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Chapter 1

Introduction

Shape optimization appears naturally in a wide range of applications in engineering,
especially for designing and constructing industrial components or in non-destructive
testing. A classical application is for example the planning of components of aircrafts,
where the geometry of the airfoil should be designed to minimize the drag while pre-
scribing a “cruise Mach number and a target lift coefficient” [Huy01]. The general
idea is to find the optimal geometric shape under certain constraints, especially con-
straints given by partial differential equations. This is due to the fact that many
practical problems from engineering amount to partial differential equations for an
unknown function u defined on a domain (). This function enters into the quantity of
interest, which is usually a functional J(@Q,u). Shape optimization is then concerned
with the minimization of this quantity of interest over an appropriate set of admissible
domains ) € U,q. The usual way, which is also pursued in this thesis, is to apply
a gradient based minimization method such as steepest descent or a quasi-Newton
method for finding this minimum. There exist two approaches for computing the re-
quired shape derivative of the functional J with respect to the shape @, namely first
optimize, then discretize and first discretize, then optimize. The latter approach does
not compute a derivative analytically but approximates the derivative by a numerical
method as for example finite differences. In contrast, we pursue the first approach
and analytically compute the derivative of the functional.

Shape optimization is a well studied topic in literature in the case of elliptic partial
differential equations. It has been established for the perturbation of identity (Murat
and Simon) and the speed method (Sokolowski and Zolésio), see [DZ11, HM03, HP06,
MS75, Sim80, SZ92, Zol79] and the references therein. However, not so much is
known about shape optimization in case of parabolic partial differential equations.
The simplest case, which is also studied in this thesis, is the heat equation

Ou—Au=0 in Q.

Theoretical results for parabolic shape optimization problems with time-indepen-
dent shapes can be found in [Sok88, SZ92, YS96|, while practical computational results
are found for example in [CKY98, CKY99, HT11, HT13|. This is in contrast to results
for parabolic shape optimization problems with #ime-dependent shapes, in which the
spatial domain varies within time. Theoretical results are for example available in
[DZ99b, DZ01, MZ06], but to the best of the author’s knowledge, very few results
about efficient computations of such time-dependent shape optimization problems
exist. This is possibly caused by the fact that time-dependent shapes lead to several
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complications compared to time-independent shapes. Firstly, one has to elaborate how
shape derivatives are computed on time-dependent domains. Secondly, the existence
and uniqueness of the solution u of the partial differential equation on the time-
dependent domain has to be established. Thirdly, one needs to be able to numerically
compute a solution of such a differential equation. Let us discuss these difficulties in
more detail.

For parabolic problems with time-dependent domains, the seemingly only available
literature for shape optimization goes back to the above mentioned references [DZ99b,
DZ01, MZ06] from Zolésio et al. They consider a spatial domain ; C R%, d € N, for
every point of time ¢, where the index ¢t emphasizes that the spatial domain may vary
with time ¢. This then yields a time-dependent or so-called non-cylindrical domain,
or simply, tube, by setting

Qr= |J ({t} x).
0<t<T

As in the case of elliptic partial differential equations, there exist the speed method
and the perturbation of identity for computing the shape derivative of the functional.
In the case of the speed method, the sought tube is described implicitly by the evo-
lution of a known initial domain prescribed by a time-dependent vector field V. The
shape of the tube can then be obtained by solving an ordinary differential equation. In
contrast, for the perturbation of identity, the shape of the tube is explicitly available
via a parametrization. As we are interested in the shape in the numerical computa-
tions, the more promising approach is to use a parametrization of the tube with the
perturbation of identity. The parametrization can then be discretized by applying a
suitable selection of basis functions. Notice that the speed method is preferable in an
Eulerian setting, while the perturbation of identity is more suited for the Lagrangian
setting. They are different descriptions of the same matter.

We are then interested in computing the directional derivative of the functional
under consideration given by

i L (@1 4s) = J(@Qr,w)
s\0 S

)

as this gradient is used for the minimization process. In here, ()5 denotes a perturbed
tube and wug is the solution of the partial differential equation solved on this perturbed
tube. In the speed method, this perturbed tube is generated by considering a second
time-dependent vector field W and studying the evolution induced by V 4+ sW. In
the case of the perturbation of identity, we perturb the tube for each point of time
by applying id +sZ for a time-dependent vector field Z, where id denotes the spatial
identity map.

The structure of the directional derivative is described by the Hadamard structure
theorem, which can be applied to the time-dependent setting as we will remark in this
thesis. This implies that the derivative is a boundary integral containing the pertur-
bation field in spatial normal direction. In our case, it will also involve the solution
of the partial differential equation and of an adjoint problem, which is introduced to
alleviate the computational cost. Therefore, we need to compute the solution of the
partial differential equation on a time-dependent domain for every time of interest.

Depending on the application, the solution theory of the heat equation on time-
independent domains, also called cylindrical domains, has been discussed for various
anisotropic Sobolev spaces, see for example [Cos90, LSU68, W1o87]. In particular,




boundary integral equations are a well-known technique to analyse elliptic partial
differential equations, see for example [SS10a, Ste08|. For parabolic equations on
time-independent domains anisotropic Sobolev spaces and the mapping properties of
the layer operators for the heat equation are introduced in [Cos90, Noo88]. On the
other hand, to the best of the author’s knowledge, no such existence and uniqueness
theory for parabolic equations exists for time-dependent domains and the theory of
boundary integral operators is not rigorously available.

Once a suitable functional analytic setting with existence and uniqueness results
on time-dependent domains is found, the next step towards computational shape op-
timization is the numerical solution of the underlying partial differential equation on
time-dependent domains. One of the most established tool to numerically solve ellip-
tic partial differential equations are finite element methods. A standard approach to
extend them to the parabolic setting in cylindrical domains is the method of lines, see
[Sch91]. Tt solves the partial differential equation by using finite elements in space and
a Runge-Kutta scheme in time. In a non-cylindrical domain, this scheme cannot be
applied directly, because we cannot consider straight lines in time. One idea to over-
come this problem is to map the differential equation back to a cylindrical domain,
when assuming that the tube is built by mapping a cylindrical domain onto a tube.
This procedure complicates the differential equation significantly as also terms of lower
order appear, but one could apply standard tools to solve it. Instead of mapping the
problem back to a cylindrical domain, one can apply deforming-mesh methods or
fixed-mesh methods to solve problems with time-dependent boundaries. Deforming-
mesh methods contort the mesh according to the deformation of the domain, while
fixed-mesh methods use a stationary background mesh on which the domain evolves.
For an illustration, see for example [Gaw15]. While deforming-mesh methods have
problems with large deformations, fixed-mesh methods cannot represent the geome-
try accurately. To overcome this, in [GL14, Gawl5|, the so-called universal mesh is
introduced, which uses a background mesh with a small number of perturbed nodes
to match the geometry. In [DE07], a method of solving a partial differential equation
on an evolving hypersurface is presented. The idea of the method is to approximate
the hypersurface.

Solving a partial differential equation can also be done with a boundary element
method as mentioned above. The advantage over the finite element method is that
only a time-space boundary mesh rather than a full time-space volume mesh is required
as for finite elements. Moreover, a boundary element method naturally fits with the
Hadamard structure theorem. This reduces complexity, but also has some limitations.
The functional analytic framework is more complicated, boundary element methods
are only suitable if there exists a known fundamental solution, the system matrices
are dense and implementation requires a serious amount of expert knowledge, see also
|Cos04].

The difficulties outlined above make the analysis and implementation of parabolic
shape optimization problems on time-dependent domains significantly more involved
than for time-independent domains. To the best of the author’s knowledge, there
seems to be only few literature available for numerical computations for time-dependent
domains in more than one dimension.

We would like to mention [DBH13], where the authors monitor the formation of
solid deposits inside a container for nuclear waste. This is a so-called inverse geometric
problem. They use the method of fundamental solutions to solve a two-dimensional
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heat equation and reconstruct the internal moving boundary by measuring the Dirich-
let and the Neumann data at the exterior. Similar to the boundary element method,
the advantage of the method of fundamental solutions is that no meshing of the
domain or the boundary is required. The drawback is that the method generates ill
conditioned matrices, see [AA18]. Another problem, that falls into this class of inverse
geometric problems, is considered in [HT98]. They reconstructed a time-dependent
boundary in two dimensions using a conjugate gradient method and a boundary ele-
ment method.

Time-dependent boundaries also appear in the class of the moving boundary prob-
lems, which could be interesting to solve with the tools of shape optimization. In
general, such problems contain time-dependent boundaries which are unknown and
depend on time and spatial variables. Moving boundary problems are also called Ste-
fan problems, going back to J. Stefan in 1889, who studied the formation of ice in the
polar sea, see [Ste89]. They find their application, for example, in the modelling of
phase transitions, chemical reactions, fluid flow in porous medium or melting of ice,
compare [Cra84|. There exists a wide variety of literature on Stefan problems, see
for example [FK75, Gup03, Mei92, Rub71, Tar88| and the references therein. This
literature mostly treats the analysis of the Stefan problem. [LT21] solves the one-
dimensional Stefan problem with the tools of shape optimization and served as an
inspiration to treat the multi-dimensional Stefan problem with shape optimization in
this thesis. Other possibilities to solve Stefan problem numerically are explained in
[Cra84|: there exist front-tracking methods, front-fixing methods and fixed-domain
methods. Notice that moving boundary problems are also studied in optimal control,
see for example [BH11, HZ07, PLOS].

In view of the above mentioned status of the literature, the contributions of this
thesis are as follows:

1. We develop a suitable functional analytic framework in anisotropic Sobolev
spaces on time-dependent domains for the heat equation with Dirichlet or Neu-
mann data. Using the framework of boundary integral equations then allows us
to show existence and uniquenes of solutions for the Dirichlet and the Neumann
problem with zero initial condition within these Sobolev spaces. These results
are available in [BHT20] and are a generalization to the parabolic time-space
boundary element theory as in [Cos90].

2. We summarize the theoretical results for shape calculus on time-dependent do-
mains from [MZ06], evaluate their usability for numerical computations and
expand the results for general functionals serving as a reference for further re-
search. For the convenience of the reader, we provide proofs of the statements
when they seem to be missing in the literature. Moreover, using the correct
anisotropic Sobolev spaces from the first part, we rigorously derive the local
shape derivative of the Dirichlet problem, which is published in slightly less
general form in [BHT21] based on the cylindrical setting treated in [CKY98].

3. We provide numerical examples which serve as a proof of concept for the the-
oretical findings. On the one hand, we consider an inverse geometric problem
and, on the other hand, as a forward problem, a Stefan problem. Both types of
problems are rewritten such that they can be solved using shape optimization
techniques. These examples are also in [BHT21, BH21|.




The remainder of this thesis is now structured as follows.

Chapter II covers the notion of classical function spaces such as Sobolev spaces
and some basic terms of differential geometry such as tangential differential operators
and the necessary divergence theorems from the literature. We would like to point
out, that we especially introduce the so-called tangential Stokes formula, which serves
as an integration by parts formula on boundaries.

Chapter III recalls the notion of parabolic partial differential equations on tubes
and the corresponding traces. It moreover states uniqueness and solvability of such
problems based on boundary integral operators in the appropriate anisotropic Sobolev
spaces. To the best of the author’s knowledge, no such theory exists for tubes. There-
fore, we aim to extend the theory from cylindrical domains to non-cylindrical domains.

Given sufficient regularity of the tube, several possibilities on how to establish
analogous integral equations and properties of integral operators as on cylindrical
domains came to our mind. In the following, we briefly discuss these possibilities and
explain why the chosen approach seems to be the most promising one.

A first approach could be to exploit the fact that the fundamental solution does
not use boundary data and is thus defined on the free space R x R%. Therefore, it
is the same for a cylindrical and a non-cylindrical domain and allows to state the
integral operators in cylindrical and non-cylindrical domains. To derive the mapping
properties of the integral operators, one could make use of the equivalence of norms
on the tube and on the cylindrical domain by establishing equivalence results of the
fundamental solution, evaluated on the tube and on the cylindrical domain. The prob-
lem is that the Neumann trace, which will be considered here, contains an additional
term involving the normal velocity of the tube, which needs to be dealt with.

A second approach could be to map back the partial differential equation from the
non-cylindrical domain onto the cylindrical domain. The advantage is that one now
considers a cylindrical domain, for which more theory is available. The drawback is
that the differential equation in the reference domain is more complicated because of
time and space dependent coeflicients. Finding a fundamental solution is more difficult
and one could for example pursue the parametrix ansatz, taken in [Fri83], and then
find the according mapping properties of the respective layer operators. Summarizing,
it seems that a heavy theoretical machinery is required for this approach.

The third approach considers the partial differential equation on the non-cylindrical
domain. Here, the partial differential equation is simple, but the domain is more in-
volved in contrast to the second approach. This approach was used in [Taul9|, but
without the corresponding Sobolev spaces and mapping properties of the integral op-
erators. Since we already did computations in [BHT21] based on [Taul9], and since
[Cos90] provides a self-contained analysis of the mapping properties of the layer op-
erators for the heat equation in a cylindrical domain, we follow this approach and
generalize the theory of [Cos90] to tubes.

Chapter IV gives an introduction to shape optimization for tubes. More precisely,
we first recall how a tube is generated and perturbed in the setting of the speed
method as well as in the setting of the perturbation of identity. This mostly follows
the literature available, but we intend to provide and clarify the proofs where needed.
Since we outlined above that it is easier to use the perturbation of identity for our nu-
merical computations, the focus is placed on this. We then compute shape derivatives
for general functionals, in particular a domain functional and a boundary functional.
Although the proofs are similar to the proofs for the time-independent shape calculus,
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we state them because they seem not to be carried out in the literature and we notice
that some of the technical details are crucial for formulating the correct boundary
functional. Moreover, we rigorously compute the local shape derivative for a Dirich-
let problem and then give formulae for general functionals dependent on a Dirichlet
problem, both of which cannot be found to this extent in the literature to the best of
the author’s knowledge.

In Chapter V, we then apply shape optimization techniques to an inverse problem.
It is the time-dependent analogue of the problem stated in [HT13], where a parabolic
shape optimization problem is considered for a time-independent shape. The goal
therein is to detect a fixed inclusion or void of zero temperature inside a solid or
liquid body by measurements of the temperature and the transient heat flux at the
accessible outer boundary. In contrast, in this chapter, we now consider an inclusion
which changes its shape during time.

The problem under consideration is reformulated as a shape optimization prob-
lem by means of a tracking-type functional for the Neumann data. Therefore, for a
given temperature at the exterior boundary, the mismatch of the Neumann data is
minimized in a least-squares sense. Since we intend to apply a gradient-based opti-
mization algorithm, we compute the shape gradient of this functional by means of the
adjoint approach, which is known to reduce the computational effort. Then, we make
a parametric ansatz for the inclusion and use a boundary element method to solve the
heat equations for the primal state and the adjoint state. As only the boundary has
to be discretized, the dimensionality of the problem is reduced by one, which allows
for efficient computation of the solution. Numerical results in two spatial dimensions
validate that the present approach is feasible, leading to meaningful reconstructions.

In Chapter VI, we treat the one-phase Stefan problem with the developed tools
of shape optimization as a second example and as a forward problem. The one-
dimensional case was covered in [LT21]. In here, we treat the multi-dimensional case,
which requires an adequate reformulation of the so-called Stefan condition in order to
obtain a functional whose shape derivative is analytically computable.

Our objective functional is chosen such that it is minimal if the Stefan condition
is satisfied. Therefore, the goal is to minimize this objective functional over all admis-
sible surfaces and as in Chapter V, we would like to apply a gradient based method.
Hence, we compute the shape derivative of the functional and introduce the adjoint
problem to alleviate again the computational cost. We present a numerical example,
which serves as a proof of concept for the theoretical findings by making once more
a parametric ansatz of the boundary. The appearing differential equations are solved
by a finite element method and the method of lines after mapping the problem back
to a cylindrical reference domain.

Finally, Chapter VII contains final remarks and an outlook for possible future
work.




Chapter 11

Preliminaries

II.1 Function spaces and derivatives

In this section, we fix the notion of the standard function spaces needed throughout
the thesis, which include the spaces of smooth functions, LP spaces and Sobolev spaces.
We also recall the notion of a Gateaux and Fréchet derivative.

Let us denote by (-,-) the standard scalar product in R¢, d € N, and || - || its
associated norm.

II1.1.1 Smooth functions

The following definitions, unless indicated otherwise, are given along the lines of
[Alt12, Sections 1.2-1.7].

Definition I1.1.1. Let Q C R be open and bounded, and Y a Banach space over R
with the norm || - ||y. Let k € No. The space of k-times differentiable functions is
defined as

CFOY) :={f: Q= Y: f is k-times continuously differentiable in Q
and 0% f is continuously extendable to Q for o] < k}.

The spaces C*(;Y) are Banach spaces with the norm

Ifler@yy = D 10%Fleo@yy:

la|<k

where
1l oy = sup £y
xe)

Let us set C*(Q) := C*(; R).
We have the following definition, see also [Alt12, Section 2.26].

Definition IL.1.2. Let Q, O C R We call f: @ — Q a C*-diffeomorphism, if f is
bijective, f € CF(;RY) and f~1 € CF(Q;RY).

To measure regularity on a finer scale, we recall the subsequent definition of Holder
spaces.
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Definition I1.1.3. Let Q C R? be open and bounded and Y a Banach space with the
norm || - ||y. Let k € Ng and k € (0,1]. We define the Holder spaces as

CHROY) i={f € C*Q;Y): HOL,(0%,Q) < oo for || = k},

where

x) — f(y)l

Hol,(f, Q) :=sup { |f(x mpnr DX,y €Q,x # y} .

These spaces are Banach spaces with norm

[fllerey) = 3o 10 Flloogy) + 3 HoL(9® .9,

lee| <k |a|=k

Functions in C%'(Q;Y) are called Lipschitz continuous.

If ) is not a compact set, we can nevertheless define the above function spaces by
considering © C RY, such that there exists an exhaustion (K;);eny with compact sets
K; c RY fulfilling

Q=|JK;and ) # K; C Ky CQfori €N,
ieN (I1.1.1)
x€N= Bs(x)NQ C K; forad >0andieN.

Moreover, let Y be a Banach space over R. The set
CoUQ;Y) :={f: Q= Y: fis continuous on 0}

is again a vector space and with the Fréchet metric

sy Moo gy
2% T4 flleoe

also a complete metric space. The topology is independent of the choice of the ex-
haustion. In complete analogy, we can introduce the spaces C*(Q;Y) and C**(Q;Y).

Definition I1.1.4. Let Q C R? and Y a Banach space. For functions f: Q — Y, the
support of f is defined as

suppf—{XEQf 750}

We say that f has compact support in 2, if supp f € Q. In here, the notation G € 2
means that the closure G C  and G is a compact subset of R, see [AF03, Section
1.3].

With this definition at hand, we can introduce the functions with compact support
as

COY) :={f € CO(xY): supp(f) € Q},

see [AF03, Section 1.26] and [Alt12, Section 1.4], and analogously C§(Q;Y).
Along the lines of [Alt12, Section 1.8] or [AF03, Section 1.26], we recall the space
of smooth functions.
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Definition II.1.5. Let Q C R? be an open domain and Y a Banach space. The space
of smooth functions is defined as

Co(Y) = () CHY).
keN

Analogously, one can define the smooth functions with compact support as
Coo (1Y) :={f € C(Q;Y): supp(f) € Q}.

Notice that C§°(€2;Y) can be equipped with a topology and then becomes a topo-
logical vector space also denoted by D(f2), see e.g. [AF03, Section 1.56] or [Alt12,
Section 3.20 and 3.21|. This vector space is called the space of test functions, which
is used in the following to introduce distributions.

I1.1.2 Linear operators and dual spaces

We give the notion of linear operators and dual spaces along the lines of [Alt12,
p. 148ff.].

Definition I1.1.6. Let X and Y be general topological vector spaces. The space of
linear operators is defined as

LX;Y):={T: X = Y: T is linear and continuous}.

If X and Y are normed spaces, we speak of bounded operators and, for every T €
L(X;Y), we can associate its operator norm by

1Tl zcx;vy == sup ||Tx|ly < oo.
llz|l x <1

Note that T' € L£(X;Y) if and only if ||T'[|(x,y) is finite. Using linear operators,
we can introduce the dual space.

Definition II.1.7. For a topological vector space X over R, we denote by
X' = L(X;R)
1ts dual space.

Let X be a Banach space. Writing (z,2') x«xx/ 1= 2/(x) for x € X, we define an
isometric map Jx € L(X; X") via

(2, Ixx)xrxxrn = (x, 2" xxx forxe X, 2’ € X',

where X" denotes the dual space of X’. X is called reflexive if the map Jx is surjective,
see [Alt12, Chapter 6]. Thus, a reflexive space X is isometric isomorph to its bidual
space X" with respect to the isometry Jx. Moreover, a topological space X is called
separable if it contains a dense, countable subset [Alt12; Definition 0.13].

We introduce the notion of a distribution along the lines of [Gral4, Section 2.3].

Definition I1.1.8. Elements of the dual space D'(R?) = (Cgo(Rd))/ are called distri-
butions and D'(R?) is called the space of distributions.
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By the definition of the dual space, we have that T, — T in D'(R?) if and only if
Ty, T € D'(RY) and Ty(f) — T(f) for all f € C°(RY).

Following [McL00, p. 72|, we define rapidly decreasing smooth functions, which
we will use in Section II.1.4 to introduce the notion of Sobolev spaces.

Definition I1.1.9. The Schwartz space S(RY) is defined as

S(RY) := {1/1 e C*°(RY): sup \xaa%(x)\ < o0 for all multi-indices o, 3 € Ng}.
x€R

Remark I1.1.10. Clearly, the Schwartz space contains the space Cgo(Rd). We call
S'(RY) the space of tempered distributions, see also [Bon11, Definition 9.3.1].

11.1.3 P spaces

In the sequel, we introduce the Lebesgue spaces LP along the lines of [Alt12, Section
1.15]. The used generality corresponds to the case of Bochner spaces, compare [Boc33].
We first state the notion of a measure space.

Definition I1.1.11. Let X be a set and B o non-empty system of subsets of X. We
call (X, B, 1) a complete measure space and 1 a measure on B if

e B is a o-algebra,

e 1: B — [0,00] with u(0) = 0 is o-additive, i.e. if for E; € B for i € N pairwise
disjoint it follows p (UienE;) = Doy 1(Ei),

e if N € B withu(N)=0 and E C N, then also E € B.

Definition I1.1.12. Let (X, B, u) be a measure space and Y a Banach space over R
with norm || - ||y. For f: X =Y a p-measurable function, we define the norms

1
P
(L ugan)” orisp<,
1Nl ze vy = b%

esssup || f|ly for p = oc.
We define the L},(X;Y)-spaces for 1 <p < oo as
LY(X;Y) :={f: X > Y: f p-measurable and | f|| 1z x,y) < oo}
under the equivalence relation
f=gin L(X;Y) & f =g p-almost everywhere.

If u is the Lebesgue measure, we write LP(X;Y) = L (X;Y) and, if (Y, |- [ly) =
(R,|-1]), we set LP(X) = LP(X;Y) for ease of notation. These standard LP spaces
are for example also defined in |For09, Paragraph 12, Definition p. 133]. We will use
the Bochner spaces to classify the function spaces required for the heat equation in
Chapter III.

The space L, (X;Y) is a Banach space for all 1 < p < oo, see also [AF03, Theorem
2.16]. Moreover, for p = 2 and Y a Hilbert space with scalar product (-, )y, the space
Li(X; Y') is a Hilbert space with

(f?g)Li(X;Y) = /X (f(x)ag(x))y dp. (11.1.2)

We define locally integrable functions according to [AF03, Section 1.58].

10
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Definition I1.1.13. Let Q C R? be a non-empty open set. A function f is called
locally integrable on €, if f € L'(S) for all S € Q. We write f € Ll ().

The following is in accordance with |[AF03, Theorem 2.19, Corollary 2.30].

Lemma I1.1.14. Let Q C R? be a non-empty open set. Then, Co(Q) and C§°(Y) are
dense in LP(QQ) for all 1 < p < 0.

I1.1.4 Sobolev spaces
We define the weak derivative as in [AF03, Section 1.62].

Definition 11.1.15. Let Q C R? be a non-empty open set. Let f € LL (Q) and
o € N&. If there exists a go € L (Q) such that

/ F()0%p(x) dx = (—1)!* /Q G (X)ip(x) dx

for all ¢ € D(Q), we call go =: O f the weak derivative of f.

Notice that the weak derivative is unique up to a set of measure zero. Moreover,
the classical strong derivative coincides with the weak derivative if f is smooth enough
such that it exists. On the other hand, the weak derivative might exist for functions
which have no classical derivative.

We now have all the ingredients to define Sobolev norms and spaces as in [AF03,
Chapter 3|.

Definition II.1.16. Let k € Ng and 1 < p < oco. We define the Sobolev norms

Z ||(9°‘u||7£p(9) , if 1 <p< oo,
lullwrr@) = \o<al<k
ma 0%ul|poo(qy, if p=
0§|a|);k|| ull (), ifp=oc

As before, we consider equivalence classes.
We define two vector spaces, for which || - |ym.rq) is a norm:

o WEP(Q) is defined as the set {u € LP(Q): 9%u € LP(Q) for 0 < |a| < k}.

o WIP(Q) is defined as CSO(Q)”'HW’“’”Q).
These spaces are called Sobolev spaces when equipped with the norm || - |[yym.r(q)-

In [MS64] it is proven that for k € N, 1 < p < oo, the space W*P(Q) coincides
with the space defined as the completion of the set {u € C*(2): ullwery < 0o}
with respect to the norm || - [|yrp(q) (see also [AF03, Theorem 3.17]). According to
[Alt12, Theorem 2.24], we then have that WP () N C>(Q) is dense in WHP(Q) for
all 1 <p < oo.

It holds Wo’p( ) = LP(Q2) and, since C§°(€2) is dense in LP(12) (see Lemma I1.1.14),
also Wo’p( Q) = LP(2) for 1 < p < co. Moreover, for any k € N, we have the chain of
embeddings W) MP(Q) < WEP(Q) < LP(Q). The spaces W"”’(Q) are Banach spaces

11
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(see [AF03, Theorem 3.3|) and separable if 1 < p < oo (see [AF03, Theorem 3.6]).
Especially, W*2(Q) is a separable Hilbert space with inner product

(u, V)pr2() = Z (0%u, 0%v) 12, (I1.1.3)
0<|al<m

where the L? inner product is defined in (I1.1.2).

We now introduce fractional Sobolev spaces, that is, instead of & € N, we consider
s € R. This can be done in different ways, see for example the survey paper [DNPV12].
Here, we follow [McL00, Chapter 3| to introduce the Sobolev-Slobodeckii norm.

Definition I1.1.17. Let s € Rog with s = k + k, where k € Ny and k € (0,1). Let
Q C R? be an open subset. The Sobolev-Slobodeckii norm is defined as

1
S (e S L

[0%u(x) — 0%u(y)[”
’u‘Wep(Q Z// HX Yl dxdy.

|| =F

where

In complete analogy to the above, we can define, see [McL00, p. 74|,
WHP(Q) = {u € WFP(Q): ulysniq) < 00}
and, see [DNPV12, p. 527],
s o7l lws.
WP(Q) == Cgo(Q)" ™",

For p = 2 and real s > 0, we have that W*2(Q) is a Hilbert space with the inner
product

(u, V)ys.2(q) =, V) e, 2(0)

N Z// (0%u(x) — 0%u(y)) (0%v(x) — 8*v(y)) dxdy.

= eyl

where the inner product (-, -)yk2(q) is introduced in (I1.1.3).
For s <0 and 1 < p < oo, the Sobolev space W*P(Q) is defined as the dual space
of Wy ®(£2), where ¢ satisfies % + % = 1. The norm is the usual dual norm given by

. |(u, v) £2(0)l
sy = sup o
ovew, =) 1V1wy=9(q)

9

where the following remark justifies the use of the L? inner product notation instead
of the duality pairing.

