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ANOMALOUS DISSIPATION AND LACK OF SELECTION

IN THE OBUKHOV-CORRSIN THEORY OF SCALAR TURBULENCE

MARIA COLOMBO, GIANLUCA CRIPPA AND MASSIMO SORELLA

Abstract. The Obukhov-Corrsin theory of scalar turbulence [Obu49, Cor51] advances quantitative
predictions on passive-scalar advection in a turbulent regime and can be regarded as the analogue for
passive scalars of Kolmogorov’s K41 theory of fully developed turbulence [Kol41]. The scaling analysis of
Obukhov and Corrsin from 1949-1951 identifies a critical regularity threshold for the advection-diffusion
equation and predicts anomalous dissipation in the limit of vanishing diffusivity in the supercritical regime.
In this paper we provide a fully rigorous mathematical validation of this prediction by constructing
a velocity field such that the unique bounded solution of the advection-diffusion equation is bounded
uniformly-in-diffusivity in the full supercritical Obukhov-Corrsin regularity regime and exhibits anomalous
dissipation. We also show that for a velocity field in Cα of space and time (for an arbitrary 0 ≤ α < 1)
neither vanishing diffusivity nor regularization by convolution provide a selection criterion for bounded
solutions of the advection equation.

1. Introduction

The advection of a passive scalar ϑ = ϑ(t, x) ∈ R by a divergence-free velocity field u = u(t, x) ∈ R
n on

the n-dimensional torus T
n is described by the equation

∂tϑ+ u · ∇ϑ = 0 . (1.1)

The basic physical example is the advection of the temperature, which is assumed to have no influence
on the given background flow and therefore to be passively rearranged by it. This is in contrast with the
case of active scalars, as for instance the vorticity of a two-dimensional fluid which is directly coupled to
the velocity by the curl relation. For regular solutions the incompressibility of the flow guarantees the
conservation in time of all rearrangement-invariant norms of solutions of (1.1), in particular of the spatial
L2 norm: for all times t > 0 we have ‖ϑ(t, ·)‖L2(Tn) = ‖ϑ(0, ·)‖L2(Tn).

The Obukhov-Corrsin theory of scalar turbulence [Obu49,Cor51] advances quantitative predictions on
the energy spectrum and the structure functions for the passive scalar in a regime of turbulent advection and
can be regarded as the analogue for passive scalars of Kolmogorov’s K41 [Kol41] theory of fully developed
turbulence for the velocity field. In the idealized regime of small viscosity, within K41 the velocity field is
predicted to satisfy Kolmogorov’s two-thirds law, which reflects into Onsager’s [Ons49] critical regularity of
order 1/3 for the velocity field (see [Fri95,ES06] for the general context). Based on dimensional analysis, in
1949-1951 Obukhov and Corrsin independently predicted the same scaling in the idealized regime of small
diffusivity κ > 0 for solutions of the advection-diffusion equation with a turbulent advecting flow

∂tϑκ + u · ∇ϑκ = κ∆ϑκ . (1.2)

More precisely, the q-th order structure function of the passive scalar Sϑ
q (ℓ) := 〈|δℓϑ|q〉 is predicted to

exhibit as a function of the spatial increment ℓ a scaling ∼ ℓq/3 in the so-called inertial-convective range, for
large Reynolds number turbulence and for a diffusivity at least of the order of magnitude of the viscosity.
Ideally, this can be interpreted as a regularity of order 1/3 for the passive scalar uniformly for small but
strictly positive diffusivity (see also [Sre96,Sre19]).

A major tenet of turbulence theory is the persistence of dissipation in the limit of vanishing viscosity
(for the velocity) or vanishing diffusivity (for the passive scalar). Testing (1.2) against the solution ϑκ leads
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to a dissipation term and a nonlinear term, namely

κ

ˆ T

0

‖∇ϑκ(s, ·)‖2
L2(Tn) ds and

ˆ T

0

ˆ

Tn

(u · ∇ϑκ)ϑκ dx ds ∼
ˆ T

0

ˆ

Tn

∇αu
(

∇(1 − α)/2ϑκ

)2

dx ds (1.3)

(we will discuss in the next paragraph the role of the parameter 0 ≤ α ≤ 1 in the formal rewriting of the
nonlinear term) and to the energy balance

ˆ

Tn

|ϑκ(t, ·)|2 dx+ 2κ

ˆ t

0

‖∇ϑκ(s, ·)‖2
L2(Tn) ds =

ˆ

Tn

|ϑκ(0, ·)|2 dx for t ∈ [0, T ]. (1.4)

Anomalous dissipation for the passive scalar amounts to

lim sup
κ→0

κ

ˆ T

0

‖∇ϑκ(s, ·)‖2
L2(Tn) ds > 0 , (1.5)

which (by lower semicontinuity of the L2 norm under weak convergence, and up to subsequences) implies
convergence of ϑκ to a solution ϑ of (1.1) for which ‖ϑ(T, ·)‖L2(Tn) < ‖ϑ(0, ·)‖L2(Tn). The presence of
anomalous dissipation in particular requires a blow up as κ → 0 of the first-order derivative of the passive
scalar. The argument by Obukhov and Corrsin leading to the scaling ∼ ℓq/3 for the q-th order structure
function predicts a sharp, uniform-in-diffusivity bound on the regularity of order 1/3 for the passive scalar.

The formal rewriting of the nonlinear term as in (1.3) reveals the generalized regime of critical regularity for
the problem. Assuming that the divergence-free velocity field u belongs to Lp([0, T ];Cα(Tn)) for 1 ≤ p ≤ ∞
and 0 ≤ α ≤ 1, we define implicitly p◦ ∈ [2,+∞] and α◦ ∈ [0, 1/2] by the so-called Yaglom’s [Yag49] relation

1

p
+

2

p◦
= 1 and α+ 2α◦ = 1 . (1.6)

Obukhov-Corrsin criticality corresponds to the passive scalar ϑκ belonging to Lp◦

([0, T ];Cα◦

(Tn)) uniformly
with respect to the diffusivity κ > 0. In analytical terms, the Obukhov-Corrsin theory of scalar turbulence
predicts that, for u ∈ Lp([0, T ];Cα(Tn)) and ϑ ∈ Lp◦

([0, T ];Cβ(Tn)), the following holds:

(1) In the subcritical Obukhov-Corrsin regime β > α◦ the advection equation (1.1) has a unique
solution, the conservation ‖ϑ(t, ·)‖L2(Tn) = ‖ϑ(0, ·)‖L2(Tn) holds for every t ∈ [0, T ], and there is no
anomalous dissipation.

(2) In the supercritical Obukhov-Corrsin regime β < α◦ there exist a velocity field and an initial datum
ϑ(0, ·) ∈ Cβ for the passive scalar so that
(i) the equation (1.1) with initial datum ϑ(0, ·) has infinitely many solutions in Lp◦

([0, T ];Cβ(Tn))
which dissipate in time the spatial L2 norm;

(ii) there is anomalous dissipation for a sequence ϑκ of solutions of (1.2) with initial datum ϑ(0, ·)
which are equibounded in Lp◦

([0, T ];Cβ(Tn)) uniformly in κ > 0.

The above statements have a clear connection with the corresponding ones for the Euler equations. The
Onsager criticality threshold L3([0, T ];C1/3(Tn)) for the velocity field corresponds to the Obukhov-Corrsin
criticality threshold by formally considering u = ϑ. Onsager’s conjecture [Ons49] asserts conservation of the
kinetic energy for solutions with spatial C1/3+ regularity, and existence of nonunique and energy-dissipative
solutions with spatial C1/3− regularity. The positive part of Onsager’s conjecture corresponds to the
subcritical case in (1) above and has been answered affirmatively (in a number of slightly different functional
settings) in [Eyi94,CET94,CCFS08]. The negative part of Onsager’s conjecture corresponds to item (i)
in (2) above and has recently been established as the culmination of an amazing mathematical tour de
force [DLS09,DLS13,BDLIS15, Ise18,BDLSV19] by relying on techniques of convex integration.

Item (ii) in (2) goes beyond Onsager’s conjecture and corresponds to a deterministic version of the
so-called Kolmogorov’s 0-th law of turbulence [Kol41], which postulates the universality in a statistical
sense of anomalous dissipation (the analogue of (1.5) for the velocity field) for the Euler equations in the
vanishing-viscosity limit of the Navier-Stokes equations in the regime of fully developed turbulence. The
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mathematical understanding of these predictions remains a great challenge. On one side, even a rigorous
formulation of the statistical problem is missing. On the other side, we lack even single deterministic
examples of anomalous dissipation: generating solutions of the Navier-Stokes equations with bounds
uniformly in viscosity and displaying anomalous dissipation appears to be a major challenge. In this
direction, in [BV19] convex integration has been employed to construct weak solutions of the Navier-Stokes
equations and it has been shown that energy-dissipative Cβ solutions of the Euler equations can be realized
as limit of irregular Navier-Stokes solutions in L∞([0, T ];L2(T3)). It remains open whether the same can
be done with Leray-Hopf or smooth solutions. We will further comment on this after the statement of
Theorem B.

The positive result in the subcritical Obukhov-Corrsin regime (recall item (1) above) can be proven
along the lines of [CET94] (regularizing the equation and showing the convergence of the commutator which
results from a decomposition analogue to the formal rewriting of the nonlinear term in (1.3)) and has been
done in [Wie20,DEIJ22]. On the other hand, very little progress has been made in rigorous analytical terms
since the original formulation from 1949-1951 for the statements in the supercritical Obukhov-Corrsin regime
(recall item (2) above). In [CP94] the criticality relations (1.6) have been interpreted as a consequence of
the fractal geometry of the level sets of the passive scalar. In [DEIJ22] the authors address the endpoint
case α < 1 and β = 0 (that is, L∞ bounds for the passive scalar), providing criteria for anomalous
dissipation and constructing an explicit example of a bounded passive scalar for which such criteria are
satisfied and anomalous dissipation is present. We stress however that there is a major gap in difficulty
between showing boundedness for the passive scalar, and some fractional regularity uniformly in diffusivity
(as in (1.7) below). Indeed, the advection equation (1.1) and the advection-diffusion equation (1.2) are
easily seen to propagate boundedness of the initial datum since the velocity field is divergence-free. On
the other hand, the advection equation (1.1) is known not to propagate any fractional regularity of the
initial datum [ACM19b], not even for velocity fields with Sobolev regularity of order one (and therefore
in the DiPerna-Lions class [DL89]). The fractional regularity of the passive scalar is a major difficulty,
especially when requiring uniform-in-diffusivity bounds. This has been left fully open in [DEIJ22] (see in
particular [DEIJ22, Question 5.1]).

In this paper we provide several rigorous results within the supercritical Obukhov-Corrsin regime. Our
first result constructs, for any chosen regularity in the supercritical regime, a velocity field exhibiting
anomalous dissipation, under the required regularity bounds on the passive scalar uniformly in diffusivity:

Theorem A (Anomalous dissipation in the Obukhov-Corrsin theory). Let p ∈ [2,∞], p◦ ∈ [2, 4], α ∈ [0, 1],
and β ∈ [0, 1/2] be such that

1

p
+

2

p◦
= 1 and α+ 2β < 1 .

Then there exists a divergence-free velocity field u ∈ Lp([0, 1];Cα(T2)) and an initial datum ϑin ∈ C∞(T2)
with

´

T2 ϑin = 0 such that the solutions ϑκ of the advection-diffusion equation (1.1) with initial datum ϑin

satisfy the uniform-in-diffusivity bound

sup
κ∈[0,1]

‖ϑκ‖Lp◦ ([0,1];Cβ(T2)) < ∞ (1.7)

and exhibit anomalous dissipation

lim sup
κ→0

κ

ˆ 1

0

ˆ

T2

|∇ϑκ|2 dx dt > 0 . (1.8)

In Theorem A, the solutions ϑκ are unique and bounded in L∞((0, 1) × T
2) by ‖ϑin‖L∞ . We will give a

quick, informal overview of the proof at the end of the introduction. However, we stress that we do not
rely on the criteria for anomalous dissipation in [DEIJ22]. In fact, such criteria only allow to obtain in the
vanishing-diffusivity limit solutions of the advection equation (1.1) which dissipate the L2 norm. In our
second theorem we show the existence of a velocity field for which, in the vanishing-diffusivity limit, two
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subsequences of solutions of (1.2) exist, one converging to a solution of (1.1) which conserves the L2 norm
and one converging to a solution which dissipates the L2 norm.

Theorem B (Lack of selection by vanishing diffusivity). For every α ∈ [0, 1) there exists a divergence-free

velocity field u ∈ Cα([0, 2] ×T
2) and an initial datum ϑin ∈ C∞(T2) with

´

T2 ϑin = 0 such that the following

holds. The sequence ϑκ of solutions of the advection-diffusion equation (1.2) with velocity field u and

initial datum ϑin has at least two distinct limit points as κ → 0 in the weak∗ topology, which are two

distinct solutions of the advection equation (1.1). Moreover, one limit solution conserves the L2 norm,

namely ‖ϑ(t, ·)‖L2 = ‖ϑin‖L2 for a.e. t ∈ [0, 2], and the other one exhibits strict dissipation of the L2 norm,

namely ‖ϑ(t, ·)‖L2 ≤ ‖ϑin‖L2/2 for any t ≥ 1.

This theorem is the first instance in the literature showing the impossibility to select a unique solution
of the advection equation (1.1) by vanishing diffusivity. It identifies, in the limit, nonunique bounded
solutions for the advection equation (1.1) with a Cα velocity field, which were known to exist [ABC14,
ABC13,ACM19a,DEIJ22]. In contrast, a unique solution of (1.1) is selected as vanishing-diffusivity limit
for velocity fields within the DiPerna-Lions theory [DL89] but for solutions lacking the required integrability
for the theory to apply (see [BCC21]). In turn, nonuniqueness of solutions in this latter context has been
shown in a series of papers [MS18,MS19,MS20,CL21,CL22].

Theorem B is motivated by the fundamental open problem of the selection of solutions of the Euler
equations as vanishing-viscosity limit of solutions of the Navier-Stokes equations. The results in [BV19]
show that no selection is possible as limit of weak solutions in L∞([0, T ];L2(Tn)) of the Navier-Stokes
equations. The next step would be addressing the question of selection as limit of Leray-Hopf solutions
(which anyway are not expected to be unique, see [JŠ14,JŠ15,ABC22]) or smooth solutions. The results
in [BV19] can be seen as a mathematical indication of a negative answer, and our Theorem B supports a
negative answer as well, providing a proof in the case of passive scalars.

