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Abstract

In this thesis, we are interested in counting problems concerning quadratic twists of a fixed elliptic
curve defined over the field of rational numbers.
Inspired by of the analogy that exists between quadratic twists and real quadratic fields, we show
an estimate for the number of quadratic twists having a nontorsion rational point whose canonical
height is almost minimal. This establishes an analogue of a result of Hooley about the fundamental
solution of the Pell equation.
Building upon this result, we then show that the average analytic rank is greater than one in the
family of quadratic twists having a nontorsion rational point of almost minimal height.
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Introduction

This thesis investigates the existence and the properties of rational points on elliptic curves defined
over the field of rational numbers. Specifically, we study families of quadratic twists of a given
elliptic curve and focus our attention mainly on the twists which have a nontorsion rational point of
almost minimal height.
Let E be the elliptic curve defined over Q by the equation

E : y2 = x3 +Ax+B,

where A and B are integers satisfying 4A3 + 27B2 6= 0. The classical Mordell–Weil Theorem asserts
that the abelian group E(Q) of rational points of E is finitely generated, meaning that one has

E(Q) ' Zrank(E(Q)) × E(Q)tors,

where rank(E(Q) is a nonnegative integer and E(Q)tors is a finite abelian group. Despite its obvious
interest, the integer rank(E(Q)) remains extremely mysterious.
To each square-free integer d ≥ 1 corresponds a quadratic twist Ed of E, defined by the equation

Ed : dy2 = x3 +Ax+B.

One can show that the canonical height of nontorsion rational points on Ed satisfies the sharp lower
bound

(1) ĥEd(P )� d1/8,

for all P ∈ Ed(Q). Here the implied constant may depend on E but not on d or P . It is natural to
introduce the quantity ηd(A,B) defined through

log ηd(A,B) = min{ĥEd(P ) : P ∈ Ed(Q) r Ed(Q)tors},

when rank(Ed(Q)) ≥ 1 and by ηd(A,B) =∞ when rank(Ed(Q)) = 0. The quantity log ηd(A,B) is
of particular interest when the rank of Ed is one, in which case is is half the regulator of Ed.
Denote by S(X) the set of positive square-free integers d ≤ X. For a parameter α > 0, we define

DA,B(α;X) = {d ∈ S(X) : ηd(A,B) ≤ d1/8+α}.

Each integer d in this set corresponds to a quadratic twist Ed of E having a nontorsion rational
point whose canonical height is almost minimal in the sense that it is only slightly larger than the
lower bound (1).
The investigation of the cardinality of the set DA,B(α;X) is motivated by the work of
Hooley [Hoo84] on indefinite quadratic forms. In his paper, Hooley studies the number of nonsquare
integers d ≥ 1 for which the fundamental solution εd of the Pell equation

X2 − dY 2 = 4

is almost minimal, relative to the sharp lower bound εd � d1/2. The class number h(d) of
inequivalent binary quadratic forms of discriminant d and the quantity log εd appear intrinsically
linked in Dirichlet’s Class Number Formula, meaning that it is likely that information about the
class number can be gathered from the study of the fundamental unit; an approach simultaneously
but independently taken by Sarnak [Sar82], [Sar85].
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One of the main results of Hooley’s article is the asymptotic estimate

(2) #

{
d ≤ X :

d nonsquare
εd ≤ d1/2+α

}
∼ c(α)X1/2 logX,

in the range α ∈ (0, 1/2], with c(α) an explicit constant depending on α.
There exists an analogy between rank one quadratic twists of a given elliptic curve and real
quadratic fields, as described in Table 1. It may be worth noting that this analogy can be read off
the similarities between the Class Number Formula and the (conjectural) Birch and
Swinnerton-Dyer formula, both predicted by the conjectures of Bloch and Kato [BK90] on special
values of L-functions.

rank one quadratic twist Ed of E real quadratic field K = Q(
√
d)

group E(Q) ' Z× Ed(Q)tors ←→ group O×K ' Z× {±1}
generator Pd of the free part of Ed(Q) ←→ fundamental unit ud
regulator Reg(Ed) = 2 log ηd(A,B) ←→ regulator Reg(K) = log ud
Tate–Shafarevich group X(Ed) ←→ class group C(K)

Table 1: Analogy between rank one quadratic twists and real quadratic fields

The first result of this thesis is an asymptotic estimate for the cardinality of the set DA,B(α;X)
when the parameter α is small, analogous to Hooley’s estimate (2). We show that for
α ∈ (0, 1/120), there exists a positive constant c(α) such that one has

(3) #DA,B(α;X) ∼ c(α)X1/2(logX)λA,B ,

where λA,B denotes the number of irreducible factors of the polynomial x3 +Ax+B over Q.
This is achieved by considering first a modified counting function which counts all points of almost
minimal height on each quadratic twist. This modified counting function is of lesser significance but
easier to estimate, and we show that it is of the order of magnitude of the estimate (3). Passing to
the modified counting function induces an error corresponding to the quadratic twists having rank
at least two, as the number of points counted for these curves might be larger. Note that the
conjecture of Goldfeld predicts that quadratic twists with rank at least two have density zero, so
this error should be negligible. Using a result of Salberger [Sal08] based on the determinant
method, we then show that this is the case unconditionally, giving the estimate (3).
The second result of this thesis is a lower bound for the average analytic rank in the family of
quadratic twists having a rational point of almost minimal height. This is motivated by a recent
paper of Le Boudec [LB18] who showed that when the quadratic twists of E are ordered by the size
of ηd(A,B), the average analytic rank is greater than one. We show that for α ∈ (0, 1/120), one has

(4) lim inf
X→∞

1

#DA,B(α;X)

∑
d∈DA,B(α;X)

rankan(Ed) > 1.

It is important to note that for every d ∈ DA,B(α;X), the quadratic twist Ed has algebraic (and
thus also analytic) rank at least one. Therefore, guided by Goldfeld’s Conjecture [Gol79], one might
have expected the average analytic rank to be exactly one. The estimate (4) shows that this is not
the case.
The work of this thesis has resulted in two articles [Pet20b], [Pet20a].

Organisation of the thesis

This thesis is divided into four chapters; the first two chapters introduce the necessary background
material while the last two constitute the heart of this thesis and respectively contain the proofs of
the estimates (3) and (4).
Chapter 1 is comprised of a brief introduction to classical results of the theory of binary quadratic
forms with emphasis on the indefinite case, as well as a presentation to more recent relevant results.
Of particular importance is Section 1.3 which summarises the work of Hooley serving as a base for
our first result (3).
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Chapter 2 introduces elliptic curves defined over the rationals, the main objects attached to them,
as well as several results and conjectures related to their ranks. Section 2.6 contains the main
definitions and results concerning quadratic twists and Section 2.7 introduces the analogy existing
between elliptic curves and number fields, both of which are at the heart of both of the results of
this thesis.
Chapter 3 contains the proof of our first result (3), which appeared in a first article [Pet20b], and
Chapter 4 is concerned with the proof of our second result (4), corresponding to a second
article [Pet20a].





Notation

Throughout Chapters 3 and 4, the constants implied by the notations � and O may depend on the
choice of elliptic curve E (or equivalently on the integers A and B). All other dependencies are
specified.
We denote by µ(n) the usual Möbius function and by ζ(s) the Riemann zeta function. For an
arithmetic function f(n), we denote the corresponding L-series by

L(f, s) =
∑
n≥1

f(n)

ns
.





Chapter 1

Quadratic forms and the Pell equation

This chapter gives an overview of some results of the theory of binary quadratic forms, the
associated class numbers and the relation they bear to the Pell equation. In particular, Section 1.3
introduces the work of Hooley which serves as a foundation for the contents of Chapter 3.
Reference texts for the material presented here are the book by Zagier [Zag81] for the classical
theory of quadratic forms and the book by Jacobson and Williams [JW09] for matters specific to
the Pell equation.

1.1 Basic definitions and results

Let d be a integer that is not a square.

Definition. The Pell equation is the equation

(1.1.1) X2 − dY 2 = 4.

Solutions (x, y) of the Pell equation correspond to elements of the ring Z[
√
d] with norm four and

are therefore usually written in the form x+ y
√
d.

Definition. The fundamental solution of the Pell equation is the smallest solution x0 + y0

√
d

with x0, y0 > 0.

It is well-known that when d > 0, the Pell equation possesses infinitely many solutions which can all
be expressed in terms of the fundamental solution; in this case the set of solutions of (1.1.1) is±2

(
x0 + y0

√
d

2

)n
: n ∈ Z

 .

The Pell equation is closely related to the topic of binary quadratic forms, which has occupied a
central place in the development of algebraic number theory over the years.

Definition. A primitive binary quadratic form is a homogeneous polynomial of degree two,
given by

f(x, y) = ax2 + bxy + cy2,

where a, b and c are coprime integers. The discriminant of the quadratic form f is the integer

d = b2 − 4ac.

Note that the discriminant of a binary quadratic form is congruent to zero or one modulo four and
that conversely, for every d congruent to zero or one modulo four, there exists at least one quadratic
form with discriminant d. This justifies the following definition.

Definition. A discriminant is an integer congruent to either 0 or 1 modulo 4.
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The discriminant is the main invariant associated to a binary quadratic form. It is straightforward
to check that a quadratic form factors into a product of linear terms if and only if its discriminant is
a perfect square.

Definition. Two binary quadratic forms f(x, y) and g(x, y) are equivalent if there exist a matrix
γ in SL2(Z) such that

g(x, y) = (f ◦ γ)(x, y).

It is easily seen that two equivalent forms share the same discriminant, meaning that the
discriminant is invariant over equivalence classes.

Definition. Let d be a discriminant that is not a perfect square. The class number h(d) is the
number of equivalence classes of primitive binary quadratic forms with discriminant d.

Considerations about the class number are greatly influenced by the sign of the discriminant and
our focus here will be mainly on quadratic forms with positive discriminant. These are known as
indefinite forms as they represent both positive and negative integers, as opposed to forms with
negative discriminant (known as positive or negative definite forms) which only represent positive or
negative integers.
It is a well-known fact that the number of equivalence classes of a given discriminant is finite. Let
χd denote the Kronecker symbol

χd(m) =

(
d

m

)
,

and let

(1.1.2) εd =
1

2
(x0 + y0

√
d),

where x0 + y0

√
d is the fundamental solution of the Pell equation (1.1.1). For d < 0 a discriminant,

let

wd =


2, d < −4,

4, d = −4,

6, d = −3.

The class number was computed by Dirichlet, who proved the following result.

Theorem 1.1 (Dirichlet Class Number Formula). Let d be a discriminant that is not a square. For
d > 0, one has

(1.1.3) L(χd, 1) =
h(d) log εd√

d
,

and for d < 0, one has

(1.1.4) L(χd, 1) =
2πh(d)

wd
√
|d|
.

The difference between the two formulae above gives an indication as to where the main difficulty
resides when working with positive discriminants. The fact that the class number h(d) and the
quantity log εd appear intrinsically linked in (1.1.3) makes it difficult to obtain information about
the class number alone. In comparison, every term other than h(d) in the right-hand side of (1.1.4)
is easily understood.

1.2 Asymptotic estimates and size of the fundamental
solution

In this section, d and k always denote integers that are not perfect squares. The asymptotic
behaviour of the class number h(d) as d grows to infinity was established by Siegel [Sie35].
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Theorem 1.2 (Siegel). One has

(1.2.1) lim
d→∞

log(h(d) log εd)

log
√
d

= 1,

and

(1.2.2) lim
d→∞

log h(−d)

log
√
d

= 1.

Just as in (1.1.3), the fundamental solution appears alongside the class number in (1.2.1). In
comparison, the equality (1.2.2) immediately implies that h(d) tends to infinity as d→ −∞.
Average formulae for the class number were already formulated by Gauss [Gau66], who stated
(without proof) the following estimates

(1.2.3)
∑
k≤X

h(4k) log ε4k ∼
4π2

21ζ(3)
X3/2,

and

(1.2.4)
∑
k≤X

h(−4k) ∼ 4π

21ζ(3)
X3/2,

as X →∞. The restriction to discriminants that are multiples of four is explained by the fact that
Gauss used a different definition of quadratic form, requiring the middle coefficient to be even. The
formulae (1.2.3) and (1.2.4) were subsequently proved by Siegel [Sie44], who also considered all
discriminants to show the following theorem.

Theorem 1.3 (Siegel). One has

(1.2.5)
∑
d≤X

h(d) log εd ∼
π2

18ζ(3)
X3/2,

and

(1.2.6)
∑
d≤X

h(−d) ∼ π

18ζ(3)
X3/2,

as X →∞.

It is a difficult and unsolved problem to obtain an asymptotic formula similar to (1.2.4) and (1.2.6)
for positive values of d. One possible approach to this problem is to attempt to understand the size
of the fundamental solution of the Pell equation. This is however also a difficult problem as the size
of εd can vary greatly. In fact, we have

(1.2.7) log
√
d < log εd <

1

2

√
d(log d+ 2).

The lower bound appearing here follows easily from the Pell equation and the upper bound can be
found in the book of Hua [Hua82]. Note that an upper bound of the form log εd �

√
d log d follows

from the Dirichlet Class Number Formula (1.1.3) combined with the estimate L(χd, 1)� log d (due
to Siegel).
The large fluctuation between upper and lower bound cannot be avoided as the lower bound is
sharp. This can be seen by considering discriminants of the form d = m2 − 4 for which the size of εd
is about m. The general belief is however that the upper bound is closer to the truth for most
discriminants and that εd should be of size roughly exp(

√
d) most of the time; a precise conjecture

will be presented later.
Taking a different approach to understand the class number, Sarnak [Sar82] computed its average
when ordered by the size of εd instead of d. In particular, he showed the following estimate.
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Theorem 1.4 (Sarnak). One has ∑
εd≤X

h(d) ∼ X2

2 logX
,

as X →∞.

The difference between the size of the sums in this theorem compared to that in (1.2.5) is explained
by the fact that large class numbers are favored when ordering by the size of εd, as anticipated
from (1.2.1).
In a second paper, Sarnak [Sar85] investigated the average class number of discriminants of the form
d = m2 − 4, for which the lower bound in (1.2.7) is sharp. In particular, he proves the following
estimate, showing that these discriminants contribute greatly to the sums of his previous theorem.

Theorem 1.5 (Sarnak). One has

∑
m≤X

h(m2 − 4) ∼ 5π2

96

∏
p 6=2

(
1− 1

p2
− 2

p3

)
X2

logX
,

as X →∞.

1.3 The work of Hooley
The question of separating the class number and the fundamental solution of the Pell equation was
concurrently but independently studied by Hooley [Hoo84], who investigated the number of
discriminants for which the lower bound in (1.2.7) is almost attained. Hooley, just like Gauss, only
considers quadratic forms with even middle coefficients, and thus discriminants which are multiples
of four.
Let α > 0 be a fixed parameter. At the heart of Hooley’s article is the quantity

(1.3.1) Sα(X) = #

{
k ≤ X :

k nonsquare
ε4k ≤ (4k)1/2+α

}
,

for which he conjectures the following asymptotic estimate.

Conjecture 1.1 (Hooley). Let α > 0. There exists a positive constant c(α) such that one has

Sα(X) ∼ c(α)X1/2(logX)2,

as X →∞.

The value of the constant c(α) is predicted by Hooley as part of the conjecture and its precise
expression depends on the range of α. Progress towards this conjecture has been attained by
Fouvry [Fou16] who shows that for α ∈ [1/2, 1], there exists a positive constant c′(α) such that one
has

Sα(X) ≥ c′(α)X1/2(logX)2,

as X →∞. The constant in Fouvry’s result is smaller than the one predicted by Hooley and has
since been improved by both Bourgain [Bou15] and Xi [Xi18].
Hooley manages to prove the veracity of Conjecture 1.1 when the parameter α is small enough, a
restriction which comes as a result of technical limitations of the estimation process.

Theorem 1.6 (Hooley). Let α ∈ (0, 1/2]. One has

Sα(X) ∼ 16α2

π2
X1/2(logX)2,

as X →∞.

