined
∆± =

√
µ2 + ∆2

sc±∆Z . Consistent with Eq. (1.23), we find from Eq. (1.31) that the gap for
the interior branches closes at k = 0 when ∆− = 0, while the exterior branches are always
fully gapped for any finite ∆sc.

Figure 1.5 illustrates this gap closing and reopening in more detail, where we chose to
depict the case µ = 0 for simplicity. In this case, we obtain the particularly simple expressions
∆± = ∆sc ± ∆Z . Let us first consider the case ∆sc = 0, see Fig. 1.5(a). In this case, a gap
of size 2∆Z is opened for the interior branches, while the exterior branches stay gapless. We
are thus in a so-called helical regime where there is only one gapless right-moving bulk mode
with spin down and one left-moving bulk mode with spin up [95, 96]. If one now turns on a
small but finite ∆sc > 0, the interior gap is modified to 2∆− with ∆− < 0, while the exterior
branches open a gap of size 2∆sc, see Fig. 1.5(b). As ∆sc is increased, we eventually reach
∆Z = ∆sc, where the interior gap closes, see Fig. 1.5(c). Finally, for ∆sc > ∆Z , the interior
gap reopens with ∆− > 0, see Fig. 1.5(d).

From our preliminary knowledge of the Kitaev chain, we can already guess that the
above closing and reopening of the bulk gap could mark the phase transition between a
topologically nontrivial phase with ∆− < 0 and a trivial phase with ∆− > 0. Indeed, since
the phase with ∆− < 0 exhibits a single pair of helical (and, thus, effectively spinless) bulk
modes gapped out by proximity-induced superconductivity, we find ourselves in a similar
situation as in the Kitaev chain—with the difference that now we started from a spinful
model and a conventional superconductor rather than just assuming spinless electrons with
p-wave pairing. In the following, we will confirm that the phase with ∆− < 0 is indeed the
topological phase by demonstrating that MBSs emerge at the wire ends if and only if ∆− < 0.
This is done by explicitly solving the BdG equations corresponding to the linearized model
for localized zero-energy bound states, where we again focus on the case µ = 0 for simplicity.

As a first step, we determine zero-energy solutions of Hi and He independently. These
are readily obtained by solving the BdG equation Hlϕl(x) = 0 for l ∈ {i, e}. In the following,
we focus on a semi-infinite system with a single edge at x = 0. In order to obtain normaliz-
able eigenfunctions localized to this edge, we make an Ansatz for an exponentially decaying
eigenfunction ϕl(x) = ϕl(0)e−x/ξl , where ξl > 0 is a localization length that remains to be
determined. Plugging in this Ansatz and imposing det[Hl] = 0, we find the possible values
of ξl to be

ξi = α/|∆sc − ∆Z |, (1.33)

ξ′i = α/(∆sc + ∆Z) (1.34)
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for the interior branches and
ξe = α/∆sc (1.35)

for the exterior branches. Note again that we assume ∆Z ,∆sc ≥ 0 throughout this entire
section, such that the above localization lengths are finite and positive whenever the system
is fully gapped. Now solving for the corresponding eigenfunctions, we find two linearly
independent, exponentially decaying solutions for the interior and exterior branches each.
Up to normalization, these read

ϕi,1(x) =




−ip
1
ip
1


 e−x/ξi , ϕi,2(x) =




−i
−1
−i
1


 e−x/ξ′i , (1.36)

ϕe,1(x) =




i
1
−i
1


 e−x/ξe , ϕe,2(x) =




i
−1
i
1


 e−x/ξe , (1.37)

where we have defined p = sgn(∆sc − ∆Z). In second-quantized form, the full zero modes

then read γl,s =
∫
dxϕ†l,s(x)Φl(x) for s ∈ {1, 2}. The oscillating phase factors ±e2iksox can

now be reincorporated by going back to the original basis Ψ† = (Ψ†
↑,Ψ

†
↓,Ψ↑,Ψ↓) and writing

γl,s =
∫
dxψ†

l,s(x)Ψ(x), where we have defined ψi,1(x) = ϕi,1(x), ψi,2(x) = ϕi,2(x) and

ψe,1(x) =




ie−2iksox

e2iksox

−ie2iksox
e−2iksox


 e−x/ξe , (1.38)

ψe,2(x) =




ie−2iksox

−e2iksox
ie2iksox

e−2iksox


 e−x/ξe , (1.39)

and where we again neglect all rapidly oscillating terms.
As the next and final step, we now turn to the issue of boundary conditions. At the

left edge of the system at x = 0, we demand that our zero-energy wave function ψM (x) ∝∑
l,s cl,sψl,s(x) satisfies vanishing boundary conditions ψM (x = 0) = 0. Here, there is an

important difference between the two topologically nonequivalent regimes ∆sc > ∆Z and
∆sc < ∆Z . In the first case, the four solutions ψl,s are linearly independent at x = 0,
showing that the boundary condition can never be fulfilled. This phase corresponds to the
topologically trivial one with no zero-energy bound states at the wire ends. In the second case,
however, we find that the linear combination ψM (x) ∝ ψi,1(x) − ψe,1(x) satisfies ψM (0) = 0.
Explicitly, the total wave function is then given by

ψM (x) =




i
1
−i
1


 e−x/ξi −




ie−2iksox

e2iksox

−ie2iksox
e−2iksox


 e−x/ξe , (1.40)
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Figure 1.6: MBS probability density |ψM (x)|2 obtained from Eq. (1.40) for different parameter
values. In all cases, |ψM (x)|2 exhibits characteristic oscillations with a period of π/kso and
decays exponentially into the bulk. (a) Deep in the topological phase, there are relatively
few oscillations before a uniform exponential decay with decay length ξe (orange line) sets in.
Here, we used ∆Z/Eso = 0.5, ∆sc/Eso = 0.1. (b) Close to the topological phase transition,
the MBS probability density decays more slowly. At long distances, the decay length is given
by ξi (green line). Here, we used ∆Z/Eso = 0.3, ∆sc/Eso = 0.25. (c) Intermediate regime
with ∆Z/Eso = 0.4, ∆sc/Eso = 0.2, where the two decay lengths are equal.

where we have suppressed a normalization factor. Furthermore, we can also check that this
solution indeed corresponds to a Majorana bound state: The operator γM =

∫
dxψ†

M (x)Ψ(x)

satisfies the Majorana property γM = γ†M if and only if the wave function satisfies ψM (x) =
(f(x), g(x), f∗(x), g∗(x))T for arbitrary functions f and g up to normalization. Our wave
function ψM (x) given in Eq. (1.40) can readily be brought into this form by defining f(x) =
ig∗(x) = i(e−x/ξi − e−2iksoxe−x/ξe), which confirms that we are indeed looking at an MBS.
Equivalently, we can also understand the Majorana property directly from the particle-hole
symmetry operation defined in Eq. (1.12). Indeed, the above condition on ψM (x) is nothing
but UCψ

∗
M (x) = ψM (x). This once again reflects the fact that an isolated MBS is ‘its own

partner’ under particle-hole symmetry and therefore has to stay pinned to zero energy.

Figure 1.6 shows example plots for the MBS probability density for different values of ∆Z

and ∆sc. From Eq. (1.40) we note that there are two possibly different localization lengths
ξi and ξe entering the Majorana wave function, where ξi (ξe) comes from the contribution
of the interior (exterior) branches. The interplay between these two contributions causes
oscillations in the MBS probability density with a period of π/kso.

Note that while above we have focused on the case µ = 0 for analytical simplicity, MBSs
also exist in the more general case of finite µ as long as the bulk gap remains open. This
stability can again be understood from the particle-hole symmetry of the BdG spectrum as
discussed in Sec. 1.2. Alternatively, the presence of MBSs can also explicitly be verified by,
e.g., numerical exact diagonalization of a corresponding tight-binding model. In conclusion,
we identify the regime

|∆Z | >
√
µ2 + ∆2

sc (1.41)

as the topologically nontrivial phase of the Rashba nanowire model. We note that the same
topological criterion could also be obtained directly from the exact bulk spectrum given in
Eq. (22).

Let us close this subsection with a few remarks on the approximations that were made
in order to arrive at Eqs. (1.40). Firstly, we were working in the limit of strong SOI such
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that the superconducting and Zeeman terms can be treated as weak perturbations to the
kinetic Hamiltonian. However, analytical solutions for the MBSs can also be obtained in
the opposite limit of weak SOI, see Ref. [94]. Secondly, we have focused on a semi-infinite
system with a single edge at x = 0. This corresponds to the ideal case where the MBS at
x = 0 is completely independent of the second MBS at the other end of the system. In a
nanowire of finite length, on the other hand, the two MBSs necessarily overlap and hybridize
into a fermionic in-gap state with an energy that decreases exponentially with the length
of the system. As such, the semi-infinite approximation is justified for large systems. For
the explicit fermionic in-gap solutions and the ‘quasi-MBS’ wave functions in a system of
arbitrary finite length, we refer the reader to Ref. [97]. Thirdly, we have also neglected
orbital effects [98–101] caused by the magnetic field. If taken into account, in the limit of
strong SOI, there are regimes in which the amplitude of the oscillating MBS splitting stays
constant or even decays with increasing magnetic field, in stark contrast to the commonly
studied case where orbital effects of the magnetic field are neglected [100]. Last but not least,
electron-electron interactions were completely neglected in our considerations. As was shown
in Refs. [102–107], MBSs can also survive in the presence of weak to moderate electron-
electron interactions. Furthermore, also models with long-range hoppings and long-range
pairing interactions have been studied [108,109].

1.3.3 Rotating magnetic field and synthetic SOI

The setup described in the previous subsections requires SOI of Rashba type as a necessary
ingredient. In addition, the chemical potential has to be fine-tuned to lie sufficiently close
to the spin-orbit energy. These two requirements limit the experimental feasibility of the
Rashba nanowire setup, in particular since the intrinsic SOI of the nanowire is a material-
dependent property that cannot be fully controlled from the outset. A promising alternative
is the so-called synthetic SOI induced by a rotating magnetic field generated by, e.g., suitably
arranged nanomagnets [38,42,110–116]. Indeed, a local gauge transformation relates a Rashba
nanowire subjected to a uniform magnetic field to a nanowire without SOI subjected to a
helical magnetic field [117]. Therefore, both setups exhibit a topologically non-trivial phase
with MBSs at the wire ends.

To make this statement explicit, let us consider the spin-dependent gauge transformation

Ψσ(x) = e−iσksoxΨ̃σ(x), (1.42)

where the fields Ψ̃σ(x) are now defined in a rotating frame. In the rotating frame, H0 defined
previously [see Eqs. (1.14) and (1.15)] takes the form

H0 =
∑

σ

∫
dx Ψ̃†

σ(x)

[
−ℏ2∂2x

2m
− (µ+ Eso)

]
Ψ̃σ(x). (1.43)

This means that the SOI is now absent and the bulk spectrum is effectively given by two
identical parabolas—one for spin up and one for spin down—centered around k = 0. While
the superconducting term retains its form in terms of the new fields, the Zeeman term now
reads

HZ = ∆Z

∫
dx e2iksoxΨ̃†

↑(x)Ψ̃↓(x) + H.c., (1.44)

15



Chapter 1 1.4. Majorana bound states in TI heterostructures

which takes the form of a Zeeman term induced by a helical magnetic field with a pitch of
2kso,

B̃(x) = B(cos(2ksox),−sin(2ksox), 0). (1.45)

As before, MBSs can emerge from this setup if the chemical potential is tuned to lie in the
gap opened by the helical magnetic field. Even more interestingly, however, it has been shown
that in certain setups the need to fine-tune the chemical potential is eliminated. This can,
for example, be realized in systems with Ruderman-Kittel-Kasuya-Yosida (RKKY) interac-
tion [118–120]. Indeed, if magnetic impurities are placed on a superconducting substrate,
a strong indirect exchange interaction of RKKY-type promotes a helical spin ordering with
pitch 2kF [27].

1.4 Majorana bound states in TI heterostructures

We have seen in the previous section that the presence of helical modes is crucial for the
emergence of MBSs in 1D TSCs. While in Rashba nanowires the helical regime is realized due
to strong SOI in combination with a magnetic field, a related approach—originally proposed
in Refs. [17,18] even before the nanowire setup—instead exploits the helical edge states of a
2D TI to engineer MBSs. As opposed to the nanowire case, where time-reversal symmetry
needs to be explicitly broken in order to reach the helical regime, the helical regime in TIs
emerges in the presence of time-reversal symmetry. Indeed, the key feature of a 2D TI is the
existence of a pair of gapless helical edge states with an approximately linear dispersion [see
also Fig. 1.8(a)] in addition to a fully gapped bulk. The two counterpropagating edge states
carry opposite spin projections and are related to each other by time-reversal symmetry.

In the following, we will first review the general mechanism leading to the emergence of
bound states at mass domain walls in a system with two counterpropagating linearly dispers-
ing states [88, 89]. Subsequently, we will demonstrate how this can lead to the emergence of
MBSs when the edge of a TI is proximitized by a conventional superconductor. As in the
Rashba nanowire case, we identify the conditions under which MBSs can emerge in such a
system and explicitly obtain their wave function solutions.

We note that we will not give a detailed review of the physics of TIs in this Tutorial.
Instead, we work with a basic and rather generic edge-state picture that will be sufficient to
understand the emergence of MBSs in such systems. We refer the reader to Refs. [6,77,121–
123] for a pedagogical introduction to the field of TIs.

1.4.1 Primer: Mass domain walls and Jackiw-Rebbi bound states

Let us consider a massive 1D Dirac Hamiltonian H =
∫
dxΦ†(x)H(x)Φ(x) with Φ† = (R†, L†)

and
H(x) = −iℏvFσz∂x −mσx, (1.46)

where σi for i ∈ {x, y, z} are Pauli matrices acting in right-/left-mover space. The bulk
spectrum of this system is given by E±(k) = ±

√
(ℏvFk)2 +m2 and thus is gapped whenever

m ̸= 0. We will now allow the mass term to become position-dependent, i.e., m = m(x).
In particular, we consider the effect of a mass domain wall where m(x → −∞) < 0 and
m(x → +∞) > 0. As was first shown by Jackiw and Rebbi in Ref. [88], such a domain wall
binds a localized zero-energy state.
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Figure 1.7: A Dirac Hamiltonian with a mass domain wall hosts a zero-energy bound state
localized to the region where the mass changes its sign. As a particularly simple example, we
depict the case of a step-function mass term m(x) = m0 sgn(x).

Let us illustrate this statement by considering the particularly simple case where the mass
has a step-function profile m(x) = m0 sgn(x) with m0 > 0, see Fig. 1.7. We can now readily
solve for a normalizable zero-energy state by making the Ansatz

ϕ(x) =

{
ϕ−0 e

x/ξ− x < 0,

ϕ+0 e
−x/ξ+ x > 0,

(1.47)

with the respective localization lengths ξ± > 0. By solving for zero-energy eigenstates in the
intervals (−∞, 0) and (0,+∞) independently and then imposing continuity of the solution at
x = 0 by requiring ϕ+0 = ϕ−0 =: ϕ0, we find that there indeed exists a normalizable zero-energy
solution with ξ± = ℏvF /m0 and ϕ0 = (1, i)T up to an overall normalization constant.

While we have presented a concrete example for illustrative purposes, it can be shown
that the existence of the above solution does not depend on the exact form of the domain wall.
Indeed, for a more general domain-wall profile with the asymptotic behavior m(x→ −∞) < 0
and m(x→ +∞) > 0, we find a zero-energy bound state of the form

ϕ(x) ∝ e−
∫ x
0 m(x′)dx′/ℏvF

(
1
i

)
. (1.48)

The fact that the above zero-energy solution exists independently of the exact mass profile
function can be understood from the theory of symmetry-protected topological phases of
matter. Indeed, the Hamiltonian given in Eq. (1.46) has a chiral symmetry [92,93] expressed
by {H(k), σy} = 0. The two phases with m0 ≷ 0 correspond to two topologically distinct
phases that cannot smoothly be deformed into each other unless chiral symmetry is broken.
A domain wall between these two distinct phases then hosts a bound state with an energy
that is pinned to zero. This follows because chiral symmetry imposes that every state with
energy +E has a partner with energy −E. The single bound state at the domain wall can
therefore not be removed from zero energy unless chiral symmetry is broken. Note that while
this argument is superficially similar to the case of particle-hole symmetry discussed earlier,
the zero-energy state found in the Jackiw-Rebbi model is an ordinary fermionic zero-mode
and not an MBS. This can easily be seen from Eq. (48). Generally, since we are dealing with
a usual single-particle Hamiltonian rather than a BdG Hamiltonian, there is no redundancy
in the spectrum of excitations and each eigenstate of the Hamiltonian corresponds to a usual
fermionic excitation.
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Figure 1.8: (a) Schematic spectrum of a 2D TI. We take the sample to be finite along the
y axis and infinite along the x axis such that kx remains a good quantum number. While
the bulk exhibits an energy gap (black lines), there is a pair of gapless helical edge states
(orange lines) propagating along the edges of the sample. (b) The gapless helical edge states
of a 2D TI can be gapped out either by proximity-induced superconductivity (grey region)
or by a magnetic term (light blue region). An interface between these two opposite gap-
opening mechanisms hosts an MBS (shown in red). (c) The existence of a bound state can be
understood from the fact that the Dirac mass ∆− = ∆sc − ∆Z changes sign at the interface
between the two regions. In that sense, the emerging MBS can be interpreted as a special
variant of a Jackiw-Rebbi bound state (see Fig. 1.7) protected by particle-hole symmetry
rather than chiral symmetry.

1.4.2 MBSs at domain walls in 2D TIs

With a basic understanding of the Jackiw-Rebbi model and the formation of bound states
at mass domain walls, let us turn our attention to the construction of MBSs from the edge
states of a 2D TI. For simplicity, we focus on the case where the spin component along one
axis, say, the z axis, is conserved. Deep inside the bulk gap, we can linearize the edge state
dispersion around the Dirac point k = 0, see Fig. 1.8(a). Therefore, the effective low-energy
Hamiltonian describing the 1D edge states can be written in terms of a left-moving field L(x)
with spin up and a right-moving field R(x) with spin down. The kinetic term then takes the
form of a Dirac Hamiltonian

Hkin = −iℏvF
∫
dx [R†(x)∂xR(x) − L†(x)∂xL(x)]. (1.49)

We will now consider two different gap-opening mechanisms for the helical edge states: Firstly,
an in-plane Zeeman term breaks time-reversal symmetry and couples the left- and the right-
moving edge states due to the fact that they carry opposite spin projections. The corre-
sponding term in the Hamiltonian can be written as

HZ = ∆Z

∫
dxR†(x)L(x) + H.c., (1.50)

where ∆Z is the strength of the Zeeman term. Secondly, placing the TI edge in proximity
to a conventional s-wave superconductor gives rise to a proximity-induced superconducting
term described by

Hsc = ∆sc

∫
dxR(x)L(x) + H.c., (1.51)
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where the superconducting pairing potential ∆sc is taken to be real. If we additionally allow
for a small but possibly finite chemical potential (measured from the Dirac point), it is easy
to check that the bulk spectrum of the total Hamiltonian H = Hkin +HZ +Hsc is once again
given by Eq. (1.31). As such, we already know that the bulk will be fully gapped unless

∆2
Z = ∆2

sc + µ2. (1.52)

Motivated by our previous discussion of the Jackiw-Rebbi model, we would like to see what
happens at a domain wall between the two topologically inequivalent phases separated by this
gap closing point. If we assume for concreteness that ∆Z ≥ 0, the two inequivalent gapped
phases are characterized by ∆− ≷ 0, where we have defined ∆− =

√
∆2

sc + µ2 − ∆Z in the
exact same way as in Sec. 1.3. We will now confirm the existence of a domain wall bound
state by an explicit calculation. Indeed, it will turn out that this domain wall bound state is
an MBS protected by particle-hole symmetry. In the following, we set µ = 0 for simplicity.
Let us consider a TI edge separated into two segments, where one segment is in contact to a
ferromagnet and the other one is proximitized by an s-wave superconductor, see Fig. 1.8(b).
For simplicity, we will take the two segments to be semi-infinite and assume a step-function
profile for ∆Z ,∆sc > 0. The total Hamiltonian incorporating the domain wall then reads
H = 1

2

∫
dxΦ†(x)H(x)Φ(x) with Φ† = (R†, L†, R, L) and

H(x) = −iℏvF∂xσz + Θ(−x)∆Zηzσx + Θ(x)∆scηyσy, (1.53)

where σi (ηi) for i ∈ {x, y, z} are Pauli matrices acting in right-/left-mover (particle-hole)
space and Θ(x) is the Heaviside step function. We can now adopt the strategy developed in
the previous subsection to show that there is a single MBS localized at the interface, which we
have taken to lie at x = 0 without loss of generality. This involves first solving for decaying
eigenstates for x > 0 and x < 0 separately and then forming suitable linear combinations to
satisfy the boundary condition at the interface. With the Ansatz ϕ+(x) = ϕ+(0)e−x/ξ+ for
x > 0 [ϕ−(x) = ϕ−(0)ex/ξ− for x < 0], we immediately obtain the localization lengths

ξ− = ℏvF /∆Z , x < 0, (1.54)

ξ+ = ℏvF /∆sc, x > 0. (1.55)

For each of the two segments, we find that the subspace of exponentially decaying zero-
energy eigenfunctions is two-fold degenerate. Explicitly, this subspace is spanned by the
linearly independent eigenfunctions

ϕ−,1(x) =




−i
1
0
0


 ex/ξ− , ϕ−,2(x) =




0
0
i
1


 ex/ξ− , (1.56)

ϕ+,1(x) =




−i
0
0
1


 e−x/ξ+ , ϕ+,2(x) =




0
−i
1
0


 e−x/ξ+ , (1.57)
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where we suppress a normalization factor. Finally, demanding that the wave function is
continuous at x = 0, we obtain a single bound state solution

ϕM (x) =




−i
1
i
1



[
Θ(−x)ex/ξ− + Θ(x)e−x/ξ+

]
, (1.58)

where we have again suppressed a normalization factor. We can readily verify that this
solution does indeed satisfy the Majorana property as it can be brought into the form ϕM (x) =
(f(x), g(x), f∗(x), g∗(x))T with

f(x) = −ig(x) =

{
−iex/ξ− , x < 0,

−ie−x/ξ+ , x > 0.
(1.59)

Again, the presence of the MBS does not depend on the exact profile of the domain wall.
Indeed, any interface between a region dominated by magnetic field (∆− < 0) and a region
dominated by superconductivity (∆− > 0) will host an MBS, see Fig. 1.8(c). This reflects the
fact that the two phases with ∆− ≷ 0 are topologically distinct and cannot be connected to
each other without closing and reopening the bulk gap. Similarly, the MBS will also persist
in the presence of a finite µ as long as the bulk gap remains open. Motivated by the basic
mechanism discussed above, various realizations of MBSs in TI heterostructures have been
proposed theoretically [124–131].

While the ideas discussed in this section are extremely appealing from a conceptual point
of view, significant challenges are met in their experimental realization. This is mainly due
to the fact that 2D TIs are highly nontrivial topological materials, the experimental detec-
tion and manipulation of which requires significant effort. Nevertheless, recent works report
signatures of proximity-induced superconductivity on TI edge states [132,133]. Alternatively,
the TI edge states could also be replaced by helical hinge states of a three-dimensional (3D)
second-order TI.7 In this latter case, zero-bias peaks consistent with MBSs were measured at
domain walls between ferromagnetic and superconducting domains [139].

In variations of the above setup, MBSs could also be engineered from quantum Hall
edge states in a suitable sample geometry [140–142]. As a side remark, we mention that
proximitized quantum Hall systems have raised significant interest not only as potential
hosts for MBSs, but also for propagating chiral Majorana edge states [143]. Signatures of
proximity-induced superconductivity in quantum Hall edge states were studied in a series of
recent works [140,144–148].

Finally, it is worth noting that the above setups have also raised significant interest due
to their possible generalization to the regime of strong electron-electron interactions, where
even more exotic bound states are predicted to emerge. In particular, if the TI (quantum
Hall) edge states are replaced by fractional TI (quantum Hall) edge states, domain walls
between competing gap-opening mechanisms are theoretically predicted to host parafermion
bound states [124–126,141,142,148]. These exotic zero-energy modes can be seen as a formal

7As opposed to conventional 3D TIs with gapless surface states, 3D second-order TIs have gapped surfaces
but host gapless chiral or helical 1D modes propagating along the hinges of the sample [134–137], see also
Ref. [138] for a popular summary.
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generalization of MBSs. In particular, while a pair of MBSs encodes a two-fold ground state
degeneracy, a pair of ZN parafermion zero modes is generally associated with an N -fold
topologically protected ground state degeneracy. Braiding operations of parafermion zero
modes then realize an even richer set of non-Abelian rotations on this ground state manifold.
We refer the interested reader to Refs. [149–151] for pedagogical reviews of the topic.

On a related note, let us mention that systems of interacting MBSs provide an exciting
playground to study novel phases of matter with even more exotic properties such as topo-
logical order, emergent supersymmetry, or chaotic behavior related to the Sachdev-Ye-Kitaev
(SYK) model [152–157], see also Ref. [158] for a review.

1.5 Alternative realizations of Majorana bound states in 1D
systems

The above ideas have inspired an ever-growing list of proposals aimed at the realization of
MBSs in topologically non-trivial 1D systems. In the following, we will briefly highlight
several directions that we consider to be of particularly high importance, referring the reader
to the excellent reviews Refs. [2–5, 78–85] for a more exhaustive overview of the existing
proposals.

Apart from nanowires, there are several alternative (quasi-)1D platforms that can host
MBSs. In particular, extensive research has been carried out on graphene-based struc-
tures such as carbon nanoribbons and carbon nanotubes [36–41]. Since SOI effects in pris-
tine graphene are generally weak, these setups often rely on synthetic SOI as discussed in
Sec. 1.3.3. Furthermore, a topological superconducting phase with MBSs has also been pre-
dicted to occur in quasi-1D nanowires fabricated from three-dimensional TI materials. In
particular, when the wire is proximitized by a conventional s-wave superconductor and a
magnetic field is applied parallel to the wire, well-localized MBSs can emerge at the wire
ends both in the presence [33,34] or in the absence [35] of a vortex in the proximity-induced
pairing potential. In this latter case, a non-uniform chemical potential in the wire cross-
section is responsible for an exceptionally strong effective SOI.

Another family of promising proposals involves chains of magnetic impurities deposited
on a superconducting substrate. Again, both a helical magnetic ordering of the impurities
or—formally equivalent—a ferromagnetic ordering in combination with strong SOI may lead
to the formation of MBSs. If the impurities are placed sufficiently close to each other, the
chain can be described as an effective 1D nanowire and MBSs emerge in the same way as
discussed in Sec. 1.3 [27–29]. For larger inter-impurity distances, on the other hand, a different
mechanism becomes important. Indeed, if the exchange interaction between a magnetic atom
and the quasiparticles in the superconductor is sufficiently strong, a localized sub-gap Yu-
Shiba-Rusinov (YSR) state will emerge [159–161]. In the case of many magnetic impurities,
the corresponding YSR states can overlap and form a chain. Such a YSR chain shows
many similarities to the Kitaev chain [16] and, under specific assumptions, can be mapped
onto the latter. As such, it becomes clear that a YSR chain can realize a topologically
non-trivial phase with MBSs at its ends [30–32, 162–168]. Indeed, a series of experiments
reported robust zero-bias peaks in chains of iron (Fe) or cobalt (Co) atoms placed on a
superconductor [169–175]. For a detailed review of MBSs in magnetic chains we refer the
reader to Refs. [85,87]. We note that even more complicated non-collinear magnetic textures,
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Figure 1.9: (a) A 2D TI (yellow) described by the Hamiltonian given in Eq. (1.60) is placed
on top of an s-wave superconductor (grey) and a Zeeman field is applied along the x direction
(blue arrow). The Zeeman and superconducting terms gap out the helical edge states (orange)
running along the edges of the sample. If the strength of the Zeeman term is larger than the
proximity-induced superconductivity, we find one Majorana corner state (red) at each corner
of the sample. (b) The existence of Majorana corner states can be explained by looking at
the effective gap ∆−,eff = ∆sc,eff −∆Z,eff , which is obtained by projecting the respective gap-
opening terms onto the low-energy subspace spanned by the helical edge states propagating
along the edges s = 0, ..., 3 of the sample. At each of the four corners, ∆−,eff changes sign,
giving rise to a Majorana corner state at each corner.

such as skyrmions or skyrmion chains, were proposed as an alternative route to generate
topological superconducting phases [176–186].

Alternatively, we note that external driving provides a powerful tool to turn initially non-
topological materials into topological ones [187,188]. Indeed, it has been shown that a time-
dependent magnetic or electric field can give rise to Floquet Majorana fermions [189–197].
Furthermore, one can also consider unconventional superconductors with p-wave and d-wave
pairings [198–205]. Here, one should mention also odd-frequency superconductivity [206–210].
The odd-frequency pairing is hugely enhanced at the boundaries of the topological systems
hosting MBSs [210–214].

Last but not least, it is worth mentioning that a magnetic field is not a necessary ingredient
to generate MBSs. Indeed, there are many alternative ways in which competing gap-opening
mechanisms can realize a phase transition between a trivial and a topological superconducting
phase with MBSs. This is of particular importance since strong magnetic fields have a
detrimental effect on superconductivity. Efforts to avoid this obstacle have resulted in an
increased interest in time-reversal invariant systems. In particular, it has been found that
a spinful time-reversal invariant 1D TSC hosts a Kramers pair of MBSs at each end in the
topologically non-trivial phase [214–226]. Even though localized at the same position in real
space, the two MBSs at a given end of the system are then protected from hybridizing by
time-reversal symmetry.
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1.6 Majorana corner states

In Sec. 1.4, a domain wall hosting an MBS was realized through couplings ∆Z(x), ∆sc(x)
with an explicit spatial dependence. More recently, the concept of higher-order topological
insulators and superconductors [134, 135, 137, 227–231] has opened up an alternative avenue
towards the realization of MBSs in TI heterostructures. While conventional d-dimensional
TIs and TSCs exhibit gapless edge states at their (d−1)-dimensional boundaries, nth-order d-
dimensional TIs or TSCs exhibit gapless edge states at their (d−n)-dimensional boundaries.
In particular, a 2D second-order topological superconductor (SOTSC) hosts MBSs at the
corners of a rectangular sample [232–248].

One particular way to obtain such Majorana corner states is to start from a conventional
(first-order) TI or TSC with helical edge states, which are then perturbatively gapped out
by small additional terms. Depending on the symmetries of the model as well as the sample
geometry, the gap acquired by the edge states is not necessarily of the same size or type for
different edges. As such, domain walls between different gap-opening mechanisms emerge
naturally even for spatially uniform gap-opening terms. In the following, we will illustrate
this concept with two simple examples.

1.6.1 SOTSC with four corner states

Our first example is based on a model introduced in Ref. [232]. We start from a minimal model
for a 2D TI, which can be interpreted as a simplified version of the Bernevig-Hughes-Zhang
(BHZ) Hamiltonian originally brought forward in Ref. [249] to describe HgTe quantum wells.

We consider a Hamiltonian of the form H =
∑

k Ψ†
kH(k)Ψk with Ψ†

k = (ψ†
k↑1, ψ

†
k↑1̄, ψ

†
k↓1,

ψ†
k↓1̄), where ψ†

kστ (ψkστ ) creates (destroys) an electron with in-plane momentum k = (kx, ky),
spin σ, and an additional local degree of freedom τ . The Hamiltonian density is taken to be

H(k) =

(
ℏ2k2x
2m

+
ℏ2k2y
2m

+ ϵ

)
τz + λ(kxσzτx − kyτy), (1.60)

where σi and τi for i ∈ {x, y, z} are Pauli matrices acting in spin space and on the local
degree of freedom τ , respectively. The parameters m and λ are model-dependent constants,
which we take to be strictly positive in the following. Furthermore, ϵ describes an energy
shift between the two species τ ∈ {1, 1̄}. The above Hamiltonian is time-reversal symmetric
as defined in Eq. (1.21). Furthermore, the Hamiltonian has a four-fold rotational symmetry

H(kx, ky) = Uπ/2H(−ky, kx)U−1
π/2 (1.61)

with Uπ/2 = eiπσz(2τ0−τz)/4.

For ϵ < 0, it is well-known that the above Hamiltonian describes a TI [249]. An explicit
calculation confirms that there is indeed a pair of gapless helical edge states propagating
along the edges of a finite sample. Let us illustrate this in an example, where we will focus
on the edge s = 0 shown in Fig. 1.9(a). Assuming a semi-infinite geometry such that the
system is finite along the y axis and infinite along the x axis, kx remains a good quantum
number, whereas ky has to be replaced by −i∂y. We now focus on the simple case kx = 0, in
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which case the Hamiltonian given in Eq. (1.60) reduces to

H(0,−i∂y) =

(
ϵ−

ℏ2∂2y
2m

)
τz + iλ∂yτy. (1.62)

Solving for normalizable zero-energy solutions Φ0
σ(y) subject to the boundary condition

Φ0
σ(0) = 0 now reduces to a standard problem of matching decaying eigenfunctions as dis-

cussed in several instances in the previous sections. We readily find

Φ0
↑(y) = (1, 1, 0, 0)T (e−y/ξ1 − e−y/ξ2), (1.63)

Φ0
↓(y) = (0, 0, 1, 1)T (e−y/ξ1 − e−y/ξ2), (1.64)

with ξ1/2 = (−λ±√
β)/(2ϵ) for β = λ2 + 2ℏ2ϵ/m and where we have suppressed a normaliza-

tion factor. One can check that these solutions are indeed exponentially decaying for y → ∞
if and only if ϵ < 0.

Linear contributions in kx can now in principle be included perturbatively in order to
verify that the above solutions do indeed correspond to counterpropagating edge states with
opposite velocities [232]. However, we will content ourselves with studying the solutions at
kx = 0 given above. This will allow us to determine the gap that is opened in the edge state
spectrum under additional terms that we include perturbatively.

The first of these additional terms is a small in-plane Zeeman field that is taken along
the x axis for concreteness, HZ = ∆Zσx, where we assume ∆Z ≥ 0. Exploiting the rota-
tional symmetry of the unperturbed Hamiltonian, we obtain the low-energy projection of the
Zeeman term for the edge s via ⟨Φs

σ|HZ |Φs
σ′⟩ = ⟨Φ0

σ|U−s
π/2HZU

s
π/2|Φ0

σ′⟩. Explicitly, this gives
us

⟨Φ0
σ|HZ |Φ0

σ′⟩ = −⟨Φ2
σ|HZ |Φ2

σ′⟩ = ∆Zδσ̄σ′ , (1.65)

⟨Φ1
σ|HZ |Φ1

σ′⟩ = ⟨Φ3
σ|HZ |Φ3

σ′⟩ = 0 ∀σ, σ′. (1.66)

As such, the Zeeman term fully gaps out the edge states along the x direction, while the edge
states along the y direction are not affected. Furthermore, we consider a superconducting
term induced by placing the TI in proximity to a bulk s-wave superconductor, see Fig. 1.9(a).
The corresponding term in the Hamiltonian is given by Hsc = ∆scηyσy, where ηy is an
additional Pauli matrix acting in particle-hole space and we assume ∆sc to be real and non-
negative for simplicity. It is clear that superconductivity opens a gap of equal size along
all edges of the sample. Therefore, for ∆Z > ∆sc, a domain wall of the type discussed
in Subsec. 1.4.2 is naturally realized at all four corners of a rectangular sample. We thus
find one Majorana corner state per corner, see Fig. 1.9(b). Apart from the model presented
here, other realizations of Majorana corner states via similar mechanisms were proposed in
Refs. [233–242].

1.6.2 SOTSC with two corner states

Our second example is based on a model introduced in Ref. [243]. We start from a 2D time-
reversal invariant topological superconductor with helical Majorana edge states propagating
along the edges of a large but finite sample. While a detailed characterization of phases with
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Figure 1.10: (a) A 2D topological superconductor (yellow) with helical Majorana edge states
(orange) described by the Hamiltonian given in Eq. (1.67) is subjected to an in-plane Zeeman
field (blue) of an angle ϕ with respect to the x axis. The Zeeman field breaks time-reversal
symmetry and gaps out the Majorana edge states. MBSs (red) appear at two opposite corners
of the sample. (b) The existence of these Majorana corner states can be explained by looking
at the effective gap ∆Z,eff [see Eq. (1.71)], which is obtained by projecting the Zeeman term
onto the low-energy subspace spanned by the helical edge states propagating along the edges
s = 0, ..., 3 of the sample. At two opposite corners of the system, the effective gap changes
sign, implying the presence of a bound state of Jackiw-Rebbi type. Since the edge states
in the first-order phase correspond to helical Majorana edge states, these zero-energy corner
states are MBSs protected by particle-hole symmetry.

propagating Majorana edge states is beyond the scope of this Tutorial, we will look at this
example from a very simple point of view by just solving for edge state solutions in the usual
way and giving an intuitive explanation why these edge states have Majorana character. For
a more detailed discussion of phases with propagating Majorana edge states, we refer the
reader to several reviews covering this topic [4, 5, 77–79].

Explicitly, we consider a Hamiltonian of the form H = 1
2

∑
k Ψ†

kH(k)Ψk with

H(k) =

(
ℏ2k2x
2m

+
ℏ2k2y
2m

)
ηz + λ(kyσx − kxηzσy)τz + Γηzτx + ∆scηyτzσy (1.67)

and Ψ†
k = (ψ†

k↑1, ψ
†
k↓1, ψ

†
k↑1̄, ψ

†
k↓1̄, ψ−k↑1, ψ−k↓1, ψ−k↑1̄, ψ−k↓1̄). The Pauli matrices σi, τi,

and ηi for i ∈ {x, y, z} have the same meaning as in the previous subsection. The parameters
m, λ, and Γ depend on the microscopic realization of the model and are taken to be non-
negative for simplicity. Furthermore, ∆sc denotes the strength of the proximity-induced
superconducting pairing, which is taken to be real and of opposite sign for the two species
τ ∈ {1, 1̄}. Originally, the above Hamiltonian was introduced in Ref. [250] to describe two
tunnel-coupled layers of a 2D electron gas with strong Rashba SOI ‘sandwiched’ between a
top and bottom superconductor with a phase difference of π. In this case, the local degree
of freedom τ corresponds to the layer degree of freedom. The Hamiltonian is particle-hole
symmetric and time-reversal symmetric as defined in Eqs. (1.12) and (1.21), respectively.
Furthermore, we find a four-fold rotational symmetry

H(kx, ky) = Uπ/2H(−ky, kx)U−1
π/2 (1.68)
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for Uπ/2 = eiπηzσz/4.

For Γ > ∆, the system realizes a time-reversal invariant topological superconductor, as
can be checked by a direct calculation of the edge state wave functions. For this, we focus
again on the edge s = 0 as shown in Fig. 1.10(a). Assuming a semi-infinite geometry, kx
remains a good quantum number, and we restrict ourselves to the simplest case kx = 0.
After a short calculation outlined in Ref. [250], we find that the edge state wave functions
are in this case given by

Φ0
+(y) = (f1, g1, f2, g2, f

∗
1 , g

∗
1, f

∗
2 , g

∗
2)T , (1.69)

Φ0
−(y) = (g∗1,−f∗1 , g∗2,−f∗2 , g1,−f1, g2,−f2)T , (1.70)

where f1 = g2 = −if∗2 = −ig∗1 = e−y/ξ − e2iksoye−y/ξ′ with ξ = λ/(Γ − ∆sc) and ξ′ = λ/∆sc.
We can now see why these edge states are referred to as propagating Majorana edge states:
Indeed, the above solutions at kx = 0 satisfy the Majorana property UC [Φ0

±(y)]∗ = Φ0
±(y).

Again, linear contributions in kx could now be included perturbatively [243].

If an additional in-plane Zeeman field is added, time-reversal symmetry is broken and
the helical edge states are gapped out. The corresponding term in the Hamiltonian can be
written as HZ = ∆Z [cos(ϕ)ηzσx + sin(ϕ)σy], where the angle ϕ describes the orientation of
the Zeeman field. It is now straightforward to calculate the projection of the Zeeman term
onto the low-energy subspace spanned by the helical edge states for a given edge. We find

⟨Φs
+|HZ |Φs

−⟩ = ⟨Φ0
+|U−s

π/2HZU
s
π/2|Φ0

−⟩ = i∆Z cos(ϕ− sπ/2). (1.71)

For the edge s, this leads to an effective mass term −∆s
Z,effρy with ∆s

Z,eff = ∆Z cos(ϕ− sπ/2)
and where ρy is a Pauli matrix acting in the low-energy subspace spanned by the helical
edge states. We therefore see that the effective mass changes sign at two opposite corners of
the sample depending on the in-plane orientation ϕ of the magnetic field. Via the Jackiw-
Rebbi mechanism discussed in Subsec. 1.4.1, these two corners host a zero-energy bound
state. Since the helical edge states of the first-order phase already correspond to Majorana
edge states, these zero-energy corner states are indeed MBSs protected by particle-hole sym-
metry. In Fig. 1.10, we illustrate the above mechanism for a generic angle ϕ ∈ (0, π/2).
Other realizations of Majorana corner states involving similar arguments were proposed in
Refs. [244–248].

1.7 Conclusions and Outlook

In this Tutorial, we have given a pedagogical introduction to the field of MBSs in semicon-
ducting nanostructures. We have reviewed some of the currently most relevant platforms
proposed to host MBSs, including proximitized Rashba nanowires in a magnetic field as
well as proximitized edge states of topological insulators. In these examples, we have shown
how MBSs emerge in the topologically nontrivial phase and how the explicit Majorana wave
functions can be obtained by elementary methods. We have discussed the properties of the
resulting MBSs and have presented some heuristic arguments about their stability.

Throughout this Tutorial, we chose to focus on a few selected topics that we believe to be
of high relevance to experiments while at the same time readily accessible with elementary
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mathematical tools. As an outlook, let us mention a few relevant aspects of MBSs that were
not addressed in this Tutorial.

Firstly, we did not touch upon the characterization of topological superconductors via
topological invariants. This important topic is already covered in various existing reviews,
see for example Refs. [4, 5, 78, 81]. Secondly, we did not discuss the issues related to the
experimental detection of MBSs. Among the standard signatures associated with MBSs is
the presence of a robust zero-bias peak of the tunneling conductance as measured, e.g., in
transport experiments [25, 26, 204, 251–256]. However, experiments based solely on zero-bias
peaks are nowadays known to be insufficient to conclusively demonstrate the presence of
MBSs. Instead, different non-topological states such as, e.g., Andreev bound states can give
rise to almost identical zero-bias anomalies. For a detailed review of this problem, we refer to
Ref. [59]. Although numerous works have reported signatures thought to be unambiguously
associated with topological superconductivity, this issue is not yet settled and claims are
being reconsidered [257]. While the basic theoretical ideas on which the existence of topo-
logical superconductors rests are sound and were never disproven, it is their implementation
in real materials that poses substantial challenges. In particular, superconductivity in semi-
conducting structures is typically induced by the proximity effect [258–262]. However, if the
proximity effect is weak—like in approaches based on sputtering—the superconducting gap
is ‘soft’, which is usually attributed to disorder effects. On the other hand, if the hybridiza-
tion with the bulk superconductor is too strong, the original properties of the underlying
semiconductor may be lost. Typically, the superconductor ‘metallizes’ the semiconducting
nanostructure, resulting in strongly reduced SOI and g-factors [263–267]. Moreover, due to
screening, it is challenging to control the position of the chemical potential in order to tune
it to the ‘sweet spot’. Thus, future experiments need to find ways to avoid or reduce such
metallization effects on the semiconductors. This can be achieved, e.g., by adding a thin
insulating layer. Another Majorana signature worth mentioning is the fractional Josephson
effect arising in a topological superconductor–normal metal–topological superconductor (TS–
N–TS) junction, giving rise to an unconventional 4π-periodic Josephson current as opposed
to the usual 2π-periodic Josephson current [16, 18, 23, 24, 268–274]. Alternatively, emerging
exotic phases could be probed in cavities via photonic transport [275–278] characterized by
the complex transmission coefficient that relates input and output photonic fields, allowing
to probe the system in a global and non-invasive way. Moreover, this could also be used to
manipulate states. Generally, these detection methods could be supplemented by additional
signatures observable in the bulk such as, e.g., the closing of the topological bulk gap and
the inversion of spin polarization in the energy bands [279–286]. For pedagogical reviews
covering experimental Majorana signatures, we refer to Refs. [2, 3, 78,79,81].

Last but not least, we did not discuss the non-Abelian braiding statistics of MBSs in
any detail. This choice was motivated by the fact that this Tutorial mainly focuses on 1D
systems, where the process of spatially exchanging two MBSs is not as straightforward as
in two dimensions. Nevertheless, braiding protocols for MBSs in strictly 1D systems have
been brought forward [287,288], which, however, typically rely on the presence of additional
protecting symmetries or the ability to fine-tune certain system parameters. Alternatively,
braiding schemes employing networks of topologically nontrivial 1D systems have been pro-
posed [289–295], where the MBSs can either be moved physically or an effective braiding
can be realized via tunable couplings between neighboring MBSs at fixed spatial positions.
Similarly, also measurement-based braiding schemes allow one to mimic an effective braiding
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of two MBSs without the need to physically move them [296–298]. For a review of Majorana
braiding statistics and potential applications in topological quantum computation, we refer
the interested reader to Refs. [2, 3, 78,79,82,83].
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State Communications 262, 1 (2017).

[114] G. L. Fatin, A. Matos-Abiague, B. Scharf, and I. Žutić, Phys. Rev. Lett. 117, 077002
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Chapter 2
Fractional topological superconductivity

and parafermion corner states

Adapted from:
K. Laubscher, D. Loss, and J. Klinovaja

“Fractional topological superconductivity and parafermion corner states,”

Phys. Rev. Research 1, 032017 (2019)

We consider a system of weakly coupled Rashba nanowires in the strong spin-orbit inter-
action (SOI) regime. The nanowires are arranged into two tunnel-coupled layers proximitized
by a top and bottom superconductor such that the superconducting phase difference between
them is π. We show that in such a system strong electron-electron interactions can stabilize
a helical topological superconducting phase hosting Kramers partners of Z2m parafermion
edge modes, where m is an odd integer determined by the position of the chemical poten-
tial. Furthermore, upon turning on a weak in-plane magnetic field, the system is driven
into a second-order topological superconducting phase hosting zero-energy Z2m parafermion
bound states localized at two opposite corners of a rectangular sample. As a special case,
zero-energy Majorana corner states emerge in the non-interacting limit m = 1, where the
chemical potential is tuned to the SOI energy of the single nanowires.

43



Chapter 2 2.1. Introduction

2.1 Introduction

The search for topological phases of matter has generated an enormous amount of research.
Motivated by the discovery and classification of topological insulators (TIs) and topologi-
cal superconductors (TSCs), the field has been driven by the desire to access phases with
increasingly exotic properties. In particular, it has been found that the effects of strong
electron-electron interactions can lead to exotic fractionalized phases, which are considered
particularly interesting due to their potential use for topological quantum computation. How-
ever, only one-dimensional (1D) systems allow for an analytically tractable description of such
strong interactions via the bosonization formalism. In order to study strongly interacting sys-
tems in more than one dimension, one therefore resorts to the so-called coupled-wire approach,
where two- or three-dimensional systems are built up from weakly coupled 1D channels, such
as nanowires. This approach has proven to be exceptionally fruitful in accessing the frac-
tional counterparts of several well-known topological phases such as fractional quantum Hall
states [1–3], fractional TIs and TSCs [4–15], as well as fractional spin liquids [16–18].

Recently, a lot of interest has been raised by the generalization of conventional TIs/TSCs
to so-called higher-order TIs/TSCs [19–39]. While a conventional d-dimensional TI/TSC ex-
hibits (d−1)-dimensional gapless boundary modes, a d-dimensional nth-order TI/TSC hosts
gapless modes at its (d − n)-dimensional boundaries. While electron-electron interactions
have been taken into account in a few cases [40, 41], the main focus was on non-interacting
systems, in particular neglecting the possible existence of exotic fractional phases supporting
emergent parafermions. This raises the question whether a coupled-wire approach can be
used to extend the class of higher-order topological phases to the fractional regime. In this
work, we show that this is indeed possible and explicitly construct a two-dimensional (2D)
fractional second-order TSC exhibiting exotic parafermion corner states.

Our model consists of two layers of coupled Rashba nanowires with proximity-induced
superconductivity of a phase difference of π between the upper and lower layers, see Fig.
2.1. In a first step, we show that in the presence of strong electron-electron interactions,
such a setup exhibits a helical topological superconducting phase with gapless helical Z2m

parafermion edge modes propagating along the edges. Here, m is an odd integer determined
by the position of the chemical potential µ. In the special case m = 1, where µ is tuned to the
SOI energy of the single nanowires, Majorana edge modes emerge even in the non-interacting
regime. At lower densities, the fractional regime m > 1 emerges in the presence of strong
electron-electron interactions as the SOI and Fermi wavevectors get commensurable.

In a second step, we include a small time-reversal breaking perturbation in the form of
a weak in-plane magnetic field to gap out the helical edge modes. For a finite rectangular
sample, we find Z2m parafermions localized at two opposite corners of the system depending
on the direction of the magnetic field, which places our model in the class of 2D fractional
second-order TSCs. Unlike most examples of higher order topological phases, the stability
of these corner states does not rely on spatial symmetries but is guaranteed by particle-
hole symmetry alone. Also, the parafermion corner states found here emerge in a spatially
uniform 2D system, while in previous studies parafermions have been constructed as bound
states localized at interfaces of non-uniform 2D systems [42–49] or at ends of 1D wires [50–57].
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2.2. Model Chapter 2

Figure 2.1: The setup consists of two layers of coupled Rashba nanowires where the index
τ = 1 (τ = 1̄) denotes the upper (lower) layer. The strength of the Rashba SOI associated
with propagation along the x direction is given by α (−α) for the upper (lower) layer. Both
layers are brought into proximity to an s-wave bulk superconductor such that there is a phase
difference of π between them. In addition, the two layers are strongly coupled by interlayer
tunneling of strength Γ. Neighboring nanowires of the same layer are weakly coupled via a
spin-conserving hopping term of strength tz, via a spin-flip hopping term of strength β (−β)
associated with Rashba SOI along the z direction, and via a crossed-Andreev superconducting
term of strength ∆c (−∆c), where the last two terms are again of opposite sign for the two
layers. Finally, a weak in-plane magnetic field of strength B is applied. We show that
in specific regions of parameter space, this system hosts two zero-energy corner states (here
denoted by γ1 and γ2) at two opposite corners of a rectangular sample. In the non-interacting
case, these states are Majorana zero modes, whereas strong electron-electron interactions lead
to Z2m parafermion corner states, where m is an odd integer depending on the position of
the chemical potential.

2.2 Model

We consider two layers composed of coupled Rashba nanowires proximitized by bulk s-wave
superconductors, see Fig. 2.1. Each nanowire of length L is modeled by a free-particle Hamil-
tonian

H0,n =
∑

τ,σ

∫
dx ψ†

nτσ

[
− ℏ2∂2x

2m
− µ+ iατσ∂x

]
ψnτσ. (2.1)

Here, ψ†
nτσ(x) [ψnτσ(x)] creates (destroys) an electron at position x in the n-th wire in the

layer τ ∈ {1, 1̄} of spin σ ∈ {1, 1̄}, where we define the spin quantization axis along the
SOI direction. The Rashba coefficient α is taken to be of equal magnitude for all nanowires,
but of opposite sign for the two layers. The SOI energy associated with propagation along
the nanowire is Eso = ℏ2k2so/(2m) for kso = mα/ℏ2, and the chemical potential µ is defined
relative to Eso. The proximity-induced superconductivity is described by

H∆,n = ∆
∑

τ

τ

∫
dxψnτ1ψnτ 1̄ + H.c., (2.2)

where we have set the phase difference between the two superconductors to π. This can,
for example, be realized by the Josephson-junction setup shown in the inset of Fig. 2.1,
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Chapter 2 2.3. Helical topological superconducting phase

where the phase difference between the two superconductors is adjusted by controlling the
magnetic flux through the superconducting loop [58,59]. Alternatively, a thin insulating layer
of randomly oriented magnetic impurities [60] could be placed between one of the layers and
the corresponding superconductor such that the phase difference of π arises due to spin-flip
tunneling via the impurities [61–64]. Furthermore, the two layers are coupled by interlayer
tunneling of the form

HΓ,n = Γ
∑

τ,σ

∫
dxψ†

nτσψnτ̄σ, (2.3)

such that the total Hamiltonian describing an effective double nanowire (DNW) composed of
two strongly coupled nanowires from different layers is given by Hn = H0,n + H∆,n + HΓ,n.
Finally, the DNWs are weakly coupled via a spin-conserving hopping term of strength tz, via
a spin-flip hopping term of strength β (−β) associated with Rashba SOI along the z direction
as well as via a crossed-Andreev superconducting term of strength ∆c (−∆c), where the last
two terms are again of opposite sign for the two layers. Here, |tz|, |β|, |∆c| ≪ |∆|, |Γ|. The
interwire Hamiltonian can then be written as

H⊥ =
∑

n,τ,σ,σ′

∫
dx{∆cτ ψnτσ(iσy)σσ′ψ(n+1)τσ′/2 (2.4)

+ ψ†
nτσ[−tzδσσ′ − iβτ(σx)σσ′/2]ψ(n+1)τσ′} + H.c.

The total Hamiltonian is now given by H =
∑

nHn +H⊥, which in momentum space takes

the form H = 1
2

∑
kz

∫
dkxΨ†

kH(k)Ψk in the basis Ψk=(ψk1↑, ψk1↓, ψ
†
−k1↑, ψ

†
−k1↓, ψk1̄↑, ψk1̄↓,

ψ†
−k1̄↑, ψ

†
−k1̄↓) with

H(k) =
[ℏ2k2x

2m
− 2tzcos(kzaz) − µ

]
ηz − αkxτzσz (2.5)

+ βsin(kzaz)τzσx + Γτxηz + [∆ + ∆ccos(kzaz)]τzηyσy.

Here, τi, ηi, and σi for i ∈ {x, y, z} are Pauli matrices acting in layer, particle-hole, and
spin space, respectively, and az is the spacing between neighboring nanowires. The system
belongs to the symmetry class DIII [65] with time-reversal (particle-hole) symmetry given by
T = iσyK (P = ηxK).

2.3 Helical topological superconducting phase

We now demonstrate that the system can be brought into a helical topological supercon-
ducting phase hosting two counterpropagating Z2m parafermion edge modes in the presence
of strong electron-electron interactions. For this, we follow the method developed before
for fractional TIs [4, 8]: First, we solve the DNW Hamiltonian Hn and demonstrate that,
due to the interplay between ∆ and Γ, the elementary excitations are given by gapless Z2m

parafermion modes. We note that, in contrast to Refs. [4, 8], there are two competing gap-
opening mechanisms, such that when the system is brought close to the critical point Γ ≈ ∆,
again half of the modes are left gapless. Second, we include weak hoppings between DNWs
to gap out the parafermion modes in the bulk but leave Kramers pairs of gapless parafermion
modes at the edges of the system. Again, if β and ∆c counterbalance each other, the edge
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2.3. Helical topological superconducting phase Chapter 2

modes propagating along the x axis are perfectly localized at the outermost DNWs. Impor-
tantly, the topological phase is robust against deviations from these fine-tuned points, which
will, however, lead to increased localization lengths of the edge states.

For illustrative purposes, we first consider the non-interacting regime with m = 1 and set
µ = 0. To treat the DNW Hamiltonian Hn, we linearize the spectra of the single nanowires

around the Fermi points [66] as ψnτσ(x) = Rnτσ(x)eik
1τσ
F x + Lnτσ(x)eik

1̄τσ
F x, where Rnτσ(x),

Lnτσ(x) vary slowly on the scale of k−1
so and the Fermi momenta are given by krτσF = (στ +

r)kso.
1 We note that upon a change of basis defined by L̄nκν = (Lnκν − iκνLnκ̄ν̄)/

√
2,

R̄nκν = (Rnκν − iκνRnκ̄ν̄)/
√

2, Hn takes a block-diagonal form, while the structure of the
Fermi momenta remains unchanged. For ∆ ̸= 0, the exterior branches R̄nκκ and L̄nκκ̄ are
fully gapped by superconductivity, whereas the interior branches L̄nκκ and R̄nκκ̄ have two
competing gap-opening mechanisms given by interlayer tunneling and superconductivity. In
the following, we thus focus on the interior branches only and tune the system to the critical
point ∆ = Γ. In the new basis, the superconducting and tunneling term take the form
HΓ,n = iΓ

∑
κ

∫
dxR̄†

nκκ̄L̄nκκ + H.c., H∆,n = ∆
∑

κ

∫
dxR̄†

nκκ̄L̄
†
nκκ + H.c., where the two

decoupled sectors labeled by κ are related by time-reversal symmetry. Focusing on the first
sector (corresponding to κ = 1), we find two gapless counterpropagating Majorana modes
per DNW that can be written as

χLn1 = (e−iπ/4L̄n11 + eiπ/4L̄†
n11)/

√
2 ,

χRn1 = (e−iπ/4R̄n11̄ + eiπ/4R̄†
n11̄

)/
√

2 .
(2.6)

Next, we add small interwire hopping terms [see Eq. (2.4)], where we set tz = 0 for simplicity.
Focusing on the low-energy sector spanned by the states given in Eq. (2.6), H⊥ takes a form
similar to a Kitaev chain [67] of coupled 1D modes,

H⊥ =
i

2

N−1∑

n=1

∫
dx[(β − ∆c)χR(n+1)1χLn1 + (β + ∆c)χL(n+1)1χRn1], (2.7)

where N is the number of DNWs. At the special point ∆c = β, the modes χL11 and χRN1

do not enter H⊥ and, thus, stay gapless in contrast to all other bulk modes. Obviously,
the same is true for their time-reversal partners χR11̄ and χLN 1̄. Thus, the system is in a
helical topological superconducting phase with Kramers partners of gapless Majorana modes
propagating along the edges. Even though this result was derived using a considerable amount
of fine-tuning, the topological properties of the system remain qualitatively identical for a
broad range of parameters as long as the bulk gap does not close. In particular, our results
do not change if a small tz is included, see Fig. 2.2(a).

If, on the other hand, the system is infinite along the z axis and finite along the x axis,
we apply the standard procedure of matching decaying eigenfunctions [68] to find a Kramers
pair of gapless Majorana edge modes propagating perpendicular to the DNWs, see App. 2.B
for details and again Fig. 2.2(a) for a numerical confirmation.

1The assumption of equal Fermi momenta for all nanowires can be relaxed to the requirement that the
Fermi momenta of only the interior branches are approximately the same. While small deviations from
this point do not alter our main conclusions, substantial differences suppress the interlayer tunneling due to
momentum mismatch.
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Figure 2.2: Probability density of low-energy states of H [see Eqs. (2.1)-(2.4)] obtained
numerically. (a) For ∆Z = 0, the system is a helical TSC with Kramers partners of gapless
Majorana modes propagating along the edges. (b) In the presence of a small in-plane magnetic
field, ∆Z > 0, we find Majorana bound states localized at two opposite corners of the system.
The inset shows the spectrum confirming that these two states (red dots) are indeed at
zero energy. The numerical parameters are N = 100, µ = 0, ksoL = 85, Γ/Eso ≈ 0.6,
∆/Eso ≈ 0.55, tz/Eso ≈ 0.01, β/Eso ≈ 0.28, ∆c/Eso ≈ 0.11, and, in (b), ∆Z/Eso ≈ 0.07 and
ϕ = −π/16. We note that the found topological phases are stable against disorder and do
not rely on spatial symmetries.

2.4 Fractional helical topological superconducting phase

Now we focus on the fractional counterpart of the helical superconducting phase discussed
above. We tune the chemical potential to a fractional value µ/Eso = −1 + 1/m2, where
m is an odd integer. The new Fermi momenta are now given by krτσF = (τσ + r/m)kso.
For m > 1, the interlayer tunneling term given in Eq. (2.3) no longer conserves mo-
mentum and is therefore suppressed. However, for the special values of chemical
potential introduced above, momentum-conserving terms can be constructed by in-
cluding backscattering terms arising from electron-electron interactions [2, 69]. These

terms are given by H̃Γ,n = iΓ̃
∑

κ

∫
dx(R̄†

nκκ̄L̄nκκ̄)k(R̄†
nκκ̄L̄nκκ)(R̄†

nκκL̄nκκ)k + H.c., where
k = (m − 1)/2. Similarly, we can write down a dressed superconducting term H̃∆,n =

∆̃
∑

κ,ν κν
∫
dx(R̄†

nκν̄L̄nκν̄)k(R̄†
nκν̄L̄

†
nκν)(R̄nκνL̄

†
nκν)k + H.c. Here, the coupling constants

Γ̃ ∝ Γgm−1
B and ∆̃ ∝ ∆gm−1

B , where gB is the strength of a single backscattering process
caused by electron-electron interactions, are assumed to be large [15, 50, 51, 70]. In order
to treat the interacting Hamiltonian analytically, we adapt a bosonized language [54]:
R̄nκν(x) = eiϕ1nκν(x), L̄nκν(x) = eiϕ1̄nκν(x) for bosonic fields ϕrnκν(x) satisfying standard
non-local commutation relations. The dressed superconducting and tunneling terms can be
simplified by introducing new bosonic operators ηrnκν(x) = m+1

2 ϕrnκν(x) − m−1
2 ϕr̄nκν(x)

obeying the commutation relations [ηrnκν(x), ηr′n′κ′ν′(x
′)] = iπrmδrr′δnn′δκκ′δνν′sgn(x− x′).