Remark I1.1.18. For a reflexive Banach space V' and a Hilbert space H with v: 'V —
H a continuous, injective, dense embedding, we have the so-called Gelfand triple

Ve H<V.

The embedding J': H — V' is again continuous, injective and dense (compare [Wlo87,
Definition 17.1]). We can then continuously extend the inner product (-,-) g to V' x V.
Therefore, the dual norm introduced above makes sense.

12
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In the following, we introduce a second notion of Sobolev spaces along the lines of
[McL00, p. 751t

Definition I1.1.19. For s € R, we define the continuous linear operator J°: S(R?) —
S(R?), called the Bessel potential of order s, by
Jou(x) = /Rd (1+ HEHQ)%Q(é)eiQ”<X’€> d¢  for x € RY.
In here, 4 = Fu denotes the Fourier transform defined by
u(€) = /]R‘i e~ ?mEX) y(x)dx  for & € RY,
which is a continuous linear operator F: S(RY) — S(RY) with continuous inverse, see

[McL00, p. 69f.].

Definition I1.1.20. For s € R, we define the Sobolev space H*(RY) of order s on R?

by
HYRY = {ue 8'RY): Jue L*(RY}.

We have the inner product
(u, ) s (ray = (T°u, T°0) [2(ra)

and the induced norm

HUHHS(Rd) =/ (u, U)Hs(Rd) = ||jsuHL2(Rd)-

For a non-empty domain © C R?, we can introduce the Sobolev spaces H*(f2) as
restrictions of H*(RY), see [McL00, p. 77]:

Definition I1.1.21. Let Q C R? be a non-empty domain and s € R. We define
Q) == {u="Ulg: U € H*(R%)}

with the norm
s = i f U s .
e =, _inf |, 1Vl
Ulg=u

Moreover, we define
75(Q) == Do) e (I1.1.4)
HS(Q) = WH'”HS(SZ).

The equivalence of W2(Q) spaces and H*(Q) spaces depends on the smoothness of
the domain Q. Therefore, we introduce the notion of C**-domains along the lines of
[McL00, Chapter 3 and Definition 3.28|, where k € Ny and & € (0, 1]. To this end, let
Q) € R? be an open set with boundary

=00 =0n[RN\Q).

Then, we say that Q is a C**-hypograph if there is a function &: C**(R41) - R
such that

Q={xeR z4<&(x1,...,24-1) for all (z1,...,24-1) € R} (IL.1.5)

13
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Definition I1.1.22. Let k € Ny and x € (0,1]. The open set Q is a C**-domain if
the boundary T’ := 0 is compact and there exist finite families {W;} and {Q;} with
the following properties:

o The family {W;} is a finite cover of I'. This means, that W; are open subsets
of R* and T C U; Wi,

e cach §; can be transformed to a C* % _hypograph by a rotation and a translation,
o for Q it holds W; N Q= W; N Yy for every j.

Notice that a Lipschitz domain is thus a C%!-domain. If Q is a Lipschitz hypograph
as in (IT.1.5), we have that

r= {xeRd: xdzf(xl,...,:cd,l)}.

Every Lipschitz domain 2 has a surface measure ¢ and an outward pointing unit
normal n almost everywhere.

Under a sufficiently smooth mapping, the Lipschitz property of the domain is
conserved. More precisely, let k: R — R¢ be a C'-diffeomorphism. Then, if  is a
Lipschitz domain, also the set k() is a Lipschitz domain, see [McL00, p. 90]. [McL00,
Theorem 3.33| and [McL00, Theorem 3.30] provide the following statement.

Lemma I1.1.23. Let s € R>g and Q be a Lipschitz domain. We then have
H*(Q) C H§ ()

and

H*(Q) = H(Q) for all s # {

Do o

5
e

H5(Q) = H5(Q), H*(Q) =H Q) forallsecR.

1
27
Moreover,

Additionally, we can state the equivalence of the Sobolev spaces, see |McL00,
Theorem 3.30|, [McL00, Theorem 3.16|, [Wlo87, Lemma 5.1| and [McL00, Theorem
3.19].

Lemma I1.1.24. Let Q be a Lipschitz domain or Q = R%. Then, it holds
W2(Q) = H*(Q) and WS*(Q) = H{(Q) for all s € Rxo.
Moreover, for any non-empty set Q C R* and any k € Ny, it holds
H=*@Q)=w=r2(Q)

with equivalent norms.

14
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I1.1.5 Sobolev spaces on manifolds

To construct Sobolev spaces on manifolds, for example on the boundary I of a domain
Q, we use the Sobolev spaces on R9~! as shown in [McL00, Chapter 3, p. 98ff.]. The
well-definedness of the Sobolev spaces depends on the regularity of the boundary
and a reasonable notion of integration on submanifolds which relies in particular on
the surface measure 0. Due to the required differential geometric technicalities we
postpone a detailed discussion thereof to Section I1.2.2. We first need to introduce
the notion of a partition of unity along the lines of [McL00, Chapter 3, p. 83].

Definition I1.1.25. Let Q C R% be an open set. A partition of unity is a finite or
infinite sequence of functions 1, s, ... € C®(RY) such that

1. ¢; >0 on RY for all i,

2. each point of Q has a neighbourhood that intersects supp w; for only finitely many
i,

3. > i pi(x) =1 for all x € Q.

From the second property, it follows that the sum in the third property is a finite
sum for every x € 2. Moreover, if ) is not open, we speak of a partition of unity of
Q if the ¢; form a partition of unity for an open neighbourhood of €.

Let W be an open cover of Q. Following [McL00, p. 84|, we say that a partition
of unity {g;}i>1 is subordinate to W if for each i there exists a W € W such that
supp ¢; C W. We can now state the following lemma, for the existence of a partition
of unity along the lines of [McL00, Theorem 3.21, p. 84].

Lemma I1.1.26. Given any open cover W of a set Q C R?, there exists a partition
of unity {@i}i>1 for Q subordinate to W. Moreover, the @; can be chosen in such a
way that supp @; is compact for each 1.

Definition I1.1.27. Let k € N and Q be a C*~V1-domain. Let {¢;};>1 be a partition
of unity subordinate to the open cover {Wj}j>1 of I := 0N, where the W; are intro-
duced in Definition 11.1.22. Thus, there exist C*~VF_-mappings P R — Re, for
example given by X — (:L‘l, v g1, & (T, ,md_l)). With the aid of the partition
of unity, we can write every function u defined on I' as

u= Z(pju.
J

We then set, using L*(T') = L2(T),
H(D) = {u e L*(T): (pju) o P, € H* R for all j} forall0<s <k
and endow it with the scalar product

(,0) sy = Y ((p5u) 0 by, (0) © V5) o a1y

J
For —k < s < 0, we define the Sobolev spaces by duality, thus

H* () = (H*())',

15
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equipped with the dual norm

(u, U)L?(F)
||UHH5(F) = sup TR
over—s(r) 1Vl E-s(r)

The use of the L? inner product instead of the duality pairing is justified by Remark
11.1.18.

Notice that, according to [McL00, Chapter 3|, the definition is independent of the
choice of {Wj};>1, {};>1 and {p;};>1.

With an analogous procedure as above, we can define the spaces C* (T") for k € Np.

To introduce Sobolev spaces which are only defined on a part of the boundary,
we follow [McL00, p. 99]. Let © be a Lipschitz hypograph. Let I' = 'y UTI U 'y,
where I'y and I's are disjoint, non-empty, relatively open subsets of I' and have II as
their common boundary in I'. We call this a Lipschitz dissection of I' if there exists a
Lipschitz function p: R4"2 — R such that

I = {X el xgq < p(zxy,... ,xd_g)},
II= {X el xgq=p(xy,... ,xd_g)},
Iy = {X el xg_1 > p(xy,... ,xd_g)}.
This can be naturally extended to €2 being a Lipschitz domain. We define
H*(Ty) :={U|r,: U € H*(T') }.
Let D(I'1) ={¢ € D(I"): supp¢ C I'1}. Then, we set

~ ———H*(T
ary) =pay)" "

in analogy to (II.1.4).

I1.1.6 Gateaux and Fréchet derivative

In the following, we introduce the notions of the first variation, the Gateaux derivative
and the Fréchet derivative along the lines of [Tr605, Section 2.6, p. 44-46], see also
[Alt12, p. 149]. We let X and Y be real Banach spaces, Q@ C X an open set and
f:Q — Y a mapping.

Definition I1.1.28. If the limes

d
= G+ )z

exists in Y for given x € QQ and h € X, then we call it the directional derivative of
f at x in the direction h. If the limes exists for all h € X, then we call the map
h — Vf(x,h) the first variation of f at x.

This map does not have to be linear, see [Ir605, p. 44| for an example.

Definition I1.1.29. If the first variation Vf(x)[h] at x and a linear continuous
operator A: X — Y with

Vf(x)[h]=Ah forallhe X

exist, then we call f Gateaux differentiable af x and A is the Gateaux derivative of
[ at x. We write A = fL(x).

16
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Thus, if f: Q@ — R is Gateaux differentiable at x, then f/,(x) is an element of the
dual space X'.

Definition I1.1.30. A map f: Q — Y is called Fréchet differentiable at x € Q, if
there exists an operator A € L(X;Y) and a map r(x,-): X — Y with the following
property: For allh € X with x +h € Q it holds

f(x+h)=f(x)+ Ah +r(x,h),

where T satisfies
[l (x, )|y
x| x

A is called the Fréchet derivative of f at x and we write A = f.(x).

— 0 for ||hl[x — 0.

Notice that, in general, not every Gateaux differentiable function is also Fréchet
differentiable, see [AH10, p. 242] for an example. The inverse is true, thus if f is
Fréchet differentiable at x, then f is continuous at x and Géteaux differentiable with
f&(x) = fr(x), see [ITT9, Hilfssatz 1, p. 37].

The following theorem can be found in [IT79, Folgerung, p. 41] or [AH10, Propo-
sition A.3, p. 242] and gives a criterion when a Gateaux derivative is also a Fréchet
derivative.

Theorem 11.1.31. Let X be a Banach space and f a continuous map from the open
netghbourhood U of x into the Banach space Y. If f is Gdteauz differentiable on U,
i.e. for ally € U, and the map U — L(X;Y) given by y — fL(y) is continuous, then
f is Fréchet differentiable at x.

I1.2 Differential geometry

In the following section, we will recall how to transform domain and boundary integrals
when having a diffeomorphism at hand, and introduce some general terms and facts
of differential geometry.

I1.2.1 Fundamental terms

We first introduce the notion of a parametrization along the lines of [FK14, Paragraph
11, p. 257(1].

Lemma I1.2.1. Let 1 < m < d and 1 < k < oco. For every point a of an m-
dimensional C*-submanifold S C RY there exists a neighbourhood V.C R?, a domain
UCR™ and a C*-map v: U = S with

e v(U)=VnNS,
e D~(u) has the mazimal rank m for every u € U,
o the inverse map y~1: VNS — U exists and is continuous.

We call such maps v a parametrization of S and the image V NS a parameter
neighbourhood of a.

17
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Following [FK14, p. 264], we can define the tangent space of a submanifold and
characterize it as the span of the derivatives of the parametrization.

Definition I1.2.2. Let S be an m-dimensional submanifold of R?. A vector v € R? is
called a tangent vector of S at the point a € S if there exists a C'-curve a: (—¢,€) —
S with

Lemma I1.2.3. The set of all tangent vectors of S at a point a € S builds an m-
dimensional vector space, called the tangent space T,S. It is characterized by

TaS = span {817(u), ey 8m'y(u)}
and is the image of Dy (u) for every parametrization v with v(u) = a.

Definition I1.2.4. Let S C R? be a CT-submanifold. A function f: S — R is
called C*-differentiable (f € C*(S),0 < k < r), if f o~ is CF-differentiable for
every C"-parametrization v of S. It suffices that for every point a € S there exists at
least one C*-parametrization of a neighbourhood V N S of a, such that f o~ is C*-
differentiable. A vector field V: S — R is called C*-differentiable, if every component
is C*-differentiable.

In the following, we introduce the Gram matrix along the lines of [FK14, p. 265].
Let v be a parametrization of an m-dimensional submanifold S C R? Then, the
Gram matriz

G(u) = Dy(u)" Dv(u)

has the coeflicients
gik = 0y(0)T0py(u), 1<i,k<m.

The Gram determinant is defined as
g(u) := det (G(u)).

11.2.2 Integration on submanifolds

We can now define the integration on submanifolds according to [FK14, p. 266]. Let
f: S — R be a continuous function on an m-dimensional submanifold S ¢ R?. Let
K be a compact subset of S. Then, we can define the integral fK fdo in two steps.

Step 1 If K lies within a parameter neighbourhood (see Lemma I11.2.1), thus in the
image of a parametrization v: R™ DU — SNV, we set

/fda ::/ f(v(u)V/g(u)du. (I1.2.1)
K v~ HK)

Notice that the right-hand side is independent of the choice of the parametriza-
tion.

Step 2 Let K be an arbitrary compact subset of S. There exist finitely many parameter
neighbourhoods Vi, NS and corresponding parametrizations v, : R™ D Uy —
Vi, N S such that K C |J;, Vix. Moreover, there exists a partition of unity {¢}
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with supp ¢ C Vi (see Definition 11.1.25). We set Ay := K Nsupp ¢y, and define

the integral as
fdo:= / fordo. (11.2.2)
Joram =%},

This definition is independent of the choice of cover and partition of unity.

Notice that the integral transformation formula for domain integrals, see e.g. [Forl7,
Satz 1, p. 104], is a special case of (I1.2.1) and reads:

Lemma I1.2.5. Let U and V be open sets of R® and k: U — V a C-diffeomorphism.
Then, for every continuous function f: V — R with compact support, it holds

/Vf(}’) dy = /Uf(n(x))‘ det (Dr(x)) ‘ dx.

For the computation of the integral [ g Jdo, one can apply the definition above if
S is compact or allows to be covered with finitely many parameter neighbourhoods.
Otherwise, we can find countable many compact sets K; C S as described in (II.1.1).
A continuous function f: S — R is integrable over S, if the sequence of integrals
Jx, 1f|do is bounded. In this case, we define

/ fdo:= lim f do.
1—00
This definition is again independent of the choice of K;, see [FK14, p. 266].

I1.2.3 Boundary integral transformation

We introduce the change of variables for boundary integrals, whose proof is in complete
analogy to [SZ92, Proposition 2.47] or [SS10b, Remark 3].

Lemma I1.2.6. Let I' € R? be a C*-manifold, 1 < k < co. We denote the mapped
boundary by T = k(T), where k: R? = R is a CF-diffeomorphism. Let g € L'(T'y,).
We have the integral transformation

/ gda,i:/gomu,ida
" r

wy, = | det(Dk)|||(D&) )| (11.2.3)

with the density term

and n being the unit normal of T'.

Notice that the density term can be computed by a general procedure, see |[DZ11,
Chapter 2, Section 3.2.2|.
The following is along the lines of [SS10b, Lemma 9].

Lemma 11.2.7. The unit normal field n, on the mapped boundary I'y, reads
(Dk(x)) n(x)

) T i) Tt

I

where n 1s the unit normal on I.
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I1.2.4 Curvature

Let Q C R? be a Lipschitz domain with boundary I' and n be the outward pointing
normal. Let us introduce how to describe a surface implicitly. According to [OF03,
Formula (2.1)] or [Néd01, Formula (2.5.138)], we have the following definition.

Definition I1.2.8. A distance function a is defined as

a(x) = inf [x —y| for x € R%
yel

It holds a(x) =0 for x € I

Notice that distance functions have a kink at I'. We can therefore introduce signed
(oriented) distance functions (see [DZ11, Chapter 7, Section 2| or [Néd01, Section
2.5.6]).

Definition II1.2.9. A signed distance function is a function b(x) with |b(x)| = a(x)
for all x. Having o domain ), we can divide the space into the interior and the
exterior. If b(x) = a(x) = 0, the point x lies on the boundary T'. If b(x) = —a(x),
then the point x lies in the interior and for b(x) = a(x) the point X lies in the exterior
oT vice Versaq.

With this definition, we also removed the kink of the distance function (see [OF03,
Chapter 2]). Notice that the more general case of signed distance functions are implicit
functions ¢. They have the same sign convention as a signed distance function, but
not the distance property. Taking the level set of ¢, thus the set where ¢ assumes a
constant value, also allows to describe a boundary I'. Using the sign convention then
divides the space into the interior and exterior of a domain in an analogous fashion
as the signed distance function. We call ¢ a level set function.

Along the lines of [DZ11, p. 485], we have the following definition.

Definition I1.2.10. For a € > 0, we can define the tubular neighbourhood of T' C R?
as
Se(I) == {X c R%: b(x)| < e}

for the oriented distance function b associated to Q. If T is compact and C?, then
there exists an € > 0 such that b € C*(Sa(I)).

For smooth surfaces, it holds that the normal n to the surface corresponds to the
gradient of b. Thus, we have a canonical extension N of the normal from the surface
into a tubular neighbourhood of the surface by setting N/ = Vb. We denote the
curvature operator by

R := DN = D?. (11.2.4)

In here, D?b is the second fundamental form, see [DZ11, Chapter 9, Section 5|. Ac-
cording to [Néd01, Theorem 2.5.18| and [Gra91, Chapter 13.1], the curvature operator
is a symmetric linear operator acting in the tangent plane (see also Lemma 11.2.3).
Thus, it holds

Rn = 0, (11.2.5)

see also [Néd01, Formula (2.5.162)].
We can define the curvature along the lines of [MZ06, Definition 5.4] or [DZ11,
Chapter 9, Section 4.2]:
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11.2. Differential geometry

Definition I1.2.11. For a smooth surface I' C R?, d € N, the additive curvature H
of T is defined as

H=Ab=tr(R) = (d— 1)H.

Here, H is referred to as the mean curvature.

I1.2.5 Tangential differential operators

Let us consider again a Lipschitz domain 2 with boundary I' and let n be the outward
pointing normal. Along the lines of [DZ11, Chapter 9, Sections 5.1 and 5.2|, we
introduce the following definitions of the tangential differential operators.

Definition I1.2.12. Let I' be compact and let us associate to f € C*(T) an extension
FecC! (SQE(F)), Then the tangential gradient of f is defined as

OF
Vrf = VF|F — 871111.

Moreover, if we have an extension V. € C! (SQE(F);Rd) of a vector field v €
CHT;R%), d > 1, we can define the tangential Jacobian matrix as

Drv :=DV|r —DVnn'. (I1.2.6)
The tangential divergence is defined as
divp v :=tr (DV|p —DVnn") = divV|p — (DVn,n).

Notice that we can also introduce these tangential differential operators by using
projection operators instead of extensions, compare [DZ11, Chapter 9, Section 5].
With Definition 11.2.12 at hand, we can write the additive curvature also as

H =divpn

since

divpn = divAN|r — DA/nn" = Ab|r,

where we used (I1.2.5) and Definition 11.2.11.
According to [DZ11, Chapter 9, Theorem 5.2, it holds

(n,Vrf) =(Vb,Vrf)=0 (I1.2.7)

on I" under the assumptions that I' is compact and C?.
The following lemma gives a formula of tangential calculus, which can be found
in [DZ11, Chapter 9, Section 5.4, p. 497].

Lemma IL.2.13. Let W € C*(Sy,(T'); R?). We set
w:=W]p, wy:=(W,n), wr:=W —w,n.
Then, there holds

Vriwn = (DFW)TH + Rwr. (11.2.8)
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I1.2.6 Divergence theorems

We recall the well-known divergence theorem on domains, also known as Gauf’ theo-
rem (see [Forl7, Satz 3, p. 182]).

Lemma I1.2.14. Let Q C R? be a compact subset with smooth boundary, n the
outward pointing normal vector field and U D Q an open subset of RY. Then, for
every continuously differentiable vector field F: U — R?, it holds

/ div (F(x)) dx = / (F(x),n(x))do.
Q o0
Notice that we can also relax the assumptions of the above lemma. According to
[McLO00, Theorem 3.34] it suffices, that the domain is a Lipschitz domain. By a density
argument, we can also make use of this relation for F being weakly differentiable.
When considering a surface having a boundary itself, we can find an analogous
formula for boundary integrals in [DZ97, Corollary 3.1] and [SZ92, Proposition 2.58].
The formula is called the tangential Stokes formula.

Lemma I1.2.15. Let S C T be a C%-manifold and S be the boundary of S. For
v € HY(T';RY), it holds

/divsvdS—/H(v, n)ydS — [ (v,7)dos,
S S oS

where H denotes the additive curvature (see Definition 11.2.11) and T is the unique
unit tangent vector to S, which is outward pointing from S and normal to the boundary

0S.

The classical tangential Stokes formula for a closed surface is for example stated
in [DZ11, Chapter 9, Section 5.5, p. 498]. Notice that with the relation divg(fv) =
fdivsv+(Vsf,v) for f € HY(T) and v as above (compare [DZ11, Chapter 9, Section
5.5]), also a tangential Green’s formula can be straightforwardly derived from Lemma
11.2.15.
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Chapter 111

Parabolic equations on tubes

This chapter treats the necessary background for handling parabolic equations on
cylindrical domains and non-cylindrical domains, reflecting moving domains. While
the former is standard, the latter is not well-established. We can prove an exis-
tence and uniqueness result for the heat equation on moving domains with Dirichlet
boundary condition by using a variational formulation in anisotropic Sobolev spaces.
Introducing boundary integral operators and proving their mapping properties allows
to state also an existence and uniqueness result of a Neumann problem, where the
Neumann trace contains an additional term accounting for the moving boundary.

Although we follow the argumentation line of Costabel [Cos90], we repeat the
proofs here in the non-cylindrical setting for the reader’s convenience, since we have
to use the appropriate function spaces and the correct Neumann traces. We indicate
the needed adaptations.

To avoid cluttering of the notation, we use (-,-) to denote the standard inner
product on R? as well as to denote the duality product in this chapter, since the
meaning is clear from the context.

III.1 Anisotropic Sobolev spaces

In order to study the heat equation, we shall introduce appropriate anisotropic Sobolev
spaces on cylindrical domains. From these spaces, we will then derive Sobolev spaces
on time-dependent domains.

II1.1.1 Anisotropic Sobolev spaces on cylindrical domains

Let Qy C R% d > 2, be a Lipschitz domain in the spatial variable with boundary
Ty := 09 and let 0 < T' < co. Then, the product set Qo := (0,7) x Qy C R forms
a time-space cylinder with the lateral boundary Xy := (0,7') x I'g. The appropriate
function spaces for parabolic problems in time invariant domains, i.e. in cylindrical
domains, are the anisotropic Sobolev spaces defined by

H"™(Qo) == L*((0,T); H"(2)) N H*((0,T); L*())

for r, s € R>p, see, e.g., [CKY98, Cos90, LM72b|. The corresponding boundary spaces
are

H"™ (%) := L*((0,T); H(T0)) N H*((0,T); L*(To))
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CHAPTER III. PARABOLIC EQUATIONS ON TUBES

Note that these spaces are well-defined for 7 < 1 (while s > 0 is arbitrary) if Iy is
Lipschitz.

Remark IIL.1.1. The space H™*(Qq) consists of all functions u € L%*(Qo), where
the L*(Qo)-norm of the partial derivatives 8,‘2‘8?u(t,x) is finite for all |a| < Ar,
B<(1—N)s, and X € [0,1].

With these definitions at hand, we can define spaces for functions with zero initial
condition by setting

H(Qo) == L*((0,T); H"(0)) N H§ ((0,T); L*()),

Ig]

where
H§ ((0,T); L*(Q0)) := {u =Ulor): U € H*((—00,T); L*()): U(t) =0 for t < 0}.

Note that we adopted the notation from [DNS19, Doh19|. In addition, we can define
functions which vanish at t =T by setting

H!5(Qo) == L*((0,T); H"(0)) N H((0,T); L*()),
where in complete analogy
H3((0,T); L2()) == {u — Ulory: U € H*((0,00); L2()) : U(t) = 0 for ¢ > T}.

As in the elliptic case, we can also include (spatial) zero boundary conditions into
the function spaces by setting

Hpg (Qo) := L*((0,T); Hg(0)) N H ((0,T); L*(Q)),
Hy'(Qo) == L2((0,7); Hy () N HY((0,T); L()),

where the spaces include zero initial and end conditions, respectively. On the bound-
ary, we introduce

H*(So) == L*((0,T); H(To)) N H ((0,T); L*(To)),

3y

H'y (S0) :== L*((0,T); H™(To)) N HY((0,T); L*(Ly)).

i)

These spaces are the closures of H™*(Xg) for zero initial and end condition, respec-
tively, compare [Doh19, Section 2.3].
By duality we have

—r,—s r,5 ! 1
H"*(Qo) = [Hyo(Qo)]  for 7 — S £Z

according to [Cos90]. The anisotropic Sobolev spaces on the boundary with negative
smoothness index are defined by

H ™% (S0) = [H(20)]

Hyl (%) = [ (5]

A7(50) 1= [H7(50)]

see [Dohl19, Section 2.3]. Moreover, according to [Dohl9, Remark 2.1|, for » > 0

and 0 < s < § it holds H™(%o) = H5* (o) = H!j(Zo) and, therefore, the above

introduced dual spaces are equal and we simply write H~"7%(3).
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II1.1. Anisotropic Sobolev spaces

Remark I11.1.2. We would like to clarify the intuition behind the slightly cumbersome
notation. In Hg;f(Qg), a zero before the semicolon indicates a zero boundary condition
in space. After the semicolon, a zero initial condition can be indicated by writing a
zero between the semicolon and the comma. Whereas, a zero after the comma stands
for a zero end condition. Thus, the notation allows to see the spatial and temporal
boundary condition at a glance.

I11.1.2 Anisotropic Sobolev spaces on non-cylindrical domains

Having at hand the Sobolev spaces defined on cylindrical domains, we can also in-
troduce Sobolev spaces on non-cylindrical domains. They include a spatial domain,
which we denote by ;. The subscript ¢ indicates that the spatial domain might differ
for every point of time. To obtain a non-cylindrical domain, also called tube, Qr we
set

Qr:=|J ({t} x ). (I11.1.1)

o<t<T

This domain hags a lateral boundary X7 defined by

Sro=|J ({t} xTy), (I11.1.2)

o<t<T

where I'; := 9€;. The domains §2; each have a spatial normal n;, which we will also
denote by n if it is clear from the context.

For every point of time ¢, we assume to have a smooth diffeomorphism &, which
maps the initial domain g onto the time-dependent domain €2;. In accordance with
[IMZ06], we write

k:[0,T] x R - RY,  (t,%) — k(t, x) (I11.1.3)

to emphasize the dependence of the mapping k on the time, where we have k(t, Q) =
Q. Especially, €, is also a Lipschitz domain for all ¢ € [0, T].
We introduce the non-cylindrical analogues of the Sobolev spaces by setting

H™(Qr) :=={v e L*Qr): vor € H*(Qo)}

where the composition with « only acts on the spatial component. Due to the chain
rule, v o kK and v have the same Sobolev regularity, provided that the mapping & is
smooth enough, see for example [McL00, Theorem 3.23] for the elliptic case. For what
follows, we assume that & € C%([0,T] x R?) satisfies

15, %)l 20,17 x ey [8(E %) 20, r1xrasmey < Cie (IIL.1.4)

for some constant Cy, € (0,00) as in [HPS16, p. 826]. We define the norm of H™*(Qr)
as

ullgrs(@r) = llwo &l s (qo)
for r,s > 0. Notice that the Sobolev spaces on the boundary are defined in a similar
manner.

Remark II1.1.3. (i) The space H™*(Qr) contains all functions such that uo k €
H"™*(Qo). This means that 838?(7;0/{) € L*(Qo) for all || < Ar, B < (1—N)s,
and X € [0,1]. According to (111.1.4), the partial derivatives 8,‘?6?1@ exist and
are uniformly bounded for all |a| + 3 < 2.
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(ii) Consider a function u € L*(Qr) with partial derivatives (9)‘("8tﬂu € L*(Qr) for
all laf < Ar, B < (1= N)s, and A € [0,1]. When computing the time-derivative
of uo k, we obtain also a spatial derivative as the following shows

(Opu) ok = y(uo k) — (DK) TV (uo k), k). (III.1.5)

This expression, which is also stated in [MZ06, pg. 43], can be proven by applying
the multivariate chain rule since only the spatial component is affected by the
composition with k. Hence, it holds u € H™(Qr) only if r > s since the
temporal dertwative Gf(u o k) involves also spatial partial derivatives OFu up to
the order || = (B besides the temporal derivative 8fu.