Another result of Hooley is an estimate for the average class number over the values of k for which
the lower bound in (1.2.7) is almost attained.
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Theorem 1.7 (Hooley). Let α ∈ (0, 1/2). One has∑
k≤X

ε4k≤(4k)1/2+α

h(4k) ∼ 16{2α− log(1 + 2α)}
π2

X logX,

as X →∞.

The ideas leading to the above theorem are then extended to formulate a conjecture about the
average class number of indefinite quadratic forms.

Conjecture 1.2 (Hooley). One has∑
k≤X

h(4k) ∼ 25π2

3
X(logX)2,

as X →∞.

This estimate should be compared with the one in (1.2.3) where the fundamental solution appears,
as well as with the one in (1.2.4) for the definite case. This gives an indication to how large the
fundamental solution εd of the Pell equation should be on average compared to d and to the class
number h(d). It was remarked by Fouvry and Jouve [FJ13] that the results and conjectures of
Hooley and Sarnak lead to the following conjecture about the size of εd.

Conjecture 1.3. Let ε > 0. For almost all positive nonsquare discriminants d, one has

εd ≥ exp(d1/2−ε).

This conjecture is far out of reach; Hooley’s work leads to a lower bound of the form εd ≥ d3/2−ε

and the current best result is due to Reuss [Reu12] and is of the form εd ≥ d3−ε.

1.4 Results for fundamental discriminants
A related question of interest is to obtain similar results when considering fundamental
discriminants only instead of all discriminants.

Definition. A fundamental discriminant is the discriminant of a quadratic field.

The analogue of the estimate of Siegel in (1.2.5) is due to Datskovsky [Dat93].

Theorem 1.8 (Datskovsky). There exists a constant c > 0 such that one has∑
d≤X

d fund. disc.

h(d) log εd ∼ cX3/2,

as X →∞.

The result of Theorem 1.4 has been adapted by Raulf [Rau09].

Theorem 1.9 (Raulf). One has∑
εd≤X

d fund. disc.

h(d) ∼ 25ζ(3)

32

∏
p

(
1− 1

p2
− 2

p3

)
X2

logX
,

as X →∞.

Finally, Conjecture 1.3 can be adapted to fundamental discriminants as follows, as these form a
subset of positive density of the set of all discriminants.

Conjecture 1.4. Let ε > 0. For almost all positive fundamental discriminants, one has

εd ≥ exp(d1/2−ε).

The best results towards this conjecture are of the same order of magnitude as those towards
Conjecture 1.3 mentioned above. Yamamoto [Yam71] has shown that there are infinitely many
fundamental discriminants d with εd ≥ d3 and Fouvry and Jouve [FJ13] showed that for all ε > 0, a
positive proportion of fundamental discriminants d satisfy εd ≥ d3−ε.
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1.5 Quadratic fields
Most of the theory about class numbers of positive fundamental discriminants can be reformulated
in terms of class numbers of real quadratic fields.
Let K be a number field and let OK be its ring of integers. Let r1 and r2 denote respectively the
number of real embeddings and the number of pairs of complex embeddings of K in an algebraic
closure, and let µ(K) denote the group of roots of unity of OK . The Dirichlet Unit Theorem states
that the group of units O×K is a finitely generated abelian group and gives its structure.

Theorem 1.10 (Dirichlet Unit Theorem). One has

O×K ' Zr1+r2−1 × µ(K).

Associated to K are several other objects: the discriminant ∆K , the regulator Reg(K), the class
group C(K), the class number h(K) and the Dedekind zeta function ζK(s). These are related via
the Class Number Formula, which generalises the Dirichlet Class Number Formula from
Theorem 1.1.

Theorem 1.11 (Class Number Formula). One has

lim
s→1

(s− 1)ζK(s) =
2r1 · (2π)r2 · Reg(K) · h(K)

#µ(K) · |∆K |1/2
.

Now, let d denote a positive fundamental discriminant and let K = Q(
√
d) be the real quadratic

field of discriminant d. The group of units of OK has rank one and is given by

O×K = {±und : n ∈ Z},

where the generator ud can be chosen to be positive.

Definition. The positive generator ud of O×K is called the fundamental unit of K.

The fundamental unit is closely related to the fundamental solution εd defined in (1.1.2) through

εd =

{
ud, N(ud) = 1,

u2
d, N(ud) = −1.

Here N(α) denotes the norm of an element α of K. The number h(d) of classes of indefinite binary
quadratic forms is equal to the narrow class number of K, so

h(d) =

{
2h(K), N(ud) = 1,

h(K), N(ud) = −1.

Moreover, as the group of units has rank one, the regulator is simply the logarithm of the
fundamental unit

(1.5.1) Reg(K) = log ud.

One therefore has
2 Reg(K)h(K) = h(d) log εd,

and since the discriminant of K is ∆K = d and the Dedekind zeta function is given by the product
ζK(s) = ζ(s)L(χd, s), the Dirichlet Class Number Formula (1.1.3) can indeed be obtained by
specialising the Class Number Formula from Theorem 1.11 to real quadratic fields. One of course
obtains the corresponding formula for negative discriminants (1.1.4) by specialising Theorem 1.11 to
imaginary quadratic fields.
Statistical properties of class numbers of quadratic fields have been extensively studied by Cohen
and Lenstra [CL84] who formulated various conjectures, known together as the Cohen–Lenstra
Heuristics. These predict various probabilities of properties of the odd part of the class group, the
properties of the even part being accessible through more elementary means.
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For k ∈ Z ∪ {∞} and p prime, let

ηk(p) =

k∏
n=1

(1− p−n),

and define

C∞ =

∞∏
n=2

ζ(n) ≈ 2.25.

The heuristics for real quadratic fields are as follows.

Conjecture 1.5 (Cohen–Lenstra Heuristics for real quadratic fields). Let K be a real quadratic
field and p an odd prime.

1. The probability that the odd part of the class group C(K) is cyclic is

3

10η∞(2)C∞

∏
p

(
p3 − p2 + 1

(p− 1)(p2 − 1)

)
≈ 0.9976.

2. The probability that p divides h(K) is

1− η∞(p)

1− p−1
.

3. Let r ≥ 0. The probability that the p-rank of C(K) equals r is

η∞(p)

pr(r+1)ηr(p)ηr+1(p)
.

4. One has ∑
p≤X

p≡1 mod 4

h(Q(
√
p)) ∼ 1

8
X,

as X →∞.

The first of these conjectures does not appear in the original work of Cohen and Lenstra but can be
found in the book by Jacobson and Williams [JW09] while the asymptotic estimate of the fourth
conjecture was independently stated by Hooley [Hoo84]. The predictions of Conjecture 1.5 agree
with the work of both Sarnak and Hooley described above as they all suggest that the class number
should be small most of the time.
Adopting the standpoint of quadratic fields rather than that of quadratic forms will prove
particularly useful when drawing comparison with the theory of elliptic curves in the following
chapters, as the similarities are more apparent from this perspective.





Chapter 2

Elliptic curves defined over the
rationals

This chapter contains a brief introduction to the theory of elliptic curves defined over the rationals
as well as several results of interest for later chapters. Standard references include the books by
Silverman [Sil09] and by Milne [Mil06].

2.1 Basic definitions

Definition. An elliptic curve is a smooth, projective, algebraic curve of genus one with a
distinguished base point.

Let K be a field; in practice K will be either a finite extension, a completion or an algebraic closure
of Q, or a finite field.

Definition. An elliptic curve E is defined over K if it is the zero locus of a polynomial with
coefficients in K.

An elliptic curve defined over a field K is therefore also defined over any extension of K. When
needed, one usually writes E/K to specify that K is the field of definition of E.
It follows from the Riemann–Roch Theorem that elliptic curves are plane cubic curves, meaning that
they arise as zero loci of cubic polynomials in the projective plane. When the field of definition is
the field of rational numbers, these cubic polynomials can always be chosen to be of a specific type.

Definition. A Weierstrass equation is an equation of the form

y2 = x3 +Ax+B,

with A and B integers.

Every Weierstrass equation gives a projective curve C defined over the rationals by the
homogeneous equation

C : y2z = x3 +Axz2 +Bz3.

Whether such a curve has singularities or not can be read from the coefficients of the equation
directly.

Definition. The discriminant of a Weierstrass equation is the integer

∆ = −16(4A3 + 27B2).

The following result is easily verified.

Lemma 2.1. A curve given by a Weierstrass equation is nonsingular if and only if the
corresponding discriminant is nonzero.
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Every Weierstrass equation with nonzero discriminant therefore defines an elliptic curve over the
field of rational numbers. The converse statement holds and can even be strengthened to include
unicity when restricting to a specific kind of Weierstrass equation.

Definition. A minimal Weierstrass equation is a Weierstrass equation such that for any prime
number p, one has

p4 | A implies p6 - B.

Lemma 2.2. An elliptic curve E defined over the rationals is isomorphic to a unique curve given
by a minimal Weierstrass equation.

The distinguished point on an elliptic curve is the only point obtained by setting z = 0 in the
homogeneous equation.

Definition. The point O = (0 : 1 : 0) is called the point at infinity.

2.2 The group of rational points

Let K denote a number field inside a fixed algebraic closure Q of Q and let E be an elliptic curve
defined over the rationals by a Weierstrass equation.

Definition. The K-rational points of E are the points of the projective plane P2(K) lying on the
curve. The set of K-rational points is denoted by E(K).

When K = Q, the field-specific prefix is often dropped and Q-rational points are referred to simply
as rational points of E.
A K-rational point of E is represented by a triple of homogeneous coordinates (x : y : z) in P2(K)
satisfying the homogeneous Weierstrass equation. The set E(K) comes equipped with a
composition law motivated by a geometric construction and defined as follows

• the point at infinity O is the identity element,

• the inverse of a point P = (x : y : 1) 6= O is the point −P = (x : −y : 1),

• if P1 = (x1 : y1 : 1) and P2 = (x2 : y2 : 1) are two points such that P1 6= ±P2 and P1, P2 6= O,
their sum is the point P3 = (x3 : y3 : 1) whose coordinates are given by the formulae

x3 =

(
y2 − y1

x2 − x1

)2

− x1 − x2, y3 = −
(
y2 − y1

x2 − x1

)
x3 −

y1x2 − y2x1

x2 − x1
.

The formulae for the coordinates of the point 2P = P + P are similar to ones for the sum described
above. All together, these properties define a composition law that is commutative and associative,
thus giving E(K) the structure of an abelian group.
A paramount property of this group concerns its structure and was first proven by Mordell [Mor22]
in the case where K is the field fo rational numbers before being extended by Weil [Wei29] to the
more general version presented here.

Theorem 2.3 (Mordell–Weil). The group E(K) is finitely generated.

An immediate consequence of this result is the group isomorphism

E(K) ' Zrank(E(K)) × E(K)tors,

where rank(E(K)) is a nonnegative integer and E(K)tors is the subgroup comprised of all points of
finite order.

Definition. The (algebraic) rank of E is the rank of the group E(Q).

The torsion subgroup is fairly well understood as there are only finitely many possibilities, as seen
in the following result of Mazur [Maz77], [Maz78] and its extension by Merel [Mer96].
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Theorem 2.4 (Mazur). The torsion subgroup E(Q)tors is isomorphic to one of the following fifteen
groups

Z/NZ with 1 ≤ N ≤ 10 or N = 12,
Z/2Z× Z/2NZ with 1 ≤ N ≤ 4.

Each of these groups occurs as the torsion group of some elliptic curve E defined over Q.

The generalisation of this result to arbitrary number fields is as follows.

Theorem 2.5 (Merel). There exists a constant CK depending only on the degree of K over Q such
that

#E(K)tors ≤ CK .

An important family of groups of torsion points is obtained by considering only points of certain
orders.

Definition. For n ≥ 1, the n-torsion subgroup is the subgroup of E(K)tors defined as

E(K)[n] = {P ∈ E(K) : nP = O}.

The simplest and perhaps most important example is the 2-torsion subgroup E(K)[2]. It contains
the point O as well as all the points of E(K) whose y-coordinate is zero, which correspond to the
roots of the polynomial x3 +Ax+B in K. In particular, E(K)[2] has order 1, 2 or 4 and is trivial if
and only if the aforementioned polynomial is irreducible over K.
A final group to consider to end this section is the group E(Q) of Q-rational points. It is obtained
by considering all number fields inside Q at once and is comprised of all points of E having
algebraic coordinates. Its torsion subgroup E(Q)tors contains all algebraic points of finite order and
the torsion subgroup E(Q)[n] is usually denoted simply by E[n]. Note that the Mordell–Weil
Theorem does not apply here.

2.3 Height functions

Let E be an elliptic curve defined over the rationals. In order to define the necessary height
functions, note that every point in P1(Q) can be represented by a pair of homogeneous coordinates
(x : z) with (x, z) a primitive vector of Z2, meaning that gcd(x, z) = 1.

Definition. The classical logarithmic height function on P1(Q) is the function

h : P1(Q) −→ R≥0

defined by
h(x : z) = log max{|x|, |z|},

where (x, z) is a primitive vector.

The x-coordinate function x : E(Q)→ Q mapping a point P = (x : y : z) different from O to
x(P ) = x/z is more naturally seen as a projective map

x : E(Q) −→ P1(Q),

sending P 6= O to x(P ) = (x : z) and O to (0 : 1). Composing this coordinate map with the height
function on Q presented above produces a height function on E(Q).

Definition. The logarithmic Weil height is the function

hx : E(Q) −→ R≥0

defined by
hx(P ) = h(x(P )).
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The main properties of the function hx are the finiteness of the sets of points of bounded height, as
well as a quasi-parallelogram law which reads

hx(P +Q) + hx(P −Q) = 2hx(P ) + 2hx(Q) +O(1),

for all P and Q in E(Q). Here, O(1) denotes a constant depending on the curve E but crucially not
on P or Q. The quasi-parallelogram law can be interpreted as saying that hx is almost quadratic,
up to the constant factor O(1). While this is sufficient for some applications, for instance Mordell’s
original proof of the Mordell–Weil Theorem, it is desirable for others to dispose of the constant term
and thus work with a quadratic height.

Definition. The canonical height of the elliptic curve E is the function

ĥE : E(Q) −→ R≥0

defined by

ĥE(P ) =
1

2
lim
n→∞

hx(2nP )

4n
.

This is a well-defined function as the limit always exists.

The canonical height enjoys several important properties eluding hx, the first of which is the
parallelogram law

ĥE(P +Q) + ĥE(P −Q) = 2ĥE(P ) + 2ĥE(Q),

which holds for every P and Q in E(Q). This means that ĥE is a quadratic form on E(Q); it satisfies

(2.3.1) ĥE(mP ) = m2ĥE(P )

for all P in E(Q) and m in Z. A byproduct of the averaging process is that the values taken on
torsion points all become zero. In fact, one has the following equivalence

ĥE(P ) = 0 ⇐⇒ P is a torsion point.

The canonical height differs only slightly from the Weil height, the two functions being related
through the identity

(2.3.2) ĥE =
1

2
hx +O(1),

where here again the term O(1) is a constant depending on E only. Moreover, the canonical height
is the unique height function on E(Q) satisfying (2.3.1) and (2.3.2), making it a very natural object
to consider.
A final but relevant property of the canonical height is its invariance under Q-isomorphism. If E′ is
another elliptic curve defined over Q for which there exists an isomorphism φ : E → E′ defined over
some number field, and if ĥE′ denotes the canonical height on E′, then one has

ĥE(P ) = ĥE′(φ(P )),

for all P ∈ E(Q). When considering families of curves all isomorphic to a base curve E, expressing
all canonical heights solely in terms of ĥE and the individual isomorphisms is crucial. This is
particularly relevant for families of twists of a fixed curve, as will be seen later.

2.4 Further objects associated to an elliptic curve

Let E be an elliptic curve defined over the rationals given by a minimal Weierstrass equation

y2 = x3 +Ax+B,

with discriminant ∆E . This section contains descriptions of the main objects associated to E.
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2.4.1 The j-invariant and the automorphism group
Besides the discriminant, there is another very useful quantity defined immediately from the
coefficients of the Weierstrass equation.

Definition. The j-invariant of the curve E is defined as

jE = −1728
(4A)3

∆E
.

As suggested by the name, the j-invariant is constant on isomorphism classes. In fact, two elliptic
curves defined over Q are isomorphic over Q if and only if they share the same j-invariant.