The DNW Hamiltonian takes the simple form

Hn = H0,n+2
∑

κ

∫
dx [Γ̃sin(η1nκκ̄−η1̄nκκ)+∆̃cos(η1nκκ̄+η1̄nκκ)+∆̃cos(η1nκκ+η1̄nκκ̄)] (2.8)
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with H0,n = v
4πm

∑
r,κ,ν

∫
dx(∂xηrnκν)2, where v is the Fermi velocity and we focus on the

special values of Luttinger liquid (LL) parameters Knκν = 1/m. Again, half the modes are
fully gapped by superconductivity, while for the other modes superconductivity and interlayer
tunneling compete. Introducing conjugate fields φnκ = (η1nκκ̄ − η1̄nκκ − π/2)/(2

√
m), θnκ =

(η1nκκ̄ + η1̄nκκ)/(2
√
m), the competing part of the above Hamiltonian can be rewritten as

Hn =
∑

κ

∫
dx
{ v

2π
[(∂xφnκ)2 + (∂xθnκ)2] + 2Γ̃cos(2

√
mφnκ) + 2∆̃cos(2

√
mθnκ)

}
. (2.9)

For Γ̃ = ∆̃, this Hamiltonian corresponds to two time-reversed copies of a well-known self-dual
sine-Gordon model [71,72]. For m = 1, we thus expect to find a single gapless Majorana mode
per time-reversal sector, which is consistent with our analysis of the non-interacting regime in
the previous section. To study the more general case, we start by noting that for our choice
of LL parameters, the competing terms have the same scaling dimension, which allows us to
explicitly study the properties of the system along the self-dual line. For m > 1, however,
the superconducting and tunneling terms are irrelevant to first order in the renormalization
group (RG) analysis, suggesting a flow to a trivial LL fixed point. To resolve this issue,
Ref. [70] argued that upon including a third-order term in the RG equations, a multicritical
fixed point is encountered, which in our case separates a gapless phase, a phase dominated
by superconductivity, and a phase dominated by interlayer tunneling. Such a fixed point has
been shown to be described by a Z2m parafermion theory [72], which means in our case that
there are two bulk Z2m parafermion modes related by time-reversal symmetry residing within
each DNW.

We now refermionize the above model in order to obtain an explicit expression for specific
primary fields [72] of these parafermion theories. In particular, we define new composite

chiral fermion operators ψ̄
(m)
nκν(x) = R̄

(m)
nκν(x)eiq

1κν
F x + L̄

(m)
nκν(x)eiq

1̄κν
F x with R̄

(m)
nκν = eiη1nκν ,

L̄
(m)
nκν = eiη1̄nκν and Fermi momenta qrκνF = m+1

2 krκνF − m−1
2 kr̄κνF [5]. The superconducting and

tunneling term acting on the interior branches around qF = 0 then take the form HΓ,n =

iΓ̃
∑

κ

∫
dxR̄

(m)†
nκκ̄ L̄

(m)
nκκ +H.c., H∆,n = ∆̃

∑
κ

∫
dxR̄

(m)†
nκκ̄ L̄

(m)†
nκκ +H.c., from which we recover the

non-interacting case by setting m = 1. Forgetting about the underlying model and thinking
in terms of the new fermions only, one can perform the same steps as in the non-interacting
case to show that the modes

χ
(m)
Ln1 = (e−iπ/4L̄

(m)
n11 + eiπ/4L̄

(m)†
n11 )/

√
2,

χ
(m)
Rn1 = (e−iπ/4R̄

(m)

n11̄
+ eiπ/4R̄

(m)†
n11̄

)/
√

2
(2.10)

commute with the superconducting and tunneling term, and the same is true for their Kramers

partners χ
(m)

Ln1̄
, χ

(m)

Rn1̄
. The above solutions satisfy χ

(m)†
rnκ = χ

(m)
rnκ, which prompts us to identify

them as the ψm primary fields of the Z2m parafermion theories describing each DNW. Note
that these fields are local in terms of electrons, which makes them particularly convenient to
handle.

Similar to the non-interacting case, we introduce dressed interwire couplings for m > 1,

which now couple the R̄
(m)
nκν , L̄

(m)
nκν fields. Assuming that the interwire terms are relevant [see

App. 2.A] and repeating the analysis of the integer case for the modes given in Eq. (2.10), we
find that the bulk of the system is fully gapped, while there is a Kramers pair of gapless modes
propagating along the edges of a finite sample. These modes correspond to ψm primary fields
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of a Z2m parafermion theory. However, it is expected [42] that there are indeed two full Z2m

parafermion theories residing at the edges of the system.

2.5 Majorana and parafermion corner states

We now show that in the presence of a weak in-plane magnetic field, the system enters
a second-order topological superconducting phase. Let us start from the (non-interacting)
Zeeman Hamiltonian

HZ = ∆Z

∑

n,τ,σ,σ′

∫
dxψ†

nτσ[cos(ϕ)(σx)σσ′ + sin(ϕ)(σz)σσ′ ]ψnτσ′ . (2.11)

For m > 1, momentum-conserving terms are once again constructed by including suitable

backscattering processes, such that the dressed term then couples the R̄
(m)
nκν , L̄

(m)
nκν fields. In

the following, we focus on the regime where the magnetic field strength ∆̃Z is small enough
not to modify the bulk structure. However, as time-reversal symmetry is broken, the helical
edge modes are gapped out. Assuming that the system size is large such that far away from
the corners, all four edges can be treated independently, we calculate the projection of HZ

onto the edge states for all four edges, see App. 2.C. If we label the edges of a rectangular
sample by an index p = 0, ..., 3 in counterclockwise order starting from the bottom edge, the
projection of the Zeeman Hamiltonian onto the edge p is given by

Heff,p
Z = −∆̃Zcos(ϕ+ φp)γy, (2.12)

where we have defined φp = pπ/2 and γy is a Pauli matrix acting on the low-energy subspace
spanned, in this order, by the low-energy edge mode belonging to the time-reversal sector
κ = 1 and its Kramers partner belonging to the sector κ = 1̄. This shows that the mass
term changes sign at two corners of the system. Explicitly, the sign change occurs at two
diagonally opposite corners of the sample depending on the direction of the magnetic field.
For ϕ ∈ (0, π/2) ∪ (π, 3π/2) [ϕ ∈ (π/2, π) ∪ (3π/2, 2π)] the sign change occurs at the top-
left and bottom-right (top-right and bottom-left) corners. In the spirit of a Jackiw-Rebbi
model [73], there are bound states at the corners where the mass term changes sign, which in
our case inherit the exotic properties of the propagating modes and thus can be identified as
zero-energy Z2m parafermion corner states. Again, while this result was derived for the local
ψm fields, we expect that our arguments generalize to the full set of Z2m primary fields. In
the non-interacting limit m = 1, we find zero-energy Majorana corner states, which is verified
numerically in Fig. 2.2(b).

2.6 Conclusions

We have studied a system consisting of two layers of coupled Rashba nanowires in the pres-
ence of interlayer tunneling and proximity-induced superconductivity of a phase difference of
π between the layers. We have shown that strong electron-electron interactions can stabi-
lize a helical topological superconducting phase exhibiting Kramers partners of gapless Z2m

parafermion edge modes. Upon turning on a small in-plane magnetic field, the system en-
ters a second-order topological superconducting phase hosting exotic zero-energy parafermion
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bound states at two corners of a rectangular sample depending on the direction of the mag-
netic field.

Our analytical approach is limited to the perturbative regime. However, if the system
parameters are increased resulting in non-perturbative gaps, the parafermions will still be
present as long as the bulk gap is not closed. Such non-perturbative regimes could be ac-
cessed numerically. Thus, our model provides a proof of principle for the existence of helical
fractional TSCs and second-order fractional TSCs and we envision it to be a representative
of a more general class of systems exhibiting the same parafermionic features.

Acknowledgments. This work was supported by the Swiss National Science Foundation
and NCCR QSIT. This project received funding from the European Union’s Horizon 2020
research and innovation program (ERC Starting Grant, grant agreement No 757725). We
acknowledge helpful discussions with Yanick Volpez.

2.A Dressed interwire terms

In this Appendix, we explicitly write down the dressed interwire terms coupling the gapless
parafermion modes found to reside within each DNW (see the main text). Let us start from
the non-interacting case m = 1. Focusing on the interior branches L̄nκκ, R̄nκκ̄ defined in the
main text, the interwire term for tz = 0 reads

H⊥ =
1

2

∑

n,κ

[−iβκ(L̄†
nκκR̄(n+1)κκ̄+R̄†

nκκ̄L̄(n+1)κκ)+∆c(L̄nκκR̄(n+1)κκ̄−R̄nκκ̄L̄(n+1)κκ)]+H.c.

(2.13)

From the m = 1 case, momentum-conserving terms can be constructed for m > 1 by in-
cluding backscattering processes in a similar way as was discussed for interlayer hopping and
superconductivity in the main text. Explicitly, we define the dressed terms as

H⊥ =
1

2

∑

n,κ

[ − iβ̃κ(L̄†
nκκR̄nκκ)k(L̄†

nκκR̄(n+1)κκ̄)(L̄†
(n+1)κκ̄R̄(n+1)κκ̄)k

− iβ̃κ(R̄†
nκκ̄L̄nκκ̄)k(R̄†

nκκ̄L̄(n+1)κκ)(R̄†
(n+1)κκL̄(n+1)κκ)k

+ ∆̃c(L̄nκκR̄
†
nκκ)k(L̄nκκR̄(n+1)κκ̄)(L̄†

(n+1)κκ̄R̄(n+1)κκ̄)k

− ∆̃c(R̄nκκ̄L̄
†
nκκ̄)k(R̄nκκ̄L̄(n+1)κκ)(R̄†

(n+1)κκL̄(n+1)κκ)k] + H.c.,

(2.14)

where again k = (m− 1)/2. As can easily be checked by changing to bosonic fields, the two
competing terms in H⊥ have the same structure as the two competing DNW terms introduced
in the main text. Therefore, the arguments for the relevance of H⊥ can be directly adapted
from the corresponding arguments for Hn. In terms of the composite fermions defined in the
main text, the interwire Hamiltonian reads

H⊥ =
1

2

∑

n,κ

[−iβ̃κ(L̄(m)†
nκκ R̄

(m)
(n+1)κκ̄+R̄

(m)†
nκκ̄ L̄

(m)
(n+1)κκ)+∆̃c(L̄

(m)
nκκR̄

(m)
(n+1)κκ̄−R̄

(m)
nκκ̄L̄

(m)
(n+1)κκ)]+H.c.,

(2.15)
from where we can repeat the analysis of the non-interacting case.
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2.B Edge modes propagating along the z direction

To confirm the existence of helical edge modes propagating along the z direction, we assume
that the system is finite along the x direction and infinite along the z direction and apply the
standard procedure of matching decaying eigenfunctions. Once all terms in the Hamiltonian
are dressed by suitable backscattering processes (see the main text as well as Appendix A),

it is convenient to work directly in terms of the composite fermions ψ̄
(m)
nκν for general m.

Changing to momentum space along the z axis, we write the problem in terms of the Fourier-

transformed fields ψ̄
(m)
kzκν

and linearize the spectrum around the Fermi points [74],

ψ̄
(m)
kz11

(x) = R̄
(m)
kz11

(x)e2iksox + L̄
(m)
kz11

(x),

ψ̄
(m)

kz11̄
(x) = R̄

(m)

kz11̄
(x) + L̄

(m)

kz11̄
(x)e−2iksox,

ψ̄
(m)

kz 1̄1
(x) = R̄

(m)

kz 1̄1
(x) + L̄

(m)

kz 1̄1
(x)e−2iksox,

ψ̄
(m)

kz 1̄1̄
(x) = R̄

(m)

kz 1̄1̄
(x)e2iksox + L̄

(m)

kz 1̄1̄
(x).

(2.16)

Here, R̄
(m)
kzκν

(x) [L̄
(m)
kzκν

(x)] are again slowly varying right-moving (left-moving) fields. The
total Hamiltonian separates into a part corresponding to the exterior branches and a part
corresponding to the interior branches [75] given by

Hint = iℏvκzνz∂x + β̃sin(kzaz)κzνx + Γ̃κzνy + [∆̃ + cos(kzaz)∆̃c]κzηyνy (2.17)

in the basis Ψ̄
(m)
int = (L̄

(m)
kz11

, R̄
(m)

kz11̄
, L̄

(m)†
−kz11

, R̄
(m)†
−kz11̄

, R̄
(m)

kz 1̄1
, L̄

(m)

kz 1̄1̄
, R̄

(m)†
−kz 1̄1

, L̄
(m)†
−kz 1̄1̄

) for the interior
branches and

Hext = −iℏvκzνz∂x + [∆̃ + cos(kzaz)∆̃c]κzηyνy (2.18)

in the basis Ψ̄
(m)
ext = (R̄

(m)
kz11

, L̄
(m)

kz11̄
, R̄

(m)†
−kz11

, L̄
(m)†
−kz11̄

, L̄
(m)

kz 1̄1
, R̄

(m)

kz 1̄1̄
, L̄

(m)†
−kz 1̄1

, R̄
(m)†
−kz 1̄1̄

) for the exterior
branches. Here, κi and νi for i ∈ {x, y, z} are Pauli matrices, and the two sectors labeled by
κ are related by time-reversal symmetry. As in the main text, we focus on the regime Γ̃ ≈ ∆̃
and β̃, ∆̃c ≪ Γ̃, ∆̃, and assume that all terms in the Hamiltonian are RG-relevant for all m.
For ∆̃, ∆̃c > 0, we then find Kramers pairs of zero-energy solutions at kzaz = π which are
exponentially localized to the system edges at x = 0, L. To demonstrate this, we consider
the Hamiltonians

H(azkz=π)
int = iℏvκzνz∂x + Γ̃κzνy + (∆̃ − ∆̃c)κzηyνy, (2.19)

H(azkz=π)
ext = −iℏvκzνz∂x + (∆̃ − ∆̃c)κzηyνy, (2.20)

and look for exponentially decaying zero-energy eigenfunctions. In particular, we find four
solutions corresponding to interior modes,

ϕint1 (x) = (−i, i,−1, 1, 0, 0, 0, 0)T e−x/ξ1 ,

ϕint2 (x) = (0, 0, 0, 0,−i, i,−1, 1)T e−x/ξ1 ,

ϕint3 (x) = (i,−i,−1, 1, 0, 0, 0, 0)T e−x/ξ′1 ,

ϕint4 (x) = (0, 0, 0, 0, i,−i,−1, 1)T e−x/ξ′1 ,

(2.21)
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where ξ1 = ℏv/(Γ̃ − ∆̃ + ∆̃c) and ξ′1 = ℏv/(Γ̃ + ∆̃ − ∆̃c). Similarly, we find four solutions
corresponding to exterior modes,

ϕext1 (x) = (−i, 0, 0, 1, 0, 0, 0, 0)T e−x/ξ2 ,

ϕext2 (x) = (0,−i, 1, 0, 0, 0, 0, 0)T e−x/ξ2 ,

ϕext3 (x) = (0, 0, 0, 0,−i, 0, 0, 1)T e−x/ξ2 ,

ϕext4 (x) = (0, 0, 0, 0, 0,−i, 1, 0)T e−x/ξ2 ,

(2.22)

with ξ2 = ℏv/(∆̃ − ∆̃c). In the regime Γ̃, ∆̃ > ∆̃c > 0, |Γ̃ − ∆̃| < ∆̃c, the above solutions are
exponentially localized to the left edge of the system at x = 0. By reinstating the oscillating

factors e±2iksox and imposing vanishing boundary conditions Φ
(m)
± (x = 0) = 0, we find that

one solution at the left edge of the system is given by

Φ
(m)
+ (x) = (eiπ/4f,−eiπ/4f∗, e−iπ/4f∗,−e−iπ/4f, 0, 0, 0, 0)T , (2.23)

where f(x) = e−2iksoxe−x/ξ2 − e−x/ξ1 and where we omitted the normalization factor. Its

Kramers partner can be obtained by time-reversal symmetry as Φ
(m)
− = −T̄ Φ

(m)
+ , and both

solutions satisfy P̄Φ
(m)
± = Φ

(m)
± . Here, T̄ and P̄ are the representations of time-reversal and

particle-hole symmetry in the new basis Ψ̄(m), respectively, which are explicitly given by
T̄ = κyηzK and P̄ = ηxK.

Together with the solutions along the x direction obtained in the main text, we can now
combine the results for both semi-infinite geometries to conclude that there is a single pair of
counterpropagating Majorana edge modes for a system which is large but finite both along
the x and z direction.

2.C Effective edge Hamiltonian

In order to calculate the effective low-energy Hamiltonian describing the gap opened in the
spectrum of edge states [see Eq. (11) in the main text], we start by expressing the Zeeman
part of the Hamiltonian in terms of the new basis Ψ̄(1) and include suitable backscattering
processes for m > 1. We obtain the Hamiltonian

HZ = ∆̃Z [cos(ϕ)κyνz − sin(ϕ)κyνx] (2.24)

in the basis Ψ̄(m). Again, we assume that this term is relevant in the RG sense for all m.
Let us first consider the edges aligned along the x direction. If the system is assumed to be
infinite along the x direction, we find two Kramers partners of zero-energy wave functions at
kx = 0, which we label as Φ0,± for the bottom edge (p = 0) and Φ2,± for the top edge (p = 2)
of the system in correspondence with the labeling of the edges used in the main text. We note
that the DNW Hamiltonian exhibits an additional symmetry corresponding to the operator
O1 = ηyνz, which anticommutes with both interlayer tunneling as well as superconductivity.
Furthermore, O1 commutes with the particle-hole symmetry operator P̄. For the edge states

Φ
(m)
0,+ and Φ

(m)
0,− = −T̄ Φ

(m)
0,+ , we find O1Φ

(m)
0,± = −Φ

(m)
0,± . We thus arrive at

⟨Φ(m)
0,+ |κyνx|Φ(m)

0,− ⟩ = ⟨Φ(m)
0,+ |O1κyνxO1|Φ(m)

0,− ⟩ = −⟨Φ(m)
0,+ |κyνx|Φ(m)

0,− ⟩, (2.25)
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and therefore ⟨Φ(m)
0,+ |κyνx|Φ(m)

0,− ⟩ = 0. Here, we used that {O1, κyνx} = 0. On the other hand,
we have

⟨Φ(m)
0,+ |κyνz|Φ(m)

0,− ⟩ = ⟨Φ(m)
0,+ |κyνz(−κyηzK)(ηxK)|Φ(m)

0,+ ⟩ = −i⟨Φ(m)
0,+ |O1|Φ(m)

0,+ ⟩ = i. (2.26)

Hence, we find

Heff,p=0
Z = −∆̃Zcos(ϕ)γy, (2.27)

where γy is a Pauli matrix acting on the low-energy subspace spanned by Φ
(m)
0,± . In order

to calculate the effective Hamiltonian for the top edge, we note that our system is invariant
under rotation around the y axis by an angle π, which leads to

Heff,p=2
Z = −Heff,p=0

Z = ∆̃Zcos(ϕ)γy. (2.28)

We now treat the edges along the z direction, where we use the properly normalized zero-

energy wave functions found in Appendix B and label them as Φ
(m)
1,± for the right edge and

Φ
(m)
3,± for the left edge. Again, we can use certain symmetries of the system to calculate

the above matrix elements. In particular, the operator O2 = ηyνx anticommutes with the
Hamiltonian at kzaz = π. At the same time, we have [O2, P̄] = 0. An explicit calculation

yields O2Φ
(m)
3,± (x) = Φ

(m)
3,± (x). Again, we can use the fact that {O2, κyνz} = 0 to argue that

⟨Φ(m)
3,+ |κyνz|Φ(m)

3,− ⟩ = 0. On the other hand, we find

⟨Φ(m)
3,+ |κyνx|Φ(m)

3,− ⟩ = ⟨Φ(m)
3,+ |κyνx(−κyηzK)(ηxK)|Φ(m)

3,+ ⟩ = −i⟨Φ(m)
3,+ |O2|Φ(m)

3,+ ⟩ = −i. (2.29)

Therefore, we arrive at

Heff,p=3
Z = −∆̃Zsin(ϕ)γy. (2.30)

Again, the effective Hamiltonian for the right edge can be obtained by exploiting the two-fold
rotation symmetry of the system, which gives us

Heff,p=1
Z = −Heff,p=3

Z = ∆̃Zsin(ϕ)γy. (2.31)

Combining the above results, we arrive at the effective Hamiltonian given in Eq. (11) of the
main text. Following Ref. [73], we conclude that there exist zero-energy bound states at
the corners where the mass term changes sign. Importantly, we note that this argument is
independent of any gauge choice. If one would naively multiply an arbitrary phase factor to
a solution on a particular edge, the time-reversal relation between the two Kramers partners
at this edge changes, while the corresponding relations stay unmodified for all other edges,
which would then contradict the idea of the solutions being connected to form a single set of
counterpropagating edge modes.
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Chapter 3
Majorana and parafermion corner
states from two coupled sheets of

bilayer graphene

Adapted from:
K. Laubscher, D. Loss, and J. Klinovaja,

“Majorana and parafermion corner states from two coupled sheets of bilayer graphene”,

Phys. Rev. Research 2, 013330 (2020)

We consider a setup consisting of two coupled sheets of bilayer graphene in the regime
of strong spin-orbit interaction, where electrostatic confinement is used to create an array of
effective quantum wires. We show that for suitable interwire couplings the system supports a
topological insulator phase exhibiting Kramers partners of gapless helical edge states, while
the additional presence of a small in-plane magnetic field and weak proximity-induced super-
conductivity leads to the emergence of zero-energy Majorana corner states at all four corners
of a rectangular sample, indicating the transition to a second-order topological supercon-
ducting phase. The presence of strong electron-electron interactions is shown to promote the
above phases to their exotic fractional counterparts. In particular, we find that the system
supports a fractional topological insulator phase exhibiting fractionally charged gapless edge
states and a fractional second-order topological superconducting phase exhibiting zero-energy
Z2m parafermion corner states, where m is an odd integer determined by the position of the
chemical potential.
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3.1 Introduction

Over the last few decades, topological phases of quantum matter have been the subject of
extensive studies, both in theory and in experiments. In particular, a lot of work has been
dedicated to the description and classification of topological insulators (TIs) and topological
superconductors (TSCs) in various spatial dimensions [1–3]. Recently, the generalization of
conventional TIs and TSCs to higher-order TIs and TSCs has attracted strong interest [4–31].
While conventional d-dimensional TIs and TSCs exhibit gapless edge states at their (d− 1)-
dimensional boundaries, nth-order d-dimensional TIs or TSCs exhibit gapless edge states at
their (d− n)-dimensional boundaries.

In the search for suitable platforms to realize topologically non-trivial physics, graphene
and graphene-based systems [32, 33] such as carbon nanotubes and bilayer graphene (BLG)
have attracted particular attention. While the unusual low-energy properties of these systems
make them interesting in their own right, they also have been proposed to support topologi-
cally non-trivial phases of matter, hosting, e.g., gapless edge states or localized Majorana zero
modes [34–43]. Unfortunately, most of these proposals require strong spin-orbit interaction
(SOI) as a crucial ingredient, whereas SOI is weak in standard graphene [44]. In the last few
years, however, considerable experimental progress in creating van der Waals heterostruc-
tures has made it possible to induce strong SOI in graphene by proximity to transition metal
dichalcogenides (TMDs) [45–56], which has led to renewed interest in graphene-based systems
as promising candidates to realize topologically non-trivial phases in the laboratory. These
considerations, together with the recent interest in higher-order topological phases of matter,
have prompted us to devise a graphene-based system realizing second-order topological su-
perconducting phases. In particular, we consider an array of coupled quantum wires arising in
bilayer graphene due to electrostatic confinement [57–61], see Fig. 3.1. The combined effects
of competing interwire hopping terms, an in-plane magnetic field, and proximity-induced
superconductivity lead to the formation of zero-energy corner states at all four corners of
a rectangular sample. In the non-interacting case, these corner states are Majorana bound
states. The major benefit of studying an array of coupled wires, however, is the additional
possibility of including the effects of strong electron-electron interactions in an analytically
tractable way [62–73]. Using bosonization techniques, we show that suitable interactions can
drive the system into a fractional phase exhibiting zero-energy Z2m parafermion corner states
for an odd integer m, placing our model in the class of fractional second-order TSCs.

This paper is organized as follows. In Sec. 3.2, we describe a model for our setup, which
consists of an array of coupled wires arising in bilayer graphene due to electrostatic confine-
ment. In Sec. 3.3.1, we show that this system is a topological insulator for a certain range
of parameters. Section 3.3.2 extends this result to the interacting case, showing that the
system supports fractionally charged edge states for suitable values of chemical potential and
sufficiently strong electron-electron interactions. In Sec. 3.4.1, we then include suitable su-
perconducting and magnetic perturbations to gap out the helical edge states found previously
and show that, in the non-interacting case, the system is driven into a second-order topolog-
ical superconducting phase with Majorana corner states at all four corners of a rectangular
sample. In Sec. 3.4.2, we again extend our analysis to the interacting case and show that the
system can be driven into a phase hosting exotic Z2m parafermion corner states, where m is
an odd integer depending on the chemical potential. We summarize our results in Sec. 3.5.
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3.2 Model

We consider a system consisting of two coupled sheets of AB-stacked bilayer graphene as
shown in Fig. 3.1. Each layer of graphene is a honeycomb lattice consisting of two non-
equivalent atoms A and B coupled by a hopping element t. Each sheet of bilayer graphene is
then composed of two layers of graphene coupled by a hopping amplitude t⊥ between the A
atoms of the first layer and the B atoms of the second layer. The effective Hamiltonian for
a single sheet of BLG in momentum space is then given by

HBLG = ℏvF (λzγxkx + γyky) +
t⊥
2

(γxηx + γyηy) − V ηz, (3.1)

where λi, γi, and ηi for i ∈ {x, y, z} are Pauli matrices acting in valley, sublattice, and
layer space, respectively, vF is the Fermi velocity for electrons in graphene, and the term

Figure 3.1: The model consists of two coupled sheets of AB-stacked bilayer graphene subject
to electrostatic confinement, such that effective 1D wires arise at domain walls between gates
set to opposite voltages ±V0/2. The upper left panel shows the spectrum of an effective
wire localized at one of the domain walls with the in-gap states highlighted in red. Note
that due to SOI each of the bands is split into two shifted copies. The light green lines
labeled µ1 and µ1̄ indicate the values of chemical potential that will be of interest in the
remainder of this paper. We now consider an array of such effective wires, where a unit cell
is defined as consisting of four wires, see the dashed box. The wires are weakly coupled via a
layer-conserving hopping term between neighboring wires within the same unit cell (between
neighboring wires belonging to different unit cells) of strength ty,τ (t′y,τ ), as well as via an
inter-bilayer hopping term of strength tz. Note that in order to introduce a hierarchy of
interwire terms, the wires are arranged in an armchair-like order. In particular, the setup
shown here leads to ty,1 ≈ t′

y,1̄
< tz < t′y,1 ≈ ty,1̄, as the strength of the hopping terms

naturally decreases with the separation of the wires.
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proportional to V describes a potential difference between the two graphene layers. Within
each sheet of BLG, electrostatic confinement arising from a spatial modulation of V can
then be used to form effective 1D wires. In particular, we consider creating one-dimensional
domain walls between gates set to opposite voltages ±V0/2. This leads to propagating one-
dimensional states localized around the region where the voltage changes sign [57]. In the fol-
lowing, consider an array of such effective wires, where the wires are arranged in an armchair-
like order as shown in Fig. 3.1. For later convenience, we define a unit cell as consisting of
four wires (two belonging to the upper layer, and two belonging to the lower layer). As such,
each wire can be labeled by a unit cell index n as well as two indices (ν, τ), where ν ∈ {1, 1̄}
denotes the position within the unit cell and τ ∈ {1, 1̄} denotes the layer.

The case of a single effective wire without SOI [57] as well as in the presence of curvature-
induced SOI [61] has been thoroughly analyzed in previous works. However, even though the
curvature-induced SOI is considerably larger than the intrinsic SOI of standard graphene,
it is still relatively small [74–81]. In order to access a regime with stronger SOI and avoid
the need for curvature, we consider a van der Waals heterostructure combining layers of
graphene and a TMD [45–56]. In this case, the proximity-induced SOI is of the form Hso =
αλzσz + αR(λzγxσy − γyσx), where σi for i ∈ {x, y, z} is a Pauli matrix acting in spin
space [47,50]. While the predicted values for α and αR vary across the literature and depend
on the specific TMD that is used, we find that in our case, the Rashba-like term proportional
to αR is suppressed by strong interlayer tunneling t⊥, which is why we focus on the term
proportional to α.1

In the following, we consider a step function potential of strength V0/2, where, without
loss of generality, we assume V0 > 0 and focus on the case where the direction of confinement
is along the armchair direction of the graphene lattice. Adapting the results of Refs. [57, 61]
to our setup to include the SOI, we find that the bulk gap of the spectrum is given by V0,
while there are eight in-gap modes per effective wire, see the spectrum shown in Fig. 3.1.
Explicitly, the energies of the in-gap modes for wire ν in the layer τ are given by

Eλκντσ = −κτ
[
ℏvFλkx
2
√
t⊥

− κν

√
(ℏvFkx)2

4t⊥
+

V0

2
√

2

]2
+ κτ

V0√
2

+ αλτσ − µτ . (3.2)

Here, λ ∈ {1, 1̄} is the valley index, σ ∈ {1, 1̄} is the spin projection onto the z axis that is
determined by the SOI of strength α (which we take to be of equal magnitude but of opposite
sign for the two sheets of BLG), and κ ∈ {1, 1̄} is an additional subband index. For now, we
tune the chemical potential in layer τ to µτ = τ [V0/(2

√
2) + α], while an alternative choice

is described in Appendix 3.A. Note that for these values of chemical potential, the sector
κ = 1 (κ = 1̄) corresponds to modes with small Fermi momenta close to kx = 0 (large Fermi
momenta far away from kx = 0). As an additional simplification, we note that for α ≪ V0,
the above energy spectrum is approximately linear for small kx (i.e., in the sector κ = 1) such
that

Eλ1ντσ ≈ λντℏvF

√
V0

2
√

2t⊥
kx + ατ(λσ − 1). (3.3)

1Note that we did not include the intrinsic Kane-Mele SOI as well as a staggered sublattice potential term
which is in principle allowed by symmetry, as those terms have been predicted to be orders of magnitude
smaller than the SOI induced by proximity to the TMD layers [44,48,50].
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To proceed, we work in the regime of strong spin-orbit interaction, which allows us to linearize
the spectrum of each channel around the respective Fermi point. The electron operator for the

nth unit cell can then be represented as Ψn =
∑

κ,ν,τ,σ(Rnκντσe
ik

(ντ)κντσ
F x+Lnκντσe

ik
(ν̄τ)κντσ
F x),

where Rnκντσ(x) [Lnκντσ(x)] are slowly right-moving [left-moving] fields and kλκντσF are the
respective Fermi momenta. Note that here and in the following we implicitly assume the
presence of weak but finite intervalley scattering, which is why we do no longer consider the
valley degree of freedom to be a good quantum number but treat modes differing only in their
valley index as right and left moving modes of the same species. The effective Hamiltonian
describing the uncoupled wires can be written as

H0 = −iℏ
∑

n,κ,ν,τ,σ

∫
dx vκ(R†

nκντσ∂xRnκντσ − L†
nκντσ∂xLnκντσ), (3.4)

where we have made use of the fact that the Fermi velocities of the different branches for a
fixed κ are approximately the same given that α ≪ V0. Explicitly, we note from Eq. (3.3)
that, for the values of chemical potential of interest to us, we approximately have v1 =

vF

√
V0/(2

√
2t⊥).

We will now couple neighboring wires in various ways. Neglecting all fast oscillating
terms, we consider the interwire Hamiltonian H⊥ = Hy +H ′

y +Hz, where

Hy =
∑

n,ν,τ

ty,τ

∫
dxR†

n1ντ(ντ)Ln1ν̄τ(ντ) + H.c., (3.5)

H ′
y =

∑

n,τ

t′y,τ

∫
dx [R†

(n+1)11ττLn11̄ττ + L†
(n+1)11τ τ̄Rn11̄τ τ̄ ] + H.c., (3.6)

Hz =
∑

n,κ,ν,τ,σ

tz

∫
dxR†

nκντσLnκντ̄σ + H.c., (3.7)

with 0 ≤ ty,τ , t
′
y,τ , tz ≪ α. Here, ty,τ (t′y,τ ) is a spin-conserving intralayer hopping element

between neighboring wires within the same unit cell (between neighboring wires belonging to
different unit cells) and tz is a spin-conserving hopping element between neighboring wires
belonging to different layers. The strength of these hopping amplitudes can be controlled
by varying the interwire distance as well as the strength and the shape of the confinement
potential.

Furthermore, if a superconducting TMD such as NbSe2 is used, superconductivity will be
induced in the graphene bilayers [53]. The corresponding effective Hamiltonian then reads

Hsc = ∆sc

∑

n,κ,ν,τ,σ

σ

∫
dxR†

nκντσL
†
nκντσ̄ + H.c. (3.8)

Additionally, we consider the effect of an in-plane Zeeman field along the x direction. Com-
bined with intervalley scattering, which we assume to be present in the system with broken
translational invariance, this term takes the form

HZ = ∆Z

∑

n,ν,τ

∫
dxR†

n1ντ(ντ)Ln1ντ(ν̄τ) + H.c. (3.9)
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Finally, the total Hamiltonian is defined as H = H0 +H⊥ +HZ +Hsc. In the remainder of
this paper, we will focus on the regime ∆sc, ∆Z ≪ ty,τ , t

′
y,τ , tz such that the superconducting

and Zeeman term can be treated as weak perturbations to the interwire terms. Numerically,
however, our analysis can be extended to the non-perturbative regime, confirming that the
found topological properties persist as long as the bulk gap is not closed.

3.3 Topological insulator phase

3.3.1 Non-interacting case

In this section, we demonstrate that our model supports a TI phase with Kramers partners
of gapless edge states propagating along the edges of a large but finite sample. For this,
we set ∆Z = ∆sc = 0. As can immediately be verified from Eqs. (3.5)-(3.7), the branches
with κ = 1̄ are trivially gapped by interlayer hopping. As such, we focus on the sector
κ = 1 in the following. For this sector, we find that the branches Rn1ντ(ν̄τ) and Ln1ντ(ντ)

are trivially gapped by interlayer hopping, whereas the different hopping processes compete
for the branches Rn1ντ(ντ) and Ln1ντ(ν̄τ), see Fig. 3.2. In the following, we are interested in
the regime ty,1 ≈ t′

y,1̄
< tz < t′y,1 ≈ ty,1̄. Such a hierarchy is natural for an armchair-like

arrangement of the effective wires as shown in Fig. 3.1, as the strength of the hopping terms
can be expected to decrease with the separation of the wires. For simplicity, let us assume
that ty,1 = t′

y,1̄
= 0 and t′y,1 = ty,1̄. By direct inspection of Eqs. (3.5)-(3.7), we find that the

bulk of the system is fully gapped.

Figure 3.2: The spectrum of a single unit cell in the non-interacting case, where the chemical
potential in layer τ is tuned to µτ = τ [V0/(2

√
2) + α]. For simplicity, only the sector κ = 1

is shown. The branches Rn1ντ(ν̄τ) and Ln1ντ(ντ) are trivially gapped by interlayer hopping of
strength tz. For the branches Rn1ντ(ντ) and Ln1ντ(ν̄τ), on the other hand, the interlayer hop-
ping term competes with intracell hopping of strength ty,τ and intercell hopping of strength
t′y,τ .
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In order to find edge states in a system that is finite along the y direction and consists
of N unit cells, we note that the parameter regime of our interest is in the same part of the
topological phase diagram as the regime tz ≪ t′y,1, see Appendix 3.B. In this limit, we find
that the two modes R11111 and L11111̄ (RN11̄11̄ and LN11̄11) at the left (right) edge of the
system stay gapless. The presence of these helical edge states is not affected by deviations
from the above fine-tuned point as long as the bulk gap does not close.

Let us now assume that the system is finite along the x direction and infinite along the y
direction. We apply the standard procedure of matching decaying eigenfunctions to find edge
states propagating along the y direction [82]. The projection of the Hamiltonian H = H0+H⊥
onto the sector κ = 1 can then be written in momentum space asH =

∑
ky

∫
dxΨ†

ky
H(ky)Ψky ,

with the Hamiltonian density H(ky) given by

H(ky) = −iℏv1∂xρz + tzτxρx + {[ty,1 + t′y,1cos(kyay)](1 + τz) (3.10)

+ [ty,1̄ + t′y,1̄cos(kyay)](1 − τz)}(νxρx − νyτzσzρy)/4

− [t′y,1sin(kyay)(1 + τz) + t′y,1̄sin(kyay)(1 − τz)](νyρx + νxτzσzρy)/4

in the basis Ψky= (Rky1111, Lky1111, Rky1111̄, Lky1111̄, Rky111̄1, Lky111̄1, Rky111̄1̄, Lky111̄1̄,
Rky11̄11, Lky11̄11, Rky11̄11̄, Lky11̄11̄, Rky11̄1̄1, Lky11̄1̄1, Rky11̄1̄1̄, Lky11̄1̄1̄). Here, νi, τi, σi, and
ρi for i ∈ {x, y, z} are Pauli matrices acting in wire, layer, spin, and right/left mover space,
respectively, and ay is the size of a unit cell in the y direction. Next, we focus on ky = 0 and
a single edge of the system at x = 0. In order to satisfy vanishing boundary conditions, we
require Rky1ντσ(0) = −Lky1ντσ(0). From this condition, we find that, given ty,1̄ > tz, there
are two exponentially decaying solutions localized to the edge of the system. These are given
by

Φ+ = (−a, b, 0, 0, ib,−ia, 0, 0,−ib, ia, 0, 0, a,−b, 0, 0)T ,

Φ− = (0, 0, b,−a, 0, 0, ia,−ib, 0, 0,−ia, ib, 0, 0,−b, a)T ,
(3.11)

in the basis of Ψky=0. Here we defined a = e−x/ξ1 and b = e−x/ξ2 with ξ1 = ℏv1/(ty,1̄−tz) and
ξ2 = ℏv1/tz. It is straightforward to verify that these edge states are Kramers partners and
related by time-reversal via Φ− = −iσyρxKΦ+, where K denotes the complex conjugation.

Putting together all of the above results, we conclude that our system is in a topological
insulator phase with a Kramers pair of gapless edge states running along the edges of a large
but finite sample.

3.3.2 Interacting case

Let us now address the construction of the fractional counterpart of the above phase. For
this, we tune the chemical potential in layer τ to µτ = τ [V0/(2

√
2)+α/m], where m is an odd

integer and m = 1 reproduces the non-interacting case discussed above. Again, the interlayer
hopping term given in Eq. (3.7) trivially gaps out the sector κ = 1̄ corresponding to large
Fermi momenta. Therefore, we again focus on the sector κ = 1.

As a first step, we note that for m > 1 the hopping processes between neighboring wires
belonging to the same layer [see Eqs. (3.5) and (3.6)] no longer conserve momentum. However,
momentum-conserving terms can be constructed by including single-electron backscattering
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processes arising from strong electron-electron interactions, see Fig. 3.3 for a graphical illus-
tration in the case m = 3. Explicitly, the dressed interwire terms are given by

H(m)
y =

∑

n,ν,τ

t(m)
y,τ

∫
dx (R†

n1ντ(ντ)Ln1ντ(ντ))
kR†

n1ντ(ντ)Ln1ν̄τ(ντ)(R
†
n1ν̄τ(ντ)Ln1ν̄τ(ντ))

k + H.c.,

(3.12)

H ′(m)
y =

∑

n,τ

t′(m)
y,τ

∫
dx
[
(R†

(n+1)11ττL(n+1)11ττ )kR†
(n+1)11ττLn11̄ττ (R†

n11̄ττ
Ln11̄ττ )k

+ (L†
(n+1)11τ τ̄R(n+1)11τ τ̄ )kL†

(n+1)11τ τ̄Rn11̄τ τ̄ (L†
n11̄τ τ̄

Rn11̄τ τ̄ )k
]

+ H.c.

(3.13)

with k = (m− 1)/2. Here, t
(m)
y,τ ∝ ty,τg

m−1
B and t

′(m)
y,τ ∝ t′y,τg

m−1
B , where gB is the amplitude

of a single-electron backscattering process. In the following, let us assume that the above
terms flow to strong coupling in a renormalization group (RG) sense. This can always be
achieved if their bare coupling constants are sufficiently large or if their scaling dimensions
are the lowest ones among all possible competing terms. The original interlayer hopping
term given in Eq. (3.7) does not commute with the above terms and therefore cannot order
simultaneously. Instead, the interlayer term that commutes with the above terms is, to lowest
order, given by the dressed term

H(m)
z =

∑

n,ν,τ,σ

t(m)
z

∫
dx (R†

n1ντσLn1ντσ)
m−1

2 R†
n1ντσLn1ντ̄σ(R†

n1ντ̄σLn1ντ̄σ)
m−1

2 + H.c., (3.14)

where again t
(m)
z ∝ tzg

m−1
B . Following the same arguments as above, we assume that this

term flows to strong coupling. The total interwire Hamiltonian in the interacting case is now

defined as H
(m)
⊥ = H

(m)
y +H

′(m)
y +H

(m)
z .

In order to facilitate the analytical description of the interacting system, we intro-
duce bosonic fields ϕ1n1ντσ(x) and ϕ1̄n1ντσ(x) defined via Rn1ντσ(x) = eiϕ1n1ντσ(x) and
Ln1ντσ(x) = eiϕ1̄n1ντσ(x). The fields ϕrn1ντσ(x) satisfy the non-local commutation relation
[ϕrn1ντσ(x), ϕr′n′1ν′τ ′σ′(x′)] = irπδrr′δnn′δνν′δττ ′δσσ′sgn(x − x′). With this choice, Rn1ντσ

and Ln1ντσ satisfy the proper fermionic anticommutation relations among themselves, while
the commutation relations between different species can be satisfied by an appropriate
choice of Klein factors [83], which we will not explicitly include here. The dressed interwire
terms given in Eqs. (3.12)-(3.14) can be simplified by introducing new bosonic operators
ηrn1ντσ(x) = m+1

2 ϕrn1ντσ(x) − m−1
2 ϕr̄n1ντσ(x). The new fields obey the commutation rela-

tions [ηrn1ντσ(x), ηr′n′1ν′τ ′σ′(x′)] = irmπδrr′δnn′δνν′δττ ′δσσ′sgn(x − x′) and, for m > 1, they
carry fractional charge e/m [65]. In terms of these new fields, the dressed interwire terms
take the form

H(m)
y = 2

∑

n,ν,τ

t(m)
y,τ

∫
dx cos(η1n1ντ(ντ) − η1̄n1ν̄τ(ντ)), (3.15)
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Figure 3.3: The spectrum of a single unit cell for µτ = τ [V0/(2
√

2) + α/3], corresponding
to m = 3. Again, only the sector κ = 1 is shown. Both inter- and intracell hopping do not
conserve momentum unless they are dressed by backscattering events of strength gB arising
from strong electron-electron interactions. In order to commute with the other interwire
terms, the interlayer hopping term has to be dressed by electron-electron interactions as
well. For clarity of the presentation, not all the terms of the interwire Hamiltonian H⊥ [see
Eqs. (3.12)-(3.14)] are shown.

H ′(m)
y = 2

∑

n,τ

t′(m)
y,τ

∫
dx [cos(η1(n+1)11ττ − η1̄n11̄ττ )

+ cos(η1̄(n+1)11τ τ̄ − η1n11̄τ τ̄ )], (3.16)

H(m)
z = 2

∑

n,ν,τ,σ

t(m)
z

∫
dx cos(η1n1ντσ − η1̄n1ντ̄σ). (3.17)

We note that the bulk of the system is now fully gapped, while for a system consisting of N
unit cells the modes η111111 and η1̄11111̄ (η1N11̄11̄ and η1̄N11̄11) at the left edge (right edge) of
the system stay gapless. These edge states carry fractional charges e/m, as expected for a
fractional TI.

In order to study the emerging fractional edge states further, let us define new composite

chiral fermion operators R
(m)
n1ντσ = eiη1n1ντσ and L

(m)
n1ντσ = eiη1̄n1ντσ . In terms of these new

composite fields, the dressed interwire terms simplify to

H(m)
y =

∑

n,ν,τ

t(m)
y,τ

∫
dxR

(m)†
n1ντ(ντ)L

(m)
n1ν̄τ(ντ) + H.c., (3.18)

H ′(m)
y =

∑

n,τ

t′(m)
y,τ

∫
dx [R

(m)†
(n+1)11ττL

(m)

n11̄ττ
+ L

(m)†
(n+1)11τ τ̄R

(m)

n11̄τ τ̄
] + H.c., (3.19)

H(m)
z =

∑

n,ν,τ,σ

t(m)
z

∫
dxR

(m)†
n1ντσL

(m)
n1ντ̄σ + H.c., (3.20)
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from which we recover the non-interacting case for m = 1. Indeed, H
(m)
⊥ has the exact

same form as in the non-interacting case, except that Rn1ντσ (Ln1ντσ) is replaced by R
(m)
n1ντσ

(L
(m)
n1ντσ). We can now repeat the analysis from the non-interacting case for the new fields

R
(m)
n1ντσ, L

(m)
n1ντσ to find that the branches R

(m)
n1ντ(ν̄τ) and L

(m)
n1ντ(ντ) are again fully gapped, while

the branches R
(m)
n1ντ(ντ) and L

(m)
n1ντ(ν̄τ) yield two gapless modes R

(m)
11111 and L

(m)

11111̄
(R

(m)

N11̄11̄
and

L
(m)

N11̄11
) at the left (right) edge of the system.

As in the non-interacting case, we also consider a semi-infinite geometry where the system
is finite along the x direction and infinite along the y direction. By introducing the Fourier

transforms R
(m)
ky1ντσ

and L
(m)
ky1ντσ

of the composite fields, one can repeat the procedure of
matching decaying eigenfunctions employed in the non-interacting case and obtain analogous
expressions for the gapless edge states propagating along the y direction, which are now given
by

Φ+ =
(
−ã, b̃, 0, 0, ib̃,−iã, 0, 0,−ib̃, iã, 0, 0, ã,−b̃, 0, 0

)T
,

Φ− =
(

0, 0, b̃,−ã, 0, 0, iã,−ib̃, 0, 0,−iã, ib̃, 0, 0,−b̃, ã
)T

,

(3.21)

in the basis Ψ
(m)
ky=0, which corresponds to Ψky=0 but with Rn1ντσ (Ln1ντσ) replaced by

R
(m)
n1ντσ (L

(m)
n1ντσ). Furthermore, we have defined ã = e−x/ξ

(m)
1 and b̃ = e−x/ξ

(m)
2 for ξ

(m)
1 =

ℏv(m)
1 /(t

(m)

y,1̄
− t

(m)
z ) and ξ

(m)
2 = ℏv(m)

1 /t
(m)
z , where v

(m)
1 is the velocity of the composite fields.

By continuity, we therefore find that our system hosts a Kramers pair of fractionally
charged gapless edge states running along the edges of a large but finite sample, which
allows us to identify our system as a fractional topological insulator. This means that we
can write an effective edge theory in terms of two conjugate bosonic fields η1 and η1̄ with
[ηr(l), ηr′(l

′)] = irmπδrr′sgn(l − l′), where l is an edge coordinate which is defined mod
2[L+(N −1)ay] and runs along the edge of the sample in the counterclockwise direction [17].

3.4 Majorana and parafermion corner states

3.4.1 Non-interacting case

In this section, we show that the terms Hsc and HZ [see Eqs. (3.8) and (3.9)] can drive the
system into a second-order topological superconducting phase. Again, we start by treating
the non-interacting case. Importantly, we consider ∆sc and ∆Z to be small enough not to
modify the bulk gap structure. However, they may modify the low-energy behavior of the
system by gapping out the helical edge states found above. This statement is confirmed
explicitly by considering the effective low-energy edge theory. We assume that the system
size is sufficiently large such that far away from the corners all four edges can be treated
independently. Crucially, we find that the Zeeman term HZ = ∆Z(σxρx−νzτzσyρy) does not
open a gap at ky = 0 in the spectrum of the edges states propagating along the y direction.
This can be verified explicitly by using the form of the edge state wave functions given in
Eq. (3.11), for which we find ⟨Φ+|HZ |Φ−⟩ = ⟨Φ+|HZ |Φ+⟩ = ⟨Φ−|HZ |Φ−⟩ = 0. Alternatively,
one can arrive at the same conclusion in a more general way by exploiting the symmetries
of the system. Indeed, at ky = 0 the system has an additional symmetry represented by the
operator O = νzτyσzρx, which anticommutes with the Hamiltonian H(ky = 0) [see Eq. (3.10)]
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Figure 3.4: Probability density of low-energy states obtained numerically for a system of
N = 30 unit cells consisting of four effective wires of length L = 1.2µm each. The single-wire
spectrum is obtained by discretizing Eq. (3.3) and by setting V0 = 100 meV, t = 2.7 eV,
t⊥ = 0.34 eV, and α = 1 meV. The other parameters [see Eqs. (3.5)-(3.9)] are chosen as
ty,1 = 0.01 meV, t′y,1 = 0.79 meV, ty,1̄ = 0.81 meV, t′

y,1̄
= 0.02 meV, tz = 0.4 meV, ∆Z =

0.4 meV, and ∆sc = 0.05 meV. One Majorana corner state is localized at each of the four
corners of the system. The inset demonstrates that the energies of these states (red dots) are
indeed at zero.

for ty,1 + t′y,1 = ty,1̄ + t′
y,1̄

. In addition, Φ± defined in Eq. (3.11) are eigenstates of O: OΦ± =

Φ±. Furthermore, we find {HZ ,O} = 0, which then implies ⟨Φ+|HZ |Φ−⟩ = 0. All other
matrix elements are trivially zero as the edge states Φ± are eigenstates of σz, showing that
the magnetic term indeed does not open a gap in the spectrum of the edge states propagating
along the y direction. Therefore, these edge states can only be gapped by superconductivity,
whereas in the spectrum of the edge states propagating along the x direction both mechanisms
can in principle open a gap. If we choose |∆Z | > |∆sc|, the magnetic term dominates over the
superconducting one such that it is responsible for gapping the edge states propagating along
the x direction. In analogy to previous works studying domain walls between competing
gapping mechanisms in systems with helical edge states [84–86], we find localized Majorana
zero modes at the domain walls between the regions where the superconducting/magnetic
term dominates, which in this case means at all four corners of the system. However, in
contrast to previous works, we apply both the superconducting as well as the magnetic term
throughout the entire system. Figure 3.4 verifies our results numerically. Importantly, our
numerical analysis confirms that the corner states are robust against small deviations from
the fine-tuned point ty,1 + t′y,1 = ty,1̄ + t′

y,1̄
. In addition, we confirmed numerically that the

zero-energy corner states are robust against disorder that breaks all spatial symmetries but
neither closes the bulk nor the edge state gaps. This confirms that the Majorana corner states
are protected purely by the particle-hole symmetry enforced by superconductivity, while the
spatial symmetry O is not playing a crucial role.
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3.4.2 Interacting case

The above results can be extended rather straightforwardly to the interacting case. In order
to gap out the edge states given in Eq. (3.21), the Zeeman term as well as the superconducting
term need to be dressed by interactions in the standard way. To lowest order, the terms that
can open a gap in the edge state spectrum are given by

H(m)
sc = ∆(m)

sc

∑

n,ν,τ,σ

σ

∫
dxR

(m)†
n1ντσL

(m)†
n1ντσ̄ + H.c., (3.22)

H
(m)
Z = ∆

(m)
Z

∑

n,ν,τ

∫
dxR

(m)†
n1ντ(ντ)L

(m)
n1ντ(ν̄τ) + H.c., (3.23)

with ∆
(m)
sc ∝ ∆scg

m−1
B and ∆

(m)
Z ∝ ∆Zg

m−1
B . Again, these terms have exactly the same form

as in the non-interacting case, except that Rn1ντσ (Ln1ντσ) is replaced by R
(m)
n1ντσ (L

(m)
n1ντσ).

In the following, we assume that the above terms are substantially smaller than the interwire
terms and, therefore, will not modify the bulk gap structure but may open a gap in the
spectrum of edge states. Starting from the fractional topological insulator phase established
in Sec. 3.3.2, we note that the projection of the above terms onto the gapless edge states
commutes with the interwire terms and therefore these terms can order simultaneously. In
particular, the above terms can again always be made relevant if their bare coupling constants
are of order unity or if their scaling dimensions are the lowest ones among all competing
terms [64,65].

We can now repeat the above symmetry argument to find that the magnetic term does not
open a gap in the spectrum of the edge states propagating along the y direction; this gap is
opened by superconductivity only. On the other hand, the edge states propagating along the x

direction are gapped by the Zeeman term for |∆(m)
Z | > |∆(m)

sc |. We are thus effectively dealing
with domain walls occurring naturally at the corners of a fractional 2D TI, despite the fact
that the superconducting and magnetic terms are uniform and act both simultaneously on
the entire system. Given this analogy to domain walls, we can follow Refs. [84–87] and show
that every domain wall between a region gapped by superconductivity and a region gapped
by a magnetic field hosts a zero-energy parafermion bound state that is spatially localized to
the domain wall, i.e., to the corner of the sample. To make this statement explicit in terms of
the fields considered here, we rewrite the left and right moving fields η1 and η1̄ describing the
low-energy edge theory in terms of conjugate fields φ = (η1−η1̄)/(2m) and θ = (η1+η1̄)/(2m)
with [φ(l), θ(l′)] = iπ

2msgn(l − l′). The dressed superconducting and magnetic terms given in
Eqs. (3.22) and (3.23) projected onto the low-energy part of the spectrum now take the form

H
(m)
sc ∝ ∆

(m)
sc

∫
dl cos(2mθ) and H

(m)
Z ∝ ∆

(m)
Z

∫
dl cos(2mφ). Let us now label the edges of

our system by s ∈ {0, ..., 3} starting from the right edge of the sample and proceeding in
counterclockwise order. In the strong-coupling regime, we find that along the x (y) edges
we have φi = π

m(pi + 1/2) [θi = π
m(qj + 1/2)] for pi, qj ∈ Z, where i ∈ {0, 2}, j ∈ {1, 3}

label the respective edge. These operators satisfy [pi(l), qj(l
′)] = im

2π sgn(l − l′). If we label
the corners of a rectangular sample by v ∈ {0, ..., 3} in counterclockwise order starting from
the corner between edges 0 and 1, we can define operators acting locally on the corners as
γ2k = eiπ(p2k−q2k+1)/m, γ2k+1 = eiπ(p2k+2−q2k+1)/m for k ∈ {0, 1}. These operators commute
with the Hamiltonian as they act on domain walls between segments gapped by competing
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mechanisms and satisfy Z2m parafermionic commutation relations γvγv′ = γv′γve
−iπ/m for

v < v′. As such, we find a single zero-energy Z2m parafermion corner state per corner.

3.5 Conclusions

We have considered a model based on two coupled sheets of bilayer graphene in the strong
SOI regime. Electrostatic confinement is used to create effective 1D quantum wires, which are
then tunnel-coupled in various ways. For a certain range of parameters, this system can be
brought into a topological insulator phase characterized by the presence of a Kramers pair of
gapless helical edge states. Furthermore, a small in-plane magnetic field and weak proximity-
induced superconductivity drive the system into a second-order topological superconducting
phase with zero-energy Majorana corner states at all four corners of a rectangular sample.
Even more interestingly, the fact that we are dealing with effective 1D systems allows us
to take into account the effects of strong electron-electron interactions in an analytically
tractable way. Using a bosonization approach, we have shown that for sufficiently strong
electron-electron interactions and suitable values of chemical potential, the system can be
brought into a fractional topological insulator phase with fractionally charged gapless helical
edge states as well as into a fractional second-order topological superconducting phase hosting
exotic Z2m parafermion corner states, where m is an odd integer determined by the position
of the chemical potential.

In particular, we envision the strong SOI in the graphene bilayers to be induced by
proximity to a few layers of NbSe2, which at the same time also induce superconductivity
into the system. The recent progress in fabricating van der Waals heterostructures puts
such a setup well into experimental reach. From a more general perspective, we therefore
believe that our system demonstrates the potential use of electrostatically generated arrays
of effective quantum wires in bilayer graphene as designer platforms to realize topologically
non-trivial physics. On the other hand, we note that while gated bilayer graphene turns
out to be a particularly convenient platform to realize the model proposed here, our results
can readily be adapted to different realizations of coupled 1D wires with similar low-energy
properties.

Acknowledgments. This work was supported by the Swiss National Science Foundation
and NCCR QSIT. This project received funding from the European Union’s Horizon 2020
research and innovation program (ERC Starting Grant, grant agreement No 757725).

3.A Alternative realization of the second-order phase

In this Appendix, we comment on an alternative realization of the second-order TSC phase.
For this, we tune the chemical potential to µτ = V0/(2

√
2) + τα instead of the values chosen

in the main text. By replacing κτ → κ̃, we note that the sector κ̃ = 1 now once again
corresponds to the modes with small Fermi momenta close to kx = 0. Indeed, the spectrum
for the sector κ̃ = 1 is identical to the one shown in Fig. 3.2 and can be analyzed in the same
way as in the main text. However, the sector κ̃ = 1̄ has to be treated differently in this case.
Indeed, the interlayer hopping term [see Eq. (3.7)] is not able to open a gap for the sector
κ̃ = 1̄ anymore, as it couples right-moving (left-moving) with right-moving (left-moving)
modes. Therefore, the first-order topological insulator phase is not present in this case, as
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Figure 3.5: (a) Phase diagram of the first-order phase (i.e., ∆Z = ∆sc = 0) as a function of

t′y,1 and tz. The bulk gap closing line at tz =
√

(ty,1 + t′y,1)(ty,1̄ + t′
y,1̄

) marks the transition

from the topologically trivial phase to the TI phase with a Kramers pair of gapless edge states.
(b) Phase diagram of the second-order phase as a function of ∆Z and ∆sc. Importantly, we
consider both ∆sc and ∆Z to be smaller than the bulk gap Egap, such that the bulk gap is
never closed by these terms. However, the edge gap closes and reopens for |∆sc| = |∆Z |,
corresponding to the phase transition between the topologically trivial phase and the second-
order TSC (SOTSC) phase with one Majorana corner state per corner. The green dot at
∆Z = ∆sc = 0 corresponds to the first-order phase, while the light green line for ∆sc = 0 and
∆Z > 0 indicates the phase with partially gapped edge states (gapped along the x direction
but gapless along the y direction). The other parameters are the same as in Fig. 3.4.

the bulk of the system is not fully gapped out. However, once superconductivity is taken into
account, the gapless modes in the sector κ̃ = 1̄ are trivially gapped out by superconductivity,
while the sector κ̃ = 1 can be treated in the exact same way as before. Therefore, we find a
second-order TSC phase with the same properties as in the main text.

3.B Phase diagram in the non-interacting case

In the main text, we assumed ty,1 = t′
y,1̄

= 0 and t′y,1 = ty,1̄ for analytical simplicity. How-
ever, we argued that the topological properties of the system stay qualitatively the same
in an extended region of parameter space. In this Appendix, we confirm this statement by
calculating a condition for the closing of the bulk gap for a more general choice of hopping
amplitudes. We start by considering the first-order phase with ∆sc = ∆Z = 0. To simplify
matters, we focus on the case of ty,τ , t

′
y,τ , tz ≥ 0, but our analysis can easily be extended to

account for negative values of the hopping amplitudes as well. The bulk Hamiltonian is ob-
tained from Eq. (3.10) upon replacing −i∂x → kx, and has time-reversal symmetry expressed
by T = iσyρxK, where K denotes the complex conjugation. Therefore, our system belongs
to the symmetry class AII [88]. As long as t′y,1, ty,1̄ > ty,1, t

′
y,1̄

, the bulk gap can only close at
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kx = ky = 0, where the eigenenergies are explicitly given by

E1,± = ±tz, (3.24)

E2,±,± = ±
(
ty,1 + ty,1̄ + t′y,1 + t′y,1̄ ±

√
(ty,1 − ty,1̄ + t′y,1 − t′

y,1̄
)2 + 4t2z

)
/2. (3.25)

Thus, we find that the bulk of the system is fully gapped except for the values tz = 0
or t2z = (ty,1 + t′y,1)(ty,1̄ + t′

y,1̄
). These conditions define the potential boundaries between

topologically non-equivalent phases. In our case, we can identify the region corresponding
to the topologically non-trivial phase by checking for the existence of gapless edge states: In
the main text, we argued that the system hosts a Kramers pair of gapless edge states for
ty,1 = t′

y,1̄
= 0 and ty,1̄ = t′y,1 ≫ tz > 0. Therefore, we identify the region of the phase

diagram for which 0 < t2z < (ty,1 + t′y,1)(ty,1̄ + t′
y,1̄

) as the topologically non-trivial one. This

is visualized in Fig. 3.5(a).

Let us now turn to the second-order phase. In the presence of a magnetic field, ∆Z ̸= 0,
time-reversal symmetry is broken, while superconductivity, ∆sc ̸= 0, enforces particle-hole
symmetry. This places our system in the symmetry class D [88]. Assuming that ∆sc and ∆Z

are much smaller than the bulk gap, these terms cannot result in a closing of the bulk gap.
However, we find that the edge gap closes at the points |∆sc| = |∆Z |, which separates the
topologically non-trivial second-order phase with one zero-energy Majorana corner state per
corner from the trivial one with no corner states. The corresponding phase diagram is shown
in Fig. 3.5(b).
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Chapter 4
Kramers pairs of Majorana corner states

in a topological insulator bilayer

Adapted from:
K. Laubscher, D. Chughtai, D. Loss, and J. Klinovaja,

“Kramers pairs of Majorana corner states in a topological insulator bilayer,”

Phys. Rev. B 102, 195401 (2020)

We consider a system consisting of two tunnel-coupled two-dimensional topological insu-
lators proximitized by a top and bottom superconductor with a phase difference of π between
them. We show that this system exhibits a time-reversal invariant second-order topological
superconducting phase characterized by the presence of a Kramers pair of Majorana corner
states at all four corners of a rectangular sample. We furthermore investigate the effect of
a weak time-reversal symmetry breaking perturbation and show that an in-plane Zeeman
field leads to an even richer phase diagram exhibiting two nonequivalent phases with two
Majorana corner states per corner as well as an intermediate phase with only one Majorana
corner state per corner. We derive our results analytically from continuum models describing
our system. In addition, we also provide independent numerical confirmation of the resulting
phases using discretized lattice representations of the models, which allows us to demonstrate
the robustness of the topological phases and the Majorana corner states against parameter
variations and potential disorder.
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4.1 Introduction

Motivated by the seminal work on one-dimensional (1D) p-wave superconductors [1], Majo-
rana bound states have been predicted to occur in a variety of condensed matter systems
as a signature of a topologically non-trivial superconducting phase. Apart from their funda-
mental interest, Majorana bound states are considered to be promising building blocks for
topologically protected qubits due to their non-Abelian braiding statistics. Many well-known
proposals for the experimental realization of Majorana bound states rely on the competi-
tion between a strong magnetic field and proximity-induced superconducting pairing [2, 3].
However, such setups suffer from the disadvantage that a strong magnetic field itself has a
detrimental effect on superconductivity. To circumvent this issue, the concept of time-reversal
invariant topological superconductivity has raised significant interest. In this case, Kramers
pairs of Majorana bound states emerge in the absence of a magnetic field [4–23].