(111) Due to the uniformity condition (111.1.4), we have as in [HPS16/
0 < g <min{o(Dk)} <max{c(Dk)} <7 < o0,

where Dk denotes the Jacobian of k and o(Dk) denotes its singular values.
FEspecially, as in [HPS16, Remark 1, p. 827], we may assume det(Dk) to be
positive.

(iv) We can define the dual space of Hg;fO(QT) in two different ways, namely

Joo(woKk)vd(x,1)

Hu”Hfr,fs = Sup —
o @ aers o 10llage o)
" gy w0 d(x.1)
B Op WY X,t
H|UH|H;57"’—S(QT) = sup

veH o (Qr) HUHHg;fO(QT)
We show that these norms are equivalent. On the one hand, there holds

Jio, (wo &)(vo k) det(Dr) d(x, )

|||UH|H5T7—S(QT) = sup

vEH}(Qr) ol g5y @
I |(vor) det(DK)}H{{F%(Qo)
< ||u|| gr—r—s sup
Ho @ empeion ookl

S HUHH;B?’*_S(QT)?

where we used the definition of the norm on H&”SO(QT) for s,7 >0 and that the
pointwise multiplication with a smooth function is a continuous operation. On
the other hand, we likewise find

Jo, w@o k=Y det(Dr1) d(x,t)

lllgr—@p = __ sup v
H QD T o 1ol 235, (o)

|(0or™!)det(Dr™)|

Hyo(Qr)
< H‘UWHBTv*S(QT) sup e

TEHS (Qo) 191175, (o)

S Mell ==+ gy

Hence, both duality pairings result in the same dual spaces and we can say that
Hy'o(Qr) and Hy"°(Qr) are indeed dual, in the same way as for the other
pairings. For similar considerations see also [DS99, Section 4.5].
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111.2. Dirichlet trace operator

Finally, let the space V(Qr) consist of all functions v with v o k € V(Qp) and
V(Qo) == {u € L2((0,T); H () : dyu € L?((o,T);H-l(QO))}. (I1L.1.6)
The norm on this space is given by
HUH]Q/(QO) = HUH%JLO(QO) + Hatu\|%2((o,T);H4(Qo))-

1
Note that the space V(Qo) is a dense subspace of H ;17’2 (Qo), which follows according
to [Cos90, Formula (2.2)] from the interpolation result

L(I; X) N HY(I;Y) € H2 (I;[X,Y]

)NC(L;[X,Y]s) (IIL.1.7)

1 1
2 2

for X C Y being Hilbert spaces. We will not go into the depths of interpolation theory
and refer the reader to |[BL12, Lunl8, LM72a| for further information. Analogously
to the space V(Qr), we can define the space Vo(Qr), which includes zero boundary
conditions, as the space consisting of all the functions v with vo k € V(@) and

Vo(Qo) i= {u € L2((0,T); HY(Q)) : € L2((0,T); H ()} (IIL18)

I11.2 Dirichlet trace operator

IT1.2.1 Dirichlet trace operator on cylindrical domains

We first introduce the notion of traces with respect to cylindrical domains. According
to [Doh19, Section 2.3], we can define the (interior) Dirichlet trace for a function
u € CHQ,) as
you(t,x):=  lm  wu(t,y) for (¢,x) € Xo.
Qooy—x€ly

We thus have you = u|s,. We can introduce a similar operator on anisotropic Sobolev
spaces, see the following lemma, being along the lines of [LM68, Theorem 2.1|. It has
been proven for I'g € C'°°, but it is also true for a Lipschitz boundary in accordance
with [Cos90, p. 504fF.].

Lemma II1.2.1. The map
Yo: HY2(Qo) — H2'% (%)
1s linear and continuous.

We find the following statement in [Cos90, Lemma 2.4], which holds in the case of
a Lipschitz domain €.

Lemma II1.2.2. The Dirichlet trace operator o is continuous and surjective as an
1.1
operator from H y*(Qo) to H%’i(zg).

According to [Doh19, Theorem 2.4], there exists also an extension operator. The
extension operator is a right inverse to the surjective Dirichlet trace operator vy and,
thus, extends a function defined only on the boundary to the space (see also [DNS19,
p. 12] and [Cos90, Definition 2.17]).
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Lemma I11.2.3. The Dirichlet trace operator

»M»—t

Y: H (Qo) H?

has a continuous right inverse operator

(Xo)

1
Eo: H»3(Zo) = H? (Qo),
satisfying vo&ov = v for all v € H%’i(zo).

IIT.2.2 Dirichlet trace operator on non-cylindrical domains

In this section, we denote the (interior) Dirichlet trace operator with respect to a
non-cylindrical domain by 7+ in order to distinguish it from the Dirichlet trace op-
erator with respect to a cylindrical domain introduced above. When no confusion
can happen, we will drop the subscript ¢ in the trace operator for a non-cylindrical
domain.

For a smooth function u € C'(Qr), defined on a non-cylindrical domain, we set

Yo ru(t, x¢) == lim u(t,y).
Qi oyt—x¢€ly
It obviously holds
txy) = 1 t,k(t,y)) = t,x) = t, k¢,
Yorult, x¢) noa(yg)r’l‘qmu( K(t,y)) =v0(uo K)(t,x) =yo(uo k) (t, K (t, xt))
K(t,x)=x¢

for the diffeomorphism & from (II1.1.3). By density of the smooth functions in the
Sobolev spaces, we can also extend this notion to Sobolev spaces. Moreover, we have
the same mapping properties for 7o as for 7o, since

lv0,eull 1 = |louokl 1

H25(Sp) H21(5)

= H(’yo(uok.’,) oK 1) OKJHH%’%(ZO)

S ”U o H”Hl,%(QO)

= HuHHl,%(QT)'

Due to this consideration, all the properties of Section III.2.1 remain valid for
the Dirichlet trace operator on non-cylindrical domalns 1The surjectivity follows for
example from the following con51derat10n Let v € H21 (X7). By the definition of

the norm, we thus have vo k € H3i (X0). By the surject1v1ty of the Dirichlet trace

operator with respect to (g, there exists a w € H & (Qo) with yow = v o k. Due to
the bijectivity of k, we may define

~ — 177
Wi=wok ! € Hq*(Qr).
We hence have
Yot W (t, X¢) = ’yow(t, n_l(t,xt)) = v(t,xy¢),
from where the surjectivity follows and we can also infer the existence of the right
inverse operator &y.
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111.3. Existence and uniqueness of solutions to Dirichlet problems

ITI.3 Existence and uniqueness of solutions to Dirichlet
problems

In the sequel, we are going to consider the Dirichlet problem and introduce a varia-
tional formulation for it. We then show that under certain conditions, the Dirichlet
problem is uniquely solvable.

For the cylindrical case it is well known that the solution operator g — Tog = u
of the heat equation

(@ —Au=0 in Qo
u=g¢g on Xy,

with homogeneous initial conditions is an isomorphism between the spaces

14s,(3+s s s
To: 132 (mg) o 0092

for s > —% when Qg is smooth and for |s| < % when Qg is Lipschitz, see [LM72b,
Theorem 5.3| and [Cos90, Proposition 4.13].

For the existence, uniqueness and regularity of solutions of the Dirichlet problem
on non-cylindrical domains, we have to make sure that the analogous result also
holds. The main technique of the argument is to transport the heat equation to a
parabolic problem with variable coefficients in the space-time cylinder Qg and apply
the functional analytic tools of the above references there. To that end, we first state

the transportation of domain integrals.

IT1.3.1 Transportation of domain integrals

We consider a mapping &, which maps a domain €2 to a domain . and satisfies a
uniformity condition as in (I11.1.4). Let us denote Q; = |J, ({7}x€;) and analogously
for Q. and the lateral area by X, or X, respectively.

First notice that for v smooth enough it holds

(Vv)o & = (D€) TV(vo§), (IIL.3.1)

which can be proven by using the chain rule. We mention that this identity is also
stated in [MZ06, p. 43].

1 1
Lemma II1.3.1. Letv € H}O’f (Qc) and p € H&’}%(Qg). Then, the transport of

T T
S(v,p) = /0 /Q< {{(Vv, V) + e} dxdt = /0 /Qq feodxdt (I11.3.2)

from Q. to Qr gives the parabolic problem

T T T
/ / O™ P dxdt + / a(t;v™c, 97 dt = / / freettdxdt  (II1.3.3)
0o Ja, 0 0o Ja,
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with

a(t;v™

o7 = /Q (D)~ TVu™, (DE) TV™) dx

- / ((DE) TV, 8,607 dx

T

g e 7S —“TUu™S ) dx
_/QT <(D€) det(Ds)v(d t(DE))¢™°, (DE) TV >d ’

where v = v o & and similarly for o™ and f7°.
Proof. With the aid of (II1.3.1) and (III.1.5), the transport of (II1.3.2) from Q. onto
Qr gives

T
|| aete)((06) TV (w0 ). (D€) TV (00 )) dxa
T
w ] aetoeateowos) - (D€ V(o). 08(p 0 )] dxat

T
— [ [ dete)soe)p 06 dxctr
0 Qr

Using Green’s first identity and the zero boundary condition yields

T
/0 /Q —div (det(Dé)(Dg)—l(Dé)—Tv(v o E))(QO o £) dxdt
T
+/O /Q det(D§) [&(v o) — ((D€)TV(vo g),a@} (¢ 0 &) dxdt

T
- /0 / det(DE)(f o €)(p o &) dxdt.

Thus, in the strong formulation, we have when dividing by det(D&) that

- det(l[)g) div (det(Dé)(DE)*l(Dg)*TV(v o 5))

+ 9 (vo&) — ((DE)TV(v0€),0) = fo€ in Q.
Rewriting gives
~ div ((D€) ™ (DE) TV + G7 — (DE) TV, 4€)
1
~ Get(De) ¥ (4et(DE)), (&)™ (DE) TV ) = 7 in Qr.

Testing again with a function ¢™° gives the weak formulation

T T
/ / —div <(D§)_1(D£)_TV1)T’C> @7t dxdt 4 / / O™ ™t dxdt
o Jo, o Ja,

T
_/0 / <(D£)_TVUT’<,8t€>g07’<dxdt

(111.3.4)

r 1
- /0 /Q WW(WD@% (D€) ™ (DE) VU™ ) dxt

T
- / / FToo™ dxdt,
0 Qr

30



111.3. Existence and uniqueness of solutions to Dirichlet problems

which can be reformulated by using the divergence theorem with vanishing boundary
terms to

T T
/ / ((D&)"TVVTS, (DE) " TV™) dxdt + / / O™ dxdt
o Jo, 0o Ja,

T
- / / (DE) TV, €™ ) dxcdt
0 Q.

T ) (I1L.3.5)
— DE)T V(det(DE&))e™*, (D& _TV’UT’§> dxdt
/0 /Q<( " Geifpgy ¥ PR (06
T
:/ / fo ™t dxdt.
0 Qr
From here, the claim follows immediately. O

IT1.3.2 General theory on existence and uniqueness

In the following, we will state a general result for parabolic equations, which can be
used to show existence and uniqueness of solutions on non-cylindrical domains.
Let us first give the following definition along the lines of [W1087, Definition 25.3].

Definition I11.3.2. Let V be a Hilbert space. We define
W (0,T) = {f € L2((0,T);V): O,f € LQ((o,T);V’)}

with the scalar product

T T
(f.9)w = /0 (F(0).g(), dt + /0 (Ouf (£), Dug 1))y .

Notice that the space Vy(Qo) introduced in (1I1.1.8) is a specific case of the spaces
W (0,T).

Let us now cite the mentioned abstract existence and uniqueness result for the
solution of a parabolic differential equation according to [W1o87, Paragraph 26|. We
consider two given separable Hilbert spaces V and H, with V — H injective, con-
tinuous and dense. Thus, we can extend these Hilbert spaces to a Gelfand triple
V e H < V' (see Remark I1.1.18). Let 0 < T' < oco. For t € [0,T1], consider the form
a(t; ¢, 1), which is sesquilinear in ¢,1 € V. The form should satisfy the following
three requirements:

e a(t;p,1) is measurable on [0, T] for fixed ¢, € V.

e There exits some ¢ > 0, independent of ¢, with
la(t; o, 0)| < cllelviivly vt e[0,T], o9 e V.

e There exist real A > 0, @ > 0 independent of ¢ and ¢, with

Rea(t; o, ) + Alollf = allollf vt e[0,T],pe V.
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According to [W1o87, Theorem 17.9], the second requirement ensures the existence
of a representation operator L(t): a(t, ¢, ) = (E(t)cp,z/;)H, where L(t): V. — V' is
linear and continuous for fixed .

For given f € L*((0,7); V') and ug € H, we consider the problem
Lt)u+0u=finV’
(u+ O = fin (I11.3.6)
u(0) = uo.

We can now state the existence and uniqueness result found in [LM72b, Chapter
3, Theorem 4.1] or [W1087, Theorem 26.1].

Theorem I11.3.3. Suppose the three requirements on a(t; ¢, ¥) introduced above hold.
For T < oo, the problem (111.3.6) has a unique solution u, depending continuously on
f and ug. This means that the map

(fa UO) = u,
is continuous from L*((0,T); V') x H into W(0,T).
Remark IT1.3.4. Note that we only prescribe boundedness and coercivity of a(t; p, ).
Usually one would also need injectivity to have an existence and uniqueness result, see

[SS10a] for example. But the proof of [Wlo87, Theorem 26.1] states that \ can be
chosen as 0 and, therefore, we do not need to prove the injectivity here.

111.3.3 Existence and uniqueness of Dirichlet problems on tubes
We consider the following non-cylindrical Dirichlet problem with homogeneous initial
datum '
Oy —A)u=f inQr,
You=g¢g on Xr, (I11.3.7)
U(O, ) =0 in Qo.
We have the following existence and uniqueness theorem for its solution.
11
Theorem IIL.3.5. Let f € H;O}’ 2(Qr) and g € H%%(ET). Then, there exists a

1
unique solution u € H}O’f (Qr), satisfying the boundary condition in (I11.3.7) and

T
S(u, @) ::/ {{Vu, V) + dup} dxdt
0 Jih (111.3.8)

T 1
= / fudxdt for all p € HS;’,(Q)(QT)-
0 Q¢

Proof. We set u! = u o k and similarly for ¢! and f!. We first show the analogue of
[Cos90, Lemma 2.3]: Let g = 0. For every f € L*((0,T); H '()), there exists a
unique solution u € Vo(Qr) of (I11.3.7), where the space Vo(Qr) is defined in (I11.1.6).

Transforming (I11.3.8) back to Qo by using Lemma T11.3.1 with & = k, Q. = Qr

and Qr = Qg gives
T
| {00060 10 + altat0). ')

, (I11.3.9)
= [ (@0 0) i
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111.3. Existence and uniqueness of solutions to Dirichlet problems

where a is defined in Lemma I11.3.1.

To show solvability of (II1.3.8), we apply Theorem II1.3.3 to its equivalent for-
mulation (III1.3.9). Theorem II.3.3 requires boundedness and coercivity of a. The
boundedness follows easily from Remark II1.1.3. It remains to show coercivity, that
is, there exist some constants « > 0 and A > 0, such that for almost all t € (0,7)

a(t;ut,ut) > a|]utHl2ql(QO) — /\HutH%g(Qo) (I11.3.10)

holds for all u! € Hj(Q). With the help of the Cauchy-Schwarz inequality, we have

a(t;ut,ut)Z/ H(Dn)_TVutHde
Qo

_/QO

Completing the square gives

a(t;ut,ut) > / %(Il(Dm)_TVUtII — [l(a1 + a2)utH)2 dx
Qo
>0

+ [ 3lom v ax= [ e+ a|fax
Qo QO

Discarding the positive term and due to Remark II1.1.3, we have

1
at;u',u') > Clu' 3 g — 2/9 [u'la1 + az||* dx
0

((Dm)Tdet(lDR)V(det(Dn)) +gﬁ)ut (D)~ TVul|| dx.

=:a1

and, therefore, by using the parallelogram law

at;u',u') 2 Clu'lf g, —/Q [P (llax|® + flaz2|*) dx
0

Now we can apply again Remark II[.1.3 to a; and as and the Poincaré-Friedrichs
inequality to the first term to arrive at the desired estimate (I11.3.10).
Secondly, followmg the lines of [Cos90], the analogue of [Cos90, Lemma 2.8| reads:

For every f € Ho L3 (Qr), there exists a unique u € Ho 0 (QT) satisfying (0 —A)u =
fin Qr. For the proof, we can straightforwardly modlfy the proof [Cos90, Lemma
2.8], which is based on adjoint operators and interpolation results. The interpolation
results also hold on the spaces with respect to the tube Q7 and the adjoint operators
with respect to Qr have the same structure as the adjoint operators in [Cos90] with
respect to Q.

Thirdly, due to the surjectivity (see Lemma I11.2.2 and Section I11.2.2) of the trace
operator, we can then follow the proof of [Cos90, Theorem 2.9| to finally obtain the
statement of the theorem. O

For a non-homogeneous initial datum, we consider the Dirichlet problem
(at - A)u = f in QTa
You =g on X, (I11.3.11)
u(0,-) =up in Q.
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11
Theorem II1.3.6. Let f € H;O}’ 2(Qr), g € H%vi(ZT). There erists a unique
solution u € Hl’%(QT) satisfying (I11.3.11) for ug € L*(Q).

Proof. For the proof, we follow the strategy taken in [DNS19]. We first consider the
problem with homogeneous initial condition. In Theorem III.3.5, it is shown that

1
this differential equation has a unique solution in H}O’?(QT), which we denote by
Unhom- Considering the problem with inhomogeneous initial condition uy € L?(£),
but homogeneous boundary condition and source term, there exists a unique solution
Uinhom € Vo(Qr) according to Theorem I11.3.3, since all the requested assumptions
of this theorem have already been shown in the proof of Theorem II1.3.5. Now as in
[DNS19], the unique solution u € Hl’%(QT) is given by © = Unom + Uinhom- O

Remark II1.3.7. In [LMZ02, Theorem 2.2/, it is proven that for given ug € L*(Qp),
f € L?((0,T); H'(Q)) and g = 0, the Dirichlet problem (I11.3.11) has a unique
solution u € C°([0,T); L*(%)) N L*([0, T); H3 (). Therefore, also in the setting of
Theorem I11.8.6 for g = 0, the solution u lies in C’O([O, T; Lz(Qt)) and thus the initial
trace Tou = uly—g € L*(Qo) is well defined. For the cylindrical case, compare [DNS19,

p. 14].

Remark I11.3.8. If the Dirichlet data in (IIL.3.7) satisfy g € H2'1(S7), the right-
hand side f € L*(Qr), and the initial datum uy € H(Qy), then the solution u of
(II1.3.8) lies in H>'(Qr). This is a consequence of [LSU6S, Chapter IV, Theorem
9.1].

III.4 Neumann trace operator

Similarly as we defined the Dirichlet trace operator, we can also introduce an (interior)
Neumann trace operator. In the following, we will first introduce this concept on
cylindrical domains. Then, we will introduce the notion of a Neumann trace on a
non-cylindrical domain formally and rigorously.

IIT.4.1 Neumann trace operator on cylindrical domains

Let us introduce the Neumann trace operator, also called the conormal derivative, on
a cylindrical domain along the lines of [Cos90]. We define the space

HY2(Qo; £) == {u € H"3(Qo): Lu € L*(Qo)},

where £ := 0 — A is the partial differential operator under consideration. The norm
on this space is given by

2

et e

=l ) + 1@ = Al gy

(Qo

According to [Cos90, Lemma 2.16], the bilinear form

b(u,v) := 0 {{Vu,Vv) — (8 — A)wv} dxdt + d(u,v)
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111.4. Neumann trace operator

is continuous on Hl’%(R x Qo3 L) x Hl’%(R x Qp), where
d(u,v) = / Oruv dxdt.
RXQO

The bilinear form d(u,v) has a continuous extension from C§°(R¥ 1) x C§°(R4*1)
to H? (R; L*()) x H%(R; L*(Qp)) and it holds d(u,v) = —d(v,u) for all u,v €
H2 (R; L*(Q0)), compare [Cos90, Lemma 2.6].

The (interior) Neumann trace is defined for u € C1(Q,) by

int :
tx)i= 1 Vyu(t,y), for (t,x) €
nrultx) = lim  (Vyu(t,y)nx)  for (8,x) € B

and coincides with the normal derivative on 3¢, thus vi®u = du/dn on Yo, see [Doh19,
Section 3.3] and also [W1087, Satz 8.7] for the elliptic case. Since it holds

b(u,v):/ %Udﬁdt
5, O

o n

for u,v € C3(R x ), we can extend this definition as follows, which is along the lines
of [Cos90, Definition 2.17].

Definition III.4.1. Lei u € Hl’%(R x Qo; L). Then, the Neumann trace operator
ity € H_%’_%(EO) is the continuous linear form on H%’%(Eg) defined by

Mtz = b(u, Egp),
where & s the extension operator given in Lemma [I1.2.35.
Notice that we can also introduce the conormal derivative vittu € H_%’_i(zo) as

the unique solution of a variational problem, as it is done in [DNS19, Section 3.4]. This
variational problem can for example be obtained by applying ~vi%u to ¢. According

to [Cos90, Proposition 2.18], the Neumann trace has the following properties.
Lemma I11.4.2. (i) The map

Aty LS (R x Qo3 £) — H 274 (R x T)
1 continuous and by restriction also the map
s HYE Qo £) — H™ 27 1()
18 continuous.

(i) If u € C*(Qy), then v u = (du/dn)|x, due to the Green formula.

I11.4.2 Neumann trace operator on non-cylindrical domains

Having stated the Neumann trace operator on cylindrical domains, we are now in
the position to introduce the Neumann trace operator on non-cylindrical domains.
On time-dependent boundaries, one could consider the usual Neumann trace, as it is
done for example in [DZ01, Section 6.1]. Instead, we follow here the idea of [Taul9]
and employ a velocity corrected Neumann trace, which is motivated by the following
so-called Reynolds’ transport theorem, see e.g. [Gur81, p. 78| or [Hol00, Section 4.2].
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Lemma I11.4.3. Let f = f(t,x) be a C'-function. Since ; depends on time, inte-
gration over § and differentiation with respect to t do not commute. Instead, we have
the relation

d of

dt f( x)dx= [ —-(t,x)dx+ [ f(t,x)(V,n)do.

Qt 8 Ft

The velocity of Ty in normal direction (V,n) will be treated in depth in Sections IV.1.1
and 1V.1.2, see in particular (IV.1.3) and Lemma IV.1.4.

We first formally introduce this Neumann trace and afterwards characterize its
properties rigorously.

Formal introduction of the Neumann trace

For a time dependent spatial surface, we define two Neumann trace operators

7%%0 = on, F (V.nye. (111.4.1)
To motivate this definition, consider the boundary value problem

(at - A)u = f in QT7
yiu=g on X, (T11.4.2)
u(O, ) =0 in QQ,

where we leave it a priori open what v, means. Let us formally derive the weak
formulation of the Neumann problem (II1.4.2) by multiplying with a test function v
satisfying v(T,-) = 0 in Qp and using Reynolds’ transport theorem (Lemma II1.4.3)

T T
/ fodxdt = / (O — A)uv dxdt
0 Q 0 Q¢

T T ou
= / {{(Vu, Vv) + 0y (uv) — udpv } dxdt — / —uvdodt
Q o Jry on
T T d
= / {{Vu, Vv) — udpv} dxdt +/ / uv dxdt
0 Q¢

/ /Ft{wwv n)}do—dt.

Due to the fundamental theorem of calculus and the vanishing initial and end condition
of u and v, respectively, we obtain the variational equation

a(u,v)z/ Qtfvdxdt+/ /Ft{w Lwv, n>}dadt

with bilinear form

T
a(u,v) ::/ {{(Vu, Vo) — udw} dxdt — / / wo{V,n)dodt.
0 o

Thus, if we set the previously unspecified trace in (I11.4.2) as v, , we arrive at

T T
a(u,v) = / fodxdt —|—/ / gv dodt.
0 Q 0 '
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111.4. Neumann trace operator

Rigorous introduction of the Neumann trace

We assume & to be defined on R x R% and not only on [0, 7] x RY. Moreover, for the
sake of simplicity in representation, we always consider functions v and v throughout

this section which satisfy
d
/ / uv dxdt = 0. (I11.4.3)
r dt Jq,

This assumption stems from the fact that we would like to integrate by parts in time.
Later on, we will consider a finite time interval (0,7") and equip uw and v with the
appropriate zero initial and end conditions. Extending v and v by zero for t < 0 and
t > T, respectively, leads then to the fulfilment of (I111.4.3).

Let us define

1
d(u,v) ::/]R ; 8tuvdxdt+2/R/F (V,n)uvdodt. (I11.4.4)

Notice that the additional boundary term is a speciality of the time-dependent bound-
ary. We shall first state the analogue of [Cos90, Lemma 2.6].

Lemma IT1.4.4. The bilinear form d(u,v) has a continuous extension from C§°(R1*9)
X (RD) to HY2 (U, ep({t} x Q) x H 2 (U,er({t} x @), and it holds

d(u,v) = —d(v,u). (111.4.5)

Proof. The use of Reynolds’ transport theorem (Lemma I11.4.3) allows us to compute

d(u,v):/ 8tuvdxdt+1// (V,n)uv dodt
R JQ, 2 JrJr,
:// {8t(uv)—u8tv}dxdt+1// (V,n)uv dodt
R JQ, 2 JrJr,

1
:/d/ uvdxdt—// u@tvdxdt—// (V,n)uv dodt.
r dt Jg, RJQ, 2 JrJr,

The assumption (I11.4.3) hence implies

1
d(u,v) = — udpv dxdt — = (V,n)uv dodt,
R Qt 2 R Ft

from where (II1.4.5) follows immediately. The rest is in complete analogy to [Cos90,
Lemma 2.6, but we need higher regularity in the spatial variable instead of just in
L?(p) as in [Cos90], because the boundary term in the definition of d(u,v) has to be
well-defined. O

As in Section II1.4.1, we introduce the space

1

HY3(Qr; £) = {ue H"2(Qr): Lu e L*(Qr)},

where £ := 0 — A is the differential operator on the non-cylindrical domain. We
state the analogue of [Cos90, Lemma 2.16] in the case of a non-cylindrical domain,
the proof of which is obvious.
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Lemma 111.4.5. The bilinear form
T
b (u,v) == / {{Vu,Vv) — (8 — A)wv} dxdt + d(u,v)
0 Q¢

with d(u,v) being defined in (111.4.4) is continuous on Hbs (Urer ({t} x Q¢); 0, — A) x
Hlé(UteR({t} x ). If u,v € CF (Uyer({t} x 1)), we have

T ou 1
b~ (u,v :/ / {v—i—V,nuv}dadt
)= [ ] LGt atvom

by means of Green’s formula.

In complete analogy to the Neumann trace operator in the cylindrical case, we
will define ; u, which is one of the two required Neumann trace operators.

Definition II1.4.6. Given u € Hl’%(UteR({t} X Q); 0y — A), we denote by vy u €
H_%’_i(ET) the continuous linear form on H%i(ET) defined by
v b (u, &),

where &y is the extension operator as mentioned in Section I11.2.2.

The following lemma is the non-cylindrical equivalent to [Cos90, Proposition 2.18|.
Lemma 111.4.7. The map

_ 1 _1_1
vy HY? ( U (£} x )0, - A> — H 271 ( U ({3 x n))
teR teR

1§ continuous and by restriction also the map
_ 1 11
vy HY2(Qr; 0 — A) — H 27 1(X7)
is continuous. Moreover, if u € C*(Qr), then it holds

_ ou 1
nu= e + §<V,n>u.