Definition. An endomorphism of E is a morphism

φ : E −→ E satisfying φ(O) = O.

Pointwise addition and composition turn the set of endomorphisms into a ring whose units are of
particular interest.

Definition. The automorphism group of E, denoted by Aut(E), is the group of invertible
endomorphisms of E.

While it is a nontrivial matter to determine the structure of the endomorphism ring, the
automorphism group is much simpler and completely determined by the j-invariant. Write

n =


2, jE 6= 0, 1728,

4, jE = 1728,

6, jE = 0,

and let µn denote the group of n-th roots of unity. There is a canonical isomorphism

Aut(E) ' µn,

with the automorphism corresponding to ζ ∈ µn given explicitly by

(x, y) 7−→ (ζ2x, ζ3y).

Remark that the conditions jE = 0 and jE = 1728 correspond respectively to B = 0 and A = 0 in
the Weierstrass equation for E.
The j-invariant occupies a central place in the study of elliptic curves and beyond. It plays a crucial
rôle in the study of the endomorphism ring and especially in the theory of complex multiplication,
where it has applications to Class Field Theory as a mean to construct certain field extensions. It is
also a key component in the process of linking elliptic curves to modular forms, which has many
surprising and beautiful applications. These two aspects will however not be discussed here as they
have no direct impact on the work presented in the following chapters.

2.4.2 Reduction modulo primes and the conductor
Let Qp denote the completion of Q with respect to the p-adic valuation vp. Viewing the coefficients
A and B in the definition of E as elements of the completion defines an elliptic curve over Qp, also
denoted by E. Just as for the group of rational points, the group of Qp-rational points E(Qp) is
defined as the set of points of P2(Qp) lying on the curve and equipped with the group law. These
extended definitions allow for a reduction process from which local information about E can be
gathered.

Definition. The reduction of E modulo p is the curve Ē defined over the residue field Fp by the
equation

Ē : y2 = x2 + Āx+ B̄,

where Ā and B̄ denote the reduction of A and B modulo p.
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Although the curve E is nonsingular, the same need not hold for its reduction. The reduced curve
Ē falls into one of three categories.

Definition. One says that

• E has good reduction at p if Ē is nonsingular,

• E has multiplicative reduction at p if Ē has a node,

• E has additive reduction at p if Ē has a cusp.

Moreover, E is said to have bad reduction at p if the reduction is either multiplicative or additive.
If E has multiplicative reduction at p, the reduction is said to be split or nonsplit depending on
whether the slopes of the tangent lines at the node belong to Fp or not.

The names of multiplicative and additive reduction come from the fact that the group of
nonsingular Fp-rational points of Ē is isomorphic to either the multiplicative or additive group of
Fp. The reduction type at p can easily be read from the coefficients A and B as follows

• E has good reduction at p if and only if vp(∆E) = 0,

• E has multiplicative reduction at p if and only if vp(∆E) > 0 and vp(A) = 0,

• E has additive reduction at p if and only if vp(∆E) > 0 and vp(A) > 0.

For p 6= 2, 3, let

fp(E) =


0 if E has good reduction at p,
1 if E has multiplicative reduction at p,
2 if E has additive reduction at p.

The definitions for f2(E) and f3(E) are omitted here as they are more complicated to state, but one
always has f3(E) ≤ 3 and f2(E) ≤ 5.

Definition. The conductor of E is the quantity

NE =
∏
p

pfp(E).

The conductor is a crucial invariant of the curve. Just like the discriminant, it encodes information
about the primes of bad reduction, the only difference being the exponent with which these primes
appear. A deep conjecture made by Szpiro states that although the p-adic valuation of the
discriminant can sometimes be large, this is a rare occurrence.

Conjecture 2.1 (Szpiro). For every ε > 0 there exists a constant c(ε) such that one has

|∆E | ≤ c(ε)N6+ε
E

holds for all elliptic curves defined over Q.

Another quantity of interest arises from the reduction of p-adic points on E. If P is a point of
E(Qp) represented by the homogeneous coordinates P = (x : y : z) where x, y and z are coprime
integers, the reduction map

E(Qp) −→ Ē(Fp)
sends P to P̄ = (x̄ : ȳ : z̄), where x̄, ȳ and z̄ denote the respective reductions modulo p of x, y and
z. The set of points with nonsingular reduction is denoted by

E0(Qp) = {P ∈ E(Qp) : P̄ is nonsingular},

and forms a group whose index in E(Qp) is finite.

Definition. The Tamagawa number of E at p is the index

cp(E) = [E(Qp) : E0(Qp)].

Remark that cp(E) = 1 whenever E has good reduction at p since in that case, the reduced curve Ē
has no singularities.
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2.4.3 The L-function and the analytic rank

Let p be a prime at which E has good reduction. Let Ē denote the reduction of E modulo p and let

ap(E) = p+ 1−#Ē(Fp).

This integer measures the difference between the number of Fp-points of Ē and the number of
points on the projective line P1(Fp), which is simply p+ 1. The Hasse–Weil bound, originally
proven by Hasse [Has36a], [Has36b], [Has36c] for elliptic curves and subsequently generalised by
Weil [Wei49] to curves of higher genus, asserts that these quantities cannot differ much.

Theorem 2.6 (Hasse–Weil Bound). One has

ap(E) ≤ 2
√
p.

Define the polynomial
Lp(E, T ) = 1− ap(E)T + pT 2,

and extend the definition to primes of bad reduction by setting

Lp(E, T ) =


1− T, if E has split multiplicative reduction at p,
1 + T, if E has nonsplit multiplicative reduction at p,
1, if E has additive reduction at p.

Definition. The L-function of E is the function defined by the Euler product

L(E, s) =
∏
p

Lp(E, p
−s)−1.

This product converges absolutely and defines an analytic function for <(s) > 3/2 as an immediate
consequence of the Hasse–Weil Bound in Theorem 2.6. Much more is true in fact, as this function
can be extended meromorphically to the whole complex plane. Let NE denote the conductor of E
and let Γ(s) denote the usual Euler Γ function.

Theorem 2.7 (Functional equation). The modified L-function

Λ(E, s) = (2π)−sN
s/2
E Γ(s)L(E, s)

has an analytic continuation to the whole complex plane and satisfies

Λ(E, s) = ω(E)Λ(E, 2− s)

for some ω(E) = ±1.

The functional equation is known to hold for modular forms and its validity for elliptic curves thus
follows from the Modularity Theorem of Wiles [Wil95] and Breuil, Conrad, Diamond and
Taylor [BCDT01].

Definition. The integer ω(E) is called the root number of E.

The extension of L(E, s) to the whole complex plane implies in particular that the value of L(E, s)
at s = 1 is well-defined as the function has no pole there.

Definition. The analytic rank of E, denoted by rankan(E), is the order of vanishing of the
function L(E, s) at the point s = 1.

The parity of the analytic rank is determined by the root number through the equality

(−1)rankan(E) = ω(E).
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2.4.4 The elliptic regulator
The Mordell–Weil Theorem implies that E(Q)⊗R is a finite-dimensional real vector space, in which
the quotient E(Q)/E(Q)tors sits as a lattice. The canonical height ĥE extends to a positive definite
quadratic form on E(Q)⊗ R and the volume of this lattice computed with respect to the metric it
induces is an important invariant of the curve E.

Definition. The elliptic regulator of E, denoted by Reg(E), is the volume of a fundamental
domain for E(Q)/E(Q)tors computed with respect to the quadratic form ĥE . By convention,
Reg(E) = 1 when the rank of E is zero.

This volume can be computed explicitly from generators of the group E(Q) through the use of a
bilinear form associated to the quadratic form ĥE .

Definition. The canonical height pairing on E is the bilinear form

〈·, ·〉 : E(Q)× E(Q) −→ R

defined by
〈P,Q〉 = ĥE(P +Q)− ĥE(P )− ĥE(Q).

If the rank of E is nonzero and P1, . . . , Pr ∈ E(Q) are generators of the quotient E(Q)/E(Q)tors,
the elliptic regulator is given explicitly by

Reg(E) = det(〈Pi, Pj〉).

As in the number field case, the regulator is a form of measure of the complexity of the group E(Q).
The elliptic regulator of an elliptic curve is conjecturally bounded above and below in terms of other
invariants of the curve. The following conjecture originates in the work of Lang [Lan78] and
formulates a precise lower bound for the canonical height of nontorsion raional points.

Conjecture 2.2 (Lang). There exists a constant C > 0 such that for any elliptic curve E defined
over Q and every nontorsion point P ∈ E(Q), one has

ĥE(P ) > C max{h(jE : 1), log |∆E |, 1}.

A second conjecture also due to Lang [Lan83] predicts an upper bound for the height of generators
of the group of rational points.

Conjecture 2.3 (Lang). Let ε > 0. There exists a constant Cε depending only on ε such that for
any elliptic curve E defined over Q with rank r, there exists a basis P1, . . . , Pr for the free part of
E(Q) satisfying

max
1≤i≤r

ĥE(Pi) ≤ Cr
2

ε |∆E |1/12+ε.

2.4.5 The Selmer and Tate–Shafarevich groups
Let n ≥ 1. A crucial step in the proof of the Mordell–Weil Theorem is showing the finiteness of the
quotient E(Q)/nE(Q). This is done by embedding this quotient into a larger group whose
generators can be computed. Note that lifting generators of E(Q)/nE(Q) to generators of E(Q) can
be done in a finite amount of computation so the difficulty in rank computations lies in finding
generators for the quotient.
The multiplication-by-n map is surjective and therefore induces a short exact sequence

0 E[n] E E 0.n

Taking Galois cohomology, one obtains a Kummer exact sequence

0 E(Q)/nE(Q) H1(Q, E[n]) H1(Q, E)[n] 0.

The group H1(Q, E[n]) is usually infinite. One can however embed E(Q)/nE(Q) in a subgroup
defined by considering E as an elliptic curve over Qp for every prime p ≤ ∞ simultaneously. There
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is a short exact sequence for every prime and together, they form a commutative diagram with
exact rows

0 E(Q)/nE(Q) H1(Q, E[n]) H1(Q, E)[n] 0

0
∏
pE(Qp)/nE(Qp)

∏
pH

1(Qp, E[n])
∏
pH

1(Qp, E)[n] 0.

If an element of H1(Q, E[n]) comes from a point in E(Q), then for every prime p the corresponding
element in H1(Qp, E[n]) is the image of a point in E(Qp). This motivates the following definition.

Definition. The n-Selmer group of E is

Seln(E) = ker

H1(Q, E[n])→
∏
p

H1(Qp, E)

 .

This is a finite group, as can be shown by adapting the argument used to prove finiteness of the
ideal class group, and it is computable. It is clear from the diagram that E(Q)/nE(Q) injects into
Seln(E) and the difference is measured by a third group.

Definition. The Tate–Shafarevich group of E is

X(E) = ker

H1(Q, E)→
∏
p

H1(Qp, E)

 .

By definition, this group fits into the short exact sequence

(2.4.1) 0 E(Q)/nE(Q) Seln(E) X(E)[n] 0.

If one is able to find an integer n ≥ 1 for which X(E)[n] is trivial, then it suffices to compute the
Selmer group Seln(E) to obtain generators of E(Q). However, the Tate–Shafarevich group is not
well-understood and its finiteness is one of the main open problems in the theory of elliptic curves.

Conjecture 2.4 (Tate–Shafarevich). The Tate–Shafarevich group of E is finite.

Note that the finiteness of the Tate–Shafarevich group implies that is is always possible to find n for
which X(E)[n] is trivial, leading to an algorithm for the computation of E(Q).
There is a geometric interpretation of the Selmer and Tate–Shafarevich groups which consists in
identifying the elements of H1(Q, E) and H1(Qp, E) with equivalence classes of certain projective
curves called homogeneous spaces. Under this identification, an element of the first cohomology
group H1(Q, E) (respectively H1(Qp, E)) is trivial if and only if the corresponding curve possesses a
Q-rational (respectively Qp-rational) point. Elements of the Selmer group then correspond to curves
with a local (i.e. Qp-rational) point everywhere, and the Tate–Shafarevich group is the subgroup of
elements with no global (i.e. Q-rational) point. This explains why the Selmer group is easily
computable and the Tate–Shafarevich group is not, as the search for local points can be reduced to
computations over finite fields while determining the existence of global solutions to an equation is
much more difficult. It also allows to interpret the Tate–Shafarevich group as a measure of the
failure of the Hasse principle.
In practice, upper bounds on the rank usually come in the form of bounds for the size of the
p-Selmer group for some prime p.

Definition. The p-Selmer rank of E is the integer sp(E) = dimFp(Selp(E)).

The short exact sequence (2.4.1) implies the equality

sp(E) = rank(E(Q)) + dimFp(E(Q)[p]) + dimFp(X(E)[p]),

so assuming the Tate–Shafarevich Conjecture, the p-Selmer rank of E equals the rank of E for all
but finitely many primes p.
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It is also useful to consider all powers of a given prime p at once. One then obtains the p∞-Selmer
group Selp∞(E), defined by the obvious adaptation of the definition above, which fits into the short
exact sequence

0 E(Q)⊗Qp/Zp Selp∞(E) X(E)[p∞] 0.

Definition. The p∞-Selmer rank of E, denoted by sp∞(E), is the rank of E plus the number of
copies of Qp/Zp in X(E)[p∞].

Note that Conjecture 2.4 implies sp∞(E) = rank(E(Q)) for every prime p.

2.5 Main results and conjectures
The rank of elliptic curves is the subject of many speculations. This section contains an overview of
the main conjectures about the rank and of the interplay that exists between them, as well as a
presentation of selected results pertaining to said conjectures. All elliptic curves are assumed to be
defined over the rationals.
One of the first and most natural question one might ask is to determine whether the rank of
elliptic curves is bounded. The general consensus has long been that this should be false and that
there should exist elliptic curves with arbitrarily large rank; a belief instigated by the function field
analogue where ranks are known to be unbounded from the work of Tate and Shafarevich [TŠ67].
However, a recent heuristic approach of Park, Poonen, Voight and Wood [PPVW19] goes against
this belief and suggests that all but finitely many elliptic curves have rank at most 21. The largest
recorded rank is due to Elkies who exhibited a curve with 28 linearly independent rational points.
The Generalised Riemann Hypothesis for L-functions of elliptic curves and for Dedekind zeta
functions would imply that the rank of this curve is exactly 28 [KSW19].

2.5.1 The Birch and Swinnerton-Dyer Conjecture
Let E be an elliptic curve defined over the rationals. Perhaps the most important conjecture
concerning the rank is due to Birch and Swinnerton-Dyer [BSD65] and relates the (algebraic) rank
to the analytic rank.

Conjecture 2.5 (Birch–Swinnerton-Dyer). One has

rank(E(Q)) = rankan(E).

This conjecture is known to hold for elliptic curves with analytic rank equal to zero or one. It was
shown by Gross and Zagier [GZ86] that the (algebraic) rank is at least the analytic rank whenever
the analytic rank is at most one. Further work of Kolyvagin [Kol88], [Kol90] on this topic results in
the following theorem.

Theorem 2.8 (Gross–Zagier, Kolyvagin). Let E be an elliptic curve with analytic rank at most
one. One has

rank(E(Q)) = rankan(E),

and the Tate–Shafarevich group of E is finite.

A recent result of Skinner [Ski20] shows that under certain technical assumptions, the converse also
holds.

Theorem 2.9 (Skinner). Assume that E has multiplicative reduction at every prime. Assume
further that there is one odd prime at which E has nonsplit multiplicative reduction or two odd
primes at which E has split multiplicative reduction. If the rank of E is one and the
Tate–Shafarevich group of E is finite, then the analytic rank of E is one.

There exists a weaker version of Conjecture 2.5 only concerned with the parity of the ranks.

Conjecture 2.6 (Parity Conjecture). One has

rank(E(Q)) ≡ rankan(E) mod 2.
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Conjecture 2.6 is obviously implied by Conjecture 2.5 and therefore known to hold for curves with
analytic rank at most one. The best result in direction of the general case is the proof of the
p-parity Conjecture by Dokchitser and Dokchitser [DD10].

Theorem 2.10 (Dokchitser–Dokchitser). Let p be a prime. One has

sp∞(E) ≡ rankan(E) mod 2.