The selection of a unique weak solution is a key question for many different PDEs with multiple weak
solutions. For instance, the entropy conditions or, equivalently, the vanishing diffusivity select a unique
solution for scalar conservation laws, which in general possess infinitely many weak solutions. Besides
vanishing diffusivity, another conceivable selection criterion for the advection equation (1.1) is based on a
regularization of the velocity field, that is, by considering limit points of solutions of (1.1) in which the
velocity field u is replaced by some regularization uσ → u. This question has been addressed and answered
in the negative in [CCS20,DLG22], yet relying on extremely ad-hoc regularizations of the velocity field,
explicitly tuned on the singularities of the velocity field. The freedom in the choice of the sequence uσ is
exploited in an essential way in [CCS20,DLG22] in order to generate several distinct ways to bypass the
singularity which are maintained in the limit σ → 0. In particular, the chosen regularization is not based
on convolution with a smooth kernel. In our third result we show that selection cannot be obtained by
regularization of the velocity field by convolution with a smooth kernel in space-time (notice that we do
not make any assumptions on the profile of the kernel ϕ).

Theorem C (Lack of selection by convolution). Let C > 0 and α ∈ [0, 1) and let ϕ ∈ C∞
c ((−1, 1)×B(0, 1))

be a convolution kernel in space-time with ‖ϕ‖C1 ≤ C. There exists a divergence-free velocity field

u ∈ Cα([0, 2] × T
2) and an initial datum ϑin ∈ C∞(T2) with

´

T2 ϑin = 0, both depending only on α and C
and not on ϕ, such that the following holds. The sequence ϑσ of solutions of the advection equation (1.1)
with velocity field u ∗ ϕσ and initial datum ϑin has at least two distinct limit points as σ → 0 in the weak∗

topology, which are two distinct solutions of the advection equation (1.1).

We now present an informal discussion of the main ideas and tools in our approach, with a focus on the
novelties and making several connections with the previous literature. In Section 2 we give a more detailed
and quantitative, but still heuristic, account of our proof, before proceeding in the rest of the paper to the
full proofs.
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Roughly speaking, the basic mechanism for the proof of our three theorems is the same and relies on the
construction of a solution which gets mixed (that is, weakly converges to its spatial average) when the time
approaches the singular time t = 1. This is reminiscent of Depauw’s example [Dep03], in which mixing is
generated by alternating discontinuous dyadic shear flows which rearrange the solution into finer and finer
dyadic chessboards, and of the more regular self-similar examples in [ACM19a,YZ17]. However, in order
to achieve our goals (regularity of velocity field and passive scalar, anomalous dissipation, convergence to
multiple limit points), we need several major twists in the construction.

The first main novelty is replacing the dyadic decay 2−q by a decay along a well-chosen, superexponential
sequence aq ↓ 0 at times 1 − Tq ↑ 1; correspondingly, the velocity field is localized at frequency a−1

q+1 in
the time interval [1 − Tq, 1 − Tq+1]. In all the three proofs, we interpret the convolution or the presence of
diffusion (represented by the Brownian motion in the stochastic differential equation) as a “filter on high
frequencies” acting at a well-chosen intermediate scale between the well-separated scales aq+1 ≪ aq and
leaving low frequencies essentially unchanged.

In Theorem C, the convolution blocks the mixing process once the passive scalar reaches scale aq. After
the singular time t = 1, we define the velocity field by reflection (which would un-mix the passive scalar
along the corresponding scales), but we also add a velocity field which at every transition of scale has
the effect to “swap” a parity marker on the chessboards. Depending on the parity of q, the passive scalar
undergoes an even or an odd number of swaps, which produces two distinct solutions in the limit.

Dealing with diffusion is more delicate and requires a second major twist with respect to the previous
approaches. We develop an original and fairly general Lagrangian approach (in a deterministic or stochastic
sense) to anomalous dissipation. Solutions of the advection equation (1.1) are transported by the flow of the
velocity field and the Feynman-Kac formula represents solutions of the advection-diffusion equation (1.2) via
the flow of the associated stochastic differential equation (see (3.10)). Our Lagrangian approach allows to
keep track of the regularity of the solutions as well as to make explicit the anomalous dissipation mechanism
in a fully quantitative way in our situation, by means of a precise control of the frequency of the solution up
to the precise scale where anomalous dissipation happens. The anomalous dissipation relies on the following
observation: if the diffusion is active for a time τ , then it acts on a spatial scale κτ , and additionally its
effect is enhanced by the high frequency of the passive scalar. The last observation is at the core of the
so-called enhanced-dissipation phenomenon, which received a considerable attention in the last years, from
nonquantitative spectral characterizations [CKRZ08], to quantitative approaches [BCZ17,CZD21,CZ20] also
in terms of the mixing properties of the velocity field [CZDE20,FI19], to the randomly-forced case [BBPS21].
In Theorems A and B the quantified relation between the time scale, the frequency of the solution and
the diffusivity parameter allows, respectively avoids, time intervals on which the diffusion substantially
mixes the solution. This switches on and off the dissipation effect along different subsequences, allowing
to identify in the limit a solution which conserves the L2 norm and a solution which dissipates the L2

norm. Our approach represents a major novelty and needs to be compared with the approach in [DEIJ22],
which relies on criteria for anomalous dissipation based on reverse interpolation inequalities for the passive
scalar. It seems not possible to exploit the strategy of [DEIJ22] and obtain multiple limit points in the
vanishing-diffusivity limit. Our approach identifies a Lagrangian mechanism and provides its quantification,
establishing a fully general novel method which can be employed in problems exhibiting similar features.

The issue of the regularity has been neglected in the above informal description. Finding more regular
versions of Depauw’s [Dep03] velocity field is a notoriously hard task, which has been addressed in a dyadic,
self-similar setting in [ACM19a,YZ17]. However, the velocity fields in [ACM19a,YZ17] do not appear to
be compatible with our choice of a superexponential sequence of scales aq. Moreover, it is unclear which
instruments could be employed to obtain the fractional regularity of the associated solutions. Instead, we
directly employ a finer-scales version of Depauw’s velocity field and directly regularize it at a scale finer than
its own scale, slightly perturbing the scaling and directly controlling the error terms. The resulting velocity
field is again made by alternating shear flows concentrated at well separated frequencies, in stark contrast
with the velocity fields in [ACM19a,YZ17] which are genuinely two-dimensional. This last fact is in turn
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crucial in order to establish the uniform-in-diffusivity regularity of the passive scalar in (1.7). We stress
that such uniform regularity does not follow from any functional argument (the advection equation (1.1) is
known not to propagate any fractional regularity of the initial datum [ACM19b]). Instead we prove a novel
regularity estimate for the stochastic flow which relies in an essential way on the alternating shear-flow
structure of the velocity field. The estimate is uniform in the stochastic parameter and therefore thanks to
the Feynman-Kac formula can be translated into a regularity estimate for the passive scalar.

Plan of the paper. In Section 2 we present a quantitative heuristics of our arguments aimed at providing
the reader with a more detailed, yet nontechnical understanding of our paper. Section 3 is devoted to a
few preliminaries on deterministic and stochastic flows. In Section 4 we fix the parameters needed for our
arguments and we construct the velocity field. We then move to the proof of Theorem C in Section 5. The
convergence in the vanishing-diffusivity limit to a solution which conserves the L2 norm (which is a part
of Theorem B) is shown in Section 6. In Section 7 we show the convergence in the vanishing-diffusivity
limit to a solution which dissipates the L2 norm, thus concluding the proof of Theorem B and showing the
anomalous dissipation claimed in Theorem A. In Section 8 we show the uniform-in-diffusivity regularity of
the passive scalar, thus concluding the proof of Theorem A.

Acknowledgments. MC and MS were supported by the SNSF Grant 182565 and by the Swiss State
Secretariat for Education, Research and lnnovation (SERI) under contract number M822.00034. This work
has been started during a visit of GC at EPFL as a Visiting Professor. The support and the warm hospitality
of EPFL are gratefully acknowledged. GC is partially supported by the ERC Starting Grant 676675 FLIRT.
MS thanks Lucio Galeati for the interesting discussion about the advection-diffusion equation during his
visit at EPFL.

2. Strategy of the proof and heuristics

In this section we provide an heuristic description of our construction and of the proofs of the three
theorems stated in the introduction. Even though the presentation in this section oversimplifies several
technical aspects and includes only heuristic estimates, it allows to introduce all the ideas and tools in the
proofs, and at the same time it retains a quantitative enough character which motivates the choice of the
many parameters in the construction. This section is intended to provide a guide for the reader through
the actual proofs in the remaining of the paper.

2.1. Geometric construction of the velocity field. Our construction features a divergence-free velocity
field u = u(t, x) defined for (t, x) ∈ [0, 2] × T

2. The velocity field is smooth outside {1} × T
2 and at each

time t ∈ [0, 2] \ {1} is concentrated in frequency, where the frequencies blow up as the time approaches 1.
Let us fix a sequence of frequencies {λq}q∈N which are well separated, namely with at least superex-

ponential growth, and a sequence of times {1 − Tq}q∈N with Tq ↓ 0 to be chosen later in terms of the
frequencies. We first define the velocity field for t ∈ [0, 1]. On each time interval [1 − Tq, 1 − Tq+1] the
velocity field is constructed as follows.

(1) The velocity field is composed by two shear flows (one horizontal and one vertical) with frequency
concentrated at λq+1 rearranging the chessboard of side λ−1

q into the chessboard of side λ−1
q+1 (see

Figure 1).
(2) For some fixed m ∈ N, on the first part of the time interval [1 − Tq, 1 − Tq+1] and only for q ∈ mN

(by which we mean that q is a multiple of m) we add a long time subinterval on which the velocity
field is zero. The choices of m ∈ N and of the length of the subinterval are tuned with certain
choices of the dissipation and the dominant frequency of the solution of the advection-diffusion
equation at that time.

In the remaining time interval [1, 2] (after the singularity at time t = 1) the velocity field is defined by
reflection, and for Theorem C only we add a swap velocity field as follows.
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Figure 1. The action of the two shear flows rearranging the chessboard of side λ−1
q into

the chessboard of side λ−1
q+1.

(3) The reflected velocity field is defined by

u(t, x) = −u(2 − t, x) for t ∈ [1, 2] and x ∈ T
2. (2.1)

(4) For Theorem C we add a swap velocity field uswap which, in each time interval [1 + Tq+1, 1 + Tq], is
active in a subinterval in which the velocity field in (2.1) is zero. The task of the swap velocity field
on the time interval [1 +Tq+1, 1 +Tq] is to swap the parity of the chessboard of side λ−1

q (namely, it
exchanges the “black squares” with the “white squares”, see Figure 2). The swap velocity field acts
after the velocity field u in (3) has already reconstructed (at a certain time 1 + Tq+1 + τ < 1 + Tq)
the chessboard of side aq from the the chessboard of side aq+1 and it has frequency concentrated
at λq+1.

Figure 2. The action of the swap velocity field

In any time interval [1 − Tq, 1 − Tq+1] or [1 + Tq+1, 1 + Tq], the constructed velocity field either vanishes
or has frequency concentrated at λq+1 (it is actually almost λq+1-periodic in a suitable sense). This
fundamental property allows to localize the effect of the convolution and the effect of the diffusion to certain
specific time intervals, following the general principle that in our regimes both convolution and diffusion act

as a filter on high frequencies, leaving low frequencies relatively unchanged.

To make the heuristics visually clear we refer in this section to velocity fields that “mix a chessboard into
a finer one” with implicit reference to a simple and widely known example by Depauw [Dep03] (see also
[DLG22], where such construction was used to build an example of lack of selection for bounded velocity
fields via an ad-hoc regularization not of convolution type). We underline three major differences between
the velocity fields in [Dep03, DLG22] and ours. First, it is fundamental for us to separate consecutive
frequencies in a sharp way by using a superexponential sequence of frequencies. Second, we introduce time
delays in order for the diffusion to trigger the anomalous dissipation and the lack of selection. Third, in
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order to guarantee Hölder regularity in our example, all the statements about rearrangements of chessboards
must be intended “up to small errors” due to the presence of small-scale mollifications that guarantee the
smoothness of the velocity field and of the passive scalar away from the singular time t = 1. Without
such mollifications, the heuristics holds only in fractional Sobolev spaces such as Wα,1(T2), rather than in
Hölder spaces Cα(T2). We observe in passing that, without mollifications and under fractional Sobolev
regularity bounds, full dissipation for the passive scalar can be obtained in Theorem A, namely replacing
the weaker property (1.8) with

2 lim sup
κ→0

κ

ˆ 1

0

ˆ

T2

|∇ϑκ|2 dx dt = ‖ϑ(0, ·)‖2
L2(T2) .

Obtaining the correct regularity of the velocity field and the associated solutions is a central issue in
our approach. The same difficulty has been faced in [ACM19a,YZ17], where the same rate of decay for
the mixing scale as in [Dep03] was obtained for more regular (Sobolev, or even Lipschitz) velocity fields.
However, the construction in [ACM19a,YZ17] has been achieved by a completely different argument due to
necessity to keep under control the evolution in the entire space without allowing for error terms, as needed
when dealing with a statement concerning mixing. In particular, the velocity fields in [ACM19a,YZ17] are
genuinely two-dimensional. In our case we retain by mollification the alternating shear-flow structure of
the velocity field from [Dep03], which is essential in order to quantitatively control the regularity of the
solution in presence of diffusion. However, we have to face the issue to control the evolution and quantify
the dissipation of the passive scalar out of the small set where the mollification takes place.

2.2. Geometric construction of the initial datum. We consider as initial datum the function ϑ0

which equals 1 on the even chessboard of side 2λ0 (and therefore, has periodicity λ−1
0 ) and −1 on the odd

chessboard. As before, the actual proof involves a mollification of this function, but at the present heuristic
level we ignore this issue.

2.3. Qualitative behaviour of solutions. Up to time t = 1, the solution of the advection equation (1.1)
with velocity field u is unique thanks to its (local-in-time) regularity: at each time 1 − Tq, the solution ϑ
approximately equals the chessboard of side λ−1

q . Therefore, ϑ can be extended by weak continuity at the
singular time t = 1 as ϑ(1, ·) ≡ 0.

After the singular time t = 1 we can consider three possible continuations of this solution. First, we
consider the solution which fully dissipates the L2 norm, namely

ϑmix(t, ·) ≡ 0 for t ∈ [1, 2].

Second, we observe that if point (4) in the construction in Section 2.1 is omitted, then a solution which
conserves the L2 norm is given by reflection, namely

ϑcons(t, ·) = ϑ(2 − t, ·) for t ∈ [1, 2].

For the velocity field introduced in Section 2.1 with the addition of the swap velocity field in (4), we can
find two distinct backward solutions on [1, 2], starting at t = 2, which are compatible with ϑ at time 1,
namely ϑodd generated by evolving backward the final datum ϑodd(2, ·) = ϑ0, and ϑeven generated by
evolving backward the final datum ϑeven(2, ·) = −ϑ0. We observe that ϑodd and ϑeven are characterized at
times 1 + Tq for q ∈ N and equal alternatively the odd or even chessboard of side λ−1

q .