Proof. As in [Cos90]|, the continuity is a consequence of the continuity of the bilin-
ear form b(-,-) (cf. Lemma II1.4.5). The second statement follows immediately from
Green’s first formula. O

Remark I11.4.8. In view of the reformulation of the heat equation in terms of bound-
ary integral equations, we will moreover encounter a second Neumann trace operator,
which we denote by vf, It can be introduced analogously to above by considering the
differential operator 0y + A instead of Oy — A. The former operator for example arises
when considering a time reversal of the latter one. With

bt (u,v) = /T {{Vu,Vv) + (8 + A)uv} dxdt — d(u, v),
o Jo
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I1.5. Green’s formulas and combined trace maps

we can state the analogue of Lemma III.4.5, namely the continuity of b™(-,-) in the
appropriate space and for u and v smooth enough, we have

r ou 1
+ — (Vv
b (u,v) —/0 /Ft {8nv 2< ,n>uv}dodt.

With this property at hand, we can define the trace operator vf in analogy to Definition
II1.4.6. For u smooth enough, it then holds

ou 1

tyy = _ =
nu= - 2<V,n>u.

The existence of two Neumann trace operators is a speciality of the time-dependent
boundary.

To prove existence and uniqueness of the Neumann problem, we could apply Lions’
projection theorem (see |[Cos90, Lemma 2.1]). However, for the cylindrical case |Cos90,
Lemma 2.21]| states that this strategy does not yield satisfactory results, since one has
to make stronger assumptions on the regularity of the input data. Therefore, as in
[Cos90], we will proof the existence and uniqueness of solutions by using a boundary
integral formulation (see Corollary 111.6.18).

II1.5 Green’s formulas and combined trace maps

With the definition of the trace maps, we can now introduce Green’s formulas and
have a look at the mapping properties of the combined trace map (fyo,'yf).

Likewise to [Cos90, Formula (2.35)], given u € Hbs (Uper({t} x Q); 0, — A) and
ve Hb2 (Uier({t} % ©¢)), we obtain Green’s first formula

/ / (Vu, V) dxdt + d(u,v) = / / (O — A)uvdxdt + (75 u,yov). (IIL5.1)
R Qt R Qt

1 1
By restriction, this formula also holds for u € H;lo’f (Qr;0: — A) and v € Hi{f (Qr),

1
but not, as was pointed out in [Cos90|, when u, v are both in H}O’f (Qr).
In complete analogy, Green’s formula for u € Hl’%(UtGR({t} X Q); 0, + A) and
ve Hb: (Uier({t} x€4)) reads

/ / (Vu, V) dxdt — d(u,v) = / / (=0 — A)uv dxdt + (v{ u, yov).
R Qt R Qt

[NIE

Again, by restriction, this formula also holds for u € H1 (Qr; 0 + A) and v €

1
Hy? (Qr)-

We can now state Green’s formulae for a finite time interval, the time-independent
analogues of which are given in [Cos90, Proposition 2.19].

Notice that [Cos90] introduces a time reversal map. For a time-dependent domain,
this approach does not make sense, since the integration over a time forward tube of
a time reversed entity is not always well defined. Therefore, we choose a slightly
different approach to obtain another Green’s formula.
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Lemma IIL.5.1.

. 1,1 1,1
(i) Let uw € H,?* (UteR+({t} X V);0 —A) and v € H. g (U—oo<t<t()({t} x ).
Then, for tg > 0, there holds Green’s first formula

to to
/ / (Vu, Vo) dxdt + d(u,v) = / / (0r — A)uv dxdt + (v u, yov).
0 Qt 0 Qt

. 1,3 1,1
(i) Let u € H (U_pocrar, (1) x 2010k + A) and v € Hyy? (Uyeg, ({t} x ).
Then, for tg > 0, there holds Green’s alternative first formula

to to
/ / (Vu, Vv) dxdt — d(u,v) = / / (=0 — A)uv dxdt + {(v{ u, yov).
0 Q4 0 Q

1,1 1,1
(13) Let u € H*? (Ut€R+({t} X Q4); O —A) andv € H_y° (U7m<t<t0({t} X Q4); O+
A), Then, for tg > 0, there holds Green’s second formula

to
/0 ; {8 — A)uv + u(8 + A)v} dxdt = (you, v v) — (77 u,Y0v).

Proof. Statements (i) and (ii) are clear. Statement (iii) follows then immediately from
these by interchanging v and w in (ii) and using (I111.4.5). O

We need the tube equivalent of [Cos90, Lemma 2.22]. In there, the space
C™(Qo) = C5°((0, T x Q)
is defined as the space of the restrictions of functions in C§°(R; x R%) to Q,. This
- 1
space C°((Q)) is dense in H;lo’f (Qo; O — A) according to [Cos90, Lemma 2.22]. As

we only consider a C2-mapping between the reference cylinder and the tube, we will
prove the analogue result only for C2-functions.

Lemma I11.5.2. Let us define
C2(Qy) == {u: wor € C2((0,T] x ﬁo)}.

— 1
Then, the space C*(Qr) is dense in H}O’f (Qr; 0 — A).

Proof. We mimic the proof of [Cos90, Lemma 2.22|, which is based on a proof of
Grisvard in the elliptic case, see [Gri85, Lemma 1.5.3.9]. According to the proof of

_ 1
[Cos90, Lemma 2.22|, we have that C§°((0,77] x €) is dense in H}O’f (Qo). Therefore,

_ 1
also C3((0,T] x Qo) is dense in Hi)’f (Qo). Due to the definition of the spaces on the
tube via the mapping k and the resulting equivalence of norms, we also obtain that

— 1
C?(Qy) is dense in H. ;10’72 (Qr). Similarly, we obtain that
C*(Qr) = {u: uok € C3((0,T] x Qo)}

1
is dense in Hé;’&(QT).
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1
Let P be an extension operator from H;lo’f (Qr) to HL%(RCIH). It thus holds
(Pu)|g, = u. Asin [Cos90], let us choose P such that supp P C [0,00) x R%! In that

1 1
way, we can identify H. ;10’72 (Qr) with a closed subspace of H. ;10’72 (R, x R?). The map
1 1
— (Pu, (9; — A)u) identifies H;IO:Q (Qr; 0 — A) with a closed subspace of H}O’,Q (Ry x
R%) x L*(R;. x R?). Due to this identification, we find for every bounded linear
1 1

functional ¢ : H}O”Q (Qr;0:—A) = Rsome f € (H}O’f (Ry x ]Rd))/ = H*L*%(RJF x R%)

and g € L?(R; x R?) such that it holds

(l,u)y = (f,Pu) —I—/R - (0 — A)ud(t, x)

1 _
for all u € H}O’,Q (Qr; 0, — A). Since ¢ acts only on w, which is supported on Qp, we

may assume that supp f C Q7 and suppg C Q.

We shall suppose next that it holds (¢,¢) = 0 for all ¢ € 5’2(@T) If we can
show ¢ = 0, we obtain the desired density result in accordance with [Werl8, Korollar
I11.1.9]. For all ¢ € CZ2(R; x R?), we conclude

0=(t¢) = (f. ) + /Q 9(0, — A)pd(t, x)
= <f7<;>>+/]R XRdg(at—A)SOd(taX)-

This equation states that
f=(+A)g

holds on R, x R? in complete analogy to [Cos90]. Due to f € Hﬁl’fé(R x R%) and
the mapping propertles of the differential operator, we find g € H L3 (R x R?) and,

thus, glg, € Ho O(QT)

1
On a cylindrical domain, any function h € HS;%(QO) can be approximated by
a series h, € Cgo((—oo,T) X Qo) (see [Cos90, Proof of Lemma 2.22]). Hence, by

: . : 1,3
choosing h := gok and setting g,, := hy, 0 k™!, we can approximate g|g, € Hy ' 5(Qr)

by a series g € C3(U_oocrer({t} x ) in the norm of Hl’%(UO<t<OO({t} x Q).
Thus, denotlng by g the extension of g, by zero outside of Qr, we find (04 +A)Gn, — f

in H1=3 (R x R?). We then conclude for any u € H (QT7 O — A) that

(¢,u) = lim [((8t+A)gn,7Du>+ /

n—oo

gn(0y — A)ud(t, x)]

T

~ lim [/T(atJrA)gnud(t,x)+/Tgn(8tA)ud(t,x)} 0.

n—oo

The expression above is equal to zero, because u =0 for t =0, g, = 0 for t =T, and
gn has a zero boundary condition. O

!Such an extension operator exists as it can be defined by Pu = (75(u ok)) ok with P

1
HIO’f (Qo) — H"2 (R4 x R?) being the extension operator from [Cos90].
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Remark I11.5.3. If we consider t — T —t in Lemma II1.5.2, we obtain that C* (@T)
1
is dense in Hi{f (QT; =0y — A), where

GQ(QT) = {u: UoK € Cg([O,T) X ﬁ0)}

and Q7 is the time-flipped Q7. Since Qr was arbitrary, we have 6’2(@T) is dense in
171
H *(Qr; 0 + A).

Next, we will introduce a lemma concerning the trace maps, which will be later
used in the proof of the jump relations. It is the analogue of [Cos90, Lemma 2.23].

Lemma II1.5.4. The combined trace map (Y0,7;): u = (you,v ) maps C2(Qy)
onto a dense subspace of H%’%(ET) X Hfé’fi(ZT),

Proof. We again mimic the respective proof from [Cos90], but will not use a time

reversal map. Let us assume a linear functional (x,) € H%’i(ET) X Hfé’fi(ET)
that vanishes on the range of (v;",70). We need to show that (x,%) = (0,0), since
then the density follows by [Werl8, Korollar I11.1.9]. To this end, assume

(.7 9) = (¥, 70p)  for all o € C*(Qr). (IIL.5.2)
Let )
11 1,1
T=(g—Tg): H21(Xr) — H¢*(Qr)
be the solution operator (see Theorem II1.3.5) of the Dirichlet problem
O —A)Tg)=0 i ,
0= A)(T9)=0 Qs s
Y(Tg)=g onXr.

Moreover, let
§=(f = SP): P*(@r) — Hy5(Qn)
be the solution operator (see Theorem II1.3.5 used for the substitution t — 7" — t) of
the Dirichlet problem
(O +A)Sf)=f nQr,
7(Sf)=0 on Xr.
We can apply Green’s second formula from Lemma III.5.1tou := Ty and v := S f
for any f € L?(Qr), since u € H}O’%(QT; 0y — A) and (0; + A)v € L*(Qr). We obtain

; {0 = A)uv +u(9 + A)v} d(x,t) = (you, 7 v) — (v u,Y0v).-

Since yov = 0 and you = x, as well as (0 — A)u =0 and (9; + A)v = f, we obtain
/ uf d(t,x) = (x, v v).
Qr

1
Due to continuity and Remark I11.5.3, (IT1.5.2) holds also for all p € Hi{f (Qr; 0+
A) and, thus, also for ¢ = Sf. This implies
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Since 79SS = 0, we thus obtain fQT ufd(t,x) = 0 for all f € L?(Qr). Therefore,
0=wu="T(x) and thus x = yu = 0. Looking again at (II1.5.2) gives

171
(yv0p) =0 forall p € H, *(Qr).

1
The trace map - is not only surjective for p € H i)”? (Qr) as shown in Section IT1.2.2,

1
but also for ¢ € H;l’(’f (Qr) if one considers the backward problem. We may hence
conclude that ¢ = 0. 0

In the following, we state the analogue of [Cos90, Proposition 2.24].

1
Lemma II1.5.5. Green’s first formula given in (111.5.1) holds for all u € H;lo”z (Qr; 0 —

1 1
A) andv € Hi):? (Qr). If alsov € H;lo’f (Qr; 0, — A), we can write the Green’s formula
as
/ (Vu, Vo) d(t,x) — d(v,u) —I—/ u(T,x)v(T,x)dx
r or (LIL5.4)
—frue) + [ (0= Ajuod(t,).

T

Proof. We again mimic the proof of [Cos90, Proposition 2.24]. Given u € C2(Qr)
and v € CH(Qr)?, we find

/ (Vu, Vo) d(t, x) + Oyuv d(t, x) / (V,n)uv dodt
: “r b (IIL5.5)
= (71 ¥, Y0v) +/ (0y — A)uvd(t, x).

T

. . . 1,3 o
All terms are continuous with respect to v in the H,;? (Q7)-norm. Thus, by continuity,

1 1
we can extend (II11.5.5) to all v € Hl’2 (Qr). Let v € Hl’2 (Qr) be fixed. Then, all
terms in (111.5.5) except the term contamlng the Oru are obv1ously continuous with
respect to u in the norm of H '3 (Q 0y — A). Therefore, also the term containing d,u
1
is continuous. Lemma I11.5.2 allows to extend (I11.5.5) to all u € H;lo’f (Qr; 0 — A).

Thus, Green’s first formula holds as claimed.
For u,v € C?(Qy), (IIL5.4) holds. As in [Cos90], the term fQT u(T,x)v(T,x)dx is

1
continuous for v and v in the norm of H;lo’f (Qr; 0 — A) C V(Qr) and V(Qr) consists
of functions ¢, which always satisfy p ok € C([0,T]; L*(€)). From here, the second
claim follows. O

I11.6 The Calderén operator

In the following, we will establish the mapping properties of the layer potential oper-
ators used for the boundary element method.

2The space C1(Q;) ist defined in complete analogy to C?(Q,) via
CHQr) = {u:uor € Cy((0,T] x Qo) }
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CHAPTER III. PARABOLIC EQUATIONS ON TUBES

Let us first introduce the fundamental solution for the heat equation, which, in
accordance with e.g. |Taul9|, reads

— L  _exp (— \Lﬁ:;ll)? , it r <t
G(t,7,x,y) 1= (n(t-7))2
0, if 7>t

Notice that this is equivalent to considering G(t — 7,%,y), where G is given by
_ 1 T
<}@ax,y>:—dexp(: ”Xy”) L1+ sign ),

(4mT)2 4t 2

as introduced in [Cos90, Formula (2.39)]. Moreover, let us denote

— =2 .
é(t,X) = (47rt)% eXp ( 4t ) ) if t >0,

0, if t < 0.

(111.6.1)

For u € C*(Upcpeoo({t} x Q) with u(0,x) = 0 on Qq, we have for (to,xo) €
Uo<rcoo({t} x ) that

u(to, Xo) = /Q (8, — A)u(t,x)G(to — t,x0 — x) d(t, x)

+/T Gty —t,x —x)@(t x) doydt
0 . 0 y X0 on " Ox

T oG
_ /0 /Ft 87n(t0 —t,X0 — X)U(t,x) doydt
T ~
i / Glto =t x0 = x){V, m)(t, x)u(y, 7) doxdt,
Iy

as it can be seen from Lemma III.5.1 and the property of the fundamental solution.
Moreover, we will only look at the case, for which (0; — A)u = 0 holds.
We introduce the single and double layer potentials as

Veo(to, xo) = (¢, 70G) = / G(to, t,x0,y)p(t,y) doydr,
Iy

Kuw(to, xo) := (7 G, w) / / ’Yl (1.y)C (o, 1, %0, y)w(t, y) doydr.
Then, similarly to [Cos90, Theorem 2.20], we obtain the representation formula from

|Taul9, Equation (6)] given in the following lemma.

Lemma II1.6.1. Let u € Hl’%(QT) with (0 — A)u = 0 in Qr. Then, we have the
representation formula

u(t,X) = Vyyu(t,X) — Ku(t,X)  for all (t,%) € Qr. (111.6.2)
As in [Cos90, p. 514], we can rewrite the definition of the single layer potential by

9<70(t07X0) = <S07’70G(t7t07X7X0)>
= <’7[,)907 G(tathX7X0)> (11163)
= G x (19)(to, o),
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111.6. The Calderén operator

where G is given in (I11.6.1) and

T
<76s0,x>=<90,70x>=/0 /Fcpxdadt (I1L.6.4)

for all x € C§°(R**%). We will use this also for y € C2(R'*).

We would like to find the mapping properties of the single and double layer poten-
tials, which are the equivalent of the results given in [Cos90, Proposition 3.1, Remark
3.2, and Proposition 3.3].

Lemma I11.6.2. The mapping

~ _l _l 171

V: H 2 4(ET) — H;072 (QT;@ — A)
18 continuous.

Proof. The proof follows as in [Cos90, p. 514-515] in the case of a cylindrical domain.
In there, the claim is proven by considering the problem on R'*¢ using Fourier tech-
niques and then restricting it appropriately, which can also be done in the case of a
non-cylindrical domain. O

Lemma I11.6.3. The mapping
P U 1,1
K:H21(37) — Hg*(Qr; 0 — A)
18 continuous.

Proof. The proof is in complete analogy to [Cos90, p. 515], but we repeat it for the
convenience of the reader. We consider the solution operator T, which maps the
Dirichlet data g to the solution u := T g of the partial differential equation (II1.5.3).
According to Theorem II1.3.5, the solution operator 7 is a continuous mapping

1
T: H»3(Sr) = Hg? (Qr; 0 — A), (IIL.6.5)
The representation formula (I11.6.2) yields u(t,x) = ljyfu(t,;c) — Ku(t, %) and thus
Tg= \771_ Tg—Kgforallge H %%(ET) Rearranging gives hence
K= 1771_7 -T.

The claim follows now by using the mapping property (I11.6.5) of 7, V (Lemma
I11.6.2), and v; (Lemma II1.4.7). O

We can take the traces 7 of the single and double layer potential. Let the radius
R be large enough such that the boundary I'; is contained in the ball B = {x €
R?: ||| < R} and set Qf := Bp\y and Q5 = U_oopor ({t} x ). Lemmata
I11.6.2 and I11.6.3 provide also the continuity of the mappings

~ 1
Vi H 27 1(S7) = Hg?(Q5:0 — A)

and

1
K: H23(Sr) = Hg? (Q5:0;, — A),
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In order to state the tube analogue of [Cos90, Theorem 3.4|, we define the jumps
as in [Cos90, Formula (3.16)| in accordance with

oul == v0(ulgs) = vo(ulgr),  [iul =7 (ulgs) — i (ulos).
We then have:

Lemma II1.6.4. For all ¢ € Hfé’fi(ET) and all w € H%’i(ET), there hold the
Jump relations

VY] =0, [y Vil = —,
oKw] = w, |3y Kw] = 0.

Proof. We mimic the proof of [Cos90, Theorem 3.4] without using the time reversal
map. Let ¢ € H_%’_%(ET). We set u := ljw. Due to the mapping property of the
single layer potential, we then have u € H;l()”% ((O, T) x BR(O)) and thus, by the trace
lemma, we have vo(ulq,) = v0(ulgs.)-
Let us next consider the normal jump of V. From (II1.6.3), we obtain by consid-
ering u = Vi
(O — A)u = vy

in Ry x R% We consider any test function ¢ € C3((0,T) x Br) and obtain

(W, 7%00) = (Y, @) = (0 — A)u, ) = —(u, (8 + A)yp),

where the last equality holds due to the integration by parts on a cylindrical domain.
We thus have

(¥, %) = — /«m @+ A)gud(t,x). (I11.6.6)

On the other hand, we can use Green’s second formula, given in Lemma II1.5.1 in
Q7 and Q%, where we use that (0; — A)u =0 in Q7 U Q5. This yields

/(@+Awmwmr4%mﬁwwme%@

Qr

and
[ @ Aot 0 =~ + w0
T

Adding these two expressions yields
| @+ Meud(tx = (bl o) (11L6.7)
(O,T)XBR

where we used [you] = 0 = [vop] = [ ¢]. Comparing (I11.6.6) with (I[1.6.7) results
in [y; u] = —.

We are left with pr(l)vling the jump relations for the double layer potential. To that
end, we choose w € H2'4(X7) and define u := Kw. Let ¢ € C°(Ry x BR) be a test
function. As above, we obtain

/ (0 + A)pud(t,x) = (7 ul,v00) — ([oul, 1) (T11.6.8)
(0,7)xBgr
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111.6. The Calderén operator

For K, we obtain Kw = G % ((71)'w) similar to (I11.6.3). Therefore, we have (9 —
A)Kw = (7{ )'w in Ry x Bg. From here, it follows that

—/ (O + A)pud(t,x) = (0 — A)u, ) = (1) w, ¢) = (0,7 ¢). (II1.6.9)
(0,7)xBr

Comparing (I11.6.8) with (I11.6.9) yields

(I uls00) = (ou] —w,7"¢) (I11.6.10)

for all p € C3(Ry x Bg). Applying Lemma IT1.5.4 says that both sides of (IT1.6.10)
have to vanish identically, from where [y; u] = 0 and [you] = w follows. O

Now, as in [Cos90, Definition 3.5], we are in the position to define the boundary
integral operators.

Definition III.6.5. Let ¢ € Hfé’fi(ET) and w € H%’%(ET), We can then define
the single layer operator as

Vi == 3V,

the adjoint double layer operator as

1 ~ ~
K =5 (7 P)lar + 97 (V)5 )

the double layer operator as

1

Kw =3 (70(/€w)|QT + 70(76“’”%)

and the hypersingular operator as
Dw = —’yl_lzw.

As in [Cos90, Theorem 3.7], we have the following mapping properties of these
operators.

Theorem I11.6.6. The boundary integral operators from Definition II1.6.5 are con-
tinuous mappings as follows

V: H 374(Sy) - H21(Sy),
K': H 25 (Sp) — H 271 (Sy),
K: H25(Sr) = H21(Sy),

D: H2i(Yr) — H 27 1(S7)

Proof. The assertion follows immediately by using the mapping properties of the layer
potentials from Lemma I11.6.2 and Lemma II1.6.3 as well as of the trace operators
introduced in Section I11.2.2 and from Lemma I11.4.7. O

We can state the analogue of [Cos90, Formulae (3.24)—(3.27)].
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Lemma II1.6.7. It holds
N WVP)lar =0V)gs = Vi,
T (), = 3+ K'Y,
1 (P8l = 50 + K0,

~ 1
Yo (Kw)|g, = —Sw Kw,

. 1
70(/Cw)|Q% = §U) + Kw,
7 (Kw)lor =71 (Kw)|gs = —Duw.

Proof. We just prove the second statement, as the other statements follow similarly.
According to Lemma I11.6.4, we have

VL VY] = 71 Veblgs — 1 Velor = —.

Therefore, B _
M Vlor =¥ + 1 Vilgs.-
By Definition I11.6.5, we have

1 ~ o~
K= 5 (7 Velar + 77 Velas.)

Substituting this into the expression above yields
7f9¢|QT =9+ 2’CI'¢J - 7;9w|QTa
from where the claim follows immediately. O

Remark II1.6.8. Following [Taul9, Formulae (7)-(10)], the relations in the interior
given in Lemma II1.6.7 can also be written as

_ T
Wit = [ [ Glerxy)otny) doyar,
0 T
- 1 t T
V) = 5ot + [ [ 4Gl rxy)etny) doydr
t
. 1 T N
’YoK:U)(t, X) = —*U)(t, X) + 71 (r )G(tv T, X, Y)w(7_7 Y) dUYdTa
2 o Jr, 7Y

_ T
7 Kw(t,x) = —/0 /F ’Yi(t,x)'yi(r,y)G(t?TvxvY)w(Tv y) doydr.
t

We can take the traces in the representation formula (IT1.6.2) to obtain the Dirich-
let data and the Neumann data of the solution u of the homogeneous heat equation.
This yields

1

70U = 50U — Kryou + Vv u, (I11.6.11)
1

Y1 u = Dyou + nut K~y u, (I11.6.12)
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111.6. The Calderén operator

compare also [Taul9, Formulae (11) and (12)].
As in [Cos90, p. 518|, we can define the Calderén projector and the associated
involution A as

1 1 —

D K|

We state next the analogue of [Cos90, Theorem 3.9].

Theorem II1.6.9. The operator Cq,. is a projection operator in the space
G:=H21(Xp) x H 27 1(37).

The following statements are equivalent for (w,v) € G:

1
(i) There is a u € H;lo’f (Qr) with (0 — A)u =0 in Qr and w = you, Y =y, u on

o] =eer 2]

Proof. We again follow the proof of [C0os90, Thereom 3.9].
(1) = (ii) follows by the considerations above, especially in (I111.6.11) and (111.6.12).
For the proof of (ii) = (i), ¥ and w are given and we define

(i) It holds

u:= Vi) — Kw. (111.6.13)

. : : e 1,3
Using the mapping properties of the potentials implies that u € H?(Qr) and we

obtain
You w
— | =C . 111.6.14
] =cer ] ans.19

Since the right-hand side equals to [w,]T according to (ii), the claim follows imme-
diately.

It remains to show the projection property of Cg,. Because on the one hand
[You, 77 u]T = Cor[you, 75 u]T holds according to (I11.6.11), (I11.6.12) and on the other
hand (I11.6.14) holds for any [w,®]T and u given by (I11.6.13), we obtain Cq,.[w,¥]T =
CéT [w, ¥]T for any [w,®]T and thus

Co, = Cor- (I11.6.15)
O

We can state the following corollary in analogy to [Cos90, Corollary 3.10].
Corollary T11.6.10. The operator A: G — G is an isomorphism.
Proof. We use the same argument as in the proof of [Cos90, Corollary 3.10]. Notice

that we can reformulate (II11.6.15) as follows:

1 2 1
<21d+A> 4ld+A+A 21d+.A.
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We hence conclude

1
A% = 14 (111.6.16)
which is equivalent to
At =4A.
U
As in [Cos90], we can interchange the columns of the operator A to define the
operator
Yy K
A T |:K:/ D :| ’

which is an isomorphism of the space
G = H 2 1(37) x H21(Sy)

onto its dual space G. Following [Cos90], we define the duality product between G’

and G as
<m ’ [ZD = (4, 0) + (p,w)

for all v, w € H%’i(ET) and ¢, Y € H*%’fi(ET). We are now in the position to
state the analogue of [Cos90, Theorem 3.11], which is the positive definiteness of the
operator A.

Theorem II1.6.11. There exists a constant o« > 0 such that

G (G
<LU] A LUD = (HT/}HZ%’}L(ET) * Hw”i{%&(zﬂ)

for all [, w]T € G'.

For the proof, we again mimic the proof of [Cos90, Theorem 3.11|, which is based
on the following lemma (see [Cos90, Lemma 3.12]). Its proof can be found in [Cos90].

Lemma II1.6.12. Let A: X — X' be a bounded linear operator, where X' is the dual
space of the Hilbert space X. With a compact operator T: X — X' and a constant «,
let A satisfy

(A+T)z,z) > allz||% forallze X

and
(Az,z) >0 for all x € X\{0}. (I11.6.17)

Then, there exists a constant oy > 0 such that
(Az,x) > aq||z||%  for all x € X.

Moreover, we need the following analogue of [Cos90, Lemma 2.15].

Lemma I11.6.13. Let u € V(Qr) such that (0 — A)u =0 in Qr. Then, there exist
constants my, mo, and ms such that

[l fro(@r) < mlHUHHl,%(QT) < mallullyigry < msllull grog)-

In other words, for functions u € V(Qr) satisfying the homogeneous heat equation, we
have the equivalence of the norms in V(Qr), H"9(Qr), and Hl’%(QT).
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Proof. The first and second inequality follow directly from the equivalence of norms on
Q7 and Qo, since the proof of |Cos90] is based on the definition of the norm for the first
inequality and the interpolation result (II1.1.7) for the second inequality. Nonetheless,
we cannot apply the equivalence of norms on Q7 and norms on ) directly for the
third inequality, because we have (9; — A)u = 0 as an assumption, which is needed to
show the third inequality. Mapping this differential operator from the tube onto the
cylinder or vice versa will alter it. Therefore, we use the ideas of the proof of [Cos90,
Lemma 2.15|, but adapt them to our context.