A refined version of the Birch and Swinnerton-Dyer Conjecture predicts the precise value of the
leading coefficient of the Taylor series of L(E, s) at s = 1 in terms of various quantities associated to
the curve E. Let

ΩE =

∫
E(R)

∣∣∣∣dxy
∣∣∣∣ ,

denote the real period of E.

Conjecture 2.7 (Birch–Swinnerton-Dyer). One has

lim
s→1

L(E, s)

(s− 1)rank(E(Q))
=

2rank(E(Q)) · ΩE · Reg(E) ·#X(E) ·
∏
p cp(E)

(#E(Q)tors)2
.

Despite overwhelming numerical evidence, this conjecture is only known to hold in a few special
cases.

2.5.2 Counting elliptic curves

In recent years, a statistical approach has been employed to tackle problems regarding ranks, with
the goal of proving results not for individual curves but rather on average in families. The main and
most interesting of these families being the one comprised of all elliptic curves defined over the
rationals. As this family is of course infinite, is it a necessity to first and foremost order and count
the curves in some manner.
One of the most natural orderings of elliptic curves is by the size of their discriminant, that is by
considering the set

E∆(X) = {E/Q : |∆E | ≤ X}.

Unfortunately, this ordering suffers from a significant issue as no precise asymptotic estimate for the
cardinality of the set E∆(X) is known; a heuristic prediction for this number can be found in the
work of Brumer and McGuinness [BM90].

Conjecture 2.8 (Brumer–McGuinness). There exists a constant c > 0 such that one has

#E∆(X) ∼ cX5/6,

as X →∞.

A second and also very natural way to order elliptic curves is by the size of their conductor, and the
corresponding set is

EN (X) = {E defined over Q : NE ≤ X}.

Just as when ordering by size of the discriminant, no precise asymptotic estimate exists for the
number of elements in this set; a heuristic asymptotic estimate was given by Watkins [Wat08].

Conjecture 2.9 (Watkins). There exists a constant c > 0 such that one has

#EN (X) ∼ cX5/6,

as X →∞.

A recent paper of Shankar, Shankar and Wang [SSW19] establishes such estimates for certain
subfamilies of the family of all elliptic curves.
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Theorem 2.11 (Shankar–Shankar–Wang). Let κ ∈ (0, 7/4). There exist two constants c1, c2 > 0
such that one has

#{E ∈ EN (X) : |∆E | < Nκ
E} ∼ c2X5/6,

as well as
#{E ∈ EN (X) : ∆E/NE is square-free} ∼ c1X5/6,

as X →∞.

It is worth mentioning that the authors expect the second estimate of Theorem 2.11 to hold for
every positive value of κ.
A third and more convenient ordering of elliptic curves is by the size of the coefficients of their
minimal Weierstrass equation.

Definition. The height of an elliptic curve E defined by a minimal Weierstrass equation is the
integer

H(E) = max{4|A|3, 27B2}.

One can then consider the set of curves ordered by height

EH(X) = {E/Q : H(E) ≤ X}.

The main benefit of this ordering is that counting curves of bounded height is straightforward via a
sieving argument.

Proposition 2.12. There exists a constant c > 0 such that one has

#EH(X) ∼ cX5/6,

as X →∞.

For this reason, this ordering is often used in practice when studying distribution of quantities
associated to elliptic curves.

2.5.3 Distribution of ranks
The main object of interest of most statistical investigations is the rank. A conjecture originating in
the work of Goldfeld [Gol79] and extended using the heuristics of Katz and Sarnak [KS99] predicts
its distribution.

Conjecture 2.10 (Rank Distribution). When all elliptic curves defined over the rationals are
ordered by size of their discriminant, by size of their conductor, or by height, the proportion of
curves with rank zero and the proportion of curves with rank one are both one half.

This conjecture implies in particular that the density of curves with rank at least two is zero and
that the average rank of all elliptic curves defined over the rationals is one half.
Progress towards Conjecture 2.10 when the curves are ordered by height has been achieved in a
series of outstanding papers by Bhargava and Shankar [BS15a], [BS15b], [BS13a], [BS13b] where the
authors compute the average size of the n-Selmer group for small values of n and deduce several
results about the distribution of ranks.
For n ≥ 1, let σ(n) denote the sum of divisors of n, that is

σ(n) =
∑
d|n

d.

Theorem 2.13 (Bhargava–Shankar). Let n ∈ {1, 2, 3, 4, 5}. When all elliptic curves defined over
the rationals are ordered by height, the average size of the n-Selmer group is σ(n).

Since a bound on the size of the Selmer group implies a bound on the rank, a consequence of
Theorem 2.13 is the boundedness of the average rank of elliptic curves.

Theorem 2.14 (Bhargava–Shankar). When all elliptic curves defined over the rationals are ordered
by height, the average rank is less than 0.885.
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Another consequence follows from combining Theorem 2.13 with Theorem 2.10.

Theorem 2.15 (Bhargava–Shankar). When all elliptic curves defined over the rationals are ordered
by height, the proportion of curves with rank zero is greater than one fifth. Assuming
Conjecture 2.4, the proportion of curves with rank one is greater than one fourth.

A third consequence of Theorem 2.13 concerning the analytic rank comes from also considering the
work of Skinner and Urban [SU14].

Theorem 2.16 (Bhargava–Shankar). When all elliptic curves defined over the rationals are ordered
by height, a positive proportion of curves have analytic rank zero.

Together with Theorem 2.8, Theorem 2.16 implies that a positive proportion of all elliptic curves
satisfy Conjecture 2.5.
Although they only compute the average size of the n-Selmer group for a few values of n, Bhargava
and Shankar conjecture that their result can be extended to any positive integer n.

Conjecture 2.11 (Bhargava–Shankar). When all elliptic curves defined over the rationals are
ordered by height, the average size of the n-Selmer group is σ(n).

This conjecture is closely related to Conjecture 2.10, as shown by the next proposition.

Proposition 2.17. Assume that Conjecture 2.11 holds for infinitely many values of n. When all
elliptic curves defined over the rationals are ordered by height, the proportion of curves with rank at
most one is one.

This proposition can be further refined to give a sufficient condition for Conjecture 2.10 to hold in
full, expressed in terms of other conjectures. One of these not yet mentioned concerns the signs of
the functional equations.

Conjecture 2.12 (Root Number Equidistribution). When all elliptic curves defined over the
rationals are ordered by size of their discriminant, by size of their conductor, or by height, the
proportion of curves with root number zero and the proportion of curves with root number one are
both one half.

All the necessary conjectures to state the following proposition have now been introduced.

Proposition 2.18. Assume that Conjecture 2.11 holds for infinitely many positive values of n and
that Conjecture 2.6 and Conjecture 2.12 both hold. When all elliptic curves defined over the
rationals are ordered by height, the proportion of curves with rank zero and the proportion of curves
with rank one are both one half.

2.6 Quadratic twists
It is often useful to work not on the full family of all elliptic curves defined over the rationals but
rather on subfamilies of curves of a specific form. This allows to develop intuition and to formulate
conjectures which can then be extended to larger families, and this process has been used
extensively to gain insight about ranks of elliptic curves. One such family of great importance is the
family of quadratic twists of a given elliptic curve.
Fix an elliptic curve E defined over the rationals by a Weierstrass equation

y2 = x3 +Ax+B.

Definition. A twist of E is an elliptic curve defined over the rationals which is isomorphic to E
over a finite extension of Q. A quadratic twist of E is a twist of E which is isomorphic to E over
a quadratic extension of Q.

Quadratic twists of E are parametrised by square-free integers. Let d be a square-free integer; the
corresponding quadratic twist of E is the elliptic curve Ed defined by the equation

dy2 = x3 +Ax+B,
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which is isomorphic to E over the quadratic field Q(
√
d).

Consider the family of quadratic twists Ed of E, where d runs over all square-free integers. Just as
for the family of all elliptic curves, conjectures about ranks in this family are plentiful. One of the
oldest and simplest of these conjectures is due to Honda [Hon60] and states that the ranks in
families of quadratic twists are bounded.

Conjecture 2.13 (Honda). There exists a constant CE depending only on E such that for all
square-free integers d, one has

rank(Ed(Q)) ≤ CE .

Contrary to the situation of the family of all elliptic curves, there is a unique and very natural
ordering for quadratic twists of a fixed curve E which simply consists in ordering twists by the size
of the square-free integer d. All three orderings considered when working with the family of all
elliptic curves are equivalent to this one.
Denote the set of positive square-free integers up to X by

S(X) = {1 ≤ d ≤ X : µ(d) 6= 0}.

The number of quadratic twists of the curve E ordered by size of d is easily computed as one has

#S(X) ∼ 6

π2
X,

as X →∞.
The distribution of the rank in a family of quadratic twists is predicted by a conjecture of
Goldfeld [Gol79].

Conjecture 2.14 (Goldfeld). The proportion of quadratic twists of E with analytic rank zero and
the proportion of quadratic twists of E with rank one are both one half.

This conjecture is noticeably similar to Conjecture 2.10, the reason being that Goldfeld’s Conjecture
predates it and was actually the first indication that such a result should hold. It implies that in a
family of quadratic twists, the curves with rank at least two have density zero and that the average
rank is one half.
Although the general case is likely far from being solved, Conjecture 2.14 is known to hold for a
specific choice of base curve E, the so-called congruent numbers curve, through the combined recent
results of Smith [Smi17] and Kriz [Kri20].

Theorem 2.19 (Kriz). Conjecture 2.14 holds for the elliptic curve E defined by the equation

E : y2 = x3 − x.

2.7 Analogy with number fields

An interesting aspect of the theory of elliptic curves is the striking analogy that exists with the
theory of number fields. This parallel stems from the fact that both the group of rational points of
an elliptic curve and the group of units of the ring of integers of a number field are finitely
generated, as a result of the Mordell–Weil Theorem (Theorem 2.3) and of the Dirichlet Unit
Theorem (Theorem 1.10) respectively. The theory developed for number fields has been at the
source of the formulation and proof of several key results presented above in this chapter.

2.7.1 The general case

Let E be an elliptic curve defined over the rationals and let K be a number field with ring of
integers OK . The various objects associated to the curve E can be related to the objects associated
to the field K, as illustrated in Table 2.1.
The Tate–Shafarevich group and the class group both measure the failure of a certain property, the
failure of the Hasse principle in the case of the Tate–Shafarevich group and the failure of unique
factorisation in the ring of integers OK in the case of the class group.
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elliptic curve E defined over Q number field K
group E(Q) ←→ group of units O×K

Mordell–Weil Theorem ←→ Dirichlet Unit Theorem
torsion subgroup E(Q)tors ←→ roots of unity µ(K)

conductor NE ←→ absolute value of discriminant |∆K |
regulator Reg(E) ←→ regulator Reg(K)
L-function L(E, s) ←→ Dedekind zeta function ζK(s)

Tate–Shafarevich group X(E) ←→ class group C(K)

Table 2.1: Analogy between elliptic curves and number fields

While the finiteness of the class number is well-known, that of the Tate–Shafarevich group is merely
conjectural and predicted by Conjecture 2.4. Its order appears to be intimately linked with the
regulator Reg(E) in the formula predicted by Birch and Swinnerton-Dyer in Conjecture 2.7. This is
the analogue of the Class Number Formula in Theorem 1.11 where the class number h(K) appears
alongside the regulator Reg(K).
It is worth noting that both the Class Number Formula and the formula predicted by the Birch and
Swinnerton-Dyer Conjecture can be regarded as cases of the more general conjectures of Bloch and
Kato [BK90] about special values of L-functions.

2.7.2 Quadratic twists and real quadratic fields
The comparison can be pushed further by considering only rank one quadratic twists of a given
elliptic curve. Under this analogy, these correspond to real quadratic fields which were discussed in
Section 1.5 which form a one parameter family of fields whose unit groups all have rank one.
Let E be an elliptic curve defined over the rationals by the minimal Weierstrass equation

y2 = x3 +Ax+B,

and define the quantity ηd(A,B) through

(2.7.1) log ηd(A,B) =

{
min{ĥEd(P ) : P ∈ Ed(Q) r Ed(Q)tors}, rank(E(Q)) ≥ 1,

∞, rank(E(Q)) = 0.

If d is a square-free integer for which rank(Ed(Q)) = 1, then the group Ed(Q) is generated (up to
torsion) by a single point whose height is minimal amongst nontorsion points of Ed(Q); this
generator is the analogue of the fundamental unit of a real quadratic field. The elliptic regulator is
then given solely in terms of the height of this generator as

Reg(Ed) = 2 log ηd(A,B).

This expression should be compared with the one for Reg(K) in (1.5.1), further cementing the idea
that ηd(A,B) is a direct analogue of εd defined in (1.1.2).
A very natural continuation is to attempt to transpose the results and conjectures stated in
Chapter 1 to the context of elliptic curves. This was done by Le Boudec [LB16] for two particular
results, with conclusions as follows.
First, it is known from the work of Iwaniec [Iwa90] and of Murty and Murty [MM91] that the
average size of L′(Ed, 1) as d runs over square-free integers is about log d. Meanwhile, the formula of
the Birch and Swinnerton-Dyer Conjecture predicts that L′(Ed, 1) is of size roughly
d−1/2#X(Ed) log ηd(A,B). It is therefore reasonable to expect that there exists a constant cE > 0
depending on E such that one has

(2.7.2)
∑

d∈S(X)
rank(Ed(Q))=1

#X(Ed) log ηd(A,B) ∼ cEX3/2 logX,

as X →∞. This gives a conjectural analogue of Theorem 1.8, and thus also of the estimate of
Siegel in (1.2.5).
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Second is an analogue of Conjectures 1.3 and 1.4. One can expect that for every ε > 0 and for
almost all square-free integers d for which rank(Ed(Q)) = 1, it holds that

(2.7.3) ηd(A,B) ≥ exp(d1/2−ε).

Recall that the Conjecture 2.14 predicts that the set of square-free d for which Ed has rank at least
two has density zero, and as the lower bound (2.7.3) is trivially satisfied for rank zero twists, one can
expect it to hold for almost all square-free integers d. Here, Le Boudec [LB16] has shown that one
has ηd(A,B) > d1/4−ε for almost all d. In comparison, the trivial lower bound for ηd(A,B) (which
should be compared with the lower bound in (1.2.7)) is of the form ηd(A,B)� d1/8. This lower
bound is sharp as it is attained for all square-free integers d = z(x3 +Axz2 +Bz3) with x, z ≥ 1
and it follows from the work of Greaves [Gre92] that there are about X1/2 such integers up to X.
Finally, it is necessary to mention the work of Delaunay [Del01], [Del05], [Del07] who formulated
predictions similar to the heuristics of Cohen and Lenstra from Conjecture 1.5 in the context of
elliptic curves. These articles contain several conjectural results about the Tate–Shafarevich group
with which the conjectural formulas (2.7.2) and (2.7.3) agree.



Chapter 3

The number of quadratic twists with
a rational point of almost minimal
height

3.1 Introduction
Fix a polynomial F (x) ∈ Z[x] of the form

(3.1.1) F (x) = x3 +Ax+B,

with discriminant
∆ = −(4A3 + 27B2) 6= 0,

and let E be the elliptic curve defined over Q by the Weierstrass equation

E : y2 = F (x).

Let S(X) denote the set of positive square-free integers up to X, and for d ∈ S(X), denote by Ed
the quadratic twist of E defined over Q by the equation

Ed : dy2 = F (x).

We are interested in the quantity ηd(A,B) defined in (2.7.1), which is roughlythe elliptic regulator
Reg(Ed) whenever Ed has rank one, making it a sensible analogue of the quantity defined in (1.1.2).
One has the sharp lower bound (see for instance [LB16, Section 2.2])

(3.1.2) ηd(A,B)� d1/8,

and following the work of Le Boudec [LB16], we are interested in the counting function

Nα(A,B;X) = #
{
d ∈ S(X) : ηd(A,B) ≤ d1/8+α

}
,

for a fixed α > 0. This counting function mirrors the one considered by Hooley defined in (1.3.1),
with (3.1.2) playing the role of the lower bound in (1.2.7).
Let λA,B be the number of irreducible factors of F (x) in Z[x]. The following conjecture is the direct
analogue of Conjecture 1.1 and was communicated to the author by Le Boudec in private
conversations.