2.4. Lack of selection by convolution (Theorem C). We first present the mechanism behind the lack
of selection in Theorem C as it is the simplest one. Fix σ > 0 such that for some q ∈ N

λ−1
q+1 ≪ σ ≪ λ−1

q (2.2)

(more precise quantitative bounds will be required in the proof), and consider the convolution u ⋆ ϕσ

of the velocity field u (including the swap velocity field in (4)) with a kernel ϕσ. The convolution
does not change much the low-frequency part of the velocity field, namely its restriction to the time
intervals [0, 1 − Tq] ∪ [1 + Tq, 1] thanks to the condition σ ≪ λ−1

q . In contrast, the convolution almost
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completely cancels the fast oscillations of the velocity field in [1−Tq, 1+Tq], thanks to the condition σ ≫ λ−1
q+1.

As a consequence, the flow of u ⋆ ϕσ is close in the L1 norm to the flow of the smooth velocity field
u✶[1−Tq,1+Tq ]c . Hence, the evolution of ϑin under the velocity field u ⋆ ϕσ undergoes an even or odd
amount of parity swaps (under the action of the swap velocity field uswap) depending on the parity of the
integer q for which (2.2) holds, and therefore it possesses two qualitatively distinct behaviours along two
subsequences of σ → 0. As q → ∞, these two distinct behaviours are maintained and give rise to the two
limit solutions ϑeven and ϑodd of Section 2.3.

2.5. Qualitative behavior of solutions in the presence of diffusion. From now on we consider
the velocity field u introduced in Section 2.1 ignoring the part (4) of the construction. Given the unique
stochastic flow X

κ : Ω × [0, 2] × T
2 → R

2 solution of the stochastic differential equation (SDE)
{
dX

κ
t = u(t,Xκ

t )dt+
√

2κdWt

X
κ
0 = x0

(2.3)

for a fixed probability space (Ω,F ,P), the unique bounded solution of the advection-diffusion equation (1.2)
is represented by the Feynman-Kac formula

ˆ

T2

fϑκ dx = E

ˆ

T2

f(Xκ
t )ϑ0 dx for any f ∈ L∞(T2).

The effect of the diffusivity in the advection-diffusion equation (1.2), or equivalently at Lagrangian level
the effect of the Brownian motion in the SDE (2.3), can be seen as a regularizing mechanism. It shares
similarities, as well as relevant differences, with the regularization by convolution of the velocity field
directly at the level of the advection equation (1.1). The regularization by convolution acts at the level
of the velocity field, whereas in (2.3) the “regularization by noise” acts at the level of the trajectories by
adding the random perturbation provided by the Brownian motion. Remarkably, the two regularizations
act on different scales. For the regularization by noise the typical scale of regularization is proportional to
the length of the time interval on which it acts. On a time interval of length τ where the velocity field
vanishes, the regularization by convolution does not modify the flow (and therefore, the solution), while the
regularization by noise acts on the solution as a convolution with a Gaussian with variance proportional
to κτ . The stochastic Lagrangian interpretation will be particularly useful for our analysis due to the
fundamental estimate for the Brownian motion

P

(
ω ∈ Ω : sup

t∈[0,T ]

√
2κ|Wt| ≤ c

)
≥ 1 − 2e − c2/(2κT ) . (2.4)

We finally observe that the effect of the dissipation is stronger when acting on highly-oscillatory solutions.
This observation lies at the heart of the so-called enhanced dissipation phenomenon and will be employed
in an essential way in our proofs.

2.6. Convergence via diffusion to a solution which dissipates the L2 norm (Theorems A and B).
Our strategy relies on the choice of a sequence of diffusivity parameters {κ̃q}q such that the solution ϑκ̃q

of
the advection-diffusion equation (1.2) enjoys the following properties:

• Goal 1: It can be well approximated by the solution of the advection equation until time 1 − Tq,
in particular at time 1 − Tq it is close to an (almost) λ−1

q -periodic function;
• Goal 2: It dissipates half of its L2 norm in the time interval [1 − Tq, 1 − Tq+1] by the only effect of

diffusion.

Since the velocity field has frequency λq in the time interval [1 − Tq−1, 1 − Tq] and the solution of the
advection equation resembles the chessboard of side λ−1

q at time 1 − Tq, in order to accomplish Goal 1
we need to require (at least) that the stochastic flow deviates on average from the flow of u less than the
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typical side of the chessboard λ−1
q in the time interval [1 − Tq−1, 1 − Tq], namely

|X κ̃q

1−Tq,1−Tq−1
− X1−Tq,1−Tq−1 | ≪ λ−1

q . (2.5)

In fact, a technical point in the proof involves a precise control of the set where this estimate holds, together
with suitable estimates on the analogue quantities |X κ̃q

1−Tk,1−Tk−1
−X1−Tk,1−Tk−1

| for k < q. Estimate (2.5)
entails, by (2.4) with c = aq, κ = κ̃q and T = Tq−1 − Tq, the following constraint on κ̃q

κ̃qλ
2
q(Tq−1 − Tq) ≪ 1. (2.6)

To achieve Goal 2 we recall the following. If ϑκ,λ ∈ L∞((0, T );L2(T2)) is a solution of the heat equation
∂tϑκ,λ − κ∆ϑκ,λ = 0 with initial datum ϑin,λ(x) = ϑin(λx) ∈ L2(T2) (for some λ ∈ N) for a given
function ϑin ∈ L2(T2) with zero average, then by the scaling and decay properties of the heat equation

‖ϑκ,λ(t, ·)‖2
L2(T2) = ‖ϑκ,1(λ2t, ·)‖2

L2(T2) ≤ e−κλ2t‖ϑin‖2
L2(T2) = e−κλ2t‖ϑin,λ‖2

L2(T2) .

Hence, in the time interval [1 − Tq, 1 − Tq+1] with initial datum the (almost) λ−1
q -periodic function

ϑκ̃q
(1 − Tq, ·), Goal 2 entails the constraint

κ̃qλ
2
q(Tq − Tq+1) ≫ 1.

Since the construction requires Tq − Tq−1 → 0 as q → ∞, we will require Tq − Tq+1 ≫ Tq−1 − Tq only for a
lacunary sequence (more precisely, for every multiple of a fixed integer m). This is necessary in order to
make the two previous constraints compatible at least on a subsequence of q → ∞.

2.7. Convergence via diffusion to a solution which conserves the L2 norm (Theorem B). For
every q, we want to choose κq in such a way that the solution ϑκq

of the advection-diffusion equation is
close to the solution ϑq of the advection equation with the smooth velocity field uq = u✶[1−Tq,1+Tq ]c . We
notice that ϑq has some convenient explicit features: first of all, ϑq(1 − Tq, ·) = ϑq(1 + Tq, ·) agrees (up to
small errors) with the chessboard of side λ−1

q , and moreover by symmetry ϑq(2, ·) = ϑq(0, ·). In order to
guarantee the closeness sketched above we need two controls of different nature:

• Goal 1’: Similarly to Goal 1 in Section 2.7, the solution ϑκq
of the advection-diffusion equation is

well approximated by the solution of the advection equation until time 1 −Tq and after time 1 +Tq;
in particular, it is close to an (almost) λ−1

q -periodic function at time 1 − Tq;
• Goal 2’: In full contrast with Goal 2 in Section 2.7, the solution ϑκq

does not dissipate energy,
and actually it remains essentially unchanged in the interval [1 − Tq, 1 + Tq].

Goal 1’ can be achieved similarly to Goal 1 in Section 2.7 and requires (at least) the constraint (2.6) on
the diffusivity κq.

In order to accomplish Goal 2’ we need two steps. First, the so-called Itô-Tanaka trick (first used in
the context of the advection equation with multiplicative noise in [FGP10]) allows to exploit suitable
cancellations to show that the stochastic flow remains almost constant on [1 − Tq, 1 − Tq+1]. This relies on
the fact that the velocity field on such time interval either vanishes or has frequency at least λq+1 and
entails the fact that the typical displacement of the Brownian motion is much larger than the inverse of the
typical frequency of the velocity field in the time interval [1 − Tq, 1 − Tq+1], namely

√
κq(Tq − Tq+1) ≫ λ−1

q+1. (2.7)

Second, we need to require that the solution ϑκq
dissipates only a small portion of L2 norm in the time

interval [1 − Tq, 1 + Tq], which entails the constraint

κqλ
2
qTq ≪ 1.



ANOMALOUS DISSIPATION AND LACK OF SELECTION IN THE OBUKHOV-CORRSIN THEORY 11

2.8. Regularity of the velocity field and uniform-in-diffusivity bounds on the passive scalar.
The velocity field rearranges in the time interval [1 − Tq−1, 1 − Tq] the chessboard of side λ−1

q−1 into the
chessboard of side λ−1

q , and therefore the associated trajectories have a displacement of order λ−1
q−1 with

frequency concentrated at λq. This implies by interpolation

‖u(t, ·)‖Cα(T2) ∼ ‖u(t, ·)‖L∞(T2)λ
α
q ∼

λ−1
q−1λ

α
q

(Tq−1 − Tq)
and ‖ϑ(t, ·)‖Cβ(T2) ∼ ‖ϑ(t, ·)‖L∞(T2)λ

β
q ∼ λβ

q

for t ∈ [1 −Tq−1, 1 −Tq]. As a first consequence, we observe that u ∈ C0([0, 1] ×T
2) as soon as γ ∼ p◦β < 1;

the latter condition holds in particular close to the Onsager criticality threshold α = α◦ = 1/3 and p = p◦ = 3.
Moreover we estimate

‖u‖p
Lp([0,1];Cα(T2)) ∼

∑

q

λ−p
q−1λ

pα
q (Tq−1 − Tq)1−p (2.8)

and
‖ϑ‖p◦

Lp◦ ([0,1];Cβ(T2))
∼
∑

q

λp◦β
q (Tq−1 − Tq). (2.9)

Notice that the passive scalar in our example exhibits some sort of mixing for t ↑ 1, which is incompatible
with a control of ϑ in L∞([0, 1];Cβ(T2)) for β > 0, which would correspond to the case p = 1.

The above heuristics can be made rigorous for solutions of the advection equation (1.1). However, for
the corresponding solutions of the advection-diffusion equation (1.2), we are not aware of any general
method to prove regularity estimates building on the previous observations. In the proof of Theorem A we
develop a new approach to this problem which shows regularity for the stochastic flow uniformly in the
stochastic parameter and which strongly relies on the alternating shear-flow structure of the velocity field.
Notice that, for a genuinely two-dimensional velocity field as in [ACM19a,YZ17], even though the same
scaling as in (2.9) is satisfied, showing uniform-in-diffusivity regularity estimates seems an extremely hard
task. In [DEIJ22] only L∞ bounds on the passive scalar are shown to hold uniformly-in-diffusivity as a
consequence of direct bounds on the advection-diffusion equation. However, due to results in [ACM19b], no
fractional-regularity bounds due to functional arguments are expected to hold for the advection-diffusion
equation.

We close this section by observing how a suitable choice of the parameters is compatible with the
regularity bounds (2.8) and (2.9) in the full supercritical Obukhov-Corrsin regularity range. Assuming a
superexponential growth of the frequencies of the form λq = λ1+δ

q−1 (where δ > 0 is a small parameter) and
that Tq−1 − Tq ∼ λ−γ

q for q 6∈ mN (for a suitable paramater γ > 0), we observe that the convergence of
both sums in (2.8) and (2.9) follows from

{
−p+ pα(1 + δ) − γ + γp < 0,

p◦β(1 + δ) − γ < 0.

Letting δ → 0, this system admits a solution for γ provided 1/p + 2/p◦ = 1 and α + 2β < 1, that is,
in the full supercritical Obukhov-Corrsin regularity range. We also observe that the choices κq = λ−2

q

and κ̃q = λ
−2+ γ

1+δ
q guarantee the constraints listed in Section 2.6 and Section 2.7 (at least, up to small

modifications, for instance in (2.7) we need to require δ ≥ γ/2).

3. Notations and preliminaries

We mostly employ standard general notation. The only specific notation is the one for the ε-restriction
of a set A ⊂ T

n, defined for any ε > 0 as

A[ε] := {x ∈ T
n : d(x,Ac) > ε} .

In all the paper we make systematic use of several notions and results concerning deterministic and
stochastic flows, and their relation to advection and advection-diffusion equations. We summarize the main
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definitions and results in the remaining of this section without any attempt to be complete or systematic.
The deterministic theory for smooth velocity fields is fully classical, while for the stochastic theory we refer
to [Eva13,Øks03,Kun84] and also to [LBL19] for the case of nonsmooth velocity fields.

Given a smooth velocity field u : (0, T ) × T
n → R

n we denote by X : (0, T ) × T
n → T

n its flow, that is,
the solution of the ordinary differential equation (ODE)

{
Ẋt = u(t,Xt)

X0(x0) = x0

(3.1)

parametrized by the initial datum x0 ∈ T
n. We often use the shorthand notation Xt = X(t, ·). The unique

solution ϑ of the advection equation (1.1) with initial datum ϑin is characterized for any t ≥ 0 by

ϑ(t, ·) = (Xt)♯(ϑin), (3.2)

where (Xt)♯(ϑin) denotes the push-forward measure of ϑinLd through the map Xt, defined as

(Xt)♯(ϑin)(A) =

ˆ

Tn

✶A(Xt(x))ϑin(x)dx for all Borel sets A ⊂ T
n.

We denote by Xt,s the flow when the initial condition is assigned at the time s, in particular Xt = Xt,0.

Let (Ω, (Ft)t,P) be a filtered probability space and Wt an adapted T
n-valued Brownian motion. We will

make an extensive use of the following estimate for the Brownian motion: for every c, κ > 0, T > T̃ ≥ 0

P

(
ω ∈ Ω : sup

t∈[T̃,T ]

√
2κ|Wt − WT̃ | ≤ c

)
≥ 1 − 2e − c2/2κ(T − T̃ ). (3.3)

A stochastic flow is a stochastic process, parametrized by x0, which is a solution of the stochastic differential
equation (SDE)

{
dX

κ
t = u(t,Xκ

t )dt+
√

2κdWt

X
κ
0 = x0.

(3.4)

For all times t1, t2 ≥ 0 the stochastic flow X
κ
t satisfies the semi-group property

X
κ
t1+t2,0 = X

κ
t1+t2,t1

(Xκ
t1,0) .