Transforming the partial differential equation (0; — A)u = 0 from Q7 back to Qo
via the weak formulation (see (II1.3.4)) yields

H(uok) — M(uok)=0 in Qo,
where M is defined as
M(uo k) :=div ((Dn)_l(Dn)_TV(u o H)) +{(DkK) V(uok),dk)
1
+ det(Dk)

By the standard theory, for fixed ¢ € (0,7, we have that M: H'(Qq) — H~1(Qo)
is bounded. Thus, for u € H"%(Q), we obtain Mu € L*((0,T); H~ (%)) and we
conclude

<V(det(Dn)), (D) H(DkK) TV (uo n)>

[ullor) = lue Kllpgy) = o &llFmogy) + |8 (uo K’)Hi?((O,T);H—l(QO))
= [luo ”H%{LO(QO) +[[M(uo &)Hi%(o,T);H*l(Qo))
S lluo ”/"'H?{LO(QO)
= l[ullz.0(0y)-
]

Proof of Theorem II1.6.11. We follow the proof of [Cos90, Theorem 3.11]. As above,
we let the radius R > 0 be big enough such that the ball Br contains the boundary
I for all t. We then write Q¢ , = Br\Q: and Q5 p = Ugerer ({t} x Q5 5).

Let w € H2'1(X7) and v € H 274 (X7). Apart from the boundary Sr, we define
u:= Vi — Kw. (111.6.18)

From the jump relations (see Lemma I11.6.4), we obtain
[you] = —w, [y u] = —. (111.6.19)

Using Definition I11.6.5 immediately yields

1 U|Qe
- [’YW,QT] Lomesa ) 4 m . (I11.6.20)
2 \ [ vlor N “|Q%,R w
In view of (II1.6.19) and (II1.6.20), we can rewrite the bilinear form as
<[1/1] A [¢]> _ 1 [71U|QT:| - fyl_u‘QcT,R, |:70U’|QT:| + ’)/()U|Q%,R
w] ' w 2\ [oulor Youlgg , |7 1 uler] |1 uQs .
= (1 uler, 0uler) — (1 uleg . youles, ),
(I11.6.21)
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where we used (I11.6.17).
Since u satisfies (0; — A)u = 0 in Q7 and also in QF p, we apply Green’s first
formula (IT11.5.1) (see Lemma II1.5.1) to obtain

| IVul? det) + d(ww) = (07 ulogs oo
Qr
while applying (I11.5.4) (see Lemma II1.5.5) yields

/ IVall? d(t, x) — d(u, ) + /Q (T, %)[2 dx = (17wl Youlge).
T T

Adding the two expressions together gives?

- 1
O ularouder) = [ IV + 5 [ JuPx
Qr Qr

(I11.6.22)
> / V]2 d(t, ).
Qr
On Q% i, we obtain analogously
~7 ulas, ks, ) = [ IVl dex
o (111.6.23)

1 T
+/ |u(T,X)\2dx—/ / uOyudodt,
2 Ja 0 JoBg

where 0,u denotes the normal derivative of u at the boundary (0,7) x 0Bpg. Inserting
(I11.6.22) and (II1.6.23) into (I11.6.21) yields

W] L [¥ !
<[w} A {w]> > /QTUQ%R | Vu|?d(x,t) —/0 /é?BR udpu dodt. (I11.6.24)

According to (I11.6.18), u|(,1)xaB,; and Orulo yxaB, are defined from [w,¢]T by
the action of integral operators with smooth kernels. These integral operators as well
as their adjoints are compact and therefore, using Young’s inequality, there exists a
compact operator 171 : G — G such that

[ furowama] < (]m i)

1
According to [Cos90], H;lo’f (Qo) embeds compactly into L?(Qg) and, therefore,

c
T,R

1
also H i)’f (Q7) embeds compactly into L?(Qr) due to the smooth mapping . Then,
in view of the mapping properties of Y and K (see Lemma I11.6.2 and Lemma I11.6.3),

At this point, it is crucial that we split the term (V,n) in (IIL4.1) with the factor 5. If

we choose the factor differently, say A and 1 — A, we would obtain a boundary term involving
fOT fl“t (V, n) (7™ u)? dodt, which would require an appropriate, not straight-forward treatment.
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we obtain the existence of another compact operator To: G — G, such that, due to
the definition of the norm, we have

2 2
IVull? d(t, %) = [[ulgr 7000,y + 1ul@s oll5oqe —/ lul”d(t,x)
/QTUQCT,R im0 S C T

2 2 (0 (G
~ o oy + lulos,linoiar ~ (4] 72 2] )

Due to Lemma I11.6.13, the norms of u|g,. in H°(Qr) and Hl’%(QT) are equivalent,
and likewise those of u|qg, .. Hence, (II1.6.24) induces

AL 2 )
<|:w ’A w Z (6% Hu’QTHHl’%(QT) + HU‘Q%,RHHL%(Q%,R)

(o] @ 1),

Using the jump relations (I11.6.19) and then the trace lemmata (see Section 111.2.2
and Lemma I11.4.7) yields

(111.6.25)

ol b4 5y = Iouler = v0ulas oll 4.4,

< (Wlarl ot gy * 0kl g )

and similarly
044 ey = Iruler - ’Yl_u‘QCTvRHH*%*%I(ET)

: (HU‘QT“HL%@T) *lelan el R>> '

Looking at (II11.6.25) we thus have the existence of a constant o > 0 with

<[:ﬁ] JA+T 4+ Th) [Zﬂ> >« <||w||§{—§"i(ZT) + ||w\12q%’}1(ET)> ,

which is the first assumption in Lemma I11.6.12.
It remains to prove the positivity assumption in Lemma I11.6.12. To that end,
we show that the term fOT faBR udrudodt in (I11.6.24) goes to zero as R — oo. Let

0 < Ry < R such that € C Bpg, for all ¢t and set Qf g, = (0,T) x (Bgry\Qo)-

We can use Green’s second formula from Lemma II1.5.1 for v = G(T — t,x) with
(to,x0) ¢ QT g,- Thus, outside of QF g for [|x|| > Ry, the function u coincides with

up = Viho — Ky,
where the potentials take the densities on g, := (0,T) x 0Bp, given by
wo = u]gRo, L/JO = 8,.u\gRO.

Since the singularity of w lies on the boundary X, the densities wg and g
are smooth and also the boundary Xp, is smooth. Therefore, we can estimate
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uls, = uolx, and Orulyn, = Orugls, for R > Ry by looking at the behaviour of
the fundamental solution G. Because the fundamental solution is the same for the
cylindrical and the non-cylindrical case, we estimate

IG(t,x)| < Ct™||x||**=¢ for all u € R
and we obtain a similar estimate for VG. Then, for finite T', we have
u=0R"?), du=0R ¥ as|x|=R— occ.

Therefore, since the integrand is of order O(R~9~%~1) and the measure of the bound-
ary OBp is of order O(RY™1), we obtain

T
/ / udrudodt = O(R™42) 50 as x| = R — oo.
0 JoBg

Since the left-hand side in (111.6.24) is independent of R, we can conclude that

lim / | Vu||? d(t, x)
R—o0 Q¢
T,R

¥ A[zq> ul|?d(t, x
<[w]’ w 2/(0,T)><(Rd\l“t)”v I7d(t, ).

Assume that the right-hand side vanishes. Then, since u is smooth enough, we
obtain that u(t,-) is constant on €; and RN\, for every ¢ € (0,7). Since u = 0 on
Qo, we thus obtain that u = 0 on (0,7T) x R%. From the jump relations (II1.6.19), we
obtain w = 0 and ¥ = 0. This implies the positivity assumption (IT11.6.17) of Lemma
111.6.12 and the claim in the theorem follows immediately. O

is finite and

Having the main result Theorem II1.6.11 at hand, we can state a few corollaries
along the lines of [Cos90, Corollary 3.13, Corollary 3.14, Remark 3.15, Corollary 3.16,
Corollary 3.17].

Corollary I11.6.14. The single layer operator
1 1 11
V:H 27 1(3S7p) = H>1(Xp)
s an isomorphism and there exists a > 0 such that

Vo, 9) = al|vll?, for all € H274(Sy). (111.6.26)

11
T2 4(3r)
The hypersingular operator
11 1 1
D: H>4(Xr) - H 27 4(Xr)
is an isomorphism and there exists a > 0 such that

11
(Dw,w) > a||wHiI%%(ZT) for all w € H21(X7). (I11.6.27)
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111.6. The Calderén operator

Proof. As in the proof of [Cos90, Corollary 3.13], the coercivity estimates (II1.6.26)
and (I11.6.27) result from Theorem I11.6.11 by using the special cases w = 0 and ¢ = 0,
respectively. In view of the continuity of V and D, this leads to the invertibility of
the operators. ]

Corollary II1.6.15. The operatlors
%id—HC, %id K HY (D) > HY G (50),
S, iK' H 3 (Sg) - H3 o (5y)
are 1somorphisms.

Proof. We again follow the proof of [Cos90, Corollary 3.14] directly. From the projec-
tion property (II1.6.15), more specifically from (I11.6.16), we obtain

1. 1.
1id +K’ 1id —K')=wy
2 2 N '

Since the right-hand sides are isomorphisms, we immediately arrive at the claim. O
Remark I11.6.16. The other two relations gained from (111.6.16) lead to
VKV =K' =DKD ™.
Corollary I11.6.17. The unique solution u € Hi)’%(QT) of the Dirichlet problem
(O —=Au=0 inQr,
You=g onXr,
with g € H%%(ET) can be represented

(i) asu =V —Kg, where ) € H_%’_%(ET) is the unique solution of the first kind
integral equation

Vi) = (;m +/c) g.

(i) as u = Vi — Kg, where ¢ € H_%’_i(ET) is the unique solution of the second
kind integral equation

1
<2 id —lC’) ¥ = Dy.

(iti) as u = ]71#, where ¢ € H_%*%(ZT) is the unique solution of the first kind
integral equation

Vi =g.

(iv) as u = Kw, where w € H%i(ET) is the unique solution of the second kind

integral equation
1
—id—K = —g.
(11-5) =
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CHAPTER III. PARABOLIC EQUATIONS ON TUBES

In (i) and (i), it particularly holds 1 =~y u on .
Proof. We can use directly the idea of the proof of [Cos90, Corollary 3.16], which are
the uniqueness results from above and the jump relations given in Lemma I11.6.7. [

1
Corollary I11.6.18. The unique solution u € H;lo’f (Qr) of the Neumann problem

(8t - A)U =0 in QT7
Mu=h onXr,

with h € H_%’_%(ET) can be represented

(i) asu=Vh—Kw, where w € H%i(ET) is the unique solution of the second kind
integral equation

<; id +IC> w = Vh.

(ii) as u = Vh — Kw, where w € H%i(ZT) is the unique solution of the first kind
integral equation
1
Dw = (2 id —IC’) h.

(iii) as u = Vi, where 1 € H_%’_%(ET) is the unique solution of the second kind
ntegral equation

1N
(21d+lc>¢_h.

(iv) as u = Kw, where w € H%’i(ET) is the unique solution of the first kind integral
equation
Dw = —h.

In (i) and (i), we have that w = you on Y.

Proof. The proof follows by the same arguments as in the proof of [Cos90, Corollary
3.17], which is similar to the respective proof for the Dirichlet problem. O

I11.7 Conclusion

We considered the heat equation on a time-varying (so-called non-cylindrical) domain.
In contrast to the problem on a cylindrical domain, we used a modified Neumann trace
operator containing a term which is dependent on the velocity of the moving surface.
We were able to show the mapping properties of the layer operators by following
the proofs of Costabel [Cos90]. To this end, we heavily used the fact that the non-
cylindrical domain is a mapped cylindrical domain. Then, using mapped anisotropic
Sobolev spaces, we obtain analogous mapping properties and are also able to prove
existence and uniqueness of solutions of the Dirichlet and of the Neumann problem.
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Chapter IV

Shape Calculus

In this chapter, we will discuss the time-dependent shape calculus. We recall pre-
liminary theoretical results from the literature [DZ99b, DZ01, MZ06] and supplement
some proofs which seem to be missing therein, need additional clarification or are
valuable for the understanding. Moreover, we give some new general formulae which
to the best of our knowledge cannot be found in the literature so far. As the litera-
ture is not concise when considering functionals over a boundary, we clarify upon this
matter and present the appropriate formulae.

IV.1 Generation and perturbation of a tube

Recall from Section II1.1, especially (II1.1.1), that we consider a non-cylindrical do-
main Qr, called tube, given by

Qr = U ({t} > ),

0<t<T

where Q; C R? is a spatial domain at time ¢. Its lateral boundary is denoted by
Yp, compare (II1.1.2). It is reasonable to require certain properties of such a tube,
such as the continuity of its lateral boundary. The precise requirements are discussed
in the following. Omne of the difficulties during shape calculus, and later in shape
optimization, is that we need an automated process for the generation of such tubes.

The generation of a tube can be accomplished from an Eulerian or a Lagrangian
point of view. In the Eulerian setting, one considers a velocity field V generating
the tube, while in the Lagrangian setting, one considers a parametrization of the
tube. The framework of this section also allows the perturbation of tubes in both
settings, which will enable us to compute directional derivatives, i.e., shape gradients.
Notice that in the time-independent setting, the shape gradients are independent of
the chosen paradigm, whereas the shape Hessians can differ, see [DZ91].

In the following, we will first introduce the two concepts, relate them and comment
upon their use in numerical applications.

IV.1.1 Two paradigms to generate tubes

Let us recall that in the Reynolds’ transport theorem, see Lemma I11.4.3, a velocity
field V in normal direction n appears. This velocity field can be used to describe how
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CHAPTER IV. SHAPE CALCULUS

an individual particle gets moved throughout time when being exposed to V. We call
this movement the pathline. Hence, if we would inject a drop of dye at a certain point
and time and do a time-lapse photography, we would see the pathline [SA08]. This
relation is described by the ordinary differential equation, see [Zol79, p. 6],

oT

o> V(T in [0,7] x R?

5 (t,x) (t,T(t,x)) in [0, 7] x R, (IV.1.1)
T(0,x) = x in R,

which under certain smoothness assumptions has a unique solution, compare [DZ01,
Proposition 2.1]. Its solution T(¢,-): x — x; = T(t,x) describes the trajectory a
fixed point x takes. The point x can be thought of as the Lagrangian (or material)
coordinate, while x; is the Eulerian (field) coordinate, see [SZ92, p. 49] and [OF03,
Section 3.1]. Notice that for fixed ¢ the homeomorphism

x — T(t,x): RT —» R?

is an operator which maps the initial position to a position at a certain time ¢ and is
dependent on V. To clarify this association, we also write T = Tvy.

From the considerations above we see that we can on the one hand start with a
velocity field V and use it to generate a mapping T. On the other hand, we can start
with a mapping T from which a velocity field V can be computed. In the sequel,
we make the relation between the two approaches more rigorous. For fixed ¢, let us
denote by

x; = TNt x;): RT — RY

the operator which maps the position at a time ¢ to the initial position. We make the
following assumption for the vector field V.

Assumption IV.1.1. We assume that for all X € R? and V(-,X) € C°([0,T];RY),
there exists a ¢ > 0 such that for all X,Y € R? it holds

IV Y) = VEX) ) <Y = X].

o ([0,7);R

We have the following equivalence result, see [DZ91, Theorem 2.1], [DZ92, Theo-
rem 2.1] or [DZ11, Chapter 4, Theorem 4.1].

Theorem IV.1.2. (i) Under Assumption IV.1.1 on V, the map T from (IV.1.1)
has the following three properties

o For all x € R? it holds T(-,x) € Cl([O,T];Rd). Moreover, there exists
¢ > 0, such that for all x,y € R?® it holds

ITC3) = T3 () < €l =1

e Forallt € [0,T] the map x — T(t,x): R? — R? is bijective.
e For all X € R? it holds T~1(-,X) € C°([0, T];R?). Moreover, there exists
¢ > 0 such that for all X, Y € R? it holds

IT(Y) = T7'(, X)]| <Y - X].

o ([0,7);R?)

28



IV.1. Generation and perturbation of a tube

(ii) If there exists a T € R, T > 0, and a map T: [0,T] x R — R? satisfying the
three properties in (i) above, then the map

T
(t,X) — V(t,X) = %t(t, T '(t,X)): [0,T] x R* — R, (IV.1.2)
satisfies Assumption IV.1.1. If additionally T(0,-) = id, then T(-,x) is the
solution of (IV.1.1) for that V.

Theorem 1V.1.2 thus states that we can either consider velocity fields V satisfying
Assumption IV.1.1 or transformations T satisfying the three properties mentioned
in Theorem IV.1.2. When starting from V, we obtain the speed method (also called
velocity method), see Figure TV.2 on the top. The speed method allows for larger
deformations and is favourable in an Eulerian setting. For a given initial domain g,
we obtain a perturbed domain €2; by setting

O = Tv(t,Qo) = {Tv(t,X): X € QU}.

When starting from T, we actually consider a parametrization of the tube. In the
following, we will thus retreat to the case where T = Kk, where k was introduced in
Section III.1. The above description of generating a tube Q7 via a parametrization
K is displayed in Figure TV.1 on the top. We can associate to k a velocity field V by
considering (IV.1.2) for k which in this case reads

V=0kKkok ' (IV.1.3)

Remark IV.1.3. We emphasize that the two paradigms of this section both correspond
to a very specific setting for the description of the time-space domain. In particular,
the space time domain always has the form (IIL.1.1), where Q; can be mapped to Qo
by a continuous homeomorphism.

IV.1.2 Geometric properties of the tube

Let us denote the spatial normal to the domain Q; € R? by n and the time-space
normal by v. Moreover, by V, we denote the spatial gradient

_[.a o o 1T
V=[]

while V denotes the time-space nabla operator
> [0 o o o 1T
v_[a’aiwﬁaixz""’aimd} :

The time-space normal can be written as

v = \/11—1—703 ﬁ:] (IV.1.4)

for some appropriate v, € R. More precisely, there exists the following connection
between v, and the vector field V generating the tube as described in Section IV.1.1,
see [DZ99a, DZ99b, DZ01].
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Lemma IV.1.4. For the vector field V, which generates the tube Qr, it holds
(V,n) = —uv,,
where v, is the temporal component of the unnormalized time-space normal (IV.1.4).

Proof. Since to the best of our knowledge, no proof is given in the relevant literature,
we show the claim in the following. Let us consider a parametrization £: R1*¢ — R1+d
of the tube Q7 given by

_ t

K’(ta 11) - [n(t,u)] bl
where k: R? — R with k(t,T) = Iy, compare Section ITI.1 and Section IV.1. From
Lemma I1.2.7, we can write

(IV.1.5)

where v denotes the time-space normal on ¥y = (0,7") x I'g and thus corresponds to

[& ] In here, ng is the spatial normal to €2g. Moreover, we have

-, [1 o
Dr = [Otn Df@]’

where 0 is the zero vector in R, Inserting the inverse

(DR)™ = [ ! or ]

—(Dkr)" ok (Dr)1
into (IV.1.5) yields

ol * [—(%)T(Dn)—mﬂ
[(DR)~Twy| (Dk) " Tny :

From Lemma I1.2.7, we obtain
(Dk) g = n o k||(Dk)ng|,

and therefore

v(t, k(") = IO &) 7o | [—(atﬂ)Tnom} ‘

IDR) T L mow

Using (IV.1.3) and the fact that & is bijective gives

e [ ]

from where the claim follows directly by comparison with (IV.1.4). O




IV.1. Generation and perturbation of a tube

IV.1.3 Perturbation of a tube generated via a parametrization

As our goal in shape calculus is to compute directional derivatives, we need to perturb
the tube in a certain direction. In a Lagrangian setting, where the tube is generated
by the bijective mapping & from (III.1.3), the perturbation of identity is the method
of choice, see [MZ06]. The perturbation of identity yields a new tube (see Figure IV.1)
via

Qr= U ({1} x (d+sZ)())

0<t<T

for a vector field Z(t,x) € R? and s small enough. We denote ¢ := (id +sZ) ().
Notice that the perturbations under consideration are horizontal, meaning that we
consider perturbations of (¢,k) in the direction [], compare [MZ06]. Moreover,
id +sZ should satisfy a uniformity condition as in (III.1.4).

_— —_

x € Qg Ki(t,X) x; € |:t:|€QT

t Xt,s € Qt,s
K+sZok
r1

)
)

Xt.s

Figure IV.1: Perturbation of identity in the Lagrangian setting.

IV.1.4 Perturbation of a tube generated via the speed method

The shape calculus in the Eulerian setting is formulated for example in [DZ01] and
[MZ06]. Let us consider a tube QY generated by a vector field V. To obtain a
perturbed tube Q¥+SW, we perturb the vector field V by considering V 4+ sW. To
that end, we consider for every point of time ¢ € [0,7] and s small enough the domain

Qt,s = TV+SW(t7 Qo),
see Figure IV.2. By setting
Ts=Tviswo (Tv) ",

where the composition acts only on the spatial component, we can directly map €2
onto ;. We can again associate a vector field to this map by setting

Zy(s,-) = <js7's> o(Ts) ", (IV.1.7)
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T <
v
Q Tv(t,x) Q t v
x € () p ) Xt € X €Qp
N
~-TTTT T =< Ts(taxt)
I o
t
TV+SW(t’ X)
x1
T2
t
Xts € Qt,s |:X :| c Q¥+SW
t,s

Figure IV.2: Perturbation of the tube in the Eulerian setting.

see Theorem IV.1.2. Since for the shape differentiability we consider s — 0, we define
Z(t,x¢) = 24(0,x;). This vector field, called the transverse field, is characterized by
the following differential equation, see [DZ01, Theorem 3.2],

OZ+Z, V=W  in[0,T] x D,
2+ [2,V] . 0.7] (IV.1.8)
Z(0,-)=0 in D,
where [-,-] denote the Lie brackets [Z, V] = DZV — DVZ and D C R? denotes the
hold-all.

IV.2 Definitions of time-dependent shape calculus

In the following, we will focus on the case where the tube is generated by a parametriza-
tion and perturbed with a perturbation of identity. We comment in Section 1V.4 on
the case when the tube is generated by a vector field.

We define the space of admissible perturbation fields as

oy = {z € C*((0,T) x D)} (IV.2.1)

and consider a perturbation field Z € Z,4. In here, D denotes the hold-all.

The Eulerian derivative of a functional J(Qr) in a direction Z is defined as follows,
see [MZ06, p. 14| or [SZ92, Definition 2.19 and Definition 2.20, p. 54].

Definition IV.2.1. The Eulerian derivative of a functional J(Qr) in a direction
Z € Z,4 at Qr is defined as

L JQ%) - J(@Qr)
VI(Qr)[2] = lim = L.

J(Qr) is called shape differentiable if the limit exists for all directions Z € Z4q and if
Z — VJ(Qr)[Z] is a linear and continuous mapping, thus in Z. .
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1V.3. Hadamard structure theorem

Let vy s denote a state computed on the perturbed domain @73 and v; the state
computed on Q. Thus, the state inherently depends on the domain. According to
[MZ06, Definition 6.1 and Definition 6.2, p. 166, we have the following two definitions
of shape sensitivities.

Definition IV.2.2. The material derivative 0[Z] at k € Z44 in the direction Zok €
Z,q s defined as

id +sZ) —
8[Z] = ljm Vs O (1d+5Z) — v
s\0 S
Definition I'V.2.3. The local shape derivative al K € Z,4 in the direction Zok € Z,y
is formally given by
v s(t, x) — ve(t, x)

u(z)(t, %) = lim - . (%) € QRN Qr.

Notice that the material derivative and the local shape derivative are connected
via (|MZ06, Remark 6.2, p. 166])

U[Z] = 6u[Z] + (Vu,Z), (IV.2.2)
and thus the local shape derivative can also be defined rigorously by (IV.2.2).

Remark IV.2.4. Since the local shape derivative acts only on the inherent dependency
on the shape, it interchanges with coordinate derivatives in space and time. This is
i contrast to the material derivative, which does not interchange with coordinate
derivatives. More specifically, we have

(Vu)[Z] = V(i[Z]) — (DZ)TVu, (IV.2.3)
since with (IV.2.2) we obtain
(Vu)[Z] = 6(Vu)[Z] + D*uZ
which yields together with the product rule
V((Vu)TZ) = D*uZ + (DZ)"Vu
and interchanging of local and coordinate derivative the expression
(Vu)[Z] = V(6u[Z]) + V((Vu)TZ) — (DZ)TVu

from where (IV.2.3) follows by using again (IV.2.2).

IV.3 Hadamard structure theorem

For the time-independent shape calculus, we have the so-called Hadamard formula,
which states how the structure of the shape derivative of a functional J looks like. Its
key message is that only boundary variations in normal direction are relevant for the
shape gradient, see [MZ06, p. 15|, [DZ11, Chapter 9, Corollary 1, p. 480] or [SZ92,
Theorem 2.27, p. 59]. Intuitively this makes sense, since perturbations in tangential
direction do not alter the shape. Let us consider a domain 2 C D with boundary I'
and normal n, where D denotes the hold-all.
The following theorem gives the so-called Hadamard formula.
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Theorem IV.3.1. Let the functional J() be shape differentiable at every domain
Q C D of class C**1 k > 0. Suppose the shape gradient V.J(Q) is in (Cg(Q;Rd))/.
Then, there exists a scalar distribution g(I') € (Ck(F))/ such that the shape gradient
in the direction V can be represented as

VI@Q)V] = (a(T), (30(V), n>>(ck(r))
for all V € C(D;RY).

Remark TV.3.2. If g(T') € LY(T"), then the directional derivative can be written as

VI(Q)[V] = /F o(T){70(V),n) do.

"x Ck(T)

In the time-dependent setting, we only consider horizontal perturbations of the
form [%] and thus we do not perturb in time direction. Therefore, we can apply the
Hadamard structure theorem for every point of time, given that we have a smooth

spatial domain.

IV.4 Connection between the speed method and the per-
turbation of identity

For illustrative purposes, we recall how the speed method and the perturbation of
identity are connected by following [MZ06, p. 175ff.]. Based on this comparison, we
argue that the perturbation of identity is the more suitable setting for our numerical
considerations, see Remark IV.4.3.

To elaborate the connection of the shape gradients for functionals depending on
tubes generated by one of the two paradigms, let us consider a functional

J: A— R,
Qr — J(Qr),

where A is the space of admissible tubes. We parametrize the tube in a Lagrangian
setting by using the parametrization k (see Figure IV.1), thus we define j; = J o Kk,
and write j;(k) = J(Qr). On the other hand, we can use velocity fields V to generate
a tube via the associated mapping T = Ty (see Figure IV.2), which we denote by
QY. We define j. = J o Ty, and write j.(V) = J(QY), see [MZ06, p. 175ff.].

Remark IV.4.1. Notice that we have in complete analogy to Definition 1V.2.1

‘ J( V+5W)_J<QV>
VJ(Q}’)[W]:;{% s . s

)

where Q¥ emphasizes that the tube is generated by the speed method by using the vector
field V instead of a parametrization.

According to [MZ06, Theorem 6.4], the two points of view are related as follows.

Theorem 1V.4.2. The differentiability of the functional j; at Kk in the direction Zok
is equivalent to the differentiability of j. at V in the direction W with V = Okor ™!,
W =0i(Zok)ok ' —DVZ, and Z corresponding to the transverse field introduced
in Section 1V.1.J. The respective functional derivatives coincide, i.e. it holds

VJ(k)[Zo k] = Vji(k)[Z o k] = Vje(V)[W].

64



IV.4. Connection between the speed method and the perturbation of identity

Proof. We repeat the proof of [MZ06, Theorem 6.4] in the hope that the reader will
benefit from a clearer structure and eliminated typos. As already stated in (IV.1.3),
if we set V = 0y o k1, we have that kK = Ty (see also Lemma IV.1.2). We use the
chain rule to compute

Vije(V)[W] = V(J o T)(V)[W]
=VJ(T(V))[VT(V)W]].

To arrive at the claim of the theorem, we would need
VT(V)[W]=ZoT(V).

We let Z coincide with the transverse field in the Eulerian setting, since from (IV.1.7)
we have

Zt(o) = asr]:‘V+sVV © (TV)_l ‘5:0
1

=VT(V)[W]o (T(V)) ",
and thus
ZoT(V)=VT(V)[W].