In the standard proposals, Majorana bound states are realized at the zero-dimensional
edges of 1D topological superconductors (TSCs). More recently, the notion of topological
insulators (TIs) and TSCs has been extended to capture also their higher-order generaliza-
tions [24–30]. While conventional d-dimensional TIs and TSCs exhibit gapless edge states
at their (d − 1)-dimensional boundaries, nth-order d-dimensional TIs or TSCs exhibit gap-
less edge states at their (d − n)-dimensional boundaries. In particular, a two-dimensional
(2D) second-order topological superconductor (SOTSC) hosts Majorana bound states at the
corners of a rectangular sample. By now, a large variety of platforms hosting such Majo-
rana corner states (MCSs) has been proposed. While most of these proposals use an applied
magnetic field to induce the second-order phase [31–42], the case of time-reversal invariant
SOTSCs with Kramers pairs of MCSs has been studied less extensively. The few setups
proposed so far rely on unconventional superconductivity as the relevant mechanism driving
the transition to the second-order phase [43, 44]. This motivates us to look for an alterna-
tive model realizing a time-reversal invariant SOTSC based on conventional ingredients only.
The setup we propose consists of two tunnel-coupled 2D TIs, each described by a Bernevig-
Hughes-Zhang (BHZ) model, proximitized by a top and bottom superconductor of a phase
difference of π, see Fig. 4.1. In the absence of interlayer tunneling and superconductivity,
each TI layer hosts a pair of gapless helical edge states. Once interlayer tunneling and super-
conductivity are turned on, these edge states are gapped out. However, the resulting phase
is not necessarily trivial. Indeed, we show that in a certain region of parameter space, the
system is a SOTSC with a Kramers pair of MCSs at all four corners of a rectangular sample.
These corner states are protected by particle-hole and time-reversal symmetry and cannot
be removed unless one of the protecting symmetries is broken or the edge gap closes and
reopens.

The paper is organized as follows. In Sec. 4.2 we describe our setup, which consists of two
tunnel-coupled 2D TIs, each described by a BHZ model, in proximity to a top and a bottom
superconductor of a phase difference of π, see Fig. 4.1. In Sec. 4.3, we obtain expressions for
the gapless edge states appearing in the absence of superconductivity and interlayer tunneling.
In this case, our model simply corresponds to two decoupled BHZ layers. In Sec. 4.4, we
then perturbatively account for weak interlayer tunneling as well as weak proximity-induced
superconductivity. As a consequence, the helical edge states found previously are gapped
out. We show that there exists a regime of parameters for which the system is a time-reversal
invariant SOTSC with a Kramers pair of MCSs at all four corners of a rectangular sample.
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4.2. Model Chapter 4

Figure 4.1: The setup consists of two 2D TI layers (yellow) coupled by an interlayer tunneling
term of strength Γ. The two layers are proximitized by a top and bottom superconductor
(blue) with a phase difference of π between them.

In order to account for a possible complication in some experimentally relevant setups, we
additionally comment on the case of unequal interlayer tunneling amplitudes for particle-like
and hole-like bands in Sec. 4.5. Finally, in Sec. 4.6, we discuss the case of broken time-reversal
symmetry in the presence of a weak in-plane Zeeman field. We show that this enriches the
phase diagram further, allowing us to access also a SOTSC phase with a single MCS per
corner. We summarize our results in Sec. 4.7.

4.2 Model

We consider a 2D TI bilayer, where each of the two TI layers is described by a BHZ model [45].
In momentum space, the Hamiltonian of a single TI layer can then be written as H0 =∑

k Ψ†
kH0(k)Ψk in the basis Ψk = (ψk11, ψk11̄, ψk1̄1, ψk1̄1̄), where ψkσs (ψ†

kσs) destroys
(creates) an electron with in-plane momentum k = (kx, ky), orbital degree of freedom σ ∈
{1, 1̄} and spin s ∈ {1, 1̄}. The Hamiltonian density is given by1

H0(k) =

(
ℏ2k2x
2mx

+
ℏ2k2y
2my

+ ϵ

)
σz + µ+ λxkxσxsz + λykyσy, (4.1)

where σi and si for i ∈ {x, y, z} are Pauli matrices acting in orbital and spin space, respec-
tively. The parameters mx, my, λx, and λy are material-specific constants inherent to the
BHZ model [45]. For simplicity, we assume mx,my, λx, λy > 0 in the following. Furthermore,
ϵ describes a relative energy shift between the particle-like (σ = 1) and hole-like (σ = 1̄)
bands, and µ denotes the chemical potential.

We now proceed to describe the full TI bilayer as shown in Fig. 4.1. Relative to each
other, the two TI layers are constructed such that edge states of the same spin polarization
propagate in opposite directions for opposite layers. We furthermore account for tunneling
between the two layers by a simple spin-conserving tunneling element. Finally, the two layers
are proximitized by a top and a bottom s-wave superconductor such that the phase differ-
ence between them is π. This could, for example, be achieved by placing a layer of randomly

1We note that while Eq. (4.1) presents a rather simple toy model, the main conclusions of the following
sections – in particular regarding the existence of the MCSs – remain unaltered if more elaborate corrections
to the BHZ Hamiltonian are taken into account as long as these remain small enough compared to the other
energy scales in the system.
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oriented magnetic impurities between one of the layers and the neighboring superconduc-
tor [16, 46, 47]. Alternatively, a superconducting loop connecting the two superconductors
allows one to tune the phase difference by varying the enclosed magnetic flux [48–50]. The

total Hamiltonian can now be written as H = 1
2

∑
k Ψ†

kH(k)Ψk in the basis Ψk = (ϕk, ϕ
†
−k)

with ϕk = (ψk111, ψk111̄, ψk11̄1, ψk11̄1̄, ψk1̄11, ψk1̄11̄, ψk1̄1̄1, ψk1̄1̄1̄), where the electron de-

struction (creation) operator ψkτσs (ψ†
kτσs) now carries an additional subscript τ ∈ {1, 1̄}

denoting the layer index. The Hamiltonian density is then given by

H(k) =

(
ℏ2k2x
2mx

+
ℏ2k2y
2my

+ ϵ

)
ηzσz + µηz (4.2)

+ λxkxτzσxsz + λykyηzσy + ∆scηyτzsy + Γηzτx,

where we have introduced additional Pauli matrices τi and ηi for i ∈ {x, y, z} acting in layer
and particle-hole space, respectively. The strength of the proximity-induced superconductiv-
ity is denoted by ∆sc, while Γ denotes the strength of the interlayer tunneling.

The Hamiltonian given in Eq. (4.2) is time-reversal symmetric with T = isyK and
particle-hole symmetric with P = ηxK, where K denotes the complex conjugation. As
such, our model belongs to the symmetry class DIII [51]. Furthermore, our model has a
twofold rotational symmetry around the z axis given by Uπ = eiπηzszσz/2. Note that even
in the isotropic case mx = my = m and λx = λy = λ, the presence of τz in the term pro-
portional to λx breaks the usual fourfold rotational symmetry of the BHZ model given by
Uπ/2 = eiπηzsz(2σ0−σz)/4. This will turn out to be crucial to realize the second-order phase
proposed in the following. However, for Γ = 0, we can define a generalized fourfold rotational
symmetry U ′

π/2 = eiπηzτzsz(2σ0−σz)/4 such that U ′
π/2H(kx, ky)[U ′

π/2]
−1 = H(−ky, kx) in the

isotropic case.

4.3 Edge states in the first-order phase

Let us first consider the case ∆sc = Γ = 0. In this case, our model simply corresponds to
two decoupled copies of the BHZ model. Furthermore, we set µ = 0 to simplify our analysis.
The bulk spectrum is then given by

E±(k) = ±
√(

ℏ2k2x
2mx

+
ℏ2k2y
2my

+ ϵ

)2

+ λ2xk
2
x + λ2yk

2
y. (4.3)

We find that the bulk gap closes at k = 0 for ϵ = 0, separating a trivial phase for ϵ > 0 from
a topologically non-trivial TI phase for ϵ < 0 [45]. In our case, the latter is characterized by
the presence of one pair of counterpropagating helical edge states per layer.

The explicit form of these edge states is readily obtained by following the standard pro-
cedure of matching decaying eigenfunctions. Let us first focus on the edges along the x
direction. For this, we consider a semi-infinite geometry such that the sample is finite along
the y direction and infinite along the x direction. In this setting, kx remains a good quantum
number, while we replace ky with −i∂y. For simplicity, we begin by solving for zero-energy
eigenstates at kx = 0 before perturbatively including linear contributions in kx. Thus, we
solve

H(0,−i∂y) =

(
ϵ−

ℏ2∂2y
2my

)
ηzσz − iλy∂yηzσy (4.4)
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Figure 4.2: Probability density of low-energy states obtained numerically from a discretized
version of Eq. (4.2), see Eq. (4.19). (a) For ∆sc = Γ = 0, we find gapless edge states running
along the edges of a large but finite sample. In this case, our model simply corresponds to
two decoupled 2D TIs with one Kramers pair of counterpropagating edge states per layer. (b)
A Kramers pair of MCSs is localized at each of the four corners of the system for |Γ| > |∆sc|.
The inset demonstrates that the energies of these states (red dots) are indeed at zero. Here,
we use ∆sc/|ϵ| ≈ 0.31 and Γ/|ϵ| ≈ 0.63. (c) The corner states are robust against potential
disorder as long as the edge gap remains open. Here, we take the local fluctuations in the
chemical potential to follow a normal distribution centered around the mean value µ = 0 with
standard deviation σ̄µ/|ϵ| ≈ 1.13. The numerical lattice parameters are tx/|ϵ| = ty/|ϵ| = 1.25,
αx/|ϵ| = αy/|ϵ| = 1, and Lx = Ly = 50 sites, with the definition of the discretized model and
its parameters given in Appendix 4.A.

for exponentially decaying eigenfunctions Φ(y) with vanishing boundary conditions Φ(y =
0) = 0. As both the layer index as well as the spin-projection along the z axis are good
quantum numbers, we can express our solutions as eigenstates of τz and sz. Furthermore,
since {H(0,−i∂y), σx} = 0 and we are looking for zero-energy eigenstates, the solutions are
also eigenstates of σx. Therefore, we can write the solutions in terms of eigenstates |τ, s, a⟩
defined via τzszσx|τ, s, a⟩ = τsa|τ, s, a⟩, where a ∈ {1, 1̄} is used to denote the eigenvalue of
σx. Explicitly, we find that the solutions are given by

Φx
τs(y) = |τ, s, 1⟩(e−y/ξ1 − e−y/ξ2) (4.5)

with ξ1/2 = (−λy ±
√
βy)/(2ϵ) for βy = λ2y + 2ℏ2ϵ/my and where we have suppressed a

normalization factor. Note that since ϵ < 0 in the topologically non-trivial phase, we have
Re(ξ1/2) > 0, confirming that our solutions are indeed exponentially localized to the edge
of the system. Furthermore, it is straightforward to see that the solutions are related by
time-reversal symmetry as T Φx

τs(y) = s̄Φx
τs̄(y).

For the edges along the y direction, a similar consideration yields

H(−i∂x, 0) =

(
ϵ− ℏ2∂2x

2mx

)
ηzσz − iλx∂xτzszσx. (4.6)

In this case, the solutions for the edge states turn out to be eigenstates of τz, sz, and σy.
Therefore, we will write them in terms of eigenstates |τ, s, b⟩ defined via τzszσy|τ, s, b⟩ =
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τsb|τ, s, b⟩, where b ∈ {1, 1̄} is used to denote the eigenvalue of σy. We arrive at

Φy
τs(x) = |τ, s, τs⟩(e−x/ξ′1 − e−x/ξ′2) (4.7)

with ξ′1/2 = (−λx ± √
βx)/(2ϵ) for βx = λ2x + 2ℏ2ϵ/mx and where we have again omitted a

normalization factor.

Finally, the kinetic term governing the low-energy spectrum can be found by taking into
account the linear terms in kx or ky, respectively. Along the x direction, we find that

λxkx⟨Φx
τs|τzσxsz|Φx

τ ′s′⟩ = τsλxkxδττ ′δss′ . (4.8)

Indeed, the structure of the edge states given in Eq. (4.5) makes it immediately clear that
states with τs = +1 (τs = −1) propagate in the positive (negative) x direction. Similarly,
we find that

λyky⟨Φy
τs|σy|Φy

τ ′s′⟩ = τsλykyδττ ′δss′ (4.9)

along the y direction. Again, states with τs = +1 (τs = −1) propagate in the positive
(negative) y direction. As expected, we therefore find a pair of counterpropagating gapless
edge states per layer, see also Fig. 4.2(a) for a numerical verification. Within each layer,
counterpropagating edge states carry opposite spin projections, while counterpropagating
edge states in opposite layers carry the same spin projection.

4.4 Kramers pairs of Majorana corner states

In the following, we take into account the effects of superconductivity and interlayer tunneling
in a perturbative way. For this, we assume ∆sc and Γ to be small compared to the bulk gap of
the first-order phase, such that their only effect will be to potentially gap out the edge states
found above. In order to understand the emergence of corner states, we derive an effective
Hamiltonian describing the low-energy edge physics for each edge.

Let us start by considering the tunneling term HΓ = Γηzτx, while keeping ∆sc = 0 for
the moment. For the edge states along the x direction, we obtain by direct calculation

⟨Φx
τs|HΓ|Φx

τ ′s′⟩ = Γδτ̄ τ ′δss′ . (4.10)

As such, the tunneling term fully gaps out the edge states along the x direction.2 Along the
y direction, however, we obtain

⟨Φy
τs|HΓ|Φy

τ ′s′⟩ = 0 (4.11)

for all τ , τ ′, s, and s′, which may seem surprising at first. However, this is a direct conse-
quence of the symmetries of the system. Indeed, we note that the system has an additional
symmetry O = τzσy that anticommutes with the Hamiltonian given in Eq. (4.6). Further-
more, we find O|Φy

τs⟩ = s|Φy
τs⟩. Together with {Htun,O} = 0, we then find ⟨Φy

τs|HΓ|Φy
τ̄s⟩ =

−⟨Φy
τs|HΓ|Φy

τ̄s⟩ = 0. The other matrix elements are trivially zero by the definition of HΓ,
which confirms Eq. (4.11).

2The twofold rotational symmetry of the model ensures that this is indeed the case for both edges along
the x direction.
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Let us now additionally consider the effect of superconductivity. Clearly, superconductiv-
ity will open a gap along all edges, leading to an effective edge Hamiltonian of the form

Hx
eff(kx) = λxkxτzsz + Γηzτx + ∆scηyτzsy (4.12)

for the edges along the x direction and

Hy
eff(ky) = λykyτzsz + ∆scηyτzsy (4.13)

for the edges along the y direction. From this it becomes clear that as long as |∆sc| > 0, the
edges along the y direction are trivially gapped by superconductivity. Along the x direction,
on the other hand, the edge gap closes at |∆sc| = |Γ|. Indeed, we recognize Eq. (4.12) to be
the Hamiltonian of a time-reversal invariant 1D TSC as discussed in Ref. [9]. This system
hosts a Kramers pair of Majorana bound states at domain walls separating a topological
phase with |Γ| > |∆sc| from a trivial phase. In our model, these domain walls appear at the
corners between x and y edges, leaving us with a Kramers pair of MCSs at all four corners
of a rectangular sample. In Fig. 4.2(b), we have verified the existence of the corner states
numerically. Furthermore, we have tested the stability of the corner states against potential
disorder, see Fig. 4.2(c). In particular, we note that the symmetry O used to derive the corner
states can be broken as long as the edge gap remains open. Indeed, the MCSs are protected
solely by particle-hole and time-reversal symmetry and do not rely on any additional spatial
symmetry.

4.5 Unequal tunneling amplitudes for particle-like and
hole-like bands

In realistic setups we generally expect the interlayer tunneling amplitude for the particle-like
and hole-like bands to be different in size. This constitutes an obstruction to the second-
order topological phase presented here. In the following, we account for this by introducing
a refined tunneling Hamiltonian

HΓ =
Γe + Γh

2
ηzτx +

Γe − Γh

2
ηzτxσz, (4.14)

where Γe (Γh) is used to denote the tunneling amplitude for electrons (holes). Calculating
the effective Hamiltonian along the x and y direction using the edge state solutions given in
Eqs. (4.5) and (4.7), we find

Hx
eff(kx) = λxkxτzsz +

Γe + Γh

2
ηzτx + ∆scηyτzsy (4.15)

for the edges along the x direction and

Hy
eff(ky) = λykyτzsz +

Γe − Γh

2
ηzτx + ∆scηyτzsy (4.16)

for the edges along the y direction. We therefore find that the SOTSC phase persists if
|Γe − Γh| < 2|∆sc| < |Γe + Γh| or |Γe + Γh| < 2|∆sc| < |Γe − Γh|.
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Figure 4.3: (a) Probability density of low-energy states obtained numerically from a dis-
cretized version of Eq. (4.2) for a sample of 50×50 sites with ∆sc/|ϵ| ≈ 0.31 and Γ/|ϵ| ≈ 0.63
and in the additional presence of an out-of-plane Zeeman field of strength ∆Z,⊥/|ϵ| ≈ 0.04.
We find that the two Kramers partners of MCSs at each corner hybridize and split away
from zero energy, see the red dots in the inset. (b)-(d) Probability density of the lowest-
energy state obtained numerically from a discretized version of Eq. (4.2) for a sample of
Lx = Ly = 80 sites in the additional presence of an in-plane Zeeman field oriented along the
x direction. (b) For a weak Zeeman field 0 ≤ ∆Z,|| < Γ−∆sc, there are two MCSs per corner.
Here, we have used ∆sc/|ϵ| = 0.25, Γ/|ϵ| = 0.5 and ∆Z,||/|ϵ| ≈ 0.13. (c) In the intermedi-
ate regime |Γ − ∆sc| < ∆Z,|| < Γ + ∆sc, we find one MCS per corner. Here, we have used
∆sc/|ϵ| = Γ/|ϵ| ≈ 0.38 and ∆Z,||/|ϵ| ≈ 0.19. (d) For strong Zeeman fields Γ + ∆sc < ∆Z,||,
we again find two MCSs per corner. Here, we have used ∆sc/|ϵ| = 0.25, Γ/|ϵ| ≈ 0.13 and
∆Z,||/|ϵ| = 0.5. The other numerical parameters are the same as in Fig. 4.2.

Studies of HgTe double quantum well structures have estimated Γh to be negligibly small
compared to Γe in the experimentally accessible parameter range, i.e., Γh ≈ 0 [52–54]. This
excludes the double-well setup as a possible realization of the topological phase proposed
here. However, other systems with similar low-energy properties may circumvent this issue.
In particular, mono- and few-layer Fe(Te1−xSex) have recently been claimed to exhibit a low-
energy band structure described by the BHZ Hamiltonian [55]. Similarly, the 2D transition
metal dichalchogenides (TMDCs) MX2 with M ∈ {W,Mo} and X ∈ {S, Se,Te} have been
shown to exhibit the desired low-energy effective band structure [56]. It would therefore be
interesting to investigate TI bilayers built from these materials as potential experimental
realizations of the SOTSC proposed in this work.

4.6 Effect of Zeeman field and single-MCS phase

In this section, we additionally comment on the effects of a Zeeman field, which we again
assume to be sufficiently weak compared to the bulk gap of the first-order phase. Since
time-reversal symmetry is now broken, the fate of the MCSs is not a priori clear in this case.
Indeed, we find that in the presence of an out-of-plane Zeeman term HZ,⊥ = ∆Z,⊥ηzsz, the
Kramers pairs at each corner hybridize and split away from zero energy, see Fig. 4.3(a). Thus,
the topological phase is destroyed in this case. On the other hand, however, we find that an
in-plane Zeeman field does not completely destroy the topological properties of the system,
but instead leads to a much richer phase diagram exhibiting two nonequivalent regions with

86



4.6. Effect of Zeeman field and single-MCS phase Chapter 4

two MCSs per corner as well as an intermediate region with just one MCS per corner. For
concreteness, let us consider the case when the in-plane field is oriented along the x direction,
i.e., HZ,|| = ∆Z,||ηzsx. Other orientations of the in-plane Zeeman field lead to qualitatively
identical results. Note that here we take the Zeeman field to be of equal strength for both
the particle-like and the hole-like bands. Depending on the experimental realization, one
may again need to generalize this in a way similar to the treatment of unequal tunneling
amplitudes in Sec. 4.5. Calculating again the effective edge Hamiltonian, we find that

Hx
eff(kx) = λxkxτzsz + Γηzτx + ∆scηyτzsy + ∆Z,||ηzsx, (4.17)

while the effective edge Hamiltonian along the y direction is still given by Eq. (4.13). There-
fore, the edges along the y direction remain trivially gapped by superconductivity, whereas
the edge gap along the x direction now closes at ∆Z,|| + Γ = ±∆sc and ∆Z,|| − Γ = ±∆sc.

In the following, we comment on the different (second-order) topological phases separated
by the above gap closing lines. For simplicity, we assume that ∆sc,∆Z,||,Γ ≥ 0. Firstly, we
have checked numerically that for 0 < ∆Z,|| < Γ − ∆sc, the two MCSs per corner remain
intact, see Fig. 4.3(b). However, they are now no longer protected by time-reversal symmetry
and may split away from zero energy in the presence of magnetic disorder [57–60]. Secondly,
we find that in the intermediate regime |Γ − ∆sc| < ∆Z,|| < Γ + ∆sc, there is only one MCS
per corner, see Fig. 4.3(c). Most interestingly, we find that for Γ = ∆sc even an infinitesimal
Zeeman field can drive the system into a SOTSC phase with one MCS per corner, as the
competing tunneling and superconducting terms completely cancel each other. Finally, for
Γ + ∆sc < ∆Z,||, we again find two MCSs per corner, see Fig. 4.3(d). Indeed, this regime is
in the same region of the phase diagram as the limit Γ = 0 and ∆sc < ∆Z,||. In this case,
we simply deal with two decoupled TI layers subjected to an in-plane Zeeman field. Indeed,
a single TI layer in the presence of an in-plane Zeeman field has been shown to exhibit a
SOTSC phase in Ref. [38]. To summarize, Fig. 4.4 displays the phase diagram of our system
both in the absence [Fig. 4.4(a)] and presence [Fig. 4.4(b)] of an in-plane Zeeman field.

It is worth noting that another way to break time-reversal symmetry is by detuning
the superconducting phase difference away from π. In this case, the superconducting term
entering in Eq. (4.2) takes the more general form

Hsc =
∆sc

2
[(1 + τz)ηysy + (1 − τz)(cosϕ ηysy − sinϕ ηxsy)], (4.18)

where ϕ = π reproduces the time-reversal invariant case discussed above. For deviations
from ϕ = π, we find that the MCSs at each corner hybridize and split away from zero energy.
However, similarly as in Ref. [9], we can exploit the interplay between a detuning of the
superconducting phase difference and an out-of-plane Zeeman field to bring the corner states
at a given corner back to zero energy. This is illustrated in Fig. 4.5. In particular, we note
that this mechanism provides us with a way to go from a phase with zero-energy corner states
at all four corner of the sample to a phase with zero-energy corner states only at two opposite
corners of the sample.

Finally, let us mention that also the fermion parity pumping effect discussed in Ref. [9]
can be observed in our system when the superconducting phase difference is adiabatically
varied from 0 to 2π. This follows immediately from the fact that, in the low-energy limit, our
system is nothing but two copies of the 1D system considered in Ref. [9] separated by two
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Figure 4.4: (a) Phase diagram of the time-reversal invariant system discussed in Sec. 4.4 as a
function of Γ and ∆sc. Note that we focus on the regime where both Γ and ∆sc are sufficiently
small compared to the bulk gap of the first-order phase such that our pertubative treatment
of these terms is justified. We find that the edge gap closes and reopens for Γ = ∆sc,
corresponding to the phase transition between the topologically trivial phase (shaded in
yellow) and the SOTSC phase with a Kramers pair of MCSs per corner (shaded in dark
blue). (b) In the presence of an in-plane Zeeman field, the phase diagram becomes even
richer. For a weak Zeeman field 0 ≤ ∆Z,|| < Γ − ∆sc, there are two MCSs per corner. The
light blue line with ∆Z,|| = 0 denotes the time-reversal invariant SOTSC phase discussed
in Sec. 4.4, where the two MCSs at each corner are protected by time-reversal symmetry.
For 0 < ∆Z,|| < Γ − ∆sc, see the region shaded in dark blue, the two MCSs per corner
remain intact. However, they are now no longer protected by time-reversal symmetry and
may split away from zero energy in the presence of disorder. In the intermediate regime
|Γ−∆sc| < ∆Z,|| < Γ+∆sc, see the region shaded in light green, we instead find that there is
only one MCS per corner. Most interestingly, we find that for Γ = ∆sc even an infinitesimal
Zeeman field can drive the system into a SOTSC phase with one MCS per corner, as the
competing tunneling and superconducting terms completely cancel each other. Finally, for
Γ + ∆sc < ∆Z,|| (shaded in dark green), we again find two MCSs per corner. Indeed, this
regime can be connected to the limit Γ = 0 and ∆sc < ∆Z,||. In this case, we simply deal
with two independent copies of the system proposed in Ref. [38].

topologically trivial regions. For the single-MCS phase, on the other hand, we find that the
MCSs persist for a finite range of phase detunings up to a critical value at which the edge
gaps close.

4.7 Conclusions

We have proposed a versatile and experimentally feasible platform that realizes a 2D time-
reversal invariant SOTSC phase hosting Kramers pairs of MCSs. Our setup consists of two
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Figure 4.5: Energy spectrum obtained numerically from a discretized version of Eq. (4.2) for
a sample of Lx = Ly = 50 sites in the presence of an out-of-plane Zeeman field of strength
∆Z,⊥/|ϵ| ≈ 0.04 and for a varying superconducting phase difference ϕ. The finite out-of-plane
Zeeman field shifts the corner states away from zero energy at ϕ = π, see also Fig. 4.3(a).
However, by changing the superconducting phase away from ϕ = π, the corner states at a
given corner can be brought back to zero energy. The red (blue) lines are two-fold degenerate
and correspond to the upper right and lower left (upper left and lower right) corners. The
other numerical parameters are the same as in Fig. 4.2.

tunnel-coupled 2D TIs proximitized by a top and bottom s-wave superconductor with a phase
difference of π between them. In the regime where the interlayer tunneling dominates over the
proximity-induced superconductivity, we find a Kramers pair of MCSs at all four corners of a
rectangular sample. Additionally, we have shown that a weak but finite in-plane Zeeman field
further enriches the phase diagram. In particular, we find that there are now two nonequiv-
alent SOTSC phases with two MCSs per corner as well as an intermediate phase with just
one MCS per corner. Most interestingly, this single-MCS phase is accessible even for very
weak Zeeman fields if the tunneling and superconducting term are of comparable strength.
As the requirement of a strong magnetic field in combination with superconductivity is ex-
perimentally problematic, our proposal constitutes an interesting alternative route towards
the realization of a single-MCS SOTSC phase that is accessible even for weak magnetic fields.

Acknowledgments. This work was supported by the Swiss National Science Foundation
and NCCR QSIT. This project received funding from the European Union’s Horizon 2020
research and innovation program (ERC Starting Grant, grant agreement No 757725).

4.A Lattice model for the BHZ Hamiltonian

In this Appendix, we present the discretized version of the Hamiltonian given in Eq. (4.2).
In momentum space, the discretized Hamiltonian reads

H(k) = [−2txcos(kxax) − 2tycos(kyay)]ηzσz + (ϵ+ 2tx + 2ty)ηzσz + µηz

+ 2αxsin(kxax)τzσxsz + 2αysin(kyay)ηzσy + ∆scηyτzsy + Γηzτx. (4.19)

Here, ax (ay) is the lattice spacing along the x (y) direction. The spin-conserving hopping
amplitude tx (ty) defines the effective mass along the x (y) direction via tx = ℏ2/(2mxa

2
x) [ty =

ℏ2/(2mya
2
y)]. Similarly, αx (αy) is related to λx (λy) via αx = λx/(2ax) [αy = λy/(2ay)] [61].
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Note that in the main part of our work, we focus on the isotropic case tx = ty = t and
αx = αy = α. The strongly anisotropic case could, for example, be realized in the coupled-
wire approach [62–73].
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Chapter 5
Fractional second-order topological
insulator from a three-dimensional

coupled-wires construction

Adapted from:
K. Laubscher, P. Keizer, and J. Klinovaja,

“Fractional second-order topological insulator from a three-dimensional coupled-wires construction,”

arXiv preprint arXiv:2207.04026 (2022)

We construct a three-dimensional second-order topological insulator with gapless helical
hinge states from an array of weakly tunnel-coupled Rashba nanowires. For suitably chosen
interwire tunnelings, we demonstrate that the system has a fully gapped bulk as well as fully
gapped surfaces, but hosts a Kramers pair of gapless helical hinge states propagating along a
path of hinges that is determined by the hierarchy of interwire tunnelings and the boundary
termination of the system. Furthermore, the coupled-wires approach allows us to incorporate
electron-electron interactions into our description. At suitable filling factors of the individual
wires, we show that sufficiently strong electron-electron interactions can drive the system
into a fractional second-order topological insulator phase with hinge states carrying only a
fraction e/p of the electronic charge e for an odd integer p.
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5.1 Introduction

Recently, the concept of so-called higher-order topological insulators (HOTIs) has signif-
icantly enriched the existing classification of topological phases of matter [1–8]. While a
conventional d-dimensional topological insulator (TI) exhibits gapless boundary states at
its (d − 1)-dimensional boundaries, a d-dimensional nth-order TI hosts gapless states at its
(d − n)-dimensional boundaries. Of particular interest in this context are second-order TIs,
which host topologically protected zero-energy corner states (gapless hinge states) in two
(three) dimensions [9–30]. Experiments have reported signatures of second-order TI phases
in a few materials [31–36] as well as in various artificial structures based on, e.g., mechanical,
phononic, photonic, or electrical systems [37–44].

While the original theory of HOTIs builds on single-particle band structure considera-
tions, it is interesting to ask whether there are exotic interaction-driven HOTI phases that
do not fit into this conventional picture. While this question has by now been answered affir-
matively [45–53], concrete toy models for strongly interacting HOTI phases are still extremely
rare since analytical tools to study interacting systems in more than one dimension are scarce.
One way forward is offered by the so-called coupled-wires approach [54, 55], where a two-
dimensional (2D) or three-dimensional (3D) system is modeled as an array of weakly coupled
one-dimensional (1D) wires. This then allows for an analytical treatment of strong electron-
electron interactions via the standard 1D bosonization formalism [56]. Models of coupled
wires have been used with high success to study a variety of exotic interacting first-order topo-
logical phases, including, for example, fractional quantum Hall states [54,55,57–62], fractional
TIs [63–68], or interacting topological superconductors [68–70]. As for HOTI phases, models
for strongly interacting second-order topological superconductors in two dimensions [47,48,52]
and certain classes of 3D second-order TIs protected by subsystem symmetries [49] have been

Figure 5.1: Cartoon of the coupled-wires model. The starting point is a 3D array of uncoupled
Rashba nanowires (gray), which are taken to be aligned along the x axis. For suitable
interwire couplings, the system is in a helical HOTI phase with a Kramers pair of gapless
hinge states (shown in red and blue) propagating along a closed path of hinges.
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brought forward. Nevertheless, a large variety of interacting HOTI phases do not yet have
concrete realizations.

With this motivation, we construct a 3D coupled-wires model that is capable of realizing
different second-order TI phases with gapless helical hinge states protected by time-reversal
symmetry, see Fig. 5.1. For suitably chosen interwire couplings, the non-interacting system
has a fully gapped bulk as well as fully gapped surfaces but hosts a Kramers pair of gapless
helical hinge states propagating along a path of hinges that is determined by the hierarchy of
interwire tunnelings and the boundary termination of the system. Furthermore, at fractional
fillings and for sufficiently strong electron-electron interactions, the system can enter an
exotic fractionalized phase with gapless helical hinge states that carry only a fraction of
the electronic charge e. All of the HOTI phases constructed in this work should be seen
as extrinsic HOTIs in the language of Ref. [7], meaning the helical hinge states are robust
against local perturbations as long as both bulk and surface gaps remain open and time-
reversal symmetry is maintained. As opposed to previous work in a similar direction [49],
where even the non-fractionalized phase required the presence of interaction terms in order
to maintain the protecting subsystem symmetry, we obtain conventional hinge states with
charge e from only single-particle tunnelings between nearest-neighbor wires.

This paper is organized as follows. In Sec. 5.2, we introduce our model of weakly tunnel-
coupled Rashba nanowires. In Sec. 5.3, we then show that this model exhibits a HOTI phase
with gapless helical hinge states that propagate along a closed path of hinges of a finite 3D
sample. We explain in detail how the path of the hinge states is determined by the hierarchy
of interwire tunnelings and the boundary termination of the system, and provide some general
insight into the construction of 3D HOTIs from lower-dimensional building blocks. In Sec. 5.4
we include electron-electron interactions into our description and show that, for sufficiently
strong interactions, a fractional HOTI phase with fractionally charged hinge states can be
realized. We conclude in Sec. 5.5.

5.2 Model

In this section, we construct a 3D model of coupled Rashba nanowires that exhibits a HOTI
phase with gapless helical hinge states. The Rashba nanowires are taken to be aligned along
the x direction, see Fig. 5.1. We now define a unit cell consisting of 8 wires, see Fig. 5.2. A
given unit cell is labeled by two discrete indices (n,m) indicating its position along the y and
z direction, respectively. Furthermore, the position of a wire within the unit cell is denoted
by three indices (τ, η, ν), where τ ∈ {1, 1̄} denotes the left/right wire with respect to the y
direction, η ∈ {1, 1̄} the top/bottom two wires with respect to the z direction, and ν ∈ {1, 1̄}
the top/bottom wire for a given η, see again Fig. 5.2. The electrons in wires with ην = 1
(ην = 1̄) are taken to have a positive (negative) effective mass m∗ > 0 (−m∗ < 0), such that
the kinetic term describing the uncoupled wires takes the form

H0 =
∑

n,m

∑

σ,τ,η,ν

∫
dxΨ†

nmστην(x)

[
−ην

(
ℏ2∂2x
2m∗ + µ

)]
Ψnmστην(x), (5.1)

where Ψ†
nmστην(x) [Ψnmστην(x)] creates [destroys] an electron with spin σ ∈ {1, 1̄} at the

position x in the (τ, η, ν) wire of the unit cell (n,m) and µ denotes the chemical potential.
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Figure 5.2: Schematic depiction of a single unit cell of the coupled-wires construction de-
scribed in the main text. The spectrum of the uncoupled wires [see Eq. (5.3)] is represented
by the blue parabolas. Wires with ην = 1 (ην = 1̄) have a positive (negative) effective mass
and wires with τη = 1 (τη = 1̄) have positive (negative) SOI. The chemical potential µ
is tuned to the crossing point between spin-up and spin-down branches at kx = 0 and the
dashed lines represent the different interwire tunnelings [see Eqs. (5.4)-(5.8)].

Additionally, we assume that the wires have strong spin-orbit interaction (SOI), which de-
termines the spin quantization axis z. Wires with τη = 1 (τη = 1̄) are taken to have SOI of
strength α > 0 (−α < 0), such that the corresponding term in the Hamiltonian reads

HSOI = −iα
∑

n,m

∑

σ,τ,η,ν

στη

∫
dxΨ†

nmστην∂xΨnmστην . (5.2)

Here and in the following, we suppress the position argument of the field operators for brevity.
Combining Eqs. (5.1) and (5.2) and assuming infinitely long wires for now, we find the
spectrum of a single unit cell to consist of 16 branches with energies given by

Eστην = ην

[
ℏ2(kx + στηkso)

2

2m∗ − µ̃

]
. (5.3)

Here, we have introduced the spin-orbit momentum kso = m∗α/ℏ2 and the shifted chemical
potential µ̃ = µ + ℏ2k2so/2m∗. As such, the original chemical potential µ now measures the
shift away from the spin-orbit energy Eso = ℏ2k2so/2m∗.

We now proceed by coupling neighboring nanowires via different tunneling processes.
In the following we set µ = 0, such that the chemical potential lies at the crossing point
between spin-up and spin-down branches at kx = 0, see Fig. 5.2. This choice, together with
the particular structure of the unit cell, allows for various momentum-conserving tunneling
processes between nearest-neighbor wires.

Let us start by describing the tunneling processes along the z direction. Due to the spatial
structure of the unit cell (see Fig. 5.2), all nearest-neighbor tunneling processes along the z
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direction conserve the τ -index. First, we account for an intercell tunneling of strength w via

Hz = w
∑

n,m

∑

σ,τ

τ

∫
dxΨ†

n(m+1)στ 1̄1̄
Ψnmστ11 + H.c. (5.4)

This term couples neighboring wires in adjacent unit cells and has a sign determined by τ .
Furthermore, we introduce an intracell tunneling of strength w′ (strength u) that couples
neighboring wires with the same η (with opposite η) within the same unit cell. These terms
read

H ′
z = w′

∑

n,m

∑

σ,τ,η

τ

∫
dxΨ†

nmστη1Ψnmστη1̄ + H.c., (5.5)

H ′′
z = u

∑

n,m

∑

σ,τ

τ

∫
dxΨ†

nmστ11̄
Ψnmστ 1̄1 + H.c. (5.6)

Again, the sign of these terms depends on the index τ . The reason behind this particular
choice of signs will become clear in Sec. 5.3.

Next, we describe the tunneling processes along the y direction. By construction, tunnel-
ing terms coupling nearest-neighbor wires along the y direction conserve the η- and ν-index.
First of all, we account for an intercell term with an η-dependent strength vη via

Hy =
∑

n,m

∑

σ,η,ν

∫
dx vη Ψ†

(n+1)mσ1ηνΨnmσ1̄ην + H.c. (5.7)

This term couples neighboring wires in adjacent unit cells. Similarly, we also introduce an
η-dependent intracell tunneling of strength v′η between neighboring wires of the same unit
cell:

H ′
y =

∑

n,m

∑

σ,η,ν

∫
dx v′η Ψ†

nmσ1ηνΨnmσ1̄ην + H.c. (5.8)

All of the interwire terms given in Eqs. (5.4)-(5.8) are illustrated in Fig. 5.2. Finally, the
total Hamiltonian H of our coupled-wires model is given by the sum

H = H0 +HSOI +Hy +H ′
y +Hz +H ′

z +H ′′
z . (5.9)

This Hamiltonian is time-reversal symmetric and conserves the z-component of the spin since
only spin-conserving interwire tunnelings were included. However, once the system enters the
HOTI phase (see Sec. 5.3 below), also processes in which the spin gets flipped will not change
the topological properties of the system as long as the bulk and surface gaps remain open
and time-reversal symmetry is maintained.

In the following, all of the interwire hopping amplitudes are considered to be small
compared to the spin-orbit energy such that they can be treated as weak perturbations
to Eq. (5.3). This allows us to linearize the spectrum of each wire around the respective
Fermi points in order to simplify the description of our model. As such, we introduce slowly
varying right- and left-moving fields Rnmστην(x) and Lnmστην(x) via

Ψnmστην = Rnmστην e
ik1στην

F x + Lnmστην e
ik1̄στην

F x, (5.10)
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where krστηνF are the Fermi momenta of the respective branches. Explicitly, these are given

by k
(ην)(τ̄η)την
F = 2kso, k

(ην)(τη)την
F = k

(η̄ν)(τ̄η)την
F = 0, and k

(η̄ν)(τη)την
F = −2kso. From now

on, to simplify our notation, we work in terms of the Hamiltonian density H defined via
H =

∑
n,m

∫
dxH(x) and give all individual contributions to the Hamiltonian in this form.

In terms of right- and left-movers, the effective Hamiltonian of the uncoupled wires is then
given by

H0 = −iℏ
∑

σ,τ,η,ν

vF (R†
nmστην∂xRnmστην − L†

nmστην∂xLnmστην) (5.11)

with the Fermi velocity vF = α/ℏ. In the same way, we can rewrite the tunneling terms in
Eqs. (5.4)-(5.8) in terms of the new fields. Neglecting rapidly oscillating terms, we obtain

Hz =
∑

τ

wτ(R†
n(m+1)τ̄ τ 1̄1̄

Lnmτ̄τ11 + L†
n(m+1)ττ 1̄1̄

Rnmττ11) + H.c., (5.12)

H′
z =

∑

σ,τ,η,ν

w′τR†
nmστηνLnmστην̄ + H.c., (5.13)

H′′
z =

∑

τ,ν

uτR†
nm(τν)τ ν̄νLnm(τν)τνν̄ + H.c., (5.14)

Hy =
∑

η,ν

vη (R†
(n+1)mν1ηνLnmν1̄ην + L†

(n+1)mν1ην̄Rnmν1̄ην̄) + H.c., (5.15)

H′
y =

∑

τ,η,ν

v′ηR
†
nm(τν)τηνLnm(τν)τ̄ην + H.c. (5.16)

5.3 Gapless hinge states

In the following, we focus on the parameter hierarchy u,w ≫ w′ ≫ v1, v
′
1̄
≫ v′1, v1̄ ≥ 0 and

show that, in this regime, our system is a HOTI with a Kramers pair of gapless hinge states
propagating along a closed path of hinges of a 3D sample. The required parameter hierarchy
could, for example, be achieved by an appropriate spatial arrangement of the wires, as the
interwire tunneling amplitudes are expected to decrease with increasing distance between the
wires.

Let us start by considering a system of infinite extent along the x direction but a finite
number of unit cells Ny ×Nz along the y and z directions, respectively. We first discuss the
tunneling terms along the z direction as these are assumed to be dominant. First of all, it is
clear that the exterior modes with Fermi momenta at ±2kso are fully gapped by the w′ term
since this is the only term affecting these modes. For the interior modes with zero Fermi
momentum, on the other hand, the u and w terms compete with the w′ term. In the regime
we consider, the u and w terms are dominant and couple the interior modes in a pairwise
fashion, such that the bulk of the system is fully gapped. However, in a finite system, there
are four modes per unit cell in the first (m = 1) and last (m = Nz) layer of wires with respect
to the z direction that cannot be paired up, see Fig. 5.2. Explicitly, these modes are given by
the Kramers pairs Rn1τ̄ τ 1̄1̄, Ln1ττ 1̄1̄ and RnNzττ11, LnNz τ̄ τ11. As a next step, the tunneling
terms along the y direction are added. Here, the hierarchy v1, v

′
1̄
≫ v′1, v1̄ is chosen such that

the intercell (intracell) tunneling dominates for η = 1 (η = 1̄). By inspection of Fig. 5.2,
it becomes clear that these terms gap out all remaining modes except for the two Kramers
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Figure 5.3: If the interwire tunneling amplitudes along the y direction are set to zero, the
3D coupled-wires model defined in Eq. (5.9) effectively realizes a stack of uncoupled 2D QSH
layers (black rectangles). Small but non-zero vη, v′η then lead to the opening of gaps in
the xy and yz surfaces by coupling counterpropagating QSH edge states in adjacent layers.
Generally, gapless hinge states (red) will be found propagating along some edges of the first
and last QSH layer of the stack as well as along hinges where two surfaces with incompatible
dimerization patterns (shown pictorially in blue and green) meet. (a) For v1 > v′

1̄
≫ v1̄, v

′
1,

the two yz surfaces are dimerized in a nontrivial way (blue ovals). This matches the pattern
of the xy surface at m = Nz. (b) For v′

1̄
> v1 ≫ v1̄, v

′
1, the two yz surfaces are dimerized in

a trivial way (green ovals). This matches the pattern of the xy surface at m = 1. (c) If the
last QSH layer of the stack is removed, one of the gapless hinge states is relocated from the
m = Nz plane to the m = 1 plane. Here, we depict the case v1 > v′

1̄
≫ v1̄, v

′
1. (d) Same as in

(c), but with v′
1̄
> v1 ≫ v1̄, v

′
1. For simplicity, only one spin sector is depicted in all panels.

pairs R1Nz1111, L1Nz 1̄111 and RNyNz 1̄1̄11, LNyNz11̄11, which again cannot be paired up. These
remaining gapless states are tightly localized to two hinges of our sample at (n,m) = (1, Nz)
and (n,m) = (Ny, Nz) and therefore correspond to the hinge states we are looking for.

Up to now, we have assumed a system that is infinite along the x direction. However, the
question remains as to what happens in a finite 3D sample. We start by noting that, in the
limit where there is no coupling along the y direction, the system with u,w ≫ w′ is nothing
but a stack of 2D quantum spin Hall (QSH) insulators [67] stacked along the y direction,
see Fig. 5.3. Note that due to the sign choice in Eqs. (5.4)-(5.6), QSH edge states with the
same spin projection propagate in opposite directions for layers with opposite τ indices. By
construction, our 3D stack of QSH layers has fully gapped xz surfaces (with the surface gap
equal to the QSH gap of the individual layers), while the other surfaces are gapless. To see
what happens to these surfaces once the layers are coupled, it is instructive to project the
tunneling terms along the y direction onto the gapless edge states of the 2D QSH layers.
From Fig. 5.2, we can read off that the two xy surfaces are gapped in opposite dimerization
patterns: the surface at m = 1 is gapped out trivially by the v′

1̄
process, while the surface

at m = Nz is gapped nontrivially by the v1 process and hosts two gapless hinge states as
discussed above. For the yz surfaces, on the other hand, we find that the v1 and v′

1̄
processes

compete. For simplicity, we focus on the case u = w in the following. In this case, we find
that the yz surfaces are gapless if v1 = v′

1̄
and fully gapped otherwise, see App. 5.A. The

dimerization pattern according to which the yz surfaces are gapped out depends on whether
v1 or v′

1̄
dominates, see Figs. 5.3(a) and (b). Generally, gapless hinge states will be found

along some edges of the first and last QSH layer of the stack as well as along hinges where two
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Figure 5.4: (a) Numerically calculated probability density of the lowest-energy state of a
discretized version of Eq. (5.9) in a finite sample with Ny ×Nz = 20× 30 unit cells and wires
of length ℓ = 160/kso. Here, we have chosen v1 > v′

1̄
≫ v1̄, v

′
1, such that we find ourselves

in the situation illustrated in Fig. 5.3(a). Indeed, the hinge state follows the expected path
around the sample. (b)-(d) Zoom around the Dirac point of the edge state spectrum in
dependence on kx, ky, and kz for a system that is taken to be infinite along the x, y, or z
direction, respectively. In all three cases, the energies of the helical edge states (red dots) are
clearly visible inside the gap. Each branch of the edge-state spectrum is twofold (fourfold)
degenerate for edge states propagating along the x and y (z) direction in agreement with the
results shown in the panel (a). The numerical parameters are u = w ≈ 0.78Eso, w

′ ≈ 0.31Eso,
v1 ≈ 0.34Eso, v

′
1̄
≈ 0.19Eso, and v1̄ = v′1 = 0 for all panels.

topologically inequivalent surfaces—i.e., in our case, surfaces with incompatible dimerization
patterns—meet, see again Fig. 5.3.

Furthermore, we note that also the boundary termination of the sample can influence the
path of the hinge states [27, 71]. Indeed, for the construction presented so far, both pairs of
gapless hinge states propagating along the x direction lie in the plane at m = Nz. This can
be changed if the surface termination of the sample is adjusted. If, for example, the last QSH
layer of the stack (i.e., the τ = 1̄ part of all unit cells in the plane n = Ny) is removed from
the sample, one pair of hinge states is relocated from the m = Nz plane to the m = 1 plane,
see Figs. 5.3(c) and (d).

All of these findings can be checked numerically by exact diagonalization. In the following,
we focus on the situation shown in Fig. 5.3(a), but the other cases can be treated in a similar
way. The probability density of the lowest-energy state in a finite 3D sample reveals the
presence of tightly localized hinge states following the expected path of hinges, see Fig. 5.4(a).
In Figs. 5.4(b)–(d), a zoom around the Dirac point of the edge state spectrum in dependence
on kx, ky, and kz for a system taken to be infinite along the x, y, or z direction, respectively,
confirms the presence of helical edge states with in-gap energies. Note that the energy
gaps in the three semi-infinite geometries generally differ in size since different surfaces are
gapped by different mechanisms. This also explains the different localization lengths for hinge
states propagating along the x, y, or z direction. We also note that while our analytical
arguments were based on the strictly perturbative regime u,w ≫ w′ ≫ v1, v

′
1̄
≫ v′1, v1̄ ≥ 0,

the topological phase is actually found for a broader range of parameters. In particular, the
requirement of w′ ≫ v1, v

′
1̄

can be relaxed, see also App. 5.A. Furthermore, we have checked
numerically that the hinge states are robust against potential disorder as long as the bulk
and surface gaps remain open, see App. 5.B.
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5.4 Fractional second-order topological insulator

In this section, we show how the HOTI found in Sec. 5.3 can be promoted to a more exotic,
fractional HOTI with gapless helical hinge states that carry only a fraction of the electronic
charge e. For this, we start by shifting the chemical potential to a fractional value

µ = (−1 + 1/p2)Eso (5.17)

for an odd integer p. The new Fermi momenta of the uncoupled wires are now given by

k
(ην)(τ̄η)την
F = kso(1 + 1/p), k

(η̄ν)(τη)την
F = −kso(1 + 1/p), k

(η̄ν)(τ̄η)την
F = kso(1 − 1/p), and

k
(ην)(τη)την
F = −kso(1− 1/p). For p = 1, we retrieve the case discussed in Sec. 5.3. For p > 1,

on the other hand, the interwire tunneling terms given in Eqs. (5.4) and (5.6)-(5.8) do no
longer conserve momentum and can therefore not lead to the opening of gaps. However, new
momentum-conserving processes can be constructed by taking into account single-electron
backscattering processes originating from electron-electron interactions. For the interwire
tunneling terms along the z direction given in Eqs. (5.4) and (5.6), these new momentum-
conserving multi-electron processes read

H̃z = w̃
∑

τ

τ
[
(R†

n(m+1)τ̄ τ 1̄1̄
Ln(m+1)τ̄ τ 1̄1̄)

q(R†
n(m+1)τ̄ τ 1̄1̄

Lnmτ̄τ11)(R
†
nmτ̄τ11Lnmτ̄τ11)

q

+ (L†
n(m+1)ττ 1̄1̄

Rn(m+1)ττ 1̄1̄)
q(L†

n(m+1)ττ 1̄1̄
Rnmττ11)(L

†
nmττ11Rnmττ11)

q
]

+ H.c.,

(5.18)

H̃′′
z = ũ

∑

τ,ν

τ (R†
nm(τν)τ ν̄νLnm(τν)τ ν̄ν)q(R†

nm(τν)τ ν̄νLnm(τν)τνν̄)(R†
nm(τν)τνν̄Lnm(τν)τνν̄)q + H.c.,

(5.19)

where we have defined q = (p − 1)/2. The amplitudes of the above terms are given by
w̃ ∝ w gp−1

B and ũ ∝ u gp−1
B , where gB denotes the strength of a single-electron backscattering

process. In Fig. 5.5, we pictorially represent the process corresponding to Eq. (5.18) for
the case p = 3. In the following, let us assume that the above terms are relevant in the
renormalization group (RG) sense and that they are the dominant interwire tunneling terms
in our model. This can always be achieved if their bare coupling constants are sufficiently
large or if their scaling dimensions are the lowest ones among all possible competing terms.
Next, we consider the w′ term given in Eq. (5.5). While this term conserves momentum for
all p, it does not commute with the terms given in Eqs. (5.18) and (5.19) and can therefore
not order simultaneously. To lowest order in the interaction, the term that commutes with
Eqs. (5.18) and (5.19) is again given by the ‘dressed’ term

H̃′
z = w̃′

∑

σ,τ,η,ν

τ (R†
nmστηνLnmστην)q(R†

nmστηνLnmστην̄)(R†
nmστην̄Lnmστην̄)q + H.c., (5.20)

where again w̃′ ∝ w′ gp−1
B . We assume that this term is relevant in the RG sense but weak

compared to the u and w terms discussed above, such that we have ũ, w̃ ≫ w̃′.
To gain further insight into the interacting model, we now switch to a bosonized lan-

guage [56] by writing

Rnmστην(x) ∝ eiϕ1nmστην(x),

Lnmστην(x) ∝ eiϕ1̄nmστην(x), (5.21)
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where the bosonic fields ϕrnmστην with r ∈ {1, 1̄} satisfy the standard non-local commutation
relations

[ϕrnmστην(x), ϕr′n′m′σ′τ ′η′ν′(x
′)] = irπδnn′δmm′δrr′δσσ′δττ ′δηη′δνν′ sgn(x− x′). (5.22)

This relation guarantees that fermionic fields of the same species satisfy the correct anticom-
mutation relations. For fermionic fields of different species, the anticommutation relations
need to be enforced by a proper choice of Klein factors, which we will not include here ex-
plicitly [55]. To proceed, it will be useful to introduce a new set of bosonic fields defined
as

χrnmστην =
p+ 1

2
ϕrnmστην −

p− 1

2
ϕr̄nmστην . (5.23)

The new fields obey the commutation relations

[χrnmστην(x), χr′n′m′σ′τ ′η′ν′(x
′)] = irπpδnn′δmm′δrr′δσσ′δττ ′δηη′δνν′ sgn(x− x′). (5.24)

In terms of these new fields, the interwire tunneling terms along the z direction then take
the relatively simple form

H̃z ∝ w̃
∑

τ

τ
[

cos (χ1̄n(m+1)ττ 1̄1̄ − χ1nmττ11) + cos (χ1n(m+1)τ̄ τ 1̄1̄ − χ1̄nmτ̄τ11)
]
, (5.25)

H̃′
z ∝ w̃′

∑

σ,τ,η,ν

τ cos (χ1nmστην − χ1̄nmστην̄), (5.26)

H̃′′
z ∝ ũ

∑

ν,τ

τ cos (χ1nm(τν)τ ν̄ν − χ1̄nm(τν)τνν̄). (5.27)

Terms of this form frequently appear in the context of coupled-wires models and have been
thoroughly studied in previous works [54,55,57–59,62–67]. In the regime of strong coupling,
which is the regime of interest here, the arguments of the cosines get ‘pinned’ to constant
values in order to minimize the corresponding terms in the Hamiltonian. It then becomes
clear that Eqs. (5.25)-(5.27) lead to a fully gapped bulk since all fields are pinned pairwise.
In a finite sample, however, the fields χ1n1τ̄ τ 1̄1̄, χ1̄n1ττ 1̄1̄ and χ1nNzττ11, χ1̄nNz τ̄ τ11 remain
gapless.

Similarly to the non-interacting case, we now include interwire tunneling processes along
the y direction to gap out all remaining fields except a single pair of helical hinge states. Again,
the terms given in Eqs. (5.7) and (5.8) have to be combined with backscattering processes
to ensure momentum conservation. For the sake of brevity, we directly write the resulting
multi-electron processes in terms of bosonic fields and defer their fermionic expressions to
App. 5.C. To lowest order in the interaction, the momentum-conserving tunneling terms are
given by

H̃y ∝
∑

η,ν

ṽη
[

cos (χ1(n+1)mν1ην − χ1̄nmν1̄ην) + cos (χ1̄(n+1)mν1ην̄ − χ1nmν1̄ην̄)
]
, (5.28)

H̃′
y ∝

∑

τ,η,ν

ṽ′η cos (χ1nm(τν)την − χ1̄nm(τν)τ̄ην), (5.29)
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where again ṽη ∝ vη g
p−1
B and ṽ′η ∝ v′η g

p−1
B . If these terms are relevant but weaker than

the tunneling terms along the z direction discussed previously, we find that the bulk of the
system is fully gapped, while for a finite system of Ny × Nz unit cells the fields χ11Nz1111,
χ1̄1Nz 1̄111, χ1NyNz 1̄1̄11, and χ1̄NyNz11̄11 stay gapless. These are again our two Kramers pairs of
gapless hinge states propagating along the x direction. Importantly, these modes now carry
a fractional charge e/p [59].

Indeed, we can understand the emergence of the fractional HOTI phase in the same way
as is shown in Fig. 5.3, with the only difference that the QSH layers are now replaced by
fractional QSH layers [67]. In the same way as before, gapless hinge states propagate along
certain edges of the first and last layer of the stack as well as along hinges where surfaces with
incompatible dimerization patterns meet. As such, the path of the fractional hinge states
can again be controlled by adjusting the interwire tunneling amplitudes as well as the surface
termination of the sample.

5.5 Conclusions

We have constructed a 3D model of coupled Rashba nanowires that can realize a HOTI
phase with a Kramers pair of gapless helical hinge states propagating along a closed path of
hinges of a finite sample. The specific choice of interwire tunneling amplitudes and surface
termination allow for control over the path that the gapless hinge states take. Moreover, the
coupled-wires approach allows us to incorporate strong electron-electron interactions into our
description. For sufficiently strong interactions, we have shown that the system can enter a
fractional HOTI phase with gapless hinge states that carry only a fraction of the electronic
charge e.

The emergence of hinge states can be intuitively understood by viewing our model as
a stack of (fractional) QSH layers that are coupled in a nontrivial way such that different

Figure 5.5: Pictorial representation of the interwire tunneling term defined in Eq. (5.18) for
p = 3. The chemical potential is tuned to µ = −8Eso/9, such that the momentum mismatch
of the interwire tunneling can be exactly compensated by two backscattering terms of strength
gB.
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surfaces are gapped out in different, incompatible dimerization patterns. We note that while
we have focused on the time-reversal invariant case, we can straightforwardly obtain a formal
description the time-reversal broken case with a (fractional) chiral hinge mode by focusing
on just one spin sector of our model. More physically, one could also think of modeling a
(fractional) chiral HOTI by starting from a coupled-wires description of a stack of (fractional)
quantum Hall layers and then coupling adjacent layers in suitable dimerization patterns in a
similar way as in this work.

Finally, while coupled-wires models are mainly a theoretical tool to analytically con-
struct and describe exotic, strongly interacting phases, we note that some aspects of our
construction—in particular the picture of coupled QSH layers—are closely related to recent
experimental work on 3D HOTIs in layered systems [33,34].
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supported by the Swiss National Science Foundation and NCCR QSIT. This project received
funding from the European Union’s Horizon 2020 research and innovation program (ERC
Starting Grant, grant agreement No 757725).

5.A Gap-opening terms in the yz plane

In this Appendix, we discuss the details of how the interwire tunneling terms along the
y direction lead to the HOTI phase discussed in the main text. When only the interwire
tunneling terms along the z direction are taken into account, the system corresponds to a
stack of uncoupled 2D QSH layers stacked along the y direction. By construction, it is clear
that the xy surfaces are fully gapped by the hopping terms along the y direction, see Fig. 5.2.
The question remains what happens to the yz surfaces. To see this, we can look at the
explicit expressions for the uncoupled QSH edge states in a system that is assumed to be
infinite along the z direction, such that kz is a good quantum number. For simplicity, we
focus on the case u = w. At kz = 0, the gapless QSH edge states in the nth layer can
be labeled by a fixed spin σ and a fixed τ , while their η- and ν-components are given by
four-component wave functions ϕnτσ(x). For τ = 1, these are found to be

ϕn11(x) =
1√
N







−i
−1
i
1


 e−x/ξ1 +




ie−2iksox

e−2iksox

−ie2iksox
−e2iksox


 e−x/ξ2


 , (5.30)

ϕn11̄(x) =
1√
N







i
−1
−i
1


 e−x/ξ1 +




−ie2iksox
e2iksox

ie−2iksox

−e−2iksox


 e−x/ξ2


 , (5.31)

where N is a normalization constant. Here, we have defined ξ1 = α/(u−w′) and ξ2 = α/w′.
The wave functions for τ = 1̄ can be obtained from the above by reversing the role of spin
up and spin down. We can now calculate the projection of the v1 and v′

1̄
terms onto these

edge states. The v1 term couples edge states in adjacent unit cells via the matrix element

v1

〈
ϕ(n+1)1σ(x)

∣∣∣1 + ηz
2

∣∣∣ϕn1̄σ(x)

〉
=
v1
2
, (5.32)
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Figure 5.6: Numerically calculated probability density of the lowest-energy state (top row)
and low-energy spectrum (bottom row) of a discretized version of Eq. (5.9) with additional
potential disorder drawn from a normal distribution with zero mean value and standard
deviation σµ. (a) σµ = 0. (b) σµ ≈ 0.31Eso. (c) σµ ≈ 0.55Eso. We find that the hinge
modes are robust against potential disorder even if σµ exceeds the minimum surface gap
∆ ≈ 0.13Eso, see panel (b). However, if σµ gets too large, the surface gap closes and the
hinge modes tend to get localized, see panel (c). The parameters are the same as in Fig. 5.4.

where ηz is a Pauli matrix acting on the η subspace (see Fig. 5.2 for an illustration). The v′
1̄

term, on the other hand, couples edge states in the same unit cell via the matrix element

v′1̄

〈
ϕn1σ(x)

∣∣∣1 − ηz
2

∣∣∣ϕn1̄σ(x)

〉
=
v′
1̄

2
. (5.33)

We now see that, at v1 = v′
1̄
, the gaps induced by the two terms are equal and the yz surfaces

are thus gapless. Otherwise, the yz surfaces will be fully gapped and the corresponding
dimerization pattern will be set by whichever one of the two terms dominates. Additionally,
we see that, due to the spatial structure of the unit cell, the gaps opened by the tunneling
terms along the y direction are suppressed by an additional factor of 1/2. Generally, the strict
requirement u,w ≫ w′ ≫ v1, v

′
1̄

can be relaxed as long as the 2D bulk gap of the individual
QSH layers [given by Egap = min(u− w′, w′)] is not closed by the tunneling terms along the
y direction.

5.B Stability against potential disorder

In Fig. 5.6, we present numerical data demonstrating that the hinge modes found in the
main text are robust against potential disorder. To model the disorder, we allow for random
fluctuations of the chemical potential following a normal distribution with zero mean value
and a standard deviation of σµ. Figure 5.6(b) shows that the hinge modes are robust against
potential disorder even if σµ significantly exceeds the minimum surface gap ∆ [∆ ≈ 0.13Eso
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for the parameters used in Fig. 5.4]. However, if σµ gets even larger, the surface gap closes
and the hinge modes tend to get localized, see Fig. 5.6(c).