If the velocity field is divergence-free, then the stochastic flow is measure-preserving in an averaged sense
ˆ

Tn

E[✶A(Xκ
t (x))]dx = Ld(A) for all t ≥ 0 and for all Borel sets A ⊂ T

n, (3.5)

where we use the notation E[g] to denote the average of g ∈ L1(Ω) with respect to the probability measure P.
The fundamental Itô formula asserts that, for every f ∈ C∞((0, T )×T

n), the stochastic process t 7→ f(Xκ
t )

is adapted to the filtration Ft and solves the SDE

df(t,Xκ
t ) = ∂tf(t,Xκ

t ) dt+ ∇f(t,Xκ
t ) · dX

κ
t + κ∆f(t,Xκ

t ) dt . (3.6)

Moreover, the so-called Itô isometry (see [Øks03, Corollary 3.1.7]) gives for any t ∈ [0, T ]

E

[∣∣∣∣
ˆ t

0

∇f(s,Xκ
s ) · dWs

∣∣∣∣
2
]

= E

[
ˆ t

0

|∇f(s,Xκ
s )|2ds

]
. (3.7)

Compared to the case of deterministic flows, for stochastic flows it is slightly more technical to define a
backward flow. We observe that, if Wt is a Brownian motion, then t ∈ [s,∞) 7→ Wt − Ws is a Brownian
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motion as well. We can define the backward filtration generated by the Brownian motion, namely for
any s ≤ t we consider the σ-algebra Fs,t = σ(Wr −Wt : s ≤ r ≤ t). The backward SDE starting at time t is

{
dX

κ
s,t = u(t,Xκ

s,t)dt+
√

2κdWs

X
κ
t,t = x0 .

(3.8)

A continuous stochastic process s ∈ [0, t] 7→ X
κ
s,t is a solution of the backward SDE (3.8) starting at time t

if it is adapted to the backward filtration (Fs,t)s and satisfies

X
κ
s,t(x0, ω) = x0 +

ˆ s

t

u(τ,Xκ
τ,t(x0, ω))dτ +

√
2κ(Ws(ω) − Wt(ω)) for P-a.e. ω, x0 ∈ T

n .

We say that the map X
κ
·,t : [0, t] × T

n × Ω → T
n is a backward stochastic flow.

We also observe for later use that, by means of the classical Grönwall inequality, it is possible to estimate
the distance between the deterministic and the stochastic flows associated to the same velocity field as

|Xt(x) − X
κ
t (y, ω)| ≤

(
|x− y| +

√
2κ sup

s∈[0,t]

|Ws(ω)|
)

exp

(
ˆ t

0

‖∇u(s, ·)‖L∞(Tn)ds

)
(3.9)

for P-a.e. ω and for every x, y ∈ T
n.

The Feynman-Kac formula provides a representation of the unique bounded solution of the advection-
diffusion equation (1.2) via the backward stochastic flow:

ϑκ(t, x) = E[ϑin(Xκ
0,t(x))] for every t ≥ 0, for a.e. x ∈ T

n. (3.10)

A formula involving the push-forward via the forward stochastic flow (analogous to (3.2) for the deterministic
flow) holds as well: for any t ≥ 0

ˆ

Tn

f(x)ϑκ(t, x) dx = E

ˆ

Tn

f(Xκ
t (x, ·))ϑin(x) dx for any f ∈ L∞(Tn). (3.11)

All of the above results are quite classical in the case of smooth velocity fields. A systematic theory in the
case of Sobolev velocity fields is presented in [LBL19]. However, the velocity field in our construction will
not have such a regularity across the singular time t = 1. For a velocity field u ∈ Lp((0, T );Lq(Tn)) under
the Ladyžhenskaya–Prodi–Serrin condition 2/p + 3/q < 1 it is proven in [KR05] that a unique stochastic
flow exists. To the best of our knowledge, it has not been explicitly shown in the literature that the
measure-preserving property (3.5) holds in case the velocity field additionally is divergence-free. We sketch
a proof of this fact in a case adapted to our context in the following lemma.

Lemma 3.1. Fix α ∈ (0, 1) and let u ∈ Cα((0, T ) × T
n) ∩ C∞

loc(((0, T ) \ {t0}) × T
n) and ϑin ∈ L∞(Tn).

Then, the unique bounded solution ϑκ to (1.2) is represented by formula (3.11) and the unique stochastic

flow satisfies the measure-preserving property (3.5).

Proof. The existence and uniqueness of the stochastic flow is guaranteed by [KR05]. We consider the
velocity field uδ(t, x) = u(t, x)✶[t0−δ,t0+δ]c(t). The unique bounded solution ϑδ of (1.2) with velocity field
uδ ∈ L∞((0, T );C1(Tn)) satisfies the representation formula (3.11) and since the initial datum is bounded
we have that, up to subsequences, ϑδ weakly* converges to a bounded solution of (1.2) with velocity field u.
To conclude the proof we just need to prove that

E

ˆ

Tn

f(Xκ,δ
t (x, ·))ϑin(x) dx −→ E

ˆ

Tn

f(Xκ
t (x, ·))ϑin(x) dx as δ → 0 for any f ∈ L∞,

where X
κ
t is the stochastic flow associated to u and X

κ,δ
t is the stochastic flow associated to uδ.

Since uδ(t, ·) ≡ u(t, ·) for |t − t0| > δ we have X
κ
t ≡ X

κ,δ
t for any t ≤ t0 − δ and for any t > t0 + δ
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we have

X
κ
t (x0, ω) = X

κ,δ
t,t0−δ

(
X

κ,δ
t0−δ(x0, ω) +

ˆ t0+δ

t0−δ

u(s,Xκ
s (x0, ω))ds , ω

)
.

Applying the stability result in [FF11, Section 3] we get

sup
t∈(0,T )

E[|Xκ
t (x0, ·) − X

κ,δ
t (x0, ·)|2] ≤ CE



∣∣∣∣∣

ˆ t0+δ

t0−δ

u(s,Xκ
s (x0, ω))ds

∣∣∣∣∣

2

 . ‖u‖2

L∞δ2

for any x0 ∈ T
n, from which it follows that

∣∣∣∣E
[
ˆ

Tn

f(Xκ,δ
t (x, ·)) − f(Xκ

t (x, ·))ϑin(x) dx

]∣∣∣∣ ≤ ‖f‖C1‖ϑin‖L∞ sup
t∈(0,T );x∈Tn

E[|Xκ
t (x, ·) − X

κ,δ
t (x, ·)|2]1/2

. ‖f‖C1‖ϑin‖L∞‖u‖L∞δ

for any f ∈ C1. By approximation we get that formula (3.11) holds for any f ∈ L∞. By taking f = ✶A

the measure-preserving property (3.5) also follows. �

4. Construction and main properties of the velocity field

In this section we introduce all parameters needed in our constructions. Based on the choice of the
parameters, we describe the construction of the velocity field in Theorems A, B, and C and the action of
the corresponding flow on the solutions. We also collect several useful properties of the velocity field.

4.1. Choice of the parameters. Let 1/p + 2/p◦ = 1 and α+ 2β < 1 be as in Theorem A. Since p◦ ≤ 4
and β < 1/2, we have p◦β < 2. We consider parameters ǫ, δ ∈ (0, 1/4) sufficiently small such that

1 − 2β(1 + 3ǫ(1 + δ))(1 + δ)

1 − δ
− α(1 + ǫδ)(1 + δ) − δ

8
> 0 , (4.1a)

p◦β(1 + 3ǫ(1 + δ))(1 + δ)

1 − δ
+
δ

8
< 2 , (4.1b)

ǫ ≤ δ3

50
. (4.1c)

The first two conditions are satisfied if ǫ and δ are small thanks to the assumptions α+ 2β < 1 and p◦β < 2
respectively, while for the third condition it is enough to choose ǫ depending on δ.

Given a0 ∈ (0, 1) such that

a
ǫδ/8

0 ≤ 1

20
, (4.2)

we define

aq+1 = a1+δ
q , λq =

1

2aq
. (4.3)

To be precise, our construction requires also that aq/aq+1 is a multiple of 4 for every q to preserve the
geometry of chessboards, hence the superexponential sequence should be chosen so that aq+1/aq is an
integer multiple of 4 in the range [aδ

q − 4, aδ
q]. This change affects the proofs only in numerical constants in

the estimates and in turn makes the reading more technical, hence we avoid it.
Notice that for any ℓ > 0 we have

∑

k≥q

aℓ
k =

∑

k≥0

a(1+δ)kℓ
q ≤

∑

k≥0

a(1+kδ)ℓ
q ≤ 2aℓ

q,

that we will use throughout the proofs and the construction.
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We fix the parameter γ > 0 for the scaling in time by

γ =
p◦β(1 + 3ǫ(1 + δ))(1 + δ)

1 − δ
+
δ

8
. (4.4)

We fix m ∈ N such that m− 1 ≥ 16/δ2 and define the sequence of times




tq = aγ
q for any q ∈ N

tq = aγ−γδ
q for q such that q ∈ mN

tq = 0 for q such that q 6∈ mN

recalling that by q ∈ mN we mean that q is a multiple of m. We also set

Tq =

∞∑

j≥q

tj + 3

∞∑

j≥q

tj < 1 for any q ∈ N . (4.5)

The remaining choices of the diffusivity and convolution parameters are specific to each of our three
theorems. In Theorem A we fix the diffusivity parameter

κ̃q = a
2−

γ
1+δ

+4ǫ
q (4.6)

and observe that this entails for any j ≤ q
√
κ̃q a

γ
j−1 ≤ a1+2ǫ

j , (4.7a)
√
κ̃q a

γ−γδ
q ≥ a

1− ǫ
2

q , (4.7b)

where the second condition holds thanks to (4.1c). Notice that a necessary condition for κ̃q → 0 is
that γ ∼ p◦β < 2. This condition is implied by p ≥ 2, but in fact Theorem A holds more in general
replacing the assumption p ≥ 2 by p◦β < 2. In Theorem B and Theorem C we set β = 0 and for
the remaining parameters we implement the corresponding choices as described above. The convolution
parameter in Theorem C is set to be

σq = a1+γ
q . (4.8)

In Theorem B we need to consider two diffusivity parameters. The parameter for the convergence to a
solution which dissipates the L2 norm is the same as in (4.6), while the parameter for the convergence to a
solution which conserves the L2 norm is

κq = a2+3ǫ
q . (4.9)

4.2. Construction of the velocity field for 0 ≤ t ≤ 1. We begin by defining chessboard functions and
chessboard sets, also considering a notion of parity on the chessboards.

The building blocks W, W̃, W : T2 → R
2 for the construction of the velocity field are shear flows defined

by

W(x1, x2) = (W (x2), 0) , W̃(x1, x2) =
(

0,
1 +W (x1)

2

)
, W(x1, x2) =

(
0,

1 −W (x1)

2

)
,

where the function W : T → R is defined as follows

W (z) =

{
1 if z ∈ [0, 1/2),

−1 if z ∈ [1/2, 1),

(and extended by periodicity).
Recalling the definition of the {Tq}q in (4.5) we define

I−1 = (0, 1 − T0], (4.10a)

Iq,0 = (1 − Tq, 1 − Tq + tq], (4.10b)

Iq,i = (1 − Tq + tq + (i− 1)tq, 1 − Tq + tq + itq], (4.10c)
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for any q ∈ N and i = 1, 2, 3 and we define also Iq = ∪3
i=0Iq,i. Similarly we define the reflected intervals

J−1 = [1 + T0, 2) and Jq,i = 2 − Iq,i

for any q ∈ N and for i = 0, 1, 2, 3 and Jq = ∪3
i=0Jq,i. We notice that

∞⋃

q=0

3⋃

i=0

Iq,i ∪ Jq,i ∪ I−1 ∪ J−1 = (0, 2) \ {1} .

We now define the velocity field on the time intervals Iq,i. First of all, we set

u(t, ·) ≡ 0 for t ∈ I−1

and
u(t, ·) ≡ 0 for t ∈ Iq,0 and for any q ∈ N.

Fix a convolution kernel ψ̃ ∈ C∞
c (−2, 2) which we assume to be bounded by 1 and with gradient bounded

by 1. For any q ∈ N we define the rescaled kernels

ψq(x1, x2) = λ2+2ǫδ
q ψ̃(λ1+ǫδ

q x1)ψ̃(λ1+ǫδ
q x2) . (4.11)

We further define suitable cut-off functions in time. Let ηq,2 ∈ C∞
c (Iq,2[aγ

q/6]) and ηq,3 ∈ C∞
c (Iq,3[aγ

q/6])
be nonnegative functions such that

´

Iq,2
ηq,2 =

´

Iq,3
ηq,3 = aγ

q/2 and

‖ηq,i‖Ck ≤ a−2kγ
q for i = 2, 3 and k ∈ N. (4.12)

Figure 3. The time intervals Iq and Jq for q 6∈ mN.

Figure 4. The time intervals Iq and Jq for q ∈ mN.

Let us denote by ⌊ξ⌋ the largest integer smaller or equal than the real number ξ. Given the discontinuous
shear flow

wq+1,2(x) =

{
a1−γ

q W(λq+1x) for x = (x1, x2) with ⌊x2/aq⌋ even,

−a1−γ
q W(λq+1x) for x = (x1, x2) with ⌊x2/aq⌋ odd,

(4.13)

we set
u(t, x) = ηq,2(t)wq+1,2 ⋆ ψq+1(x) for x ∈ T

2 and t ∈ Iq,2.

Analogously, given the discontinuous shear flow

wq+1,3(x) =

{
2aq+1a

−γ
q W̃(λq+1x) for x = (x1, x2) with ⌊x1/aq + 1/2⌋ even,

2aq+1a
−γ
q W(λq+1x) for x = (x1, x2) with ⌊x1/aq + 1/2⌋ odd,

we set
u(t, x) = ηq,3(t)wq+1,3 ⋆ ψq+1(x) for x ∈ T

2 and t ∈ Iq,3.

We highlight that the convolution is taken at a spatial space scale comparable to a1+ǫδ
q+1 which is much

smaller than the scale aq+1 of the velocity field. Therefore, the structure of the velocity field is preserved
up to a very small error.
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Figure 5. The velocity fields wq+1,2 and wq+1,3 on the time intervals Iq,2 and Iq,3

respectively. In the picture we choose aq/aq+1 = 8.

4.3. Construction of the velocity field for 1 ≤ t ≤ 2. In Theorem A the velocity field is defined only
for 0 ≤ t ≤ 1. For Theorem B we simply extend the velocity field u by reflection, namely we set

u(t, x) = −u(2 − t, x) for t ∈ [1, 2]. (4.14)

For Theorem C in addition to the reflection we add a new velocity field uswap, namely

u(t, x) = uswap(t, x) − u(2 − t, x) for t ∈ [1, 2]. (4.15)

The swap velocity field uswap is defined as follows. We first define a discontinuous shear flow

wq+1,swap(x) = 2a1−γ
q W(λq+1x)

and then set
uswap(t, x) = ηq,1(t)wq+1,swap ⋆ ψq+1(x) for x ∈ T

2 and t ∈ Jq,1,

where ηq,1 ∈ C∞
c (Jq,1[aγ

q/6]) is a nonnegative function with
´

Jq,1
ηq,1 = aγ

q/2 and ‖ηq,1‖Ck ≤ a−kγ
q for

any k ∈ N.