Conjecture 3.1. Let α > 0. There exists a constant cA,B(α) > 0 such that one has

Nα(A,B;X) ∼ cA,B(α)X1/2(logX)λA,B ,

as X →∞.
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Our main result establishes this prediction for sufficiently small values of α, similarly to how
Hooley’s Theorem 1.6 establishes Conjecture 1.1 for α small enough.

Theorem 3.1. Let α ∈ (0, 1/120). There exists a constant cA,B(α) > 0 such that one has

Nα(A,B;X) ∼ cA,B(α)X1/2(logX)λA,B ,

as X →∞.

Organisation of the chapter
We begin in Section 3.2 by establishing auxiliary results to be used later on. In Section 3.3, we
follow the lines of Hooley’s work as we investigate a modified counting function of lesser arithmetic
significance, for which we prove an asymptotic formula. Finally, in Section 3.4, we deduce
Theorem 3.1 from our work in Section 3.3 by relating the quantity Nα(A,B;X) to the modified
counting function through the Cauchy–Schwarz inequality. This results in an error term
corresponding to the contribution of the curves having two rational points of small height that are
linearly independent modulo 2-torsion. We show that this contribution is negligible using a theorem
of Salberger [Sal08, Theorem 0.1] based on the determinant method (and which improved upon the
work of Heath-Brown [HB02, Theorem 10]), as well as an explicit computation of lines on a quartic
surface.

3.2 Preliminaries
For improved readability, we omit the dependency on A and B in the notation for new quantities
defined from this point on.
If f : Z≥1 → C is an arithmetic function, we write L(f, s) for the corresponding Dirichlet series

L(f, s) =
∑
n≥1

f(n)

ns
.

We will require the following Tauberian theorem, which can be found in [CLT01, Appendix A].
Despite being a classical result, it does not seem to appear anywhere else in the literature, as noted
by the authors.

Proposition 3.2. Let f : Z≥1 → Z≥0 be an arithmetic function and let S(f ;X) be the
corresponding summatory function

S(f ;X) =
∑
n≤X

f(n).

Assume that the Dirichlet series associated to f satisfies the following conditions

1. L(f, s) is absolutely convergent in some half-plane <(s) > σ > 0,

2. L(f, s) meromorphically extends to a half-plane <(s) > σ − δ0 > 0 with a single pole at s = σ
of order m,

3. there exists κ > 0 such that for <(s) > σ − δ0, one has∣∣∣∣∣L(f, s)

(
s− σ
s

)m∣∣∣∣∣ ≤ |1 + =(s)|κ.

Then, there exists a monic polynomial P of degree m− 1 such that for every δ ∈ (0, δ0), we have

S(f ;X) =
R

σ(m− 1)!
XσP (logX) +O(Xσ−δ),

as X →∞, where R = lims→σ L(f, s)(s− σ)m.
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3.2.1 Summing cubic congruences

For F the polynomial fixed in (3.1.1), we define the arithmetic function

(3.2.1) ϑ(n) = #
{
ρ mod n : F (ρ) ≡ 0 mod n

}
,

and for a ∈ Z≥1, we define the summatory function

Θ(a;X) =
∑
n≤X

ϑ(na).

Recall that λA,B denotes the number of irreducible factors of the polynomial F . In this section, we
establish the following proposition.

Proposition 3.3. For every a ≥ 1, there exists c1(a) > 0 such that

Θ(a;X) = c1(a)X(logX)λA,B−1 +Oa(X(logX)λA,B−2),

as X →∞.

This result is known to hold with a better error term in the case where F is an irreducible
polynomial and a = 1, and can be found in an article of Lü [L0̈9, Theorems 1.1 and 1.2]. The proof
carries over to the case a ≥ 1, as will be explained below.
We begin by establishing some properties of the arithmetic function ϑ, the first of which is its
multiplicativity.

Lemma 3.4. The function ϑ is multiplicative.

Proof. Let q1 and q2 be two coprime integers and denote by q̄1 the inverse of q1 modulo q2 and by
q̄2 the inverse of q2 modulo q1. The map

(ρ1, ρ2) 7−→ q1q̄1ρ2 + q2q̄2ρ1 mod q1q2,

is a bijection from the set

{(ρ1, ρ2) ∈ Z/q1Z× Z/q2Z : F (ρj) ≡ 0 mod qj , j = 1, 2},

to
{ρ ∈ Z/q1q2Z : F (ρ) ≡ 0 mod q1q2},

with inverse ρ 7→ (ρ mod q1, ρ mod q2).

The next obvious step is to understand how the function ϑ behaves at powers of primes. It is a
well-known fact (see for instance [Ste91, Corollary 2]) that for any p and k ≥ 1, one has

(3.2.2) ϑ(pk)�p 1.

For the primes not dividing the discriminant ∆, one can be more precise.

Lemma 3.5. Let p - ∆ and k ≥ 1. One has

ϑ(pk) = ϑ(p).

Proof. By Hensel’s lemma (see for instance [Neu99, II.4.6]), every simple root of the polynomial
F mod p lifts uniquely to a simple root of F mod pk.

We now state one more property of the function ϑ which will come into use in the next section.

Lemma 3.6. Let a, b ≥ 1. One has
ϑ(ab)� ϑ(a)ϑ(b).
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Proof. If there exists p dividing a with ϑ(p) = 0, then ϑ(pk) = 0 for all k ≥ 1 as every root of
F mod pk reduces to a root of F mod p. By multiplicativity, one then has ϑ(a) = ϑ(ab) = 0 so the
result holds in this case. It remains to show that it also holds when ϑ(p) ≥ 1 for all p dividing ab.
By Lemma 3.5 and (3.2.2), one has

ϑ(ab) =
∏
pk‖ab
p-∆

ϑ(pk)
∏
pk‖ab
p|∆

ϑ(pk)�
∏
p|ab
p-∆

ϑ(p),

as well as
ϑ(a) =

∏
pk‖a
p-∆

ϑ(pk)
∏
pk‖a
p|∆

ϑ(pk) ≥
∏
p|a
p-∆

ϑ(p).

Since the last inequality obviously also holds for ϑ(b), the result follows.

With Lemma 3.5 established, one sees that the Dirichlet series associated to Θ(a;X), given by

La(s) =
∑
n≥1

ϑ(na)

ns
,

scales from L1(s) = L(ϑ, s) by a holomorphic factor that is bounded for <(s) > 1/2. Indeed, we have

La(s) = L1(s)
∏
p|∆

1 +
∑
k≥1

ϑ(pak)

pks

1 +
∑
k≥1

ϑ(pk)

pks

−1

,

so by (3.2.2), the product over primes dividing the discriminant is as claimed. Because of this, the
application of Perron’s formula which stems Lü’s proof can be carried out with La(s) instead of
L1(s) and the bounds in his article hold verbatim, so that his result extends to any a ≥ 1.
To show Proposition 3.3, it remains to treat the cases λA,B ∈ {2, 3}. The next two lemmas give an
explicit description of the value of the function ϑ at all but finitely many primes.

Lemma 3.7. Assume λA,B = 3. For p - ∆, one has

ϑ(p) = 3.

Proof. This is an immediate consequence of the fact that every root of F mod p is simple whenever
p does not divide ∆.

Lemma 3.8. Assume λA,B = 2. There exist an integer N ≥ 1 and a nonprincipal Dirichlet
character χ mod N such that for p - N∆, one has

ϑ(p) = 2 + χ(p).

Proof. Denote by F1 the irreducible quadratic factor of F1 and let

ϑ1(n) = #{ρ mod n : F1(ρ) ≡ 0 mod n},

so that for p - ∆, we have ϑ(p) = 1 + ϑ1(p). Denote by K1 the splitting field of F1, by N its
discriminant, and by χ the corresponding Kronecker symbol. By the Dedekind-Kummer theorem
(see [Neu99, I.8.3]), the factorization of F1 mod p is determined by χ(p) for p - N and we therefore
have ϑ1(p) = 1 + χ(p) for p - N∆, thus proving the lemma.

We now have all the necessary results to prove Proposition 3.3 for λA,B ∈ {2, 3}.

Proof of Proposition 3.3. As above, we write

La(s) =
∑
n≥1

ϑ(na)

ns
.
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We begin by showing the result in the case λA,B = 3. By Lemma 3.7, the Euler product of La(s) is
given by

La(s) =
∏
p|∆

1 +
∑
k≥1

ϑ(pak)

pks

∏
p-∆

(
1 +

3

ps − 1

)
.

Setting

h3(p; s) = 1− 3

p2s
+

2

p3s
,

we find

La(s) = ζ(s)3
∏
p|∆

1 +
∑
k≥1

ϑ(pak)

pks

(1− 1

ps

)3∏
p-∆

h3(p; s).

Using (3.2.2), we see that the product over the primes dividing ∆ defines a bounded holomorphic
function on <(s) > 0. Since the product

∏
p-∆ h3(p; s) is bounded and holomorphic for <(s) > 1/2,

we can apply Proposition 3.2 in this region (after possibly dividing by a suitable constant so that
the bound in the proposition is satisfied) to conclude the proof in this case.
We now move on to the case λA,B = 2. By Lemma 3.8, there exists N such that

La(s) =
∏
p|N∆

1 +
∑
k≥1

ϑ(pak)

pks

 ∏
p-N∆

(
1 +

2 + χ(p)

ps − 1

)
.

Setting

h2(p; s) = 1− 2 + χ(p)

p2s
+

1 + χ(p)

p3s
,

we find

La(s) = ζ(s)2L(χ, s)
∏
p|N∆

1 +
∑
k≥1

ϑ(pak)

pks

(1− 1

ps

)2(
1− χ(p)

ps

) ∏
p-N∆

h2(p; s).

Here again, both products define functions that are holomorphic and bounded on <(s) > 1/2, and
since χ is nonprincipal, L(χ, s) is also holomorphic and bounded in this region. It suffices to apply
Proposition 3.2 to conclude the proof.

3.2.2 Lemmas concerning arithmetic functions
This section contains several lemmas about arithmetic functions. We write

F̃ (x, z) = x3 +Axz2 +Bz3.

The first result of this section is an adaptation of the classical counting of roots modulo an integer
and in an interval.

Lemma 3.9. Let q, z ∈ Z with (q, z) = 1 and t1 < t2. We have

#{t1 < n ≤ t2 : F̃ (n, z) ≡ 0 mod q} =

(
t2 − t1
q

+O(1)

)
ϑ(q).

Proof. Splitting this set depending on the residue class of n mod q, one has

#{t1 < n ≤ t2 : F̃ (n, z) ≡ 0 mod q} =
∑

a mod q

F̃ (a,z)≡0 mod q

# {t1 < n ≤ t2 : n ≡ a mod q} ,

and writing a = cz, this becomes

#{t1 < n ≤ t2 : F̃ (n, z) ≡ 0 mod q} =
∑

c mod q
F (c)≡0 mod q

# {t1 < n ≤ t2 : n ≡ cz mod q} .
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The trivial estimate
# {t1 < n ≤ t2 : n ≡ cz mod q} =

t2 − t1
q

+O(1),

completes the proof.

Next, we define two arithmetic functions φ1 and φ2 by

φ1(n) =
∏
p|n

(
1 +

1

p

)−1

, φ2(n) =
∏
p|n

(
1 +

1

p+ 1

)−1

,(3.2.3)

and prove some results involving them. We write ϕ for the Euler totient function and let

σx(n) =
∑
d|n

dx.

For brevity, we also write (a1, . . . , an) = gcd(a1, . . . , an).

Lemma 3.10. Let `, q ≥ 1 with (`, q) = 1, δ > 0 and X ≥ 1. We have

∑
n≤X

(n,q)=1

ϕ(`n)

`n
=

6

π2
φ1(`q)X +Oδ

(
σ−δ(q)

φ1(`q)
Xδ

)
.

Proof. Denote by S(X) the sum to estimate. We have

S(X) =
∑
n≤X

(n,q)=1

∑
d|`n

µ(d)

d
.

Using Möbius inversion to get rid of the coprimality condition, we find

S(X) =
∑
d≤`X

µ(d)

d

∑
g|q

µ(g)#
{
m ≤ X/g : `gm ≡ 0 mod d

}
.

The congruence condition can be replaced by m ≡ 0 mod d/(`g, d), so that

S(X) =
∑
d≤`X

µ(d)

d

∑
g|q

µ(g)

⌊
X(`g, d)

gd

⌋
.

For any fixed δ > 0 and any N ≥ 1 we have the estimate bNc = N +O(Nδ). Since (`, q) = 1, we get

S(X) = X
∑
d≤`X

µ(d)(`, d)

d2

∑
g|q

µ(g)(g, d)

g
+O(E(X)),

where

E(X) = Xδ
∑
d≤`X

|µ(d)| (`, d)δ

d1+δ

∑
g|q

(g, d)δ

gδ
.

To compute the main term, we use that∑
g|q

µ(g)(g, d)

g
=
∏
p|q

(
1− (p, d)

p

)
.

The product vanishes whenever d is not coprime to q, hence

S(X) = X
∏
p|q

(
1− 1

p

) ∑
d≤`X

(d,q)=1

µ(d)(`, d)

d2
+O(E(X)).
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We have ∑
d≤`X

(d,q)=1

µ(d)(`, d)

d2
=
∏
p-q

(
1− (p, `)

p2

)
+O(X−1),

and we split this last product depending on whether p divides ` or not, giving

∏
p-q

(
1− (p, `)

p2

)
=

1

ζ(2)

∏
p|`q

(
1− 1

p2

)−1∏
p|`

(
1− 1

p

)

=
1

ζ(2)
φ1(`)

∏
p|q

(
1− 1

p2

)−1

,

which produces the desired main term for S(X). To estimate E(X), note that

∑
g|q

(g, d)δ

gδ
≤ (q, d)δσ−δ(q),

from which we deduce that

E(X) ≤ Xδσ−δ(q)
∑
d≥1

|µ(d)|(`q, d)δ

d1+δ
≤ Xδ σ−δ(q)

φ1(`q)

∏
p

(
1 +

1

p1+δ

)
,

which concludes the proof.

Lemma 3.11. Let q ≥ 1 and X ≥ 1. We have∑
n≤X

(n,q)=1

|µ(n)|φ1(n) = c2φ2(q)X +Oε(X
1/2+ε),

with
c2 =

∏
p

(
1− 2

p(p+ 1)

)
.

Proof. Consider the Dirichlet series

f1(s) =
∏
p-q

(
1 +

φ1(p)

ps

)
.

Writing

g1(s) =
∏
p

(
1 +

φ1(p)− 1

ps
− φ1(p)

p2s

)
, g2(s) =

∏
p|q

(
1 +

φ1(p)

ps

)−1

,

a simple computation shows the identity f1(s) = ζ(s)g1(s)g2(s). Both g1 and g2 are holomorphic
and bounded for <(s) > 1/2 and in this region, one has∣∣∣∣1 +

φ1(p)

ps

∣∣∣∣−1

≤
(

1 +
φ1(p)

p1/2

)−1

= 1− 1

p1/2 + p−1/2 + 1
< 1,

so |g2(s)| < 1. Applying Proposition 3.2, it suffices to see that g1(1) = c2 and g2(1) = φ2(q) to
conclude.

Lemma 3.12. Let δ > 0. One has∑
n≤X

σ−δ(n)ϑ(n2)

φ1(n)
�δ X(logX)λA,B−1,

as X →∞.
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Proof. For <(s) > 1, consider the Dirichlet series given by the product

f2(s) =
∏
p

1 +
1

φ1(p)

∑
k≥1

σ−δ(p
k)ϑ(p2k)

pks

 .

It is uniformly convergent on any compact in this half-plane. Setting

g3(s) =
∏
p|∆

1 +
1

φ1(p)

∑
k≥1

σ−δ(p
k)ϑ(p2k)

pks

1 +
ϑ(p)

φ1(p)

∑
k≥1

σ−δ(p
k)

pks

−1

,

we find by Lemma 3.5 that

f2(s) = g3(s)
∏
p

1 +
ϑ(p)

φ1(p)

∑
k≥1

σ−δ(p
k)

pks

 .