5.C Dressed interwire tunneling terms along the y direction

For completeness, this Appendix gives the full fermionic form of the dressed interwire tun-
neling terms along the y direction. These read:

H̃y =
∑

η,ν

ṽη
[
(R†

(n+1)mν1ηνL(n+1)mν1ην)q(R†
(n+1)mν1ηνLnmν1̄ην)(R†

nmν1̄ην
Lnmν1̄ην)q

+ (L†
(n+1)mν1ην̄R(n+1)mν1ην̄)q(L†

(n+1)mν1ην̄Rnmν1̄ην̄)(L†
nmν1̄ην̄

Rnmν1̄ην̄)q
]

+ H.c.,

(5.34)

H̃′
y =

∑

τ,η,ν

ṽ′η (R†
nm(τν)τηνLnm(τν)την)q(R†

nm(τν)τηνLnm(τν)τ̄ην)(R†
nm(τν)τ̄ηνLnm(τν)τ̄ ην)q + H.c.

(5.35)
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Chapter 6
Majorana zero modes and their

bosonization

Adapted from:
V. Chua, K. Laubscher, J. Klinovaja, and D. Loss

“Majorana zero modes and their bosonization,”

Phys. Rev. B 102, 155416 (2020)

The simplest continuum model of a one-dimensional non-interacting superconducting
fermionic symmetry-protected topological (SPT) phase is studied in great detail using an-
alytical methods. In a first step, we present a full exact diagonalization of the fermionic
Bogoliubov-de Gennes Hamiltonian for a system of finite length and with open boundaries.
In particular, we derive exact analytical expressions for the Majorana zero modes emerging
in the topologically non-trivial phase, revealing their spatial localization, their transforma-
tion properties under symmetry operations, and the exact finite-size energy splitting of the
associated quasi-degenerate ground states. We then proceed to analyze the model via exact
operator bosonization in both open and closed geometries. In the closed wire geometry, we
demonstrate fermion parity switching from twisting boundary conditions in the topologically
non-trivial phase. For the open wire, on the other hand, we first take a semiclassical approach
employing the Mathieu equation to study the two quasi-degenerate ground states as well as
their energy splitting at finite system sizes. We then finally derive the exact forms of the
Majorana zero modes in the bosonic language using vertex-algebra techniques. These modes
are verified to be in exact agreement with the results obtained from the fermionic descrip-
tion. The complementary viewpoints provided by the fermionic and bosonic formulations of
the superconducting SPT phase are reconciled, allowing us to provide a complete and exact
account of how Majorana zero modes manifest in a bosonized description of an SPT phase.
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6.1 Introduction

Majorana zero modes (MZMs) may be conceptualized as “half electrons” with the distin-
guishing feature that they cost practically no additional energy to excite from the ground
state. Hence their presence leads to effectively degenerate ground states which must differ by
the parity (even vs. odd) of their fermion number [1]. Majorana zero modes naturally emerge
as a symptom of non-trivial topology in fermionic symmetry-protected topological (SPT)
phases [2] of the right symmetries. For some time now, academic interest and excitement in
MZMs has been driven by the fact that they represent the simplest possible setup for the
implementation of topological quantum computation, a powerful but technologically chal-
lenging paradigm for quantum computation exploiting the non-Abelian braiding properties
of anyonic quasiparticles [3].

In this work, we revisit the simplest possible continuum model of a fermionic SPT phase in
one dimension, namely that of a time-reversal symmetric topological superconductor without
Kramers degeneracy. This continuum model is the low-energy linearized limit of the cele-
brated Kitaev Majorana chain [1]. The main results of this work are: (1) the exact analytic
forms of the MZM operators, (2) their energy splitting in a system of finite length, (3) the
correct bosonized Hamiltonian incorporating open boundary conditions, and (4) the exact
MZM operators from constructive bosonization and vertex algebra methods. We find that
with open boundaries and finite system lengths, the exact bosonized Hamiltonian will acquire
an inhomogeneous topological superconducting mass term that vanishes at the boundaries.
This insight elegantly illustrates the reason behind the MZMs behaving as approximate zero
modes in a finite system. More importantly, our novel derivation of exact analytical MZM op-
erators in both the fermionic and bosonic language not only confirms their quasi-degeneracy,
but also their spatial localization and their transformation properties under time-reversal
symmetry. These last two points are absolutely crucial for the demonstration of symmetry
fractionalization [4–6], which is a defining property of fermionic SPT phases.

Thus far, there have been several actively pursued experimental proposals [7] to synthesize
and manipulate MZMs, the most popular of which is based on nanowires [8, 9] and a combi-
nation of strong Rashba spin-orbit coupling, proximity-induced superconductivity as well as
weak magnetic fields [10–15]. An alternative setup is based on chains of magnetic adatoms
on superconducting substrates [16–25]. It was predicted theoretically that under the right
conditions, these setups could result in a topologically non-trivial superconducting wire with
the tell-tale signs of localized MZMs at its ends. At the level of a ‘gedanken experiment’ [26],
topological braiding was then proposed between networks of topological nanowires that are
created and manipulated by electrostatic gating.

Extensions involving more exotic quasiparticles known as mphparafermions have been
recognized for some time to possess even greater potential as building blocks for topological
quantum computation [3]. However, such claims are also accompanied by more challenging
experimental configurations [27–40]. Although these appear to be more exciting and cutting
edge, they are nevertheless extremely daunting. The motivation for this work is partly
driven by basic questions regarding the bosonization of this and related models such as the
symmetry-enriched topological parafermionic models [32,41–45].

The paper is organized as follows. In Sec. 6.2 the model is briefly introduced and our
main results are summarized. This is followed by a detailed discussion of the continuum
fermionic model in Sec. 6.3. Topics that are touched upon are the model’s symmetries, its
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formulation in terms of Majorana fields, the topological and trivial phases, and the treatment
of open boundary conditions through unfolding. Then, in Sec. 6.4, an exact diagonalization of
the topological Bogoliubov-de Gennes Hamiltonian with open boundaries and finite lengths
is presented. In Sec. 6.5 bosonization is first applied to the model with closed but twisted
boundary conditions. At the semi-classical level, we demonstrate how the topological and
trivial phases are distinguished by the response of the ground state(s) to twisted boundary
conditions. Thereafter, in Sec. 6.6, bosonization is finally applied to the model with open
boundaries and finite lengths through unfolding. Here the topological and trivial phases can
be distinguished at the semi-classical level by the quasi-degeneracy of the ground states. The
Majorana zero modes are derived within bosonization and the resulting expressions are shown
to agree with the ones obtained in Sec. 6.4. Finally, in Sec. 6.7, we discuss and summarize
the overall results of this work. For the sake of completeness, additional material is included
in the Appendices 6.A, 6.B, 6.C, and 6.D.

6.2 Model and summary of main results

In the interest of readability, we present a short summary of our main results without going
into the minutiae of our methods.

Fermionic formulation: We specialize to the model Hamiltonian

H =

∫ L

0
H dx, (6.1a)

H = − ivF

(
R†∂xR− L†∂xL

)
+ i∆(R†L† − LR), (6.1b)

where R(x) and L(x) are relativistic right- and left-moving chiral fermionic fields, respectively.
Here, ∆ > 0 is a constant mean-field superconducting (SC) pairing potential, vF is the Fermi
velocity and we work in units of ℏ = 1. In a system of size L with open boundary conditions,
there arise two MZM operators. The enforcement of open boundary conditions is executed
by the unfolding method [46–48] which relates R(x) and L(x) according to

L(x) ≡ −R(−x) (6.2)

in the extended domain −L ⩽ x ⩽ L and with antiperiodic boundary conditions R(x+ 2L) =
−R(x). The MZM operators are explicitly given as

γ0 :=

∫ L

−L
dx a(x)[R(x) +R†(x)] ≡ γ†0, (6.3a)

γL :=

∫ L

−L
dx b(x)[R(x) +R†(x)] ≡ γ†L, (6.3b)

where the real-valued wavefunctions a(x), b(x) are

a(x) := Nκ sinh(κ(L − |x|)), (6.4a)

b(x) := Nκ sinh(κx), (6.4b)
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with constants κ and Nκ defined implicitly and explicitly by

κ =
∆

vF
tanh(κL), Nκ := L− 1

2

√
sinh(2κL)

2κL
− 1. (6.5)

Here, Nκ is the normalization prefactor and the parameter κ is determined by imposing
boundary conditions on the decaying eigenmodes. We note that these expressions remain valid
as long as the localization length vF /∆ is smaller than the system length L. At exactly L =
vF /∆ a finite-length topological transition occurs where these modes become extended [49],
as is detailed in Appendix 6.D. The asymptotic behavior of

a(x) ∼ L− 1
2 e−κ|x|, b(x) ∼ L− 1

2 sgn(x)eκ(L−|x|) (6.6)

in the limit of large L ≫ vF /∆ exemplifies the spatial locality of these operators. Moreover,
the exact fermionic quasiparticle excitation operator is given by

ψEiκ :=
γ0 − iγL

2
(6.7)

and satisfies [H,ψ†
Eiκ

] = Eiκψ
†
Eiκ

with the energy splitting

Eiκ =
√

∆2 − v2Fκ
2 ∼ 2∆e

−∆L
vF . (6.8)

Equivalently, the MZMs obey the commutation relations

[H, γ0] = iEiκγL, [H, γL] = −iEiκγ0. (6.9)

One of the most crucial properties of γ0 and γL are their transformations under spinless
time-reversal T ,

T γ0T −1 = +γ0, T γLT −1 = −γL, (6.10)

since T R(x)T −1 = R(−x). Here, T is anti-linear and satisfies T 2 = +1. The fact that γ0
and γL transform oppositely in sign under T is a clear demonstration of symmetry fraction-
alization [4, 50], since the two MZMs are spatially localized on different boundaries.

The exact MZM solutions given above can be verified by direct substitution as is done in
Appendix 6.C. The main bulk of Sec. 6.4 is dedicated to the intuition and derivation of these
solutions, as well as a full exact diagonalization of H. Using these eigenmode solutions, the
Bardeen-Cooper-Schrieffer (BCS) quasi-degenerate ground states are constructed.

Bosonization: We proceed to carry out finite-size bosonization on H with closed and open
boundary conditions. The case of open boundaries is analyzed using the unfolding procedure.
Since unfolding reduces the number of chiral fields to just R(x) in a domain of size 2L, we
need to bosonize only a single chiral field with 2L-antiperiodic boundary conditions

R(x) =
1√
2L

: eiϕ
R(x) : e−iπx

2L , (6.11)
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where ϕR(x) ∼ ϕR(x)+2π is a non-local compact bosonic chiral field. Here : : denotes bosonic
normal ordering. The bosonized Hamiltonian is then given by

H =

∫ L

0
dx

(
vF
2π

(
[∂xφ(x)]2 + [∂xϑ(x)]2

)
− 2∆

L
sin
[πx

L

]
: cos[2ϑ(x)] :

)
, (6.12)

where the local conjugate fields are

ϑ(x) = +
ϕR(x) + ϕR(−x)

2
, (6.13a)

φ(x) = −ϕ
R(x) − ϕR(−x)

2
. (6.13b)

Importantly, we note that the SC pairing potential now has a sin(πx/L) modulation – van-
ishing at x = 0,±L – stemming from the fact that R(x) and L(x) are no longer independent
due to unfolding. This is further reflected in the expressions of φ(x) and ϑ(x) above, which
show that they are non-local superpositions of ϕR(x) in the extended domain [−L,L]. At a
more technical level, the compactification radii of the bosonic fields ϑ and φ are doubled from
π to 2π as when compared to the closed wire geometry. This is absolutely crucial for the
semi-classical understanding of the topological degeneracy in terms of degenerate minima.

Next, we exactly bosonize the explicit MZM operators γ0 and γL, yielding

γ0 =
1√
2L

∫ L

−L
dx a(x)[: eiϕ

R(x) : + : e−iϕR(x) :]e−iπx
2L , (6.14a)

γL =
1√
2L

∫ L

−L
dx b(x)[: eiϕ

R(x) : + : e−iϕR(x) :]e−iπx
2L . (6.14b)

Using these expressions one can again verify the validity of Eq. (6.9) within the bosonized
formulation. This entails using vertex algebra methods based around the exact operator
identity between normal-ordered vertex operators [51]

: eiαϕ
R(x) : : eiβϕ

R(y) :=
[
e−iπx

L − e−iπy
L

]αβ
: ei[αϕ

R(x)+βϕR(y)] : (6.15)

for α, β ∈ Z. In the extremely degenerate (flat band) limit when vF = 0 these bosonized
MZM operators take the exactly localized forms

γ0 = N
(

: eiϕ
R(0) : + : e−iϕR(0) :

)
∝ R(0) +R†(0), (6.16a)

γL = −iN
(

: eiϕ
R(L) : + : e−iϕR(L) :

)
∝ i[R(L) −R†(L)], (6.16b)

where N is an infinite normalization constant. In this special limit, H reduces to just the
modulated cosine potential that goes as sin

[
πx
L

]
cos[2ϑ(x)]. The fact that the SC pairing

potential explicitly vanishes at the boundaries makes it abundantly clear that the above
expressions for γ0 and γL are indeed zero-energy modes. Their particular Majorana form has
to do with an inversion symmetry (present even when vF > 0) that we shall discuss later. Let
us just mention that the corresponding superpositions are sensitive to the sign of ∆, which
we have so far taken to be positive. Lastly, in terms of the mode expansion of ϕR(x),

ϕR(x) = ϑ0 +
πQx

L
+
∑

n>0

1√
n

(
anei

nπx
L + a†ne−inπx

L

)
, (6.17)
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the MZMs in the extreme limit vF = 0 have the simplified forms

γ0 ∝ eiϑ0 , γL ∝ −ieiϑ0(−1)Q, (6.18)

where ϑ0 is the zero mode for the current density phase operator and Q is the total charge
operator conjugate to it. Even though these appear to be non-local expressions [35], they are
in fact limits of the local expansions given in Eq. (6.14). This just highlights the point that
non-local bosonic expressions for topological quasiparticle operators – Majoranas in this case
– are often entirely local in terms of fermionic fields.

The derivation of the above results and claims are the contents of Secs. 6.5 and 6.6.
Along the way, we shall also cover and contrast the case of closed boundary conditions while
demonstrating the fermion parity switching effect [52, 53] under magnetic flux threading.
Also, in Sec. 6.6.4, we introduce and employ vertex algebra methods from the conformal field
theory of current algebras. Finally, we should mention that although a large body of our
bosonization results are exact – and in complete agreement with the fermionic approach –
we have also utilized semi-classical methods, a point of novelty being that we use the phase-
space formulation [54] of the classical action for the zero modes and the physical observables
of charge and current.

6.3 Continuum fermionic model and open boundaries

The physical setting is that of one-dimensional spinless fermions Ψ(x) with a low-energy
linearized expansion

Ψ(x) ≈ R(x)eikF x + L(x)e−ikF x, (6.19)

where kF is a Fermi momentum and R(x), L(x) are independent slow-moving right and
left chiral fields respectively. They satisfy the usual canonical anticommutation relations
{R(x), R†(y)} = δ(x− y) and similarly for L(x).

For additional insight into the effects of competing gapping terms, we initially consider a
Hamiltonian that is slightly more general than the one given in Eq. (6.1). Here, an additional
kF -dependent backscattering term is present. Such a term naturally competes with the SC
pairing that would otherwise favor the topological MZM phase [55,56]. Explicitly, we consider
a (1+1)-dimensional continuum model with Lagrangian and Hamiltonian

L :=iR†∂tR+ iL†∂tL−H, (6.20a)

H := − ivF

(
R†∂xR− L†∂xL

)
+ ∆eiχR†L† − Me−i2kF xR†L+ h.c., (6.20b)

where M ≥ 0 is a single-particle backscattering term and χ ∈ R is a constant SC phase
parameter. The e±i2kF x phases in the backscattering term are necessary to ensure momentum
conservation. Such a model arises effectively in nanowires with strong spin-orbit coupling
(usually Rashba-type), Zeeman coupling to a magnetic field and proximity-induced SC pairing
of the s-wave form [7–9]. This model has been studied many times in the literature from the
point of view of bosonization [52,57–59]. More directly, it may also appear in the low-energy
limit of Kitaev’s Majorana lattice model [1]

H =
∑

j∈Z

[
−tc†j+1cj − ∆

2 eiχc†j+1c
†
j + Mc†2j+1c2j + h.c.

]
− µ

∑

j∈Z

c†jcj . (6.21)
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Near half-filling µ = 0, this model can be linearized with kF = µ/(2t) and vF ≈ 2t, where
the Fermi momenta are now calculated from their values at half-filling given by ±π/2. It
should be noted that the M process represents dimerization on the lattice and at ∆ = µ =
0 we have the famed Su-Schrieffer-Heeger [60] (SSH) model. The fact that the SSH and
Kitaev models share almost the same low-energy effective description has to do with a duality
transformation relating the two [61]. However, key differences lie in the implementation of
symmetry transformations and open boundary conditions [62].

Interest in Eqs. (6.20) has to do with the emergence of a non-trivial superconducting
topological phase yielding boundary Majorana zero modes whenever 0 ≤ M < ∆. Intuitively
speaking, large ∆ favors a gapped topological phase, while large M favors a topologically
trivial charge-density wave phase with period 1/2kF [63–68].

It should be noted that the Kitaev chain has a predecessor in the exactly solvable
Lieb-Schultz-Mattis (LSM) anti-ferromagnetic chain [69], where boundary-localized quasi-
degenerate bound states akin to MZMs were first derived exactly. At granularity of the
lattice, the fermion-spin duality is supplied by the Jordan-Wigner transform. By contrast,
bosonization, which will be discussed at length in Secs. 6.5 and 6.6, is a fermion-boson duality
that emerges in the continuum limit.

6.3.1 Symmetries

For clarity, we shall assume first that the system is closed and neglect complications arising

from boundaries. Without mass terms (∆ = M = 0), there is full Û(1)L × Û(1)R conformal
symmetry with central charges c = 1 in each chirality. Thus, as Heisenberg fields, R and
L propagate freely as R(x, t) = R(x − vF t), L(x, t) = L(x + vF t). There are two global
symmetries, total U(1)R+L symmetry and chiral U(1)R−L symmetry, defined respectively by

(R,L) 7→ (Reiθ1 , Leiθ1), (6.22)

(R,L) 7→ (Reiθ2 , Le−iθ2) (6.23)

for θ1,2 ∈ R. They are infinitesimally generated by the total charge (number) operator

Q :=

∫
dx : [R†(x)R(x) + L†(x)L(x)] : (6.24)

and the total chiral charge (current) operator

J :=

∫
dx : [R†(x)R(x) − L†(x)L(x)] :, (6.25)

respectively. Here, : : denotes fermion normal ordering with respect to the filled Fermi sea
of negative-energy states. Non-zero values of M and ∆ will not only break the conformal
symmetries but also the global U(1)R+L and U(1)R−L symmetries. We consider these broken
symmetries next on a case by case basis.

M ̸= 0 and ∆ ̸= 0: In this case, only fermion parity (F ) and spinless time-reversal (T ) are
symmetries with actions

FRF−1 = −R, FLF−1 = −L, (6.26)

T R T −1 = −ieiχL, T L T −1 = −ieiχR. (6.27)
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Fermion parity is a linear symmetry (Fi = iF ), but time-reversal is anti-linear (T i = −iT )
and χ-dependent in order to compensate for the SC phase. Both are representations of Z2

because F 2 = T 2 = 1. However, F satisfies the additional identity

F ≡ (−1)Q ≡ (−1)J . (6.28)

It is convenient to perform a U(1) phase rotation1

R→ R eiχ/2+iπ/4, L→ L eiχ/2+iπ/4, (6.29)

which effectively sets χ = π/2. At this special point, the Hamiltonian density takes the
simpler form

H = −ivF
(
R†∂xR− L†∂xL

)
+ i∆R†L† − Me−i2kF xR†L+ h.c. (6.30)

Because F and T are the only symmetries, the model falls under the BDI-class of free fermion
models [70]. This is made more apparent in the Bogoliubov-de Gennes (BdG) form of the
Hamiltonian with the Nambu 4-spinor Ψ(x) := [R(x), L†(x), L(x), R†(x)]T ,

H =
1

2

∫
dx Ψ †(x)HBdG Ψ(x) + const., (6.31a)

HBdG =

(
−ivFσz∂x − ∆σy −Me−i2kF xσz

−Mei2kF xσz ivFσ
z∂x + ∆σy

)
. (6.31b)

Here HBdG is traceless (particle-hole symmetric) and anticommutes with 1 ⊗ σx. Time-
reversal is expressed by T = (σz ⊗ σx)K with K denoting complex conjugation, giving
[HBdG,T] = 0. As with all BDI-class BdG Hamiltonians, there is an anti-linear symmetry
corresponding to charge conjugation, C := T(1⊗σx) ≡ K(σz⊗1), such that {C,HBdG} = 0.

M ̸= 0 but ∆ = 0: Now there is Q conservation but no J conservation with F and T still
remaining as symmetries. Essentially, the U(1)R−L group has been broken down to Z2 while
U(1)R+L remains unbroken. Nevertheless, there exists a linear charge-conserving spatial
inversion symmetry I acting as

I R(x) I = eiθxL(−x), (6.32a)

I L(x) I = e−iθxR(−x). (6.32b)

The constant phase θx ∈ [0, 2π) is not set a priori because the action of I and chiral
rotations generated by J do not commute. Rather, because J is odd under I, conjugation
by chiral rotations generated by J changes the value of θx. One can set θx = 0 as a
choice of ‘chiral gauge’. However, imposing open boundary conditions will result in singling
out a specific value of θx, which effectively breaks the chiral symmetry at the open boundaries.

∆ ̸= 0 but M = 0: Conversely, there is now J conservation at the expense of Q conservation
and I symmetry. More interestingly, there exists an additional linear Z2 symmetry that may

1This phase rotation is not a U(1) electromagnetic gauge transformation because the superconducting
order parameter ∆ eiχ is unchanged. For a detailed discussion we recommend Ref. [103].
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be thought of as a unitary charge conjugation transformation because it exchanges particles
and holes in the manner of a unitary Bogoliubov transformation. This symmetry, which we
denote by Ix—to distinguish it from the true spatial inversion I—is defined by

IxR(x)Ix = −R†(x), IxL(x)Ix = −L†(x), (6.33a)

IxR
†(x)Ix = −R(x), IxL

†(x)Ix = −L(x), (6.33b)

where the −1 signs are for later convenience. In terms of the Nambu spinor field Ψ(x) we
have

IxΨ(x)Ix = −(σx ⊗ σx)Ψ(x), (6.34)

which gives another symmetry of Eq. (6.31). This symmetry will allow us to attach ±1 quan-
tum numbers to quasiparticle eigenstates of H and will be exploited to exactly diagonalize
the Hamiltonian with open boundaries.

6.3.2 In terms of Majoranas

The Lagrangian can also be expressed in a relativistic form that will make the relativistic
symmetries of the theory more apparent. A Majorana representation is obtained by defining

λ :=
1

2

(
R+R†

L+ L†

)
, λ′ :=

1

2i

(
R−R†

L− L†

)
. (6.35)

This implies the reality conditions λ† = λT , (λ′)† = (λ′)T , and the canonical anticommutation
relations {λα(x), λβ(y)} = {λ′α(x), λ′β(y)} = 1

2δ(x− y)δαβ. Under time reversal the Majorana
fields transform oppositely as

T λT −1 = σxλ, T λ′T −1 = −σxλ′, (6.36)

whereas under spatial inversion, they transform identically as

I λ I = σxλ, I λ′ I = σxλ′. (6.37)

Direct substitution leads to the Lagrangian

L = iλT (∂t + σzvF∂x)λ+ i(λ′)T (∂t + σzvF∂x)λ′ + M sin(2kFx)[λTσyλ+ (λ′)Tσyλ′]

+ iM cos(2kFx)λTσxλ′ + ∆[λTσyλ− (λ′)Tσyλ′]. (6.38)

Next, we define the Dirac matrices

γ0 = σx, γ1 = −iσy, γ5 = γ0γ1 = σz, (6.39)

such that {γµ, γν} = 2gµν in the (+1,−1) metric signature. Then, defining λ := λ†γ0,

λ
′
:= (λ′)†γ0 gives

L = iλ(γ0∂t + vFγ
1∂x)λ+ iλ

′
(γ0∂t + vFγ

1∂x)λ′ + iM cos(2kFx)λλ′

+ iM sin(2kFx)
[
λγ5λ− λ′γ5λ

′]+ i∆[λγ5λ− λ′γ5λ
′]. (6.40)
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Thus, only when kF = 0 the Lagrangian is actually relativistically invariant. We remind the
reader that in the case of Kitaev’s Majorana chain, we calculate the Fermi momenta from
their half-filling value, see Eq. (6.21). Thus, kF = 0 corresponds to half-filling. At that point
we have a theory of two continuum relativistic Majorana chains [50] λ and λ′ with competing
masses: one scalar with strength M, and another pseudo-scalar with strength ∆.

The two types of massive phases that are possible with the Lagrangian in Eq. (6.40) are
separated by a critical point at ∆ = M. The topologically trivial phase is the one with
M > ∆ ≥ 0 and vice versa. However confirming either type of phase is not so straight-
forward. The simplest method involves introducing open boundaries as will be discussed in
Sec. 6.4.2. Alternatively, one could introduce a lattice model whose low-energy continuum
limit is described by either the Hamiltonian of Eq. (6.31) or the Lagrangian of Eq. (6.40).
This is carried out explicitly in Appendix 6.D. With a lattice model, one then computes a
chiral winding number defined over the first Brillouin zone.

Another more intrinsic approach that avoids open boundaries and lattice models proceeds
by computing the Pauli-Villars regularized partition function in the limit M = 0 when the
Majorana Lagrangians have decoupled. Then, as was argued in Ref. [71], the topological
phase exists whenever the pseudo-scalar mass (∆) has a sign opposite to that of the regulator
mass. However, since pseudo-scalar mass terms appear with both signs in the Lagrangian
Eq. (6.40), either λ or λ′ will always be topologically non-trivial while the other is trivial.
Thus, the system as a whole will always remain topologically non-trivial irrespective of the
sign of ∆ in the decoupled chain limit where M = 0.

6.3.3 Open boundaries and unfolding

We start by revisiting the analysis of Refs. [47, 72] and note that similar concepts appeared
earlier in the bosonization of open spin-1/2 chains [46, 73]. The basic idea is to impose
Dirichlet boundary conditions on the fast moving fermionic field

Ψ(x) = R(x)eikF x + L(x)e−ikF x. (6.41)

The boundary conditions that can be imposed take the general form

R(0) + eiδ0L(0) = 0, (6.42a)

R(L) + ei(δL−2kFL)L(L) = 0, (6.42b)

where L is the system length, δ0 and δL are reflection phase shifts, and the additional 2kFL
phase is for later convenience. More generally, we can also impose boundary conditions that
mix R and L† and vice-versa. These are Andreev-type boundary conditions [74], which do
not conserve electric charge and require superconducting reservoirs at the boundaries.

We then proceed by an operation known as unfolding, which entails relabeling the L(x)
field by R(−x) defined on an extended space [−L,L] that is topologically equivalent to S1.
Specifically, the relabeling is

L(x) ≡ −e−iδ0R(−x), 0 ⩽ x ⩽ L , (6.43)

in accordance to the boundary condition at x = 0. Identification of the points at x = L and
x = −L requires that the unfolded R(x) field satisfies quasiperiodic boundary conditions

R(L) = R(−L) ei(δL−δ0−2kFL), (6.44)
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where the quasiperiodic phase depends on kFL and the phases δ0, δL.
It is illuminating to consider this unfolding operation from the point of view of inversion

symmetry. For open boundaries it is more natural to take the center of inversion to lie at
x = L/2 as opposed to x = 0. Then, the inversion transformation is redefined by

I R(x) I = eiθxL(L − x), (6.45)

I L(x) I = e−iθxR(L − x). (6.46)

Applying this inversion operation to the boundary conditions (6.42) yields the condition

2θx = δL + δ0 − 2kFL. (6.47)

Thus, the inversion phase θx, which was formerly arbitrary because of J conservation, has
now been fixed (symmetry-broken) by the phases set by the boundary conditions. Inciden-
tally, this also implies that the imposition of open boundary conditions necessarily breaks J
conservation, i.e., U(1)R−L symmetry.

Next, the 2-spinor field [R(x), L(x)]T can be decomposed into inversion eigenstates with
parities σ = ±1 such that

L(L − x) = σe−iθxR(x), R(L − x) = σeiθxL(x). (6.48)

Applying these to the boundary conditions at x = 0,L gives

R(L) = −σe+i[
δL−δ0

2
−kFL]R(0), (6.49)

L(L) = −σe−i[
δL−δ0

2
−kFL] L(0). (6.50)

This shows that for even parity states with σ = +1, the R,L fields obey antiperiodic boundary

conditions between x = 0 and x = L up to constant phases e±i[
δL−δ0

2
−kFL]. Conversely, when

the inversion parity is odd, σ = −1, the R,L fields will obey periodic boundary conditions

up to constant phases e±i[
δL−δ0

2
−kFL]. We use this information to write the R field as an

equal superposition of periodic (Ramond) and antiperiodic (Neveu-Schwarz) right-moving
fermionic fields. The names Ramond (R) and Neveu-Schwarz (NS) is the nomenclature used
in conformal field theory2 to describe periodic and antiperiodic fermions on the string sheet.
Expanding the chiral field R(x) yields

R(x) := R(R)(x)e−ik′F x +R(NS)(x)e−ik′F x

=
1√
2L

∞∑

n=−∞

(
Rnei

2π
L
nx +Rn+ 1

2
ei

2π
L
(n+ 1

2
)x
)

e−ik′F x, (6.51)

where k′F := kF + (δ0 − δL)/(2L). Note that in the limit of large L, the difference between
kF and k′F diminishes. The normalization constant above has been selected such that

{R(x), R†(y)} =

∞∑

m=−∞
δ(x− y + 2mL)

(
e−i2k′FL

)m
. (6.52)

2Here we use the cylindrical coordinates x− ivF τ = iL
π
ln z so that the case of Ramond (R) fermions really

does correspond to a periodic fermion. Transforming between planar (z) and cylindrical (x, τ) holomorphic
coordinates results in an extra z−1/2 Jacobian which exchanges periodic and antiperiodic boundary conditions.
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This anticommutation relation suggests that the R(x) field is quasiperiodic in the extended
domain with period 2L and twisting e−i2k′FL. This is nothing more than the unfolding opera-
tion that was just described. Finally, because of the requirements of inversion symmetry, we
define the left-moving fields by

L(R)(x) := −R(R)(L − x) = −R(R)(−x), (6.53a)

L(NS)(x) := +R(NS)(L − x) = −R(NS)(−x). (6.53b)

This implies

L(x) := L(R)(x)eik
′
F x + L(NS)(x)eik

′
F x = −R(−x), (6.53c)

where we have analytically continued the fields into x < 0. These new unfolded chiral fields
are 2L-quasiperiodic such that

R(x+ 2L) = e−i2k′FLR(x), (6.54a)

L(x+ 2L) = ei2k
′
FLL(x). (6.54b)

In this manner, a non-zero kF and reflection phases acquired at the open boundaries can
influence the continuum model through a quasiperiodic twisting after unfolding.

The above quasiperiodic boundary conditions for the unfolded chiral fields differ from
the ones stated in the standard literature such as Refs. [47, 48, 75]. They only agree when
ei2k

′
FL = 1, which corresponds to an implicit assumption that k′F is exactly quantized in units

of π/L such that R(x) ≡ −L(−x) is periodic with periodicity 2L. Nevertheless, the chiral field
may also be analytically continued to an antiperiodic field with R(x+ 2L) = −R(x). In this
case, k′F is a half-integer multiple of π/L such that ei2k

′
FL = −1 and the boundary condition

at x = L in Eq. (6.42) remains satisfied. Often, these differences become less important – in
regard to bulk properties – in the limit of large L.

One important point to appreciate is that the Dirichlet boundary condition Eqs. (6.42)
selects inversion-symmetric solutions from the periodic and antiperiodic modes for the closed
version of the wire. Half are from the NS and the other half from the R types, and this
depends on their properties under inversion. In fact, the exact eigenstates of an open system
will alternate between even and odd inversion parity states. This observation is also suggestive
of the connection between the fermion parity switching effect and twisted boundary conditions
in an open wire with quasi-zero modes.

6.4 Exact fermionic eigenstates with open boundaries

We shall now carry out a full diagonalization of the continuum fermionic Hamiltonian of
Eq. (6.30) in the limit M = 0 such that

H =

∫ L

0
dx
[
− ivFR

†∂xR+ ivFL
†∂xL+ i∆(R†L† − LR)

]
(6.55)

at finite L and with open boundaries through unfolding. Our approach significantly extends
the analyses of Refs. [47, 57] as it does not make an approximation for large system lengths
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L. As was noted in Sec. 6.3.1, there is an enhanced linear Z2 symmetry Ix whenever M = 0,
and this will serve as a guide for us in carrying out an exact analytic diagonalization.

First, we define a two-component Nambu spinor field

ψ(x) :=

(
R(x)
L†(x)

)
, (6.56)

which is an effective linearized representation of the microscopic field Ψ(x) ≈ R(x)eikF x +
L(x)e−ikF x. For reasons that will become clearer later, we will demand now that e2ik

′
FL = −1,

which leads to an antiperiodic (NS) unfolded R(x) fermion. The simplest way to satisfy this
condition as well as Ψ(0) = Ψ(L) = 0 is to have

δ0 = δL = 0, kF =

(
n+

1

2

)
π

L
(6.57)

for n ∈ Z. This leads to L(x) ≡ −R(−x), implying

R(0) + L(0) = 0, R(L) − L(L) = 0. (6.58)

Therefore, we find R(x + 2L) = −R(x) and ψ(x + 2L) = −ψ(−x). Moreover, we must also
have that

ψ(x) ≡ −σx[ψ†(−x)]T , (6.59)

which is a reality condition that translates to a condition on the Majorana fields λ, λ′ as

λ(x) = −σxλ(−x), λ′(x) = −σxλ′(−x). (6.60)

The Hamiltonian in terms of ψ(x) is

H =

∫ L

0
dx ψ†(x) [−ivFσz∂x − ∆σy]ψ(x), (6.61)

which after unfolding corresponds to

H =
1

2

∫ L

−L
dx ψ†(x) [−ivFσz∂x − ∆ s(x)σy]ψ(x). (6.62)

Here, we have introduced the 2L-periodic square wave form

s(x) := sgn
[
sin(πxL )

]
= 2

∑

n odd

ei
nπx
L

inπ
, (6.63)

which serves as a profile function for a mass domain wall. Hence we have the BdG mode
Hamiltonian [47,57]

HBdG = −ivFσz∂x − ∆ s(x)σy, (6.64)

which contains in it a mass domain wall at x = 0,±L.
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To diagonalize H, one needs to find operators

ψ†
E :=

∫ L

−L
dx ψ†(x) · ϕE(x) (6.65)

that satisfy

[H,ψ†
E ] = Eψ†

E , HBdG ϕE(x) = EϕE(x) (6.66)

such that ϕE is a normalized BdG eigenmode. Due to fermionic Nambu doubling, the
negative-energy eigenmodes are redundant because it can be shown that ψ−E ∝ ψ†

E . Tenta-
tively, this yields the diagonalization

H =
∑

E⩾0

E ψ†
EψE + E01, (6.67)

where E0 is the formally infinite ground state energy.
Although superficially similar to Eq. (6.31), HBdG in Eq. (6.64) has its symmetries ex-

pressed differently. Specifically, time reversal T and unitary charge conjugation Ix have the
following actions on 2-spinor wavefunctions χ(x) defined over [−L,L]:

T : χ(x) 7→ [χ(−x)]∗, (6.68a)

Ix : χ(x) 7→ σxχ(−x). (6.68b)

In this sense, Ix now plays the role of an inversion symmetry in the unfolded domain. This
is because R(−x) = −L(x) such that coordinate inversion in the unfolded domain x 7→ −x
automatically exchanges left and right movers. For this reason, we will from now on refer to
Ix as an inversion symmetry.

Linear momentum is not conserved because HBdG is not invariant under arbitrary finite
amounts of spatial translations. Nevertheless, HBdG is locally translationally invariant in the
sense that HBdG commutes with the infinitesimal generator −i∂x everywhere except where
s(x) is discontinuous. This suggests diagonalizing the BdG Hamiltonian in (0,L) and (−L, 0)
separately at first and then forming superpositions. The relevant BdG equations are

(
−ivF∂x i∆
−i∆ ivF∂x

)
w>(x) = Ew>(x), x ∈ (0,L), (6.69)

(
−ivF∂x −i∆
i∆ ivF∂x

)
w<(x) = Ew<(x), x ∈ (−L, 0). (6.70)

6.4.1 Extended states

We focus first on states above the SC gap (E2 ⩾ ∆2) in 0 < x < L. The obvious eigenfunction
candidates are plane waves of the form

w>(x) =

(
uk
vk

)
eikx, k > 0. (6.71)

Direct substitution then leads to
(
ξk i∆

−i∆ −ξk

)(
uk
vk

)
= E

(
uk
vk

)
, (6.72)
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where ξk := vFk is the normal state dispersion. The resulting BdG mean-field eigenvalue
equation is readily diagonalized with solutions

w
(+)
>,k(x) =

(
cos θk

−i sin θk

)
eikx, E = +Ek, (6.73)

w
(−)
>,k(x) =

(
sin θk
i cos θk

)
eikx, E = −Ek, (6.74)

where the BdG dispersion is given by

Ek :=
√

∆2 + ξ2k (6.75)

and the angle θk ∈ [0, π/4) is defined by

tan 2θk =
∆

ξk
. (6.76)

This also implies the ‘reflection’ property

cos θk = sin θ−k. (6.77)

The eigenmodes in the negative domain −L < x < 0 can be obtained by replacing
∆ → −∆, which simply corresponds to multiplying the eigenmodes given in Eqs. (6.73) and
(6.74) by σz. This yields

w
(+)
<,k(x) =

(
cos θk
i sin θk

)
eikx, E = +Ek, (6.78)

w
(−)
<,k(x) =

(
sin θk

−i cos θk

)
eikx, E = −Ek. (6.79)

However, w
(±)
>,k(x) and w

(±)
<,k(x) do not agree at the boundary points x = 0,±L. Nonetheless,

we can exploit the fact that Ek = E−k and consider superpositions of degenerate energy
eigenstates with opposite k wavenumbers.

Because HBdG is invariant under inversion as defined by Ix, we can attempt to determine
continuous eigenfunctions from Ix-symmetric eigenstates, i.e., from eigenstates with even (+1)
and odd (-1) Ix parities. The superpositions that achieve this for E = +E±k are exactly

ϕ
(+)
>,k(x) =

1√
4LNk

[
eiθkw

(+)
>,k(x) − ie−iθkw

(+)
>,(−k)(x)

]

=
1√

4LNk

(
cos(kx+ 2θk) + i sin(kx)
− cos(kx+ 2θk) + i sin(kx)

)
, (6.80a)

φ
(+)
>,k(x) =

1√
4LNk

[
e−iθkw

(+)
>,k(x) + ieiθkw

(+)
>,(−k)(x)

]

=
1√

4LNk

(
cos(kx− 2θk) + i sin(kx)
cos(kx− 2θk) − i sin(kx)

)
, (6.80b)

and their analytic continuations through

ϕ
(+)
<,k(x) = ϕ

(+)
>,k(−x)∗, φ

(+)
<,k(x) = φ

(+)
>,k(−x)∗ (6.81)
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as required by time-reversal symmetry. The k-dependent O(1) constant Nk is chosen such that
the eigenfunctions are properly normalized over [−L,L]. Finally, we arrive at the normalized
entire eigenfunctions

ϕ
(+)
k (x) =

1√
2LNk

(
cos(k|x| + 2θk) + i sin(kx)
− cos(k|x| + 2θk) + i sin(kx)

)
, (6.82)

φ
(+)
k (x) =

1√
2LNk

(
cos(k|x| − 2θk) + i sin(kx)
cos(k|x| − 2θk) − i sin(kx)

)
, (6.83)

valid for −L ⩽ x ⩽ L and a k > 0 which is yet undetermined. Note that ϕ
(+)
0 (x) ≡ 0 and

φ
(+)
0 (x) ≡ 0, which excludes the k = 0 solution entirely. Moreover, the negative k values are

excluded since they have already been used in forming the superpositions.
It is easy to verify that these states are Ix eigenstates with

Ixϕ
(+)
k = −ϕ(+)

k , Ixφ
(+)
k = +φ

(+)
k . (6.84)

More importantly, they are continuous at x = 0. However, at x = ±L, enforcing the antiperi-
odic boundary condition leads to quantization of k through the conditions

cos(kL + 2θk) = 0 for ϕ
(+)
k , (6.85)

cos(kL − 2θk) = 0 for φ
(+)
k , (6.86)

which give the self-consistent equations

kn,1 =

(
n+

1

2

)
π

L
− 2θkn,1

L
for ϕ

(+)
kn,1

, n ∈ N, (6.87a)

kn,2 =

(
n+

1

2

)
π

L
+

2θkn,2

L
for φ

(+)
kn,2

, n ∈ N ∪ {0}. (6.87b)

In general, these have to be solved numerically for each n. However, in the limit of large
n either kn,1 or kn,2 approaches a half-integer multiple of π/L because θk → 0 in the limit

of large k. One should also note that while φ
(+)
k0,2

is a viable solution irrespective of ∆, its

counterpart ϕ
(+)
k0,1

is not whenever vF /∆ < L. Nevertheless, solutions to k0,1 in Eq. (6.87) will

exist when vF /∆ ⩾ L, which is the regime where the coherence length is longer than or equal

to the system length. In fact, the mode ϕ
(+)
k0,1

is continuously connected to the topological
MZM eigenfunction that we will describe in the next subsection.

Finally, the solutions for the quantized values of k = kn,1, kn,2 lead to the fermionic
Bogoliubon operators

ϕn :=

∫ L

−L
dx [ϕ

(+)
kn,1

(x)]†ψ(x), (6.88)

φn :=

∫ L

−L
dx [φ

(+)
kn,2

(x)]†ψ(x), (6.89)

that diagonalize the part of H above the SC gap. It is convenient to define the functions

uk(x) :=
1√
LNk

[cos(k|x| + 2θk) + i sin(kx)] , (6.90)

vk(x) :=
1√
LNk

[cos(k|x| − 2θk) + i sin(kx)] , (6.91)
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which allows us to express our eigenfunction solutions more neatly as

ϕ
(+)
kn,1

(x) =
1√
2

(
ukn,1(x)

−[ukn,1(x)]∗

)
, (6.92)

φ
(+)
kn,2

(x) =
1√
2

(
vkn,2(x)

[vkn,2(x)]∗

)
. (6.93)

In addition, these functions satisfy [uk(−x)]∗ = uk(x) and [vk(−x)]∗ = vk(x) as is required
by time-reversal symmetry T and inversion symmetry Ix. This then yields the following
equivalent expressions for the Bogoliubon operators:

ϕn =

∫ L

−L
dx

[ukn,1(x)]∗√
2

[
R(x) +R†(x)

]
, (6.94)

φn =

∫ L

−L
dx

[vkn,2(x)]∗√
2

[
R(x) −R†(x)

]
. (6.95)

When expressed in terms of the Majorana field operators λ(x), λ′(x) defined in Eqs. (6.35),
these expressions translate to

ϕn = 2

∫ L

0
dx [ϕ

(+)
kn,1

(x)]†λ(x), (6.96)

φn = 2i

∫ L

0
dx [φ

(+)
kn,2

(x)]†σzλ′(x). (6.97)

This just reflects the fact that the theory is comprised of two decoupled Majorana field
theories with opposite pseudo-scalar masses as described by the Lagrangian in Eq. (6.40) in
the limit M = 0. One may also interpret each Majorana model as being an independent
Kitaev Majorana chain as is explicitly discussed in Appendix 6.D.

6.4.2 In-gap states and Majorana zero modes

We now move on to the localized states that have their energies in the SC gap (E2 < ∆2).
It is best to work directly in the unfolded [−L,L] domain. Recall the BdG Hamiltonian

HBdG = −ivFσz∂x − ∆ sgn[sin(πxL )]σy, (6.98)

the eigenvalue equation of which we can rearrange as

[
∂x − l sgn[sin(πxL )]σx − iσzϵ

]
w(x) = 0 (6.99)

with l := ∆
vF

and ϵ := E
vF

. For the moment, we will not fix the Ix parity of the spinor-valued
function w(x).

Now applying the linear differential operator on the LHS of Eq. (6.99) twice to w(x) yields

[
−∂2x + 2l

∞∑

m=−∞
(−1)mδ(x−mL)σx

]
w(x) = −(l2 − ϵ2)w(x) (6.100)
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after using

∂x
[
sgn(sin(πxL ))

]
= 2

∞∑

m=−∞
(−1)mδ(x−mL). (6.101)

This then suggests that we expand w(x) in the eigenbasis of σx as

w(x) = a(x)

(
1
−1

)
+ ib(x)

(
1
1

)
, (6.102)

which yields the following decoupled Kronig-Penney like time-independent Schrödinger equa-
tions with delta-function potentials

[
−∂2x − 2l

∞∑

m=−∞
(−1)mδ(x−mL)

]
a(x) = −(l2 − ϵ2)a(x), (6.103a)

[
−∂2x + 2l

∞∑

m=−∞
(−1)mδ(x−mL)

]
b(x) = −(l2 − ϵ2)b(x). (6.103b)

This is a somewhat unusual Kronig-Penney model because of the alternating sign of the
delta-function potential. However, because a(x) and b(x) are required to be antiperiodic as
opposed to being generally quasiperiodic, the ‘crystal-momentum’ is located at the boundary
of the first Brillouin zone. Moreover, because the ‘Hamiltonian’ operator is purely real – as
opposed to just being Hermitian – the functions a(x) and b(x) can be chosen to be purely
real. It is then easy to appreciate that a(x) and b(x) must vanish where the singular potential
is positive in order to be 2L-antiperiodic. Thus we have the nodal conditions

a(L) = a(−L) = 0, b(0) = 0, (6.104)

which accompany the kinks at a′(0) and b′(L). In the domain −L < x < L, the normalized
functions with these properties are

a(x) = Nκ sinh(κ(L − |x|)), (6.105)

b(x) = Nκ sinh(κx), (6.106)

with inverse decay length κ := +
√
l2 − ϵ2 and

Nκ =
1√
L

(
sinh(2κL)

2κL
− 1

)− 1
2

(6.107)

as a normalization constant. Here a(x) is allowed to be even because it vanishes at the
boundaries x = ±L, whilst b(±L) is allowed to take non-zero values because it is an odd
function. Because a(x) and b(x) are really required to be 2L-antiperiodic, these functions
can be described as Fourier series:

a(x) = Nκ

∑

n odd

4κL cosh(κL)

(nπ)2 + (2κL)2
ei

nπx
2L , (6.108)

b(x) = Nκ

∑

n odd

4κL cosh(κL)

(nπ)2 + (2κL)2
i−n ei

nπx
2L . (6.109)
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In fact, it is easy to see from the Fourier series representations that b(x) = a(x− L).

Finally, we can derive the exact ‘gap equation’ from the kink conditions at x = 0,L which
read as

−a′(0+) + a′(0−) = 2la(0), (6.110)

−b′(−L + 0+) + b′(L−) = 2lb(L). (6.111)

These are identical conditions which translate to3

κ = l tanh(κL) ⇐⇒ ivFκ

∆
= tan (iκL) , (6.112)

or, in terms of the original parameters,

√
1 −

(
E
∆

)2
= tanh

(
∆L

vF

√
1 −

(
E
∆

)2
)
. (6.113)

By identifying vF /∆ with the SC coherence length, we see that as |E| → ∆ we have L →
vF /∆. Likewise, as L → ∞ with vF /∆ finite, then |E| → 0. Thus we have the correct limits
describing the extremely small and infinite L limits, respectively, as compared to the SC
coherence length. Moreover it is easy to see from Eqs. (6.105) and (6.106) that as L → ∞,
a(x) and b(x) approach the expected exponentially localized forms. By contrast, as ∆ → vF /L
from above (while all other parameters remain finite) we have κ → 0, meaning that these
solutions cease to be normalized eigenfunctions at points beyond ∆ < vF /L.

To arrive at an estimate of |E| in the large L limit, we use the asymptotic expansion

tanhx = 1 − 2e−2x +O(e−4x) (6.114)

to arrive at

κ ≈ l(1 − 2e−2κL) ⇒ |E| ∼ 2∆e
−∆L

vF . (6.115)

We note that here the usual oscillating prefactor to the finite-size energy splitting is absent
(equal to one) due to our choice that kF is a half-integer multiple of π/L. With this choice of
kF , we find a constraint from above on the value of the finite-size energy splitting. Shown in
Fig. 6.1 is a comparison between this asymptotic estimate, Eq. (6.113) and the numerically
computed gaps for a Kitaev lattice model realization. As is discussed in Appendix 6.D, the
continuum SC wire model may be realized as two Kitaev Majorana chains of opposite SC
“mass terms” in accordance with the discussion in Sec. 6.3.2.

We can now write down the exact finite L eigenstates of the original BdG equation. These
are not surprisingly given by the equal superpositions

Φ(±)(x) :=
a(x)

2

(
1
−1

)
± ib(x)

2

(
1
1

)
≡ Nκ

2

(
sinh(κ(L − |x|)) ± i sinh(κx)
− sinh(κ(L − |x|)) ± i sinh(κx)

)
(6.116)

3It is amusing to point out that this gap equation relating κ and l is identical to the self-consistent Weiss
mean-field equation with κ as the order parameter and L−1 as the temperature.
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Figure 6.1: Comparison of the in-gap energy E using Eq. (6.113) [solid line] and numerically
computed eigenvalues of the lattice model given in Eq. (6.440) [square points]. The numerical
parameters are t′ = 0.99 and t = 1.0, where vF = (t+ t′)a/2 and ∆ = t− t′. The coherence
length is given by vF /∆ = 99.5 in units of a. The dashed line is the asymptotic form given
in Eq. (6.115), which underestimates the energy gap for short lengths.

with energies ±Eiκ = ±
√

∆2 − v2Fκ
2. This specific linear combination respects time-reversal

symmetry [Φ(±)(−x)]∗ = Φ(±)(x). To check that these are indeed eigenfunctions of Eq. (6.98),
one can first verify that for 0 < x < L we have

∂xa(x) + la(x) = −
√
l2 − κ2 b(x), (6.117a)

∂xb(x) − lb(x) = +
√
l2 − κ2a(x), (6.117b)

using the gap equation Eq. (6.113) and hyperbolic trigonometric identities. Even more gen-
erally, we can derive similar equations for −L < x < 0 and taken together produce

[vF∂x + ∆s(x)]a(x) = −Eiκb(x), (6.118a)

[vF∂x − ∆s(x)]b(x) = +Eiκa(x) (6.118b)

in −L < x < L. Using these one readily obtains

[−ivFσz∂x − ∆s(x)σy]

(
a(x)
−a(x)

)
= iEiκ

(
b(x)
b(x)

)
, (6.119a)

[−ivFσz∂x − ∆s(x)σy]

(
ib(x)
ib(x)

)
= Eiκ

(
a(x)
−a(x)

)
. (6.119b)

Together, these relations can be used to show that

[−ivFσz∂x − ∆s(x)σy]Φ(±)(x) = ±EiκΦ(±)(x). (6.120)
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Defining the fermionic eigenmode operator

ψ†
Eiκ

:=

∫ L

−L
dx ψ†(x) Φ(+)(x) (6.121)

then implies that [H,ψ†
Eiκ

] = Eiκψ
†
Eiκ

.
It will furthermore prove useful to define the Majorana operators

γ0 :=

∫ L

−L
dx a(x)[R(x) +R†(x)], (6.122a)

γL :=

∫ L

−L
dx b(x)[R(x) +R†(x)], (6.122b)

which are localized at x = 0 and x = ±L respectively. This leads to

ψEiκ =

∫ L

−L
dx [Φ(+)(x)]† ψ(x) ≡ γ0 − iγL

2
(6.123)

and

[H, γ0] = iEiκγL, [H, γL] = −iEiκγ0. (6.124)

The first of these commutation relations is explicitly verified in Appendix 6.C.

6.4.3 Full diagonalization and symmetry fractionalization

The extended and localized eigenmodes lead to the final diagonalization of H as

H = − i

2
Eiκγ0γL + Ek0,2φ

†
0φ0 +

∑

n>0

[
Ekn,1ϕ

†
nϕn + Ekn,2φ

†
nφn

]
+ const. (6.125)

In second-quantized form, time-reversal T corresponds to the anti-linear transformation4

T R(x)T −1 = R(−x), T R†(x)T −1 = R†(−x) (6.126)

because of unfolding. Thus, while the excitation operators φn, ϕn are time-reversal invariant,
we have that

T γ0T −1 = +γ0, T γLT −1 = −γL, (6.127)

as required for time-reversal symmetry of H. Since the overlap
∫ L
0 a(x)b(x) dx ∼ e−κL is

exponentially suppressed, we have the delocalization of symmetry properties. This is the
hallmark of fractionalization of symmetry transformations [4,6,50] that is a defining property
of SPT phases.

In the short length limit where L < vF /∆ ⩽ ∞, the solution Φ(+)(x) is no longer a valid

eigenfunction. Rather, the extended state solution ϕ
(+)
k0,1

(x) replaces it as the lowest positive-
energy eigenfunction. Physically speaking, in the short L limit, the quantization scale of

4This differs by an irrelevant sign from our previous definition of T .
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Figure 6.2: Schematic energy diagram of the diagonalized linearized model for an open wire
of length L obeying 2L-antiperiodic (NS) boundary conditions after unfolding. Note that
with the SC pairing interaction turned on, energy levels are pushed up (pushed down if we
are counting states into the filled Fermi sea), which is not shown to scale here for the sake
of clarity. Also, the SC pairing function having the square-wave profile ∆s(x) couples all
momentum eigenstates amongst themselves. The solid light blue line only denotes the most
dominant channel which couples a particle-hole pair with opposite momenta.

the kinetic energy exceeds the SC gap ∆ such that only extended state solutions exist. The
change from localized to extended state occurs at exactly L = vF /∆, where the functions
a(x) and b(x) become piecewise linear functions with κ = 0.

It is interesting to note that under the change of sign ∆ → −∆, the roles of kn,1 and
kn,2 in Eq. (6.87) are exchanged because the relation 2θk = tan−1( ∆

vF k ) is odd in ∆. In

this instance, φ
(+)
k0,2

(x) is no longer a viable eigenfunction but instead turns into a topological

localized boundary mode with Ix = +1. At the same time, Φ(+)(x) as defined above gets

replaced by ϕ
(+)
k0,1

(x) with Ix = −1. In this way, we always have a single topological boundary
mode irrespective of the sign of ∆. This is one of the biggest differences with the SSH model,
where the sign of the ‘mass’ plus a choice of open boundary conditions dictates whether or
not topological boundary modes will be present in the open wire energy spectrum.

6.4.4 BCS wavefunction

With the explicit 1-body eigensolutions to the BdG Hamiltonian at hand, we can express the
exact many-body BCS wavefunction for a finite system of length L with open boundaries.
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This is surprisingly not as straightforward as it seems. Typically, the ground state BCS
wavefunction |BCS⟩ should be defined such that

φn|BCS⟩ = ϕn|BCS⟩ = 0 ∀ n ∈ N, (6.128)

φ0|BCS⟩ = ψEiκ |BCS⟩ = 0, vFκ = ∆ tanh(κL). (6.129)

Naively, one would then take

|BCS⟩ = ψEiκφ0

∏

n>0

ϕnφn|vac⟩, (6.130)

where |vac⟩ is the particle-number vacuum which is annihilated by all R(x). There are,
however, problems with this definition: In the limit ∆ = 0 we have that

ϕnφn = R†
−kn

Rkn , kn =

(
n+

1

2

)
π

L
, (6.131)

which then annihilates the vacuum state |vac⟩. Nevertheless, in the limit ∆ = 0, we expect
that the state |BCS⟩ will become |0⟩, i.e., the filled Fermi sea. It turns out that the relevant
state to act on is the ‘anti-Fermi sea’ |0̄⟩ defined by

|0̄⟩ :=
∏

n⩾0

R†
kn
|vac⟩. (6.132)

This is chosen such that
∏

n⩾0

(R†
−kn

Rkn)|0̄⟩ =
∏

n⩾0

R†
−kn

|vac⟩ = |0⟩.

Hence we define the BCS ground state to be

|BCS⟩ := ψEiκφ0

∏

n>0

ϕnφn|0̄⟩. (6.133)

By analogy with the usual s-wave BCS wavefunctions, we see that the (hard-core) bosonic
operators bn := ϕnφn are the “Cooper pair” annihilation operators for an open wire. However,
the Bogoliubons ϕn and φn are only approximately degenerate because kn,1 ̸= kn,2. Also
implicit is the recognition that in the small ∆ limit, where vF /∆ ⩾ L, the mode ψEiκ is
replaced continuously by the extended mode ϕ0. Hence, we see that the boundary fermionic
mode ψEiκ was once part of a Cooper pair b0 = ϕ0φ0 that was ‘broken off’ and localized
when the system length L exceeded the SC coherence length vF /∆. Moreover, by changing
the sign of ∆, we can make φ0 evolve into the topological boundary mode when |∆| > vF /L.
A schematic energy diagram of the diagonalized open wire is shown in Fig. 6.2.

Relative to |BCS⟩, we can define two quasi-degenerate ground states

|Ω0⟩ := |BCS⟩, |Ω1⟩ := ψ†
Eiκ

|BCS⟩. (6.134)

This gives γ0 = σx and γL = σy when projected onto the quasi-degenerate ground state
manifold. Moreover, |Ω0⟩ and |Ω1⟩ only differ in their correlation functions due to the different
occupations of the boundary mode ψEiκ . Otherwise, contributions to correlation functions
from the bulk extended modes ϕn and φn are always identical. In Appendix 6.A, we will
discuss in detail the “topological” contribution to the correlation functions due to ψEiκ .
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6.4.5 Extreme superconducting limit

It is clear that the topological boundary mode ψEiκ cannot appear in the normal metal phase
when ∆ = 0. In fact, the localized in-gap states already cease to exist whenever vF /∆ ⩾ L.
Let us now consider the other extreme limit when the SC interaction is infinitely strong with
vF /∆ = 0 and κ→ ∞. For the in-gap state wavefunctions this gives

a(x)2 →
∞∑

m=−∞
δ(x− 2mL), (6.135)

b(x)2 →
∞∑

m=−∞
δ(L − x− 2mL). (6.136)

Taking the square root, we formally arrive at

a(x) →
∞∑

m=−∞
(−1)m

√
δ(x− 2mL), (6.137)

b(x) →
∞∑

m=−∞
(−1)m

√
δ(L − x− 2mL). (6.138)

The notion of a square root to the Dirac delta function needs some clarification because
these are not generalized functions in the conventional Schwartz theory of distributions.5

Rather they require a construction known as non-linear generalized functions in order to
have a rigorous definition [76, 77]. With this caveat in mind, we recognize that in this
artificial limit there exist perfectly localized exact Majorana zero modes at the boundary
points x = 0,L. Moreover, these infinitely localized Majorana operators commute exactly
with the Hamiltonian H in Eq. (6.62) in the limit vF = 0. This is easy to appreciate since the
SC pairing potential exactly vanishes at x = 0,L but is constant and non-zero everywhere
else.

We should point out that this extreme limit is not technically accessible in a lattice model.
This is because the zero correlation length is smaller than the finite lattice spacing, which
invalidates the continuum approximation. Nonetheless, there are similarities with the flat
band limit of a lattice model, namely that the dispersion is exactly zero and if the model
possesses topological boundary modes, these are also exactly lattice-localized zero-energy
modes.

From the point of view of the bulk eigenmodes, one has in this limit θkn,1 = θkn,2 = π/4
for all n. This means that

kn,1 =

(
n+

1

2

)
π

L
− π

2L
=
nπ

L
, n = 1, 2, . . .

kn,2 =

(
n+

1

2

)
π

L
+

π

2L
=

(n+ 1)π

L
, n = 0, 1, . . .

so that kn,1 = kn−1,2 = nπ/L for n ∈ N. One can think of this as a rearrangement of modes
such that there is a preference to form a Cooper pair out of ϕnφn−1.

5Naively one could try taking the definition of
√
δ(x) to be the square root of the limit of appropriately

normalized Gaussian functions. However, one would find that the normalization of such functions diminishes
too rapidly in the limit such that they (weakly) converge to the zero function within the space of Schwartz
generalized functions.
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6.5 Bosonization with closed boundaries

In this section, we bosonize the continuum model with closed periodic and antiperiodic bound-
ary conditions. Contrasting periodic vs. antiperiodic boundary conditions is important be-
cause of the intimate relationship between 1D topological superconducting phases and fermion
parity switches [52, 53]: Namely, the number of fermion number parity switches (modulo 2)
induced by adiabatic flux threading – which twists boundary conditions – is the very definition
of a Z2 SPT topological index. Such a fermion parity switching property is also responsible
for the 4π Josephson junction period in the topological phase.

6.5.1 Bosonization preliminaries

We consider two sources of twisted boundary conditions. The first one is a threaded magnetic
flux through the closed wire of length L, which acts equally on left- and right-moving fields,
while the second one is a chiral magnetic flux with opposite action on left and right movers.
We write our bosonized fermionic fields in normal-ordered form as [78]

R(x) =
ηR√

L
: eiϕ

R(x) : ei
πx
L
(δJ+δQ−1) =

ηR√
L

: ei[ϑ(x)−φ(x)] : ei
πx
L
(δJ+δQ−1), (6.139a)

L(x) =
ηL√

L
: eiϕ

L(x) : ei
πx
L
(δJ−δQ+1) =

ηL√
L

: ei[ϑ(x)+φ(x)] : ei
πx
L
(δJ−δQ+1), (6.139b)

where ϕR,L(x) are non-local bosonic chiral fields and ϑ(x), φ(x) are their corresponding local
conjugate fields. The ηR,L are the Klein factors, which we take here to be Hermitian Majorana
operators, and δQ, δJ represent the effect of twisted boundary conditions. As Klein factors,
ηL = (ηL)† and ηR = (ηR)† must satisfy

{ηR, ηL} = 0, (ηR)2 = (ηL)2 = 1. (6.140)

Their role is to ensure the correct anticommutation statistics between R and L operators.
Normal ordering : : is taken with respect to the reference non-interacting Fermi sea (vac-
uum) |0⟩ that is annihilated by the topological number operators Q, J and positive-frequency
bosonic excitation operators defined in the free limit. For reference, the unnormal-ordered
forms are

R(x) =
ηR√
2πϵ

eiϕ
R(x)ei

πx
L
(δJ+δQ) =

ηR√
2πϵ

ei[ϑ(x)−φ(x)]ei
πx
L
(δJ+δQ), (6.141a)

L(x) =
ηL√
2πϵ

eiϕ
L(x)ei

πx
L
(δJ−δQ) =

ηL√
2πϵ

ei[ϑ(x)+φ(x)]ei
πx
L
(δJ−δQ), (6.141b)

where ϵ > 0 is the UV cutoff taken to zero at the end of the calculation. It is important
to point out that normal ordering yields additional e±iπx

L phase factors, and that neglecting
these phase factors often leads to the wrong identification of boundary condition type.