Figure 6. The velocity fields −wq+1,3, −wq+1,2 and wq+1,swap on the time intervals Jq,3,
Jq,2, and Jq,1 respectively. In the picture we choose aq/aq+1 = 8.
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4.4. Initial datum. The initial datum is the same for Theorem A, Theorem B and Theorem C.

Definition 4.1 (Chessboards). Let λ ∈ N and ϑ0 : T2 → R be defined as

ϑ0(x1, x2) =

{
1 if x1, x2 ∈ [0, 1/2) or x1, x2 ∈ [1/2, 1)

−1 otherwise
(4.16)

and extended by periodicity. We say that the function ϑ(1)(x) = ϑ0(λx) is the even chessboard function of
side (2λ)−1 and the function ϑ(2)(x) = −ϑ0(λx) is the odd chessboard function of side (2λ)−1. We further
say that the set Ãλ = supp{1 + ϑ(1)} is the even chessboard set of side (2λ)−1 and B̃λ = supp{1 + ϑ(2)} is
the odd chessboard set of side (2λ)−1.

We consider as initial datum a smoothed version of the even chessboard function of side a0: for ϑ0 ∈
L∞(T2) defined as in (4.16) we consider

ϑin = ϑ0(λ0 ·) ∗ ψ0, (4.17)

where ψ0(x) = λ2+2ǫδ
0 ψ(λ1+ǫδ

0 x) is the convolution kernel in the spatial variable (used also in Section 4.2).

4.5. Main properties of the velocity field. The action of the velocity field has been informally described
in Section 2. Up to small (and quantified) errors, on each time interval Iq (before the critical time t = 1)
the scale of the solution is lowered from aq to aq+1, while on each time interval Jq (after the critical
time t = 1) the scale of the solution is increased from aq+1 to aq. The swap velocity field uswap (only
required in Theorem C) swaps the parity of the chessboard on each time interval Jq.

In order to quantify the errors due to the regularizations of the velocity field, we define an a1+ǫδ
q -restricted

version of the even/odd chessboard sets of side aq and a “good set”. Recalling Definition 4.1, we define

Aq = Ãλq
[5a1+ǫδ

q ] , Bq = B̃λq
[5a1+ǫδ

q ] , Gq = Aq ∪Bq . (4.18)

We observe that for any q ∈ N there hold

L2(Aq) = L2(Bq) ≥ 1

2
− 10aǫδ

q and L2(Gq) ≥ 1 − 20aǫδ
q . (4.19)

The above estimates are proved by elementary geometric considerations. For instance, L2(Gc
q) it estimated

by the measure of a−1
q vertical stripes of measure 10a1+ǫδ

q plus a−1
q horizontal stripes of measure 10a1+ǫδ

q .
Finally, we observe that ψq is compactly supported in a ball of radius 2(λ1+ǫδ

q )−1 ≤ 5a1+ǫδ
q , which implies

that wq,i ⋆ ψq(x) is locally constant in the set Gq.

Remark 4.2 (Regularity of the velocity field). The velocity field u constructed above and extended for
times 1 ≤ t ≤ 2 either with formula (4.14) or (4.15) is locally smooth away from the singular time t = 1,
namely

u ∈ C∞
loc(((0, 2) \ {1}) × T

2) ,

and for any time t it is a shear flow and therefore divergence-free.
Moreover, the velocity field u enjoys the following estimates: for any q ∈ N

‖u‖L∞((Jq,1)×T2) ≤ 2a1−γ
q ‖∇u‖L∞((Jq,1)×T2) ≤ a−γ

q λ−1
q λ1+ǫδ

q+1 (4.20a)

‖u‖L∞((Iq,2∪Jq,2)×T2) ≤ a1−γ
q ‖∇u‖L∞((Iq,2∪Jq,2)×T2) ≤ a−γ

q λ−1
q λ1+ǫδ

q+1 (4.20b)

‖u‖L∞((Iq,3∪Jq,3)×T2) ≤ 2aq+1a
−γ
q ‖∇u‖L∞((Iq,3∪Jq,3)×T2) ≤ a−γ

q λǫδ
q+1. (4.20c)

Hence, by interpolation, for any q ∈ N we have

‖u‖L∞((Iq∪Jq);Cα(T2)) . a1−γ
q a

−α(1+ǫδ)
q+1 = a1−γ−α(1+ǫδ)(1+δ)

q . (4.21)

The velocity field enjoys some additional regularity in time thanks to (4.12), namely for any k ∈ N with
1 − γ − 2kγ > 0 it holds

‖u‖L∞(T2;Ck(0,2)) . sup
q
a1−γ−2kγ

q < ∞ . (4.22)
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Based on the previous properties, the regularity of the velocity field in Theorems B and C follows, namely
given any α ∈ (0, 1) the previous construction performed with the choice β = 0 provides a velocity field in
Cα((0, 2) × T

2). Indeed, for β = 0 we have γ = δ/8 and thanks to (4.1a) the right-hand side in (4.21) is
uniformly bounded in q, showing the desired Hölder continuity in space. As regards the Hölder continuity
in time, interpolating between (4.22) with k = 0 and k = 1 we get ‖u‖L∞(T2;Cα(0,2)) < ∞ .

Remark 4.3 (The action of the flow without the swap velocity field). Let us fix the velocity field constructed
in Section 4.2 and extended for 1 ≤ t ≤ 2 by formula (4.14), a constant c > 0 and an integer k ∈ N.
Consider the flow X

q associated to the smooth velocity field uq = u✶[1−Tq,1+Tq ]c . Then, recalling the
definition of Gk in (4.18), the following properties hold:

X
q
1−Tk

(x) ∈ Gk+1[c] =⇒ u(t,Xq
t (x) + v(t)) = u(t,Xq

t (x)) for any t ∈ Ik (4.23)

and

X
q
1+Tk+1

(x) ∈ Gk+1[c] =⇒ u(t,Xq
t (x) + v(t)) = u(t,Xq

t (x)) for any t ∈ Jk , (4.24)

for any path v : [0, 2] → T
2 such that ‖v‖L∞ ≤ c. Furthermore from the construction of the velocity field

we have (recalling the definition of Ak and Bk as in (4.18))

X
q
1−Tk

(x) ∈ Ak ∩Gk+1 =⇒ X
q
1−Tk+1

(x) ∈ Ak+1, (4.25a)

X
q
1−Tk

(x) ∈ Bk ∩Gk+1 =⇒ X
q
1−Tk+1

(x) ∈ Bk+1. (4.25b)

and

X
q
1+Tk+1

(x) ∈ Ak+1 ∩Gk+1 =⇒ X
q
1+Tk

(x) ∈ Ak, (4.26a)

X
q
1+Tk+1

(x) ∈ Bk+1 ∩Gk+1 =⇒ X
q
1+Tk

(x) ∈ Bk. (4.26b)

Remark 4.4 (The action of the flow with the swap velocity field). If we consider the velocity field u
constructed in Section 4.2 and extended for 1 ≤ t ≤ 2 by formula (4.15) (by adding the swap velocity field)
and denote by X

q the flow of the smooth velocity field uq = u✶[1−Tq,1+Tq ]c , then the same properties as in
Remark 4.3 hold for 0 ≤ t ≤ 1, since the velocity field is the same for such times. For any c > 0 and k ∈ N,
we additionally have

X
q
1+Tk+1

(x) ∈ Gk+1[c] =⇒ u(t,Xq
t (x)) = u(t,Xq

t (x) + v(t)) ,

for any t ∈ Jk and for any path v : [0, 2] → T
2 such that ‖v‖L∞ ≤ c and

X
q
1+Tk+1

(x) ∈ Ak+1 ∩Gk+1 =⇒ X
q
1+Tk

(x) ∈ Bk, (4.27a)

X
q
1+Tk+1

(x) ∈ Bk+1 ∩Gk+1 =⇒ X
q
1+Tk

(x) ∈ Ak, (4.27b)

differently from (4.26) due to the presence of the swap velocity field.

5. Proof of Theorem C

Given α ∈ [0, 1[ as in the statement of Theorem B, we choose β = 0 and recall that all relevant parameters
have been correspondingly fixed in Section 4.1. In particular, we recall that

a
ǫδ/8

0 ≤ 1

20
, ǫ ≤ δ3

50
, γ =

δ

8
, σq = a1+γ

q , aq+1 = a1+δ
q ,

and that the length of the time intervals Iq,j is aγ−γδ
q (for q ∈ mN and j = 0), 0 (for q 6∈ mN and j = 0)

and aγ
q otherwise.

We consider the initial datum ϑin defined in (4.17) and the velocity field u ∈ Cα((0, 2) ×T
2) constructed

in Section 4.2 for times 0 ≤ t ≤ 1 and extended for times 1 ≤ t ≤ 2 by formula (4.15) (in particular we
make use of the swap velocity field). For the regularity of the velocity field see Remark 4.2.
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For any σq we let ϑσq
be the unique solution of the advection equation (1.1) with velocity field u ⋆ ϕσq

and initial datum ϑin as in (4.17), where ϕ ∈ C∞
c ((−1, 1) ×B(0, 1)) is the convolution kernel in space-time

fixed in the statement of the theorem. We observe that ‖ϑσq
‖L∞((0,2)×T2) ≤ ‖ϑ0‖L∞(T2) ≤ 1 for any q ∈ N.

In the following lemma we prove an L∞ bound on the mollified velocity field u ⋆ ϕσ for σ ∈ [aq+1, aq]
and t ∈ (1 − Tq, 1 + Tq). The choice of σq as in (4.8) guarantees the uniform smallness of the velocity field
in such time interval.

Lemma 5.1. Let u : (0, 2) × T
2 → R

2 be the velocity field defined above and let ϕ ∈ C∞
c ((−1, 1) ×B(0, 1))

be a convolution kernel in space-time. Then, for any q ∈ N, aq+1 ≤ σ ≤ aq we have

‖u ⋆ ϕσ‖L∞((1−Tq,1+Tq)×T2) ≤
C‖ϕ‖C1aq+1a

1−γ
q

σ
,

where C > 0 is a universal constant.

Proof. Let us fix q and σ as in the statement. We first estimate (u ⋆ ϕσ)(t, x) for x ∈ T
2 and t ∈ Iq,2.

Recalling (4.13) we define the set

Z = {(y1, y2) ∈ B(x, 2σ) : wq+1,2(y2) = −wq+1,2(y2 + aq+1)}.
It holds that L2(Zc ∩ B(x, 2σ)) ≤ 64aq+1σ since the set Zc ∩ B(x, 2σ) is made of at most 16 horizontal
stripes of length 4σ and height aq+1 thanks to the construction of wq+1,2. Using (4.20b) we estimate

|(u ⋆ ϕσ)(t, x)| =
1

2

∣∣∣∣
ˆ 1

−1

ˆ

T2

[u(s, y)ϕσ(t− s, x− y) + u(s, y + aq+1e2)ϕσ(t− s, x− y + aq+1e2)] dyds

∣∣∣∣

≤ 1

2

∣∣∣∣
ˆ 1

−1

ˆ

Z

[u(s, y)ϕσ(t− s, x− y) + u(s, y + aq+1e2)ϕσ(t− s, x− y + aq+1e2)] dyds

∣∣∣∣

+
1

2

∣∣∣∣∣

ˆ 1

−1

ˆ

Zc∩B(x,2σ)

[
u(s, y)ϕσ(t− s, x− y) + u(s, y + aq+1e2)ϕσ(t− s, x− y + aq+1e2)

]
dyds

∣∣∣∣∣

≤ ‖u‖L∞(Iq,2×T2)

2

ˆ 1

−1

ˆ

Z

|ϕσ(t− s, x− y) − ϕσ(t− s, x− y + aq+1e2)|dyds

+ 2L2(Zc ∩B(x, 2σ))‖u‖L∞(Iq,2×T2)

ˆ 1

−1

‖ϕσ(s, ·)‖L∞(T2)ds

≤
a1−γ

q 4π‖∇ϕ‖L∞aq+1

σ
+

256aq+1σa
1−γ
q ‖ϕ‖L∞

σ2
.

The same estimate holds for t ∈ Jq,2. For t ∈ Jq,1 the estimate is similar (in fact, even easier, since the
velocity field is exactly periodic and therefore the corresponding set Zc ∩B(x, 2σ) is empty). Finally, we
observe that for t ∈ I = Iq,3 ∪ Jq,3 ∪ [1 − Tq+1, 1 + Tq+1] the estimate follows from the bound

‖u‖L∞(I×T2) ≤ 2aq+1a
−γ
q ≤

256‖ϕ‖C1aq+1a
1−γ
q

σ
. �

Proof of Theorem C. In the first three steps of the proof we fix q ∈ N sufficiently large and we describe (up
to small errors that we explicitly quantify) the flow X

σq on the time intervals [0, 1 − Tq], [1 − Tq, 1 + Tq],
and [1 + Tq, 2], respectively. In the last step we prove that the two subsequences ϑσ2q

and ϑσ2q+1
cannot

converge (with respect to the weak∗ topology) to the same limit as q → ∞.

Step 1: X
σq almost preserves the chessboards in the time interval [0, 1 −Tq]. For every j+ 1 ≤ q

the flow X
σq satisfies

X
σq

1−Tj
(x) ∈ Aj ∩Gj+1[σq] =⇒ X

σq

1−Tj+1
(x) ∈ Aj+1[σq]

and
X

σq

1−Tj
(x) ∈ Bj ∩Gj+1[σq] =⇒ X

σq

1−Tj+1
(x) ∈ Bj+1[σq] .
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We claim that for any x ∈ Gj+1[σq] it holds
ˆ 1−Tj+1

1−Tj

uσq
(t,X

σq

t,1−Tj
(x))dt =

ˆ 1−Tj+1

1−Tj

u(t,Xt,1−Tj
(x))dt . (5.1)

Indeed, we first observe that
ˆ

Ij,2

uσq
(t,X

σq

t,1−Tj
(x))dt =

(
± aj

2
0

)
=

ˆ

Ij,2

u(t,Xt,1−Tj
(x))dt ,

where we used that u = 0 for t 6∈ Ij,2[aγ

j
/6] and σq = a1+γ

q ≤ aγ
q/6; the ± sign depends on the strip to which

the point x belongs (recall (4.13)). Since aj/2 is a multiple of aj+1 we have that

X
σq

1−Tj+tj+2tj ,1−Tj
(x) = X1−Tj+tj+2tj ,1−Tj

(x) ∈ Gj+1[σq] .