One easily shows the bounds∑
k≥1

σ−δ(p
k)

pks
=

1

ps − 1
+O

(
1

p<(s)+δ

)
,

1

φ1(p)
= 1 +O

(
1

p

)
,

which lead to

1 +
ϑ(p)

φ1(p)

∑
k≥1

σ−δ(p
k)

pks
= 1 +

ϑ(p)

ps − 1
+O

(
1

p<(s)+δ

)
.

We can then write
f2(s) = g3(s)g4(s)

∏
p

(
1 +

ϑ(p)

ps − 1

)
,

where g4(s) is a function satisfying

g4(s) =
∏
p

(
1 +O

(
1

p<(s)+δ

))
.

We can now relate f2(s) and L(ϑ, s) by defining

(3.2.4) gϑ(s) =
∏
p|∆

1 +
∑
k≥1

ϑ(pk)

pks

−1(
1 +

ϑ(p)

ps − 1

)
.

Using Lemmas 3.4 and 3.5, we obtain

f2(s) = g3(s)g4(s)gϑ(s)L(ϑ, s).

All three functions g3, g4 and gϑ are holomorphic for <(s) > max{0, 1− δ}, so Proposition 3.2
applies as it did for L(ϑ, s) in the proof of Proposition 3.3. This gives the result.

Finally, for n ≥ 1, we define the arithmetic function

(3.2.5) w(n) =
∑
m≥1

µ(m)φ1(mn)φ2(mn)ϑ(m2n2)

m2
,

and show an asymptotic formula for its summatory function.

Lemma 3.13. For n ≥ 1, one has

w(n) =
∏
p-n

(
1− ϑ(p2)

p(p+ 2)

) ∏
pk||n

(
ϑ(p2k)− ϑ(p2k+2)

p2

)(
1 +

2

p

)−1

.
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Proof. Define a multiplicative arithmetic function w̃ via

w̃(pk) =
p

p+ 2

(
ϑ(p2k)− ϑ(p2k+2)

p2

)
.

Fix a prime p dividing n and write k = vp(n), np = np−k. We expand w(n) into

w(n) = φ1(pk)φ2(pk)ϑ(p2k)
∑
m≥1
p-m

µ(m)φ1(npm)φ2(npm)ϑ(n2
pm

2)

m2

+
∑
m≥1
p|m

µ(m)φ1(npp
km)φ2(npp

km)ϑ(n2
pp

2km2)

m2
.

Since m is square-free, it is exactly divisible by p in the second sum. Using the multiplicativity of ϑ,
φ1 and φ2, we take that factor p out to obtain

w(n) =

(
φ1(pk)φ2(pk)ϑ(p2k)− φ1(pk+1)φ2(pk+1)ϑ(p2k+2)

p2

)

×
∑
m≥1
p-m

µ(m)φ1(npm)φ2(npm)ϑ(n2
pm

2)

m2
.

Since φ1 and φ2 are constant on prime powers, this yields

w(n) = w̃(pk)
∑
m≥1
p-m

µ(m)φ1(npm)φ2(npm)ϑ(n2
pm

2)

m2
.

Repeating this process on the remaining sum so as to go through all prime factors of n, we end up
with

w(n) = w̃(n)
∑
m≥1

(m,n)=1

µ(m)φ1(m)φ2(m)ϑ(m2)

m2
.

The function inside the sum is multiplicative and expanding it as a product, we find

w(n) = w̃(n)
∏
p-n

(
1− ϑ(p2)

p(p+ 2)

)
,

which shows the asserted equality.

Lemma 3.14. There exists c3 > 0 such that one has∑
n≤X

w(n) = c3X(logX)λA,B−1 +O(X(logX)λA,B−2),

as X →∞.

Proof. Using Lemma 3.13, we can write

w(n) = w0w1(n),

where w1 is a multiplicative function defined as

w1(n) =
∏
pk||n

(
ϑ(p2k)− ϑ(p2k+2)

p2

)(
1 +

2

p

)−1
(

1− ϑ(p2)

p(p+ 2)

)−1

,
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and w0 is the constant

w0 =
∏
p

(
1− ϑ(p2)

p(p+ 2)

)
.

It is enough to estimate the sum
∑
n≤X w1(n), which we do by looking at L(w1, s). For a prime p

not dividing ∆, we have w1(pk) = ϑ(p)(1 +O(p−1)), and thus, we can write

L(w1, s) = gw,1(s)
∏
p

(
1 +

ϑ(p)

ps − 1

(
1 +O(p−1)

))
,

with

gw,1(s) =
∏
p|∆

1 +
∑
k≥1

w1(pk)

pks

(1 +
ϑ(p)

ps − 1

(
1 +O(p−1)

))−1

.

From the definition of w1, it is easy to see that we have w1(pk)�p 1. Hence, the function gw,1(s) is
holomorphic for <(s) > 0. There exists a function

gw,2(s) =
∏
p

(
1 +O(p−(<(s)+1))

)
,

which is holomorphic for <(s) > 0, and such that

L(w1, s) = gw,1(s)gw,2(s)
∏
p

(
1 +

ϑ(p)

ps − 1

)
.

The product appearing in this expression is related to the Riemann zeta function. Using definition
(3.2.4) of gϑ(s), we indeed see that

L(w1, s) = gw,1(s)gw,2(s)gϑ(s)L(ϑ, s).

We apply Proposition 3.2 to L(w1, s) using the computation of L(ϑ, s) from Proposition 3.3 to
conclude.

3.3 A modified counting function

In this section, we investigate for X ≥ 1 the modified counting function

N ∗α(X) =
∑

d∈S(X)

#
{
P ∈ Ed(Q) \ Ed(Q)tors : exp ĥEd(P ) ≤ d1/8+α

}
,

which is known to satisfy
X1/2−ε �ε N ∗α(X)� X1/2+4α,

for any α > 0 and ε > 0 as X goes to infinity. The upper bound can be found in [LB16] while the
lower bound comes from the family constructed by Gouvêa and Mazur [GM91]. The ε can be
removed, as seen in [LB18].
This section is dedicated to establishing the more precise estimate from the following proposition.

Proposition 3.15. Let α ∈ (0, 1/56). There exists c4(α) > 0 such that one has

N ∗α(X) = c4(α)X1/2(logX)λA,B +O(X1/2(logX)λA,B−1),

as X →∞.

For the remainder of this section, we assume α < 1/56.
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3.3.1 Framing the quantity N ∗
α(X)

We begin by recalling the definitions of the height functions in use (see [Sil09, VIII] for a more
complete description). We denote the set of primitive vectors in Zn by

Znprim = {(a1, . . . , an) ∈ Zn : gcd(a1, . . . , an) = 1}.

The classical (logarithmic) height function h : P1(Q)→ Z is defined for (x, z) ∈ Z2
prim by

h(x : z) = log max{|x|, |z|},

and the Weil height of a point (x : y : z) ∈ P2(Q) is defined by

hx(x : y : z) =

{
h(x : z), (x : y : z) 6= (0 : 1 : 0),

0, (x : y : z) = (0 : 1 : 0).

Finally, the canonical height on the group E(Q) is defined by the limit

ĥE(P ) =
1

2
lim
n→∞

1

4n
h(2nP ).

By the basic properties of the canonical height (see for instance [Sil09, VIII.9.3]), there exist two
constants h1 and h2 depending only on A and B and with h1 < 0 < h2 such that for every point
P ∈ E(Q), we have

h1 ≤ ĥE(P )− 1

2
hx(P ) ≤ h2.

Because Ed and E are isomorphic over Q̄ via the map

ι : Ed(Q̄) −→ E(Q̄)
(x : y : z) 7−→ (x : d1/2y : z),

and because of the invariance under Q̄-isomorphism of the canonical height, we have

ĥEd(P ) = ĥE(ι(P )),

for every P . Moreover, it is immediate that for P ∈ Ed(Q) the equality hx(P ) = hx(ι(P )) holds,
which means that for any P ∈ Ed(Q) we have

(3.3.1) h1 ≤ ĥEd(P )− 1

2
hx(P ) ≤ h2.

A point P = (x : y : z) in Ed(Q) is a torsion point if and only if ĥEd(P ) = 0. By (3.3.1), this means
that both |x| and |z| are bounded. From the equation of the curve, this also implies that dy2 is
bounded and therefore so is d, provided that y 6= 0. We have thus shown the estimate∑

d∈S(X)

#
{
P ∈ Ed(Q)tors \ Ed(Q)[2]

}
� 1.

This motivates the definition of a new quantity

N †α(X) =
∑

d∈S(X)

#
{
P ∈ Ed(Q) \ Ed(Q)[2] : exp ĥEd(P ) ≤ d1/8+α

}
,

which is related to N ∗α(X) through

(3.3.2) N ∗α(X) = N †α(X) +O(1).

For j ∈ {1, 2}, we define the quantities

Nα,j(X) =
∑

d∈S(X)

#
{
P ∈ Ed(Q) \ Ed(Q)[2] : ehj (exphx(P ))1/2 ≤ d1/8+α

}
,

with h1 and h2 the constants defined above. Observe that we have the inequalities

(3.3.3) Nα,2(X) ≤ N †α(X) ≤ Nα,1(X).

As a consequence of (3.3.2) and (3.3.3), Proposition 3.15 will follow from the next proposition.
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Proposition 3.16. There exists c5(α) > 0 such that for j ∈ {1, 2}, we have

Nα,j(X) = c5(α)X1/2(logX)λA,B +Oj(X
1/2(logX)λA,B−1),

as X →∞.

The remainder of this section is dedicated to proving this proposition.

3.3.2 Asymptotic behavior of Nα,j(X)

Fix j ∈ {1, 2}. We begin by setting Cj = e−2hj , so that

Nα,j(X) =
∑

d∈S(X)

#

(x, y, z) ∈ Z× Z6=0 × Z≥1 :
|x|, z ≤ Cjd1/4+2α

(x, y, z) = 1
dy2z = F̃ (x, z)

 .

The triples (x, y, z) counted here all come in pairs as the conditions are independent of the sign of y.
We will thus restrict our attention to y ≥ 1. We call upon a result describing the coordinates of
rational points on the twisted curve Ed (see for instance [LB16, Lemma 1]).

Lemma 3.17. Let d ≥ 1 square-free and let (x0, y, z0) ∈ Z× Z2
≥1 satisfying (x0, y, z0) = 1 and

dy2z0 = F̃ (x0, z0). There is a unique way to write

d = d0d1, x0 = d1xz, z0 = d2
1z

3,

with (d0, d1, z, x) ∈ Z3
≥1 × Z satisfying (xy, d1z) = 1 and

d0y
2 = F̃ (x, d1z

2).

Applying Lemma 3.17, we obtain the new expression

Nα,j(X) = 2#

(d0, d1, y, z, x) ∈ Z4
≥1 × Z :

d0d1 ∈ S(X)
|x|, d1z

2 ≤ Cj(d0d1)1/4+2α

(xy, d1z) = 1
d0y

2 = F̃ (x, d1z
2)

 .

We now derive an explicit description of the range of the product yz. Setting

C0 = 1 + |A|+ |B|,

the equation of the curve implies d0y
2 ≤ C0 max{|x|, d1z

2}3, from which we obtain the inequality

max{|x|, d1z
2}(d1z

2)−1/4 ≥ max{|x|, d1z
2}3/4 ≥ C−1/4

0 d
1/4
0 y1/2.

From this, we extract
max{|x|, d1z

2} ≥ C−1/4
0 (yz)1/2(d0d1)1/4,

and defining Dj = C
1/2
0 C2

j , this implies that yz ≤ Dj(d0d1)4α. This recovers the bound
ηd(A,B)� d1/8 stated in the introduction. Taking this restriction into account, Nα,j(X) can be
written as

Nα,j(X) = 2#

(d0, d1, y, z, x) ∈ Z4
≥1 × Z :

d0d1 ∈ S(X)
|x|, d1z

2 ≤ Cj(d0d1)1/4+2α

yz ≤ Dj(d0d1)4α

(xy, d1z) = 1
d0y

2 = F̃ (x, d1z
2)

 .

Note that d0 and d1 are necessarily coprime here because the equation of the curve implies that
(d0, d1) | x3, while (x, d1) = 1. We get rid of the square-free condition on d0 by means of Möbius
inversion, writing d0 = `2d2. The previous expression becomes

Nα,j(X) = 2
∑

`≤X1/2

µ(`)#

(d2, d1, y, z, x) ∈ Z4
≥1 × Z :

`2d1d2 ≤ X, µ(d1) 6= 0
|x|, d1z

2 ≤ Cj(`2d1d2)1/4+2α

yz ≤ Dj(`
2d1d2)4α

(`xy, d1z) = 1
`2y2d2 = F̃ (x, d1z

2)

 .
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The equation of the curve in this last expression brings to light the constraint

`y ≤ KjX
3/8+3α,

where Kj = (C0C
3
j )1/2, and shows that the variable d2 is completely determined by the other five.

We define the range of the variable x

Xj(g, y, z, d1;α;X) =

x ∈ R :
d1y
−2F̃ (gx, d1z

2) ≤ X
|gx|, d1z

2 ≤ Cj(d1y
−2F̃ (gx, d1z

2))1/4+2α

yz ≤ Dj(d1y
−2F̃ (gx, d1z

2))4α

 ,

and with this notation, we have

Nα,j(X) = 2
∑

`≤X1/2

µ(`)#

(d1, y, z, x) ∈ Z3
≥1 × Z :

x ∈ Xj(1, y, z, d1;α;X)
`y ≤ KjX

3/8+3α

(`xy, d1z) = 1, µ(d1) 6= 0
F̃ (x, d1z

2) ≡ 0 mod `2y2

 .

Next, we set

Aj(y, z, `;α;X) =

(d1, x) ∈ Z≥1 × Z :
x ∈ Xj(1, y, z, d1;α;X)
(`xy, d1z) = 1, µ(d1) 6= 0
F̃ (x, d1z

2) ≡ 0 mod `2y2

 ,

so that the cardinality to estimate now reads

Nα,j(X) = 2
∑

`≤X3/8+3α

µ(`)
∑∑
yz≤DjX4α

`y≤KjX3/8+3α

#Aj(y, z, `;α;X).

For a parameter θ ∈ (0, 3/8 + 3α), we define the quantity N (θ)
α,j (X), corresponding to the

contribution of the terms with `y > Xθ, by

N (θ)
α,j (X) =

∑
`≤X3/8+3α

µ(`)
∑∑
yz≤DjX4α

Xθ<`y≤KjX3/8+3α

#Aj(y, z, `;α;X).

To estimate this quantity, we will require the following statement, which is an immediate
consequence of a result of Heath-Brown [HB84, Lemma 3].

Lemma 3.18. Let (m1,m2, q) ∈ Z3
prim with q 6= 0 and let X1, X2 > 0. We have

#

{
(x1, x2) ∈ Z2

prim :
|x1| ≤ X1, |x2| ≤ X2

x1m1 + x2m2 ≡ 0 mod q

}
� X1X2

q
+ 1.

We can now show the desired estimate.

Lemma 3.19. One has
N (θ)
α,j (X)�ε X

1/2+8α−θ+ε +X3/8+7α+ε.

Proof. Relaxing the conditions on d1 and x, we find

#Aj(y, z, `;α;X)� #

(d1, x) ∈ Z≥1 × Z :
|x|, d1 � X1/4+2α

(`xy, d1z) = 1
F̃ (x, d1z

2) ≡ 0 mod `2y2

 .

Splitting the right-hand side depending on the congruence class of x mod `2y2, we find

#Aj(y, z, `;α;X)�
∑

ρ mod `2y2

F̃ (ρ,z2)≡0 mod `2y2

#

(d1, x) ∈ Z≥1 × Z :
|x|, d1 � X1/4+2α

(`xy, d1z) = 1
x ≡ ρd1 mod `2y2

 ,
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and the coprimality condition (`y, z) = 1 allows for a change of variables leading to

#Aj(y, z, `;α;X)�
∑

ρ mod `2y2

F (ρ)≡0 mod `2y2

#

(d1, x) ∈ Z≥1 × Z :
|x|, d1 � X1/4+2α

(`xy, d1z) = 1
x ≡ ρd1z

2 mod `2y2

 .