In both normal- and unnormal-ordered forms, periodic (R) boundary conditions corre-
spond to

δQ + δJ = 1 mod 2, (6.142)
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whereas antiperiodic (NS) boundary conditions correspond to

δQ + δJ = 0 mod 2. (6.143)

For convenience, we limit δQ and δJ to integral values, but this is not a physical requirement.
6 Hence we have

R(x+ L) = R(x)eiπ(δJ+δQ−1), (6.144)

L(x+ L) = L(x)eiπ(δJ−δQ+1). (6.145)

Note that δQ has an alternative interpretation as a quantized shift in the Fermi momentum
kF in units of π/L. Absorbing the boundary condition shifts δQ,J into Q and J is a convention
often used by many authors [72, 79]. However, because δQ and δJ commute with the zero
modes of φ(x) and ϑ(x), they do not fluctuate quantum-mechanically, nor do they contain
data about actual particle occupation numbers. For this reason, we prefer to keep them
separate from Q and J .

The conjugate bosonic fields φ(x) and ϑ(x) satisfy the equal-time commutator

[φ(x), ϑ(y)] = −iπε1(x− y) (6.146)

with

ε1(x− y) :=
1

L
(x− y) +

i

2π
ln

(
1 − e+

i2π
L

(x−y)

1 − e−
i2π
L

(x−y)

)
=

⌈
x− y

L

⌉
− 1

2
, (6.147)

where ⌈∗⌉ denotes the integer ceiling. The function ε1(x) is L-periodic in x, possesses a
branch cut at x = 0 and is a Green’s function with respect to ∂x,

ε′1(x− y) =
∑

m∈Z

δ(x− y −mL). (6.148)

Thus, Eq. (6.146) is the finite-length version of the often-quoted bosonized commutation
relation [48,75]

[φ(x), ϑ(y)] = − iπ
2

sgn(x− y) (6.149)

for |x− y| < L. The conjugate fields ϑ(x), φ(x) have the mode expansion

φ(x) = φ0 −
πQ

L
x−

∑

q ̸=0

√
π

2|q|L(aq + a†−q)e
iqx, (6.150a)

ϑ(x) = ϑ0 +
πJ

L
x+

∑

q ̸=0

√
π

2|q|L sgn(q) (aq − a†−q)e
iqx, (6.150b)

6At special integral values of δQ and δJ [e.g., δQ = 1 and δJ = 2], the spectrum of momentum states
is shifted by quantized integral amounts. One can then singularly ‘gauge’ away the effect of the twisted
boundary conditions, essentially by relabeling momentum states. However, because the bosonized Hamiltonian
is normal-ordered with respect to a reference vacuum |0⟩ that remains fixed, the Hamiltonian will not appear
to be invariant under the singular gauge transformation.
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where the sums run over q ∈ (2π/L)Z and [aq, a
†
q′ ] = δqq′ . Here, ϑ0 and φ0 are zero modes

such that

[φ0, ϑ0] = 0, [φ0, J ] = −[ϑ0, Q] = i, (6.151a)

[Q, J ] = 0, [φ0, Q] = [ϑ0, J ] = 0. (6.151b)

It is important to emphasize that the integer-quantized operators Q and J are not completely
independent and must satisfy the parity selection rule

F := (−1)Q ≡ (−1)J ⇐⇒ Q = J mod 2, (6.152)

where F is the fermion number parity operator. This is a necessary constraint given the
fermionic field representations of Q and J introduced in Eqs. (6.24) and (6.25).

More importantly, the angular bosonic fields φ and ϑ have to be compactified [80] with
radius π,

φ(x) ∼ φ(x) + π, ϑ(x) ∼ ϑ(x) + π, (6.153)

in line with the mode expansion in Eqs. (6.150).
Before bosonizing the Hamiltonian in Eq. (6.30), we introduce the following equivalent

expressions of the bosonic fields

φ(x) = φ0 −
πQ

L
x− π

∫ L/2

−L/2
ζ1(x− y)ρ(y) dy, (6.154a)

ϑ(x) = ϑ0 +
πJ

L
x+ π

∫ L/2

−L/2
ζ1(x− y)j(y) dy, (6.154b)

where ζ1 defined as

ζ1(x− y) := ε1(x− y) − x− y

L
≡
∑

n>0

sin
(
2πn
L (x− y)

)

nπ
(6.155)

is the descending saw-tooth function of period L such that

ζ ′1(x) = − 1

L
+
∑

m∈Z

δ(x+mL). (6.156)

The physical charge and current densities are given by

ρtot(x) = − 1
π∂xφ(x) = Q

L + ρ(x), (6.157a)

jtot(x) = + 1
π∂xϑ(x) = J

L + j(x). (6.157b)

The derivation of these uncommon but useful bosonization expressions is extensively de-
scribed in Appendix 6.B. There, it is also shown that the fields ρ(x) and j(x) satisfy the
finite-length current algebra commutation relation

[ρ(x), j(y)] = − i

π

∑

m∈Z

δ′(x− y −mL) = − i

π
ε′′(x− y). (6.158)
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Finally, we must emphasize a redundant Z2 ‘gauge symmetry’ that is always present with
this type of bosonization convention. Indeed, in the bosonization expressions of Eqs. (6.139),
the Klein factors and zero modes always appear in the combinations7

ηRei(ϑ0+φ0), ηLei(ϑ0−φ0). (6.159)

These combinations are invariant under the discrete transformation

ηR → −ηR, ηL → −ηL, (6.160)

φ0 → φ0, ϑ0 → ϑ0 + π. (6.161)

Roughly speaking, the combinations of operators in Eq. (6.159) are Z2 slave-particle frac-
tionalizations [81,82] of the fermionic operators that raise or lower the fermion number. This
internal Z2 gauge symmetry is generated by the Z2 charge operator

ξ := iηLηR(−1)Q, ξ2 = 1. (6.162)

Hence, the nominal Hilbert space is always twice as big as compared to the physical Hilbert
space of the underlying chiral fermions. Fortunately, we can project onto the physical Hilbert
space by selecting a gauge fixing choice. In this instance, a convenient choice is just to fix
the gauge to ξ = 1 such that

F ≡ (−1)Q = iηLηR. (6.163)

6.5.2 Bosonized Hamiltonian and action

Applying this bosonization dictionary to the fermionic Hamiltonian given in Eq. (6.30) in the
case of coincident Fermi points kF = 0 gives

H =

∫ L/2

−L/2
(H0 + H1) dx, (6.164a)

H0 =
vF
2π

:
{

[∂xφ(x)]2 + [∂xϑ(x)]2
}

: +
πvF
L2

[Q (δQ − 1) + J δJ ], (6.164b)

H1 =

(
2M

L

)
F : sin

(
2φ(x) −

(
2π
L x
)
δQ
)

: −
(

2∆

L

)
F : cos

(
2ϑ(x) +

(
2π
L x
)
δJ
)

: . (6.164c)

We have chosen to focus on the kF = 0 case since the competition between backscattering
and superconducting interactions is most intense at half-filling. However, this comment only
applies to the Kitaev wire interpretation of the model which remains the most convenient
for our purpose. By contrast, the realization in Rashba nanowires is more complicated and
involves charge/spin density order set by kF [55, 56].

Very often, authors [48, 75] neglect the effect of Klein factors by setting F ≡ iηLηR = 1.
However, this can lead to mistakes because of the parity switching effect. In fact, one can
already appreciate [52] from Eq. (6.164c) the role that twisted boundary conditions (δQ, δJ)
and F will play in deciding the pinned values of the fields φ and ϑ. Thus we must allow F
to be a degree of freedom even though it is an integral of motion.

7To add confusion to matters, these products of operators are sometimes also referred to as Klein factors
(see, e.g., Ref. [79])
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Although exactly solvable in the fermionic representation, the bosonized Hamiltonian in
Eq. (6.164) cannot be so transparently dealt with. Nevertheless, one can still gain a great
deal of intuition from the effective low-energy approach. This is best carried out with an
action/functional approach. As is derived in Appendix 6.B, the real-time classical action
associated to the model for fixed fermion parity F = ±1 can be expressed as Stot[φ, ϑ] :=
Sc[ρ, j] + S0[φ, ϑ] + S1[φ, ϑ], where

Sc[ρ, j] := −π
∫

dt

∫ L/2

−L/2
dx

∫ L/2

−L/2
dy ζ1(x− y) j(x) ∂tρ(y)

−
∫

dt

∫ L/2

−L/2
dx

πvF
2

[ρ(x)2 + j(x)2], (6.165a)

S0[φ, ϑ] :=

∫
dt
(
J ∂tφ0 −Q∂tϑ0 −

πvF
2L

(J2 +Q2) − πvF
L

[Q(δQ − 1) + J δJ ]
)
, (6.165b)

S1[φ, ϑ] :=

∫
dt

∫ L/2

−L/2
dx
{(

2∆
L

)
F cos

[
2ϑ(x) +

(
2π
L x
)
δJ
]

−
(

2M

L

)
F sin

[
2φ(x) −

(
2π
L x
)
δQ
] }
, (6.165c)

and the local conjugate fields φ(x) and ϑ(x) are related to ρ, j, φ0, ϑ0, Q, and J by
Eqs. (6.154). Compared to Eq. (6.330a), we have now included additional cosine potentials
that arise from the fermionic mass terms. Note that in order to derive the correct classical
action from the quantum Hamiltonian and the canonical commutation relations, one must
first decide on an operator ordering convention. As detailed in Appendix 6.B, we choose to

work in the convention that the non-zero bosonic modes a
(†)
q are Wick normal-ordered, while

the zero modes ϑ0, φ0 and their charges J,Q are qp-ordered, where the angular operators act
as the q’s and the charges as the p’s. This yields cosine potentials that are independent of
the UV cutoff.

We now proceed by semi-classically examining the action Stot when either one of the
cosine terms dominates. By seeking homogeneous saddle points of the action, we set ρ = 0
and j = 0, which gives the simplified effective Lagrangian

Leff = J ∂tφ0 −Q∂tϑ0 − πvF
2L [J(J + 2δJ) +Q(Q+ 2δQ − 2)]

− F

{
2M

(
sin[π(Q+ δQ)]

π(Q+ δQ)

)
sin(2φ0) − 2∆

(
sin[π(J + δJ)]

π(J + δJ)

)
cos(2ϑ0)

}
, (6.166)

where we have performed the finite integrals in the cosine terms. In general, for simultane-
ously non-zero couplings, both potentials will compete and we can expect tunneling between
saddle-point minima of the two potentials. In principle, once the saddle points have been de-
termined, one could reincorporate fluctuations by expanding about the saddle-point solution
in ρ and j perturbatively [81,83].
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Next, we would like to define the fermion parity quantum eigenstates which will corre-
spond to possible saddle points of pinned states. These are conventionally defined as

|ϑ0 = θ⟩+ :=
∑

m even

eimθ|Q = m⟩, (6.167a)

|ϑ0 = θ⟩− :=
∑

m odd

eimθ|Q = m⟩, (6.167b)

|φ0 = ϕ⟩+ :=
∑

m even

e−imϕ|J = m⟩, (6.167c)

|φ0 = ϕ⟩− :=
∑

m odd

e−imϕ|J = m⟩, (6.167d)

and satisfy

|ϑ0 = (θ + π)⟩± = ±|ϑ0 = θ⟩±, (6.168)

|φ0 = (ϕ+ π)⟩± = ±|φ0 = ϕ⟩±. (6.169)

Hence these quantum states obey the compactification radius conditions of Eq. (6.153). More-
over,

eiϑ0 |ϑ0 = θ⟩± = eiθ|ϑ0 = θ⟩∓, (6.170)

e−iφ0 |φ0 = ϕ⟩± = e−iϕ|φ0 = ϕ⟩∓, (6.171)

since raising and lowering obviously changes fermion parity. More importantly, this means
that it is possible to pin both φ0 and ϑ0 simultaneously [since they commute from Eqs. (6.151)]
but only in the specific tensor product combinations

|ϑ0 = θ⟩+ ⊗ |φ0 = ϕ⟩+, |ϑ0 = θ⟩− ⊗ |φ0 = ϕ⟩−, (6.172)

in accordance to the fermion parity rule. We should emphasize that these ϑ0, φ0 ‘vacuum
states’ are meant to represent variational ground states in the limit of infinitely strong pinning.

In the following subsections, we shall examine the topologically trivial and non-trivial
phases separately. We do so by considering the cases where M ̸= 0, ∆ = 0 and ∆ ̸= 0, M = 0
in turn.

Trivial phase

The saddle point of the trivial phase can be characterized by an effective theory when ∆ = 0,
leaving the potential derived from fermionic backscattering as the only interaction term in
Eq. (6.166). In this limit, Q itself becomes an integral of motion and hence a conserved
quantum number in the effective quantum description. Hence in minimizing the potential
energy we can set Q = −δQ with δQ = 0, 1, which also implies F = (−1)δQ . This yields the
effective Hamiltonian

Heff =
πvF
2L

[J(J + 2δJ) + δQ(2 − δQ)] + 2M(−1)δQ sin(2φ0). (6.173)

Varying δQ can be seen to be equivalent to varying the chemical potential (Fermi momentum)
by non-quantized values. For this reason, we shall set δQ = 1 and let the twisted boundary
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conditions merely specify changes in δJ . Explicitly, we have periodic (antiperiodic) boundary
conditions for δJ = 0 (δJ = 1). Note that this automatically determines the fermion parity as
F = (−1)δQ = −1 and the charge as Q = −1. Nevertheless, it is important to remember that
the fermion parity has not actually been fixed. Rather, the low-energy sector just prefers to
have an even parity in the absence of twisting by a chiral magnetic field.

Periodic boundary conditions: In the Ramond (R) case we have δJ = 0, leading to the
effective Hamiltonian

H
(R)
eff =

πvF
2L

(
J2 + 1

)
− 2M sin(2φ0), (6.174)

which resembles the Hamiltonian of a Josephson junction. It is minimized by J = 0 and
φ0 = π/4 mod π. From the effective Lagrangian, we still have the Poisson bracket {φ0, J} = 1
and hence in the quantum theory we must have that [φ0, J ] = i. In the limit of strong pinning,
where M ≫ vF /L, the variationally optimized non-degenerate pinned ground state is then

|Ψ(R)
M ⟩ = |Q = −1⟩ ⊗ |φ0 = π

4 ⟩−. (6.175)

Antiperiodic boundary conditions: Turning to the Neveu-Schwarz (NS) case, we now
have the condition δJ = 1. This then results in the effective Hamiltonian

H
(NS)
eff =

πvF
2L

[J(J + 2) + 1] − 2M sin(2φ0) (6.176)

with the same variational ground state in the strongly pinned limit,

|Ψ(NS)
M ⟩ = |Q = −1⟩ ⊗ |φ0 = π

4 ⟩−, (6.177)

and the same fermion parity F = −1. In short, we do not see a switch in fermion number
parity of the variational ground state whenever the quasiperiodic boundary conditions are
twisted by a magnetic field threaded through the closed 1D system.

Topological phase

The saddle point of the topologically non-trivial phase can be characterized by an effective
theory at M = 0. In this limit, J becomes an integral of motion and hence a conserved
quantum number in the effective quantum description. From minimizing the potential energy,
we set J = −δJ , where δJ = 0, 1. In contrast to the trivial phase, taking δQ = 1 does not
fix the fermion parity. In fact, the fermion parity of the effective low-energy sector is now
explicitly set by the choice of twisted boundary condition with F = (−1)δJ . The effective
Hamiltonian that results is

Heff =
πvF
2L

(
δ2J +Q2

)
− 2∆(−1)δJ cos(2ϑ0). (6.178)

Periodic boundary conditions: Setting J = δJ = 0 and hence F = 1, we arrive at
another Josephson-junction type Hamiltonian

H
(R)
eff =

πvF
2L

Q2 − 2∆ cos(2ϑ0), (6.179)
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minimized by Q = 0 and ϑ0 = 0 mod π. Again, in the strong pinning limit, we have the
variational ground state

|Ψ(R)
∆ ⟩ = |ϑ0 = 0⟩+ ⊗ |J = 0⟩. (6.180)

Antiperiodic boundary conditions: Now instead setting δJ = 1 and hence F = −1, we
arrive at a different Josephson-junction type Hamiltonian

H
(NS)
eff =

πvF
2L

(Q2 + 1) + 2∆ cos(2ϑ0), (6.181)

minimized by Q = 0 and ϑ0 = π/2 mod π. In the strongly pinned limit, the variational
ground state is

|Ψ(NS)
∆ ⟩ = |ϑ0 =

π

2
⟩− ⊗ |J = −1⟩. (6.182)

Physically, the non-zero J is a result of attempting to ‘screen’ the applied magnetic flux,
much like in the Luttinger-liquid problem [72]. Hence, there is now fermion number parity
switching which is indicative of a topologically non-trivial phase.

6.5.3 Mathieu function solutions to the effective Hamiltonians

In principle, we should include the effects of fluctuations from the “kinetic terms” that are
proportional to Q2 and J2. This could be carried out to lowest order by using the harmonic
approximation on sin(2φ0) and cos(2ϑ0) about their pinning values. In the lowest non-
trivial order, one then obtains a simple harmonic oscillator ground state eigenfunction as
the variational ground state. More accurately, we can use solutions of the Mathieu equation
to obtain exact normalizable eigenstates [84] to the Josephson-junction like Hamiltonians of
Eqs. (6.174), (6.176), (6.179) and (6.181). The Mathieu equation is [85]

d2y(z)

dz
+ [a− 2q cos(2z)]y(z) = 0, (6.183)

where a and q are constants. It can be seen that all of the Eqs. (6.174), (6.179) and (6.181)
may be brought into this form, where z = φ0 or z = ϑ0, a is proportional to the energy, and q is
proportional to M or ∆. Equation (6.176) can also be treated this way but requires a Floquet-
type solution to the Mathieu equation which we will not discuss here. For our purposes we
require the periodic solutions y(u+π) = +y(u) (even fermion parity) and the doubly-periodic
solutions y(u+π) = −y(u) (odd fermion parity). These are real eigensolutions for real q and
depend smoothly on q. They are denoted by cer(z, q), ser+1(z, q) where r = 0, 1, 2, . . .. Their
eigenvalues (characteristics) are conventionally denoted by ar(q) and br(q) such that

∂2zcer(z, q) + [ar(q) − 2q cos(2z)]cer(z, q) = 0, (6.184)

∂2zser(z, q) + [br(q) − 2q cos(2z)]ser(z, q) = 0. (6.185)

Now specializing to the topologically non-trivial phase, the low-energy effective (unnor-
malized) ground state wavefunction and energy for the periodic (R) case is

|Ψ(R)
∆ ⟩ =

√
2

π

∫ π

0
dϑ ce0(ϑ− π

2 ,
2∆L
πvF

) |ϑ⟩+ ⊗ |J = 0⟩, (6.186)

E
(R)
∆ =

πvF
2L

a0(
2∆L
πvF

). (6.187)
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For the antiperiodic (NS) case we instead have

|Ψ(NS)
∆ ⟩ =

√
2

π

∫ π

0
dϑ se1(ϑ,

2∆L
πvF

) |ϑ⟩− ⊗ |J = −1⟩, (6.188)

E
(NS)
∆ =

πvF
2L

+
πvF
2L

b1(
2∆L
πvF

). (6.189)

Their difference is

δE∆ = E
(NS)
∆ − E

(R)
∆ =

πvF
2L

(
1 + b1(

2∆L
πvF

) − a0(
2∆L
πvF

)
)

∼ πvF
2L

(
1 + 25

√
2

π

(
2∆L

πvF

)3/4

e
−4

√
2∆L
πvF

)
(6.190)

as L → ∞, where we have used the asymptotic relation [85]

br+1(q) − ar(q) ∼
24r+5

r!

√
2

π
q

r
2
+ 3

4 e−4
√
q. (6.191)

This demonstrates the fermion parity switching effect between NS and R variational solu-
tions to the topologically non-trivial phase, with an energy splitting of πvF /(2L) to leading

order. Furthermore, it is interesting to note that as L → ∞, the eigenfunctions |Ψ(NS)
∆ ⟩ and

|Ψ(R)
∆ ⟩ turn into square-root Dirac delta functions localized at their respective pinning values,

meaning that their respective squared amplitudes – in angle space – approach that of a Dirac
delta function in the infinitely pinned limit.

6.6 Bosonization with open boundaries

In this section, we bosonize the fermionic model with open boundaries using the unfolding
procedure of Sec. 6.3.3.

6.6.1 Bosonization preliminaries

Recall the linearization

Ψ(x) = R(x)eikF x + L(x)e−ikF x (6.192)

and the number-conserving boundary conditions

R(0) + eiδ0L(0) = 0, (6.193)

R(L) + ei(δL−2kFL)L(L) = 0. (6.194)

We take δ0 = δL = 0 and kF ∈ π
2L + π

LN, which gives us Dirichlet boundary conditions
Ψ(0) = Ψ(L) = 0 and an antiperiodic (NS) R(x) field in [−L,L],

R(x+ 2L) = −R(x), L(x) ≡ −R(−x). (6.195)
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Then we bosonize the single chiral fermionic field R(x), such that

R(x) =
ηR√
2L

: eiϕ
R(x) : e−iπx

2L , (6.196a)

R†(x) =
ηR√
2L

: e−iϕR(x) : e−iπx
2L . (6.196b)

The additional phase twisting of e−iπx
2L that is equal for both R(x) and R†(x) is a result of

normal ordering the zero mode. The chiral field ϕR(x) has the mode expansion [47,86]

ϕR(x) := ϑ0 +
πQx

L
+
∑

n>0

1√
n

(
anei

nπx
L + a†ne−inπx

L

)
(6.197)

with [ϑ0, Q] = −i and [an, a
†
n′ ] = δnn′ . The compactification radius of ϕR remains to be 2π,

ϕR(x) ∼ ϕR(x) + 2π, (6.198)

which leads to the quantization of the eigenvalues of Q in Z. The mode expansion yields the
usual non-local commutation relation for a system of length 2L, i.e.

[ϕR(x), ϕR(y)] = i2π ε2(x− y)

≡ i2π

⌈
x− y

2L

⌉
− iπ

= iπ sgn(x− y) for |x− y| < 2L. (6.199)

The kernel function ε2(x− y) is defined analogously to ε1(x− y), except that it has a period
of 2L instead of L.

A crucial exact operator identity is the product of vertex functions

: eiαϕ
R(x) : : eiβϕ

R(y) :=
[
e−iπx

L − e−iπy
L

]αβ
: ei[αϕ

R(x)+βϕR(y)] : (6.200)

for α, β ∈ Z. This is just the conformal field theory operator product expansion (OPE) for
normal-ordered vertex functions of a chiral field ϕR(x) in a system of length 2L. It can be
used to verify many other bosonization identities like the canonical anticommutation relations
for an antiperiodic R(x),

{R(x), R†(y)} =
∞∑

m=−∞
(−1)mδ(x− y − 2mL). (6.201)

Furthermore, the unfolding relation between R(x) and L(x) gives

L(x) = − ηR√
2L

: eiϕ
R(−x) : ei

πx
2L , (6.202a)

L†(x) = − ηR√
2L

: e−iϕR(−x) : ei
πx
2L . (6.202b)

It is crucial to realize that both R and L are the same field such that ηL ≡ −ηR.
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Next, we define the angular bosonic fields

ϑ(x) :=
ϕR(x) + ϕR(−x)

2
, φ(x) := −ϕ

R(x) − ϕR(−x)

2
, (6.203)

which are local, [φ(x), φ(y)] = [ϑ(x), ϑ(y)] = 0, since ε2 is an odd function. However, they
remain mutually non-local because

[φ(x), ϑ(y)] = −iπ [ε2(x− y) + ε2(x+ y)] (6.204)

= −iπΘ(x− y) for 0 < x, y < L.

Their mode expansions take the form

ϑ(x) = ϑ0 +
∑

n>0

1√
n

(
an + a†n

)
cos
(nπx

L

)
, (6.205a)

φ(x) = −πQ
L
x+ i

∑

n>0

1√
n

(
an − a†n

)
sin
(nπx

L

)
. (6.205b)

Hence, ϑ (φ) satisfies homogeneous Neumann (Dirichlet) boundary conditions at x = 0,L.
Both fields remain periodic in x ∈ [−L,L] modulo 2π such that their compactification radius
is 2π and not π:

φ(x) ∼ φ(x) + 2π, ϑ(x) ∼ ϑ(x) + 2π. (6.206)

The Neumann condition on ϑ(x) means that the current density

j(x) :=
1

π
∂xϑ(x) (6.207)

vanishes at the boundaries, j(0) = j(L) = 0. Likewise the fluctuating charge density defined
by

ρ(x) := − 1

π
∂xφ(x) − Q

L
(6.208)

obeys the integral sum rule
∫ L
0 ρ(x) dx = 0. It is clear that there cannot be any topological

windings in ϑ(x) leading to the conclusion that J = 0 always. This is entirely consistent with
our earlier assertions in Sec. 6.3.3 regarding the incompatibility of U(1)R−L symmetry and
open boundary conditions.

Next, we have the mode expansions

ρ(x) = − i

L

∑

n>0

√
n(an − a†n) cos

(nπx
L

)
, (6.209)

j(x) = − 1

L

∑

n>0

√
n(an + a†n) sin

(nπx
L

)
, (6.210)

from which we can directly verify that they satisfy the modified current algebra

[ρ(x), j(y)] = − i

π

∞∑

m=−∞

[
δ′(x− y + 2mL) + δ′(x+ y + 2mL)

]
, (6.211)
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which now has two Schwinger terms. Alternatively, we can express ϕR in terms of ρ and j:

1

π
∂xϕ

R(x) = j(x) + ρ(x) +
Q

L
, (6.212a)

1

π
[∂xϕ

R](−x) = −j(x) + ρ(x) +
Q

L
. (6.212b)

Accompanying this is the functional relation

ϕR(x) = ϑ0 +
πQ

L
x+ π

∫ L

−L
ζ2(x− y)[j(y) + ρ(y)]dy, (6.213)

where

ζ2(x− y) := ε2(x− y) − x− y

2L
≡
∑

n>0

sin
[
nπ
L (x− y)

]

πn
(6.214)

is the descending saw-tooth function of period 2L. These expressions also lead to the following
equivalent expressions for the angular fields:

ϑ(x) = ϑ0 + π

∫ L

−L
ζ2(x− y)j(y) dy, (6.215a)

φ(x) = −πQ
L
x− π

∫ L

−L
ζ2(x− y)ρ(y) dy. (6.215b)

The convolutions with the saw-tooth function ζ2 effectively implement anti-derivatives. In
short, three things to note are:

(1) J and φ0 are now absent,

(2) the parity rule (−1)Q = (−1)J is no longer relevant,

(3) the compactification radii of the ϑ, φ fields are now doubled to 2π from π as previously
in Sec. 6.5.

These new aspects make the open system drastically different from the closed one from the
point of view of bosonization.

6.6.2 Bosonized Hamiltonian and action

Now we apply the open boundary bosonization dictionary to the fermionic Hamiltonian in
Eq. (6.30). The normal-ordered kinetic term is given by

H0 =
vF
4π

∫ L

0
dx :

(
[∂xϕ

R(x)]2 + [∂xϕ
R(−x)]2

)
:

=
πvF

2

∫ L

0
dx :

(
j(x)2 + ρ(x)2

)
: +

πvF
2L

Q2, (6.216)

and is missing the inductive J2 term.
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Next, we consider the backscattering terms like R†L. An application of the product
formula Eq. (6.200) yields

R†(x)L(x) = − i

4L

[
: ei2φ(x) :

sin(πxL )

]
. (6.217)

Taking the limits x → 0,L produces divergences and suggests the need to fermion normal
order [cf. Eq. (6.349)]. Doing so gives

: R†(x)L(x) := lim
ϵ→0

[
R†(x+ ϵ)L(x) − ⟨0|R†(x+ ϵ)L(x)|0⟩

]
= − i

4L

[
: ei2φ(x) : −1

sin(πxL )

]
(6.218)

and an analogous expression for its Hermitian conjugate. Note that for x→ 0+, we have

: R†(0+)L(0+) : =
1

2π
∂xφ(0), (6.219)

as can be checked by applying L’Hôpital’s rule. Further manipulation with trigonometric
identities then gives the final normal-ordered bosonized form for the backscattering term

: e−i2kF xR†(x)L(x) + ei2kF xL†(x)R(x) :=
1

2L

(
: sin[2φ(x) − 2kFx] :

sin(πxL )
+

sin[2kFx]

sin(πxL )

)
. (6.220)

Importantly, we notice that:

(a) there is an additional ‘form factor’ that is sensitive to how near x is to either boundary,

(b) the 2kFx shift in the sine potential promotes charge-density order in the phase field
φ(x).

This result comes from the fact that R(x) and L(x) are no longer independent because ϕR(x)
and ϕL(y) ≡ ϕR(−y) no longer commute. This leads to additional factors when fusing the
vertex operators in R†(x)L(y). Nevertheless, deep in the bulk when x ≈ L/2 and sin[πxL ] ≈ 1,
one recovers the translationally invariant form of this term. Lastly, the second term in the
parentheses is not an operator but a pure function and integrates to a constant,

1

2L

∫ L

0
dx

sin(kFx)

sin(πxL )
=

1

2
, (6.221)

because kF ∈ π
2L + (πL)Z. Hence we may replace the above expression by

: e−i2kF xR†(x)L(x) + ei2kF xL†(x)R(x) :=
1

2L

(
: sin[2φ(x) − 2kFx] :

sin(πxL )
+ 1

)
(6.222)

without loss of accuracy.

By contrast, bosonizing the SC pairing potential gives

R†(x)L†(x) − L(x)R(x) =
2i

L
sin
(πx

L

)
: cos[2ϑ(x)] : . (6.223)
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The remarkable thing about this expression is that it vanishes at the boundary, consistent
with R†(0)L†(0) = −R†(0)R†(0) = 0. Nevertheless, deep in the bulk where x ≈ L/2 we
recover the translationally invariant form of Sec. 6.5.

Finally, the total bosonized Hamiltonian is then given by

H =

∫ L

0
dx
{πvF

2
:
(
j(x)2 + ρ(x)2

)
: +

πvF
2L2

Q2

−
(

M

L

)(
: sin[2φ(x) − 2kFx] :

2 sin[πxL ]
+

1

2

)
−
(

2∆

L

)
sin[πxL ] : cos[2ϑ(x)] :

}
. (6.224)

This bosonized Hamiltonian corresponds to the following real-time classical action that is
obtained by the same methods as in Appendix 6.B,

S =

∫
dt(L0 + L1) (6.225a)

L0 = −π
∫ L

0

∫ L

0
j(x)[ζ2(x− y) + ζ2(x+ y)]∂tρ(y) dx dy −Q∂tϑ0

−
∫ L

0

πvF
2

(j(x)2 + ρ(x)2) dx− πvF
2L

Q2, (6.225b)

L1 =

∫ L

0
dx

{(
M

L

)(
sin[2φ(x) − 2kFx]

2 sin[πxL ]
+

1

2

)
+

(
2∆

L

)
sin[πxL ] cos[2ϑ(x)]

}
, (6.225c)

subject to the constraints that ϑ(x) and φ(x) are related to j(x), ρ(x), ϑ0, and Q by
Eqs. (6.215). From this action, we will perform a saddle-point analysis in the trivial and
topological phases just like in Sec. 6.5.

Trivial phase

Setting ∆ = 0, we may integrate out the field ϑ(x) in favor of φ(x). Since the degrees
of freedom contained in ϑ(x) – namely ϑ0 and j(x) – appear in Gaussian form, we can
do this exactly. This performs a Legendre transformation from a phase-space action to a
configuration-space action in terms of φ(x). By standard arguments we arrive at the total
Lagrangian density

LM =
1

2π

(
1

vF
[∂tφ(x)]2 − vF [∂xφ(x)]2

)
+

(
M

2L

)
sin[2φ(x) − 2kFx]

sin(πxL )
, (6.226)

where for convenience we have dropped the constant term which arises from fermion normal
ordering. The influence of Q now manifests as a topological winding condition

φ(0) − φ(L) = πQ ∈ πZ. (6.227)

Seeking saddle-point solutions, the Euler-Lagrange equation of motion is

[∂2x − v−2
F ∂2t ]φ(x, t) +

(
πM

vFL

)
cos[2φ(x, t) − 2kFx]

sin(πxL )
= 0. (6.228)
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Figure 6.3: Numerical solutions to the non-linear saddle-point ODE of Eq. (6.229), where
we have set kF = π/(2L). (a) Solutions in the Q = 0 sector at varying pinning potential
strength ϵM. (b) Saddle-point energies at varying pinning potential strength ϵM for different Q
sectors. The sectors corresponding to Q = 0 and Q = −1 happen to cross at large interaction
strengths.

Focusing first on static solutions, we set ∂tφ = 0 and note that the homogeneous solutions
φ(x) = 0, π are no longer viable solutions. This is in stark contrast to the closed wire and
can directly be attributed to the presence of open boundaries.

Nevertheless we can obtain numerical solutions (see Fig. 6.3) to the Euler-Lagrange equa-
tions, which may be re-expressed as the non-linear ODE

φxx(x) + ϵM
cos[2φ(x) − 2kFx]

sin(πxL )
= 0 (6.229)

such that φ(0) = 0, φ(L) = −πQ and the newly introduced non-linearity parameter ϵM :=
πM/(vFL) has dimensions of (length)−2. Hence, at this level of approximation, the variational
energies in the different Q sectors are generically split and the saddle-point ground state is
non-degenerate.

Topological phase

Next we will focus on the topologically non-trivial phase and set M = 0 in Eq. (6.225c). Since
[ϑ0, Q] = −i, Q is no longer an integral of motion. We integrate out ρ and Q in favor of j
and ϑ0. Again because ρ and Q appear only in Gaussian contributions in the action, their
functional integration amounts to a Legendre transformation. Consequently, this gives the
simplified Lagrangian density in terms of ϑ(x)

L =
1

2π

{
1

vF
[∂tϑ(x)]2 − vF [∂xϑ(x)]2

}
+

(
2∆

L

)
sin
[πx

L

]
cos[2ϑ(x)]. (6.230)
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In this situation, the field ϑ(x) is constrained not to have any topological windings (J ≡ 0)
and must satisfy homogeneous Neumann boundary conditions ϑ′(0) = ϑ′(L) = 0. We are
then led to the equation of motion

[∂2x − v−2
F ∂2t ]ϑ(x, t) −

(
4π∆

vFL

)
sin
[πx

L

]
sin[2ϑ(x, t)] = 0, (6.231)

and focusing on static saddle-point solutions yields

ϑxx(x) − ϵ∆ sin
[πx

L

]
sin(2ϑ(x)) = 0. (6.232)

Here, ϵ∆ := 4π∆/(vFL) > 0 is a non-linearity parameter with dimensions of (length)−2. In
contrast to the trivial case, homogeneous saddle-point solutions are now permissible and the
ones with minimum energy correspond to

ϑ(x) = ϑ0 = 0, π mod 2π. (6.233)

The situation is similar to the variational solutions to the topological phase in the closed
wire, with the exception that there are no parity constraints and ϑ0 is unique mod 2π instead
of π.

Nonetheless, to obtain finite variational energies we need to include kinetic fluctuations
to ϑ0. Again, this is easily achieved by the semi-classical approximation ρ = 0 and j = 0,
which we know is consistent with saddle-point solutions. This yields the effective Lagrangian

Leff = −Q∂tϑ0 −
πvF
2L

Q2 +

(
4∆

π

)
cos 2ϑ0, (6.234)

where we have performed the spatial integral over the finite interval. This then yields the
effective quantum Hamiltonian

Heff =
πvF
2L

Q2 −
(

4∆

π

)
cos(2ϑ0), (6.235)

where [ϑ0, Q] = −i. The kinetic term now splits the degeneracy between even and odd
fermion parity states. As a basis of fermion parity eigenstates, we can define the zero-mode
kets

|ϑ0 = θ⟩ :=
∑

m∈Z

eimθ|Q = m⟩, (6.236)

|ϑ0 = θ⟩+ :=
∑

m even

eimθ|Q = m⟩, (6.237)

|ϑ0 = θ⟩− :=
∑

m odd

eimθ|Q = m⟩, (6.238)

and express the two lowest eigensolutions to Heff as Mathieu functions [see Sec. 6.5.3]:

|Ψ(0)
∆ ⟩ =

√
1

π

∫ π

−π
dθ ce0(θ − π

2 ,
4∆L
π2vF

)|ϑ0 = θ⟩+, (6.239)

|Ψ(1)
∆ ⟩ =

√
1

π

∫ π

−π
dθ se1(θ − π

2 ,
4∆L
π2vF

)|ϑ0 = θ⟩−. (6.240)
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These have the respective energies

E
(0)
∆ =

πvF
2L

a0(
4∆L
π2vF

), E
(1)
∆ =

πvF
2L

b1(
4∆L
π2vF

). (6.241)

In the strongly pinned regime where ∆ ≫ vF /L, these wavefunctions are strongly localized
about |ϑ0 = 0⟩ and |ϑ0 = π⟩ in equal measure. The splitting in energy between these states
is [85]

δE∆ =
πvF

L

[
b1(

4∆L
π2vF

) − a0(
4∆L
π2vF

)
]

∼ 25
√

2

π

(πvF
L

)( 4∆L

π2vF

)3/4

e
−4

√
4∆L
π2vF , (6.242)

demonstrating the asymptotically exact degeneracy in the limit of large L. However, this
estimate for the energy splitting is not quite right because the decay appears to take the form

∼ L− 1
4 e−β

√
L, where β > 0 is a constant. This asymptotic is much slower than the exponential

form ∼ e−αL (α > 0) obtained from solving the free fermionic model [see Sec. 6.4.2]. This
implies that spatially homogeneous tunneling events whose kinetic energetics are captured

solely by the capacitive term vFQ2

2L are insufficient to arrive at the correct asymptotic estimate
for the quasi-degenerate energy splitting. To do so, we argue that localized instanton kinks

between the quasi-degenerate ‘vacua’ |Ψ(0)
∆ ⟩ ± |Ψ(1)

∆ ⟩ are necessary at the semi-classical level.
These kinks are tunneling events due to the transversal of localized π-kinks in the ϑ(x)
field through the bulk. Physically, they are localized superconducting phase slips connecting
degenerate semi-classical ground states. From the Lagrangian Eq. (6.230), we see that at low
energy, these kinks are predisposed to nucleate near the open boundaries where the potential
energy barrier is low due to the sin[πx/L]-modulated cosine potential. Although their effective
semi-classical equations of motion in the bulk should be affected by the changing strength of
the cosine potential, we can expect on purely qualitative grounds that these π-kinks should
have a rest mass that scales, to lowest order, like mkink ∼ vF /ξ∆ with ξ∆ = vF

∆ . Here ξ∆ is
just the superconducting correlation length of the system.

This is in contrast to the analyses of Refs. [52, 87], where the correct exponential law for
the quasi-degenerate energy splitting was also derived. However, those studies are based on
a homogeneous cosine potential and spatially uniform instanton kinks to the lowest order in
the semi-classical approximation. In principle, the exact eigenstates of the Mathieu equation
incorporate all higher-order spatially uniform instanton kink fluctuations. Yet, the resulting
degeneracy splitting does not diminish quickly enough with L to reflect the local energy
gap of the system. That is, one that is characterized by a correlation length scale and
localized semi-classical fluctuations. In Sec. 6.6.3, we will discuss the relationship between
these boundary-localized kinks and local Majorana zero mode operators.

6.6.3 Majorana zero modes in the extreme SC limit

The semi-classical analysis of the previous subsection yielded quasi-degenerate ground states
of opposite fermion number parity that are present only in the topologically non-trivial phase.
Unfortunately, the bosonic semi-classical approach was still unable to verify that this quasi-
degeneracy is associated with boundary-localized MZMs. However, in the extreme supercon-
ducting limit vF = 0, we can indeed derive the MZM operators analytically. In this case, the
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total Hamiltonian is just the SC pairing potential in an open wire. Despite being a singu-
lar Hamiltonian, it remains possible to capture many of the qualitative properties that are
protected by the SC excitation gap.

First, we have to consider the effects of a charge-conjugation symmetry that is present in
the model. Recall that the Lagrangian in the topological phase with M = 0 is

L =
1

2π

[
1

vF
(∂tϑ)2 − vF (∂xϑ)2

]
+

(
2∆

L

)
sin
(πx

L

)
cos(2ϑ). (6.243)

Recall also that the Z2 inversion symmetry Ix which was defined in Sec. 6.4 acts linearly by

Ix : R(x) 7→ −R†(x), Ix : R†(x) 7→ −R(x), (6.244)

because it acts on ψ(x) = [R(x),−R†(−x)]T by

Ix : ψ(x) 7→ σxψ(−x). (6.245)

When translated to the bosonic fields, this transformation acts linearly as

Ix : ϕR(x) 7→ π − ϕR(x), Ix : ηR 7→ ηR. (6.246)

This means that

Ix : ϑ(x) 7→ π − ϑ(x), Ix : φ(x) 7→ −φ(x), (6.247)

such that the density and current are odd under this transformation, i.e.,

j(x) 7→ −j(x), ρ(x) 7→ −ρ(x), Q 7→ −Q. (6.248)

Likewise, the zero mode transforms as

ϑ0 7→ π − ϑ0. (6.249)

These properties prompt us to identify Ix as a unitary charge conjugation operation.
The crucial point to note is that the cosine in the Lagrangian is invariant under this

transformation because

cos(2ϑ(x)) 7→ cos(2π − 2ϑ(x)) ≡ cos(2ϑ(x)). (6.250)

The kinetic term is trivially invariant because it depends only on the square of gradient
terms. Next, it is also important to note that this symmetry respects the required boundary
conditions and constraints that are

j(0) = j(L) = 0,

∫ L

0
ρ(x) dx = 0,

φ(0) = 0, φ(L) = −πQ.

Furthermore, spinless time-reversal symmetry T acts on fermions by

i 7→ −i, R(†)(x) 7→ L(†)(x) ≡ −R(†)(−x). (6.251)
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This translates to the chiral bosons as the anti-linear transformations

ϕR(x) 7→ π − ϕR(−x), ηR 7→ ηR, (6.252)

ϑ(x) 7→ π − ϑ(x), φ(x) 7→ φ(x), (6.253)

and gives

ρ(x) 7→ ρ(x), j(x) 7→ −j(x), (6.254a)

ϑ0 7→ π − ϑ0, Q 7→ Q. (6.254b)

It is straightforward to verify that the Lagrangian, the Hamiltonian, and the con-
straints/boundary conditions on ρ(x) and j(x) are invariant under T . Because T 2 = 1
there are no degenerate Kramers pairs and we can always choose a basis of energy eigen-
states that are Kramers singlets. In particular, if an eigenstate is non-degenerate, then it
must be a Kramers singlet.

Now we specialize to the vF = 0 limit in the Hamiltonian formulation. Notice that the
local vertex operators : e±iϕR(0) : and : e±iϕR(L) : exactly commute with the Hamiltonian

H = H1 = −
(

2∆

L

)∫ L

0
dx sin[πxL ] : cos[2ϑ(x)] : (6.255)

precisely because the Hamiltonian density is exactly zero at the boundaries. Moreover, for
∆ > 0 the cosine potential is exactly minimized by

ϑ(x) = θmin, θmin = 0, π mod 2π. (6.256)

Furthermore, under Ix, we have that θmin → π− θmin such that the degenerate ‘vacua’ trans-
form non-trivially under Ix. This suggests that we should express the Hermitian Majorana
zero mode operators in the combinations of vertex operators

γ̃0 = N
(

: eiϕ
R(0) : + : e−iϕR(0) :

)
, (6.257a)

γ̃L = −iN
(

: eiϕ
R(L) : + : e−iϕR(L) :

)
, (6.257b)

where N is a formal normalization constant that is fixed by the conditions γ̃20 = γ̃2L = 1. The
phase factor −i in γ̃L is necessary to make it Hermitian. The particular equal superposition
of : e±iϕR(x) : is crucial such that both γ̃0 and γ̃L transform non-trivially under Ix,

γ̃0 7→ −γ̃0, γ̃L 7→ −γ̃L. (6.258)

However, the complementary case where ∆ < 0 would have led to θmin = −π
2 ,

π
2 , which

is invariant under Ix. In this instance we would have chosen the other linear combination
of boundary vertex operators that would have made γ̃0 and γ̃L invariant under Ix. In this
sense the sign of ∆ dictates the specific Ix sector of the ground state, which is in complete
agreement with our prior analysis in Sec. 6.4.2. Furthermore, the expressions for γ̃0 and γ̃L
agree with those of our exact treatment of the same extreme limit in Sec. 6.4.5. Finally,
under time-reversal T we have

γ̃0 7→ +γ̃0, γ̃L 7→ −γ̃L, (6.259)
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consistent with symmetry fractionalization.
It is important to appreciate that the Majorana zero mode operators in Eqs. (6.257) are

purely local fermionic operators, though singular in their normalization. An alternative but
non-local expression that has been suggested by Cheng [35] and Mazza et al. [88] is

γ̃0 = eiϑ0 , γ̃L = −ieiϑ0(−1)Q. (6.260)

However these operators are only Hermitian and square to 1 in the low-energy subspace where
ϑ0 = θmin. They are clearly non-local because neither Q nor ϑ0 are local operators. The non-
locality of these Majorana zero modes derives from the application of a low-energy projection
onto the subspace of degenerate ground states. Moreover, we will next demonstrate that
the expressions in Eqs. (6.257) reduce to the above forms under the appropriately defined
low-energy projection. We should remark that the main interest of Refs. [35, 88] lies with
parafermionic zero modes derived from a generalization of the Hamiltonian in Eq. (6.224)
where M = 0 but cos[2ϑ(x)] is replaced by cos[2Mϑ(x)] with M ∈ N. The case of M = 1
directly corresponds to SC Majorana zero modes.

Next, recall that the phase field ϑ(x) has the operator expansion

ϑ(x) = ϑ0 + π

∫ L

−L
ζ2(x− y)j(y) dy. (6.261)

Thus, demanding that ϑ(x) is uniform is tantamount to requiring that j(x) = 0. From the

mode expansion of j(x) in Eq. (6.210), this is equivalent to the condition that an = −a†n for
all positive integers n. Hence, we define a variational ground state manifold spanned by the
tensor product of states

|ϑ0 = θ⟩ ⊗ |Ω̃⟩ (6.262)

with

eiϑ0 |ϑ0 = θ⟩ = eiθ|ϑ0 = θ⟩, (6.263)

⟨ϑ0 = θ′|ϑ0 = θ⟩ = 2π
∑

m∈Z

δ(θ′ − θ − 2mπ) (6.264)

for θ, θ′ ∈ (−π, π]. Note that as opposed to the zero-mode kets in Eqs. (6.237) and (6.238),
the ket |ϑ0 = θ⟩ does not have a definite fermion parity. The state |Ω̃⟩ is characterized by
the condition

an|Ω̃⟩ = −a†n|Ω̃⟩. (6.265)

This makes |Ω̃⟩ quite different from the filled Fermi sea |0⟩ which is annihilated by all such
an. Finally, the choice of sign of ∆ > 0 leads to |ϑ0 = 0⟩ and |ϑ0 = π⟩ as being the only two
possible pinning minima. Projecting onto the subspace spanned by the states

|ϑ0 = 0⟩ ⊗ |Ω̃⟩, |ϑ0 = π⟩ ⊗ |Ω̃⟩ (6.266)

yields the effective non-local Hamiltonian

Heff = −
(

4∆

π

)
cos(2ϑ0), (6.267)
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which is the previously considered effective Hamiltonian without the fluctuation or charge
capacitive term ∝ vFQ

2.

More importantly, the vertex operators acting on this subspace simplify to

: eiαϕ
R(x) : |Ω̃⟩ = eiαϑ0eiα

πQx
L exp

(
2α
∑

n>0

a†n√
n

sin
(nπx

L

))
|Ω̃⟩, (6.268)

which is derived using Eq. (6.265). These relations can then be used to derive the correlation
function

⟨R(−x)R†(y)⟩ =
(
⟨ϑ0 = θ| ⊗ ⟨Ω̃|

)
R(−x)R†(y)

(
|ϑ0 = θ⟩ ⊗ |Ω̃⟩

)
(6.269)

=
1

2L
e

iπ
2
(x−y)ei

π
L
x⟨ϑ0 = θ|ei2ϑ0e−

iπQ
L

(x−y)|ϑ0 = θ⟩ (6.270)

× ⟨Ω̃| exp

(
2
∑

n>0

an√
n

[sin(nπxL ) − sin(nπyL )]

)
|Ω̃⟩ (6.271)

for θ = 0, π. It is only non-zero whenever x = y because of the delta-function normalization
of the |ϑ0 = θ⟩ kets. Thus, we are led to

⟨R(−x)R†(y)⟩ = ei
πx
L δ(x− y). (6.272)

Lastly, we have that

: e±iϕR(0) : |Ω̃⟩ = e±iϑ0 |Ω̃⟩, (6.273)

: e±iϕR(L) : |Ω̃⟩ = e±iϑ0(−1)Q|Ω̃⟩. (6.274)

This means that for |ϑ0 = θmin⟩ ⊗ |Ω̃⟩ with θmin = 0, π, we have the eigenvalue equations

γ̃0

(
|ϑ0 = θmin⟩ ⊗ |Ω̃⟩

)
= +2N cos θmin

(
|ϑ0 = θmin⟩ ⊗ |Ω̃⟩

)
, (6.275)

iγ̃L

(
|ϑ0 = θmin⟩ ⊗ |Ω̃⟩

)
= −2N cos θmin

(
|ϑ0 = θmin⟩ ⊗ |Ω̃⟩

)
. (6.276)

Thus we recover the non-local forms of Eq. (6.260) since π = −π mod 2π. The singular
normalization of γ̃0 and γ̃L derives from the fact that the eigenkets of ϑ0 are delta-function
normalized.

It should be emphasized that by neglecting the kinetic contributions entirely, we have an
artificial degeneracy of the model with singularly localized Majorana zero mode operators.
The previous analysis of Sec. 6.6.2 in fact does a better job of lifting this degeneracy by pro-
viding some fluctuations about the pinned minima. However, as was already mentioned, the
exact energy splitting derived from that effective Hamiltonian is not sufficiently suppressed
with increasing L because the fluctuations in ϑ0 and Q are non-local by nature. To remedy
this situation we really do need to diagonalize the model in local bosonic degrees of freedom.
This is the topic of the next subsection. In a sense, we intend to smear the operators γ̃0, γ̃L
in Eq. (6.257) into the bulk and thereby produce Majorana ‘wavefunctions’. This smearing
is essentially driven by the non-zero kinetic term.
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6.6.4 Majorana zero modes from the vertex algebra

While Secs. 6.6.2 and 6.6.3 provided complementary results on MZMs and the quasi-
degenerate ground states, we shall now explicitly derive the exact bosonized MZMs. The
approach taken here uses the machinery of vertex algebras [89].

First, recall the bosonization identity for the open wire given in Eqs. (6.196),

R(x) =
1√
2L

: eiϕ
R(x) : e−iπx

2L , (6.277)

where we can safely drop the Klein factor ηR since it does not play a role after unfolding.
The normal-ordered Hamiltonian Eq. (6.224) then bosonizes to

H = H0 +H1, (6.278a)

H0 =
vF
4π

∫ L

−L
dx : [∂xϕ

R(x)]2 :, (6.278b)

H1 =
i∆

4L

∫ L

−L
dx s(x)

[
: eiϕ

R(−x) :: eiϕ
R(x) : − : e−iϕR(x) :: e−iϕR(−x) :

]
, (6.278c)

where we have set M = 0 to focus only on the topological phase, and s(x) := sgn(sin[πxL ])

is the square wave form. The goal is to determine a fermionic operator ψ̃E that has the
expansion

ψ̃E =

∫ L

−L

dx

2L
ψ̃(x)[: eiϕ

R(x) : + : e−iϕR(x) :]e−iπx
2L (6.279)

such that it is an exact quasiparticle excitation satisfying

[H0 +H1, ψ̃E ] = −Eψ̃E (6.280)

with energy 0 < E < ∆. Note that the superposition of vertex operators in Eq. (6.279)
was chosen such that Ix = −1 for this operator. This is based on the previous subsection’s
analysis regarding the consequences of ∆ > 0 when choosing the Ix symmetry of the ground
state. The additional phase factor e−iπx

2L is to ensure that antiperiodic boundary conditions
are satisfied, i.e., ψ̃(x + 2L) = −ψ̃(x), while maintaining a single-valued integrand. Also,
being non-degenerate, ψ̃E must be a Kramers singlet under time-reversal symmetry T . This
leads to the symmetry condition on the wavefunction

ψ̃(x) = [ψ̃(−x)]∗. (6.281)

One should think of the expansion Eq. (6.279) as a superposition of Mandelstam kinks [51]
in the chiral field ϕR. For vF

L < ∆, we expect to find two Majorana zero modes of the form

γ̃0 =
ψ̃E + ψ̃†

E

2
, γ̃L = i

ψ̃E − ψ̃†
E

2
. (6.282)

However, the spatial localization profiles of γ̃0 and γ̃L remain to be determined.
The solution to this problem in terms of fermionic operators, as we have seen in Sec. 6.4, is

fairly straightforward and entails working with Nambu space and the Bogoliubov-de Gennes
Hamiltonian. However, in this subsection, we choose to work entirely in the bosonic language.
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First, we require expressions for commutators of vertex operators with H0 and H1. The
computation of such commutators is most naturally done using operator product expansions
(OPEs) of the conformal field theory defined by H0 alone. Although the total Hamiltonian
does not describe a conformally invariant theory, the computation of equal-time commutation
relations using OPEs remains valid. Note that this involves analytically continuing x →
x+ ivF τ for short times τ in order to evaluate equal-time commutators using the well-known
relationship between radially ordered products and equal-time commutators [90–92].

We begin by defining the holomorphic coordinate in radial quantization in the C plane

z = e−iπ
L
(x+ivF τ) ∈ C, τ ∈ [−∞,∞]. (6.283)

The chiral fields then take the holomorphic form8

ϕR(z) = ϑ0 + iQ ln z +
∑

n>0

1√
n

(
anz

−n + a†nz
n
)
, (6.284)

which can be regarded as the H0-evolved Heisenberg operator

ϕR(z(x, τ)) ≡ ϕR(z(x+ ivF τ, 0)) ≡ eH0τϕR(z(x, 0))e−H0τ . (6.285)

As such, x has been holomorphically continued to complex values. In the new coordinates,
the vertex operator takes the elegant form [93]

: eiαϕ
R(z) : = eiαϑ0z−αQeiαϕ

R
+(z)eiαϕ

R
−(z), (6.286)

where

ϕR+(z) :=
∑

n>0

a†nzn√
n
, ϕR−(z) :=

∑

n>0

anz
−n

√
n

. (6.287)

The set of vertex operators themselves satisfy the fundamental product identities

: eiαϕ
R(z) : : eiβϕ

R(w) : = (z − w)αβ : ei[αϕ
R(z)+βϕR(w)] : (6.288a)

= (−1)αβ : eiβϕ
R(w) : : eiαϕ

R(z) : (6.288b)

for |z| > |w|.
Changing coordinate system from (x, τ) to z at zero time τ = 0 gives z̄z = 1 with

dx =
iL

π

dz

z
, ∂x = − iπ

L
z∂z. (6.289)

Thus the kinetic Hamiltonian H0 in holomorphic coordinates is

H0 = −πvF
2L

∮

|z|=1

dz

i2π
z : [∂zϕ

R(z)]2 :=
πvF

L

∮

|z|=1

dz

i2π
z T (z), (6.290)

8In some more common conventions of the holomorphic expansion of the chiral field (see, e.g., Refs. [75,81])
z is replaced by 1/z below. This has to do with our convention for the Fourier series expansion such that an
is accompanied by the phase e+iπx

L .
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where T (z) is the stress-energy tensor of a free chiral boson,

T (z) = −1

2
: ∂zϕ

R(z)∂zϕ
R(z) : =

∞∑

n=−∞

Ln

zn+2
, (6.291)

with Ln for n ∈ Z being the Virasoro generators. Applying the residue theorem yields

H0 =
πvF

L

∮

|z|=1

dz

i2π

∞∑

n=−∞

Ln

zn+1
=
πvF

L
L0, (6.292)

which just means that H0 implements radial dilations, i.e., time translations. Implementing
the same transformation steps to H1 gives

H1 =
i∆

2

∮

|z|=1

dz

i2π

s(z)

z

[
: eiϕ

R(z−1) : : eiϕ
R(z) : − : e−iϕR(z) : : e−iϕR(z−1) :

]
, (6.293)

with the square wave form in terms of z given by

s(z) := 2
∑

n odd

z−n

inπ
. (6.294)

Note that on the equal-time circle |z| = 1, s(z) is discontinuous and so the expression above
has to be interpreted as a formal distribution [89]. Finally, the fermionic quasiparticle oper-
ator Eq. (6.279) becomes

ψ̃E =

∮

|z|=1

dz

i2πz
ψ̃(z)

√
z
[
: eiϕ

R(z) : + : e−iϕR(z) :
]
. (6.295)

Also,
√
z is not single-valued on C because of a branch cut which is taken here to lie on

the negative real line. Hence, to maintain single-valuedness of the integrand, ψ̃(z) must also
contain the same branch cut with ψ̃(ei2πz) = −ψ̃(z). This is nothing more than a restatement
of antiperiodic NS boundary conditions.

Now we need to define the operation of radial ordering, which is the equivalent of time
ordering in radial quantization. We denote this ordering operation by R and for any two
field operators A(z) and B(w) depending holomorphically on the complex variables z, w, we
define

R{A(z)B(w)} =

{
A(z)B(w) |z| > |w|,
(−1)π(A,B)B(w)A(z) |w| > |z|.

(6.296)

Here, the exchange sign (−1)π(A,B) is set by the mutual braiding relation of A and B. Since
we are only dealing with fermions in the present situation, this phase is determined by the
Z2 grading of operators into bosonic (even) and fermionic (odd) grades. Thus (−1)π(A,B) =
(−1)|A||B|, such that we have a negative sign if and only if both A and B are fermionic. The
Z2 grade |A| ∈ {0, 1} of any graded operator A is determined by its commutation relation
with the fermion parity operator as

(−1)QA(−1)Q = (−1)|A|A. (6.297)
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w

z

C−C+

∂A(1, ε) = C− ∪ C+

(a)

w

z

C−C+

∂A(1, ε) = C− ∪ C+

(b)

w−1

|z|
=

1

Figure 6.4: Contour plots used to compute commutators via OPEs in the radial quantization
scheme. The shaded region denotes the annulus A(1, ϵ) centered at z = 0 with radii (1−ϵ, 1+
ϵ). Its boundary ∂A(1, ϵ) is composed of the two counterwinding contours C− and C+. As
ϵ tends to zero, the Cauchy residue theorem produces contributions only from singularities
on the zero-time circle |z| = 1. (a) The contour used to compute general commutators when

there is only one pole at z = w. (b) The contour used to compute [H1, : e±iϕR(w) :], which
now includes an extra singularity at z = w−1.

More generally, for any two vertex operators A(z) = : eiαϕ
R(z) : and B(w) = : eiβϕ

R(w) : we
have

(−1)π(A,B) = (−1)αβ (6.298)

due to the fundamental braiding relation in Eq. (6.288).

Consider next the following equal-time operator

OA :=

∮

|z|=1

dz

i2π
A(z). (6.299)

Computing its generalized commutator with another local operator B(w) at the same zero
time (|w| = 1) yields

[OA, B(w)]π =

∮

|z|=1

dz

i2π
[A(z), B(w)]π =

∮

∂A(1,ϵ)

dz

i2π
R{A(z)B(w)}. (6.300)

Here, ϵ is a positive infinitesimal number to be taken to zero, and A(1, ϵ) is an annulus centered
at 0 with radius 1 and thickness 2ϵ. The contour ∂A(1, ϵ) denotes its oriented boundary with
the outer boundary running anti-clockwise [see Fig. 6.4(a)]. Hence, to compute a commutator
we need to evaluate a contour integral of a radially ordered product in the limit ϵ→ 0. This
then involves the use of the OPE between A(z) and B(w), the poles of which will yield the
desired result.