Similarly, we have
ˆ

Ij,3

uσq
(t,X

σq

t,1−Tj
(x))dt =

(
0

aj+1±aj+1

2

)
=

ˆ

Ij,3

u(t,Xt,1−Tj
(x))dt ,

which in particular shows (5.1). Equality (5.1) implies that X
σq

1−Tj+1,1−Tj
(x) = X1−Tj+1,1−Tj

(x) and in
particular the two statements claimed in Step 1 follow from the corresponding properties (4.25) for the
flow X.

Step 2: Shortness of the trajectories of X
σq in the time interval [1 − Tq, 1 + Tq]. For every x ∈ T

2

the flow X
σq satisfies

|Xσq

1+Tq
(x) − X

σq

1−Tq
(x)| ≤ σq .

Indeed, by Lemma 5.1 we can bound the displacement for t ∈ [1 − Tq, 1 + Tq] of the integral curves of
the velocity field u ⋆ ϕσ by

2Tq‖u ⋆ ϕσ‖L∞((1−Tq,1+Tq)×T2) ≤ 2Tq

CCaq+1a
1−γ
q

σq
≤ 2CCa1+δ−2γ

q ≤ a1+γ
q = σq ,

where the last inequality holds thanks to δ ≥ 4γ and assuming that q is sufficiently large to have a−γ
q ≥ 2CC.

Step 3: X
σq swaps the chessboards in the time interval [1 + Tq, 2]. For every j + 1 ≤ q the

flow X
σq satisfies

X
σq

1+Tj+1
(x) ∈ Aj+1 ∩Gj+1[σq] =⇒ X

σq

1+Tj
(x) ∈ Bj [σq]

and

X
σq

1+Tj+1
(x) ∈ Bj+1 ∩Gj+1[σq] =⇒ X

σq

1+Tj
(x) ∈ Aj [σq] .

This is shown as in Step 1, by recalling the presence of the swap velocity field and relying on (4.27).

Step 4: Lack of selection. We conclude by showing that the two subsequences ϑσ2q
and ϑσ2q+1 cannot

converge (with respect to the weak∗ topology) to the same limit as q → ∞.

We define for every q ∈ N the set

Oq =

q−1⋂

k=0

(X
σq

1−Tk
)−1(Gk+1[σq]) ∩

q⋂

k=1

(X
σq

1+Tk
)−1(Gk[σq]) .
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We notice that Oq has large measure. Indeed, since the flows X
σq are measure preserving, thanks to (4.19)

and the choice of a0 in (4.2), we can estimate

L2(Oc
q) ≤ 2

q∑

k=0

L2((Gk[σq])c) ≤ 2

q∑

k=0

24aǫδ
k ≤ 96aǫδ

0 ≤ 1

10
. (5.2)

Since the unique solution ϑσq
is characterized by (3.2) we can test against ✶A0(x) and compute

ˆ

T2

ϑσq
(t, x)✶A0(x) dx =

ˆ

T2

ϑin(x)✶A0(Xσq (t, x)) dx

=

ˆ

Oq

ϑin(x)✶A0
(Xσq (t, x)) dx+

ˆ

Oc
q

ϑin(x)✶A0
(Xσq (t, x)) dx

=

ˆ

Oq

✶A0
(x)✶A0

(Xσq (t, x)) dx−
ˆ

Oq

✶B0
(x)✶A0

(Xσq (t, x)) dx+

ˆ

Oc
q

ϑin(x)✶A0
(Xσq (t, x)) dx

= I1 − I2 + I3 .

By (5.2), we see that |I3| ≤ 1/10. From Steps 1–3 we see that, for t ≥ 1 + T0 and for q ∈ N even, there holds

x ∈ A0 ∩Oq =⇒ X
σq

t (x) ∈ A0 ,

x ∈ B0 ∩Oq =⇒ X
σq

t (x) ∈ B0 ,

and, for t ≥ 1 + T0 and for q ∈ N odd, there holds

x ∈ A0 ∩Oq =⇒ X
σq

t (x) ∈ B0 ,

x ∈ B0 ∩Oq =⇒ X
σq

t (x) ∈ A0 .

Using again (4.2), (4.19) and (5.2) we have that I1 ≥ 1/2 − 2/10 and I2 = 0 for q even, while I1 = 0 and
I2 ≥ 1/2 − 2/10 for q odd. Therefore, for any q ∈ N sufficiently large,

ˆ

T2

ϑσ2q
(t, x)✶A0(x) dx ≥ 1

2
− 3

10
> −1

2
+

3

10
≥
ˆ

T2

ϑσ2q+1(t, x)✶A0(x) dx

which implies the thesis. �

6. Convergence to a solution which conserves the L2 norm in Theorem B

Given α ∈ [0, 1[ as in the statement of Theorem B, we choose β = 0 and recall that all relevant parameters
have been correspondingly fixed in Section 4.1. In particular, we recall that

a
ǫδ/8

0 ≤ 1

20
, ǫ ≤ δ3

50
, γ =

δ

8
, κq = a2+3ǫ

q , aq+1 = a1+δ
q ,

and that the length of the time intervals Iq,j is aγ−γδ
q (for q ∈ mN and j = 0), 0 (for q 6∈ mN and j = 0)

and aγ
q otherwise.

We consider the initial datum ϑin defined in (4.17) and the velocity field u ∈ Cα((0, 2) ×T
2) constructed

in Section 4.2 for times 0 ≤ t ≤ 1 and extended for times 1 ≤ t ≤ 2 by formula (4.14). For the regularity of
the velocity field see Remark 4.2.

For any q ∈ N, we consider the unique bounded solution ϑκq
of the advection-diffusion equation (1.2)

with velocity field u, initial datum ϑin, and diffusivity κ = κq. We also define by truncation in time the
smooth velocity fields

uq(t, x) = u(t, x)✶[1−Tq,1+Tq ]c(t),

for any q ∈ N and we let X
q be the flow of uq and ϑq be the unique solution of the advection equation (1.1)

with velocity field uq and initial datum ϑin.
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We split the proof in four steps. In the first three steps, we fix q ∈ N and we show that for the flows X
q

and the stochastic flows X
κq it holds

|Xκq

t (x, ω) − X
q
t (x)| ≤ a

1+ ǫ
2

q for (x, ω) ∈ Oq and t ∈ [0, 2], (6.1)

for a certain set Oq ⊂ T
2 × Ω with (L2 ⊗ P)(Oq) → 1 as q → ∞. In the last step we exploit (6.1) and the

representation formulas for the solutions to show that

ϑκq
− ϑq → 0

in the sense of distributions as q → ∞. In particular, ϑq and ϑκq
converge in the sense of distributions

to the same limit. This will conclude the proof since ϑq strongly converges to a solution of the advection
equation (1.1) which conserves the L2 norm.

Step 1: Closeness of X
κq

t and X
q
t for t ∈ [0, 1 − Tq]. For any q let q = q(q) be the largest natural

number such that

aǫ/4

q exp(a−γ−δ−2ǫδ
q ) ≤ 1

6
(6.2)

and notice that q → ∞ as q → ∞. We claim that there exist Dq ⊂ T
2 and Ωq,1 ⊂ Ω with L2(Dq) ≥ 1−12aǫδ

q

and P(Ωq,1) ≥ 1 − exp
(
−a−ǫ/2

q /4
)

such that for all t ≤ 1 − Tq

|Xκq

t (x, ω) − X
q
t (x)| ≤

a1+ǫ
q

3
for x ∈ Dq and ω ∈ Ωq,1.

First, we define

Ωq,1 :=

{
ω ∈ Ω :

√
2κq sup

t∈[0,2]

|Wt(ω)| ≤ a
1+ 5ǫ

4
q

}
⊂ Ω , (6.3)

and we use (3.3) to get the probability estimate

P(Ωq,1) ≥ 1 − exp(−a−ǫ/2
q /4) , (6.4)

We employ (3.9) to get a closeness estimate in the smaller time interval [0, 1 − Tq], namely

|Xκq

t (x, ω) − X
q
t (x)| ≤

(
√

2κq sup
t∈[0,2]

|Wt(ω)|
)

exp

(
ˆ t

0

‖∇u(s, ·)‖L∞ds

)

≤ a
1+ 5ǫ

4
q exp

(
a−γ−δ−2ǫδ

q

)
≤
a1+ǫ

q

6
, (6.5)

for any ω ∈ Ωq,1, where we used (6.2) and the estimate ‖∇u(s, ·)‖L∞ ≤ a−γ−δ−2ǫδ
q for s ≤ 1 − Tq (recall

Remark 4.2).
We now show the closeness on the time interval [1 − Tq, 1 − Tq]. To this extent, we recall the definition

of Gk in (4.18) and define

Dq :=

q−1⋂

k=q

Dq,k :=

q−1⋂

k=q

{x ∈ T
2 : X

q
1−Tk

(x) ∈ Gk+1[a1+ǫ
q ]} . (6.6)

Thanks to (4.19), we observe that

L2(Dc
q) ≤

q−1∑

k=q

L2((Gk+1[a1+ǫ
q ])c) ≤

q−1∑

k=q

(20aǫδ
k+1 + 4aǫ

q) ≤ 48aǫδ
q . (6.7)
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For any x ∈ T
2 and ω ∈ Ωq,1 we define

τ = τ(x, ω) := min

{
t : |Xκq

t (x, ω) − X
q
t (x)| =

a1+ǫ
q

3

}

which is well defined because the trajectories of both the flow and the stochastic flow are continuous in
time. From the result in the first part of the step we see that τ ≥ 1 − Tq. We need to show that τ ≥ 1 − Tq.
If this would not be the case, we would have

|Xκq

τ (x, ω) − X
q
τ (x)| ≤

∣∣∣Xκq

1−Tq
(x, ω) − X

q
1−Tq

(x)
∣∣∣+

∣∣∣∣∣

ˆ τ

1−Tq

(u(Xκq

s (x, ω)) − uq(Xq
s(x))) ds

∣∣∣∣∣ (6.8)

+ |Wτ (ω) − W1−Tq
(ω)|

≤
a1+ǫ

q

6
+ 2a

1+ 5ǫ
4

q <
a1+ǫ

q

3
,

where we used the definition of Dq in (6.6) and the definition of τ and property (4.23) to conclude that
the integrand in (6.8) is 0; we also used (6.3) in the second-to-last inequality. Therefore, we conclude
that τ ≥ 1 − Tq.

Step 2: Shortness of the trajectories of X
κq in the time interval [1 − Tq, 1 + Tq]. We show that

there exists a set Ωq,2 ⊂ Ω with P(Ωq,2) ≥ 1 − aǫ
q such that

∣∣∣∣∣

ˆ 1+Tq

1−Tq

u(s,Xκq

s (x, ω))ds

∣∣∣∣∣ ≤
a1+ǫ

q

6
for x ∈ T

2 and ω ∈ Ωq,2.

In particular, by Step 1 and using (6.3), we have for t ≤ 1 + Tq

|Xκq

t (x, ω) − X
q
t (x)| ≤ |Xκq

1−Tq
(x, ω) − X

q
1−Tq

(x)| +

∣∣∣∣∣

ˆ 1+Tq

1−Tq

u(s,Xκq

s (x, ω))ds

∣∣∣∣∣+ |Wt(ω) − W1−Tq
(ω)|

≤
2a1+ǫ

q

3
for any x ∈ Dq and ω ∈ Ωq,1 ∩ Ωq,2.

To this aim, we set Ωq,2 = Ω1
q,2 ∩ Ω2

q,2, where

Ω1
q,2 =

{
ω :

∣∣∣∣∣

ˆ 1−Tq+1

1−Tq

u(s,Xκq

s (x, ω))ds

∣∣∣∣∣ ≤
a1+ǫ

q

18
for any x ∈ T

2

}

and

Ω2
q,2 =

{
ω :

∣∣∣∣∣

ˆ 1+Tq

1+Tq+1

u(s,Xκq

s (x, ω))ds

∣∣∣∣∣ ≤
a1+ǫ

q

18
for any x ∈ T

2

}
.

By the estimates in Remark 4.2 and the choice of the parameters
∣∣∣∣∣

ˆ 1+Tq+1

1−Tq+1

u(s,Xκq

s (x, ω))ds

∣∣∣∣∣ ≤ ‖u‖L∞((1−Tq+1,1+Tq+1)×T2) ≤ 2a1−γ
q+1 ≤ a

1+ δ
2

q ≤
a1+ǫ

q

18
, ∀x ∈ T

2 , ∀ω ∈ Ω

therefore it just remains to prove the estimate on P(Ωq,2). We only estimate P(Ω1
q,2) since the estimate

for Ω2
q,2 is identical.

We recall that on the time interval [1 − Tq, 1 − Tq+1] the velocity field is nonzero only for times in Iq,2

and Iq,3. For the time interval Iq,3, using (4.20c) and the choice of the parameters we have that
∣∣∣∣∣

ˆ

Iq,3

u(s,Xκq

s (x, ω))ds

∣∣∣∣∣ ≤ ‖u‖L∞(Iq,3×T2) ≤ 2aq+1a
−γ
q ≤

a1+ǫ
q

36
∀x ∈ T

2 , ∀ω ∈ Ω .
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We now estimate the integral on the time interval Iq,2 using the so-called Itô-Tanaka trick. For shortness
of notation we denote

ũ(t, x) = u(1 − Tq + tq + tq + t, x) and X̃t = X
κq

1−Tq+tq+tq+t
for all t ∈ [0, tq].

We apply Itô formula (3.6) to the stochastic flow X̃t choosing f : [0, tq] ×T
2 → R of the form f(t, x1, x2) =

η̃q,2(t)g(x2), where η̃q,2(t) = ηq,2(1 − Tq + tq + tq + t) and g is the solution to
{
g′′(y) = w̃q+1,2(y),

g(0) = g(1) = 0.

In the last equation, w̃q+1,2 : T → R is defined by wq+1,2 ⋆ ψq+1(x1, x2) = (w̃q+1,2(x2), 0), T is the one-
dimensional torus, and wq+1,2, ψq+1 and ηq,2 are defined in Section 4.2. The function f enjoys the following
estimates

‖f‖L∞([0,tq ]×T2) ≤ 4aq+1a
2−γ
q , ‖f‖L∞([0,tq ];C1(T2)) ≤ 4aq+1a

1−γ
q ‖f‖L∞(T2;C1((0,tq))) ≤ aq+1a

2−3γ
q .