Recall the definition of ϑ in (3.2.1). We apply Lemma 3.18 to find the estimate

#Aj(y, z, `;α;X)�

(
X1/2+4α

`2y2
+ 1

)
ϑ(`2y2).

Using the easy estimate ϑ(n)�ε n
ε and carrying out the summation over z, one obtains

N (θ)
α,j (X)�ε X

1/2+8α+ε
∑∑
`y>Xθ

1

`2y3
+X4α+ε

∑∑
`y≤X3/8+3α

1

y
,

which shows the result.

Going back to Nα,j(X), we restrict our attention to the small values of `y. Indeed, we have
α < 1/56 so Lemma 3.19 allows us to write

Nα,j(X) = 2
∑∑
`y≤Xθ

µ(`)
∑

yz≤DjX4α

#Aj(y, z, `;α;X) +Oε(X
7/8+11α−2θ+ε) +O(X1/2).

We now turn to the cardinality of Aj(y, z, `;α;X) in this range. It can be written as

#Aj(y, z, `;α;X) =
∑

d1≤CjX1/4+2α

(`y,d1z)=1

|µ(d1)|#

x ∈ Z :
x ∈ Xj(1, y, z, d1;α;X)
(x, d1z) = 1
F̃ (x, d1z

2) ≡ 0 mod `2y2

 ,

and getting rid of the coprimality condition on x, we find

#Aj(y, z, `;α;X) =
∑

d1≤CjX1/4+2α

(`y,d1z)=1

|µ(d1)|
∑
g|d1z

µ(g)#

{
x ∈ Z :

x ∈ Xj(g, y, z, d1;α;X)

F̃ (gx, d1z
2) ≡ 0 mod `2y2

}
.

Note that the congruence relation in this last expression can be replaced by

F̃ (x, d1z
2g−1) ≡ 0 mod `2y2.

Moreover, since, by definition, Xj(g, y, z, d1;α;X) is a union of a finite number of intervals, Lemma
3.9 gives

#Aj(y, z, `;α;X) =
ϑ(`2y2)

`2y2

∑
d1≤CjX1/4+2α

(`y,d1z)=1

|µ(d1)|
∑
g|d1z

µ(g) vol(Xj(g, y, z, d1;α;X))

+Oε(X
1/4+2α+ε),

where vol(X ) denotes the Lebesgue measure of X . We can now define the main term

(3.3.4) Mα,j(X) =
∑∑
`y≤Xθ

µ(`)ϑ(`2y2)

`2y2 ∑
yz≤DjX4α

∑
d1≤XC1/4+2α

j

(`y,d1z)=1

|µ(d1)|
∑
g|d1z

µ(g) vol(Xj(g, y, z, d1;α;X)),
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so as to have

Nα,j(X) = 2Mα,j(X) +O(X1/2) +Oε(X
1/2+8α−θ+ε) +Oε(X

1/4+6α+θ+ε).

Since we assume α < 1/56, we may choose θ in the range

(3.3.5) 8α < θ <
1

4
− 6α,

making all three error terms less than X1/2 and leaving us with

(3.3.6) Nα,j(X) = 2Mα,j(X) +O(X1/2).

3.3.3 Asymptotic behavior of Mα,j(X)

To compute the expression defined in (3.3.4), we start by defining the function

G(t, u, v) = max

{
vF̃ (t, u2v),

|t|
(vF̃ (t, u2v))1/4+2α

,
u2v

(vF̃ (t, u2v))1/4+2α
,

u

C
1/2
0 (vF̃ (t, u2v))4α

}
,

as well as the quantities

Xj = CjX
1/4+2α, Zj =

C2
jX

4α

y
, Dj =

y2X1/4−6α

C3
j

.

These satisfy DjZ
2
j = Xj and DjX

3
j = y2X, so if we let (t, u, v) = (gx/Xj , z/Zj , d1/Dj), we obtain

vF̃ (t, u2v) =
d1F̃ (gx, d1z

2)

y2X
.

In particular, the condition x ∈ Xj(g, y, z, d1;α;X) is equivalent to

0 < G

(
gx

Xj
,
z

Zj
,
d1

Dj

)
≤ 1,

and the measure of the set Xj(g, y, z, d1;α;X) can therefore be written as an integral

vol(Xj(g, y, z, d1;α;X)) =

∫
0<G(gt/Xj ,z/Zj ,d1/Dj)≤1

dt.

Taking g out of this integral, we define

A
(1)
α,j(y, z, d1) =

∫
0<G(t/Xj ,z/Zj ,d1/Dj)≤1

dt,

so that after a change of variables and after carrying out the summation over g,Mα,j(X) becomes

Mα,j(X) =
∑∑
`y≤Xθ

µ(`)ϑ(`2y2)

`2y2

∑
d1≤CjX1/4+2α

(d1,`y)=1

|µ(d1)|
∑

yz≤DjX4α

(z,`y)=1

ϕ(d1z)

d1z
A

(1)
α,j(y, z, d1).

The next step is to compare the sum over z with the corresponding integral, which can be done as
A

(1)
α,j(y, z, d1) is a piecewise C1 function in the z and d1 variables. Recall the definitions of φ1 and

φ2 in (3.2.3). By means of Abel summation and making use of Lemma 3.10 to estimate the sum, we
obtain∑

z≤DjX4α/y
(z,`y)=1

ϕ(d1z)

d1z
A

(1)
α,j(y, z, d1) =

6

π2
φ1(d1)φ1(`y)

∫
u≥1

A
(1)
α,j(y, u, d1) du

+O

 σ−1/2(`y)

φ1(`y)φ1(d1)

(
X4α

y

)1/2

max
z≤DjX4α/y

A
(1)
α,j(y, z, d1)

 ,
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We can now define
A

(2)
α,j(y, d1) =

∫
u≥1

A
(1)
α,j(y, u, d1) du,

and rewriteMα,j(X) as

Mα,j(X) =
6

π2

∑∑
`y≤Xθ

y≤DjX4α

µ(`)φ1(`y)ϑ(`2y2)

`2y2

∑
d1≤CjX1/4+2α

(d1,`y)=1

|µ(d1)|φ1(d1)A
(2)
α,j(y, d1)

+O(E
(1)
α,j(X)),

where

E
(1)
α,j(X) = X2α

∑∑
`y≤Xθ
y�X4α

σ−1/2(`y)ϑ(`2y2)

φ1(`y)`2y5/2

∑
d1�X1/4+2α

1

φ1(d1)
max

z≤DjX4α/y
A

(1)
α,j(y, z, d1).

Next, we proceed as previously and compare the sum over d1 inMα,j(X) with the corresponding
integral using Lemma 3.11 to find

∑
d1≤CjX1/4+2α

(d1,`y)=1

|µ(d1)|φ1(d1)A
(2)
α,j(y, d1) = c2φ2(`y)

∫
v≥1

A
(2)
α,j(y, v) dv

+Oε

(
X1/8+α+ε max

d1≤CjX1/4+2α
A

(2)
α,j(y, d1)

)
.

Setting

A
(3)
α,j(y) =

∫
v≥1

A
(2)
α,j(y, v) dv,

we arrive at the following expression

Mα,j(X) =
6c2
π2

∑∑
`y≤Xθ

y≤DjX4α

µ(`)φ1(`y)φ2(`y)ϑ(`2y2)

`2y2
A

(3)
α,j(y)

+O(E
(1)
α,j(X)) +O(E

(2)
α,j(X)),

where

E
(2)
α,j(X)�ε X

1/8+α+ε
∑∑
`y≤Xθ

ϑ(`2y2)

`2y2
max

d1≤CjX1/4+2α
A

(2)
α,j(y, d1).

At this point, we extend the range of integration in A(3)
α,j(y) by defining

A
(4)
α,j(y) =

∫
v>0

∫
u>0

A
(1)
α,j(y, u, v) dudv,

and since A(1)
α,j(y, u, v)� Xj for every u, v > 0, the difference between the two integrals satisfies

A
(4)
α,j(y)−A(3)

α,j(y)� XjDj + XjZj + Xj � X1/2−4αy2 +
X1/4+6α

y
+X1/4+2α.

Since y ≥ 1 and we are assuming that α < 1/40, the term X1/2−4αy2 is dominating here. Replacing
A

(3)
α,j(y) by A(4)

α,j(y) in the last expression forMα,j(X) results in the error term

X1/2−4α
∑∑
`y≤Xθ
y�X4α

ϑ(`2y2)

`2
� X1/2(logX)λA,B−1,
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so we have

Mα,j(X) =
6c2
π2

∑∑
`y≤Xθ

y≤DjX4α

µ(`)φ1(`y)φ2(`y)ϑ(`2y2)

`2y2
A

(4)
α,j(y)

+O(E
(1)
α,j(X)) +O(E

(2)
α,j(X)) +O(X1/2(logX)λA,B−1).

We now compute the size of both error terms E(1)
α,j(X) and E(2)

α,j(X).

Lemma 3.20. We have
E

(1)
α,j(X)� X1/2(logX)λA,B−1,

as X →∞.

Proof. We compare the sum over d1 with the corresponding integral and make use of the fact that
φ1(d1)−1 is constant on average. Indeed, as an easy application of Proposition 3.2, one has that
there exists a constant c6 > 0 such that∑

n≤N

φ1(n)−1 = c6N +Oε(N
ε),

which leads to the estimate∑
d1�X1/4+2α

1

φ1(d1)
max

z≤DjX4α/y
A

(1)
α,j(y, z, d1)�

∫
v≥1

A
(1)
α,j(y, zm, v) dv,

where zm denotes the point where the maximum is attained. The size of the sum over d1 is
therefore at most XjDj � X1/2−4αy2 and we obtain

E
(1)
α,j(X)� X1/2−2α

∑
y�X4α

σ−1/2(y)ϑ(y2)

φ1(y)y1/2

∑
`≤Xθ/y

σ−1/2(`)ϑ(`2)

φ1(`)`2
.

Both sums can be computed using Lemma 3.12 and Abel summation to show the lemma.

Lemma 3.21. We have
E

(2)
α,j(X)�ε X

3/8+7α+ε,

as X →∞.

Proof. It suffices to note that A(2)
α,j(y, d)� XjZj � X1/4+6α since the sum over ` and y is bounded

by a constant by Lemma 3.6 and Proposition 3.3.

In light of Lemmas 3.20 and 3.21 and since we assume α < 1/56, we can now write

Mα,j(X) =
6c2
π2

∑∑
`y≤Xθ

y≤DjX4α

µ(`)φ1(`y)φ2(`y)ϑ(`2y2)

`2y2
A

(4)
α,j(y) +O(X1/2(logX)λA,B−1).

Define
Ω(α) =

∫∫∫
u,v>0

0<G(t,u,v)≤1

dtdudv,

and remark that this expression relates to A(4)
α,j(y) through

A
(4)
α,j(y) = Ω(α)XjZjDj = Ω(α)X1/2y,

and incorporating this in the last expression forMα,j(X) gives

Mα,j(X) =
6c2
π2

Ω(α)X1/2
∑∑
`y≤Xθ

y≤DjX4α

µ(`)φ1(`y)φ2(`y)ϑ(`2y2)

`2y
+O(X1/2(logX)λA,B−1).
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Recalling definition of the arithmetic function w in (3.2.5), the sum over ` can be written as∑
`≤Xθ/y

µ(`)φ1(`y)φ2(`y)ϑ(`2y2)

`2
= w(y) +Oε(X

−θ(1−ε)y1−εϑ(y2)).

We sum the error term over y using Abel summation and Proposition 3.3 and find

1

Xθ(1−ε)

∑
y�X4α

ϑ(y2)

yε
� X(4α−θ)(1−ε)

for any choice of ε small enough. Recall that θ is in the range (3.3.5) so this term is actually O(1)
and we are left with

Mα,j(X) =
6c2
π2

Ω(α)X1/2
∑

y≤DjX4α

w(y)

y
+O(X1/2(logX)λA,B−1).

Making use of Lemma 3.14 to compute the sum over y, we find∑
y≤DjX4α

w(y)

y
= c3

(4α)λA,B

λA,B
(logX)λA,B +O((logX)λA,B−1),

and hence

Mα,j(X) =
6c2c34λA,B

π2λA,B
Ω(α)αλA,BX1/2(logX)λA,B +Oε(X

1/2(logX)λA,B−1).

Plugging this estimate into (3.3.6) concludes the proof of Proposition 3.16 and with it, the proof of
Proposition 3.15.

3.4 Proof of Theorem 3.1
In this section, we derive the asymptotic behavior of Nα(A,B;X) from that of N ∗α(X).
Theorem 3.1 is a consequence of the following proposition.

Proposition 3.22. Let α ∈ (0, 1/120) and T2 = #E(Q)[2]. We have

N ∗α(X) ∼ 2T2Nα(A,B;X),

as X →∞.

To prove Proposition 3.22, we begin by noting that whenever the group Ed(Q) contains a
nontorsion point P of small height, we have the inclusion

{±P +Q : Q ∈ Ed(Q)[2]} ⊂ Ed(Q),

and all these points are nontorsion and have small height. From this observation and the fact that
there is a group isomorphism Ed(Q)[2] ' E(Q)[2] comes the inequality

2T2Nα(A,B;X) ≤ N ∗α(X).

We need to prove that the reverse inequality holds asymptotically as X grows to infinity. We let

SP(d) = #
{
P ∈ Ed(Q) \ Ed(Q)tors : exp ĥEd(P ) ≤ d1/8+α

}
,

so that
N ∗α(X) =

∑
d∈S(X)

SP(d).

Applying the Cauchy–Schwarz inequality, we obtain

(3.4.1) N ∗α(X)2 ≤ Nα(A,B;X)
∑

d∈S(X)

SP(d)2.
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The square appearing here can be expanded as

SP(d)2 = #
{

(P1, P2) ∈ (Ed(Q) \ Ed(Q)tors)
2 : exp ĥEd(P1), exp ĥEd(P2) ≤ d1/8+α

}
,

from which we extract a diagonal term corresponding to P2 ≡ ±P1 mod Ed(Q)[2]. When SP(d) 6= 0,
this becomes

SP(d)2 = 2T2SP(d) + #

(P1, P2) ∈ Ed(Q)2 :
exp ĥEd(P1), exp ĥEd(P2) ≤ d1/8+α

P1, P2 6∈ Ed(Q)tors

P1 6≡ ±P2 mod Ed(Q)[2]

 ,

which, when plugged into (3.4.1), gives

N ∗α(X)2 ≤ Nα(A,B;X)
(
2T2N ∗α(X) +Qα(X)

)
,

with

Qα(X) =
∑

d∈S(X)

#

(P1, P2) ∈ Ed(Q)2 :
exp ĥEd(P1), exp ĥEd(P2) ≤ d1/8+α

P1, P2 6∈ Ed(Q)tors

P1 6≡ ±P2 mod Ed(Q)[2]

 .

To prove Proposition 3.22, it is now enough to show that one has

(3.4.2) Qα(X) = o(N ∗α(X)),

as X →∞.

3.4.1 Estimating Qα(X)

To estimate Qα(X), we broaden the set in which the points P1 and P2 can be taken to only exclude
the 2-torsion. This will not cause any trouble since, as we already noted in Section 3.3.1, there are
only finitely many values d with Ed(Q)tors 6= Ed(Q)[2]. Calling upon the inequalities in (3.3.1) to
relax the constraint on the height, we obtain

(3.4.3) Qα(X)�
∑

d∈S(X)

#

(P1, P2) ∈ Ed(Q)2 :
exphx(P1), exphx(P2)� d1/4+2α

P1, P2 6∈ Ed(Q)[2]
P1 6≡ ±P2 mod Ed(Q)[2]

 .

To compute an upper bound for this quantity, we express the points on Ed in terms of integer
coordinates. The following lemma is a reformulation of Lemma 3.17 which turns out to be more
convenient in the current situation.

Lemma 3.23. Let d ≥ 1 square-free and P ∈ Ed(Q) \ Ed(Q)[2]. There exists a unique 5-tuple
(x, y, z, t, `) ∈ Z× Z6=0 × Z3

≥1 satisfying

z2|t, d = t`z−2, (xy, t) = 1, `y2 = F̃ (x, t),

such that P = (xt : yz : t2).