It remains to compute the expression for W. In (IV.1.8), Z is characterized in
terms of W. We therefore have

W =0,Z+DZV —DVZ.
We can rewrite this by using the chain rule in the expression

O(Zok)ok™ ' =Z +DZoKkok™
= OZ +DZV.

Thus, we obtain as claimed
W =09,(Zok)ork ' —DVZ.
O

Remark 1V.4.3. Theorem [V.4.2 states that we analytically obtain the same shape
gradient regardless of the choice of the generation and perturbation method. Neverthe-
less, for numerical considerations, one method might be more suitable than the other.
As we are interested in the actual shape of the tube, a directly accessible and evaluable
parametrization is clearly advantageous. In this respect, the perturbation of identity is
the method of choice, because in the speed method one would have to solve the ordinary
differential equation (IV.1.1) to obtain the shape of the tube. Moreover, we would also
have to solve (IV.1.8) to obtain the correct perturbation field Z. The situation might be
different if one is interested in the flow velocity V, for which the speed method appears
to be more suitable.
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IV.5 Shape derivatives for functionals

Before stating the formulae for the shape derivative of a domain and of a boundary
integral, we point out two different integral representations, which are canonical in
the chosen setting. On the one hand, we can write a domain and surface integral as
fQT -d(t,x) and fZT -dY, respectively. On the other hand, we can write them as a

double integral in accordance with fOT Jo, - dxdt and fOT Jr, - dodt, respectively, where
Qr, U, X7 and T'; are defined in (IT1.1.1) and (I11.1.2). Since we cannot rewrite the
integration domain as a product domain (0,7) x U for some appropriate U like in the
cylindrical setting, we cannot apply Fubini’s theorem. Therefore, we have to carefully
analyse if the two representations are equal or not. This is done in the following two
lemmata, for which we also give proofs as they seem to be missing in the literature.

IV.5.1 Integral representation

Lemma IV.5.1. In the parametrization setting described in Section 1V.1.1, it holds

d(t,x) = dxdt,

/QT-d(t,x):/OT/Qt-dxdt.

Proof. We assume to have a parametrization &: R4 — Rt with

Rt u) = [n(tt, u)] :

where k: R — RY.  Especially, we have E((O,T),QO) = Qr and k(t,Q0) = Q,
see also Section III.1 and Section IV.1. Using Laplace’s formula to compute the
determinant along the first row of the Jacobian

and therefore

S, [1 o
Dr = {&m Dn]
yields
det(DR) = det(Dk). (IV.5.1)

By applying Lemma I1.2.5 and Fubini’s theorem, we can compute for a smooth enough
function f

fd(t,x):/ F(R)| det(BR)| d(t,x)
Qr Qo

:/OT/QO £(t, )| det (BR)| dxa

:/T/ f(t,m)!det(Dn)’dxdt
0 Jao
T

- / £ dxdt,
0 Q
where Qo = (O,T) X QU. O
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Thus, for domain integrals, it does not matter which of the two canonical repre-
sentations we consider. This is in contrast to boundary integrals. The corresponding
statement is already given in [MZ06, Remark 6.3, p. 167|, but to the best of our
knowledge no proof is given therein.

Lemma 1V.5.2. In the parametrization setting described Section 1V.1.1, it holds

A% = /1 + v2dodt,

where v, is given in (IV.1.4). We therefore have

T
/ -dZ:/ / v/ 1+ vZdodt.
ET 0 Ft
Proof. As in the proof of Lemma IV.5.1, we consider a parametrization &: R4 —

Rt with
. _ t
K’(tv U) - |:K'/(t7 l.l):| 9

where k: R? — R? with k(t,I'g) = Iy, compare Section III.1. According to Lemma
I1.2.6 and Fubini’s theorem, we compute for f smooth enough

de:/ F(R)| det(DR)||(BR) Two | d=
YT >0

|(DR) T

m H (DK,)_TH()H dodt.

T —
_ / £t 1)| det(BR)|
0 To

Here v denotes the time-space normal on ¥y = (0,7") x I'g and thus corresponds to

[190 ], where ng is the spatial normal to Q. If we show that

(B Twol|
1D~ ~ V1+02, (IV.5.2)

the proof is complete by applying (IV.5.1) and Lemma 11.2.6 in the inner integral.
When using Lemma IV.1.4 to rewrite the expression in (IV.1.6) and comparing it to
(IV.1.4), then (IV.5.2) follows at once.

O

IV.5.2 Shape derivative for domain integrals

This section is dedicated to the shape derivative of domain integrals, see for example
[MZ06, Theorem 5.4]. We first consider the case, where the integrand corresponds
to a function v = u(Qr). Proving the shape derivative of this functional illustrates
the general procedure of such computations and reveals the underlying structure of
the shape gradient. For the computations, we need the derivative of the determinant,
which is stated in the following lemma, cf. [MNO7, Theorem 1, p. 169].

Lemma IV.5.3. The derivative of the determinant of a matriz A(s) is given by

8(det (A(s)))

Ep = tr (A'(s)A7'(s)) det (A(s)).
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Theorem IV.5.4. Let us assume that v = u(Qr) admits a material and a local
shape derivative for k € Z44 and for any direction Zok € Z,4. Assume that the map

s — J(QF) with
T
J(Qr) = /0 /Q wdxdt

is differentiable at s = 0. Then, the derivative of J(Qr) in the direction Z reads

T T
VJI(Qr)(Z] = /O [ dufz)axar + /O /F w(Z, ) dodt.

Proof. For the proof, we can proceed as in the time-independent case, see for example
[DZ11, Chapter 9, Section 4.1]. As [MZ06, Theorem 5.4] lacks the proof, we present
it here for the convenience of the reader. Let us consider the perturbed functional

T
J(QST)—/ / ug dxdt,
0 Qt.s

obtained by the perturbation of identity of the form id +sZ. The subscript s in ug
indicates that we consider u = u(Q7). Transforming the inner integral back to €
yields according to Lemma I1.2.5

T
J(Q5) = /O /Q us o (id +52Z) det ( D(id +s2)) dxdt.

We can now compute the derivative with respect to s at s = 0. By the product rule
and the Definition 1V.2.2 of the material derivative, we obtain

T
VJ(Qr)[Z] = / / {u[Z] + ), (det (D(id +52))) \so} dxdt.
0 Qq
Due to Lemma IV.5.3, it holds

05 det (D(id +52))|smp = tr (DZ(D(id +sZ))*1) det (D(id +52))

s=0
and therefore
s det (D(id +5Z))|s=0 = tr (DZ) = div(Z).

Inserting relation (IV.2.2) for the material derivative and applying the product rule
yields

T
VJ(Qr)[Z] = /0 /Q {ou[Z] + div(uZ)} dxdt.

The claim follows immediately by using the divergence theorem (Lemma 11.2.14). [

The above theorem can be extended to a more general setting where the integrand
is not just a function u, cf. [MZ06, Proposition 6.1, p. 171] for the statement without
proof. In the following theorem, we additionally let the integrand depend on the
gradient of u and therefore give the proof.

Theorem IV.5.5. Let us assume that for k € Z,q4 and for any direction Zok € 2.4
the following three statements hold:
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1. j, u and Vu admit a material derivative,
2. 7, u and Vu admit a local shape derivative,

3. the map s — J(Q7) is differentiable at s =0, where
T
J(Qr) = / / J(Q, u, Vu) dxdt.
0 Q4
Then, the derivative in the direction Z € Z.q of J(Qr) exists and reads

T
Vi@l = [ [ {0zl + 0,00 Tuyilz)
+ (V25 (Q,u, Vu), (Vu)[Z])
4 (S, u, V) div(Z)} dxdt,

when using the material derivative, where we write 0yj = %(Qt’ y,z) € R and V,j =

%(Qt,y,z) € R%, as well as u = (Qr) and Vu = Vu(Qr). When using the local
shape derivative, we obtain

T
va@lz) = [ [ {800 Vu)(2)+ 8,5(6, 0. Vu)suz

+ (Vi (Quyu, Vi), Vdu[ZD} dxdt

T
+/ / J(Q, u, Vu)(Z,n) dodt.
o Jry

Proof. The expression containing the material derivative follows directly as in the
proof of Theorem IV.5.4 by applying the multivariate chain rule to the perturbed
functional

T
@)= [ [ 5O (V) axct,
t,s

where u; s and (Vu);,s denote u and Vu computed on the perturbed domain Q7.
To obtain the result expressed with the local shape derivative, we use (IV.2.2) and
Remark IV.2.4 to obtain

T
VJ(Qr)[Z] = /O /Q {6j(Qt,u, Vu)Z] + (Vj(Q, u, Vu), Z)
+ 0yj (Q¢, u, Vu)Su[Z] + (9yj (U, u, Vu)Vu, Z)
(V2 (1w, V), V (5u(Z]) + D*Z)

+ 5, u, V) diV(Z)} dxdt.

Due to the multivariate chain rule, we have
div ((Q, u, Vu)Z) = j(Q, u, Vu) div(Z)
+ <vj(Qt7 u, VU), Z>
+ <6yj((2t, u, Vu)Vu, Z>
+ <sz(Qt, u, Vu), D2uZ>,
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which can be inserted above. Applying the divergence theorem (Lemma I1.2.14) yields
the claim. O
IV.5.3 Shape derivative for boundary integrals

As in Section 1V.5.2, we first consider a boundary functional with integrand u =
u(Qr), which again illustrates the computations of the directional derivative. To that
end, we need the derivative of the density term (compare (11.2.3))

w, = det (D(id +52)) | (D(id +52)) n|

: (IV.5.3)

which is stated in the following lemma, see [DZ11, p. 485| and [SZ92, Lemma 2.49].
Lemma IV.5.6. The map s — ws with ws from (IV.5.3) is differentiable and it holds

Dstws|so = lim 2=~ *° — QivZ — DZn - n = divr Z.
s\0 S

The following theorem states the shape gradient of a surface integral in the form
fOT Jr, - dodt. It is the time-space analogue of [DZ11, Chapter 9, Theorem 4.3]. Notice
that in [MZ06, Theorem 5.5] the shape gradient of a boundary functional only over
I'; is stated without proof. Moreover, in [MZ06, Theorem 6.2| a functional over ¥ is
treated, but again without proof. As we will mention in Remark IV.5.8, we have to
be careful with the choice of the boundary functional.

Theorem IV.5.7. Let us assume that u = u(Qr) admits a material and a local shape
derivative for k € Z,4 and for any direction Zok € Z,q, and that the map s — J(Q%)
is differentiable at s = 0, where

J(Qr) = /O ' /F ot

Then, the derivative of J(Qr) in the direction Z reads

VJ(Qr)[Z] = /0 ' /F bulz)drdt + /0 ' /F | (giiwLqu) (Z,n) dodt,

where Hy denotes the additive curvature in space at time t, compare Definition I1.2.11.

Proof. We consider the perturbed functional

T
J(Q3) = / / s dodt.
0 Te,s

Transforming the inner integral back to I'y by using Lemma I1.2.6 yields

T
J(Q7) = / / ug o (id +sZ)w, dodt,
o Jry

where the density term is defined in (IV.5.3). Taking the derivative with respect to s
evaluated at s = 0 gives with the aid of Lemma IV.5.6 and Definition 11.2.12

T
VJ(Qr)[Z] = /0 [ {ilz)+ udive 2} doat.
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Rewriting @[Z] by (IV.2.2) and splitting Vu into its tangential and normal contribution
(see Definition 11.2.12) leads to

/ / {0u[Z] + (Vu,n)(n,Z) + (Vru, Z) + udivp Z} dodt
Iy

/ /Ft {5“ <Z n) +d1Vr(uZ)} dodt.

Applying the tangential Stokes formula (Lemma I1.2.15) in the inner integral, while
noticing that I'y is closed, proves the claim. O

Remark IV.5.8. From this proof, we can see that it is crucial whether we consider
a functional over Xp or over (0,T) and T'y. Firstly, we see from Lemma IV.5.2
that we have to treat the surface measure carefully. Secondly, we use the tangential
Stokes formula (Lemma I11.2.15) to obtain the expression in Hadamard form. In our
case, we assume the boundary 'y to be smooth and closed, therefore no extra terms
appear. When having a functional over X and applying a time-space tangential Stokes
formula, we would have to treat the bottom of the tube at t = 0 and the top of the tube
at t =T specifically, as X is not a closed surface. In particular, also the curvature
appearing in the expression of the shape gradient would change from Hx to Hq x, which
denotes the additive time-space curvature. Since in [MZ06] the proofs are omitted and
it 18 not clear which curvature is meant in the formulae, we hope to have clarified this
matter to the reader here.

We would like to consider a boundary integral which, besides other terms, includes
also the spatial normal, which obviously is dependent on the tube. This could for
example appear when considering the derivative in normal direction of the solution
of a partial differential equation. For the computations of the shape gradient, we
need the material derivative and the local shape derivative of the normal, see [DZ11,
p. 491].

Lemma IV.5.9. The local shape derivative of N (see Section I1.2.4) in the direction
Z reads
SNZ]|r, = (DZn,n)n — (DZ)™n — RZ.

With relation (IV.2.2) and (11.2.4), the material derivative is given by
NZ)|r, = (DZn,n)n — (DZ)™n

For our computations, we rewrite the local shape derivative of the normal as
follows. The result follows from considerations which are scattered over several pages
of [DZ11, Chapter 9, Section 5|, such that we provide a short proof for the convenience
of the reader.

Lemma IV.5.10. [t holds
5N[Z”Ft = —VF<Z, n).
Proof. With (I11.2.8), we can compute

Vr(Z,n) = (DrZ)™n + DN (Z — (Z,n)n)
= (DrZ)™n + DN'Z
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due to (I1.2.5). Rewriting the tangential Jacobian with the aid of (I1.2.6) yields
Vr(Z,n) = (DZ)™n — (DZnn")™n + DN'Z
= (DZ)™n — nn"(DZ)™n + DN'Z,
from which the claim follows with Lemma IV.5.9 and (II.2.4). O

Notice that in [MZ06, Proposition 6.1, p. 171] a result without proof for a func-
tional over Y7 is stated but without dependency of the integrand on the gradient and
on the normal. In the time-independent case, [SS10b, Lemma 13| treats a similar
integrand as the following theorem but lacking inherent dependency of the integrand
upon the shape. Since both cases do not directly correspond to the case we consider
here, we give the statement and prove it.

Theorem IV.5.11. Let us assume that for k € Z,q and for any direction Zok € Z,q,
the following three statements hold:

1. 7, u and Vu admit a material derivative,
2. j, uw and Vu admit a local shape derivative,

3. the map s — J(Q7) is differentiable at s = 0, where

T
J(QT):/O /Fj(Qt,u,Vu,n)dUdt.

Moreover, we assume sufficient smoothness of the boundary such that there exists an
extension of the normal which admits a material derivative and a local shape derivative
for allt. Then, the derivative of J(Qr) in the direction Z exists and reads

T
i@z = [ [ {5 Tun) (2] + 0,i(0n . Vunyilz

+ (Vi (4,1, Vu,m), (Vu)[Z])
+ (Vwj(Q, u, Vu,n), (DZn,n)n — (DZ)™n)

+ (4, u, Vau, n) divr z} dodt

when using the material derivative, where we write 0yj = %(Qt, y,z,w) ER, V,j =

%(Qt,y,z,w) € R? and Vyj = Cr;d—‘f;/(Qt,y,z,w) € RY, as well as v = w(Qr) and
Vu = Vu(Qr). Using the local shape derivative yields

T
VJ(Qr)[Z] = /0 /F {5j(Qt,u,Vu,n)[Z}+8yj(Qt,u,Vu,n)5u[Z]

n <sz(Qt, u, Vau, ), V(éu[Z])>} dodt

ou

T 9i |
+/; /Ft {afl(Qtyua Vuan) +ay](Qt”U,7vU7n)ain

+ <D2uVZj(Qt, u, Vu,n), n> + divp (ij(Qt, u, Vu, n))

- %x<ij(9t7 u, VU, n)a n> + ij(Qt, u, vuv n) } <Z7 Il> dodt.
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Proof. The claim expressed with the material derivative follows in complete analogy
to the proof of Theorem IV.5.7 and by using Lemma IV.5.9.

To derive the formula expressed with the local shape derivative, we rewrite the
material derivative with the aid of (IV.2.2) and Remark IV.2.4, yielding

VJ(Qr)[Z] = /OT /Ft {5j(Qt,u,Vu,n)[Z] + (Vi (Qu,u, Vu,n),Z)
+ 0yj(Qt, u, Vu, n) (u[Z] + (Vu, Z))
+ <sz(§2t,u, Vu,n), V(6u[Z]) + D2uZ>
+ (Vwi(Q, u, Vu,n), (DZn,n)n — (DZ)™n)

+ 7(%, u, Vu,n) divp Z} dodt.

Inserting Vr(j) as a productive zero leads to

VJ(Qr)|Z] = /OT /Ft {6j(Qt,u, Vu,n)[Z] + (Vj(Q,u, Vu,n), Z)
+ 8§ (U, u, Vu, n) (u[Z] + (Vu, Z))
+ (V2 (4, Vu, ), V (u[2]) + D*uZ)
+ (Vwi(Q, u, Vu,n), (DZn,n)n — (DZ)™n)

+ 7 (U, u, Vu,n) divp Z} dodt

+/OT /F {<Vp(j(Qt,u, Vu, n)),Z>

— <Vrj(Qt,u, Vu,n), Z> — 0yJ (4, u, Vu, n)<Vru, Z>
— {(Dr (V) TV, (R, u, Vu, m), Z)

- <(Dpn)Tij(Qt, u, Vu,n), Z>} dodt.

Using (11.2.6) to rewrite the tangential Jacobian gives, omitting the arguments of j
and noticing the symmetry of D?u,

((DrVu)™V,j,Z) = ((D*u)™V,j,Z) — (n, D*uV,j)(Z, n).

Notice that, due to (IL.2.5), we have Drn = DA/. In the expression above, we rec-
ognize the local shape derivative SA[Z] (compare Lemma IV.5.9) and can therefore
substitute it with the expression in Lemma IV.5.10. Moreover, inserting the rewritten
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tangential Jacobian, cancelling out the term (D?uV,j, Z) and Definition I1.2.12 yields

T .

VJ(Qr)[Z] = /0 /F {5j(Qt,u, Vu,n)[Z] + gi(at,u, Vu,n)(Z, n)
+ 0y (Q, u, Vu,n)du[Z] + 0,7 (4, u, Vu, n)%(Z, n)
+ <sz(Qt,u, Vu,n), V(&u[Z])>

+ 7(Q¢, u, Vu,n) divp Z} dodt

+/OT /F {<Vp(j(Qt,u,Vu,n)),Z>

+(Z, n)< D?uV,j(Q, u, Vu, n), n>
_ <ij(9t, u, Vu,n), Vr ((Z, n>)>} dodt.

Applying the tangential Stokes formula in Lemma I1.2.15 twice in the inner integral
yields the claim. O

Remark IV.5.12. If a quantity z is only defined on the boundary, we can still define a
material derivative and a local shape derivative on the boundary, see [MZ06, Definition
6.3 and Definition 6.4, p. 168] or [SZ92, Definition 2.74 and Definition 2.88]. If we
assume z(X1) = y(Qr)|s,, we obtain the relation

dy
%<z,n>, (IV.5.4)

compare [SZ92, p. 116] for the time-independent case. Thus, Theorem IV.5.11 above
can also be formulated for quantities only defined on the boundary.

62(37)[2Z] = 6y(Qr)[Z]|ss +

IV.6 Local shape derivative for a Dirichlet problem

In this section, we compute the local shape derivative of u, where u is the solution of
a Dirichlet problem of the heat equation with homogeneous boundary conditions, i.e.

(at - A)u = f in QT7
Yu=0 on X, (IV.6.1)
u(O, ) =0 in QQ.

This corresponds to (II1.3.7) with g = 0. The proof of the local shape derivative follows
the lines of |[CKY98|, which treats the cylindrical case. We state the adjustment to
the time-dependent setting and consider a slightly more general setting by letting the
right-hand side f depend inherently on the domain, thus f = f(Qr). In order to
compute the local shape derivative, we first characterize the material derivative.

Lemma IV.6.1. Let us set u® := ug,s 0 (id+sZ) for Z € Z,q, where uy s is the state
computed on Q. see also Section IV.2. The material derivative of (IV.6.1), which is
defined as the limit (see Definition 1V.2.2)

ub® —u

4[Z] = lim ,
s—0 S
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1V.6. Local shape derivative for a Dirichlet problem

1
exists in H&’&(QT) and satisfies
. L3
S(ulZ),¢) = G(p) for all p € Hy §(Qr), (IV.6.2)

where S is given by (111.3.8) and

G(p) = /OT /Qt {<(DZ + DZT)Vu, Vo)

+ o(V(div Z), Vu) + (8, Z, Vu)p + f[Z}go} dxdt.

(IV.6.3)

Proof. As an immediate consequence of [LSU68, Chapter IV, Theorem 9.1], the solu-
tion uy ¢ lies in H. %’}(Q%) under our smoothness assumptions. Notice that the increased
regularity of the solution of the differential equation is needed for the boundary con-
dition of the local shape derivative characterized later in (IV.6.7) and also for the
adjoint problem we for example consider in Chapter V.

We have for the perturbed bilinear form

T
Ss(uts, ) == / {Gtut,stp + (Vugs, V(p>} dxdt (IV.6.4)
0 Qt.s

that Ss(uss, @) = (ft,s,@s)LQ(Q%) for all ¢ € H&’%(Qé}), where f; s is the source term
on the perturbed domain. The existence and uniqueness of a solution follows as in
Theorem I11.3.5 by using that the transformation kK + sZ o k satisfies a uniformity
condition as stated in (IT1.1.4). With similar computations as in the proof of Lemma
II1.3.1, when setting £ = id +sZ, Q, = €; and Q¢ = €} ,, the transformation of the
integral in (IV.6.4) back onto €, reads

Ss (ut,s ’ 90)

_ /OT /m det (D(id +52))

+ ((D(id+s2)) TV, (D(id +52)) V")

{&sut,s _ < (D(id+sZ)) " "Vu"®, d,(id +sz)> }ws

dxdt,

where we have set u'* := u; 5 o (id +sZ) and * analogously. We define this bilinear
form on the unperturbed domain as

S (w, ) == /OT/Q det (D(id +5Z))
[<stu;, V) + duwp — <(D(id +5Z)) TVw, 3y(id +sZ)>cp} dxdt,

where

B® := (D(id+sZ)) ' (D(id +sZ)) .

Note that the last term in the definition of S*(w,¢) is new in comparison with
[CKY98].
We conclude the following statement:

i
SS(ut,sa 90) = (ft,Sa @)LQ(Q}) for all p e HO;,%)(QT)
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for u; s € H %’}(Q%) is equivalent to
S S : S S 17l
S5 (b, ) = <det (D(d+sZ)) £, ¢ )L2<QT> for all o € Hy'3(Qr)  (IV.6.5)

for ut* € H;zo’}(QT). Integrating by parts, where we use the zero boundary values of

the test function, and dividing by det (D(id +sZ)) verifies that (IV.6.5) is equivalent
to the formulation

Bt — <(D(id +52)) VUl 0, (id +sZ)>

1
- D(id +sZ)) ), B*Vu"*

det(D(id +sZ)) <V(det( (id+s )))’ Vu > (IV.6.6)

— div(B*Vu!?®) = fbs in (| ({t} x ).

0<t<T
Due to the considerations above, it holds

S(u" —u, p) = S(u"*, )~ (f, w)L2(QT)+(det (D(id +s2)) f**, @)LQ(Q )—Ss(ut’s, @).

T

We can therefore consider
1 1
~S(u"* —u,p) = Guly) forall p € Hy'3(Qr)

for the computation of the material derivative, where

1 /T
Gs(p) = s/ /Q { — det (D(id +sZ)) (B*Vu"*, V) — det ( D(id +sZ)) dpu"*p
0 t
+ det (D(id +52)) < (D(id +52)) TVu"*, 9,(id +$Z)>go
+ Oputp + (Vul*, Vi) + (det (D(id +sZ)) f** — f)go} dxdt.

Herein, the second line and the terms with f are new in comparison with [CKY98].

We reformulate the expression for Gs(p) the same way as in [CKY98|. To that
end, we first substitute d;u>* with the differential equation given in (IV.6.6) to arrive
at

Gs(p) :i/OT/m {<{I—det(D(id+sZ))Bs]Vut’s,Vgo>

+ [1 = det (D(id +52)) | |/ + ((D(d +52)) TV, 50,2 )

1
* det(D(d +5Z

3 <V(det (D(id +5Z))),B3Vut’s> + div(B*Vut*) | ¢

+ det (D(id +sZ)) < (D(id +sZ)) " "Vu"*, s@tZ>cp

+ (det (D(id +sZ)) f** — f)go} dxdt.
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The term with det (D(id 4+sZ)) f** and a term with 8;Z cancel and this thus yields

Gs(p) = i/OT/Q {<{I—det(D(id+sZ))B5}Vut’s,Vgp>

det(D(ij 157Z)) <V ( det (D(id +5z))> ’ stut,s>

+ [1 - det (D(id +52))]

+ diV(BsVut’s) %

+ <(D(id +sZ)) VU, s&gZ>gp
+ (" - f)go} dxdt.

We use integration by parts on the divergence-term, which leads to

SRS

+ ot (D(?+ 7)) <V<det (D(id +sz))> : stut,s>} dxedt

+3 /0 ' /Q t {<<wvs>n (D(id +52Z)) " s0Z o + (/' f)«p} dxdt,

where the last line is new in this time-dependent setting in comparison to the proof
given in [CKY98|. We now need to show that G4 converges to G stated in (IV.6.3).

Clearly, ¢ — Gs(¢) is a bounded linear functional on H0 O(QT) ie. G5 €

1 /
H&’%(QT)) . Therefore, we can interchange the integration and the limit s — 0.
Especially, as in [CKY98]|, we have

1
-(I-B°) - DZ+DZT
s

and

1
sdet (D(id +sZ))

as s — 0. Thus, it remains to compute

V(det (D(id +52))) = VdivZ

lim * (D(id +52)) "'0,(id +52).

s—0 8§
By using the Neumann series, we have
(D(id+sZ)) "' = id —s DZ + o(s)

and therefore

1 1
lim —(D(id +sZ)) 8t(1d +sZ) = lim — (id —sDZ + o(s))sO,Z = O, Z.

s—0 s s—0 8§
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Moreover, it clearly holds

o= f

S

s—0

,90> =0 (2], 0) 1oy .
L2(Qr) ( )LZ(QT)

(det (D(id +sZ))

according to Definition 1V.2.2.

In order to conclude the convergence G5 — G as s — 0, we need that u>* converges
to u in H%°(Q7). To this end, we transform the equations for u and for u>® to Qo
by using the transformation K, yielding two differential equations similar to (IV.6.6).
Applying [LSU68, Theorem 4.5 on p. 166] implies the convergence of u; o (id +sZ)ok
to u o k and thus, with the uniformity condition (IT1.1.4), also u®* converges to u.

1
Therefore, we have convergence of Gy — G as s — 0 in the dual space of H&:%(QT)
as in [CKY98|, with G(¢) as in (IV.6.3).
Now, we can argue as in [CKY98]|: since the solution operator is an isomorphism
1 1

from H;al’_i (Qr) to HS;& (Qr) (see Theorem II1.3.5), the statement in Lemma IV.6.1
is true. O

Having the material derivative for (IV.6.1) at hand, we are finally in the position
to prove the local shape derivative posed in the following theorem. Notice that we
consider Z € Z,q to ensure that the mapping id +sZ and its inverse can satisfy a
uniformity condition analogously to (I11.1.4) for s small enough.

Theorem IV.6.2. The local shape derivative of the state u of (IV.6.1) in the direction
Z € Z,q can be computed as the solution of the partial differential equation

OroulZ) — AdulZ] = 6 f|Z] in Qr,
u[Z] = —(Z, n)g—f1 on X, (IV.6.7)
dulZ](0,-) =0 in Q.

Proof of Theorem IV.6.2. Starting from the material derivative, we would like to com-
pute the local shape derivative du[Z].