(6.9)

Indeed, the time regularity directly follows from (4.12). In order show the spatial regularity we rely
on the “almost” aq+1-periodicity of wq+1,2 (recall the construction in Section 4.2). To this extent,
we notice that w̃q+1,2(y + aq+1) = −w̃q+1,2(y) for any y ∈ ⋃

i∈L(iaq+1, (i + 1)aq+1), where we denote

L =
⋃2

r=0

{
k ∈ N : k 6= n

aq

aq+1
− r for any n ∈ N

}
, while w̃q+1,2(y + aq) = −w̃q+1,2(y) for any y ∈ T

and
´ (i+1)aq

iaq
w̃q+1,2(s)ds = 0 for any i ∈ N. Hence, setting g′(y) =

´ y

0
w̃q+1,2(z)dz, we deduce

|g′(y)| =

∣∣∣∣
ˆ y

0

w̃q+1,2(z)dz

∣∣∣∣ ≤
ˆ 2aq+1

−2aq+1

|w̃q+1,2(z)|dz ≤ 4aq+1a
1−γ
q

and g′(y) = −g′(y + aq) for any y ∈ T. From the last property and the parity of a−1
q we also deduce that

g(y) =
´ y

0
g′(s)ds satisfies ‖g‖L∞ ≤ 4aq+1a

2−γ
q and g(0) = g(1) = 0.

Applying Itô formula (3.6) with the function f : [0, tq] × T
2 → R observing that ∆f(t, x1, x2) =

∂2
x2
f(t, x1, x2) = ũ1(t, x1, x2), where ũ(t, x1, x2) = (ũ1(t, x1, x2), 0), we get

∣∣∣∣
ˆ tq

0

ũ(s, X̃s)ds

∣∣∣∣ =

∣∣∣∣
ˆ tq

0

ũ1(s, X̃s)ds

∣∣∣∣

=

∣∣∣∣
1

κq

(
f(tq, X̃tq

) − f(0, X̃0) −
ˆ tq

0

∂tf(s, X̃s)ds (6.10)

−
ˆ tq

0

∇f(s, X̃s) · ũ(s, X̃s)ds−
√

2κq

ˆ tq

0

∇f(s, X̃s) · dWs

)∣∣∣∣

≤ 1

κq

∣∣∣f(tq, X̃tq
) − f(0, X̃0)

∣∣∣+
1

κq

∣∣∣∣
ˆ tq

0

∂tf(s, X̃s)ds

∣∣∣∣+
1

κq

∣∣∣∣
√

2κq

ˆ tq

0

∇f(s, X̃s) · dWs

∣∣∣∣

since ∇f · ũ = 0. We now estimate all the terms in the sum: using (6.9), (4.20b) and tq = aγ
q we get

1

κq

∣∣∣f(tq, X̃tq
) − f(0, X̃0)

∣∣∣ ≤ 2‖f‖L∞

κq
≤

8aq+1a
2−γ
q

κq
≤
a1+ǫ

q

108
(6.11)

and
1

κq

∣∣∣∣
ˆ tq

0

∂tf(s, X̃s)ds

∣∣∣∣ ≤ tq‖f‖L∞(T2;C1((0,tq)))

κq
≤
aq+1a

2−2γ
q

κq
≤
a1+ǫ

q

108
(6.12)

for any x ∈ T
2 and ω ∈ Ω, since our choice of the parameters guarantees 2γ + 5ǫ ≤ δ and 108aǫ

q ≤ 1/4.
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For the last term in the sum (6.10) we use the Itô isometry in (3.7) and using also (6.9) we conclude

E

[∣∣∣∣
ˆ tq

0

√
2

√
κq

∇f(s, X̃s)dWs

∣∣∣∣
2
]1/2

= E

[
ˆ tq

0

∣∣∣∣
√

2
√
κq

∇f(s, X̃s)

∣∣∣∣
2

ds

]1/2

≤
8aq+1a

1−γ
q a

γ/2
q√

κq
.

Exploiting the Cauchy-Schwarz inequality and the Markov inequality we get

P

(
ω :

∣∣∣∣
ˆ tq

0

√
2

√
κq

∇f(s, X̃s) · dWs

∣∣∣∣ ≥
a1+ǫ

q

108

)
≤ 8 · 108aq+1a

1−γ/2
q

√
κqa

1+γ
q

≤ aǫ
q/2, (6.13)

since the choice of parameters guarantees δ ≥ 3γ/2 + 3ǫ and 16 · 108a
ǫ/2

q ≤ 1.
Using (6.10), (6.11) and (6.12) we have

(Ω1
q,2)c ⊂

{
ω :

∣∣∣∣
ˆ tq

0

√
2

√
κq

∇f(s, X̃s) · dWs

∣∣∣∣ ≥
a1+ǫ

q

108

}

and thanks to (6.13) we get the estimate on Ω1
q,2.

Step 3: Closeness of X
κq

t and X
q
t for t ∈ [1 + Tq, 2]. We claim that for all 0 ≤ t ≤ 2

|Xκq

t (x, ω) − X
q
t (x)| ≤ a

1+ ǫ
2

q for x ∈ Dq ∩ D̃q and ω ∈ Ωq,1 ∩ Ωq,2 ,

for some D̃q with L2(D̃c
q) ≤ 48aǫδ

q , where q̄ = q̄(q) is as in (6.2).

Indeed, for t ≤ 1 + Tq, the claim follows from Step 1 and Step 2. For any 1 + Tq ≤ t ≤ 1 + Tq, arguing
as in Step 1 (compare in particular with (6.5)), we see that

|Xκq

t (x, ω) − X
q
t (x)|

≤ |Xκq

1+Tq
(x, ω) − X

q
1+Tq

(x)| +

∣∣∣∣∣

ˆ t

1+Tq

[
u(Xκq

s (x, ω)) − uq(Xq
s(x))

]
ds

∣∣∣∣∣+ |Wt(ω) − W1+Tq
(ω)|

≤
2a1+ǫ

q

3
+ 2a

1+ 5ǫ
4

q < a1+ǫ
q ,

for any x ∈ Dq ∩ D̃q and ω ∈ Ωq,1 ∩ Ωq,2, where

D̃q :=

q⋂

k=q+1

D̃q,k :=

q⋂

k=q+1

{x ∈ T
2 : X

q
1+Tk

(x) ∈ Gk[a1+ǫ
q ]} ,

which has the same estimate as Dq obtained in (6.7). Finally by applying (3.9) we conclude that for any
1 + Tq ≤ t ≤ 2, x ∈ Dq ∩ D̃q, ω ∈ Ωq,1 ∩ Ωq,2

|Xκq

t (x, ω) − X
q
t (x)| ≤

(
|Xκq

1+Tq
− X

q
1+Tq

| + 2
√

2κq sup
s∈[0,t]

|Ws(ω)|
)

exp

(
ˆ t

1+Tq

‖∇u(s, ·)‖L∞ds

)

≤ (a1+ǫ
q + 2a

1+ 5ǫ
4

q ) exp(a−γ−δ−2ǫδ
q ) ≤ a

1+ ǫ
2

q .

Step 4: Convergence to a solution that conserves the L2 norm. We show that ϑκq
− ϑq → 0 as

q → ∞ in the sense of distributions and that ‖ϑq − ϑ‖L1((0,2)×T2) → 0 as q → ∞, where ϑ is a solution of

the advection-diffusion equation (1.1) which conserves the L2 norm. This implies that ϑκq
converges in the

sense of distributions to the solution ϑ.

By the representation formulas for ϑκq
(recall Lemma 3.1) and for ϑq, we deduce

∣∣∣∣
ˆ

T2

f(x)(ϑκq
(t, x) − ϑq(t, x))dx

∣∣∣∣ =

∣∣∣∣E
ˆ

T2

(f(X
κq

t (x, ω)) − f(Xq
t (x)))ϑin(x)dx

∣∣∣∣
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≤ ‖∇f‖L∞E

ˆ

T2

|Xκq

t (x, ω)) − X
q
t (x))|dx → 0,

where the convergence to zero for q → ∞ holds uniformly in time by Steps 1–3, since L2(Dq ∩ D̃q) → 1
and P(Ωq,1 ∩ Ωq,2) → 1. This shows the convergence ϑκq

− ϑq → 0 in the sense of distributions.
The fact that {ϑq}q is a Cauchy sequence in L1 follows by the definition of the velocity field by reflection,

namely u(t, x) = −u(2 − t, x), for 1 < t < 2, which in turn implies ϑq+1(t, x) = ϑq(t, x) for any x ∈ T
2

and t ∈ [1 − Tq, 1 + Tq]c. Since uq is smooth ϑq conserves the L2 norm for any q. Therefore, as q → ∞
the sequence ϑq converges to a solution ϑ of the advection equation (1.1) which coincides with ϑq on
[1 − Tq, 1 + Tq]c × T

2 and satisfies

‖ϑ(t, ·)‖L2(T2) = ‖ϑin‖L2(T2) for any t ∈ [0, 2] \ {1} . �

7. Convergence to a solution which dissipates the L2 norm in Theorem A and Theorem B

Let us fix α + 2β < 1 in the case of Theorem A and α < 1 and β = 0 in the case of Theorem B. We
recall for the convenience of the reader the choice of parameters defined in Section 4.1:

γ =
p◦β(1 + 3ǫ(1 + δ))(1 + δ)

1 − 2δ
+
δ

8
, a

ǫδ/8

0 ≤ 1

20
, ǫ ≤ δ3

50
, m− 1 ≥ 16

δ2
.

The parameters are assumed to satisfy (4.1) depending on the choice of α and β and the diffusivity
parameter for the convergence to a solution which dissipates the L2 norm has been set to

κ̃q = a
2−

γ
1+δ

+4ǫ
q .

We set aq+1 = a1+δ
q and the length of the time intervals Iq,j is aγ−γδ

q (for q ∈ mN and j = 0), 0 (for q 6∈ mN

and j = 0) and aγ
q otherwise.

We consider the initial datum ϑin defined in (4.17) and the velocity field u constructed in Section 4.2 for
times 0 ≤ t ≤ 1 and extended for times 1 ≤ t ≤ 2 by formula (4.14). For the regularity of the velocity field
in the case β = 0 see Remark 4.2, whereas in the general setting of Theorem A see Section 8.

We let ϑκ̃q
be the unique bounded solution of the advection-diffusion equation (1.2) with velocity field u,

initial datum ϑin, and diffusivity κ̃q.
We split the proof in two steps. In the first step we show that the stochastic flow X

κ̃q satisfies

(x, ω) ∈ Oq and x ∈ A0[a1+ǫ
0 ] =⇒ X

κ̃q

1−Tq
(x, ω) ∈ Aq

(x, ω) ∈ Oq and x ∈ B0[a1+ǫ
0 ] =⇒ X

κ̃q

1−Tq
(x, ω) ∈ Bq

for a suitable set Oq ⊂ T
2 × Ω of large measure uniformly for q ∈ mN. In the second step we deduce that

the solution ϑκ̃q
dissipates a large portion of its energy in the time interval [1 − Tq, 1 − Tq + tq] for q ∈ mN,

more precisely we will show that

2κ̃q

ˆ 1−Tq+tq

1−Tq

ˆ

T2

|∇ϑκ̃q
(s, x)|2dxds ≥ 1

2
.

Since any weak limit of ϑκ̃q
is a solution of the advection equation, this is enough to conclude the proof.

Step 1: X
κ̃q approximately preserves the chessboards for t ∈ [0, 1 − Tq]. We claim that there

exist Ωq ⊂ Ω and Hq ⊂ T
2 × Ω with P(Ωq) ≥ 1 − aǫ

0 for any q ∈ mN and (L2 ⊗ P)(Hq) ≥ 1 − 24aǫδ
0 for

any q ∈ N and such that

(x, ω) ∈ Hq ∩ (A0[a1+ǫ
0 ] × Ωq) =⇒ X

κ̃q

1−Tq
(x, ω) ∈ Aq (7.1a)

(x, ω) ∈ Hq ∩ (B0[a1+ǫ
0 ] × Ωq) =⇒ X

κ̃q

1−Tq
(x, ω) ∈ Bq. (7.1b)
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Let us define

Ωq =

q−1⋂

k=−1

Ωq,k =

q−1⋂

k=−1

{
ω ∈ Ω : sup

t∈[1−Tk,1−Tk+1]

√
2κ̃q|Wt − W1−Tk

| ≤ a1+ǫ
k+1

}
, (7.2)

where T−1 = 0. In order to prove that P(Ωq) ≥ 1 − aǫ
0, it is enough to show that P(Ωq,k) ≥ 1 − 2e−a−ǫ

q for
any k ≤ q − 1. To this aim we apply (3.3) with T̃ = 1 − Tk, T = 1 − Tk+1 and c = a1+ǫ

k+1. For k ≤ q −m we
use (4.3) and γ ≥ δ/8 ≥ 2/δ(m − 1) to estimate

a2+2ǫ
k+1

2κ̃q(Tk − Tk+1)
≥ a2−γ+2δ+γδ

k a
−2+γ−

γδ
1+δ

−ǫ
q ≥ a−ǫ

q a2δ+γδ
k a

−
γδ

1+δ
q ≥ a−ǫ

q a
2δ+γδ−γδ(1+(m−1)δ)
k ≥ a−ǫ

q .

For q −m < k ≤ q − 1 we simply use that Tk − Tk+1 ≤ 3aγ
q and (4.7a).

We also define

Hq :=

q−1⋂

k=0

Hq,k :=

q−1⋂

k=0

{
(x, ω) ∈ T

2 × Ω : X
κ̃q

1−Tk
(x, ω) ∈ Gk+1[a1+ǫ

k+1]
}

(7.3)

and Hq,−1 = ∅. We only prove (7.1a), as the proof of (7.1b) is similar. Fix (x, ω) ∈ Hq ∩ (A0[a1+ǫ
0 ] × Ωq).

We prove (7.1a) by showing by iteration on −1 ≤ k ≤ q − 1 that

X
κ̃q

1−Tk
(x, ω) ∈ Ak =⇒ X

κ̃q

1−Tk+1
(x, ω) ∈ Ak+1, (7.4)

where A−1 = A0. For k = −1 the property (7.4) follows from the fact that u ≡ 0 in [0, 1 − T0], the
definition of Ωq,−1 and the fact that x ∈ A0[a1+ǫ

0 ]. We now show (7.4) for k ≥ 0. Pick x ∈ T
2 such

that X
q
1−Tk

(x) = X
κ̃q

1−Tk
(x, ω) where X

q
t is the flow (3.1) of the smooth velocity field uq = u✶[1−Tq,1+Tq ]c .

From the definition of Hq,k, the iterative assumption X
q
1−Tk

(x) = X
κ̃q

1−Tk
(x, ω) ∈ Gk+1[a1+ǫ

k+1] ∩ Ak and
Remark 4.3 we have that X

q
1−Tk+1

(x) ∈ Ak+1. Finally we observe that

|Xq
t (x) − X

κ̃q

t (x, ω)| ≤
∣∣∣∣
ˆ t

1−Tk

[
u(s,Xq

s(x)) − u(s,X κ̃q

s (x, ω))
]
ds

∣∣∣∣+
√

2κ̃q|Wt(ω) − W1−Tk
(ω)| ≤ a1+ǫ

k+1

(7.5)

for any 1 − Tk ≤ t ≤ 1 − Tk+1, where we used the definition of Ωq,k and property (4.23) to conclude that
the integrand in (7.5) vanishes.