To see this method in action we consider the commutator [H0, : e±iϕR(z) :]. Recall the

well celebrated OPE between T (z) and : eiαϕ
R(z) :,

T (z) : eiαϕ
R(z) : =

α2

2(z − w)2
: eiαϕ

R(w) : +
1

z − w
∂w

(
: eiαϕ

R(w) :
)

+ regular, (6.301)
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which remains valid irrespective of whether |w| < |z| or |w| > |z|. Plugging this expansion
into (6.300) gives

[H0, : e±iϕR(w) :] =
πvF

L

∮

∂A

dz

i2π
zR{T (z) : e±iϕR(w) :}

=
πvF

L

[
w∂w(: e±iϕR(w) :) + 1

2 : e±iϕR(w) :
]
. (6.302)

Notice that the final expression on the RHS is really just a special case of the following general
commutation relation [91] between the Virasoro generators and a primary field ϕ with scaling
dimension ∆ϕ

[Lm, ϕ(z)] = zm+1∂zϕ(z) + ∆ϕ(m+ 1)zmϕ(z), (6.303)

where the scaling dimension of : eiαϕ
R(w) : is α2/2. Moreover, we can express Eq. (6.302) in

a more compact form by multiplying with
√
w such that

[H0, (
√
w : e±iϕR(w) :)] =

πvF
L
w∂w(

√
w : e±iϕR(w) :). (6.304)

The factor
√
w essentially neutralizes the scaling dimension of the vertex operator. From the

bosonization identity

R(†)(x) =

√
w

2L
: e±iϕR(w) : (6.305)

with w = e−iπx
L , we then recover the Heisenberg equation of motion for the chiral fermionic

field under time evolution by H0,

[H0, R
(†)(x)] = ivF∂xR

(†)(x). (6.306)

Finally, using the result Eq. (6.304) leads to the commutator

[H0, ψ̃E ] = −πvF
L

∮

|z|=1

dz

i2πz
z∂zψ̃(z)

[√
z(: eiϕ

R(z) : + : e−iϕR(z) :)
]

(6.307)

after an integration by parts.
For the H1 term, things are more complicated because there is now more than one sin-

gularity and we need to apply Wick’s theorem when using the OPEs. First, the following
OPEs can be derived from the fundamental product Eq. (6.288):

: e±iϕR(z) : : e∓iϕR(w) : =

{
+ 1

z−w + reg. |z| > |w|,
− 1

z−w + reg. |w| > |z|,
(6.308)

: e±iϕR(z−1) : : e∓iϕR(w) : =

{
+ (z/w)

z−w−1 + reg. |z| > |w|,
− (z/w)

z−w−1 + reg. |w| > |z|.
(6.309)

Applying these OPEs to the calculation of the commutator then yields9

[H1, (
√
w : eiϕ

R(w) :)] = i∆s(w)
√
w−1 : e−iϕR(w−1) : (6.310)

9We only keep OPEs that yield singularities, whereas we can neglect products like : eiϕ
R(z) :: eiϕ

R(w) :
that are regular.
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for w = e−iπx
L . Firstly, when applying Wick’s theorem, we have to include an exchange

sign when permuting vertex operators. Since these vertex operators have mutual fermionic
statistics, this introduces a negative sign. Secondly, there are now singularities at z = w and
z = w−1 and so we have the situation depicted in Fig. 6.4(b). The same type of calculation
then gives

[H1, (
√
w : e−iϕR(w) :)] = i∆s(w)

√
w−1 : eiϕ

R(w−1) : . (6.311)

Together these commutators produce

[H1, ψ̃E ] = i∆

∮

|z|=1

dz

i2πz
ψ̃(z) s(z)

√
z−1

[
: e−iϕR(z−1) : + : eiϕ

R(z−1) :
]

= −i∆
∮

|z|=1

dz

i2πz
s(z)ψ̃(z−1)

√
z
[
: eiϕ

R(z) : + : e−iϕR(z) :
]

(6.312)

after making the change of dummy variable z → 1/z.
Putting the pieces together and comparison with Eq. (6.280) then requires the eigenvalue

equation

(πvF
L

)
z
∂ψ̃(z)

∂z
+ i∆s(z)ψ̃(z−1) = Eψ̃(z) (6.313)

to hold on the zero-time line |z| = 1. Transforming back to the spatial coordinate x and taking
the real and imaginary parts of ψ̃(x) ≡ ψ̃(−x)∗ then gives the BdG eigenvalue equations
Eq. (6.118). Hence, although we have managed to avoid Nambu space, ultimately we still need
to solve a single-particle BdG equation which describes the spatial profile of the Majorana
modes. Fortunately, this has already been done in great detail in Sec. 6.4.2. Nevertheless,
this entire exercise was a good check to see if one can derive the same eigenvalue equation
from purely bosonic methods. Finally, for the sake of completeness, the desired wavefunction
ψ̃(x) from Sec. 6.4.2 is given by

ψ̃(x) =

√
L

2
[a(x) + ib(x)], (6.314)

a(x) = Nκ sinh(κ(L− |x|)), b(x) = Nκ sinh(κx), (6.315)

where the quantities Nκ and κ are as defined in Sec. 6.4.2. The Majorana operators are
themselves given by

γ̃0 :=

∫ L

−L
dx

a(x)√
2L

[: eiϕ
R(x) : + : e−iϕR(x) :]e−iπx

2L , (6.316)

γ̃L :=

∫ L

−L
dx

b(x)√
2L

[: eiϕ
R(x) : + : e−iϕR(x) :]e−iπx

2L , (6.317)

which is nothing more than the bosonization of Eqs. (6.122).

6.7 Summary and discussion

In this work, a very simple continuum model of a one-dimensional fermionic SPT phase [2]
was analyzed in great detail using analytic methods. The topological non-trivialness of the
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phase is evidenced by the appearance of isolated Majorana zero modes (MZMs) localized
on open boundaries. These MZMs are protected from weak disorder and interactions by
fermion parity and spinless time-reversal symmetries. As was first established by Fidkowski
and Kitaev [50], this topological class of fermionic SPT phases (BDI-class) possesses a Z8

classification. Consequently, we can regard the model studied here as a generator of this Z8

“group of SPT phases” by stacking multiple copies of it. In addition, the continuum model
is realized effectively in the low-energy limit of Kitaev’s Majorana chain model.

What distinguishes this work from the previous studies is the exact analytic diagonaliza-
tion of the Bogoliubov-de Gennes (BdG) mean-field Hamiltonian at finite lengths and open
boundaries. The resulting free-fermion eigenmodes and their energies were then used to write
down the exact quasi-degenerate ground states and their Bogoliubon quasiparticle excitations.
In particular, at finite lengths, we uncover the exact MZM operators with boundary-localized
wavefunctions and the associated exact Bogoliubon quasiparticle excitation energy. This en-
ergy eigenvalue becomes suppressed by large bulk lengths and is a symptom of the many-body
quasi-degenerate energy splitting between opposite fermion number parity ground state sec-
tors. Additionally, the symmetry fractionalization of the SPT phase can be confirmed from
the transformation of the exact MZM operators under spinless time-reversal.

With an in-depth characterization of the model in the language of free fermions, we then
proceeded to perform finite-length bosonization analyses using normal-ordered vertex opera-
tors. We have also been careful to include zero modes, their associated conjugate momenta
(topological windings), and Klein factors in the form of anticommuting Majorana operators
(Clifford algebra generators). Bosonization was carried out in both open and closed wire
geometries at finite lengths. This allowed for comparisons between the two geometry types,
which we found to be qualitatively and quantitatively very different. Also, for both geome-
tries we employed a novel rewriting of the bosonized Hamiltonian and classical Lagrangian
that is explicit in zero modes, currents and charges. In 1+1 dimensions, the quantum current
and charge density fields satisfy an U(1) current algebra which is reflected in our finite-length
action.

In a closed wire geometry, our bosonization approach was able to demonstrate, at a semi-
classical level, fermion parity switching from twisting boundary conditions by a threaded
magnetic flux. This effect, which may be taken to be another operational definition of an
SPT phase, is limited to only the topological phase. We also clarified a subtle mathematical
point which relates to the Z2 gauge fixing of products of Klein factors iηRηL and total
fermion number parity. Technically speaking, there is an often overlooked internal Z2 gauge
symmetry which appears whenever the fermionic charge-raising/lowering operator (sometimes
also called the Klein factor) is factored into a zero-mode exponential and a Majorana operator.
Fixing the gauge of this internal symmetry then leads to a direct relationship between fermion
parity and the products of Klein factors iηRηL.

With open boundary conditions, the situation is drastically different and much of it relates
to the presence of topological MZMs. For one, unfolding consolidates left- and right-moving
bosonic fields into a single chiral field in the extended domain. As a consequence, there is now
only one zero mode ϑ0, and the compactification radii of the conjugate fields φ(x), ϑ(x) are
doubled. This latter fact produces (quasi-)degenerate ground states in the relevant pinned
phases of the sine-Gordon model. Such a spontaneous symmetry breaking by ordering in
bosonic fields actually corresponds to a global symmetry breaking of fermion parity, which is
forbidden by the boson-fermion superselection rule [94]. Restoration of this symmetry then
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requires a finite amount of virtual tunneling between bosonic ground state sectors that can
produce an exponentially suppressed energy splitting due to gapped bulk excitations.

Secondly, consistent use of normal-ordered vertex operators leads to bosonic sine-Gordon
potentials that are spatially modulated by the envelope function sin(πx/L). This is quite
surprising and is another significant difference from the closed geometry case where such
potentials are translationally invariant. We note that past studies, as far as we are aware,
have overlooked this feature by misapplying the bosonization dictionary, and in particular
often using unnormal-ordered vertex operators. In particular, bosonizing the superconducting
pairing potential results in a modulated cosine potential that vanishes at the boundaries.
Considered in isolation, this cosine mass term will produce the topological phase with exact
fermionic zero modes singularly localized at the boundary points. We then showed that
kinetic energy fluctuations lift this exact degeneracy at finite lengths. We first demonstrate
this at an effective semi-classical level. Our semi-classical analysis utilizes exact solutions to
the Mathieu equation, which yield a finite-size quasi-degenerate energy splitting that scales

as ∼ e−a
√
L. This is in contrast to the ∼ e−bL behavior seen in the exact fermionic treatment

and indicates that zero mode fluctuations, which are non-local in nature, are insufficient to
qualitatively capture the restoration of fermion parity symmetry. Nevertheless, one can view
this semi-classical result as an upper bound.

Thirdly, the non-local semi-classical treatment points to the necessity of local bosonic fluc-
tuations in order to properly capture the low-energy physics. Guided by our exact fermionic
solutions, we then presented a full understanding of how this occurs entirely in the bosonic
language. Our method uses vertex algebras and their operator product expansions in order to
determine the bosonic analog of the BdG eigenvalue equation satisfied by the exact Majorana
zero mode operators. We are then able to verify that the MZM operators in terms of bosons
are identical to their fermionic counterparts. In particular, in the extreme SC limit, where
kinetic fluctuations are quenched (vF = 0), we recover local but singular forms of the MZM
operators. Our analysis therefore provides a rigorous derivation of the results previously
suggested by Refs. [35, 88].

The totality of results – especially the exact ones – in this work reinforces our understand-
ing of MZMs in one-dimensional SPT phases, whilst also demonstrating the many subtleties
that can arise when applying bosonization. The fermionic and bosonic formulations are
equivalent but complementary formulations of the same physics. As such, they naturally em-
phasize different aspects. The bosonic point of view of this SPT phase with open boundaries
is essentially that of a spontaneously broken discrete symmetry, in this case Ising symmetry.
Hence it more naturally describes the quasi-degenerate ground states of opposite fermion
parity which are already accessible at the semi-classical level. However, it is at the expense
of understanding the boundary MZMs which are truly quantum-mechanical objects. This
aspect becomes more intuitive and natural in the fermionic picture. That complete equiva-
lency is ever present between these dual points of view and the manner in which it occurs is
probably one of the main takeaways of this work.

There are two extensions of this work which naturally suggest themselves. First, it will
be interesting to study the effects of local density-density interactions to the exact free MZM
operators. Previous studies including interactions have either been limited to closed wires
[57] using renormalization group arguments or operate at the level of the lattice with the
Jordan-Wigner transform [95]. As is well known, bosonization is an indispensable tool to
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expose the integrability of the interacting Tomonaga-Luttinger liquid, which is obscured in
the fermionic formulation. Therefore, a more detailed understanding of how the free fermion
picture of boundary MZMs is changed by interactions at the level of quantum operators
using bosonization is an attractive proposition. An approach based on the Schrieffer-Wolff
transformation [96,97] could serve this purpose.

The second extension would be to parafermionic theories, whereby the Z2 Ising symmetry
as expressed in the bosonized theory is generalized to a ZN group. The simplest theoretical
setup which purportedly hosts topologically protected parafermionic boundary operators and
the associated quasi-degenerate ground states involves proximity-induced SC on fractional
quantum Hall edge states [27–29] and fractional topological insulators [32]. Thus far these
models are best understood within a bosonized language, but a quantitatively detailed and
rigorous description of the quasi-degenerate energy splitting between ground states and the
topological parafermionic zero mode (PZM) operators remains lacking. The most common
realization of PZMs in this context is that of interface quasiparticle operators that straddle
domains of oppositely pinned bosonic order.

Acknowledgments. This work was supported by the Swiss National Science Foundation
and NCCR QSIT. We also would like to thank C. Reeg, M. Thakurathi, P. Aseev, S. Hoffman,
D. Chevallier and S. Dı́az for useful discussions. VC would like to thank especially E. Fradkin
for teaching him about (higher-dimensional) bosonization, Schwinger terms and how to read
off commutators from classical actions.

6.A The topological contribution to correlation functions

In this Appendix, we calculate the contribution to all single-particle correlation functions due
to either the occupation or vacancy of the quasi-zero mode ψEiκ relative to the ground state
|Ω0⟩. The non time-ordered single particle Green’s functions are defined by

G<(x, y; t) := ⟨eiHtΨ†(x)e−iHtΨ(y)⟩, (6.318a)

G>(x, y; t) := ⟨eiHtΨ(x)e−iHtΨ†(y)⟩, (6.318b)

F (x, y; t) := ⟨eiHtΨ(x)e−iHtΨ(y)⟩, (6.318c)

where H is the many-body mean-field Hamiltonian. Retarded, advanced and time-ordered
Green’s functions may then be obtained from those above. Expansion of Ψ(†) in terms of
exact BdG quasi-particle creation and annihilation operators gives

G<(x, y; t) =
∑

E

[
{Ψ†(x), ψ†

E}{ψE ,Ψ(y)}⟨ψEψ
†
E⟩e−iEt

+{Ψ†(x), ψE}{ψ†
E ,Ψ(y)}⟨ψ†

EψE⟩e+iEt
]
, (6.319a)

F (x, y; t) =
∑

E

[
{Ψ(x), ψ†

E}{ψE ,Ψ(y)}⟨ψEψ
†
E⟩e−iEt

+{Ψ(x), ψE}{ψ†
E ,Ψ(y)}⟨ψ†

EψE⟩e+iEt
]
, (6.319b)

with G>(x, y; t) obtained by the replacement Ψ† ↔ Ψ in G<(x, y; t).
As was stated, the difference between correlation functions in the quasi-degenerate ground

states |Ω0⟩ and |Ω1⟩ is the occupation configuration of the boundary-localized quasi-zero mode
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(a)

(b)

Figure 6.5: Plots of the ground state static correlation functions G<
0,bnd(x, y; 0) and

F0,bnd(x, y; 0) as defined in the main text. These are the topological boundary mode con-
tributions to the ⟨Ψ†(x)Ψ(y)⟩ and ⟨Ψ(x)Ψ(y)⟩ correlation functions, respectively. The data
shown is with κ = 12L−1 and Fermi momentum (a) kF = 1.5π/L, (b) kF = 15.5π/L.

ψEiκ = (γ0 − iγL)/2 composed of the localized Majoranas. Hence, we define the topological
contributions to the Green’s functions by

G<
0,bnd(x, y; t) = {Ψ†(x), ψ†

Eiκ
}{ψEiκ ,Ψ(y)}⟨Ω0|ψEiκψ

†
Eiκ

|Ω0⟩e−iEiκt, (6.320)

G<
1,bnd(x, y; t) = {Ψ†(x), ψEiκ}{ψ†

Eiκ
,Ψ(y)}⟨Ω1|ψ†

Eiκ
ψEiκ |Ω1⟩e+iEiκt, (6.321)

with G>
(0,1),bnd(x, y; t) defined analogously with Ψ† ↔ Ψ, and

F0,bnd(x, y; t) = {Ψ(x), ψ†
Eiκ

}{ψEiκ ,Ψ(y)}⟨Ω0|ψEiκψ
†
Eiκ

|Ω0⟩e−iEiκt, (6.322)

F1,bnd(x, y; t) = {Ψ(x), ψEiκ}{ψ†
Eiκ
,Ψ(y)}⟨Ω1|ψ†

Eiκ
ψEiκ |Ω1⟩e+iEiκt. (6.323)

Next, we define the auxiliary functions

A(±)
κ (x, y) := N 2

κ [sin(kFx) sin(kF y) sinh(κ[L − |x|]) sinh(κ[L − |y|])
± cos(kFx) cos(kF y) sinh(κx) sinh(κy)] , (6.324)

B(±)
κ (x, y) := N 2

κ [sin(kFx) cos(kF y) sinh(κ[L − |x|]) sinh(κy)

± cos(kFx) sin(kF y) sinh(κx) sinh(κ[L − |y|])] . (6.325)
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The topological contributions then take the form

G
<(>)
0,bnd(x, y; t) =

[
A(+)

κ (x, y) ∓B(+)
κ (x, y)

]
e−iEiκt, (6.326)

G
<(>)
1,bnd(x, y; t) =

[
A(+)

κ (x, y) ±B(+)
κ (x, y)

]
e+iEiκt, (6.327)

F0,bnd(x, y; t) = −
[
A(−)

κ (x, y) −B(−)
κ (x, y)

]
e−iEiκt, (6.328)

F1,bnd(x, y; t) = −
[
A(−)

κ (x, y) +B(−)
κ (x, y)

]
e+iEiκt. (6.329)

Notice that the B
(±)
κ (x, y) pieces represent non-local correlations involving bulk-separated

boundaries. Nevertheless, the relative signs between A
(±)
κ and B

(±)
κ in the superpositions

ensure that locality is restored in the limit that Eiκ = 0 as L → ∞.

Shown in Fig. 6.5 are example plots of the functions G<
0,bnd(x, y; t) and F0,bnd(x, y; t) in

the equal-time limit t = 0. They decay into the central bulk region (at a rate κ) and exhibit
kF oscillations. Analogous plots for the first excited state |Ω1⟩ show similar behavior but with
opposite signs for correlation functions between boundary points. In principle, these non-
local topological contributions to the correlation functions could be measured by scanning
tunneling microscopy in short topological wires.

6.B Current algebra and the bosonic action

In this lengthy Appendix, we present a careful derivation of the classical action for the
bosonized continuum fermionic model in Eq. (6.20). Specifically, the following equivalent
forms of the action Stot will be derived,

Stot ≡ −π
∫

dt

∫ L/2

−L/2
dx

∫ L/2

−L/2
dy ζ1(x− y) j(x)∂tρ(y) −

∫
dt

∫ L/2

−L/2
dx

πvF
2

(
j(x)2 + ρ(x)2

)

+

∫
dt
(
J ∂tφ0 −Q∂tϑ0 −

πvF
2L

(J2 +Q2) − πvF
L

(Q[δQ − 1] + JδJ)
)

≡
∫

dt

∫ L/2

−L/2
dx

{
1

π
∂xϑ∂tφ−

vF
2π

(∂xϑ
2+∂xφ

2)

}
−
∫

dt
[
Q∂tϑ0+

πvF
L

(Q[δQ − 1]+JδJ)
]

≡
∫

dt

∫ L/2

−L/2
dx

{
1

π
∂xφ∂tϑ−

vF
2π

(∂xϑ
2+∂xφ

2)

}
+

∫
dt
[
J∂tφ0−

πvF
L

(Q[δQ − 1]+JδJ)
]
,

(6.330a)

valid in the massless limit (M = ∆ = 0) with twisted boundary conditions (parametrized by
δQ, δJ) and finite length L. This derivation will involve the discussion of Schwinger terms in
current algebras (ρ, j), zero momentum modes (ϑ0, φ0), topological windings (Q, J), and the
strict adherence to a finite length.

There are many reasons for desiring a classical action of the bosonized theory, some of the
most important ones being the application of perturbative renormalization group techniques
and the development of semi-classical approximations at strong pinning. We will be mainly
interested in the latter as we discuss fermion parity switching and the bosonized MZMs in the
infinitely pinned limit. However, in this appendix we shall consider only the case of closed
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boundaries in the massless limit because the case of open boundaries with cosine mass terms
is specially treated in the main text.

The bosonic action is often taken for granted and is by now established textbook material.
In spite of that, most standard references [48,75,81,98] on the subject remain unclear about
the fate of zero modes and twisted boundary conditions. In fact, the action is often quoted
in its sine-Gordon form which follows from the integration of either one of the fields ϑ, φ at
the expense of the other. However, the actions quoted above represent ‘phase-space’ actions
where the quantum commutation relations between conjugate pairs (ϑ, φ) and (ρ, j) can be
easily read off. This form of the action is particularly suited for the discussion of competing
pinning potentials in ϑ and φ, which is awkward to do with the sine-Gordon formulation.
Furthermore, there are additional terms on the right-hand sides of Stot above that are typically
absent in most standard treatments. Yet they explicitly involve the zero modes, topological
windings and twisted boundary conditions.

6.B.1 Bosonization convention

The existence of several competing bosonization conventions in the literature often leads
to confusion and misunderstandings, 10 see for example the comments by von Delft and
Schoeller [79] and the tower of babel appendix by Giamarchi [48]. To make matters worse,
the form of the action Stot can depend on these details. For example, if one chooses to
use non-commuting zero modes instead of Klein factors, then there should be an additional
iϑ0∂tφ0 term in the Lagrangian. In another case, if one decides not to normal-order then
the final bosonized action can acquire an explicit dependence on a UV cutoff scale. It is for
reasons like these that we are compelled to restate our bosonization convention here. For
the experts, we will just mention that our convention is closer to the one used by string
theorists [90,92,93] and is a form of constructive or operator bosonization [78,79].

First, we recall the following bosonization identities [Eq. (6.139)] for the right- and left-
moving Fermi fields in a system of finite length L,

R(x) ≡ ηR√
L

: eiϕ
R(x) : ei

πx
L
(δJ+δQ−1), (6.331a)

L(x) ≡ ηL√
L

: eiϕ
L(x) : ei

πx
L
(δJ−δQ+1), (6.331b)

expressed in normal-ordered form. The chiral bosonic fields are compact bosons with the
compactification radii

ϕR ∼ ϕR + 2π, ϕL ∼ ϕL + 2π. (6.332)

They have the mode expansions

ϕR(x) = ϕR0 +
2πQRx

L
+
∑

q ̸=0

(
2π

|q|L

) 1
2 (

Θ(q)aq + Θ(−q)a†−q

)
eiqx, (6.333)

ϕL(x) = ϕL0 − 2πQLx

L
−
∑

q ̸=0

(
2π

|q|L

) 1
2 (

Θ(−q)aq + Θ(q)a†−q

)
eiqx, (6.334)

10This is acutely frustrating for graduate students learning bosonization for the first time. Ordinarily,
specialists adhere to a single convention over time and lose the ability to translate between conventions.
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where q ∈ 2π
L Z and Θ(x) is the Heaviside step function. The only non-zero commutation

relations amongst the operators are

[ϕR0 , Q
R] = −i, [ϕL0 , Q

L] = −i, [aq, a
†
q′ ] = δqq′ . (6.335)

Due to the compactification radii of ϕR,L, the operators QR, QL are integer-quantized and
represent occupation numbers of the R and L fermions. The operators ϕR,L

0 are known as
the zero-momentum (q = 0) modes. The bosonic normal ordering : : is defined such that

all annihilation operators aq are ordered to the right of the creation operators a†q and the

charges QR,L are ordered to the right of the zero modes ϕR,L
0 . This entails Wick-ordering

for the annihilation and creation operators and qp-ordering for the zero mode and number
operators. For example, this means that

: eiϕ
R(x) : ≡ eiϕ

R
0 ei

2π
L
QRx eiϕ

R
+(x)eiϕ

R
−(x), (6.336)

where

ϕR+(x) =
∑

q>0

(
2π

qL

) 1
2

a†qe
−iqx, ϕR−(x) = [ϕR+(x)]†, (6.337)

and analogously for ϕL±(x). With these relations, one can explicitly verify the commutation
relations

[ϕR(x), ϕR(y)] = +i2π ε1(x− y), (6.338)

[ϕL(x), ϕL(y)] = −i2π ε1(x− y), (6.339)

[ϕL(x), ϕR(y)] = 0, (6.340)

and

[ϕR−(x+ i0+), ϕR+(y)] = − ln
(

1 − ei
2π
L
(x−y+i0+)

)
, (6.341)

[ϕL−(x+ i0+), ϕL+(y)] = − ln
(

1 − e−i 2π
L
(x−y−i0+)

)
, (6.342)

where the i0+ convergence factors are remnants of the Wick normal-ordering prescription.
The function ε1 is defined as

ε1(x− y) :=
1

L
(x− y) +

i

2π
ln

(
1 − e+

i2π
L

(x−y+i0+)

1 − e−
i2π
L

(x−y−i0−)

)
=
⌈x− y

L

⌉
− 1

2
, (6.343)

where ⌈∗⌉ denotes the integer ceiling. Because ε1 is a function that depends on the difference
of two logarithmic functions which are holomorphic on mutually exclusive regions of the
complex plane, ε1 should be understood to be a hyperfunction [99]. It is also implied here
that principal branches are used when evaluating the arg and ln multi-functions. More
importantly, ε1 is a Green’s function [100] in the sense that

ε′1(x− y) =
∑

m∈Z

δ(x− y +mL), (6.344)
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where the RHS is the L-periodic Dirac delta function. One can also see from plotting ε1(x)
that it has discontinuities at intervals of L, in accordance to its derivative being a Dirac delta
comb. Finally, for |x− y| < L, we have

ε1(x− y) =
1

2
sgn(x− y), (6.345)

which gives the usual non-local commutator for ϕR,L in the infinite L limit.
Using these bosonic commutators, all of the canonical anticommutation relations for

R(x), L(x) can be reproduced; with the effects of twisted boundary conditions included.
Verifying this may be done using the vertex operator product identities [51,92]

: eiαϕ
R(x) : : eiβϕ

R(y) : =
[
e−i 2πx

L − e−i 2πy
L

]αβ
: ei[αϕ

R(x)+βϕR(y)] : , (6.346a)

: eiαϕ
L(x) : : eiβϕ

L(y) : =
[
ei

2πx
L − ei

2πy
L

]αβ
: ei[αϕ

L(x)+βϕL(y)] : (6.346b)

for α, β ∈ Z. These are derived by adhering to the normal-ordered product convention and
using the Baker-Campbell-Hausdorff identity.

The bosonization and operator product identities may then be used to bosonize the
fermion densities giving

: R†(x)R(x) : = : ρR(x) := +
1

2π
∂xϕ

R(x), (6.347)

: L†(x)L(x) : = : ρL(x) := − 1

2π
∂xϕ

L(x), (6.348)

where fermionic normal ordering is defined using point-splitting

: A(x)B(x) : = lim
ϵ→0

[A(x+ ϵ)B(x) − ⟨0|A(x+ ϵ)B(x)|0⟩] (6.349)

with |0⟩ being the filled Fermi sea. Next, the local conjugate fields are defined by

ϑ(x) =
ϕL(x) + ϕR(x)

2
, φ(x) =

ϕL(x) − ϕR(x)

2
, (6.350)

and have the commutators

[φ(x), ϑ(y)] = −iπε1(x− y), (6.351a)

[φ(x), φ(y)] = [ϑ(x), ϑ(y)] = 0. (6.351b)

These fields are related to the charge density and current by

ρtot(x) = : ρR(x) + ρL(x) : = − 1

π
∂xφ(x), (6.352)

jtot(x) = : ρR(x) − ρL(x) : = +
1

π
∂xϑ(x). (6.353)

They have the mode expansions

φ(x) = φ0 −
πQx

L
−
∑

q ̸=0

(
π

2|q|L

) 1
2

(aq + a†−q)e
iqx, (6.354)

ϑ(x) = ϑ0 +
πJx

L
+
∑

q ̸=0

(
π

2|q|L

) 1
2

sgn(q) (aq − a†−q)e
iqx, (6.355)
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accompanied by the non-zero commutation relations

[ϑ0, Q] = −i, [φ0, J ] = i. (6.356)

The bosonic fields φ, ϑ are also compact bosons with compactification radii

φ ∼ φ+ π, ϑ ∼ ϑ+ π. (6.357)

Their respective topological windings Q, J are integer-quantized and subject to the parity
condition

(−1)Q = (−1)J = 1 ⇔ Q = J mod 2. (6.358)

Employing the presented fermion-boson dictionary then translates the free-fermion Hamilto-
nian

H0 =

∫ L

0

{
−ivFR†∂xR+ ivFL

†∂xL
}

dx (6.359)

into the bosonized Hamiltonian

H0 =

∫ L

0

vF
2π

:
(
[∂xϑ]2 + [∂xφ]2

)
: dx+

πvF
L

(Q[δQ − 1] + JδJ) . (6.360)

The additional JδJ term arises from the diamagnetic response to the applied magnetic flux,
while the Q(δQ − 1) term may be interpreted as a Fermi pressure term.

The next goal is now to determine a classical action which, when quantized, does not
only give the correct bosonized Hamiltonian but also the correct commutators between the
bosonic fields φ and ϑ as described above. This will be extremely useful when performing
semi-classical approximations based on saddle points.

6.B.2 Current algebra and Schwinger terms

An unconventional way to dequantize the bosonic theory is to work directly with the non-
zero-mode (q ̸= 0) contributions to the current and density. These are defined to be

ρ(x) := ρtot(x) − Q

L
, j(x) := jtot(x) − J

L
, (6.361)

and constitute non-zero contributions to the current and density obeying

∫ L

0
ρ(x)dx =

∫ L

0
j(x)dx = 0. (6.362)

Their mode expansions are

ρ(x) =
i

L

∑

q ̸=0

( |q|L
2π

) 1
2

sgn(q) [aq + a†−q] eiqx, (6.363a)

j(x) =
i

L

∑

q ̸=0

( |q|L
2π

) 1
2

[aq − a†−q] eiqx. (6.363b)
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These expressions are independent of Q and J since

[ρ,Q] = [ρ, J ] = 0, [j,Q] = [j, J ] = 0. (6.364)

Thus, Q and J are the constant background charge and current. However, although Q and
J commute with each other, the non-zero-mode counterparts ρ and j do not. Instead they
satisfy a special commutation relation known as current algebra

[ρ(x), j(y)] = − i

π

∑

m∈Z

δ′(x− y −mL) = − i

π
ε′′1(x− y). (6.365)

The right-hand side of the above equation is understood in the sense of distributions, such
that

∫ L

0
dx

∫ L

0
dy g(x) δ′(x− y) f(y) =

∫ L

0
dx g(x) ∂xf(x). (6.366)

The δ′ term in Eq. (6.365) is known as a Schwinger term and is an ultra-local term because
it depends on the derivative of the Dirac delta function.

Now, reversing the Dirac quantization scheme yields the classical bracket

{ρ(x), j(y)} = − 1

π

∑

m∈Z

δ′(x− y +mL). (6.367)

More generally, the Poisson bracket for functionals F [ρ, j], G[ρ, j] is implied to be

{F,G} :=

∫
dx

∫
dy κ(x, y)

(
δF

δρ(x)
δG

δj(y) − δG
δρ(x)

δF
δj(y)

)

= − 1
π

∫
dx
[

δF
δρ(x)∂x

(
δG

δj(x)

)
− δG

δρ(x)∂x

(
δF

δj(x)

)]
, (6.368a)

where

κ(x, y) := − 1
π

∑

m∈Z

δ′(x− y +mL). (6.368b)

One can check that all the properties of a Poisson bracket are satisfied: skew symmetry,
associativity (Leibniz rule) and Jacobi identity.

Generally, the classical Poisson bracket and the quantum (Dirac) commutator do not
necessarily agree. The situations when they do not agree require the methods of Deformation
Quantization [101]. Fortunately, within the context of one-dimensional bosonization, the
underlying commutator algebra is that of the simple harmonic oscillator – i.e., the Heisenberg
algebra – such that the Dirac prescription remains exact.

Since the Schwinger term δ′ is ultra-local, the (functional) symplectic form that is taken
from the inverse of the Poisson bracket kernel function is expected to be non-local. Let X,Y
be functional vector fields

X =

∫
dx

(
Xρ(x)

δ

δρ(x)
+Xj(x)

δ

δj(x)

)
,

Y =

∫
dx

(
Yρ(x)

δ

δρ(x)
+ Yj(x)

δ

δj(x)

)
.
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Expressing the symplectic 2-form Ω as

Ω[X,Y ] :=

∫
dx

∫
dy λ(x, y) [Xj(x)Yρ(y) − Yj(x)Xρ(y)] (6.369)

then requires that

∫
dz κ(x, z)λ(z, y) = − 1

π∂xλ(x, y) =
∑

m∈Z

δ(x− y +mL). (6.370)

Thus, λ is a Green’s function to the derivative operator ∂x, and using Eq. (6.344) it must
have the form

λ(x, y) = −π [ε1(x− y) + C(y)] , (6.371)

where C(y) is only a function of y. Typically this is resolved by selecting boundary conditions.
The most natural choice happens to be

C(y) ≡ 0, (6.372)

which ensures that λ(x, y) = −λ(y, x). Taking this on faith for the moment, we then have
the symplectic 2-form

Ω[X,Y ] = −π
∫ L

0
dx

∫ L

0
dy ε1(x− y) [Xj(x)Yρ(y) − Yj(x)Xρ(y)] . (6.373)

This leads to the real-time finite L phase-space classical Lagrangian for ρ and j

L[ρ, j] = −π
∫ L

0
dx

∫ L

0
dy ε1(x− y) j(x)∂tρ(y) −H[ρ, j], (6.374a)

H[ρ, j] :=

∫ L

0
dx

πvF
2

(
j(x)2 + ρ(x)2

)
, (6.374b)

where the Hamiltonian is inferred from Eq. (6.360). Here ρ is taken to be the “position” co-
ordinate and j the “momentum”, although they are clearly interchangeable by an integration
by parts in time. Variation of the action leads to the equations of motion

ρ(x, t) = − 1

vF

∫
dy ε1(x− y) ∂tj(y, t), (6.375a)

j(x, t) = − 1

vF

∫
dy ε1(x− y) ∂tρ(y, t). (6.375b)

Comparing these equations of motion with the mode expansions Eq. (6.363) and the known

time-dependencies aqe
−i|q|t, a†−qe

i|q|t demonstrates that they are incorrect. However, this gives
us hints towards the correct form of the RHS. We note that we require a function ζ1(x− y)
with the properties that

ζ1(x− y) = −ζ1(y − x) (6.376)
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and
∫ L

0
dy ζ1(x− y) ∂y(eiqy) = eiqx (6.377)

whenever q ∈ 2π
L Z and q ̸= 0. This then leads to the unique solution

ζ1(x− y) := ε1(x− y) − x− y

L

= − 1

π
arg(1 − e+

i2π
L

(x−y+i0+))

= − i

2π

∑

n ̸=0

(
e

i2π
L

(x−y)
)n

n

=
∑

n>0

sin
[
2πn
L (x− y)

]

πn
, (6.378)

which is just the descending saw-tooth function of period L. This function is not quite a
Green’s function because

∂xζ1(x− y) =
∑

m∈Z

δ(x− y +mL) − 1

L
. (6.379)

However, when limiting ourselves to functions which integrate to zero over the interval [0,L],
the above expression still shows the behavior expected of a Green’s function. Incorporating
this subtle issue, we arrive at the correct final L-periodic Lagrangian

L[ρ, j] = −π
∫ L/2

−L/2
dx

∫ L/2

−L/2
dy ζ1(x− y) j(x)∂tρ(y) −H[ρ, j], (6.380a)

H[ρ, j] :=

∫ L

0
dx

πvF
2

(
j(x)2 + ρ(x)2

)
, (6.380b)

which yields the equations of motion

ρ(x, t) = − 1

vF

∫
dy ζ1(x− y) ∂tj(y, t), (6.381a)

j(x, t) = − 1

vF

∫
dy ζ1(x− y) ∂tρ(y, t). (6.381b)

The correctness of these equations can be verified from the mode expansions of ρ and j.
These give the conservation laws

∂tρ+ vF∂xj = 0, ∂tj + vF∂xρ = 0, (6.382)

where the first equation is the continuity equation and the second equation comes from the
duality ρ↔ j that is only valid for (1+1)-dimensional massless relativistic fluids. Both lead
to the more conventional massless Klein-Gordon equations of motion

(∂2t − v2F∂
2
x)ρ = 0, (∂2t − v2F∂

2
x)j = 0. (6.383)
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As a final technical remark, we note that in determining the classical action, we have made use
of the fact that the quantum Hamiltonian Eq. (6.360) is boson normal-ordered according to
our earlier described prescription. Implicitly, this means that the construction of the partition
function/time-evolution operator in terms of a functional integral unambiguously employs the

Wick-ordering of the aq, a
†
q operators. It should be stressed that different operator ordering

conventions will in general yield different functional integral actions [83,102].

6.B.3 Full action for the bosonic fields

The non-local action in Eq. (6.380) was originally written down in a related form for the chiral
boson by Floreanini and Jackiw [54] in the case of infinite L. However, this formulation is
rarely encountered in the literature. To connect it to Eq. (6.330) we recall that

ρ(x) = − 1

π
∂xφ(x) − Q

L
, j(x) =

1

π
∂xϑ(x) − J

L
. (6.384)

This leads to the following relationship between the angular fields ϑ, φ and ρ,j:

φ(x) = φ0 −
πQ

L
x− π

∫ L/2

−L/2
ζ(x− y)ρ(y) dy, (6.385)

ϑ(x) = ϑ0 +
πJ

L
x+ π

∫ L/2

−L/2
ζ(x− y)j(y) dy. (6.386)

In fact, these expressions can be verified by substituting the mode expansions Eqs. (6.363)
and performing a spatial integration by parts. Thus we have succeeded in simply expressing
the angular fields ϑ, φ as a functional of the zero modes ϑ0, φ0, the constant background
charges Q, J and the current/density fields j, ρ. The advantage of these expressions is that
they allow us to appreciate the non-local dependence between the ϑ, φ fields and the normally
measurable observables Q, J and ρ, j.

An important point to notice is that the zero modes φ0, ϑ0 represent spatial averages of
φ(x), ϑ(x) and may be extracted according to

φ0 =
1

L

∫ L/2

−L/2
φ(x) dx, ϑ0 =

1

L

∫ L/2

−L/2
ϑ(x) dx. (6.387)

However, these relations are very much dependent on the limits of integration despite the
L-periodicity. Moreover, it may be sometimes desirable to use different limits of integration
such as

φ0 =
1

L

∫ L

0
φ̃(x) dx, ϑ0 =

1

L

∫ L

0
ϑ̃(x) dx, (6.388)

which requires using a different set of fields defined by

φ̃(x) = φ0 −
πQ

L

(
x− L

2

)
− π

∫ L

0
ζ(x− y)ρ(y) dy, (6.389)

ϑ̃(x) = ϑ0 +
πJ

L

(
x− L

2

)
+ π

∫ L

0
ζ(x− y)j(y) dy. (6.390)
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These fields differ from φ(x), ϑ(x) by multiples of πQ, πJ . Equivalently, the zero modes of
φ̃(x), ϑ̃(x) and φ(x), ϑ(x) differ by multiples of πQ, πJ . In fact, the commutation relations

[ϑ0, Q] = −i, [φ0, J ] = i, [ϑ0, φ0] = 0 (6.391)

remain unchanged under the ‘gauge’ transformation

ϑ0 → ϑ0 + cJ, φ0 → φ0 − cQ (6.392)

for any c ∈ R. Thus, fixing a spatial averaging convention implicitly fixes this gauge choice in
the zero modes. Counterintuitively, this also means that the zero modes are not coordinate
invariant.

Finally, we can add the action capturing the physics of Q, J and φ0, ϑ0 to the current-
algebra Lagrangian L[ρ, j] in Eq. (6.380), which yields the total action

Stot[φ, ϑ] = −π
∫

dt

∫ L/2

−L/2
dx

∫ L/2

−L/2
dy ζ1(x− y) j(x)∂tρ(y) (6.393)

−
∫

dt

∫ L/2

−L/2
dx

πvF
2

(
j(x)2 + ρ(x)2

)

+

∫
dt
(
J ∂tφ0 −Q∂tϑ0 −

πvF
2L

(J2 +Q2) − πvF
L

(Q[δQ − 1] + JδJ)
)
.

After some manipulation, this gives us the other two equivalent forms in Eqs. (6.330). How-
ever, the form given in Eq. (6.394) reveals the separation between the zero and non-zero
modes. In fact, one can already read off the correct commutation relations amongst the zero
modes and the topological charge/current from the action above. The other more common
forms of the action in Eqs. (6.330) obscure this separation between zero and non-zero modes,
but highlight the need to include the zero-mode contributions Q∂tφ0 and J∂tϑ0, which are
often wrongly neglected in the infinite L limit. It is furthermore worth emphasizing that the
limits of integration play an important role here. To illustrate this, let us outline one of the
necessary derivations connecting Eq. (6.394) and the rest of Eqs. (6.330). The temporal term
for ρ, j can be seen to be

− π

∫ L/2

−L/2
dx

∫ L/2

−L/2
dy j(x)∂t[ζ(x− y)ρ(y)]

=
1

π

∫ L/2

−L/2
dx

[
∂xϑ(x) +

πJ

L

]
∂t

[
φ(x) − φ0 +

πQ

L
x

]

=
1

π

∫ L/2

−L/2
dx ∂xϑ(x)∂tφ(x) − J∂tφ0 + ∂tQ

∫ L/2

−L/2
dx
(x

L

)
∂xϑ(x).

The last term on the RHS can be integrated by parts to give zero due to boundary conditions.
Thus we have that

−π
∫ L/2

−L/2
dx

∫ L/2

−L/2
dy j(x)∂t[ζ(x− y)ρ(y)] + J∂tφ0 =

1

π

∫ L/2

−L/2
dx ∂xϑ(x)∂tφ(x)
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as desired. If we had instead chosen the less symmetric limits
∫ L
0 dx, then the action for φ̃

and ϑ̃ would have been obtained.
Finally, we may also express the action in terms of the chiral fields ϕR(x), ϕL(x). By the

change of variables

ϕR(x) = ϑ(x) − φ(x), (6.394)

ϕL(x) = ϑ(x) + φ(x), (6.395)

one obtains

Stot[ϕ
R, ϕL] =

∫
dt
(
LR[ϕR] + LL[ϕL]

)
(6.396)

with the Lagrangians

LR[ϕR] = − 1

4π

∫ L/2

−L/2

(
∂tϕ

R + vF∂xϕ
R
)
∂xϕ

R dx

= −QR∂tϕ
R
0 − π

∫ L/2

−L/2
dx

∫ L/2

−L/2
dy ρR(x)ζ(x− y)∂tρ

R(y)

− πvF
L

(QR)2 − πvF

∫ L/2

−L/2
[ρR(x)]2dx (6.397)

and

LL[ϕL] = +
1

4π

∫ L/2

−L/2

(
∂tϕ

L − vF∂xϕ
L
)
∂xϕ

L dx

= −QL∂tϕ
L
0 + π

∫ L/2

−L/2
dx

∫ L/2

−L/2
dy ρL(x)ζ(x− y)∂tρ

L(y)

− πvF
L

(QL)2 − πvF

∫ L/2

−L/2
[ρL(x)]2dx, (6.398)

where we also have the mode expansion

ϕR(x) = ϕR0 +
2πQR

L
x+ 2π

∫ L/2

−L/2
ζ(x− y)ρR(y) dy, (6.399)

ϕL(x) = ϕL0 +
2πQL

L
x+ 2π

∫ L/2

−L/2
ζ(x− y)ρL(y) dy. (6.400)

6.C Direct verification of the diagonalized Hamiltonian

This appendix presents an explicit verification of the Hamiltonian diagonalization in
Eq. (6.125). Recall first that the Hamiltonian is

H =

∫ L

0
dx
[
−ivF (R†∂xR− L†∂xL) + i∆(R†L† − LR)

]
, (6.401)
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which upon unfolding into the extended domain [−L,L] via

L(x) ≡ −R(−x), R(x+ 2L) = −R(x)

leads to

H := H0 +H1, (6.402a)

H0 :=

∫ L

−L
dx
(
−ivFR†∂xR

)
, (6.402b)

H1 :=

∫ L

−L
dx
(
− i∆

2 s(x)[R†(x)R†(−x) −R(−x)R(x)]
)
, (6.402c)

where s(x) := sgn(sin(πxL )) is the periodic square wave form. The presence of s(x) introduces
two domain walls in the SC pairing potential at x = 0,±L, where we expect to find localized
Majorana modes.

6.C.1 Majorana zero mode operators

The Majorana operator localized around x = 0 is claimed to be

γ0 =

∫ L

−L
dx a(x)[R(x) +R†(x)] = γ†0, (6.403)

where

a(x) = Nκ sinh(κ[L − |x|]) for x ∈ [−L,L], (6.404)

Nκ =
1√
L

(
sinh(2κL)

2κL
− 1

)−1/2

. (6.405)

The normalization
∫ L
−L a(x)2dx = 1 implies γ20 = 1. The inverse decay length κ > 0 satisfies

the gap equation

vFκ

∆
= tanh(κL), (6.406)

which implies the relations

vFκ = Eiκ sinh(κL), (6.407a)

∆ = Eiκ cosh(κL), (6.407b)

where

Eiκ =
√

∆2 + v2F (iκ)2 =
√

∆2 − v2Fκ
2 (6.408)

is the quasi-degenerate energy splitting. Note that a(x) is continuous throughout [−L,L] and
is an even function, a(−x) = a(x).

The goal is then to verify that

H = − i
2Eiκγ0γL + . . . , (6.409)
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where γL is the other Majorana operator localized around x = ±L. This is achieved by
checking that

[H, γ0] = iEiκγL. (6.410)

First, the equation of motion for R(x), R†(x) under time evolution by H0

R(†)(x, t) := eiH0tR(†)(x)e−iH0t = R(†)(x− vF t) (6.411)

produces the commutation relation

i[H0, R
(†)(x)] = −vF∂xR(†)(x) (6.412)

and hence

[H0, R(x) +R†(x)] = ivF [∂xR(x) + ∂xR
†(x)]. (6.413)

Thus, we find

[H0, γ0] = ivF

∫ L

−L
dx a(x) [∂xR(x) + ∂xR

†(x)]

= EiκNκ

∫ L

−L
dx s(x) sinh(κL) cosh(κ[L − |x|])[R(x) +R†(x)], (6.414)

where we have integrated by parts and used Eqs. (6.407) on the final line. In performing the
integration by parts, we have used the fact that there are no boundary term contributions
because a(±L) = 0.

Next, we also have

[H1, γ0] = − i∆
2

∫ L

−L
dx

∫ L

−L
dy s(x)a(y)

×
{
R†(x)δ(x+ y) −R†(−x)δ(x− y) −R(−x)δ(x− y) +R(x)δ(x+ y)

}

= − i∆
2

∫ L

−L
dx s(x)a(x)

{
R†(x) −R†(−x) −R(−x) +R(x)

}
because a(x) is even

= −i∆
∫ L

−L
dx s(x)a(x)

{
R†(x) +R(x)

}
because s(x) is odd. (6.415)

Then, substituting the sinh expression for a(x) and using Eqs. (6.407) results in

[H1, γ0] = −i∆Nκ

∫ L

−L
dx s(x) sinh(κ[L − |x|]) [R†(x) +R(x)]

= −iEiκNκ

∫ L

−L
dx cosh(κL) sinh(κ[L − |x|])[R(x) +R†(x)]. (6.416)

Assembling things together finally gives

[H0 +H1, γ0] = iEiκNκ

∫ L

−L
dx s(x){sinh(κL) cosh(κ[L − |x|])

− cosh(κL) sinh(κ[L − |x|])} [R(x) +R†(x)]

= iEiκ

∫ L

−L
dxNκs(x) sinh(κ|x|) [R(x) +R†(x)]

= iEiκγL (6.417)
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as claimed because the other Majorana operator is

γL =

∫ L

−L
dxNκ sinh(κx) [R(x) +R†(x)]. (6.418)

By similar manipulations as above, one can easily show that

[H, γL] = −iEiκγ0. (6.419)

In this case, however, one needs to use the fact that R(L) +R(−L) = 0 at the boundary.

6.C.2 Extended states operators

We can follow the same strategy as above to verify that

[H,ϕ†n] = Ekn,1ϕ
†
n, [H,φ†

n] = Ekn,2φ
†
n, (6.420)

where we have the purported eigensolutions

ϕn =

∫ L

−L
dx

ukn,1(x)∗√
2

[
R(x) +R†(x)

]
, (6.421a)

uk(x) =
1√
LNk

(cos(k|x| + 2θk) + i sin(kx)) , (6.421b)

φn =

∫ L

−L
dx

vkn,2(x)∗√
2

[
R(x) −R†(x)

]
, (6.422a)

vk(x) =
1√
LNk

(cos(k|x| − 2θk) + i sin(kx)) . (6.422b)

The momenta kn,1 and kn,2 above have to satisfy the quantization conditions

kn,1 =

(
n+

1

2

)
π

L
− 2θkn,1

L
, (6.423)

kn,2 =

(
n+

1

2

)
π

L
+

2θkn,2

L
, (6.424)

with n ∈ N and

2θk = tan−1

(
∆

vFk

)
. (6.425)

Their associated energies are

Ekn,i
:=
√

∆2 + v2Fk
2
n,i, i = 1, 2. (6.426)

We use the principle branch cut for the inverse tangent function. Firstly, using Eq. (6.412)
again yields

[H0, ϕ
†
n] =

∫ L

−L

−ivF∂xukn,1(x)√
2

[
R(x) +R†(x)

]
, (6.427)

[H0, φ
†
n] =

∫ L

−L

−ivF∂xvkn,2(x)√
2

[
R†(x) −R(x)

]
(6.428)
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after an integration by parts and by using the fact that

ukn,1(−L) = −ukn,1(L), vkn,2(−L) = −vkn,2(L) (6.429)

and R(L) +R(−L) = 0 to drop boundary terms.
However, in this case, one has

[H1, ϕ
†
n] = − i∆

2

∫ L

−L
dx

∫ L

−L
dy s(x)

ukn,1(y)√
2

[R†(x)R†(−x) −R(−x)R(x) , R(y) +R†(y)]

= −i∆
∫ L

−L
dx

s(x)√
2
u∗kn,1

(x)[R(x) +R†(x)], (6.430)

where we have used the fact that uk(−x) = u∗k(x) and that s(x) is an odd function. Likewise,
the same type of calculation yields

[H1, φ
†
n] = −i∆

∫ L

−L
dx

s(x)√
2
v∗kn,2

(x)[R(x) −R†(x)]. (6.431)

Thus, we have the expressions

[H,ϕ†n] =

∫ L

−L
dx

1√
2

{
−ivF∂xukn,1(x) − i∆s(x)u∗kn,1

(x)
}

[R(x) +R†(x)], (6.432)

[H,φ†
n] =

∫ L

−L
dx

1√
2

{
+ivF∂xvkn,2(x) − i∆s(x)v∗kn,2

(x)
}

[R(x) −R†(x)]. (6.433)

Then, by direct substitution and making use of the trigonometric identities with

vFk = Ek cos(2θk), ∆ = Ek sin(2θk), (6.434)

we have that

−ivF∂xuk(x) − i∆s(x)u∗k(x) =
Ek√

L
[cos(k|x| + 2θk) + i sin(kx)] , (6.435)

ivF∂xvk(x) − i∆s(x)v∗k(x) = − Ek√
L

[cos(k|x| − 2θk) + i sin(kx)] . (6.436)

This then gives the desired relations

[H,ϕ†n] = Ekn,1ϕ
†
n, [H,φ†

n] = Ekn,2φ
†
n.

Finally, one can also confirm numerically that the set of fermionic modes ϕn, φn′ , ψEiκ mutu-
ally anticommute because their mode wavefunctions are orthogonal.

6.D Numerical checks with a lattice model

In this appendix, we present a detailed derivation of a lattice model which yields the contin-
uum Hamiltonian given by Eq. (6.55) at low energies and long wavelengths. By doing so, we
can numerically confirm the correctness of the exact continuum solutions of Sec. 6.4.
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The task of finding a suitable lattice model is more subtle than it seems at first because
the R and L fields are relativistic. Nevertheless, the most direct way to proceed is to express
the model purely in terms of Majorana fields (cf. Sec. 6.3.2)

λ =
1

2

(
R+R†

L+ L†

)
, λ′ =

1

2i

(
R−R†

L− L†

)
. (6.437)

These obey the anticommutation relations

{λα(x), λβ(y)} = {λ′α(x), λ′β(y)} =
1

2
δαβδ(x− y). (6.438)

In this Majorana basis of field operators, the Hamiltonian given in Eq. (6.55) simply decom-
poses into

H = H+ +H−, (6.439a)

H+ =

∫
dxλT (−ivFσz∂x − ∆σy)λ, (6.439b)

H− =

∫
dx (λ′)T (−ivFσz∂x + ∆σy)λ′. (6.439c)

The mode Hamiltonians H± = −ivFσz∂x∓∆σy bear striking resemblance to the low-energy
effective Hamiltonian of the SSH model [62], but with opposite mass signs. This connection
suggests that we consider the single Kitaev chain Hamiltonian [1]

H+ =
N∑

j=1

(
it

2
γ2j+2γ2j+1 −

it′

2
γ2jγ2j+1

)
(6.440)

with t, t′ > 0 and where the γj ’s are local Majorana operators obeying {γj , γj′} = 2δjj′ .
Next, by taking periodic boundary conditions for the moment, we proceed to transform

to momentum space according to

γkα :=
1√
2N

N∑

j=1

e−ik(ja+rα) γ2j+α, (6.441)

where α = 0, 1 is an orbital (sublattice) index, r0 = −a/4, r1 = +a/4 are intra-cell site
positions, and a = 2 is the primitive lattice constant. The momentum k is quantized in units
of 2π/(Na) and we will take N to be even such that k = π/a is an allowed momentum.
Moreover, these k-space Majorana operators can be shown to obey the Hermitian conjugate
and anticommutation relations

γ†kα = γ−kα, {γkα, γk′β} = δαβ δ−k,k′ . (6.442)

As usually, this implies that the operators γ0α and ei
πrα
a γπα are Hermitian and hence represent

Majorana operators. Now the inverse Fourier transform

γ2j+α =

√
2

N

∑

k

e+ik(ja+rα)γkα (6.443)
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yields the k-space BdG Hamiltonian

H+ =
1

2

∑

k

(
γ−k0 γ−k1

)
H+(k)

(
γk0
γk1

)
, (6.444a)

H+(k) = (t+ t′) sin
(
ka
2

)
σx − (t− t′) cos

(
ka
2

)
σy. (6.444b)

The (chiral) topological winding number

ν = − i

4πa

∫ π/a

−π/a
dk tr

[
H+(k)−1σz∇kH+(k)

]
(6.445)

is Z quantized whenever detH+(k) ̸= 0, which is the case when t ̸= t′. Here the k-space
covariant derivative is defined by

∇k := ∂k + i[r̂, ·], r̂ :=
a

4
σz, (6.446)

where the operator r̂ is the orbital position operator and accounts for the choices of unit cell
and boundary surface termination.

From this Bloch Hamiltonian, we specialize to the limit where t ≈ t′. Since t, t′ > 0, the
band minimum lies at k = 0. Performing a gradient expansion about k = 0 then yields

H+(k) ≈ (t+ t′)a

2
k σx − (t− t′)σy, (6.447)

which is a valid approximation whenever |k|Lπ/a and |t− t′|L(t + t′)/2. Going back to real
space then produces

H+ = −i(t+ t′)a

2
σx∂x − (t− t′)σy, (6.448)

from which we identify a Fermi velocity and SC gap by

vF =
(t+ t′)a

2
, ∆ = t− t′. (6.449)

Note that this gradient expansion is somewhat more faithful to the relativistic continuum
model than it might appear at first. This is because the critical theory (when t = t′) has a
dispersion that possesses no band curvature. In this way, band curvature effects are reduced
to a minimum for ∆ ̸= 0.

Next, it helps to perform an internal O(2) rotation
(
γk0
γk1

)
=

1√
2

(
1 −1
1 1

)(
λk1
λk2

)
(6.450)

that diagonalizes σx and is essentially a rotation into an anti-bonding (λk1) and bonding
(λk2) basis of k-space Majoranas. This leads to the following form of the Hamiltonian

H+ =
1

2

∑

k

(
λ−k1 λ−k2

) [
(t+ t′) sin

(
ka
2

)
σz − (t− t′) cos

(
ka
2

)
σy
](λk1

λk2

)

≈ 1

2

∑

|k|<Λ

(
λ−k1 λ−k2

)
[vFkσ

z − ∆σy]

(
λk1
λk2

)
(6.451)

184



6.D. Numerical checks with a lattice model Chapter 6

with ΛLπ/a being a short-distance cutoff defining the effective low-energy theory. Now we
define real-space continuum Majorana fields by

λα(x) =
1√
2L

∑

|k|<Λ

eik(x+rα)λkα, (6.452)

where L = Na is the length of the system. These fields – in the long wavelength limit – also
obey the desired anticommutation relations

{λα(x), λβ(y)} =
1

2
δαβδ(x− y). (6.453)

Finally, transforming back to real space produces the desired low-energy relativistic theory

H+ =

∫
dxλT (−ivFσz∂x − ∆σy)λ (6.454)

valid whenever |∆|LvF /a and for momenta smaller than ΛLπ/a.
By the same arguments we can construct a lattice realization of H− by making the change

∆ → −∆. In summary, the full form of our desired lattice Hamiltonians is

H+ =
i

2

N∑

j=1

([
vF
a

+
∆

2

]
γ2j+2γ2j+1 −

[
vF
a

− ∆

2

]
γ2jγ2j+1

)
, (6.455a)

H− =
i

2

N∑

j=1

([
vF
a

− ∆

2

]
γ′2j+2γ

′
2j+1 −

[
vF
a

+
∆

2

]
γ′2jγ

′
2j+1

)
, (6.455b)

with γ′j being another independent set of local lattice Majorana operators.
Before we move on to the issue of boundary conditions in an open system, we have to

consider first the symmetries of the lattice models. Although it is manifestly clear that in
the limit ∆ = 0 the continuum model possesses a global U(1) symmetry, this is obscured in
the lattice model. Nevertheless, it is indeed U(1) symmetric. Specializing to the limit ∆ = 0
leads to

H+ =
it

2

∑

j

(γ2j+2γ2j+1 − γ2jγ2j+1) , (6.456a)

H− =
it

2

∑

j

(
γ′2j+2γ

′
2j+1 − γ′2jγ

′
2j+1

)
. (6.456b)

We then relabel the local Majorana operators alternatingly according to even and odd sites

a2j−1 := γ2j−1, a2j := γ′2j , (6.457a)

b2j−1 := −γ′2j−1, b2j := γ2j , (6.457b)

with aj and bj being newly introduced local Majorana operators. Then direct substitution
leads to the combined Hamiltonian

H+ +H− = t
∑

j

(−1)j [c†j+1cj + c†jcj+1], (6.458)

185



Chapter 6 6.D. Numerical checks with a lattice model

Figure 6.6: Comparison between the numerically determined eigenfunctions of an open Majo-
rana chain [Eq. (6.455a)] and exact solutions to the linearized continuum model [Eq. (6.439b)].
On display are the first three eigenfunctions with positive energy. The state corresponding
to the smallest energy (leftmost panel) corresponds to the topological mode. The parameters
used here are ∆ = 0.011 and vF /a = 0.9955, giving a coherence length of vF /∆ = 90.5 unit
cells or 181 sites. The chain length is L = 120 unit cells. The top panels show the numerically
obtained eigenfunctions as a function of site number. The apparent fast oscillations are due
to the combined plot of the wavefunction from both sublattices site types. The bottom panels
contain the same data but separated into sublattice type, with red curves taken from odd
sites and blue curves taken from even sites. Dashed black lines are the analytical expressions
Eq. (6.116) [a(x) and b(x)] and Eq. (6.82) after resolving the 2-spinor fields into sublattice
type (real and imaginary parts), cf. Eq. (6.463).

where cj =
aj+ibj

2 is a legitimate complex fermion. This lattice Hamiltonian is manifestly

U(1) symmetric with conserved particle number N =
∑

j c
†
jcj . Lastly, the fact that

T λT −1 = σxλ, T λ′T −1 = −σxλ′ (6.459)

can be shown to lead to aj and bj transforming by opposite signs under time reversal.

Moving on, we proceed to determine the appropriate boundary conditions for the low-
energy effective fields λ, λ′ in an open system. An arbitrary lattice fermionic operator ex-
panded as

ψ =
N+1∑

j=0

∑

α=0,1

ψj,αγ2j+α (6.460)

will undergo a time evolution according to the Heisenberg equation of motion

∂tψ = i[H+, ψ]. (6.461)
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Figure 6.7: Comparison between the numerically computed eigenfunctions (solid lines) and
analytical expressions (dashed lines) for the state with the smallest positive energy at different
lengths. Like in the bottom panels of Fig. 6.6, the eigenfunctions are plotted according
to sublattice type. The parameters ∆ = 0.004, vF /a = 0.992 are chosen such that the
coherence length is vF /∆ = 248 unit cells. (Left) The long wire limit where L = 800 is well
described by the in-gap solution Φ(+)(x) from Eq. (6.116). (Right) The short wire limit with

L = 100, where the dashed curve is the eigenfunction ϕ
(+)
k0,1

(x) obtained by an n = 0 solution

of Eq. (6.82). (Middle) The critical case where L = 248 is exactly equal to the coherence
length. The eigenfunction now has no curvature and is a piecewise linear function that is

described by either ϕ
(+)
k0,1

(x) or Φ(+)(x) in the limit that k0,1, κ→ 0.

This requires that ψ0,1 = 0, ψN+1,0 = 0 such that the action of H+ cannot introduce new
particles into or out of the finite system. Equivalently this means that the slow fields λ1(x)
and λ2(x) should obey

λ1(0) + λ2(0) = 0, λ1(L) − λ2(L) = 0, (6.462)

because
(
γ0(x)
γ1(x)

)
=

1√
2

(
λ1(x) − λ2(x)
λ1(x) + λ2(x)

)
. (6.463)

This boundary condition may be identically expressed as

σxλ(0) = −λ(0), σxλ(L) = +λ(L). (6.464)

Identical considerations also produce

σxλ′(0) = −λ′(0), σxλ′(L) = +λ′(L). (6.465)

Next, the defining relations of λ, λ′ in Eqs. (6.437) translate these boundary conditions to

R(0) + L(0) = 0, R(L) − L(L) = 0, (6.466)

which are our previously stated boundary conditions of Sec. 6.4. Hence we have verified that
the open chain boundary conditions will agree with those of our previous exact continuum
analysis.