If we consider u € H;QO:l(QT), we have Vu € Hl’%(QT) and Au € L*(Q7) as in
[CKY98|. This follows from k being a diffeomorphism and from the time-independent
case, compare also Remark II1.1.1. Let us next introduce the test space

V(Qo) = {u =Ulg,: U € C’g((—oo,T) X QO)},

1
which is a dense subspace of HS;”%(QO), compare [CKY98| (for a C*°-boundary, see
for example [LM68, Remark 2.2 on p. 8|). Likewise to Section III.1, we define with
its help the space V(Qr), which contains functions ¢ such that pox € V(Qq). Then,
for ¢ € V(Qr), we have the same identity as in [CKY98, p. 859|, namely

((DZ 4+ DZ")Vu, Vo) + ¢(V(div Z), Vu) = div (div(pZ)Vu — (Vu, V) Z)
+ <v(<z, vu>),w> — div(¢Z) A
Applying this identity and the divergence theorem (Lemma I1.2.14) to (IV.6.3) yields

G(p) = /OT /Q {<v(<z,w>),w> — div(¢Z) :%fﬂw, L) + f[Z](p} dxdt,
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where the boundary terms vanish due to the compact support of . Note that the
last two terms of the integrand differ from the computations in [CKY98|. It holds

—Oudiv(Zyp) = — div(duZep) + (Zg, V(Ou))

and, therefore, we can apply the divergence theorem again to get

T
_/0 /Qt{<V((Z,Vu>),V<p>
+ (Zp, V(0pu)) + (Vu, 0, Zyp — p(Z,V f) + f[Z](p} dxdt.

Condensating the two time derivatives yields

G(p) = /OT /Qt {&((VU, Z)p+ <V(<Z,Vu>),ch> —o(Z,Vf)+ f[Z](p}dxdt.

We rewrite f[Z] = 6f[Z] + (Z,Vf) by using (IV.2.2) and arrive at

G(yp) —/ /m {&5 (Vu,Z))p + <V((Z,Vu>),ch> +5f[Z]<p}dxdt.

The integral on the right-hand side is the same expression as in [CKY98] with an
additional last term. Therefore, we can use the identity (IV.2.2) and follow the rest
of the proof in [CKY98, Theorem 2.1|. Thus, the local shape derivative satisfies the
same partial differential equation as in [CKY98] except for being in a time-space tube
Q7 instead a time-space cylinder Qg and an additional dependency of the source on
the shape. O

Remark IV.6.3. For an inhomogeneous initial condition u(0,-) = ug in Qq, the proof
can be modified straightforwardly if ug does not inherently depend on the domain. This
leads to the same local shape derivative as given in Theorem IV.6.2.

IV.7 Functionals dependent on a Dirichlet problem

To the best of our knowledge, no general formulae in Hadmard form for functionals
dependent on the solution of a partial differential equation can be found in the lit-
erature for the time-dependent setting. Therefore, we state and prove such formulae
for a domain and a boundary integral in the case of a Dirichlet problem for the heat
equation with homogeneous Dirichlet data.

IV.7.1 Domain functional dependent on a Dirichlet problem

In this section, we consider the functional

T
J(Qr) = / / 7 (u, V) dxdt, (IV.7.1)
0 Q4
where u solves the state equation

(8{/ — A)u = f n QT,
You =0 on X, (IV.7.2)
u(0,) =up in Q,
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which corresponds to (I11.3.11) with g = 0. We assume that f and ug have no inherent
dependency on the domain. In particular, j is only dependent on the shape via the
solution of the state equation w.

The local shape derivative of u is characterized by Theorem IV.6.2 and Remark
1V.6.3. We should also introduce the adjoint problem, which is reverse in time,

Op + Ap = 0yj(u, Vu) — div (sz(u, Vu)) in Qr,
Yop =0 on X, (IV.7.3)
p(T,) =0 in Qp,

where 0yj = %(y,z) € Rand V,j = %(y,z) € R4

Theorem IV.7.1. Under the smoothness assumptions of Theorem IV.5.5, the deriva-
tive of the functional (IV.7.1) in the direction Z € Z,4 can be written in the Hadamard
form as

Z) = /OT /Ft<Z, n) [j(u, Vu) — (Vgj(u, Vu), n>g—:1 - gﬁgz] dodt.

Proof. Using Theorem IV.5.5 gives

VJ(Qr)Z / /Q Ayj(u, Vu)ou[Z] + (V,j(u, Vu), Véu[Z]>}dxdt

N /0 /F 30, ) {2, m) o

The divergence theorem (Lemma I1.2.14) yields

/ / Ayj(u, Vu)du[Z] — div (V5 (u, Vu))éu[Z]} dxdt

Q
+ / / §(u, Vu)(Z, ) + 6ulZ){(Vj(u, Vu), n>} dodt.

o Jr,
Inserting the differential equation for the adjoint p, given by (IV.7.3), leads to
T
Z] :/ / {ou[Z](0p + Ap) } dxdt
0 O

. /OT /F {j(u,vu)<z,n>+5u[Z}<vzj(u,vu),n>}dadt.

We can now apply Green’s second formula from Lemma II1.5.1 for ju[Z] and p to

arrive at
ou[Z
/ / { 8p(5 aL[]p — du[Z]p(V, n>} dodt
T on
+ / / 3 (u, Vu)(Z,n) + 6u[Z]{V,j(u, Vu), n>} dodt.
o Jry
Inserting the boundary conditions for p and Ju[Z] finally leads to the claim. O
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IV.7.2 Boundary functional dependent on a Dirichlet problem

In this section, we consider a boundary functional

T
J(ET):/O /Fj(u, Vu,n)dodt, (IV.7.4)

where u solves as in Section IV.7.1 the state equation (IV.7.2) and the local shape
derivative is again characterized by Theorem IV.6.2 and Remark [V.6.3. We deduce
a general formula for the shape derivative of this boundary functional. To this end,
we introduce the adjoint problem

atp—i—Ap: 0 in QT;
Yop = (Vzj,n)  on X, (IV.7.5)
p(T7 ) =0 in QTv

where V,j = %(y, z,w). Then, we can prove the following theorem.

Theorem IV.7.2. Under the smoothness assumptions of Theorem IV.5.11, the deriva-
tive of the functional (IV.7.4) in the direction Z € Z,4 can be written in the Hadamard
form as

T U u
VJ(T)(Z] = /O /F { — Ha O (T, V) ) divr (Vi Vo m) O

Op Ou  Ou

On On + on
+ divr (ij(u, Vu, n)) — HX<VWj(u, Vu,n), n>

p(V,n) + <D2quj(u, Vu,n), n>

+ Hxj(u, Vu, n) } (Z,n) dodt.
Proof. According to Theorem IV.5.11, the directional derivative reads
T
VJ(T)[Z] :/ / {ayj(u, Vu,n)éu[Z] + <sz(u, Vu,n), V((Su[Z])>} dodt
o Jry

T . ou ) .
+/0 /Ft {@](u, Vu, n)a—n + <D uVyzj(u, Vu, n),n>

+ divp (vw j(u, Vu, n)> - HX<VW j(u, Vu,n),n)

+ Hxj(u, Vu, n) } (Z,n) dodt

because j itself does not depend on the shape. We can rewrite the following term by
using Definition 11.2.12 as

/OT/W <sz7V(5u[Z])>dadt:/0T/rt (2, Vr (6ulZ]) + (Vu[Z], n)n ) dodt,
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where we omitted the arguments of j for ease of notation. Using the tangential Stokes
formula (see Lemma I1.2.15) then gives

/T/ <sz7V(5u[Z])>do'dt
0 Ty
T
_ /0 /F {Hxéu[z]<vzj,n>—din(sz)éu[Z]+<V(5u[Z],n><VZj7n>}dadt_

In view of Green’s second formula in Lemma II1.5.1 for du[Z] and p, it holds

/OT /Ft {gifsu[Z] - a(i;iZ]P — u[Z]p(V, n>} dodt = 0,

and we can thus conclude

/OT / (Vs V(3u(2]) ) dot

T
= / / {Hxéu[ZKsz, n) — divp(Vyzj)ou[Z] + gp(Su[Z] — u[Z]p(V, n)} dodt.
o Jry n

Inserting the boundary condition of du[Z] and observing that the term involving 0,j
cancels then yields the claim. O

IV.8 Conclusion

The contribution of this chapter is threefold. Firstly, we organized and classified
results from the literature. This includes how to generate and perturb a tube in a
Lagrangian and Eulerian setting and how to use these tubes to perform shape calculus
also with regard to numerical computations.

Secondly, we elaborated and clarified the crucial details when computing the shape
gradient of a functional, which we could not find in the literature. This comprises
in particular the choice of the boundary integral fET or f(;f Jr,» which differ in the
time-dependent case. We gave the proofs of the shape gradients of a domain and a
boundary functional to have a comprehensible result, even though the techniques are
similar to the time-independent shape calculus. Additionally, we computed the local
shape derivative of a Dirichlet problem in a rigorous manner.

Thirdly, we derived some new general formulae for the shape gradient of functionals
depending on a Dirichlet problem, which to the best of our knowledge cannot be found
in the literature so far.
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Chapter V

Detection of a time-dependent void

In this chapter, we apply the techniques of shape optimization to an inverse problem.
The problem consists of identifying a void of zero temperature in a solid or liquid
body by measuring the temperature and the transient heat flux on the accessible
outer boundary.

V.1 Problem formulation

V.1.1 Model problem

Let D C R? with d = 2,3 be a simply connected, spatial domain with boundary
I'Y = OD. Moreover, we have a time component, and thus the domain (0,7) x D
forms a cylindrical domain, called the time-space cylinder. At every time t € [0, T,
a simply connected subdomain S; C D with boundary I'y = 05 lies inside D such
that it holds dist(T'/,T';) > 0 for all . The difference domain is called Q; := D\ S;.
Taking into account the time again, we thus consider tubes, which contain a void and
are represented as
Qr = U ({t} x ),
0<t<T

see (IT1.1.1), generated by k as described in Sections IT1.1 and IV.1. The interior
lateral boundary of the tube Q7 is called

or=|J ({t} xIy),
0<t<T

see (T11.1.2) and the exterior boundary of the tube is called ¥/ = (0,T) x T'/. The
topological setup is illustrated in Figure V.1. It is in analogy to [HT13|, but we con-
sider an interior boundary I'; which moves in time instead of a fixed interior boundary
To.

We shall consider the following, overdetermined initial boundary value problem
for the heat equation, where ¢ and g are defined at the fixed exterior boundary 3/

ou = Au in Qr,

u =0 on X,
V.11
u:q,gzzg on %/, WD
’LL(O, ) =0 in Qo.
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L1

) ~__ _—

Figure V.1: The tube Q7 with the boundaries ¥ and >/ for d = 2.

As introduced in Section II1.1, n denotes the normal pointing outward of the domain
Q. In what follows, we assume that ¢ vanishes for ¢ = 0, which implies the compat-
ibility with the initial condition. We then seek the free boundary X7, such that the
overdetermined problem (V.1.1) allows for a solution u. In [CKY98, Theorem 1.1,
the uniqueness of such a boundary X7 is proven in the case of a time-independent
boundary. The uniqueness in the time-dependent case of such an inverse problem is
stated in [KT10, Proposition 3.1], subject to certain conditions on the sought-after
domain.

V.1.2 Reformulation as a shape optimization problem

The task of finding the unknown boundary X7, i.e. identifying the inclusion, is refor-
mulated as a shape optimization problem by introducing the function v as the solution
of the initial boundary value problem with Dirichlet boundary conditions for the heat
equation
O =Av in Qp,
v=0 on X,

V.1.2
v =q on 2/, ( )

U(O, ) =0 in Qo.

This problem has a unique solution v € HS;”%(QT) for ¢ € H%’i(zf) according to
Theorem I11.3.5. According to Remark I11.3.8, we also have higher regularity of the
solution assuming that the data has higher regularity.

For the given state equation (V.1.2), we introduce the tracking-type functional for
the Neumann data at the fixed boundary ©f

J(Sr) = ;/OT /Ff <§ﬁ - g>2 dodt. (V.1.3)

This objective functional should be minimized in the space of admissible boundaries
Y. It is non-negative, and it is zero and hence minimal if and only if v = u. The
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objective functional measures the L2-error of the data mismatch and thus corresponds
to the minimization in the least-squares sense. Notice that the existence of optimal
solutions to the shape functional (V.1.3) can be proven by the techniques provided,
for example, in [BB05, KS97].

V.2 Computation of the shape derivative

In order to minimize the objective functional (V.1.3), we apply a gradient-based opti-
mization method. To this end, we shall compute the shape derivative of the functional
with the techniques introduced in Chapter IV.

Notice that instead of considering the admissible perturbation fields as given in
(IV.2.1), we only allow perturbation fields, which are zero on the outer boundary, thus

Zoq = {z € C2((0,T) x D) with Z = 0 in a neighbourhood of %/ }

and consider a perturbation field Z € Z,4. This choice takes into account that the
outer boundary X7 of the tube is fixed.

The local shape derivative of the state equation (V.1.2) can be computed with
Theorem IV.6.2 reading

Orov[Z] = Adv|Z)] in Qr,

)
sv|Z) = —(Z, n)a—:l on O,
Sv[Z] =0 on %7,
Sv[Z](0,-) = 0 in 0.

With the local shape derivative at hand, we can now derive the shape derivative of
the objective functional (V.1.3).

Theorem V.2.1. The shape derivative of the objective functional (V.1.3) in the di-
rection Z € Z,q reads

op 61}
n) dodt, 2.1
/ /1"t on 8n 7 (V:2.1)
where the adjoint state p satisfies also the heat equation, but reversed in time:
—8tp = Ap in QT7
p=20 on X,
V.22
p= v _ on %7, ( )
On
p(T,-) =0 in Q.

Remark V.2.2. According to Remark II1.53.8, we have %}1 € H%é(Ef). Hence,

assuming also that g € H%’i(Ef), the integrand of the functional (V.1.3) is well-
deﬁned cmd also the adjoint problem (V.2.2) is well-defined, allowing for a solution
pE H (QT) Therefore, the Neumann trace g—ﬁ lies in H_%’_i(ET). Together with

the smoothness of Z and the smoothness of the domain under consideration, this yields
a well-defined shape derivative (V.2.1).
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Proof of Theorem V.2.1. Because we have two boundaries and the functional is over
the fixed boundary, we state the proof here instead of applying the general formula
given in Theorem IV.7.2. Due to Z = 0 in a neighbourhood of ¥/, we conclude

/ /Ff 3581;1 < g) dodt.

In view of the adjoint state equation (V.2.2), we can reformulate the derivative of J

by
00v[Z
t.
//Ff o dad

To derive (V.2.1), we apply Green’s second formula given in Lemma I11.5.1. This
yields in view of the boundary conditions of p and Jv|[Z]

//85” pdodt = //&; | dodt.
rf On Ft

Hence, by inserting the boundary condition for dv[Z] as stated in (IV.6.7), we finally
arrive at the desired result (V.2.1). O

Note that the tracking-type functional for the Dirichlet data has been considered
in the setting of the speed method in [MZ06, pg. 36-46]. It also leads to the same
local shape derivative and shape gradient as in the time-independent case derived in
[HT13]. This is thus consistent with the formulae stated here in case of the tracking-
type functional for the Neumann data.

Remark V.2.3. As one can see from Theorem V.2.1, only the normal component
of the perturbation field Z on X is relevant. Therefore, it suffices to consider only
boundary perturbations Z € C*(Xr).

Remark V.2.4. Since the domain Qr depends on the mapping Kk, we can also write
VJ(Qr)[Z] = VJ(k)[Z]. Here, VJ(k) is obviously linear in Z € Z,q and one
can verify that it is bounded. Thus, J is Gdteaur differentiable at k. In the same
way, we can argue that J is Gdteauzr differentiable in an open neighbourhood U of
k. Moreover, one can prove that V.J : U — Z., is continuous at K by showing that
|IVJ(k) — VJ(R)|| — 0 as & — K. This can be done by transforming the problem
onto the reference domain Qq, using the convergence of kK to K in 02([0,T] X Rd)
and the convergence in H'*(Qq) of the solutions po &k to pok and vo Rk to vok
according to [LSU68, Theorem 4.5 on p. 166]. Hence, by using Theorem I1.1.31, we
can conclude that J is also Fréchet differentiable at k and, therefore, the application
of a gradient-based method for the numerical computations in Section V.5 is justified
(compare [HPUUOS]).

V.3 Discretization of the shape optimization problem

In order to solve the shape optimization problem under consideration numerically, we
need a suitable discretization of the sought domain. It can for example be represented
by level sets or by a parametrization of its boundary, where it suffices to consider only
the interior boundary as the exterior boundary is fixed. We employ here the latter
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approach since we will apply a boundary element method to compute the state and its
adjoint. By restriction to two spatial dimensions and C2-smooth star-shaped voids,
we can employ a parametrization in space which is based on a Fourier series for an
unknown radial function, having time-dependent coefficients. Especially, we consider
only boundary perturbation fields Z € C?(Xr), compare Remark V.2.3.

Our choice of parametrization of the interior moving boundary X7 of Q7 is

Y = {[7(;,9)] eR3:tec[0,T], 0 ¢ [O,27r)}, (V.3.1)

where the time-dependent parametrization (¢, -): [0,27) — I'; employs polar coordi-
nates

+(1,0) = w(t, 0) [g’;ggﬂ . (V.32)

Here, w(t, 0) denotes the time- and angle-dependent radius, given by

Np
w(t,0) == Z Ly(t) (ao,ﬁ
=0

Ng—1
+ Z {an,cos(kd) + By esin(kd)} + any e cos(NK9)> ,
k=1

(V.3.3)

with Ly(t) being appropriate dilations and translations of the Legendre polynomials
of degree .

Finding the optimal tube now corresponds to determining the unknown coefficients
ape and By ¢ of the parametrization. Hence, we have the following finite dimensional

problem:
Seek v* € Zn such that VJ(v*)[Z] =0 for all Z € Zx.

Here, Z is the finite dimensional ansatz space of parametrizations. To compute the
discrete shape gradient, we hence have to consider the directions

[cos(6)]

(Z o~)(t,0) = Ly(t) cos(k6) sin(6) (V.3.4)
forall /=0,...,Ny and k=0,..., Ng, and
(Zo~)(t,0) = Ly(t) sin(k6) ng((g)) (V.3.5)

foral ¢ =0,...,Npand k=1,...,Ng — 1.
With the specific parametrization at hand, the discrete shape gradient with respect
to the parameters t and 0 reads

VJ(Qr)[Z o]

_ /T /27r (ap 07) (81} 07> [ Ll‘(t)
0 0 81’1 811 LN;/ (t)

[ sin ((NKfl)O) 1

® sin(6) w(t, 0) dodt,
cos(0)

L COS(NKG) _
(V.3.6)
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compare (V.2.1), where we plugged in the choices for the perturbation fields (V.3.4)
and (V.3.5), respectively, and used the parametrization v to compute the normal n.

The integral in the shape gradient (V.2.1) is computed by using a trapezoidal rule
in space and a trapezoidal rule in time. The Legendre polynomials are computed
by using their three term recurrence formula as described in [PTVF92|, and are nor-
malized afterwards while the Fourier series is evaluated efficiently by the fast Fourier
transform.

The gradient-based method of our choice is the quasi-Newton method, updated
by the inverse BFGS rule without damping, cf. [GK99]. A second order line search is
applied to find an appropriate step size in the quasi-Newton method. For an overview
of possible other optimization algorithms, see [DS83, F1e80].

V.4 Solving parabolic boundary value problems

We shall describe the numerical method for solving the state and adjoint equation by
using a boundary integral formulation. Since this is the approach that was already
taken in [HT13] for a fixed boundary, we focus in this section on the changes for the
time dependent-case.

Both, the state and the adjoint equation, are Dirichlet problems of the heat equa-
tion with homogeneous initial conditions. In the case of the adjoint equation this
becomes apparent after the change of variables ¢t — T — t.

The boundary integral approach has distinct advantages over domain based ap-
proaches, because it is not necessary to mesh a time-dependent domain or consider
the transported problem in a cylindrical domain. Instead, we solve Green’s integral
equation. Recall from (I11.6.11) that, for a time-dependent boundary, it has the form

1
V(%) = Vot x) = Ko(t,x), (%) € XrU >/, (V.4.1)

Here, V and K are the thermal single and double layer operators, and v is a solution
to the source-free heat equation with homogeneous initial conditions. The Neumann
trace is introduced in Section I11.4.2. Notice that, since ¥/ is fixed in time and thus
has no normal velocity, (IT11.4.1) especially reads (see also [Taul9])

v 1
L Fs(V,n)v only,
’Y?:U:_{dn:':2< > 1 t

% on I'V.

Here, (V,n) is the normal velocity, which can be computed analytically from the
parametrization v given in (V.3.2) as V(¢,6) = %’y(t, 6), compare also (IV.1.3).

For the discretization of (V.4.1), it is desirable to have a method that can be
easily adapted to time-dependent geometries, hence we use the Nystrom discretization
method of [Tau09, Taul9|. To that end, we write the thermal layer potentials of
Definition II1.6.5 by using Lemma I11.6.7 and Remark I11.6.8 in the form

1
T —

Vo(t,x) = Vo(t,r,x)dr, (V.4.2)

\]

1

t—T1

Ko(t,x) = Ko(t,7,x)dr, (V.4.3)

S O~

S~ 5
3 3
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where

_ L ox Cx—ylI? N do
V(t,T,x) —F U/Ff R p( 4(t_7)>¢(y, )doy, (V.4.4)

IS

K(b(t,T, X) = / %Vf— |:eXp (_HX_Y‘2>:| ¢(ya7—) dgy7 (V45)
S, Un—m)s At =)

and I'; UTT = 99, i.e., the union of the free and the fixed boundary. Here, 'yffy is

the normal trace (111.4.1) evaluated at (y, 7).

The kernel in the above time-dependent surface potentials is the Green’s function
of the (d — 1)-dimensional heat equation. Thus, they may be regarded as Poisson-
Weierstrass integrals defined on a surface instead of the usual plane. As in the planar
case, these integrals are smooth functions in all variables when 0 < 7 < ¢. The limiting
behavior of these functions as 7 — t is

Vo(t,7,x) = o(t,7,x) + Ot — 1),

_ (V.4.6)
Ko(t,7,x) = H(t,x)p(x) + Ot — 1),

where H(-) is the mean curvature (see Definition 11.2.11) of the surface I'y U T/,
compare [Taul9].

Since the functions V¢ and K¢ are smooth, the integral operators in (V.4.2) and
(V.4.3) have a (t — 1)~ /2 singularity, which suggests to use the trapezoidal rule with
a singularity correction at the endpoint ¢ = 7. It is shown in [Tau09| that the rule

Vin 71

where h is the time step length, ¢; = hj and

R, 1
V(b(x,tn):m;) =V (bn, 1) 0(%, £5) + it (X, 1) + €, (V.4.7)

tn

[ |
eyl S
T 47Tj:0 tn—tj

has a quadrature error of €, = O(h3/2). Here, the prime at the summation sign
indicates that the j = 0 term in the sum is multiplied by the factor 1/2. For the double
layer, the analogous result holds when the p,-term is multiplied by the curvature.

A fully discrete version is obtained by approximating the surface integrals in
(V.4.4) and (V.4.5) by a surface quadrature rule, usually a composite rule that inte-
grates polynomials on triangular patches exactly. If the spatial mesh width h satisfies
Vhs ~ h and the spatial rule has at least degree of precision two then the quadrature
error in (V.4.7) can be preserved, see [Tau09|. In the time-dependent case, these rules
are constructed on I'g UTY and then mapped to T'; UTY.

For the state equation, the solution is smooth and the Nystrém method based on
the above quadrature is used to compute the normal trace of the solution. Thus, the
Neumann data at the quadrature nodes are computed from (I11.6.11) by substitut-
ing the given Dirichlet data of (V.1.2). This gives approximate values of the shape
functional (V.1.3) and the boundary condition in the adjoint state (V.2.2).

The next task is to compute the Neumann data in the shape gradient (V.2.1) by
solving the adjoint state. As already observed in [HT13], the adjoint equation (after
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time transformation ¢ — T — ¢) has a singularity at 7 = 0 because the homoge-
neous initial condition is not compatible with the in general non-vanishing Dirichlet
condition at t = 0.

It can be concluded from (V.4.6) and Green’s integral equation that the Neu-
mann data has a t~/2singularity at t = 0. To preserve the O(h%) accuracy, the
time quadrature rule (V.4.7) must be modified with singularity corrections on both
endpoints. Since the normal velocity of the boundary does not appear in (V.4.6), the
derivation and the weights of this rule are identical to the case of a steady boundary.
Since this can be found in [HT13], it is not repeated here.

V.5 Numerical experiments

We shall present some numerical results in order to illustrate the approach. To this
end, the exterior, fixed boundary of the space-time domain is chosen as the mantle of
the cylinder with radius 1, where its height corresponds to the time interval (0,7) =
(0,1). We choose N; = 90 time intervals and, for every time step, Nx = 80 spatial
points. The void is depicted in Figure V.2. It has an explicit representation and is
discretized by the same number of time intervals and spatial points as the exterior
boundary.

1.0e+00
I:O‘Q
- 08
=07
—06
0.5

—04

03
€1 |02

T2 Io‘w
0.0e+00

Figure V.2: First example: given inclusion in space and time.

fime

We first solve the forward problem to construct the desired Neumann data g. We
hence consider the desired shape found in Figure V.2 and choose the Dirichlet data
q(t,-) = t, which matches with the initial data u(0,-) = 0 in . In order to avoid an
inverse crime, we use an indirect boundary element approach by solving the thermal
single layer equation and then recover the Neumann data by applying the thermal
adjoint operator. In addition, we add 1% random noise to the synthetic data.

Now, we can tackle the inverse problem. For the parametrization of the interior
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boundary, we choose 16 Fourier coefficients in space (Ng = 8) and 10 Legendre
polynomials in time (N, = 9), leading to 160 design parameters in total. As an initial
guess for the free inner boundary, we choose the cylinder of radius 0.3. We perform
100 iterations in the optimization procedure and use a quasi-Newton method updated
by the limited memory inverse BFGS rule, where 10 updates are stored, see [NW06]
for example.

Value of functional ¢>-norm of gradient

1073 1072
T T T T T T T T T T
2, |
1, |
07 | | | | | | ] i | | | | | |
0 20 40 60 80 100 0 20 40 60 80 100
Iteration Iteration
Figure V.3

First example: the histories of the functional (left) and of the shape gradient (right).

In Figure V.3 on the right, the evolution of the shape gradient during the course of
the minimization algorithm is shown, while on the left the evolution of the functional is
displayed. In Figure V.4, we can see the £?-error in the shape coefficients corresponding
to the shape error. We clearly observe convergence of the minimization algorithm.

£2-error of the shape

‘ ‘ ‘ ‘
0.1 |
8-1072| i
6-1072| i
4-1072 | 2
2-1072 2
0 20 40 60 80 100
Iteration

Figure V.4: First example: £?-error of the shape coefficients corresponding to the
difference in the shapes.

In Figure V.5, we present the final reconstruction of the space-time shape, where
the wireframe corresponds to the exact shape and the solid shape is its reconstruction.
When looking at the time slices, one can observe that the spatial boundary I'; is very
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well reconstructed for the intermediate time slices with 0 < ¢ < T. Whereas, the
reconstruction is not very good at the starting time ¢ = 0 and the stopping time
T = 1. Here, we have no measurement data either of the future or of the past which
enter the shape functional (V.1.3). This makes the shape reconstruction more ill-posed
in comparison to intermediate time slices.

(a) View with the (b) View with the (c) Three-dimensional view.
r-axis in front. To-axis in front.

Figure V.5: First example: The desired shape as a wireframe together with the
reconstructed shape in solid. The time corresponds to the z-axis.

To show the feasibility of our numerical computations, we reconstructed a second,
non-symmetric inclusion (compare Figure V.6), using the same set-up and parameters
as for the first inclusion.

I
o
)

time

02
i) [Dw
0.06400

Figure V.6: Second example: given inclusion in space and time.