The smallness estimate for Hc
q is more delicate than other estimates in Section 6 because the sets Hq,k

have no product structure in T
2 × Ω. It relies on the measure preserving property (3.5) of the stochastic

flow applied to the set Gk+1[a1+ǫ
k+1] for any 0 ≤ k ≤ q − 1, the equality ✶Gk+1[a1+ǫ

k+1
](X

κ̃q

1−Tk
) = ✶Hq,k

in

T
2 × Ω and the estimate (4.19), we get

(L2 ⊗ P)(Hc
q ) = (L2 ⊗ P)

(
q−1⋃

k=0

Hc
q,k

)
≤

q−1∑

k=0

(L2 ⊗ P)(Hc
q,k) ≤

q∑

k=1

(20aǫδ
k + 4aǫ

k) ≤ 48aǫδ
0 .

Introducing the notation

Oq = Hq ∩ (T2 × Ωq) , Oq,A = Oq ∩ (A0[a1+ǫ
0 ] × Ω) , Oq,B = Oq ∩ (B0[a1+ǫ

0 ] × Ω)

and relying on (4.19) and on the estimate on the measure of Ωq we observe that

L2 ⊗ P(Oq,A) = 1 − L2 ⊗ P(Oc
q,A) ≥ 1 − 48aǫδ

0 − aǫδ
0 − 1

2
− 10aǫδ

0 =
1

2
− 59aǫδ

0

and observing also that Oq,B ∪ Oq,A = Oq ∩ (G0[a1+ǫ
0 ] × Ω) we conclude that

L2 ⊗ P((Oq,B ∪ Oq,A)c) ≤ L2 ⊗ P(Oc
q) + L2(G0[a1+ǫ

0 ]c) ≤ 49aǫδ
0 + 20aǫδ

0 .
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Step. 2: Anomalous dissipation. We claim that for any q ∈ mN

‖ϑκ̃q
(t, ·)‖2

L2(T2) ≤ a
ǫδ/2
0 for any t ≥ 1 − Tq + tq .

In particular, since ‖ϑin‖2
L2 ≥ 3/4 and a

ǫδ/2

0 ≤ 1/4 from the energy balance (1.4) we have that

2κ̃q

ˆ 1

0

ˆ

T2

|∇ϑκ̃q
(s, x)|2dxds ≥ 2κ̃q

ˆ 1−Tq+tq

1−Tq

ˆ

T2

|∇ϑκ̃q
(s, x)|2dxds ≥ 1

2
for any q ∈ mN .

Let fq(x) = ϑ0(λqx) be the even chessboard function of side aq as in Definition 4.1 and f
κ̃q
q be the

solution of the heat equation with diffusivity parameter κ̃q, namely ∂tf
κ̃q
q − κ̃q∆f

κ̃q
q = 0, and starting at

time t = 1 − Tq with initial datum fq. The scaling properties of the heat equation and the λq-periodicity of
the initial datum fq (with average zero) imply the enhanced diffusion effect (see the end of Section 2.6)

∥∥f κ̃q
q (t, ·)

∥∥2

L2 ≤ e−λ2
qκ̃q(t−(1−Tq)) ‖fq‖2

L2 ≤ e−λ2
qκ̃q(t−(1−Tq)) for any t ∈ [1 − Tq, 1 − Tq + tq]

and also
∥∥f κ̃q

q (t, ·)
∥∥2

L2 ≤ aǫ
q ≤ a

ǫδ/2
0

4
for t− (1 − Tq) = tq = aγ−γδ

q (7.6)

where the second-to-last inequality holds thanks to (4.7b). Since u(t, ·) ≡ 0 for t ∈ [1 − Tq, 1 − Tq + tq] the
function ϑκ̃q

solves as well the heat equation in such time interval. In the rest of this step we deal with the
error due to the approximation of the actual initial datum ϑκ̃q

(0, ·) with the chessboard function fq.
Using the maximum principle, which in particular implies that ϑκ̃q

≤ 1 = fq on Aq,
´

Aq
fq = −

´

Bq
fq

and the equality

0 =

ˆ

T2

ϑκ̃q
(1 − Tq, x)dx =

ˆ

Aq

ϑκ̃q
(1 − Tq, x)dx+

ˆ

Bq

ϑκ̃q
(1 − Tq, x)dx+

ˆ

(Aq∪Bq)c

ϑκ̃q
(1 − Tq, x)dx

we deduce that

‖ϑκ̃q
(1 − Tq, ·) − fq‖L1 ≤ 2

ˆ

Aq

[
fq(x) − ϑκ̃q

(1 − Tq, x)
]
dx+ 3L2((Aq ∪Bq)c).

Using Step 1 and (3.11) we estimate the right-hand side as
ˆ

Aq

ϑκ̃q
(1 − Tq, x)dx =

ˆ

T2

✶Aq
(x)ϑκ̃q

(1 − Tq, x)dx = E

ˆ

T2

✶Aq
(X

κ̃q

1−Tq
(x, ·))dϑin(x)

≥
¨

Oq,A

✶Aq
(X

κ̃q

1−Tq
(x, ω))dxdP(ω) − (L2 ⊗ P)((Oq,A ∪ Oq,B)c)

= (L2 ⊗ P)(Oq,A) − (L2 ⊗ P)((Oq,A ∪ Oq,B)c) ≥ 1

2
− 128aǫδ

0 .

Using also that L2((Aq ∪Bq)c) ≤ 20aǫδ
q ≤ 20aǫδ

0 and that
´

Aq
fq = L2(Aq) ≤ 1/2, we deduce the estimate

1

2
‖ϑκ̃q

(1 − Tq, ·) − fq‖2
L2 ≤ ‖ϑκ̃q

(1 − Tq, ·) − fq‖L1 ≤ 316aǫδ
0 ≤ a

ǫδ/2

0 /8.

This implies that

‖ϑκ̃q
(t, ·) − f κ̃q

q (t, ·)‖2
L2 ≤ ‖ϑκ̃q

(1 − Tq, ·) − fq‖2
L2 ≤ a

ǫδ/2

0

4
, for any t ∈ [1 − Tq, 1 − Tq + tq].

Hence, using also (7.6), we have

‖ϑκ̃q
(1 − Tq + tq, ·)‖2

L2(T2) ≤ 2‖ϑκ̃q
(1 − Tq + tq, ·) − f κ̃q

q (1 − Tq + tq, ·)‖2
L2 + 2‖f κ̃q

q (1 − Tq + tq, ·)‖2
L2 ≤ a

ǫδ/2

0 .

By the energy balance (1.4) the same estimate ‖ϑκ̃q
(t, ·)‖2

L2(T2) ≤ a
ǫδ/2

0 holds for any t ≥ 1 − Tq + tq. �



30 M. COLOMBO, G. CRIPPA, M. SORELLA

8. Proof of the regularity in Theorem A

In this final section we prove the regularity of the velocity field u and the uniform-in-diffusivity regularity
estimate (1.7) for the solutions ϑκ of the advection-diffusion equation (1.2), therefore concluding the proof
of Theorem A.

We begin with an elementary, but crucial, observation. Consider an horizontal or vertical shear
flow u ∈ C∞([0, 1] × T

2) and consider the unique stochastic flow solving (3.4). Then we claim that

sup
ω∈Ω

‖X
κ
0,t(·, ω)‖W 1,∞ ≤ 3 +

ˆ t

0

‖∇u(s, ·)‖L∞ds for any t ∈ [0, 1]. (8.1)

Indeed, let us consider without loss of generality the case u(t, x, y) = (u(t, y), 0), with a slight abuse of
notation. The backward stochastic flow X

κ
0,t = (Xκ,1

0,t ,X
κ,2
0,t ) can be explicitly computed as





X
κ,1
0,t (x, y, ω) = x+

ˆ 0

t

u(s,Xκ,2
0,s (x, y, ω))ds−

√
2κW

1
t (ω)

X
κ,2
0,t (x, y, ω) = y −

√
2κW

2
t (ω) .

Hence, the derivative ∂yX
κ
0,t(x, y, ω) can be estimated as follows

∣∣∣Xκ,1
0,t (x, y + h, ω) − X

κ,1
0,t (x, y, ω)

∣∣∣ ≤
∣∣∣∣
ˆ t

0

u(s, y + h−
√

2κW
2

s (ω)) − u(s, y −
√

2κW
2

s (ω))ds

∣∣∣∣

≤ |h|
ˆ t

0

‖∇u(s, ·)‖L∞ds,

while X
κ,2
0,t (x, y + h, ω) − X

κ,2
0,t (x, y, ω) ≡ h. Noticing that X

κ
0,t(x + h, y, ω) − X

κ
0,t(x, y, ω) ≡ (h, 0) we

conclude that (8.1) holds.

Proof of the regularity in Theorem A. We first prove that we u ∈ Lp((0, 1);Cα(T2)). Indeed, by (4.20)

‖u‖p
LpCα =

∞∑

q=1

ˆ

Iq

‖u(s, ·)‖p
Cα(T2)ds ≤

∞∑

q=1

ˆ

Iq

‖u(s, ·)‖p(1−α)
L∞(T2)‖u(s, ·)‖pα

W 1,∞(T2)ds

.

∞∑

q=0

λ−γ
q λp(1−α)(γ−1)

q λpα(γ−1)
q λ

pα(1+ǫδ)
q+1

and the sum is finite if and only if
γ

p
+ 1 − γ − α(1 + ǫδ)(1 + δ) > 0

which indeed holds thanks to the choice (4.4), the condition (4.1a) and the fact that p◦ ≥ 2.
We now turn to the proof of the uniform-in-diffusivity bound in Lp◦

((0, 1);Cβ(T2)) for the solutions ϑκ

of (1.2). It is sufficient to prove that the (backward) stochastic flow is such that ‖X
κ
0,·(·, ω)‖Lp◦ Cβ is

uniformly bounded independently on ω and κ. If this is the case, from the Feynman-Kac formula (3.10) we
have

|ϑκ(t, x) − ϑκ(t, y)| ≤
ˆ

Ω

|ϑin(Xκ
0,t(x, ω)) − ϑin(Xκ

0,t(y, ω))|dP(ω)

≤ ‖∇ϑin‖L∞

ˆ

Ω

|Xκ
0,t(x, ω) − X

κ
0,t(y, ω)|dP(ω)

≤ ‖∇ϑin‖L∞ sup
ω∈Ω

‖X
κ
0,t(·, ω)‖Cβ |x− y|β (8.2)

from which we conclude that ‖ϑκ(t, ·)‖Cβ(T2) . supω∈Ω ‖X
κ
0,t(·, ω)‖Cβ(T2) for every t ∈ [0, 1].
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Let us show the regularity of the backward stochastic flow. Using the semigroup property of the flow,
for any t ∈ (1 − Tq, 1 − Tq+1), we have for every x ∈ T

2, ω ∈ Ω

X
κ
0,t = X

κ
0,1−T0

◦ X
κ
1−T0,1−T1

◦ · · · ◦ X
κ
1−Tq−1,1−Tq

◦ X
κ
1−Tq,t ,

therefore for every ω ∈ Ω

‖X
κ
0,t(·, ω)‖W 1,∞(T2) ≤

q−1∏

j=0

‖X
κ
1−Tj ,1−Tj+1

(·, ω)‖W 1,∞ sup
t∈[1−Tq,1−Tq+1]

‖X
κ
1−Tq,t(·, ω)‖W 1,∞ . (8.3)

We now estimate each term in the product. Using again the semigroup property we have

‖X
κ
1−Tj ,1−Tj+1

(·, ω)‖W 1,∞ ≤ ‖X
κ
1−Tj+tj+tj ,1−Tj+tj+2tj

(·, ω)‖W 1,∞‖X
κ
1−Tj+tj+2tj ,1−Tj+tj+3tj

(·, ω)‖W 1,∞

and using (8.1) and the estimates in Remark 4.2 we have

‖X
κ
1−Tj+tj+tj ,1−Tj+tj+2tj

(·, ω)‖W 1,∞ ≤ 3 + λ−1
j λ1+ǫδ

j+1

and
‖X

κ
1−Tj+tj+2tj ,1−Tj+tj+3tj

(·, ω)‖W 1,∞ ≤ 3 + λǫδ
j+1 ,

which imply
‖X

κ
1−Tj ,1−Tj+1

(·, ω)‖W 1,∞ ≤ 16λ
δ+2ǫδ(1+δ)
j .

Analogously,

sup
t∈[1−Tq,1−Tq+1]

‖X
κ
1−Tq,t(·, ω)‖W 1,∞ ≤ 16λδ+2ǫδ(1+δ)

q . (8.4)

Plugging this estimate in (8.4) we get

‖X
κ
0,t(·, ω)‖W 1,∞(T2) ≤ 16q+1

q∏

j=0

λ
δ(1+2ǫ(1+δ))
j = 16q+1λ

δ(1+2ǫ(1+δ))
∑

q

j=0
(1+δ)j

0

= 16q+1λ
(1+2ǫ(1+δ))[(1+δ)q+1−1]
0 ≤ 16q+1λ

1+2ǫ(1+δ)
q+1 ≤ λ

1+3ǫ(1+δ)
q+1 ,

for any 0 ≤ t ≤ 1 − Tq+1, where in the last inequality we used (4.2) to estimate 16q+1 ≤ λ
ǫ(1+δ)
q+1 . Finally,

we have by interpolation the bound uniformly in ω and κ

‖X
κ
0,t(·, ω)‖Cβ ≤ ‖X

κ
0,t(·, ω)‖β

W 1,∞
‖X

κ
0,t(·, ω)‖1−β

L∞ ≤ λ
β+3βǫ(1+δ)
q+1

for any t ∈ (1 − Tq, 1 − Tq+1]. Therefore, using the previous observation (8.2) we conclude that

‖ϑκ‖p◦

Lp◦ Cβ =

∞∑

q=0

ˆ

Iq

‖ϑκ(s, ·)‖p◦

Cβds ≤ 4‖∇ϑin‖p◦

L∞

∞∑

q=0

λ−γ+γδ
q λ

p◦(β+3βǫ(1+δ))
q+1

= 4‖∇ϑin‖p◦

L∞

∞∑

q=0

λ−γ+γδ+p◦(β+3βǫ(1+δ))(1+δ)
q

and the sum is finite and independent of κ since −γ(1−δ)+p◦(β+3βǫ(1+δ))(1+δ) < 0 thanks to (4.4). �
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