Shown in Fig. 6.1 are exact numerical results from tight-binding model calculations based
on Eq. (6.455a). In this instance, the Hamiltonian H+ is topological with boundary modes
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whenever ∆ > 0. The other Majorana chain model H− does not display in-gap states in
this parameter regime. The roles of H+ and H− are reversed whenever ∆ changes sign,
such that the total model always contains topological boundary modes. Lastly, one may also
compare the form of the eigenfunctions, both localized and extended, as is done in Figs. 6.6
and 6.7. In Fig. 6.7 we observe the transition from a localized (convex-profiled) in-gap mode
to an extended (concave-profiled) mode with decreasing L. In the short length regime when

L < vF /∆, the analytical eigenmode is described by ϕ
(+)
k0,1

(x) from Eq. (6.116), where the

quantization condition for kn,1 in Eq. (6.87a) now has a valid solution for n = 0.
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Chapter 7
Fractional boundary charges with

quantized slopes in interacting one- and
two-dimensional systems

Adapted from:
K. Laubscher, C. S. Weber, D. M. Kennes, M. Pletyukhov, H. Schoeller, D. Loss, and J. Klinovaja,

“Fractional boundary charges with quantized slopes in interacting
one- and two-dimensional systems,”

Phys. Rev. B 104, 035432 (2021)

We study fractional boundary charges (FBCs) for two classes of strongly interacting
systems. First, we study strongly interacting nanowires subjected to a periodic potential
with a period that is a rational fraction of the Fermi wavelength. For sufficiently strong
interactions, the periodic potential leads to the opening of a charge density wave gap at
the Fermi level. The FBC then depends linearly on the phase offset of the potential with
a quantized slope determined by the period. Furthermore, different possible values for the
FBC at a fixed phase offset label different degenerate ground states of the system that cannot
be connected adiabatically. Next, we turn to the fractional quantum Hall effect (FQHE) at
odd filling factors ν = 1/(2l + 1), where l is an integer. For a Corbino disk threaded by an
external flux, we find that the FBC depends linearly on the flux with a quantized slope that
is determined by the filling factor. Again, the FBC has 2l+ 1 different branches that cannot
be connected adiabatically, reflecting the (2l+ 1)-fold degeneracy of the ground state. These
results allow for several promising and strikingly simple ways to probe strongly interacting
phases via boundary charge measurements.
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Chapter 7 7.1. Introduction

Figure 7.1: Corbino disk in the FQHE regime threaded by an external flux Φ. The FBC
is measured in the red region, which extends into the bulk on the order of a few edge state
localization lengths ξ. In the presence of a constriction, indicated by the dashed line, tunneling
of fractional charges between the chiral edge states (blue lines) is allowed.

7.1 Introduction

The emergence of fractional charges in topologically nontrivial systems is a recurring theme
in modern condensed matter physics that has been discussed in several different contexts.
In the fractional quantum Hall effect (FQHE), for example, strong electron-electron interac-
tions lead to the emergence of exotic quasiparticles carrying only a fraction of the electronic
charge e [1–4]. On the other hand, well-defined fractional charges can also emerge in the
ground state of topological insulators. Early examples include the Jackiw-Rebbi [5, 6] and
Su-Schrieffer-Heeger [7, 8] models, where domain walls between topologically non-equivalent
phases bind fractional charges that are quantized due to symmetry. Generally, fractional
boundary charges (FBCs) accumulate at the boundaries of an insulator. Importantly, the
possible presence of edge states influences the total boundary charge only by an integer
number, while the fractional part of the boundary charge contains contributions from all
extended states and is directly related to bulk properties via the Zak-Berry phase [9–15].
FBCs of this type have been studied in a large variety of systems, including different types of
one-dimensional (1D) models [15–39], topological crystalline insulators [40–44], higher-order
topological insulators [45–52], and the integer quantum Hall effect (IQHE) [31]. While the
presence of symmetries leads to a quantization of the FBC in rational units, [35] certain
universal features of the FBC persist even in the absence of symmetries. For generic 1D
tight-binding models with periodically modulated on-site potentials, it was shown that the
FBC is a sharp quantity1 that changes linearly with the phase offset of the modulation with
a universally quantized slope even in the presence of disorder [15, 28, 31, 34]. Furthermore,
this slope can be directly related to the Hall conductance in the 2D IQHE [31].

Motivated by these results on noninteracting systems, the aim of this work is to study
the universal properties of the FBC in strongly interacting systems. First, we consider a 1D
nanowire with a periodic potential of the form Vm(x) = 2Vm cos(2mkFx + α), where kF is
the Fermi momentum, m an integer, and α a phase offset. For m = 1, it is well-known that a

1Here, ‘sharp’ refers to the fact that quantum fluctuations are negligibly small compared to the fractional
ground state expectation value of the charge [28,38].
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charge density wave (CDW) gap is opened at the Fermi level [53] with an FBC that depends
linearly on α with a quantized slope 1/2π [28, 31]. In the presence of strong interactions,
additional gaps can be opened for m > 1. We show that in this case the FBC depends again
linearly on α with a fractional slope 1/2πm. Perhaps even more interestingly, we find that
there are now m degenerate ground states labeled by m different branches of the FBC that
cannot be connected under adiabatic evolution of α.

Next, we extend our considerations to a two-dimensional electron gas (2DEG) in the
FQHE regime at odd filling factors ν = 1/(2l + 1), where l is an integer. For a Corbino
disk threaded by an external flux Φ as shown in Fig. 7.1, we find that the FBC depends
linearly on Φ with a slope determined by the filling factor. From this the standard Hall
conductance follows. Further, the FBC has 2l+1 distinct branches labeling 2l+1 degenerate
ground states that cannot be adiabatically connected unless fractional charges are allowed to
tunnel between the two boundaries due to, e.g., a constriction, see again Fig. 7.1. We outline
how these results open up a strikingly simple way to probe strongly interacting systems via
boundary charge measurements.

7.2 FBC in one dimension

We first study the FBC in a 1D nanowire of spinless electrons subjected to a spatially mod-
ulated potential Vm(x).2 The single-particle Hamiltonian reads

H =

∫
dx Ψ†(x)

[
−ℏ2∂2x

2m∗ + Vm(x)

]
Ψ(x), (7.1)

where Ψ†(x) [Ψ(x)] creates [annihilates] a spinless electron of mass m∗ at the position x.
Without interactions, the onsite potential opens a CDW gap at the Fermi level only for
m = 1 [53]. To study the more general case of an interacting system, we linearize the
spectrum around the Fermi points and write Ψ(x) = R(x)eikF x + L(x)e−ikF x, where R(x)
and L(x) are slowly varying right- and left-moving fields, respectively. Next, we introduce
chiral bosonic fields R(x) ∝ eiϕ1(x) and L(x) ∝ eiϕ1̄(x) satisfying standard commutation
relations [54] [ϕr(x), ϕr′(x

′)] = irπδrr′sgn(x− x′). This ensures the correct anticommuta-
tion relation between fermionic operators of the same species, while the remaining com-
mutation relations can be ensured by Klein factors, which we do not include explicitly. It
is also useful to define local conjugate fields ϕ = (ϕ1̄ − ϕ1)/2 and θ = (ϕ1̄ + ϕ1)/2 with
[ϕ(x), θ(x′)] = iπ

2 sgn(x − x′). Small-momentum interactions are now included via the stan-
dard kinetic term H0 = v

2π

∫
dx {K[∂xθ(x)]2 + 1

K [∂xϕ(x)]2}, where v is the velocity and
K the Luttinger liquid parameter [54]. Furthermore, momentum-conserving multi-electron
processes involving backscatterings can lead to the opening of gaps when relevant in the
renormalization group (RG) sense [54–59]. In our case, to lowest order in the interaction, the
corresponding term reads

Hm
CDW = Ṽm

∫
dx [(R†L)meiα + H.c.], (7.2)

2In an experimental realization, it will be more convenient to tune kF by varying the filling of the wire
rather than adjusting the period of the potential.
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where we have neglected rapidly oscillating contributions. Here, Ṽm ∝ Vmg
m−1
B , where gB is

the strength of the backscattering term induced by interactions and Vm > 0. In terms of the
bosonic fields, the CDW term takes the form Hm

CDW =
∫
dxHm

CDW (x) with

Hm
CDW (x) =

−2|Ṽm|
(2πa)m

cos(2mϕ(x) + α− α0), (7.3)

where a is a short-distance cutoff and α0 an irrelevant phase shift. The above term is of
sine-Gordon form and opens a full gap at the Fermi level whenever relevant in the RG sense.
This can be achieved if K < 2/m2 (which generally requires long-range interactions) or if the
bare coupling constant is already of order one compared to the Fermi energy. From now on,
we therefore focus on the case where Hm

CDW is relevant.
We now consider a semi-infinite system with a single boundary at x = 0. In the semiclassi-

cal limit of infinitely strong pinning, the bosonic field ϕ takes a constant bulk value in order to
minimize the cosine term. Explicitly, we find −ϕ(∞) = (α−α0)/(2m) +pπ/m, where p is an
integer. At the edge of the system at x = 0, on the other hand, we impose vanishing boundary
conditions by demanding R(0)+L(0) = 0. This implies ϕ1(0)−ϕ1̄(0) = −2ϕ(0) = π mod 2π.
We then define the FBC QB as the excess charge at the boundary of the system as compared
to a constant bulk contribution. Using that the electron density is ρ(x) = −∂xϕ(x)/π, we
have QB = −[ϕ(∞) − ϕ(0)]/π in units of the electron charge e. Plugging in the bulk and
edge values for ϕ found above, we obtain for Q1D

B ≡ QB (up to an irrelevant constant)

Q1D
B =

α

2πm
+
p

m
mod 1. (7.4)

This result has several interesting features: Firstly, we see that the FBC is a linear function
of α with a slope 1/2πm. For m = 1, this agrees with the result that was previously
obtained for noninteracting systems [28, 31], but the derivation presented here also holds in
the presence of interactions.3 Secondly, for fixed α, there are m different values for the FBC,
Q1D

B −α/2πm ∈ {0, 1/m, ..., (m−1)/m}. For m > 1, we therefore find that the ground state is
m-fold degenerate. Thirdly, these different ground states cannot be connected to one another
under adiabatic evolution of α. As such, a given branch of the FBC is 2πm-periodic, while
the Hamiltonian is 2π-periodic. Finally, we emphasize that these results are independent of
the exact value of K but hold whenever Hm

CDW is relevant.
In fact, Eq. (7.4) can also be understood from more general arguments without the use

of the bosonization formalism. To see this, let us assume that the bulk is fully gapped
by the backscattering mechanism discussed above. If we shift the origin of the system by
π/mkF ≡ λF /2m, the FBC cannot change. Furthermore, any shift of the lattice by d can
always be compensated by shifting α. Thus, the FBC is a function of both of them and
necessarily has the form QB(α, d) ≡ QB(α/2π + 2md/λF ). This is nothing but a form of
‘Galilean invariance’ in α and d. On the other hand, a shift by d changes QB by dρ̄B, where
ρ̄B = 2/λF is the average bulk density. Thus, we find that the FBC is a linear function of not
only d but also α and has the form QB = (α/2π + 2md/λF )/m+ C, where C is a constant.
Again, we find that the slope of the phase dependence is 1/2πm. Simultaneously, there must
be m different branches of the FBC [corresponding to m values C = 0, 1/m, ..., (m − 1)/m]
since H is 2π-periodic.

3The CDW gap will, however, be renormalized by the interaction, see Ref. [53].
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Figure 7.2: Pictorial representation of the ground state for m = Z = 3 and a certain phase
α in the investigated regime. Every 9th site is occupied by a particle, which is indicated by
the small arrows pointing up. The ground state is three-fold degenerate as one can move the
particles to the green or blue unit cells.

7.3 Effective model

To illustrate the m-fold degenerate ground state and the phase dependence of the FBC [see
Eq. (7.4)], we consider the following tight-binding model with Ns sites

H = −t
Ns−1∑

n=1

(a†nan+1 + H.c.) +

r∑

l=1

Ns−l∑

n=1

Ul ρ̂nρ̂n+l +

Ns∑

n=1

vex cos

(
2π

Z
n+ α

)
ρ̂n , (7.5)

where ρ̂n = a†nan, t is the hopping amplitude, vex the amplitude of the potential modulation
with period Z and phase α, and Ul the electron-electron interaction with range r, which
is required to be sufficiently long-ranged. We choose Ul = U and r = Z(m − 1), where
ρ̄B = 1

mZ is the average bulk density (corresponding to filling ν = 1
m). For sufficiently large

vex or U , this means that every mth minimum is occupied in the thermodynamic limit (see
Fig. 7.2). The ground state is then m-fold degenerate because one could shift all particles
simultaneously to the next minimum.

Next, we investigate the evolution of the FBC with α, see Fig. 7.3. We calculate QB

with perturbation theory for U ≫ vex ≫ t, see Appendix B for details, and compare these
results with results obtained from a numerically exact density matrix renormalization group
(DMRG) approach. For an open system of finite size one gets a larger degeneracy of the
ground state as one can also shift single particles close to the boundaries. Thus, we do not
use an integer number of filling unit cells of size Z ·m but cut some sites at the boundary. The
ground state of the system is then nondegenerate and we can perform a variational ground
state search. For more details we refer to Appendix A.

We confirm, in accordance with Eq. (7.4), that QB shows a linear slope 1/2πm = 1/6π
up to a 2π/Z-periodic function (with Z = 3).4 The inset of Fig. 7.3 shows a false color
plot demonstrating for which values of vex and U this linear slope indicated by δQB =
QB (2π) − QB

(
4π
3

)
= 1

9 (white region) is stabilized. We observe that this is already the
case for relatively small vex and intermediate U . The general phenomenology of fractionally
quantized slopes in the FBC of this 1D model is therefore quite general and does not require
fine tuning. The additional modulation by a 2π/Z-periodic function that was not present in
Eq. (7.4) is a consequence of commensurability between the lattice constant and the Fermi
wavelength and vanishes in the continuum limit [28]. In Appendices D and E we show
that our results are stable against disorder of the hoppings and the on-site potentials and

4For sufficiently long-ranged interactions we expect our result to also hold when including small pertur-
bations in the filling or the modulation period, leading to small deviations of m or Z.
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Figure 7.3: FBC QB of the effective model with m = Z = 3 and t = 1. Main panel: QB as
a function of α at vex = 5 and U = 10 calculated with DMRG (crosses) and perturbation
theory (solid lines). For details about the calculation see Appendices A–C. The FBC shows
a linear slope 1/6π up to a periodic function and a jump of size unity. Inset: False color plot
showing δQB = QB (2π)−QB

(
4π
3

)
for different vex and U . The expected linear slope (white

region) is observed already for relatively small vex and intermediate U .

that a quantized slope is also present in the case of long ranged interactions Ul ∝ l−6 or
Ul ∝ exp(−γl) l−2.

7.4 FBC in two dimensions – FQHE

Next, we study the FBC in a 2DEG in the FQHE regime at odd filling factors ν = 1/(2l+ 1)
for an integer l. To facilitate the analytical treatment of strong interactions, we make use
of a coupled-wire construction of the FQHE [58, 59]. We consider an array of N parallel
nanowires, where the individual wires are oriented along the x axis and the wires are stacked
along the y axis [60,61]. We assume periodic boundary conditions along the latter, realizing
the cylinder geometry shown in Fig. 7.4. The kinetic term is H0 =

∑
nH0,n with H0,n =

− ℏ2
2m∗

∫
dx Ψ†

n(x) ∂2x Ψn(x), where Ψ†
n(x) [Ψn(x)] creates [annihilates] a spinless electron of

mass m∗ at the position x in the nth wire. A magnetic field B (B′) is applied perpendicular
to the surface (along the axis) of the cylinder and the vector potential is chosen as A = Bxŷ
[A′ = (B′R/2)ŷ], where R = Nay/2π is the radius of the cylinder and ay denotes the
interwire distance. Finally, the tunneling between neighboring nanowires is described by
HT =

∑
nHT,n+1/2 with

HT,n+1/2 = teiφ
∫
dx eikBxΨ†

n+1Ψn + H.c. (7.6)
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Figure 7.4: An array of nanowires tunnel-coupled by t arranged to a cylinder threaded by an
external flux Φ. A magnetic field B perpendicular to the cylinder surface drives the system
into an FQHE phase. The FBC Q2D

B is calculated in the red region and shown to vary linearly
with Φ, see Eq. (7.9).

Here, kB = eBay/ℏ and φ = e
ℏ
Φ
N , with the total flux through the cylinder given by Φ =

πR2B′. To treat interactions, we again linearize the spectrum around the Fermi points,
Ψn(x) = Rn(x)eikF x + Ln(x)e−ikF x, and switch to a bosonized language by writing Rn(x) ∝
eiϕ1n(x), Ln(x) ∝ eiϕ1̄n(x) with [ϕrn(x), ϕr′n′(x′)] = irπδrr′δnn′sgn(x− x′). Small-momentum
interactions can then be included in the standard way and lead to a gapless sliding Luttinger
liquid phase [59] that we will not characterize here. For our purposes, it suffices to note that
if kF becomes commensurable with kB such that 2kF /kB = ν, an additional momentum-
conserving multi-electron process can be constructed such that a gap is opened at the Fermi
level and the FQHE at filling ν is realized [59]. Explicitly, the term that opens the gap is
H l

T,n+1/2 =
∫
dxHl

T,n+1/2 with 5

Hl
T,n+1/2 = tle

iφR†
n+1Ln(R†

n+1Ln+1)
l(R†

nLn)l + H.c. (7.7)

Here, tl ∝ tg2lB . Introducing the fields ηrn = (l + 1)ϕrn − lϕr̄n, Eq. (7.7) becomes

Hl
T,n+1/2 =

−2|tl|
(2πa)2l+1

cos(η1(n+1) − η1̄n − φ+ φ0), (7.8)

where φ0 is an irrelevant phase shift. In this representation, it is evident that all fields are
pinned pairwise, such that the system is indeed fully gapped given that Hl

T,n+1/2 is the leading

relevant term. This can always be achieved for a suitable set of interaction parameters [58].
The case l = 0 corresponds to the IQHE with ν = 1, where the gap is opened even without
interactions.

We now calculate the FBC in dependence on Φ. At low energies, the argument of the
cosine term in Eq. (7.8) is pinned. Taking the sum over N , this implies −∑n ϕn(∞) =
Nν(φ − φ0)/2 + pνπ in terms of the local fields ϕn = (ϕ1̄n − ϕ1n)/2. Here, p is an integer.
On the other hand, imposing vanishing boundary conditions at x = 0 leads to

∑
n ϕn(0) =

−Nπ/2 mod π. Writing the 2D FBC as Q2D
B =

∑
nQ

1D
B,n, where Q1D

B,n is the FBC in the nth
wire, we get (up to an irrelevant constant)

Q2D
B =

Φν

2π

e

ℏ
+ pν mod 1. (7.9)

5Here it is crucial that we work with odd filling factors. At even filling factors, the presence of multiple
competing momentum-conserving terms can lead to a more complicated behavior that is not captured here.
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Thus, the FBC has a linear slope in Φ which is quantized in units of νe/h. At fractional
filling ν = 1/(2l + 1) with l > 0, this slope is (2l + 1) times smaller than in the IQHE case
l = 0. Furthermore, there are 2l+ 1 different branches of the FBC that cannot be connected
under adiabatic evolution of Φ. Finally, the Hall conductance can be obtained from the FBC
following Ref. [31], yielding σxy = e Q̇2D

B /Φ̇ = e2ν/h as expected.6 Importantly, this result
holds for arbitrary changes of Φ and therefore extends the well-known Laughlin argument,
where it is assumed that Φ is changed by an integer multiple of h/e.

7.5 Experimental signatures

The sample geometry described above can be realized by a Corbino disk [62–68], see Fig. 7.1.
The FBC is then accessible in a rather straightforward way using, e.g., STM techniques [69–
73] to measure the charge located at the boundary of the disk. This allows for several
interesting ways to probe the FQHE: Firstly, observing the slope of the linear flux dependence
allows one to probe the filling factor, see Eq. (7.9). This can further be corroborated by
observing the evolution of the FBC as Φ is varied adiabatically. The FBC will then be
(2π/ν)-periodic in Φ, with a jump of size unity occurring at a particular value of Φ. Secondly,
the different branches of the FBC can be connected if fractional charges are allowed to tunnel
between opposite boundaries due to, e.g., a constriction, see again Fig. 7.1. By measuring the
FBC repeatedly in the presence of a constriction, one finds that it can take 2l + 1 different
values, reflecting the (2l + 1)-fold ground state degeneracy. Similarly, if one now observes
the evolution of the FBC with Φ, also jumps of fractional size s/(2l + 1), where s = 1, ..., 2l
is another integer, can be observed when the system switches from one ground state to
another. We note that due to translational invariance it suffices to measure the FBC along
a small part of the boundary rather than along the entire circumference, see Fig. 7.1. In
this case, instead of measuring the absolute values of the slopes and jumps of the FBCs, one
should measure their ratios for different filling factors, which again become universal. Thus,
boundary charge measurements open up a direct way to probe the fractionalization of charges
in the FQHE and, most importantly, allow for a direct experimental verification of the ground
state degeneracy. We note that the FBC could alternatively be studied in cold-atom setups
with tunable interactions [74].

7.6 Conclusions

We studied FBCs in strongly interacting CDW-modulated nanowires and in Corbino disks
in the FQHE regime at odd filling factors threaded by an external flux. In both cases, the
FBC displays universal features that do not depend on microscopic details of the models
such as the exact values of the interaction parameters. In the nanowire (FQHE) case, the
FBC depends linearly on the phase offset (flux) with a quantized slope that is determined
by the filling factor. Furthermore, the different possible values of the FBC at a fixed phase
offset (flux) label different degenerate ground states that cannot be adiabatically connected.
The observation of these features is well within experimental reach and opens up a promising
route to probe strongly interacting phases via FBCs.

6While Ref. [31] studied the IQHE, the derivation of the Hall conductance presented there remains valid
also in the presence of interactions.
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As an outlook, we note that our findings can readily be extended to more general filling
factors ν = k/(2l+ 1), where k is an integer that is coprime to 2l+ 1. A given branch of the
FBC will be 2π(2l + 1)-periodic under adiabatic evolution of Φ with k jumps of size unity
occurring at specific values of Φ.
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7.A Ground state for finite and open system

When calculating the ground state of the effective one-dimensional model [see Eq. (7.5)] for
an open and finite system with a fixed number of particles Np, one gets a huge degeneracy
due to the missing particles at the system boundaries. To avoid this degeneracy we cut the
system and take only Ns = mZNp − (m− 1)Z = 9Np − 6 sites instead of N̄s = 9Np sites (for
Z = 3 and m = 3). The degeneracy is then lifted and there is only one possible ground state.
This procedure corresponds to forcing the last 6 sites to be empty. The other two possible
ground states that would occur in the thermodynamic limit can then be found by putting
either 3 or all 6 empty sites to the other boundary of the chain. We will use this procedure
for our DMRG calculations as well as for the analytical calculations of the boundary charge.

Using this ground state search, one gets a periodicity of 2π. To get the periodicity of 6π,
we calculate all three ground states. We expect these states to evolve into each other when
executing an adiabatic time evolution in the grand-canonical ensemble with the chemical
potential located in the charge gap. One then gets the periodicity of 6π which we show in the
main text. For convenience, we choose the chemical potential in such a way that the jumps
of the adiabatic time evolution and the ones of the ground state search occur at the same
position. The positions of the jumps in the adiabatic time evolution may change slightly
when changing the chemical potential within the gap.

The average of the FBC is given by

QB =

N̄s∑

n=1

fn(ρn −Np/N̄s), (7.10)

where N̄s is the number of sites including the 6 empty sites, Np is the number of particles,

and ρn = ⟨a†nan⟩. The envelope function is denoted by fn and needs to decay smoothly from
1 to 0. For our numerical calculations we take a linear slope for the decay of length lp. The
center of this slope has a distance of Lp to the left boundary. For the calculations shown in
Fig. 7.3 we use Ns = 174 (N̄s = 180) with Lp = 90 and lp = 90.
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7.B Analytical calculation of the FBC

In this Appendix we calculate the FBC for the effective one-dimensional model in dependence
of the phase α analytically. We focus on the case of Z = 3 and m = 3 (other cases can be
treated analogously) and consider the atomic limit with strong electron-electron (Coulomb)
interaction Ul = U ≫ vex ≫ t. We introduce an effective unit cell of Zeff = Zm = 9, so that
the average bulk density is ρ̄B = 1

Zeff
= 1

9 .
In the atomic limit the problem of finding the FBC in the given strongly interacting model

can be reduced to an effective single-particle model, in which a particle can occupy one of
the first Z sites of the effective unit cell with Zeff sites. As shown in Ref. [35] the FBC in
this limit is dominantly given by the polarization contribution deep in the bulk, which has
the form

QB ≈ QP = − 1

Zeff

Zeff∑

j=1

j(ρbulkj − ρ̄B) (7.11)

= − 1

Zeff

Z∑

j=1

jρbulkj +
Zeff + 1

2Zeff
(7.12)

= −1

9

Z∑

j=1

jρbulkj +
5

9
. (7.13)

Depending on the minima of the cosine potential (see Fig. 7.5), a particle can sit either on
site j = 1 (for 0 < α < 2π

3 ), or on j = 2 (for 4π
3 < α < 2π), or on j = 3 (for 2π

3 < α < 4π
3 ).

We thus get three plateaus,

QB

(
0 < α <

2π

3

)
≈ −1

9
+

5

9
=

4

9
, (7.14)

QB

(
4π

3
< α < 2π

)
≈ −2

9
+

5

9
=

3

9
, (7.15)

QB

(
2π

3
< α <

4π

3

)
≈ −3

9
+

5

9
=

2

9
. (7.16)

7.B.1 Vicinity of α = 0, 2π
3
, 4π

3

At α = 0, 2π3 ,
4π
3 the minima contain two sites with the same on-site potential. Therefore we

consider the first order degenerate perturbation theory in t in the three different intervals
around these values.

1) π
3 < α < π: |ψ0⟩ ≈ c

(1)
1 |1⟩ + c

(1)
3 |3⟩. Then we find

QB

(π
3
< α < π

)
≈ −1

9

(
|c(1)1 |2 + 3|c(1)3 |2

)
+

5

9
(7.17)

= −1

9

(
−|c(1)1 |2 + |c(1)3 |2

)
+

3

9
. (7.18)

However, this formula is incorrect, because the hybridization between |1⟩ and |3⟩ is in O(t)
impossible, and we need to revise the above result.
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0 π 2π
α

−1

0
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v j

j = 1

j = 2

j = 3

Figure 7.5: On-site potentials vj(α) = cos(2π3 j + α) for j = 1, 2, 3.

Consider the two subintervals 1a) π
3 < α < 2π

3 ; 1b) 2π
3 < α < π:

1a) For π
3 < α < 2π

3 the density is mostly located on |1⟩, with a small admixture of |0⟩,
which replaces |3⟩ in Eq. (7.18). Thus the correct expression reads

QB

(
π

3
< α <

2π

3

)
≈ −1

9

(
|c(1)1 |2 + 0|c(1)3 |2

)
+

5

9

≈ − 1

18

(
|c(1)1 |2 − |c(1)3 |2

)
+

1

2
. (7.19)

1b) For 2π
3 < α < π the density is mostly located on |3⟩, with a small admixture of |4⟩,

which replaces |1⟩ in Eq. (7.18). Thus the correct expression reads

QB

(
2π

3
< α < π

)
≈ −1

9

(
4|c(1)1 |2 + 3|c(1)3 |2

)
+

5

9

≈ − 1

18

(
|c(1)1 |2 − |c(1)3 |2

)
+

1

6
. (7.20)

Comparing Eqs. (7.19) and (7.20) and taking into account that |c(1)1 |2−|c(1)3 |2 is a continuous
function of α (see below) vanishing at α = 2π

3 , we observe that at this value of α the boundary
charge value jumps from 1

2 to 1
6 , such that the jump value is 1

6 − 1
2 = −1

3 .

2) π < α < 5π
3 : |ψ0⟩ ≈ c

(2)
3 |3⟩ + c

(2)
2 |2⟩. This gives us

QB

(
π < α <

5π

3

)
≈ −1

9

(
3|c(2)3 |2 + 2|c(2)2 |2

)
+

5

9

≈ − 1

18

(
|c(2)3 |2 − |c(2)2 |2

)
+

5

18
. (7.21)

3) −π
3 < α < π

3 : |ψ0⟩ ≈ c
(3)
2 |2⟩ + c

(3)
1 |1⟩, leading to

QB

(
−π

3
< α <

π

3

)
≈ −1

9

(
2|c(3)2 |2 + |c(3)1 |2

)
+

5

9

≈ − 1

18

(
|c(3)2 |2 − |c(3)1 |2

)
+

7

18
. (7.22)
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↑ ↑· · · · · ·
︸ ︷︷ ︸

Range of Coulomb interaction of the first particle︸ ︷︷ ︸
Range of Coulomb interaction of the second particle

Figure 7.6: States that are ground states at t = 0 but can be neglected at t ̸= 0. Two of the
particles have only a distance of (m − 1) minima. The energy is higher than for the states
where every mth minimum is occupied as the coupling of the green particle to the right and
of the blue one to the left is much smaller in these cases.

The coefficients ca and cb are found from the eigenvalue problem

( va−vb
2 −t
−t −va−vb

2

)(
ca
cb

)
= −

√(
va − vb

2

)2

+ t2
(
ca
cb

)
(7.23)

and it follows

cb =


va − vb

2
+

√(
va − vb

2

)2

+ t2


 ca
t
, (7.24)

c2a =
t2

[
va−vb

2 +

√(
va−vb

2

)2
+ t2

]2
+ t2

, (7.25)

c2a − c2b =

t2 −
[
va−vb

2 +

√(
va−vb

2

)2
+ t2

]2

[
va−vb

2 +

√(
va−vb

2

)2
+ t2

]2
+ t2

(7.26)

= −(va − vb)

va−vb
2 +

√(
va−vb

2

)2
+ t2

[
va−vb

2 +

√(
va−vb

2

)2
+ t2

]2
+ t2

. (7.27)

The results are shown in Fig. 7.7 for certain parameters, where we also compare them to
DMRG data.

When we made the ansatz that we only need one particle in a cell of Zeff = 9 sites, we
assumed that there are always two empty minima between the particles due to the repulsive
electron-electron interaction. However, it is possible to have configurations where there is
only one empty minimum between two particles. Then, both particles need to be located
on the outer site of their minimum as shown in Fig. 7.6. In this case they also do not ‘see’
each other’s Coulomb interaction and it would be a ground state for t = 0. However, we
do not need to consider them for the case with t ̸= 0. Indeed, the neglected states are not
coupled to the used ones in the orders that we look at. So there are no neglected couplings.
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Additionally, all states that have a contribution of those new states should have a larger
energy than the calculated ground state because the coupling to the adjacent site is much
smaller for the configurations shown in Fig. 7.6 due to the Coulomb interaction. Therefore,
these states cannot contribute to the ground state for t ̸= 0.

Using this degenerate perturbation theory, we find some discontinuities at α = π
3 , π,

5π
3

(see Fig. 7.7) because in the vicinity of these points, there are not two sites in the minimum.
In the next section we will remove these discontinuities by treating the vicinities of these
points in second order in t with a non-degenerate perturbation theory.

7.B.2 Vicinity of α = π
3
, π, 5π

3

In the vicinity of these points we can use non-degenerate perturbation theory where, up to
first order in the perturbation, the ground state is given by

|Ψ⟩ = |n⟩ +
∑

m̸=n

Vmn

En − Em
|m⟩ . (7.28)

Here, |n⟩ denotes the ground state for t = 0, and Vmn are the matrix elements between the
ground state and the excited states m, which are given by the hopping in our model.

In the given regions there is one site in each minimum of the on-site potential. We will
call this site b, while the two adjacent sites will be called a and c. We then get

|Ψ0⟩ = |b⟩ +
t

vc − vb
|c⟩ +

t

va − vb
|a⟩ (7.29)

for the ground state. Taking into account that this state is not normalized, we get

|cb|2 = 1 −
(

t

va − vb

)2

−
(

t

vc − vb

)2

+ O
(
t3
)
, (7.30)

|ca|2 =

(
t

va − vb

)2

+ O
(
t3
)
, (7.31)

|cc|2 =

(
t

vc − vb

)2

+ O
(
t3
)
. (7.32)

The boundary charge in the three different regions can then be calculated as follows:

QB

(
0 < α <

2π

3

)
≈ −1

9

(
0|c(1)3 |2 + |c(1)1 |2 + 2|c(1)2 |2

)
+

5

9

≈
(
−|c(1)3 |2 + |c(1)2 |2

)
+

4

9
, (7.33)

QB

(
4π

3
< α < 2π

)
≈ −1

9

(
2|c(2)2 |2 + 3|c(2)3 |2 + 4|c(2)1 |2

)
+

5

9

≈
(
−|c(2)2 |2 + |c(2)1 |2

)
+

2

9
, (7.34)
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Figure 7.7: Boundary charge as a function of α for the effective model calculated with DMRG
and perturbation theory. The other parameters are m = 3, Z = 3, t = 1, vex = 5 and
Ul = U = 10 for l = 1, ..., 6. We used Ns = 174 and Lp = 90, lp = 90 for the envelope
function to get the DMRG results. The dashdotted line shows the results calculated in the
vicinity of α = π

3 , π,
5π
3 , while the dashed line was calculated in the vicinity of α = 0, 2π3 ,

4π
3 .

QB

(
2π

3
< α <

4π

3

)
≈ −1

9

(
|c(3)1 |2 + 2|c(3)2 |2 + 3|c(3)3 |2

)
+

5

9

≈
(
−|c(3)1 |2 + |c(3)3 |2

)
+

3

9
. (7.35)

We then insert

|cc|2 − |ca|2 ≈
(

t

vc − vb

)2

−
(

t

va − vb

)2

(7.36)

to get the final result that is shown in Fig. 7.7 together with the results of the first order
perturbation theory calculated above.

7.B.3 Uniting the results

In the previous sections we calculated the behavior of the boundary charge in different regimes
of α. To get a final expected curve, one needs to decide where to change between those
regimes. Basically we have two different functions for the boundary charge. One should be
valid around α = π/3, π, 5π/3 and the other one around α = 0, 2π/3, 4π/3. These two results
are plotted in the whole interval of [0, 2π] in Fig. 7.7.

As one can see, both results fit a certain part of the numerical curve quite well while there
are other parts where they show useless behavior like jumps and divergences. Nevertheless
they coincide very well in the intermediate regions between the regimes where they were
calculated. To get one final analytical curve the method of calculation was changed at the
points where both curves cross each other. The final result can be seen in Fig. 7.8. The
numerical and analytical results lie nearly perfectly on top of each other. Fig. 7.8 corresponds
to a zoom into Fig. 7.3, where we show all three ground states with their periodicity of 6π.
There, we find a jump of unity for each of the ground states because a particle leaves the
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Figure 7.8: Boundary charge as a function of α for the effective model calculated with DMRG
and perturbation theory. The other parameters are m = 3, Z = 3, t = 1, vex = 5 and
Ul = U = 10 for l = 1, ..., 6. We used Ns = 174 and Lp = 90, lp = 90 for the envelope
function to get the DMRG results. The two curves of Fig. 7.7 are now combined to one final
curve.

system at that point. In Fig. 7.8 we see only a jump by 1/3 because the system changes
to another ground state as indicated by the colors. Thereby, all particles are shifted by one
minimum to get into the new real ground state of our system. As already mentioned above,
the other two ground states can be found by forcing other sites to have zero occupation. For
the analytical calculation this means that sites 4, 5, 6 or 7, 8, 9 are occupied instead of sites
1, 2, 3. The boundary charge is then changed by −1/3 or −2/3.

7.B.4 Limits of our perturbation theory

As we performed the perturbation theory in the regime U ≫ vex ≫ t, we expect it to fail when
U and vex are not large enough. In Fig. 7.9 we calculate the boundary charge in dependence
of α for different U and vex with constant U/vex = 2. For large values of U and vex the
results coincide very well with our numerical DMRG results. For smaller values of U and vex
the curves start to differ. When U and vex are of the order of t the perturbation theory does
not even give us a smooth curve. For those parameters the results of the different regimes of
α do not agree in the intermediate region and cannot be united in a satisfying way.

7.C Dependence on envelope function

In the thermodynamic limit the boundary charge needs to be independent of the details of
the envelope function. However, the boundary charge can slightly depend on the envelope
function for finite system sizes as shown in Fig. 7.10. To be as close as possible to the
thermodynamic limit, we choose the envelope function with Lp = N̄s/2 and lp = N̄s/2 (orange
curve in Fig. 7.10) for our calculations, where N̄s = Ns + 6 denotes the system including the
sites that we forced to be empty. With this choice already systems of relatively small size
give us a value of QB (2π)−QB

(
4π
3

)
that coincides with the one in the thermodynamic limit.
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Figure 7.9: Results of DMRG and perturbation theory for t = 1.0 and (vex, U) = (a)
(5.0, 10.0), (b) (4.0, 8.0), (c) (3.0, 6.0), (d) (2.0, 4.0), (e) (1.0, 2.0), (f) (0.5, 1.0). The per-
turbation theory works quite well for large values of vex and U as expected, while there are
clear drawbacks for smaller vex and U . The DMRG results are obtained with Ns = 174,
Lp = 90, and lp = 90.
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1/N̄s

0.108

0.112

0.116

Q
B

( 2
π

)
−
Q
B

( 4
π 3

) Lp = N̄s/2, lp = N̄s/2

Lp = N̄s/2, lp = N̄s

Lp = N̄s/2, lp = N̄s/3

1/9

Figure 7.10: QB (2π) − QB

(
4π
3

)
for different system sizes and different envelope functions.

N̄s = Ns + (m − 1)Z = Ns + 6 describes the system size including the blocked sites where
the density is forced to be zero. For N̄s → ∞ all curves tend to 1/9. The other parameters
are t = 1, vex = 3, and U = 3.

7.D Disorder

To prove that our results are stable against disorder, we investigate small random pertur-
bations of the on-site potential and the hopping terms. Therefore, we study the boundary
charge in dependence of the phase α averaged over different disorder configurations. The
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Figure 7.11: Boundary charge in dependence on α with included (a) hopping and (b) on-
site disorder averaged over 20 disorder configurations. The error bars show the size of the
uncertainty of the mean value for every second data point in the main panels and for all
points in the insets. For d = 0.1 the error bars are only shown in the left inset as they are
smaller than the line width in the other subplots. The other parameters are m = 3, Z = 3,
t = 1, vex = 5, Ul = U = 10 for l = 1, ..., 6, Ns = 174, Lp = 90, and lp = 90.

added terms are of the form

−
Ns−1∑

n=1

wn(a†nan+1 + H.c.) and

Ns∑

n=1

znρ̂n (7.37)

for hopping and on-site disorder, respectively. Either the parameter wn or zn is uniformly
distributed in [−d/2, d/2), while the other ones are set to zero. The results for a certain
set of parameters and 20 disorder configurations are shown in Fig. 7.11. For small disorder
strengths d = 0.1 the curve lies on top of the non-disordered one. The quantized slope is
therefore stable against small perturbations. Even for stronger disorder d = 0.5 the average
still coincides well with the results of the clean system although there are some differences
visible. We see that the jump by −1/3 gets smoother because its exact position now depends
on the disorder configuration. Therefore the standard deviation around the mean value of the
disorder average is also larger in that region. At transitions between different plateaus, we
also find an enhancement of the standard deviation, while within each plateau the standard
deviation is small.

7.E Other long-ranged interactions

In the main text and in the previous sections we always considered a constant interaction
Ul = U which drops to zero after l = (m − 1)Z sites. Here, we will show that we find the
same results for other long ranged interactions. Thereby, we will investigate a power law of
the form Ul = U0 l

−6 (as experimentally realized in Ref. [74]) and a Yukawa potential of the
form Ul = U0 exp(−γl) l−2. We approximate these long ranged interactions by using a sum
of exponential functions (

∑N
i=1 αiβ

l
i). The parameters are fitted by minimizing

lcutoff∑

l=1

(
ln

(
N∑

i=1

αiβ
l
i

)
− ln (Ul)

)2

. (7.38)
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Figure 7.12: Approximated interaction profile compared to the exact functions (a) l−6 and
(b) exp(−γl) l−2 with γ = 0.1 (blue), 0.3 (orange), and 0.5 (green) on a double logarithmic
scale. We use the prefactor (a) U0 = 1 and (b) U0 = 2, N = 10 and lcutoff = 20 to determine
the parameters of the exponential functions.

Figure 7.13: Results for an interaction of Ul = U0 l
−6 and Z = m = 3. (a) Boundary

charge in dependence on the phase α with U0 = 60000 and vex = 3. (b) False color plot of
δQB = QB (2π) −QB

(
4π
3

)
as a function of vex and U . The fractional slope is stabilized for

large U0 and intermediate vex (white region).

Using the logarithm ln corresponds to changing the weights of the different data points in the
fitting procedure. This assures that the approximation works well even at larger ranges as
we know that an interaction is needed on the first Z(m− 1) sites. For all functions we only
fit the parameters once and rescale them with the prefactor U0. We show the approximations
compared to the exact functions in Fig. 7.12.

The results of the power law interaction are shown in Fig. 7.13 for Z = m = 3. With
a sufficiently large U0 and vex we find the fractional slope of 1/2πm up to a 2π/Z-periodic
function as shown in Fig. 7.13(a). In Fig. 7.13(b) a false color plot is shown, where the region
with δQB = 1/9 (white) is where one finds the quantized fractional slope. We find a similar
phase boundary compared to the case discussed in the main text. The phase transition occurs
at a large prefactor U0 due to the rapid decay of the power law function.

In Fig. 7.14 we show false color plots for the Yukawa potential at different values of the
screening γ. Again, we see a phase transition similar to the cases discussed so far. For larger
γ, the phase boundary is situated at larger U0 because the Yukawa potential decays faster.
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Figure 7.14: False color plots showing δQB = QB (2π) −QB

(
4π
3

)
for an interaction of Ul =

U0 exp(−γl) l−2 with (a) γ = 0.1, (b) γ = 0.3, and (c) γ = 0.5. The other parameters are
Z = m = 3. The phase transition is located at larger U0 for larger values of γ.

7.F Interface between two CDWs

In this section, we show how the analytical arguments presented in the main text can be
extended to describe the charge located at the interface between two CDWs in a 1D nanowire.

We consider an interface between two CDWs described by a spatially modulated potential
of the form

Vm(x) =

{
2Vm cos(2mkFx+ α<), x < 0,

2Vm cos(2mkFx+ α>), x > 0,
(7.39)

where α< (α>) describes the phase offset of the CDW in the domain x < 0 (x > 0). We
can now follow the same arguments as in the main text for x ∈ (−∞, 0) and x ∈ (0,+∞)
separately. In terms of the conjugate bosonic fields ϕ and θ, the CDW term then takes the
form Hm

CDW =
∫
dxHm

CDW (x) with

Hm
CDW (x) =





−2|Ṽm|
(2πa)m cos(2mϕ(x) + α< − α0), x < 0,
−2|Ṽm|
(2πa)m cos(2mϕ(x) + α> − α0), x > 0,

(7.40)

where α0 is again an irrelevant overall phase shift. The CDW term is minimized for the
pinning values

ϕ(x) =

{
−(α< − α0)/2m+ lπ/m, x < 0,

−(α> − α0)/2m+ nπ/m, x > 0,
(7.41)

where l and n are integers. Therefore, the charge located at the interface is given by

QD = −
∫ +∞

−∞
dx

∂xϕ(x)

π

= − 1

π
[ϕ(+∞) − ϕ(−∞)]

= (l − n)/m+ (α> − α<)/2πm mod 1. (7.42)

We thus find that the fractional charge changes linearly with the phase difference α> − α<

with a slope of 1/2πm.
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Finally, we note that analogous considerations allow us to recover the fractional charge
of the excitations in the 2D case. Indeed, a bulk excitation in the 2D FQHE corresponds
to a kink (domain wall) in the pinned combination of the fields η1(n+1) − η1̄n for a given n,
see Eq. (7.8), while the uniform phase φ drops out. By using

∑
n(η1(n+1) − η1̄n) = −2(2l +

1)
∑

n ϕn and using that the charge density of a single wire is given by ρn = −∂xϕn(x)/π in
units of the electron charge e, we find that a kink between two adjacent minima of the cosine
carries the charge e/(2l + 1).
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915 (1988).

[66] V. T. Dolgopolov, A. A. Shashkin, N. B. Zhitenev, S. I. Dorozhkin, and K. von Klitzing,
Phys. Rev. B 46, 12560 (1992).

[67] M. J. Zhu, A. V. Kretinin, M. D. Thompson, D. A. Bandurin, S. Hu, G. L. Yu, J.
Birkbeck, A. Mishchenko, I. J. Vera-Marun, K. Watanabe, T. Taniguchi, M. Polini, J.
R. Prance, K. S. Novoselov, A. K. Geim, and M. Ben Shalom, Nat. Commun. 8, 14552
(2017).

[68] B. A. Schmidt, K. Bennaceur, S. Gaucher, G. Gervais, L. N. Pfeiffer, and K. W. West,
Phys. Rev. B 95, 201306(R) (2017).

[69] M. J. Yoo, T. A. Fulton, H. F. Hess, R. L. Willett, L. N. Dunkleberger, R. J. Chichester,
L. N. Pfeiffer, and K. W. West, Science 276, 579 (1997).

[70] S. H. Tessmer, P. I. Glicofridis, R. C. Ashoori, L. S. Levitov, and M. R. Melloch, Nature
(London) 392, 51 (1998).

[71] G. Finkelstein, P. I. Glicofridis, R. C. Ashoori, and M. Shayegan, Science 289, 90
(2000).

[72] G. Ben-Shach, A. Haim, I. Appelbaum, Y. Oreg, A. Yacoby, and B. I. Halperin, Phys.
Rev. B 91, 045403 (2015).

[73] M. Xiao, G. Ma, Z. Yang, P. Sheng, Z. Q. Zhang, and C. T. Chan, Nat. Phys. 11, 240
(2015).

[74] H. Bernien, S. Schwartz, A. Keesling, H. Levine, A. Omran, H. Pichler, S. Choi, A. S.
Zibrov, M. Endres, M. Greiner, V. Vuletić, M. D. Lukin, Nature 551, 579 (2017).
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Chapter 8
RKKY interaction at helical edges of

topological superconductors
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K. Laubscher, D. Miserev, V. Kaladzhyan, D. Loss, and J. Klinovaja,
“RKKY interaction at helical edges of topological superconductors,”

arXiv preprint arXiv:2203.08137 (2022)

We study spin configurations of classical magnetic impurities placed close to the edge of
a two-dimensional topological superconductor both analytically and numerically. First, we
demonstrate that the spin of a single magnetic impurity close to the edge of a topological su-
perconductor tends to align along the edge. The strong easy-axis spin anisotropy behind this
effect originates from the interaction between the impurity and the gapless helical Majorana
edge states. We then compute the Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction be-
tween two magnetic impurities placed close to the edge. We show that, in the limit of large
interimpurity distances, the RKKY interaction between the two impurities is mainly medi-
ated by the Majorana edge states and leads to a ferromagnetic alignment of both spins along
the edge. This effect can be used to detect helical Majorana edge states.

217



Chapter 8 8.1. Introduction

8.1 Introduction

Two magnetic impurities placed on a host material can effectively interact by coupling to the
electron spin density of the host. This so-called Ruderman-Kittel-Kasuya-Yosida (RKKY)
interaction [1–3] is crucial in determining the magnetic ordering of the impurities and has
recently come into focus due to its key role in designing magnetic-impurity-based ad hoc
topological superconductors (TSCs) hosting Majorana zero modes [4–43]. The exact form
of the RKKY interaction depends on the properties of the underlying host material and has
been extensively studied for various bulk systems [44–71]. Generally, the RKKY interaction in
metals decays as a power law with an oscillatory prefactor, while it is exponentially suppressed
in insulators and superconductors.

More recently, it was realized that the presence of boundaries can lead to interesting
modifications to the RKKY interaction. Such boundary effects were studied, for example,
in topologically trivial s- and d-wave superconductors [72, 73]. Furthermore, since boundary
effects are expected to be particularly interesting in topological materials, several works
have studied magnetic impurities coupled to edge or surface states of topological insulators
(TIs) [74–87]. For TSCs, on the other hand, only a few studies focusing on quantum spins
coupled to 1D Majorana edge states exist [88–90]. So far, these rely on effective 1D models
for the edge states without explicitly describing the full 2D TSC and its boundary.

In this work, we extend and deepen the understanding of RKKY effects in topological
materials by studying classical magnetic impurities close to the edge of a 2D p-wave TSC
with helical Majorana edge states, see Fig. 8.1. Here, we carefully model the full 2D system,
allowing us to describe not only the behavior close to the edge but also the crossover to
the bulk regime at distances from the edge larger than the edge state localization length.
Our main findings for impurities close to the edge can be summarized as follows. First,
we find that the spin of a single magnetic impurity tends to align along the edge due to
a strong easy-axis anisotropy (EAA) imposed by the symmetries of the TSC Hamiltonian.
Second, two magnetic impurities separated by large distances along the edge interact mainly
through the Majorana edge states. The corresponding RKKY interaction is of the Ising type,
decays inversely proportional to the interimpurity distance, and results in a ferromagnetic
alignment of the impurity spins along the edge. All of these results are derived analytically

Figure 8.1: A 2D p-wave TSC hosts helical Majorana edge states shown in red (spin up) and
blue (spin down). Their wave functions |ψ|2 decay exponentially into the bulk on the scale
of the superconducting coherence length ξ. Two magnetic impurities (red dots) with spins
S1 and S2 (black arrows) are placed in the vicinity of the edge. Their separation along the
direction of the edge is denoted by ℓ.

218



8.2. Model Chapter 8

using a continuum model and independently verified by numerical exact diagonalization of
the corresponding tight-binding model.

The above features stand in stark contrast to what is observed in a trivial superconductor
without edge states, where the single-impurity EAA term is absent and the RKKY coupling
is exponentially suppressed with the interimpurity distance even for impurities close to the
edge. Therefore, we believe that spectroscopy of magnetic impurities [36,38,91–101] can serve
as a powerful tool to experimentally probe TSCs and systems with topological edge states in
general.

8.2 Model

We consider a 2D helical p-wave superconductor [102] described by the mean-field Hamilto-
nian

H =
k2 − k2F

2m
τz + ατx (σxky − σykx) (8.1)

written in the Nambu basis (ψk,↑, ψk,↓, ψ
†
−k,↓,−ψ

†
−k,↑), where ψ

(†)
k,σ is the electron annihilation

(creation) operator with spin σ ∈ {↑, ↓} and in-plane momentum k = (kx, ky), kF the Fermi
momentum, k2 = k2x + k2y, m the effective mass, σ (τ ) the Pauli matrices acting on the
spin (particle-hole) degree of freedom, and α > 0 the TSC coupling constant responsible for
opening the superconducting gap 1. We set ℏ = 1 throughout this work. The bulk spectrum
of H is fully gapped:

ε±(k) = ±
√(

k2 − k2F
2m

+mα2

)2

+ ∆2, (8.2)

where ∆ = α
√
k2F − (mα)2 ≈ αkF is the bulk superconducting gap. We work in the regime

when ∆ ≪ εF := k2F /(2m), so kF ≫ mα.
As the mean-field Hamiltonian given in Eq. (8.1) is rotationally invariant, all edges are

equivalent. In the following, we focus on the straight edge at x = 0, such that the TSC
occupies the half-space x > 0. With the boundary at x = 0, the system is still translationally
invariant along the y axis, so the momentum ky is a good quantum number. Moreover, H
commutes with σzτz, which allows for the following choice of eigenstates:

Ψη,ky ,n(x, y) = eikyyΨη,ky ,n(x), (8.3)

where η = ±1 denotes the eigenvalue of σzτz [i.e., σzτzΨη,ky ,n(x) = ηΨη,ky ,n(x)], ky is the
momentum along the y axis, and n labels all other quantum numbers in the system. The
boundary at x = 0 obliges all quantum states to satisfy the boundary condition Ψη,ky ,n(x =
0) = 0.

The topologically nontrivial nature of the TSC is reflected in the presence of Majorana
edge states, see Fig. 8.1. Their wave functions can be found analytically as

Ψη,ky(x) =

√
2

ξ

(
k2F − k2y

)sin(κx)

κ
e
−x

ξ

(
uη

−ηu−η

)
, (8.4)

1The case α < 0 is connected to α > 0 through the unitary transformation H(−α) = σzH(α)σz. This
unitary transformation does not affect any of the presented results.
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where we have defined κ =
√
k2F − (mα)2 − k2y, uT+ = (1, 0), uT− = (0, 1), and where the

localization length ξ = 1/(mα) ≈ vF /∆ defines the effective width of the edge states. The
above edge state wave functions are normalizable for all ky ∈ (−kF , kF ). The corresponding
eigenenergies are given by εη,ky = −ηαky.

In the following, we place magnetic impurities in the vicinity of the TSC edge. The
impurity spins interact with the itinerant electrons via the local exchange interaction

Himp = J
∑

i

σ · Si δ(r − ri), (8.5)

where Si is the spin of the magnetic impurity placed at the position ri = (xi, yi) with xi > 0.
The impurity spins are considered large, Si ≫ 1, which allows us to treat them as classical
vectors. This regime is expected to be relevant, e.g., for transition metal adatoms with spins
S ≥ 3/2 [36–38,94–97,103–108], where quantum effects are expected to be small and theoret-
ical predictions based on classical spins have reasonably explained experimental findings in
the past. In particular, the classical approximation allows us to neglect the Kondo effect since
the Kondo temperature becomes exponentially small for S ≫ 1. Additionally, the exchange
coupling constant J is assumed to be small compared to the electron bandwidth, JSm≪ 1,
so we can neglect the renormalization of the superconducting order parameter [109–115] close
to the impurity.

8.3 Single magnetic impurity

First, we consider a single magnetic impurity placed at the position r0. Since we work in
the limit of weak exchange interaction, the impurity-induced correction to the total energy
can be obtained perturbatively. The first-order correction vanishes in time-reversal invariant
systems as there is no intrinsic magnetization in the system. The second-order correction
comes from the local magnetization induced by the impurity itself:

Eimp =
J2

2

∞∫

−∞

dω

2π
Tr
{

[σ · SG(r0, r0, iω)]2
}
. (8.6)

Here, G(r, r′, iω) is the Matsubara Green function of the TSC without impurities:

G(r, r′, iω) =
∑

η,ky ,n

Ψη,ky ,n(x)Ψ†
η,ky ,n

(x′)eiky(y−y′)

iω − εη,ky ,n
, (8.7)

where εη,ky ,n is the eigenenergy of the state Ψη,ky ,n(x) [see Eq. (8.3)].
The Hamiltonian H given in Eq. (8.1) with our choice of boundary conditions is time-

reversal symmetric, particle-hole symmetric, and invariant under inversion of the y axis.
Using these symmetries, one can show that G(r0, r0, iω) ≡ G(x0, iω) has the matrix decom-
position

G(x0, iω) = iA1(x0, iω) +A2(x0, iω)τz + iB(x0, iω)σyτy, (8.8)

where A1(x, iω) and B(x, iω) [A2(x, iω)] are real-valued odd [even] functions of ω. Evaluating
the spin trace in Eq. (8.6) using the matrix decomposition Eq. (8.8), we find that A1,2(x, iω)
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Figure 8.2: (a) The impurity-induced contribution C1−Eimp as a function of the polar angle
θ for a single magnetic impurity at a distance x0 = 0.2 ξ (red), x0 = 0.3 ξ (green), x0 = 0.4 ξ
(orange), and x0 = 0.6 ξ (blue) from the edge. The dots represent numerical data obtained
via exact numerical diagonalization of a discretized 2D model (see App. 8.A for details) and
the solid line is a fit ∝ cos2 θ. We find that the total energy is minimized if the impurity spin
is aligned along the edge, i.e., for θ = 0 and θ = π. (b) Dependence of C2 on the distance
from the edge obtained via exact numerical diagonalization of a 2D system (blue circles) and
via numerical evaluation of Eq. (8.10) in a ribbon geometry (orange crosses). The two curves
coincide very well and show that C2 decays exponentially with the distance from the edge on
the scale of the edge state localization length ξ. Furthermore, C2 exhibits oscillations with a
period of π/kF . (c) While we focused on a straight edge for simplicity, our results can easily
be generalized to more complicated edge geometries. In this case, the impurity spin prefers
to align tangentially to the edge as is indicated by the black arrows. The parameters used in
panels (a) and (b) are ∆/εF = 0.28 and JSm = 0.1.

give fully isotropic contributions, while B(x, iω) additionally results in an anisotropic term:

Eimp = −(2JSy)2
∞∫

−∞

dω

2π
B2(x0, iω) + C1, (8.9)

where C1 ∝ S2 is the isotropic contribution. From the matrix decomposition Eq. (8.8), we
further find that B(x0, iω) can be represented as follows:

B(x0, iω) = −ω
2

ε>0∑

η,ky ,n

Ψ†
η,ky ,n

(x0)σyτyΨη,ky ,n(x0)

ω2 + ε2η,ky ,n
, (8.10)

where the Ψη,ky ,n(x) enlist all eigenstates of H. The upper limit ε > 0 indicates that only
the quantum states with positive energies εη,ky ,n > 0 are taken into account.

From the above, we can already infer the most important features of the single-impurity
problem. First, from Eq. (8.9), we see that the symmetries of the Hamiltonian allow for an
EAA term that is proportional to S2

y . Second, as B(x0, iω) given in Eq. (8.10) is a real-valued
function, this EAA term is always negative and therefore aligns the spin of a single magnetic
impurity along the edge of the TSC. Third, it is important to mention that B(x0, iω) decays
into the bulk, i.e., B(x0 → +∞, iω) = 0. This is due to the invariance under inversion of the
x axis deep in the bulk, which forces B(x0, iω) to vanish for x0 → +∞. As such, the EAA is
only significant close to the TSC edge at x0 ≲ ξ.
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We now proceed by studying a discretized version of H + Himp via numerical exact di-
agonalization, see App. 8.A for details. The (classical) impurity spin is parametrized as
S = S (sin θ sinϕ, cos θ, sin θ cosϕ) with θ ∈ [0, π] and ϕ ∈ [0, 2π) being the polar and az-
imuthal angles with respect to the y axis, respectively. The ground state energy of the
system can be expressed as

Etot = E0 + Eimp, (8.11)

where E0 is the energy of the clean system (i.e., in the absence of the magnetic impurity)
and Eimp embodies the impurity-induced contribution. We calculate these energies by exact
numerical diagonalization and display our results in Fig. 8.2. In Fig. 8.2(a), we plot the part
of Eimp that varies as a function of θ for different distances from the edge, while we have
verified that Eimp is independent of ϕ. We find that the impurity-induced contribution takes
the form

Eimp(θ) = C1 + C2 cos2 θ, (8.12)

with an isotropic energy shift C1 and an anisotropic contribution C2 depending on the orien-
tation of the impurity spin. Figure 8.2(b) displays C2 = Eimp(0) −Eimp(π/2) in dependence
on the distance from the edge. We find that C2 is always negative, meaning that the impu-
rity spin is favored to align along the edge. Furthermore, C2 decays exponentially with the
distance from the edge on a characteristic length scale ξ and vanishes deep in the bulk of
the system. All of these features are fully consistent with the analytical result presented in
Eqs. (8.9) and (8.10).

To make an explicit connection to the analytical result, we also evaluate Eq. (8.10) by
plugging in the numerically obtained energies and wave functions of a discretized semi-infinite
system with a finite width along the x direction and ky as a good quantum number. By
identifying Sy = S cos θ, the value of C2 can readily be obtained from Eq. (8.9), see again
Fig. 8.2(b). This does indeed perfectly reproduce the result obtained via full exact diagonal-
ization of the finite 2D system. The dependence of C2 on the exchange coupling constant J
is analyzed numerically in App. 8.D, where we confirm C2 ∝ J2 at J ≲ 1/(mS) as expected
from perturbation theory. Contrary to that, in the strong coupling regime J ≫ 1/(mS), the
dependence on J is no longer quadratic.

Last but not least, we note that our findings can be generalized to more complicated edge
geometries. In this case, the single-impurity EAA term takes a more general form such that
the energetically preferred configuration has the impurity spin aligned tangentially to the
edge, see Fig. 8.2(c).

8.4 RKKY interaction

We now analyze the interaction between two magnetic impurities through the exchange of a
particle-hole pair:

ERKKY = J2

∞∫

−∞

dω

2π
Tr{σ · S1G(r1, r2, iω)σ · S2G(r2, r1, iω)}, (8.13)
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Figure 8.3: ERKKY in dependence on θ1 calculated numerically via exact diagonalization
(dots) for different fixed θ2 (see inset) and comparison to the analytical Eq. (8.14) (solid
lines). The separation between the impurities is ℓ = 3 ξ and both impurities are placed at a
distance x1 = x2 = 0.2 ξ from the edge. We see that, for a fixed orientation of the second
impurity spin, the first impurity spin is favored to align along the edge. The total energy
is minimized if both impurity spins are aligned ferromagnetically along the edge. Here, we
have set ∆/εF = 0.28, JSm = 0.1, and ϕ1 = ϕ2 = 0.

where S1 and S2 are the spins of two magnetic impurities located at r1 and r2, see Fig. 8.1.
If the distance between the impurities along the edge ℓ := |y1− y2| is much larger than ξ, the
contribution of the bulk states is exponentially suppressed and only the gapless Majorana
edge states contribute to the RKKY interaction. Evaluating Eq. (8.13) by taking into account
only the edge states [see Eq. (8.4)], we find after a straightforward calculation

ERKKY ≈ −(Jm)2∆F (r1, r2)S
y
1S

y
2 , (8.14)

F (r1, r2) =
8

π

sin2(kFx1) sin2(kFx2)

kF ℓ
e
− 2

ξ
(x1+x2), (8.15)

which is valid in the limit ℓ ≫ ξ. Thus, the RKKY interaction is of Ising type and tends
to align the impurity spins ferromagnetically along the edge. Since also the single-impurity
term favors to align each individual impurity spin along the edge, the overall ground state
will have both impurity spins aligned ferromagnetically along the edge. In accordance with
our intuition for 1D systems, we find that ERKKY decays as 1/ℓ. Furthermore, we note that
ERKKY oscillates with x1,2 due to the spatial profile of the edge state wave functions, while
there are no oscillations with ℓ as a direct consequence of particle-hole symmetry.

Again, we verify these results via exact diagonalization of a discretized model. The total
ground state energy of the system now consists of three components: the energy of the clean

system E0, the impurity-induced contributions E
(1)
imp and E

(2)
imp of the individual impurities,

and the RKKY exchange energy ERKKY. Thus, we can write

Etot = E0 + E
(1)
imp + E

(2)
imp + ERKKY. (8.16)
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Figure 8.4: Energy difference EAFM − EFM for two impurities oriented along the edge in
dependence on ℓ calculated numerically via exact diagonalization (dots) and analytically via
Eq. (8.14) (solid line). The impurities are placed at a distance x1 = x2 = 0.2 ξ (blue), x1 =
x2 = 0.3 ξ (orange), or x1 = x2 = 0.6 ξ (green) from the edge. Generally, we find that EAFM−
EFM > 0, indicating that the FM configuration is energetically favorable over the AFM
configuration. Furthermore, the energy difference decays as 1/ℓ with increasing interimpurity
distances, while it vanishes exponentially as the impurities are moved into the bulk. At small
ℓ, the exact numerical result shows additional oscillations due to contributions from the bulk
states, which were neglected in the analytical treatment. The system parameters are the
same as in Fig. 8.3.