In Figure V.7, the final reconstruction is shown in solid and the desired shape in
wireframe. As for the first numerical example, the reconstruction is fairly good for
times away from the starting and ending time. Nonetheless, the reconstructed shape
is a bit smoother compared to the desired shape. The value of the functional, the
¢>-norm of the gradient, and the £?-error of the shape are not depicted since they
evolve in a similar manner as in the first example shown in Figures V.3 and V.4.
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(a) View with the (b) View with the (c) Three-dimensional view.
z-axis in front. To-axis in front.

Figure V.7: Second example: The desired shape as a wireframe together with the
reconstructed shape in solid. The time corresponds to the z-axis.

V.6 Conclusion

In this chapter, we solved a time-dependent shape reconstruction problem by means of
shape optimization. We computed the shape derivative of the tracking-type functional
for the Neumann data with the help of the perturbation of identity. It turned out that
this shape derivative coincides with the one when the void is time-independent. We
also demonstrated by numerical experiments that it is indeed possible to reconstruct
a time-dependent shape by the proposed approach. By restricting to star-shaped
voids, we have been able to compute the error between the desired shape and the
reconstructed shape. The convergence of the minimization algorithm has clearly been
observed.
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Chapter VI

Stefan problem

In this chapter, we solve the multi-dimensional one-phase Stefan problem by applying
tools from shape optimization. To that end, we rewrite the Stefan condition by using
geometric properties of the tube and introduce a respective tracking-type functional.

V1.1 Problem formulation

VI.1.1 Classical one-phase Stefan problem

Let us consider the classical one-phase Stefan problem as described in [HS14, HS16].
This specific Stefan problem models the evolution of the solid-liquid phase interface.
Thus, for every point of time t € [0,7], we have a time-dependent spatial domain
which we denote by €; C RY d > 2. This spatial domain has a time-dependent
spatial boundary 'y := 0€;. The setup is illustrated in Figure VI.1 for two spatial
dimensions plus the temporal dimension. We again set

Qr = U ({t} x ),

0<t<T

see (III.1.1), generated by k as described in Sections III.1 and IV.1, with lateral
boundary

sr= |J ({8 xT),

o<t<T

see (II1.1.2). Then, the temperature u(t,x) of the liquid in €2 is described by the
partial differential equation

Oou—Au=0 in Q, (VI.1.1)
ou

(V,n) = ~n on I'y, (VI.1.2)

u=0 on T, (VL.1.3)

w(0,-) = ug in Qo = Q. (VL.1.4)

The domain  in (VI.1.4) is the initial shape of the liquid phase while condition
(VI.1.2) is called the Stefan condition, compare [HS16]. The Stefan condition comes
from the movement of the phase interface, see [Vis08, p. 387]. It expresses that the
normal velocity (V,n) of the surface I'; equals the negative of the normal derivative
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t
T1

I2

Q1 = Uperer ({1} x )

Figure VI.1: Setup of the Stefan problem.

of u at the boundary. We prescribe the initial position of the interface and the
initial temperature distribution to make the problem meaningful. From this Stefan
problem, we can see that the liquid freezes at zero temperature, cf. [HS14]. Notice
that the one-phase Stefan problem is actually also a two-phase Stefan problem, but
the temperature is only unknown in one region, while it is vanishing in the other
region, compare [Vis08|.

The domain €2, thus the region which contains the liquid phase, is characterized
by {x € R?: u(t,x) > 0} if we choose ug > 0 in Q. Therefore, u can be interpreted
as a level set function, see Section 11.2.4. Due to (VI.1.1), the parabolic Hopf lemma
(see e.g. [Fri58] for some remarks) implies Ou/0n < 0 on I'; for t > 0. Therefore, we
obtain the so-called Rayleigh-Taylor sign condition

_9 S 3 S oy,
on

which ensures the non-degeneracy in accordance with [HS14].

VI.1.2 Notation

Since we will switch back and forth between spatial and space-time considerations
depending on what is more useful for the task at hand, we introduce some notation
in this section to clarify the difference between the two.

Recall from Section IV.1.2 that for every point of time ¢ we denote the spatial unit
normal by n = n, which is thus normal to €;. The time-space unit normal is denoted
by v, see (IV.1.4). Recall that by V we denote the spatial gradient while V denotes
the time-space nabla operator. Notice that, for a time-space vector, the first entry
always corresponds to the time component and the subsequent entries correspond to
the spatial components. Thus, for the time-space normal, the time component is
denoted by v1.

Moreover, we introduce the tangential gradient and denote it by Vr for space
and Vs, for time-space, see Definition 11.2.12. Accordingly, we denote the tangential
divergence (see Definition 11.2.12). The Jacobian matrix of a field Z is denoted by DZ
in space and for a time-space vector field Z by DZ in time-space.
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VI.1.3 Rewriting the Stefan condition

Next, we intend to rewrite the Stefan condition (VI.1.2) into a form, which will be more
useful for the reformulation of the Stefan problem as a shape optimization problem.
To this end, we first consider the spatial normal and the time-space normal.

Since u can be interpreted as a level set function, applying [OF03, Formula (1.2)
p. 9] implies that the outward pointing normal can be expressed as

Vu

provided that Vu # 0. Notice that a priori the normal could have a plus or a minus
sign. Taking the scalar product of (VI.1.5) with n yields

1

1= {
[Vul

Vu,n). (VI.1.6)

Due to the parabolic Hopf lemma, we have du/0n < 0 on I'; and, therefore, the minus
sign is the correct sign. Hence, from (VI.1.6), we can directly infer the following
lemma.

Lemma VIL.1.1. It holds 5
u
- =V Iy.
= IVl on T
Lemma IV.1.4 allows us to rewrite the Stefan condition in a form, which is com-
putable in our numerical setting as we can express it by means of the geometric

quantity v.

Lemma VI1.1.2. The left-hand side of the Stefan condition (V1.1.2) can be expressed

as
4!

\/1—1/%’

where vy denotes the first entry of the normalized time-space normal v.

<V7n> - -

Proof. From the representation (IV.1.4) of v, we infer that
_ W
NSERTA

Taking the square and multiplying with the denominator gives

vy =

V(1 +v2) =0k

14

This expression can be solved for v2 by writing

vi =1 =),

and thus
141

V1—12
The correct sign is the plus sign, because v; and v, have the same sign. Employing
Lemma IV.1.4 yields finally the claim. O

v, =+ (VI.1.7)
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The velocity field in normal direction can also be written as stated in the following
lemma, compare |Mei92, Chapter 11, p. 37|, and |Vis08, p. 387].

Lemma VI.1.3. If Vu # 0, then it holds

ék u

WVom = 1

Proof. Since u can be interpreted as a level set function, the interface is evolved by
the convection equation, see [OF03, Formula (3.2), p. 26],

Opu+ (V, V) =0, (VL.L8)

where V describes the velocity at every point of the implicit surface. In view of
(VI.1.5), we can rewrite this expression to arrive at the claim. O

Remark VI.1.4. Using Lemmata VI.1.1, VI.1.2, and VI.1.3, we immediately arrive
at

_u
\/1—1/12811.

Moreover, from (IV.1.4), Lemma VI1.1.2, and Lemma IV.1.4, we obtain

_ V1 1+d
v = {MH] e R (VL1.10)

VI.1.4 Reformulation as a shape optimization problem

We are now in the position to reformulate the Stefan problem (VI.1.1) to (VI.1.4) as
a shape optimization problem. To that end, we consider the reduced Stefan problem

ou—Au=0 in €,
u=20 on I'y, (VI.1.11)
u(0,-) = ug in Qp = .

This is a typical parabolic partial differential equation, where we assume that the
boundary I'; is unknown. Notice that the solvability of the state equation follows
from Theorem I11.3.6. We would like to enforce the Stefan condition (VI.1.2) by
introducing a tracking-type functional for the Stefan condition. Instead of tracking
(VI.1.2), we will track the rewritten Stefan condition by using Lemma VI.1.2. Our
choice of functional is hence

1 T ou 1 2
J(Qr) = 2/0 /F <8n - m) dodt, (VL.1.12)

where u denotes the solution of (VI.1.11) and v; denotes the time component of the
time-space normal v, see (IV.1.4).

Since the integrand in the objective functional (VI.1.12) is non-negative, the ob-
jective functional is minimal if the Stefan condition (VI.1.2) is satisfied. This amounts
to the shape optimization problem

minimize J(Qr) from (VI.1.12) over the class of admissible domains,
where u satisfies (VI.1.11).
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Such problems can, for example, be numerically solved by applying a gradient-based
method. Therefore, we shall compute the shape derivative of J in Section VI.2.

In order to perform shape calculus, we perturb the tube with a perturbation of
identity, see Section IV.1. Our choice of the objective functional (see (VI.1.12)) is
more suitable for the Lagrangian approach of shape optimization than tracking the
L2-error of the Stefan condition (VI.1.2) directly. This is due to the fact that the
Stefan condition (VI.1.2) is posed in an Eulerian form, since it explicitly contains the
vector field V, which generates the tube.

V1.2 Computation of the shape derivative

VI.2.1 Ingredients for the shape derivative of the objective func-
tional

To present the proof of the shape derivative of the objective functional in a clear
manner, we shall provide some useful computations beforehand. Notice that the
local shape derivative du[Z] of the state (VI.1.11) can be characterized according to
Theorem IV.6.2 and Remark 1V.6.3.

Lemma VI.2.1. It holds

(KRS

where du[Z] denotes the local shape derivative of (VI.1.11), see Definition IV.2.3.

Proof. According to Lemma VI.1.1, we can compute

(5 = -5 (vul) 2],

Thus, we have

<Vu, Vdu[ZD
) Vu,V Zl=——-+~
(Vive,va)) 12 = =g
since spatial derivatives and the local shape derivative commute, see Remark 1V.2.4.
Using (VI.1.5) leads to the claim. O

Lemma VI.2.2. The local shape derivative of v1/\/1 — v} is given by

v 1 . = L
52 ) 12 = ———— (61, V5,
Vi-u (1-17)?
where €1 € R4 denotes the (first) canonical unit vector in R'*?, 7 = [%] and
Z, = (Z,v).

Proof. With the chain rule and the quotient rule it follows

v 1
0| — |12 = ——nz].
Vi1-r (1-17)2
It remains to compute ov1[Z]. To this end, let us consider the whole time-space
domain, which gets perturbed with the perturbation field Z by applying the map
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id 4 sZ. Due to the choice of Z, this corresponds to a horizontal perturbation, thus, a
perturbation of the spatial component in the direction Z. We can use Lemma 1V.5.10
in the time-space setting and obtain the claim when looking at the first entry of the
vector 6v[Z).

g
Lemma VI1.2.3. There holds the identity
2
88n<Vu,n> = (D%un,n) =: gnz on I'y.
Proof. Due to (I1.2.5), the claim follows from
9 2
%(Vu, n) = (V(Vu,n),n) = (D’un + RVu,n).
O

To compute the second order normal derivative, we give the following lemma:
Lemma VI1.2.4. The second order normal derivative of u can be computed as

9%u 1 ou — Ou

= 7_Hx77
On? V1 —120n On

where Hy denotes the spatial mean curvature, compare Definition 11.2.11.

Proof. Let us consider a fixed point of time ¢. According to [SZ92, Proposition 2.68],
for a smooth boundary I and function ¢ on I', it holds

— Op %
Ap=A Hy—/—+—=
where Ar denotes the Laplace-Beltrami operator, defined as Apy := divp(Vryp),
compare |[DZ11, Chapter 9, Section 5.3]. Therefore, we can compute the second order
normal derivative of u as

0%u — Ou

— =Au— Hy—,

on? *On
where we used that u vanishes on the boundary I'; and, thus, the tangential derivative
equals to zero. Due to the state equation, we have that d;u = Au and, therefore, we

arrive at the claim by using (VI.1.9). O

The following lemma connects spatial and temporal derivatives of vy.

Lemma VI1.2.5. It holds
141

\/1—V2.

Proof. From (I1.2.5) and the symmetry of the curvature operator, we have

(Vvy,n) = —0un

ﬁuyz’ﬁ,uzﬁ,

where R denotes the time-space curvature operator. Looking at the first entry of Ruv
and using (VI.1.10) thus gives

Ovy + (Vvg,n)y /1 —vi =0.
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VI1.2.2 Shape derivative of the objective functional

With the previous preparations at hand, we can compute the shape derivative

(@)~ J (@)
VI(Qn)[2] = lim S

of the objective functional (VI.1.12), see Definition TV.2.1.

Theorem VI1.2.6. The shape derivative of the objective functional (V1.1.12) in the
direction Z € Z,q tn Hadamard form reads

Jp Ou - 1 -

————d' —— Vst
= [ f @ g s (%)
Ll Vo
R
(Z,n)pdo,

Toul'r y/ 1 - 1/1

Here, the adjoint state p satisfies the following backward heat equation

—O0p—Ap=0 in Qr,
ou 141
= — — — b))
p al’l 1_ V% on 2, (VIQl)
p(T,) =0 on Qr,

Hx denotes the spatial additive curvature of I'y (compare Definition 11.2.11), and 1
1s the first entry of T described in Lemma I1.2.15.

Proof. Notice that we cannot employ the general Formula from Theorem IV.7.2 as we
have an additional dependency on the geometry hidden in v, which is not treated in
the theorem. We therefore start from Theorem IV.5.7. This immediately yields

VJ(Qr)[Z = A+B+C

//Ft << 1V1V12)2>[Z]d0dt
e ((g‘g ﬁﬁ)jdgdt (V122

2
V1
(Z,n)H — dodt.
/ /n ( V1-v? )

While B and C are already in Hadamard form and only the normal derivative in B
has to be treated, the integral A has to be brought into Hadamard form by using the
adjoint problem. With the aid of the chain rule, Lemma VI.2.1, and Lemma VI.2.2,
we compute A as

dou| -
A=A1+ Ay = / / u d dt —|—/ / — e1, VEZ,/> dodt. (VI.2.3)
Iy Iy 1 — I/l 5
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The second term on the right-hand side is similar to [DZ11, p. 490 resp. 501], but since
we only have the first component of the normal, we have the scalar product with €;.
To eliminate the Neumann derivative on du[Z], we apply the Green’s second identity
from Lemma II1.5.1 for p and du[Z] yielding

Ay = / /F{5u p&u[Z](V,n)}dadt.

Applying Lemma VI.1.2 and inserting the boundary condition of Ju[Z] leads finally

to
T Op ou  Jdu 1
A —/0 /Pt<z’“>{ “ondn  on’ <m dodt.

Let us next look at the term As. When inserting €, = Vt, we get

T
1 - —
Agz/ /p3<Vt,VzZ,,>dadt.
o Jr. (1—vd)2

We can split Vit in its tangential and normal component in time-space. The normal
component vanishes within the scalar product due to (I1.2.7). Using Lemma IV.5.2
together with (VI.1.7) gives

a5 = — 1 dodt. (VI.2.4)

1—1/1

1
A2=/ P
S ].—1/12

Following the ideas of [DZ11, Chapter 9, Section 5.7|, we apply the product rule to
get
- 1 - o - 1
AQ = leE P 2 Vztz,/ - leE dx.
S 1-— Vl 1

Using Lemma I1.2.15 then gives
1 1 - .
Ay = Hixp——= <V2t v)z,d¥ — p——=(Vst, )z, do
Toul'r -

S 1-
> 1 = o
—/ divy, <p2V2t> Zy, dX.
S 1-— 1/1

Herein, the first integral of the right-hand side vanishes due to (Vst,v) = 0. In view
of

We therefore obtain
(Vst, VsZz,)ds.

Vst = & — v, (VI.2.5)

and (v, T) = 0, the second integrand of the right-hand side reduces to pr 7, /(1 —v?),
where 71 denotes the first coordinate of 7. By using (VI.1.10), Z, = /1 — v¥(Z,n),
and (VI.2.4), we thus have also A in Hadamard form:

(Z,n) da—/ /le2<
/FOUFT \/1_V1 e

) (Z,n) dodt.
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Next, we shall treat the term B in (VI.2.2). It can be computed by using Lemma

VI.2.3:
T 82’& 8 141
B—/O /pt<z’n>p{8n2_8n<1_y12 dodt.

In view of Lemma VI.2.4, we can eliminate the second order normal derivative. More-
over, the second term can be treated by using the quotient rule, resulting in

9 (_n :%<vyl’n>'
on \ \/1 -1} (1—12)2

Application of Lemma VI.2.5 yields finally

T
V1 ou — Ou V1
B = Z —— — Hy— ——— > dodt.
/0 /rt< ’n>p{\/1—y123n an+at”1(1_yg)z} 7

The claim follows when taking finally into account that

1 [T )
C=- (Z,n)Hxp* dodt
2Jo Jr,

and computing A1 + Ao + B+ C. O

VI1.2.3 Shape derivative for the numerical computations

The shape gradient of the objective functional given in Theorem VI.2.6 is in Hadamard
form. Nevertheless, for numerical computations, we need to rewrite the term contain-
ing the surface divergence to make it computable. Two approaches can be chosen: On
the one hand, we can compute the surface divergence directly by using the product
rule, treating the three terms separately and try to reformulate them into computable
terms. Especially, one would have to reformulate the surface gradient of the adjoint
problem. On the other hand, we could stop the manipulations of the term As in the
proof of Theorem V1.2.6 at (V1.2.3) in order to avoid the computation of the surface
divergence of several other terms. We then have to compute the surface gradient of
the perturbation field in normal direction. Since we choose a smooth setting for our
numerical computations, we pursue this approach.

In view of the definition of As in (VI.2.3), we compute

(&1, Vs(Z, 1)) = /1 — v2(&), Vs (Z,n)) — <z,n>\/1”i7<élﬁzyl>.

The term (&, 621/1> corresponds to an entry in the time-space curvature operator,
namely 1. Adding the terms Ai, B, and C from the proof of Theorem VI.2.6 to
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the so computed expression of Ay yields

_/T/<Zn> _Oudp  Ou_ n
N 0 I, ’ On On p@n 1_]/%

(&, V5(Z,n)) — <Z,n)p(1_l/1y%)26t1/1

2
81
— Ou 141

Y L -
{ <1/1—y1 2 0n 8n+aty1(1—y%)2>

+ pr }dadt

Two terms cancel out and we therefore arrive at

8u8p — 6u

//Ft - e1,V2<z n)) dodt.

We use this form of the shape gradient for our numerical computations.

(V1.2.6)

VI.3 Numerical experiment

In this section, we indicate how we solve the optimization problem. The example
serves as a proof of concept, and is therefore intentionally kept simple.

VI.3.1 Parametrization of the shape optimization problem

To numerically solve the Stefan problem, reformulated as a shape optimization prob-
lem, we restrict ourselves again to a star-shaped spatial domain ; C R? for every
point of time ¢ (compare Section V.3). Thus, the boundary X is represented by
(V.3.1) and the time-dependent parametrization v(t,-) : [0,27) — I'; employs again
polar coordinates, see (V.3.2). Instead of considering the time- and angle-dependent
radius with an even number of Fourier coefficients in space as it is done in (V.3.3), we
set

Np, Ng
)= Li(t) <Oéo,e + ) {anecos(kb) + B Sin(’ﬂg)}> ;
=0

k=1

with Ly(t) being appropriate dilations and translations of the Legendre polynomials
of degree ¢. Consequently, we obtain an L?-orthogonal basis for the shape represen-
tation which ensures numerical stability of the boundary discretization. Especially, it
corresponds to a p-method, meaning that the boundary is approximated exponentially
in Ny and Np when X7 is smooth, provided that Ny ~ Nr is chosen proportionally.

Finding the optimal tube now corresponds to determining the unknown coefficients
ag,e and By of the parametrization. Hence, we have the following finite dimensional
problem:

Seek v* € Zn such that VJ(v*)[Z] =0 for all Z € Zy.
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Here, Z is the finite dimensional ansatz space of parametrizations. To compute the
discrete shape gradient, we hence have to consider the directions

(Z 0 )(t,6) = L(t) cos(kt) {Z?ﬁfgi]

forall/=1,...,Ny and k=0,..., Ng, and

(Z o~)(t,0) = Ly(t) sin(k0) [ZTEEZH

forall/=1,...,Nyp and k =1,..., Ng. Notice that, since the initial domain €}y has
to remain fixed, we do not wobble at the shape parameters ay g and S .

VI.3.2 Implementation of the shape gradient

With the parametrization of the boundary at hand, we shall next explain how to
implement the shape gradient (VI.2.6).

We first need to compute the solutions u of the state equation (VI.1.11) and p
of the adjoint equation (VI.2.1). Although we only need the Neumann data on the
boundary, we cannot apply the boundary element method easily as we have a non-
trivial initial condition u = ug for t = 0. Therefore, we employ the finite element
method in space and couple it with the theta-scheme to solve the parabolic equation.

We use the space-time cylinder as reference domain, which means that we need
to introduce a finite element mesh of the unit circle. This mesh then gets mapped
onto the spatial domain €2; described by the parametrization for every point of time
t, similarly as in [Har08|. Then, standard piecewise linear finite elements can be used
to solve the partial differential equation for every time step, when mapping the weak
formulation back to the reference domain. For the time discretization, we use the
theta-scheme on the reference domain, including the inhomogeneous Dirichlet data,
see [Tral3, Section 8.2.1] for example.

For the mapping of the domain onto the reference domain, we need to evaluate
the Legendre polynomials in the parametrization, which can be done by using their
three-term recurrence formula as described in [PTVF92|.

From the finite element approximation of the state, the Neumann data can be
computed, which are piecewise constant. The approximate Neumann data are then
projected onto the space of piecewise linear functions as they enter the Dirichlet data
of the adjoint state. Notice that the adjoint problem has a singularity at ¢t = T. We
do not treat this singularity specifically, but need to perform our computations on a
fine level to resolve this singularity.

Another component for the shape gradient (VI.2.6) is the additive curvature and
the mean curvature in space. Since we consider a two-dimensional setting, both coin-
cide and can be computed from the parametrization, see [DC93, pg. 21|. Finally, the
surface gradient of (Z,n) can be computed as explained in [CK92| or [Har01, Section
C.1] by using the parametrization at hand.

We have now all the components to compute the integrand of the shape gradient
in (VI.2.6). The integral is computed by using a trapezoidal rule in space and a
trapezoidal rule in time on the reference cylindrical domain.
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(a) View with the (b) View with the (¢) Three-dimensional view.
x1-axis in front. To-axis in front.

Figure VI.2: Initial guess of the shape optimization problem. The colours correspond
to the time slices.

VI.3.3 Numerical results

For the parametrization of the boundary, we choose 15 Fourier coefficients in space
(Ng = 7) and 10 Legendre polynomials in time (N = 9), leading to 150 design
parameters in total, from which 135 are unknown as we let 0y be fixed. We choose
Qo as the unit circle of radius 1. We set ug = Jo(||x|[Xo), where J denotes the Bessel
function of the first kind and Ag is its smallest positive root. In every time-step, we use
163’840 finite elements. We choose T' = 0.2 and a time step size of A; = 0.0005. We
perform 50 iterations in the optimization procedure and use a quasi-Newton method
updated by the limited memory inverse BFGS rule, where 10 updates are stored, see
[NWO06] for example. A second order line search is applied to find an appropriate
step size in the quasi-Newton method. The optimization algorithm is started with the
initial shape displayed in Figure VI.2.

In Figure VI.3 on the right, the evolution of the ¢*°-norm of the shape gradient
is displayed during the course of the minimization algorithm, while on the left the
evolution of the functional is shown.

Value of functional ¢>°-norm of gradient
T T T T T
80 - -
15 | .
60 - -
10 |- .
40 -
51 1 20 |
0 | | ‘ . 0 | | ‘ |
0 20 40 0 20 40
Tteration Tteration

Figure VI.3: The histories of the functional (left) and of the shape gradient (right).

We clearly observe that these two values tend to zero, thus we have convergence
of the minimization algorithm. Figure VI.4 shows the terminal shape at the end of
the optimization process. It is a truncated cone. This solution corresponds to the
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intuition we have for the solution of the Stefan problem, as we would expect the
initial circle to grow uniformly throughout time.

time

I

x2

Figure VI.4: Terminal shape of the shape optimization problem.

V1.4 Conclusion

In this chapter, we reformulated the Stefan problem as a shape optimization problem
by introducing a shape functional subject to a differential equation. Bearing in mind
that we would like to apply a gradient-based optimization algorithm, we computed
the directional derivative of the shape functional after rewriting the so-called Stefan
condition in a suitable form. Using a parametrization of the boundary by means of
a Fourier series allows for computing all terms of the discrete shape gradient. The
theoretical results are supported by a numerical experiment, which serves as a proof
of concept.
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Chapter VII

Final Remarks

In this thesis, we extended the solution theory of parabolic boundary equations in the
canonical Sobolev spaces, which are also suitable for time-space boundary element
method, to non-cylindrical domains. We further covered the theory of shape opti-
mization for tubes in a way that can be used for numerical experiments, gave some
general formulae and clarified the treatment of boundary functionals. This allowed
us to treat two numerical examples, namely an inverse problem and a forward Stefan
problem.

More specifically, we discussed anisotropic Sobolev spaces on non-cylindrical do-
mains and introduced a velocity corrected Neumann trace. We then adapted the
proofs from the cylindrical case in [Cos90| to the non-cylindrical case, and provided
the corresponding mapping properties of the boundary integral operators. These are
then used to establish existence and uniqueness of solutions of the heat equation on
non-cylindrical domains with Dirichlet or Neumann boundary conditions.

Moreover, we covered the theory of shape optimization for tubes in a way that can
be used for numerical experiments by elaborating on the difference between the per-
turbation of identity and the speed method. We stated the seemingly missing proofs
for the general formulae of shape derivatives of domain and boundary functionals and
especially noticed that one has to be careful when considering boundary functionals
on time-dependent boundaries. Additionally, we rigorously computed the local shape
derivative of the Dirichlet problem.

Focussing on the perturbation of identity rather than on the speed method for
our numerical examples, we illustrated our theory with an inverse problem and with
solving a Stefan problem in two time-dependent spatial dimensions.

In the first example, we solved a time-dependent shape reconstruction problem by
means of shape optimization. We computed the shape derivative of the tracking-type
functional for the Neumann data. It turned out that this shape derivative coincides
with the one when the void is time-independent. We also demonstrated by numerical
experiments that it is indeed possible to reconstruct a time-dependent shape by the
proposed approach and convergence of the minimization algorithm has clearly been
observed.

In the second example, the Stefan problem was reformulated as a shape optimiza-
tion problem by introducing again a tracking-type functional for the Stefan condition
subject to a differential equation. Notice that we had to rewrite the so-called Stefan
condition in a suitable form and that the shape optimization theory for this problem
is now available for more than only one spatial dimension. Again, we were able to
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support our theoretical findings by a numerical example.

Although some theoretical gaps were closed with the newly developed theory in
this thesis, there exist still some open points. We focussed on the heat equation with
Dirichlet boundary conditions and gave a proof for its local shape derivative. The
same could be done for the Neumann problem by performing a proof analogously
to [CKY99|. To that end, one would need the correct function spaces and, in anal-
ogy to the Dirichlet problem, an additional result for the existence and uniqueness
of solutions of the Neumann problem for higher regularity, such that the local shape
derivative is well-defined. A respective result might be obtained by using a bootstrap-
ping argument, for example similarly to [Eval0]. It should also be discussed, which
Neumann trace is the physically correct one: the one where the Neumann trace has
an additional velocity correction term as introduced in Chapter III or the one which
simply takes the normal derivative, as it was considered in [DZ01, Section 6.1].

The theory and algorithmic framework of the numerical examples should be easily
adjustable to other examples, such as the inverse problem of identifying a source in
analogy to [HT11]|. On the algorithmic side, one could treat three spatial dimensions
by using spherical harmonics as a bagis for the parametrization. On the other hand,
one could perform numerical experiments in the setting of the speed method. Instead
of choosing a parametrization of the domain, one would have to consider the velocity
fields as the unknowns. Reconstructing the domain would then involve solving an
additional differential equation, compare Section IV.1, but this approach would make
sense, if one is only interested in the velocity field.
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