Again, the two impurity spins are parametrized as Si = S (sin θi sinϕi, cos θi, sin θi cosϕi)
with θi ∈ [0, π] and ϕi ∈ [0, 2π) for i ∈ {1, 2}. In Fig. 8.3, ERKKY is calculated at a large
interimpurity distance ℓ = 3 ξ in dependence on θ1 for different fixed θ2. Our numerical
results show that indeed ERKKY ∝ cos(θ1) with a prefactor that is well approximated by the
analytical result given in Eqs. (8.14) and (8.15). We have checked that the same dependence
also holds for θ2 as expected by symmetry. Similarly, we have checked that the numerical
curves are antisymmetric around θ1,2 = π/2 in agreement with the analytical result, which is
why we restrict ourselves to θ2 ∈ [0, π/2] in Fig. 8.3.

Next, we calculate the energy difference between the antiferromagnetic (AFM) and the
ferromagnetic (FM) configuration for two impurities oriented along the edge as a function of
ℓ. Figure 8.4 shows the results for several different distances from the edge. As expected, the
energy difference is positive—indicating that the FM configuration is energetically favorable
over the AFM configuration—and decays as 1/ℓ with increasing interimpurity distances. In
addition to the numerical result, we also display the analytical energy difference obtained
from Eqs. (8.14) and (8.15), see Fig. 8.4. Indeed, in the limit of large ℓ ≫ ξ, the analyti-
cal expression approximates the numerical result very well. For small impurity separations,
however, we see additional oscillations in the energy difference that become more pronounced
as x1,2 increase. These can be attributed to bulk contributions, which were neglected in the
analytical treatment. Finally, as the impurities move away from the edge, the edge-state con-
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tribution to the RKKY interaction becomes exponentially suppressed and bulk contributions
are no longer negligible.

We have checked numerically that the asymptotic 1/ℓ decay of the RKKY interaction close
to the edge also persists in the presence of potential disorder as long as the bulk gap remains
open. Contrary to this, accidental edge states in topologically trivial materials (caused by,
e.g., local imperfections of the edge) will not lead to such a stable 1/ℓ decay nor to the
predicted spin anisotropies. Indeed, trivial boundary states will generally be localized along
certain parts of the boundary instead of propagating all the way around it in a topologically
protected way. As such, they can only give an exponentially decaying contribution to the
RKKY interaction.

8.5 Conclusion

We have studied classical magnetic impurities at the edge of a helical TSC both analytically
and numerically. For an isolated magnetic impurity, we have found that a strong easy-axis
anisotropy tends to align the impurity spin along the edge. Furthermore, we have shown that
the RKKY interaction between two magnetic impurities placed close to the edge results in a
ferromagnetic alignment of both impurity spins along the edge.

Our results indicate that spectroscopy of dilute magnetic impurities can serve as a power-
ful tool to experimentally distinguish between topologically trivial and nontrivial materials by
probing the magnetic anisotropy induced by the helical edge states. When observed together
with additional signatures of bulk superconductivity, these magnetic anisotropies strongly in-
dicate a helical TSC state. As a simple experimental check, one should be able to observe that
the magnetic anisotropies—together with the bulk gap and all other features of the helical
TSC state—disappear when the temperature is raised above the critical temperature of the
superconductor. We also note that while we focused on a simple toy model for a 2D p-wave
TSC, our analysis can easily be adapted to more elaborate models of helical TSCs [116–126].
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8.A Exact numerical diagonalization

In this Appendix, we provide details of the numerical calculations. We describe the TSC by
the following tight-binding Hamiltonian defined on a square lattice:

H̄ =
∑

n,m

{
Ψ†

n,m (4t− µ) τzΨn,m −
[
Ψ†

n,m (tτz + i∆0σyτx) Ψn+1,m

+ Ψ†
n,m (tτz − i∆0σxτx) Ψn,m+1 + H.c.

]}
, (8.17)

written in the Nambu basis Ψn,m = (cn,m,↑, cn,m,↓, c
†
n,m,↓, −c

†
n,m,↑)

T , where c
(†)
n,m,σ annihilates

(creates) an electron with spin σ ∈ {↑, ↓} at the lattice site (n,m). The hopping amplitude,
the p-wave superconducting pairing amplitude, and the chemical potential are denoted t, ∆0,
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and µ, respectively. The Pauli matrices σ = (σx, σy, σz) and τ = (τx, τy, τz) act in spin and
particle-hole space, respectively. The Hamiltonian H̄ describes a helical topological super-
conductor for ∆0 ̸= 0 and µ ∈ (0, 4) ∪ (4, 8) [102]. The continuum limit of this Hamiltonian
coincides with Eq. (8.1) upon identifying µ = k2F /(2m), t = 1/(2ma2), and ∆0 = α/(2a),
where a denotes the lattice constant.

Next, magnetic impurities are placed at sites (ni,mi) close to the edge of the TSC. They
are modeled by the Hamiltonian

H̄imp = J̄
∑

i

Ψ†
ni,mi

σ · si Ψni,mi , (8.18)

where si = Si/S is a unit vector pointing along the direction of the impurity spin at site
i and the exchange coupling J̄ is related to the continuum parameters as J̄ = JS/a2. We
recall from the main text that the direction of the classical impurity spins is parametrized
as si = (sin θi sinϕi, cos θi, sin θi cosϕi) with θi ∈ [0, π] and ϕi ∈ [0, 2π) being the polar and
azimuthal angles with respect to the y axis, respectively.

8.B Easy-axis anisotropy

In this Appendix, we derive Eq. (8.9). The Matsubara Green function G(r, r′, iω) for the
Hamiltonian Eq. (8.1) takes the following form:

G(r, r′, iω) =
∑

η,ky ,n

Ψη,ky ,n(x)Ψ†
η,ky ,n

(x′)eiky(y−y′)

iω − εη,ky ,n
, (8.19)

where εη,ky ,n is the eigenenergy of the quantum state Ψη,ky ,n(x) [see Eq. (8.3)] and we define
r = (x, y), r′ = (x′, y′) with x, x′ > 0. The Green function depends only on the difference
y−y′ due to the translational invariance along the y direction. The block-diagonal symmetry
of the Hamiltonian, [H, σzτz] = 0, results in the corresponding block-diagonal structure of
the Green function: [

G(r, r′, iω), σzτz
]

= 0. (8.20)

In order to derive Eq. (8.9), we need the Green function taken at the same point r = r′ =
r0 = (x0, y0), x0 > 0:

G(x0, iω) ≡ G(r0, r0, iω) =
∑

η,ky ,n

Ψη,ky ,n(x0)Ψ
†
η,ky ,n

(x0)

iω − εη,ky ,n
. (8.21)

The new short-hand notation G(x0, iω) shows that G(r0, r0, iω) depends only on x0 and not
on y0. Using the symmetries of H, we will now find the matrix decomposition of G(x0, iω),
which results in the EAA in Eq. (8.9).

First, the Hamiltonian H is symmetric under the inversion of the y axis:

σyH(−ky)σy = H(ky). (8.22)

This symmetry results in the following constraint for the Green function G(x0, iω):

[σy, G(x0, iω)] = 0. (8.23)
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Second, H is also time-reversal symmetric:

σyH∗(−ky)σy = H(ky), (8.24)

Combined with the reflection symmetry Eq. (8.22), this results in the following constraint:

H∗(ky) = H(ky). (8.25)

Here ∗ stands for the complex conjugation. Thus, the spinors Ψη,ky ,n(x) can be chosen real-
valued:

Ψ∗
η,ky ,n(x) = Ψη,ky ,n(x). (8.26)

This results in the following symmetry of the Green function:

G∗(x0,−iω) = G(x0, iω). (8.27)

In fact the real-valuedness of the spinors, the reflection symmetry Eq. (8.23), and the block-
diagonal structure of the Green function Eq. (8.20) result in the following matrix decompo-
sition of G(x0, iω):

G(x0, iω) = iA1(x0, iω) +A2(x0, iω)τz + iB(x0, iω)σyτy. (8.28)

Here, A1,2(x, iω) and B(x, iω) are complex functions such that A∗
1(x,−iω) = −A1(x, iω),

A∗
2(x,−iω) = A2(x, iω), and B∗(x,−iω) = −B(x, iω). We note that the absence of a σyτx

term in G(x0, iω) is somewhat non-trivial here. It becomes clear from the matrix structure of

the projectors Ψη,ky ,n(x0)Ψ
†
η,ky ,n

(x0), where Ψη,ky ,n(x0) is real-valued and also an eigenvector
of σzτz.

The last symmetry in play is the intrinsic particle-hole symmetry of the superconducting
system. In combination with time-reversal symmetry, this gives rise to the chiral symmetry

τyHτy = −H, (8.29)

G(x0, iω) = −τyG(x0,−iω)τy. (8.30)

Together with Eq. (8.27), Eq. (8.30) obliges the functions A1,2(x0, iω) and B(x0, iω) to be
real-valued. Moreover, A1(x0, iω) and B(x0, iω) are odd functions of ω, whereas A2(x0, iω)
is an even function of ω. At this point the matrix decomposition of G(x0, iω), see Eq. (8.28),
becomes especially handy. First of all, it is clear that there is no local spin magnetization
because Tr{G(x0, iω)σ} = 0 in accordance with time-reversal symmetry. As the first two
terms in Eq. (8.28) commute with σ · S, i.e.,

[iA1(x0, iω) +A2(x0, iω)τz,σ · S] = 0, (8.31)

we can significantly simplify the spin trace in Eq. (8.6):

Tr
{

[σ · SG(x0, iω)]2
}

= −B2(x0, iω)Tr
{

(σ · Sσyτy)2
}

+ 4S2
(
A2

2(x0, iω) −A2
1(x0, iω)

)
,

(8.32)

(σ · Sσyτy)2 = (Sy + iSxσz − iSzσx)2 = S2
y − S2

x − S2
z = 2S2

y − S2. (8.33)

This directly leads us to Eq. (8.9).
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Following the matrix decomposition Eq. (8.28), we can represent B(x0, iω) in the following
form:

B(x0, iω) = − i

4
Tr {σyτyG(x0, iω)} . (8.34)

We note that B(x0, iω) is an odd function of ω due to chiral symmetry, see Eq. (8.29).
Thus, we can simplify Eq. (8.34) by taking the antisymmetric part of the Green function in
Eq. (8.21), which results in the following representation:

B(x0, iω) = −ω
4

∑

η,ky ,n

Ψ†
η,ky ,n

(x0)σyτyΨη,ky ,n(x0)

ω2 + ε2η,ky ,n
. (8.35)

From the chiral symmetry, it is also clear that the contribution of the states with negative
energies is the same as the contribution coming from the positive energies, which results in
Eq. (8.10) in the main text.

8.C Local density of states in the vicinity of an impurity

To begin with, let us calculate the local density of states for the unperturbed TSC. The
retarded Green function of the unperturbed system taken at r = r′ is the following:

G
(0)
R (r, r, ω) =

∑

η,ky ,n

Ψη,ky ,n(x)Ψ†
η,ky ,n

(x)

ω − εη,ky ,n + i0+
, (8.36)

where η = ±1 is the eigenvalue of σzτz operator, ky is the momentum along y, x > 0 is the
distance from the edge, and n corresponds to all other quantum numbers in the system. The
local density of states is described by the following operator:

ρ(0)(r, r, ω) = − 1

π
Im
{
G

(0)
R (r, r, ω)

}
=
∑

η,ky ,n

Ψη,ky ,n(x)Ψ†
η,ky ,n

(x)δ
(
ω − εη,ky ,n

)
. (8.37)

If |ω| < ∆, then only the in-gap edge states contribute to the local density of states. This
allows us to consider only the edge states without the bulk contribution. The edge state wave
function is given by Eq. (8.4):

Ψη,ky(x) = ϕ(ky, x)χη, (8.38)

where χη is the Majorana spinor and ϕ(ky, x) is the Majorana wave function normalized by
unity:

ϕ(ky, x) = 2

√
k2F − k2y

ξ

sin (κx)

κ
e
−x

ξ . (8.39)

The spectrum of the edge states is εη,ky = −ηαky, see the main text. With this, we find the
edge state contribution to the unperturbed local density of states:

ρ(0)e (r, r, ω) =

kF∫

−kF

dky
2π

ϕ2(ky, x)δ(ω − αky)P =
ϕ2
(
ω
α , x

)

2πα
P ≈ 2m

π
e
− 2x

ξ P sin2
(x
α

√
∆2 − ω2

)
,

(8.40)
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where P = (1 + σyτy)/2 is the projector onto the Majorana edge mode subspace σyτy = +1.
Here |ω| < ∆ ≈ αkF and we approximated the ratio (α2k2F − ω2)/[α2k2F − ω2 − (mα2)2] ≈ 1
if ∆2 − ω2 ≫ (mα2)2.

The analyticity of G
(0)
R (r, r, ω) in the upper half-plane Im(ω) > 0 allows us to restore the

edge state contribution to the retarded Green function:

G
(0)
R,e(r, r, ω) = ime

− 2x
ξ

(
exp

(
−
√

(ω + i0+)2 − ∆2
2x

α

)
− 1

)
P. (8.41)

Notice that this function is indeed analytic in the upper half-plane Im(ω) > 0, satisfies the

boundary condition G
(0)
R,e(r, r, ω) = 0 at x = 0, and the imaginary part yields the local density

of states given by Eq. (8.40). The bulk contribution, on the other hand, can be estimated by
approximating the bulk density of states by the value ρb(r, r, ω) ≈ m/π for |ω| > ∆ and zero
otherwise:

Gb(r, r, ω) =

∞∫

−∞

ρb(r, r,Ω) dΩ

ω − Ω + i0+
≈ −2mω

π

∞∫

∆

dΩ

Ω2 − (ω + i0+)2
= −m

π
ln

(
∆ + ω + i0+

∆ − ω − i0+

)
.

(8.42)
We are interested in the local density of states at small frequencies |ω| ≪ ∆, where the edge
contribution Eq. (8.41) dominates over the bulk state contribution. This corresponds to the
condition

|ω| ≪ ∆e
− 2x

ξ . (8.43)

Equation (8.41) can be further simplified at ω ≪ ∆ by using
√

(ω + i0+)2 − ∆2 ≈ i∆sgn(ω):

G
(0)
R,e(r, r, ω) ≈ ime

− 2x
ξ

(
e−2ikF x sgn(ω) − 1

)
P. (8.44)

From Eq. (8.40) we immediately see that there is no magnetization in the unperturbed
system:

ρ(0)
s (r, r, ω) ≡ Tr

{
σρ(0)(r, r, ω)

}
= 0, (8.45)

where the index s in ρ
(0)
s (r, r, ω) stands for spin. The local charge density of states ρ

(0)
c (r, r, ω)

at |ω| ≪ ∆ of the unperturbed system follows from Eq. (8.44):

ρ(0)c (r, r, ω) ≡ Tr
{
ρ(0)(r, r, ω)

}
=
ϕ2
(
ω
α , x

)

πα
≈ 4m

π
e
− 2x

ξ sin2 (kFx) . (8.46)

Now, we calculate the local density of states in the vicinity of a magnetic impurity. Adding
the magnetic impurity at r0 = (x0, y0) [see Eq. (8.5)] perturbs the electron Green function
in the vicinity of the impurity:

G(r, r′, iω) = G(0)(r, r′, iω) + JG(0)(r, r0, iω)σ · SG(r0, r
′, iω). (8.47)

Here we use the Matsubara formalism. The retarded Green function can be obtained with
the help of the analytical continuation iω → ω + i0+. First, let us plug in r = r0 and solve
for G(r0, r

′, iω):

G(r0, r
′, iω) =

(
1 − JG(0)(r0, r0, iω)σ · S

)−1
G(0)(r0, r

′, iω). (8.48)
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Substituting this back into Eq. (8.47) and performing the analytical continuation iω →
ω + i0+, we find the exact retarded Green function of the TSC with a single magnetic
impurity:

GR(r, r′, ω) = G
(0)
R (r, r′, ω)+JG

(0)
R (r, r0, ω)σ·S

(
1 − JG

(0)
R (r0, r0, ω)σ · S

)−1
G

(0)
R (r0, r

′, ω).

(8.49)
First, let us check that there are no poles induced by the impurity at |ω| ≪ ∆. For this,

we notice that G
(0)
R,e(r0, r0, ω) ∝ P, see Eq. (8.44). Then, we notice that Pσ · SP = SyσyP.

This is enough to simplify the following operator:

(1 − zPσ · S)−1 = 1 +
1 + zSyσy
1 − z2S2

y

zPσ · S, (8.50)

where z is a complex number. The pole is possible if z2S2
y = 1. In our case z is the following

number:

z =
J

2
Tr
{
G

(0)
R,e(r0, r0, ω)

}
= sgn(ω)2Jme

− 2x0
ξ sin (kFx0) e

−isgn(ω)kF x0 . (8.51)

Notice that the unperturbed retarded Green function can be conveniently written through z:

G
(0)
R,e(r0, r0, ω) =

z

J
P. (8.52)

The pole condition can be represented as

(2JmSy)2e
− 4x0

ξ sin2 (kFx0) = eisgn(ω)kF x0 . (8.53)

As before, |ω| ≪ ∆e
− 2x0

ξ , see Eq. (8.43). We see that the left-hand side of Eq. (8.53) is
a positive real number. The right-hand side is a positive real number only if kFx0 = πn,
n being an integer. However, sin(kFx0) = sin(πn) = 0, which means that Eq. (8.53) does
not have any solutions. This confirms our numerical simulations, which did not identify any
bound states near the magnetic impurity. Notice that bound states are also impossible at

any |ω| < ∆ because the bulk contribution to G
(0)
R (r0, r0, ω) is real-valued at any |ω| < ∆,

while the edge contribution always contains an imaginary part. However, this logic breaks
in the bulk where x0 ≫ ξ as the edge contribution vanishes exponentially. Equation (8.49)
becomes especially simple if we choose r = r′ = r0:

GR(r0, r0, ω) =
(

1 − JG
(0)
R (r0, r0, ω)σ · S

)−1
G

(0)
R (r0, r0, ω). (8.54)

Using Eq. (8.50) and the representation given in Eq. (8.52), we can find the correction to the
Green function:

δGR(r0, r0, ω) ≡ GR(r0, r0, ω) −G
(0)
R (r0, r0, ω) =

1 + zSyσy
1 − z2S2

y

z2

J
Pσ · SP. (8.55)

Using that Pσ · SP = SyPσyP, we can further simplify this relation:

GR(r0, r0, ω) =
z

J

1 + zSyσy
1 − z2S2

y

P. (8.56)
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Figure 8.5: (a) Numerically calculated C2 as a function of the exchange coupling constant J
for three different distances from the edge x0 = 0.2 ξ (blue), x0 = 0.4 ξ (orange), and x0 =
0.6 ξ (green). (b) Dashed rectangle in (a) in the log-log scale. We see that the perturbation
theory, which predicts an approximately quadratic dependence C2 ∝ J2, is valid up to J ≲
1/(mS). The other parameters are the same as in Fig. 8.2.

The local charge density of states at |ω| ≪ ∆e
− 2x0

ξ is then the following:

ρc(r0, r0, ω) =
(1 + L) ρ

(0)
c (r0, r0, ω)

1 − 2L cos(2kFx0) + L2
with L ≡

(π
2
JSyρ

(0)
c (r0, r0, ω)

)2
, (8.57)

where ρ
(0)
c (r0, r0, ω) is the unperturbed density of states, see Eq. (8.46). In the perturbative

regime JSm ≪ 1, we have L ≪ 1. Thus, we see that the density of states is only slightly
altered at the impurity site and can be correctly accounted for by perturbation theory. The
spin density of states at the impurity site is affected even less, see Eq. (8.56). The same logic
can be applied for GR(r, r, ω) at other sites r ̸= r0 in the vicinity of the impurity. There-
fore, we confirm that the perturbation theory yields correct qualitative results for magnetic
impurities placed at the edge of a topological superconductor when JSm≪ 1.

It is worth noting that there is no pole in Eq. (8.57) even if L = 1. Indeed, in order to have
a pole we require cos(2kFx0) = 1, i.e., sin(kFx0) = 0 and therefore L ∝ sin4(kFx0) = 0. If the
impurity is placed at the maximum of ρc(r0, r0, ω), then sin2(kFx0) = 1 and cos(2kFx0) = −1.
The local charge density of states at the impurity position is therefore scaled down by a factor

ρc/ρ
(0)
c = 1/(L+ 1), see Eq. (8.57). In general, the ratio ρc/ρ

(0)
c can be larger or smaller than

one depending on the impurity position.

8.D Dependence on the exchange coupling constant J

In this Appendix, we present numerical results for the coefficient C2 as a function of the
exchange coupling constant J for three distances from the edge, see Fig. 8.5. As expected,
we find that C2 ∝ J2 for small J ≲ 1/(mS). Contrary to that, we find a qualitatively
different behavior for large J ≫ 1/(mS), where C2 decreases. In this case, the perturbation
theory fails together with the mean-field approach to describe the TSC due to a strong local
renormalization of the superconducting order parameter close to the magnetic impurity.
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8.E RKKY interaction for spin-1
2 impurities

In Ref. [90], the RKKY interaction between two spin-1/2 impurities placed at the edge of a
2D TSC was calculated using an effective 1D description of the helical Majorana edge states.
It was found that an antiferromagnetic alignment of the impurity spins is preferred. Here, we
repeat the corresponding calculations using the model of Ref. [90] and find that the RKKY
interaction is ferromagnetic in agreement with our results presented in the main text.

The Majorana edge modes in Ref. [90] are treated within the effective 1D model

H0(τ) =
1

2

∑

ν

vν

∫
dxΨν(x, τ)(−i∂x)Ψν(x, τ), (8.58)

where the index ν ∈ {L,R} labels left- and right-moving modes, vL = −v and vR = +v > 0

are the corresponding velocities, and Ψν(x, τ) = Ψ†
ν(x, τ) are the Majorana field operators

satisfying the following anticommutation relation:

{
Ψν(x, τ),Ψν′(x

′, τ)
}

= δνν′δ(x− x′). (8.59)

The equation of motion for the Majorana field operators in imaginary time is then the fol-
lowing:

∂Ψν(x, τ)

∂τ
= [H0(τ),Ψν(x, τ)] = ivν∂xΨν(x, τ), (8.60)

where we used the anticommutation relation Eq. (8.59) to evaluate the commutator.
We define the imaginary time Majorana Green function as follows:

Gνν′(x, τ) = −⟨T {Ψν(x, τ)Ψν′(0, 0)}⟩
= −ϑ(τ) ⟨Ψν(x, τ)Ψν′(0, 0)⟩ + ϑ(−τ) ⟨Ψν′(0, 0)Ψν(x, τ)⟩ , (8.61)

where T is the time-ordering operator and ϑ(τ) is the Heaviside step function. Using
Eq. (8.60), we find the differential equation for Gνν′(x, τ):

∂τGνν′(x, τ) = −δ(τ)δ(x)δνν′ + ivν∂xGνν′(x, τ). (8.62)

The Green function is especially simple in the frequency-momentum representation:

Gνν′(k, iω) =
δνν′

iω − vνk
. (8.63)

Taking the Fourier transform, we find the Green function in the time-coordinate representa-
tion:

Gνν′(x, τ) = − iT
2v

δνν′

sinh
(
πT
(

x
vν

+ iτ
)) , (8.64)

where T is the temperature. The anti-periodic condition is satisfied:

Gνν′(x, τ + 1/T ) = −Gνν′(x, τ). (8.65)

We use the effective exchange interaction defined in Ref. [90]:

HJ(τ) = J

(
s

(
−R

2
, τ

)
SI,1 + s

(
R

2
, τ

)
SI,2

)
, (8.66)
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where two spin impurities are located at x = ±R/2, R is the distance between the impurities
along the edge, J is the effective exchange coupling, and SI,1, SI,2 are the projections of the
impurity spins onto the so-called Ising direction, see Ref. [90]. In our case, the Ising direction
is along the edge. The Majorana spin density operator s(x, τ) is defined as follows:

s(x, τ) = iΨR(x, τ)ΨL(x, τ). (8.67)

The interaction contribution to the thermodynamic potential δΩ is given by the following
statistical average:

δΩ = −T (⟨S⟩c − 1) , (8.68)

where the index c stands for the connected diagrams only and S is the statistical S-matrix:

S = T exp


−

1/T∫

0

HJ(τ) dτ


 , (8.69)

where HJ(τ) is given by Eq. (8.66). The first-order correction vanishes due to the zero net
spin density in absence of the magnetic impurities:

⟨s(x, τ)⟩ = 0. (8.70)

The second-order correction yields the self-interaction terms proportional to S2
I,1 and S2

I,2 as
well as the RKKY term proportional to SI,1SI,2 that we are interested in:

ERKKY = −TJ2SI,1SI,2

∫
dτ1dτ2

〈
T

{
s

(
−R

2
, τ1

)
s

(
R

2
, τ2

)}〉

= TJ2SI,1SI,2

∫
dτ1dτ2GR(−R, τ1 − τ2)GL(R, τ2 − τ1), (8.71)

where we used the Wick theorem to evaluate the statistical average. The product of two
Green functions in Eq. (8.71) is a periodic function on τ with the period 1/T . This allows
for the following simplification:

ERKKY = J2SI,1SI,2

1/T∫

0

dτ GR(−R, τ)GL(R,−τ). (8.72)

Substituting the Green functions Eq. (8.64) into Eq. (8.72), we find:

ERKKY = −J
2T 2

2v2
SI,1SI,2

1/T∫

0

dτ

cosh
(
2πT R

v

)
− cos (2πTτ)

. (8.73)

The integral over τ can be reduced to the following elementary integral:

2π∫

0

dt

λ− cos t
=

2π√
λ2 − 1

, λ > 1. (8.74)
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This gives the final result, showing that the RKKY interaction mediated by the helical
Majorana edge modes is ferromagnetic:

ERKKY = −J
2SI,1SI,2
4πvR

2πTR/v

sinh (2πTR/v)
. (8.75)

As such, we find that, for vanishing temperature T = 0, the result for quantum impurities is
qualitatively similar to the result for classical impurities presented in Eq. (8.14) in the main
text.
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[108] D.-J. Choi, C. Rubio-Verdú, J. de Bruijckere, M. M. Ugeda, N. Lorente, and J. I.
Pascual, Nat. Commun. 8, 15175 (2017).
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Chapter 9
RKKY interaction in one-dimensional flat

band lattices

Adapted from:
K. Laubscher, C. S. Weber, M. Hünenberger, H. Schoeller, D. M. Kennes, D. Loss, and J. Klinovaja,

“RKKY interaction in one-dimensional flat band lattices,”

arXiv preprint arXiv:2210.10025 (2022)

We study the Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction between two classical
magnetic impurities in one-dimensional lattice models with flat bands. As two representative
examples, we pick the stub lattice and the diamond lattice at half filling. We first calculate
the exact RKKY interaction numerically and then compare our data to results obtained via
different analytical techniques. In both our examples, we find that the RKKY interaction
exhibits peculiar features that can directly be traced back to the presence of a flat band.
Importantly, these features are not captured by the conventional RKKY approximation based
on non-degenerate perturbation theory. Instead, we find that degenerate perturbation theory
correctly reproduces our exact results if there is an energy gap between the flat and the
dispersive bands, while a non-perturbative approach becomes necessary in the absence of a
gap.

241



Chapter 9 9.1. Introduction

9.1 Introduction

Magnetic impurities embedded in a host material can interact indirectly by coupling to the
electron spin density of the host. This so-called Ruderman-Kittel-Kasuya-Yosida (RKKY)
interaction [1–3] can result in a magnetic ordering of the impurity spins, leading to a wide
range of interesting phenomena with potential applications in the fields of spintronics [4, 5],
spin-based quantum computation [6–10], or engineered topological superconductivity [11–21].
The exact form of the RKKY interaction depends on the properties—in particular, the band
structure—of the underlying host material and has been extensively studied for various types
of systems [22–53].

Conventionally, the RKKY interaction is calculated in second-order perturbation theory
assuming that the exchange coupling between the impurity spins and the itinerant electrons
is small compared to the typical energy scale of the latter. Recently, however, systems with
so-called flat bands have attracted significant attention [54,55]. The energy of these bands is
completely independent of momentum or, in a weaker sense, at least approximately constant
over a large range of allowed momenta. While the recent interest in flat-band systems has
mainly been fueled by significant theoretical and experimental progress on Moiré materials
such as twisted bilayer graphene [56–61], flat bands can also emerge as Landau levels in two-
dimensional electron gases subjected to a strong magnetic field or in a variety of artificial
lattice models [62, 63], some of which have successfully been realized in experiments using
photonic lattices or cold-atom setups [64–69].

Figure 9.1: (a) Stub lattice. The unit cell (dashed rectangle) consist of three sites (orange
dots) labeled A, B, and C. Nearest-neighbor sites are connected by a hopping term of
strength t (black lines). The flat band is spanned by a set of CLSs that has support on only
three lattice sites each (red and blue dots). The amplitudes of the unnormalized CLSs are +1
(−1) for the red (blue) sites. (b) Bulk spectrum of the stub lattice. The dispersive bands are
separated from the flat band by an energy gap. (c) Diamond lattice. The graphical elements
have the same meaning as in panel (a). Here, the CLSs spanning the flat band have support
on only two lattice sites each. (d) Bulk spectrum of the diamond lattice. The dispersive
bands touch the flat band in a linear band touching point.
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In this case, the vanishing band width and the large degeneracy of the flat band make
it questionable whether the conventional perturbative approach to the RKKY interaction is
still applicable. This issue was first touched upon in the context of zigzag graphene nanorib-
bons, where exact numerical studies of edge impurities revealed unconventional features of
the RKKY interaction that had not been captured by preceding analytical studies [33, 70].
Later, Ref. [71] studied the RKKY interaction in partially filled graphene Landau levels us-
ing degererate perturbation theory. On the other hand, a few more recent studies calculate
the RKKY interaction in flat-band lattice models via standard non-degenerate perturbation
theory [72, 73]. As such, it becomes evident that a general understanding of RKKY effects
in flat-band systems—including, in particular, insights regarding the applicability and lim-
itations of perturbation theory—is still lacking. With this motivation, we carefully study
the RKKY interaction in two simple one-dimensional (1D) flat-band systems at half filling,
see Fig. 9.1. We first calculate the exact RKKY interaction numerically and then compare
our data to results obtained via different analytical techniques. In both our examples, we
find that the RKKY interaction exhibits peculiar features that are not captured by the con-
ventional RKKY approximation based on non-degenerate perturbation theory. Instead, we
find that degenerate perturbation theory correctly reproduces our exact results if there is
an energy gap between the flat and the dispersive bands, while a non-perturbative approach
becomes necessary in the absence of a gap.

9.2 Models

Let us start by introducing the stub lattice, see Fig. 9.1(a). A unit cell consists of three sites
labeled A, B, and C. Neighboring sites are coupled by a hopping element of strength t, such
that

Hstub = t
∑

n

(
c†n,Acn,B + c†n,Ccn,B + c†n+1,Bcn,A

)
+ H.c. (9.1)

Here, c†n,l (cn,l) creates (destroys) a spinless electron on sublattice l ∈ {A,B,C} in the nth
unit cell. Imposing periodic boundary conditions on a chain with a finite number of unit cells
N , the Hamiltonian can be rewritten in momentum space as Hstub =

∑
k Ψ†

kH(k)Ψk with

Ψk = (ck,A, ck,B, ck,C)T and

H(k) = t




0 1 + eika 1
1 + e−ika 0 0

1 0 0


 , (9.2)

where a denotes the lattice spacing. The corresponding bulk spectrum consists of two dis-
persive bands E±(k) = ±t

√
3 + 2 cos (ak) as well as one completely flat band E0(k) = 0

that is separated from the dispersive bands by an energy gap, see Fig. 9.1(b). The flat
band is macroscopically degenerate and is spanned by a set of N linearly independent
states. These can be chosen to have support on only three lattice sites each: |vn⟩ =
(|n,C⟩ − |n,B⟩ + |n+ 1, C⟩) /

√
3 for n ∈ {1, ..., N}. One of these so-called compact localized

states (CLSs) [55] is visualized in Fig. 9.1(a). While the CLSs are chosen such that they
are strictly localized, they are not mutually orthogonal. In order to construct a set of mutu-
ally orthogonal basis states for the flat band, the strict localization has to be traded in for
exponential localization, e.g., by changing to a basis of maximally localized Wannier states.
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As a second example, we introduce the diamond lattice depicted in Fig. 9.1(c). Again,
the unit cell consists of three atoms labeled A, B, and C, and neighboring lattice sites are
coupled by a hopping element of strength t. The Hamiltonian then reads

Hdia = t
∑

n

(c†n,Acn,B + c†n,Acn,C + c†n+1,Acn,B + c†n+1,Acn,C) + H.c. (9.3)

In momentum space, this leads to Hdia =
∑

k Ψ†
kH(k)Ψk with

H(k) = t




0 1 + eika 1 + eika

1 + e−ika 0 0
1 + e−ika 0 0


 . (9.4)

Again, the bulk spectrum consists of two dispersive bands E±(k) = ±2
√

2t cos (ka/2) and
a flat band E0(k) = 0, see Fig. 9.1(d). Importantly, however, there is now no energy gap
separating the flat band from the dispersive bands. Rather, the two dispersive bands intersect
the flat band in a linear band touching point. Nevertheless, the flat band can again be
described in terms of a set of CLSs having support on two lattice sites each, see Fig. 9.1(c).
Explicitly, their wave functions are given by |vn⟩ = (|n,C⟩ − |n,B⟩) /

√
2.

9.3 RKKY interaction

We now calculate the RKKY interaction between two classical magnetic impurities on the stub
and diamond lattice. For this, we consider a system of spinful electrons with both spin species
independently described by Hstub or Hdia, respectively. Additionally, two magnetic impurities
are placed in the unit cells n1 and n2 at the sublattice positions α and β, respectively. The

local exchange coupling to the impurities can then be described as H
(1)
imp +H

(2)
imp with

H
(i)
imp =

Ji
2

∑

σ,σ′
c†ni,li,σ

[Si · σ]σσ
′
cni,li,σ′ , (9.5)

where we have defined l1 = α and l2 = β. Compared to Eqs. (9.1) and (9.3), the electronic

creation (annihilation) operators c†n,l,σ (cn,l,σ) now carry an additional spin label σ ∈ {↑, ↓}.
Furthermore, σ is the vector of Pauli matrices, Si are classical impurity spins with Si =
|Si| ≫ 1, and Ji denotes the exchange coupling between the impurity spin and the electron
spin density. We assume Si = (0, 0,±Si) without loss of generality.

The standard expression for the RKKY interaction in second-order perturbation theory
is then

Jαβ
RKKY = −J1J2

2π

∫ 0

−∞
dE Im[G

(0)
αβ(R,E)G

(0)
βα(−R,E)], (9.6)

where G
(0)
αβ is the retarded single-particle Green function of the unperturbed system and

R = r2 − r1 = (n2 − n1)a > 0. However, in our case, we would like to avoid the usual
perturbative approach as its validity for flat-band systems is not clear a priori. Instead, we
calculate Jαβ

RKKY exactly by numerically computing the exact ground state energies Eαβ
FM

and Eαβ
AFM for the ferromagnetic (FM) and the antiferromagnetic (AFM) configuration of

the impurities, respectively. This gives us

Jαβ
RKKY = (Eαβ

FM − Eαβ
AFM )/2. (9.7)
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Figure 9.2: Absolute value of the RKKY coupling |Jαβ
RKKY | in the stub lattice in dependence

on the inter-impurity distance R, calculated via ED and displayed in a logarithmic scale. For
all sublattice configurations, |Jαβ

RKKY | decays exponentially exponentially with R. Here, we
set J1 = J2 = 0.2t.

The energies Eαβ
FM and Eαβ

AFM can be computed via exact diagonalization (ED) [33]. Alter-
natively, we can also calculate the ground state energies in terms of the exact lattice Green
functions using the optimized algorithm presented in the SM. This allows us to study signif-
icantly larger system sizes while at the same time improving the numerical accuracy of our
results.

We start by discussing the stub lattice. First, we look at the dependence of Jαβ
RKKY on

the inter-impurity distance R. By ED, we find that Jαβ
RKKY decays exponentially with R

for all sublattice configurations, see Fig. 9.2. For the AA configuration, this is obvious since
the eigenstates spanning the flat band do not have support on the A sublattice. As such,
JAA
RKKY is exponentially suppressed with the energy gap between the two dispersive bands

like for a conventional insulator [74]. For the other sublattice configurations, the flat band
participates in mediating the RKKY interaction. However, the flat-band states are spatially
localized (e.g., they can be constructed as exponentially localized Wannier states), such that
their contribution is exponentially suppressed with R as well. Furthermore, in accordance
with the general result for bipartite lattices at half filling [27], we find that the ground state
is FM (AFM) if the two impurities are located on the same (on different) sublattices of the
bipartition 1.

Next, in order to gain further insight into the nature of the RKKY interaction, we study
Jαβ
RKKY in dependence on one of the exchange coupling constants—say, J1—for J1,2/t ≪

1. For the AA configuration [Fig. 9.3(a)] we find that JAA
RKKY ∝ J1 as expected from

Eq. (9.6). Indeed, since the flat-band states do not have support on the A sublattice, the stan-
dard RKKY approximation can be applied without any caveats. For the BB configuration
[Fig. 9.3(b)], however, we find a more complicated dependence that cannot be described by
Eq. (9.6). This is because Eq. (9.6) does not take into account the large degeneracy of the flat
band. Instead, degenerate perturbation theory—controlled by the ratio between J1,2 and the
energy gap that separates the flat from the dispersive band—should be used to accurately

1We note, however, that the results in Ref. [27] were obtained from a perturbative approach rather than
an exact one.
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Figure 9.3: RKKY coupling Jαβ
RKKY in the stub lattice in dependence on the exchange cou-

pling J1 calculated via ED (dots) and perturbation theory (lines). (a) AA configuration.
Here, JAA

RKKY ∝ J1 as expected from Eq. (9.6) (red line). (b) BB configuration. Here,
JBB
RKKY shows an unconventional behavior due to a first-order contribution (blue line) orig-

inating from the degenerate flat band. The red line additionally includes the second-order
contribution. (c) AB configuration. Here, JAB

RKKY ∝ J1 with a slope that is well approxi-
mated by Eq. (9.6) (red line). (d) BA configuration. Here, JBA

RKKY ∝ J1 to lowest order (red
line). As J1 increases, an unconventional third-order term ∝ J2

1J2 originating from the flat
band becomes important. In all panels, we set J2/t = 0.05 and R/a = 5.

capture the effect of the flat band. This gives a non-vanishing first-order contribution to
Jαβ
RKKY that is responsible for the unusual J1-dependence shown in Fig. 9.3(b). To calculate

this contribution, we construct a set of flat-band basis states by applying the Gram-Schmidt
orthogonalization method to the set of CLSs illustrated in Fig. 9.1(a). It is straightforward
to see that we can always construct N − 2 basis states that do not have support on the
impurity sites, such that the entire first-order contribution is contained in an effective 2 × 2

Hamiltonian that results from projecting H
(1)
imp + H

(2)
imp onto the remaining two basis states.

Assuming J1,2 ≥ 0, we then find that the RKKY coupling is, to first order, given by

JRKKY = aJ1 + bJ2 −
√
a2J2

1 + b2J2
2 + cJ1J2 (9.8)

for real coefficients a, b, c that correspond to overlap integrals of the participating flat-band
basis states. We calculate these coefficients numerically and display the result in Fig. 9.3(b).
We see that for small enough J1, we get a good agreement with the exact result. As J1 gets
larger also the second-order contribution can be taken into account to get a better match.
Lastly, we study the AB [BA] configuration, see Fig. 9.3(c) [Fig. 9.3(d)]. Here, Eq. (9.6)
gives the correct lowest-order approximation. As J1 gets larger, an unconventional third-
order contribution ∝ J1J

2
2 [∝ J2

1J2] originating from the flat band gets important.
Next, we turn to the diamond lattice. Our numerical results for the RKKY interaction in

dependence on the inter-impurity distance R are shown in Fig. 9.4. We display only the AA,
BB, AB, and BC configurations since, by symmetry, the CC (AC) configuration is equivalent
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Figure 9.4: Absolute value of the RKKY coupling |Jαβ
RKKY | in the diamond lattice in depen-

dence on the inter-impurity distance R displayed in a log-log scale. The dots correspond to
numerically calculated data using the algorithm described in App. 9.D, while the solid lines
are the asymptotic analytical expressions given in Eqs. (9.11)–(9.13). For the AA configu-
ration, we find the usual 1/R decay that is expected in 1D metals. For the other sublattice
configurations, the flat band leads to an unusual asymptotic 1/R3 (1/R5) decay for the AB
(BB) case. Here, we set J1 = J2 = 0.2t.

to the BB (AB) configuration. Again, we find that the ground state is FM (AFM) if the two
impurities are located on the same (on different) sublattices of the bipartition. Furthermore,

Jαβ
RKKY decays as a power law in R with a leading exponent that depends on the sublattice

configuration. For the AA configuration, we find that JAA
RKKY decays as 1/R. Again, this is

not surprising since the flat-band states do not have support on the A sublattice. As such, we
expect to find the same qualitative behavior as in a conventional 1D metal. However, when
one (both) impurities are placed on the B or C sublattices, the flat band leads to an unusual
1/R3 (1/R5) decay. We will show later that this unusual behavior is non-perturbative in
origin.

Next, we can again study the dependence on J1 for small J1,2/t. For the AA configuration
[Fig. 9.5(a)], we again find that JAA

RKKY ∝ J1 as expected from Eq. (9.6). For the AB
configuration [Fig. 9.5(c)], we find JAB

RKKY ∝ J1 as well, but Eq. (9.6) cannot reasonably
approximate the corresponding slope. The BB and BA configurations [Figs. 9.5(b) and (d)]
show an even more peculiar behavior: Here, the RKKY interaction first grows rapidly for
very small J1 but then decreases. This observation makes it highly questionable whether
perturbation theory is applicable at all, and the following paragraphs will show that it is
indeed not. To see this, we use the T -matrix formalism to obtain an exact expression for the
impurity-induced shift to the ground state energy in the FM/AFM configuration. Since spin
is conserved, we focus on the two spin sectors individually in the following. In App. 9.B, we
show that the impurity-induced change in the density of states in a given spin sector and for
a given impurity configuration can be written as

∆ρ(E) = − 1

π
Im tr

∑

i,j

∫
dk

2π
[G(0)(k,E)]2eik(rj−ri)Tij(E), (9.9)
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Figure 9.5: RKKY coupling Jαβ
RKKY in the diamond lattice in dependence on J1 calculated via

ED (black dots) and via Eq. (9.10) (orange crosses). (a) AA configuration. Here, JAA
RKKY ∝ J1

as expected from Eq. (9.6) (green line). (b) BB configuration. Here we find that JBB
RKKY

increases only for very small J1/t before it starts to decrease. (c) AB configuration. Here,
we again have JAB

RKKY ∝ J1. (d) BA configuration. Here, JBA
RKKY shows an unconventional

behavior that is qualitatively similar to panel (b). In all panels, we set J2/t = 0.05 and
R/a = 100.

where G(0)(k,E) is the momentum-space Green function of the unperturbed system and
Tij(E) for i, j ∈ {1, 2} are the components of the standard two-impurity T -matrix [75]. This

can be used to express Jαβ
RKKY as

Jαβ
RKKY =

1

2

∑

σ

∫ 0

−∞
dE E [∆ρFM,σ(E) − ∆ρAFM,σ(E)]. (9.10)

In Fig. 9.5, we present our results for Jαβ
RKKY obtained from numerically performing the

integration over energy in Eq. (9.10) and find that this reproduces the results from ED very
well. Even more interestingly, Eq. (9.10) can be approximated analytically in the limit of
large R and small J1,2/t. Following the steps outlined in App. 9.C, this leads us to

JAA
RKKY ≈ − J1J2

16
√

2tπ(R/a)
, (9.11)

JAB
RKKY ≈ J1t

2
√

2πJ2(R/a)3
, (9.12)

JBB
RKKY ≈ − 12

√
2 t3

πJ1J2(R/a)5
. (9.13)

We plot these approximations in Fig. 9.4 and find that they nicely approach the numerical
curves for large enough R, thereby confirming the power laws we previously read off from
our numerical data. Importantly, for sufficiently large R, Eqs. (9.11)-(9.13) hold down to
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arbitrarily small but finite J1,2. As such, the results for the AB and BB configuration show
a highly non-perturbative behavior. The above relations further confirm our findings from
Fig. 9.5, where we observed qualitatively that the RKKY interaction grows linearly with J1
if the first impurity is on the A sublattice, while it decreases with J1 if the impurity is on the
B sublattice. However, in this case, the asymptotic 1/J1 behavior was not yet clearly visible
since the impurity separation was not large enough.

9.4 Conclusions

We have studied the RKKY interaction in two 1D flat-band models at half filling. In our first
example—the stub lattice—we have found an unconventional first-order contribution to the
RKKY interaction due to the degeneracy of the isolated flat band. In our second example—
the diamond lattice—the absence of an energy gap between the flat and the dispersive bands
leads to a breakdown of perturbation theory altogether, and non-perturbative contributions
cause the RKKY interaction to decay more rapidly with the inter-impurity distance than
näıvely expected. Our results illustrate that the RKKY interaction in flat-band systems can
exhibit unexpected features and has to be treated with care. We expect this to be relevant
in particular for Moiré materials such as, e.g., twisted bilayer or trilayer graphene, which can
host isolated flat bands [56–61] or intersecting flat and Dirac-like bands [76–81], respectively.

Of course, it is now interesting to ask how our results are modified by, e.g., electron-
electron interactions or disorder. We leave these questions to future work. Furthermore, we
have focused on the case of a perfectly flat band at half-filling, where we expect flat-band
effects to be the most pronounced. Nevertheless, it would also be interesting to study more
general fillings and small deviations from perfect flatness. In general, as long as the exchange
coupling constants are larger than any additional energy scale resulting, e.g., from a small
but finite bandwidth, we expect the unconventional effects reported here to persist.
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9.A Matsubara Green functions for the diamond lattice

In this Appendix, we list the Matsubara Green functions for the diamond lattice. To simplify
the notation, we set a = t = 1 throughout this and all following Appendices. For r ≥ 0 and
ω ̸= 0, we then find:

G
(0)
AA(r, iω) =

−i
[
−1 + ω

4 (−ω + γ)
]r

γ
, (9.14)

G
(0)
AB(r, iω) =

4−1−r(ω − γ) [−4 + ω (−ω + γ)]r

γ
, (9.15)

G
(0)
BB(r, iω) = −i

([
−1 + ω

4 (−ω + γ)
]r

2γ
+
δr,0
2ω

)
, (9.16)

G
(0)
BC(r, iω) = −i

([
−1 + ω

4 (−ω + γ)
]r

2γ
− δr,0

2ω

)
, (9.17)

G
(0)
BA(r, iω) =

4−1−r(ω + γ) [−4 + ω (−ω + γ)]r

γ
− δr,0

2
, (9.18)

where we have defined γ = sgn(ω)
√

8 + ω2. The other components can be obtained from

the above as G
(0)
AC = G

(0)
AB, G

(0)
CA = G

(0)
BA, G

(0)
CB = G

(0)
BC , and G

(0)
CC = G

(0)
BB, where we omitted

the frequency argument for brevity. The Green functions for r < 0 can be found from the

relation G
(0)
αβ(r, iω) = [G

(0)
βα(−r,−iω)]∗.

9.B Impurity-induced change in the density of states

In this Appendix, we derive Eq. (9.9). Using the two-impurity T -matrix, the full Green
function of the perturbed system can be expressed as

G(r, r′, E) = G(0)(r − r′, E) +
∑

i,j

G(0)(r − ri, E)Tij(E)G(0)(rj − r′, E), (9.19)

where i, j ∈ {1, 2}. The four components of the two-impurity T -matrix are given by [75]:

T11(E) =
[
1 − V1G

(0)(0, E) − V1G
(0)(−R,E)T

(0)
2 (E)G(0)(R,E)

]−1
V1, (9.20)

T12(E) = T
(0)
1 (E)G(0)(−R,E)T22(E), (9.21)

T21(E) = T
(0)
2 (E)G(0)(R,E)T11(E), (9.22)

T22(E) =
[
1 − V2G

(0)(0, E) − V2G
(0)(R,E)T

(0)
1 (E)G(0)(−R,E)

]−1
V2, (9.23)

where we have defined V1 = ±J1
2 |α⟩⟨α| and V2 = ±J2

2 |β⟩⟨β|, where each of the four different
sign combinations corresponds to a choice of spin sector and relative orientation (FM/AFM)
of the two impurities. Moreover, we have defined the single-impurity T -matrices as

T
(0)
i =

[
1 − ViG

(0)(0, E)
]−1

Vi. (9.24)
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The unperturbed Green functions for the diamond lattice that enter the above expressions
are given in Sec. 9.A.

The exact Green function can then be used to obtain the impurity-induced change in the
local density of states (DoS) of the system:

∆ρ(r, E) = − 1

π
Im tr[G(r, r, E) −G(0)(0, E)] (9.25)

= − 1

π
Im tr

[∑

ij

G(0)(r − ri, E)Tij(E)G(0)(rj − r, E)
]
. (9.26)

From this, we obtain the total change of the DoS due to a given impurity configuration as

∆ρ(E) =

∫
dr∆ρ(r, E)

= − 1

π
Im tr

∑

ij

∫
dr G(0)(r − ri, E)Tij(E)G(0)(rj − r, E)

= − 1

π
Im tr

∑

ij

∫
dk

2π

∫
dk′

2π

∫
dr ei(k

′−k)rG(0)(k,E)G(0)(k′, E)eikrje−ik′riTij(E)

= − 1

π
Im tr

∑

ij

∫
dk

2π
[G(0)(k,E)]2eik(rj−ri)Tij(E). (9.27)

This is Eq. (9.9) of the main text.

9.C Asymptotic expressions for the RKKY coupling

In this Appendix, we extract the asymptotic behavior of Eq. (9.10) in the limit of large R.

For convenience, we write Jαβ
RKKY =

∑
i,j J

αβ,ij
RKKY with

Jαβ,ij
RKKY =

1

2

∑

σ

∫ 0

−∞
dE E [∆ρijFM,σ(E) − ∆ρijAFM,σ(E)], (9.28)

∆ρij(E) = − 1

π
Im tr

∫
dk

2π
[G(0)(k,E)]2eik(rj−ri)Tij(E). (9.29)

We start by discussing the AA configuration. In this case, the flat band is not affected by the
impurities and we can safely expand the full T -matrix in orders of J1,2. Since the unperturbed
system is time-reversal symmetric, first-order contributions to the RKKY coupling cancel
when the two spin sectors are added up. As such, to lowest order, the RKKY coupling
is given by second-order terms ∝ J1J2. These terms are contained within the off-diagonal
contributions to the RKKY coupling:

JAA,12
RKKY = JAA,21

RKKY = −J1J2
π

∫ ∞

0
dω (−iω)G

(0)
AA(R, iω)P

(0)
AA(−R, iω), (9.30)

where we have introduced the short-hand notation P (0)(r, iω) =
∫

dk
2π [G(0)(k, iω)]2eikr and

where we have already used that G
(0)
AA (P

(0)
AA) is purely imaginary (real). Note that we find it
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convenient to evaluate the above integral in the Matsubara representation. Plugging in the
Green functions given in Sec. 9.A, we find that Eq. (9.30) gives us

JAA
RKKY = −J1J2

π

∫ ∞

0
dω ω

[
16−R(4 + ω2 − ωγ)2R(ω + 2γR)

γ4

]
(9.31)

with γ =
√

8 + ω2. The integral converges on a scale ∝ 1/R, which is why we can change
the integration variable to ω′ = ωR and then cut the upper integration limit at some finite
constant C that does not depend on R. This allows us to expand the integrand for small ω′/R
in order to obtain the asymptotic behavior at large R. In particular, we can approximate

16−R


4 +

(
ω′

R

)2

− ω′

R

√
8 +

(
ω′

R

)2


2R

≈ 16−R

(
4 −

√
8ω′

R

)2R

=

(
1 − ω′

√
2R

)2R

≈ e−
√
2ω′
.

(9.32)
Keeping only the leading contributions also in the rest of the integral, we obtain

JAA
RKKY ≈ − J1J2

8
√

2πR

∫ ∞

0
dω′ ω′e−

√
2ω′

= − J1J2

16
√

2πR
. (9.33)

After reinstating a and t, this leads us to Eq. (11) in the main text.

In a similar fashion, we can also obtain an asymptotic expression for the AB configuration.
Since the second impurity is now sitting on the B sublattice, this impurity will also affect
the flat band. In this case, the vanishing band width of the flat band makes it questionable
whether we can expand our expression for the RKKY coupling in orders of J2. We therefore
keep the full T -matrix for the second impurity while still expanding in orders of J1. To lowest
order in J1, we then find two different non-vanishing contributions to the RKKY coupling:

JAB,12
RKKY = JAB,21

RKKY = −4J1J2
π

∫ ∞

0
dω (−iω)

G
(0)
BA(R, iω)P

(0)
AB(−R, iω)

4 − J2
2 [G

(0)
BB(0, iω)]2

, (9.34)

JAB,22
RKKY = −4J1J

3
2

π

∫ ∞

0
dω (−iω)

G
(0)
BA(R, iω)G

(0)
AB(−R, iω)G

(0)
BB(0, iω)P

(0)
BB(0, iω)

(
4 − J2

2 [G
(0)
BB(0, iω)]2

)2 . (9.35)

Plugging in the Green functions, we get

JAB,12
RKKY = −8J1J2

π

∫ ∞

0
dω ω

[
16−Rω2(ω − γ)(4 + ω2 − ωγ)2R−2[4 + (ω2 − ωγ)(1 −R) − 8R]

γ2[8ω2γ2 + (4 + ω2)J2
2 + ωγJ2

2 ]

]
,

(9.36)

JAB,22
RKKY = −4J1J

3
2

π

∫ ∞

0
dω ω

[
16−Rω(4 + ω2 − ωγ)2R[−8γ + ω(8 + ω2 − 2ωγ)]

γ5[ω2γ2(4 + ω2 − ωγ) + 2J2
2 ]2

]
. (9.37)

These integrals can be approximated following the same steps as above, and, in particular,
using again Eq. (9.32). We obtain

JAB
RKKY = 2JAB,12

RKKY + JAB,22
RKKY ≈ J1

πJ2R3

∫ ∞

0
dω′

(
ω′3
√

2
− ω′2

)
e−

√
2ω′

=
J1

2
√

2πJ2R3
, (9.38)
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which leads us to Eq. (9.12) in the main text. Finally, for the BB configuration, we now keep
the full T -matrices for both impurities. We now get three different non-vanishing contribu-
tions to the RKKY coupling:

JBB,12
RKKY = JBB,21

RKKY = −8J1J2
π

∫ ∞

0
dω (−iω)

[
G

(0)
BB(R, iω)P

(0)
BB(−R, iω)

F1(R, iω)F2(R, iω)

× {16 − 4G
(0)
BB(0, iω)2(J2

1 + J2
2 ) + [G

(0)
BB(0, iω)4 −G

(0)
BB(R, iω)4]J2

1J
2
2}
]
, (9.39)

JBB,11
RKKY =

16J3
1J2
π

∫ ∞

0
dω (iω)

[
G

(0)
BB(0, iω)P

(0)
BB(0, iω)

F1(R, iω)F2(R, iω)

×G
(0)
BB(R, iω)2{4 − [G

(0)
BB(0, iω)2 −G

(0)
BB(R, iω)2]J2

2}
]
, (9.40)

JBB,22
RKKY =

16J1J
3
2

π

∫ ∞

0
dω (iω)

[
G

(0)
BB(0, iω)P

(0)
BB(0, iω)

F1(R, iω)F2(R, iω)

×G
(0)
BB(R, iω)2{4 − [G

(0)
BB(0, iω)2 −G

(0)
BB(R, iω)2]J2

1}
]
, (9.41)

with

F1,2(R, iω) = 16 − 4G
(0)
BB(0, iω)2(J2

1 + J2
2 ) ± 8G

(0)
BB(R, iω)2J1J2

− [G
(0)
BB(R, iω)2 −G

(0)
BB(0, iω)2]2J2

1J
2
2 (9.42)

and where we have used that G
(0)
BB(R, iω) = [G

(0)
BB(R,−iω)]∗ = G

(0)
BB(−R, iω). After plugging

in the Green functions, the full expressions become too involved to be displayed here. Nev-
ertheless, the integrals can be approximated in the same way as before, which leads us to
Eq. (9.13) in the main text:

JBB
RKKY = 2JBB,12

RKKY + JBB,11
RKKY + JBB,22

RKKY

≈ 1

J1J2πR5

∫ ∞

0
dω′

(
−4

√
2ω′5 + 16ω′4

)
e−

√
2ω′

= − 12
√

2

J1J2πR5
. (9.43)

9.D Exact results using Green functions

In this Appendix, we present an efficient algorithm that computes the RKKY coupling nu-
merically using the exact lattice Green functions of the full system. For this, we start by
noting that the Hamiltonians studied in the main text have a block-tridiagonal structure.
The calculation of Green functions for such Hamiltonians, or in general the calculation of
inverse matrices of this kind, has been vastly optimized using several methods [82, 84–89].
In this work, we use an algorithm that can efficiently invert block-tridiagonal matrices as
described in Ref. [82]. This algorithm is especially efficient if only a few diagonals, rows, or
columns of the matrix are needed since it scales linearly with the system size in these cases.
In contrast to Ref. [82] we do not study translationally invariant systems due to the presence
of impurities. Therefore, we modify the algorithm of Ref. [82] by adding the needed position
dependency as shown in Ref. [83] for tridiagonal matrices. For convenience we recapitulate
the algorithm here and present its modified version.
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Since the Hamiltonian is Hermitian, the matrix that needs to be inverted has the following
structure:

A =




a1 b1
b†1 a2 b2

b†2 a3 b3

b†3 a4
. . .

. . .
. . . bN−1

b†N−1 aN




. (9.44)

Here, the an and bn are the blocks that the matrix consists of and N is the number of diagonal
blocks. Using a UDL-decomposition this matrix can be decomposed into A = UDL with
matrices of the form

U =




1 U1

1 U2

. . .
. . .
. . . UN−1

1



, (9.45)

L =




1
L1 1

L2
. . .
. . .

. . .

LN−1 1



, (9.46)

and a block-diagonal matrix D with blocks Dn for n ∈ {1, . . . , N}. The matrix elements can
be calculated using the recursion relations

DL = aL, (9.47)

Un = bnD
−1
n+1, (9.48)

Ln = D−1
n+1b

†
n, (9.49)

Dn = an − Unb
†
n = an − bnD

−1
n+1b

†
n . (9.50)

The inverse of the matrix A can then be decomposed as well and we find B = A−1 =
L−1D−1U−1 with

D−1 =




D−1
1

D−1
2

. . .

D−1
N


 , (9.51)
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U−1 =




1 −U1 U1U2 · · · (−1)N−1U1 · · ·UN−1

1 −U2
. . .

...
. . .

. . . UN−2UN−1

. . . −UN−1

1



, (9.52)

L−1 =




1

−L1
. . .

L2L1
. . .

. . .
...

. . . −LN−2 1
(−1)N−1LN−1 · · ·L1 · · · LN−1LN−2 −LN−1 1



. (9.53)

The diagonal elements of B can be calculated recursively by exploiting the relations

B1,1 = D−1
1 , (9.54)

Bn+1,n+1 = D−1
n+1 + LnBn,nUn

= D−1
n+1 +D−1

n+1b
†
nBn,nbnD

−1
n+1 . (9.55)

The off-diagonal matrix elements can then be computed as well. With m ≥ n, we find the
recursive formulas

Bn,m+1 = −Bn,mUm, (9.56)

Bm+1,n = −LmBm,n, (9.57)

such that we are able to calculate all matrix elements. We want to stress that the Bi,j are

blocks of the inverse matrix B concerning the different unit cells with elements Bα,β
m,n that

can be identified with the Green function Gα,β(m,n).

With these recursion relations we are able to calculate the energy difference, and therefore
also the RKKY coupling, by rewriting it as

∆E = ⟨HFM ⟩ − ⟨HAFM ⟩ (9.58)

=
∑

n,m,α,β

HFM
nα,mβ ⟨c†n,αcm,β⟩FM

−
∑

n,m,α,β

HAFM
nα,mβ ⟨c†n,αcm,β⟩AFM

(9.59)

=
1

2π

∫
dωeiω0

+

[(∑

n,m

HFM
nα,mβG

FM
βα (m,n; iω)

)
−
(∑

n,m

HAFM
nα,mβG

AFM
βα (m,n; iω)

)]

(9.60)
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20 100 300 800

R/a
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10−11

|J
B
B

R
K
K
Y
/t
|

ED

GF

Figure 9.6: Comparison of the results obtained by exact diagonalization (ED) and the de-
scribed Green function approach (GF). We show the absolute value of the RKKY coupling
|JBB

RKKY | in dependence of the distance R with J1 = J2 = 0.2t. The results are calculated
with a system size of 4000 unit cells but they are converged up to numerical errors. For
moderate R we find perfect agreement between the two methods. For very large R we start
to see some differences due to the numerical error of the ED. The GF algorithm therefore
enables us to calculate the RKKY interaction for larger distances.

Here we used that the needed expectation values are given by

⟨c†n,αcm,β⟩ =
1

i
G<

βα(m,n; t = 0, t′ = 0) (9.61)

=
1

2π

∫
dωG<

βα(m,n;ω) (9.62)

= −
∫
dω nF (ω)

(
1

ω −H + iη
− 1

ω −H − iη

)

mβ,nα

(9.63)

= lim
T→0

1

β

∑

iωn

Gβα(m,n; iωn) eiωn0+ (9.64)

=
1

2π

∫
dωGβα(m,n; iω) eiω0

+
. (9.65)

For each spin sector this calculation can be done separately. The total energy difference is
then given by

∆Etot = ∆E↑ + ∆E↓ = 2 ∆E↑ − J . (9.66)

Since we only need the first few diagonals of the Green functions to evaluate the formula,
the inversion scales only linear with the number of unit cells [O(N)]. Therefore, the usage
of this method allowed us to simulate much larger systems (with up to 8 · 105 unit cells).
Additionally, it was possible to calculate the RKKY coupling for larger distances with smaller
JRKKY since the numerical error could be reduced. In Fig. 9.6 we compare the results
obtained with this algorithm with those calculated with ED. We can see that the results for
moderate distances perfectly agree. For very large distances we find that the Green functions
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approach shows even better results than the ED since the numerical error of the ED starts
influencing the results.
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