Proof. Using homogeneous coordinates, write P = (x0 : y : z0) with (x0, y, z0) ∈ Z× Z6=0 × Z≥1

satisfying (x0, y, z0) = 1 and dy2z0 = F̃ (x, z). Assume first that y ≥ 1. By Lemma 3.17, there exist
a unique (`, d1, z, x) ∈ Z3

≥1 × Z with (xy, d1z) = 1 and `y2 = F̃ (x, d1z
2) such that d = `d1,

x0 = d1xz and z0 = d2
1z

3. Setting t = d1z
2 gives x0 = tx/z and z0 = t2/z so P = (xt : yz : t2). If

y ≤ −1, we apply the same process to the inverse −P = (x0 : −y : z0) and find −P = (xt : −yz : t2).
Taking again the inverse, we obtain the result.

Using Lemma 3.23, we write two points P1, P2 ∈ Ed(Q) as

P1 = (x1t1 : y1z1 : t21), P2 = (x2t2 : y2z2 : t22),

and we express the conditions

exphx(Pj)� d1/4+2α, Pj 6∈ Ed(Q)[2], P1 6≡ ±P2 mod Ed(Q)[2],(3.4.4)
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in terms of these coordinates. The height restriction is the same as in Section 3.3.2 and is therefore
implied by the two bounds

xj , tj � X1/4+2α, yjzj � X4α.

Next, the condition Pj 6∈ Ed(Q)[2] depends only on the x-coordinate of the point and we write it as
x(Pj) 6∈ x(Ed(Q)[2]). Since Pj is a rational point and x(Ed[2]) = x(E[2]), this is equivalent to
(xj : tj) 6∈ x(E[2]). Finally, we reformulate the congruence condition, which we write

P2 6∈ {±P1 +Q : Q ∈ Ed(Q)[2]}.

As both P1 and P2 are rational points, projecting onto the x-coordinate gives the equivalent
condition

(3.4.5) x(P2) 6∈ x({P1 +Q : Q ∈ Ed[2]}).

We give an explicit description of the set of translations of P1 by the 2-torsions points. Denote by
q2, q3 and q4 the roots of the polynomial F (x). One easily verifies that these satisfy the relations

q2 + q3 + q4 = 0, A = q2q3 + q2q4 + q3q4, B = −q2q3q4.(3.4.6)

We set

Q1 = O, Qj = (qj : 0 : 1),

so that the 2-torsion subgroup of E and its projection onto the x-coordinate are

E[2] = {Q1, Q2, Q3, Q4}, x(E[2]) = {(1 : 0), (q2 : 1), (q3 : 1), (q4 : 1)}.

The addition formula (see [Sil09, III.2.3]) on Ed for P2 6= ±P1 and P1, P2 6= O reads

x(P1 + P2) =

d(y2z2/t
2
2 − y1z1/t

2
1

x2/t2 − x1/t1

)2

− x1

t1
− x2

t2
: 1

 .

For k ∈ {2, 3, 4}, we compute

x(P1 +Qk) =

 t1F̃ (x1, t1)

(y1z1)2

(
y1z1/t

2
1

x1/t1 − qk

)2

− x1

t1
− qk : 1


=

(
F (x1, t1)

(x1 − qkt1)2
− (x1 + qkt1) : t1

)
.

Expanding F (x, t) =
∏
j(x− qjt) and introducing k1, k2 so that {k, k1, k2} = {2, 3, 4}, this becomes

x(P1 +Qk) = ((x1 − qk1t1)(x1 − qk2t1)− (x2
1 − q2

kt
2
1) : t1(x1 − qkt1))

= ((q2
k + qk1qk2)t1 − (qk1 + qk2)x1 : x1 − qkt1)

Finally, we apply (3.4.6) and arrive at

(3.4.7) x(P1 +Qk) = (qkx1 + (2q2
k +A)t1 : x1 − qkt1).

Let
Σ((x1 : t1)) = {(x1 : t1)} t {(qkx1 + (2q2

k +A)t1 : x1 − qkt1) : 2 ≤ k ≤ 4}.

By construction, the condition (x2 : t2) ∈ Σ((x1 : t1)) defines an equivalence condition, which we
denote by

(x1 : t1) ∼E[2] (x2 : t2).

We now have the desired reformulation, as (3.4.5) is equivalent to (x1 : t1) 6∼E[2] (x2 : t2).
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With the three conditions in (3.4.4) expressed in terms of the coordinates of Lemma 3.23, we are
now able to write (3.4.3) as

Qα(X)�
∑
`�X

∑∑
y1z1�X4α

y2z2�X4α

#


(x1, x2, t1, t2) ∈ Z4 :

x1, x2, t1, t2 � X1/4+2α

(x1y1, t1) = (x2y2, t2) = 1
`y2

1 = F̃ (x1, t1)
`(y2z2)2t1 = z2

1t2F̃ (x2, t2)
(x1 : t1), (x2 : t2) 6∈ x(E[2])
(x1 : t1) 6∼E[2] (x2 : t2)


.

Here, just as in Section 3.3.2, we assume y1, y2 ≥ 1 at the cost of a factor 2 which gets absorbed in
the constant. Let

(3.4.8) Vy,z(Q) =
{

(x1, x2, t1, t2) ∈ Z4
prim : (y2z2)2t1F̃ (x1, t1) = (y1z1)2t2F̃ (x2, t2)

}
,

where y = (y1, y2) and z = (z1, z2). Carrying out the summation over `, we can now write

Qα(X)�
∑∑
y1z1�X4α

y2z2�X4α

#

(x1, x2, t1, t2) ∈ Vy,z(Q) :
x1, x2, t1, t2 � X1/4+2α

(x1 : t1), (x2 : t2) 6∈ x(E[2])
(x1 : t1) 6∼E[2] (x2 : t2)

 .

We let Ly,z denote the closed subset of Vy,z defined as the union of the lines contained in the
surface, and set

(3.4.9) Qlines
α (X) =

∑∑
y1z1�X4α

y2z2�X4α

#

(x1, x2, t1, t2) ∈ Ly,z(Q) :
x1, x2, t1, t2 � X1/4+2α

(x1 : t1), (x2 : t2) 6∈ x(E[2])
(x1 : t1) 6∼E[2] (x2 : t2)

 .

By a theorem of Salberger [Sal08, Theorem 0.1], the number of rational points in a box of height at
most H on the surface Vy,z not lying on any line satisfies the bound

#
{

(x1, x2, t1, t2) ∈ Vy,z(Q) \ Ly,z(Q) : x1, x2, t1, t2 � H
}
�ε H

13/8+ε,

for any ε > 0, as H →∞. Applying this, we find

#
{

(x1, x2, t1, t2) ∈ Vy,z(Q) \ Ly,z(Q) : x1, x2, t1, t2 � X1/4+2α
}
�ε X

13/32+13α/4+ε,

which leads to the estimate

(3.4.10) Qα(X) = Qlines
α (X) +Oε(X

13/32+45α/4+ε).

3.4.2 Lines on the quartic surface

We now give an explicit description of the rational lines on the surface Vy,z and compute Qlines
α (X).

For a variety V and a subset S ⊂ V , define

Isom(V ;S) = {ψ : V → V isomorphism : ψ(S) = S}.

Let

nE =


2, AB 6= 0,

4, B = 0,

6, A = 0.

The group Isom(E;E[2]) is easily understood. One has [Sil09, III.10.3, X.5.1]

Isom(E;E[2]) = {τQ ◦mζ : (Q, ζ) ∈ E[2]× µnE},
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with the maps given by

τQ(P ) = P +Q, mζ(x : y : z) = (ζ2x : ζ3y : z).

Projection onto the x-coordinate induces an injective group homomorphism

(3.4.11) x∗ : Isom(E;E[2])/〈m−1〉 −→ Isom(P1;x(E[2])).

We show that it is actually an isomorphism. To each σ ∈ Isom(P1;x(E[2])), we associate a matrix
γσ through the isomorphism

Isom(P1(Q̄)) ' PGL2(Q̄),

which acts by linear transformation. Every element of Isom(P1;x(E[2])) acts on x(E[2]) as a
permutation of the indices {1, 2, 3, 4}, and one easily checks that the only matrix fixing x(E[2])
pointwise is the identity. This gives an injective group homomorphism

Isom(P1;x(E[2])) −→ S4,

and we identify Isom(P1;x(E[2])) with its image. Let

V4 = {(1), (12)(34), (13)(24), (14)(23)}.

The group Isom(P1;x(E[2])) is described in the following lemma.

Lemma 3.24. Let {i, j, k} = {2, 3, 4}. One has

Isom(P1;x(E[2])) =


V4, AB 6= 0,

〈V4, (ij)〉, B = 0 (due to qk = 0),

〈V4, (ijk)〉, A = 0.

The corresponding matrices are

γ(1k)(ij) =

(
qk 2q2

k +A
1 −qk

)
,

and

γ(ij) =

(
ζ2 0
0 1

)
, γ(ijk) =

(
ζ3 0
0 1

)
,

where ζn is a primitive n-th root of unity.

Proof. We compute the matrices associated to permutations in S4 and determine which correspond
to elements of Isom(P1;x(E[2])). Write Q̄n = x(Qn) so that Q̄1 = (1 : 0) and Q̄n = (qn : 1) for
n ∈ {2, 3, 4}. For σ ∈ S4, we denote the corresponding matrix by

γσ =

(
a b
c d

)
,

and normalise the representative with c = 1 when c 6= 0 and d = 1 when c = 0. We can now identify
the coefficients by looking at the action of γσ on x(E[2]). Let S(n)

4 be the set of n-cycles in S4 so
that S4 = V4 tS

(2)
4 tS

(3)
4 tS

(4)
4 . We look at each of these sets individually.

• V4: Let σ = (1k)(ij). The action of γσ exchanges Q̄1 and Q̄k so one finds

(a : c) = (qk : 1), (aqk + b : cqk + d) = (1 : 0),

and with our choice of representative, this gives a = qk, c = 1 and d = −qk. Since γσ also
exchanges Q̄i and Q̄j , we obtain b = qiqj − qiqk − qjqk which, using (3.4.6), is simply
b = 2q2

k +A. This determines the matrix γσ and thus, shows V4 ⊆ Isom(P1;x(E[2])).
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• S
(2)
4 : We show

S
(2)
4 ∩ Isom(P1;x(E[2])) =

{
{(1k), (ij)}, B = 0 via qk = 0,

∅, B 6= 0.

It suffices to consider σ = (1k) since (ij) ∈ (1k)V4, so (ij) belongs to Isom(P1;x(E[2]) exactly
when (1k) does. As above, we have a = qk, c = 1 and d = −qk. For γσ to fix both Q̄i and Q̄j ,
we must have b = q2

i − 2qiqk and b = q2
j − 2qjqk, which holds if and only if qk = 0 and in that

case, one has b = q2
i = q2

j = −A by (3.4.6). This shows that (1k), and thus also (ij), belongs
to Isom(P1;x(E[2])) if and only if qk = 0, with corresponding matrix

γ(1k) =

(
0 −A
1 0

)
.

• S
(3)
4 : We show

S
(3)
4 ∩ Isom(P1;x(E[2])) =

{
S

(3)
4 , A = 0,

∅, A 6= 0.

It suffices to consider σ = (1ij) since 〈σ, V4〉 = S
(3)
4 . From γσQ̄1 = Q̄i and γσQ̄j = Q̄1, we find

a = qi and c = 1 as well as d = −qj . The action on Q̄i and Q̄k gives b = qiqj − q2
i − q2

j and
b = qk(qk − qi − qj) respectively. Applying (3.4.6), these become b = 3qiqj − q2

k and b = 2q2
k, so

one must have q2
k = qiqj in order to have σ ∈ Isom(P1;x(E[2])). By (3.4.6), this implies A = 0.

The corresponding matrix is

γ(1ij) =

(
qi 2qiqj
1 −qj

)
.

To show the converse, note that A = 0 implies {q2, q3, q4} = {ζi3B1/3 : i = 0, 1, 2}, where ζ3 is
a primitive cube root of unity. One then has q2

k = qiqj and the matrix γ(1ij) above acts on
x(E[2]) as (1ij), so (1ij) lies in Isom(P1;x(E[2])).

• S
(4)
4 : We show

S
(4)
4 ∩ Isom(P1;x(E[2])) =

{
{(1ikj), (1jki)}, B = 0 via qk = 0,

∅, B 6= 0.

Let σ = (1ikj). The action of γσ on Q̄1 and Q̄j show a = qi, c = 1 and d = −qj , while the
action on Q̄i and Q̄k give b = qiqk − qjqk − q2

i and b = qjqk − qiqk − q2
j respectively. Replacing

qk = −(qi + qj) by (3.4.6), we find that one must have qj = −qi in order for these two
expressions to be equal. This implies qk = 0 and b = −q2

i . This shows that (1ikj), and thus
also (1jki) by multiplication by elements of V4, belong to Isom(P1;x(E[2])) if and only if
qk = 0, while the other 4-cycle do not.

To summarise, we have seen that the group Isom(P1;x(E[2])) is generated by V4 and also either (ij)
or (ijk) if qk = 0 or A = 0 respectively. One can then compute the corresponding matrices
γ(ij) = γ(1k)γ(1k)(ij) and γ(ijk) = γ(1ik)γ(1k)(ij), which are as claimed.

Lemma 3.24 proves that the map x∗ defined in (3.4.11) is a group isomorphism, as claimed. We also
recover the formula (3.4.7) for the x-coordinate of the translation by a 2-torsion point. The explicit
description of Isom(P1;x(E[2])) allows us to make use of the following result of Boissière and Sarti
[BS07, proof of Proposition 4.1].

Proposition 3.25. Let F1(x1, t1) = F2(x2, t2) be the equation of a smooth surface V of degree d in
P3 and for j ∈ {1, 2}, let Z(Fj) denote the zeroes of Fj in P1. Let

Isom(P1;Z(F1), Z(F2)) = {ψ : P1 → P1 isomorphism : ψ(Z(F1)) = Z(F2)}.

The lines contained in the surface V are exactly

1. the d2 lines with given by (x1 : t1) ∈ Z(F1) and (x2 : t2) ∈ Z(F2),
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2. the d lines given by (x2 : t2) = ψ(x1 : t1) for each ψ ∈ Isom(P1;Z(F1), Z(F2)).

We apply Proposition 3.25 to the surface Vy,z, which is of degree 4. With the notation of the
proposition, we have

F1(x, t) = (y2z2)2tF̃ (x, t), F2(x, t) = (y1z1)2tF̃ (x, t),

and thus Z(F1) = Z(F2) = x(E[2]). Combining this with the isomorphism (3.4.11), we arrive at the
following result.

Proposition 3.26. The lines contained in the surface Vy,z are exactly

1. the 16 lines given by (x1 : t1), (x2 : t2) ∈ x(E[2]),

2. the 4 lines given by (x2 : t2) = x∗(ψ)(x1 : t1) for each ψ ∈ Isom(E;E[2])/〈m−1〉.

We are left with the task of determining which of these line are rational. We state this as a corollary.

Corollary 3.27. The rational lines on Vy,z are of one of two possible types

1. the lines given by (x1 : t1), (x2 : t2) ∈ x(E(Q)[2]),

2. the lines given by (x2 : t2) = x∗(τQ)(x1 : t1) with Q ∈ E(Q)[2].

Proof. It is clear that a line of the first kind in Proposition 3.26 is rational only if it is of the first
type in the corollary. We need to show that a line of the second kind determined by x∗(τQ ◦mζ) is
rational only if ζ ∈ {±1} and Q ∈ E(Q)[2]. Note that the condition ζ ∈ {±1} is always satisfied
when AB 6= 0.
We begin by considering Q = Q1. This is the point at infinity so it belongs to E(Q)[2]. From the
description of mζ at the beginning of Section 3.4.2, the corresponding lines are

(x2 : t2) = x∗(τQ1
◦mζ)(x1 : t1) = (ζ2x1 : t1).

We dehomogenize this expression to obtain{
x2 = c(1, ζ)ζ2x1,

t2 = c(1, ζ)t1,

for some c(1, ζ) ∈ Q̄×. Such a line is rational only if both c(1, ζ) and ζ2 are rational so in particular,
ζ must be a fourth root of unity. This shows that the only possibility when A = 0 is ζ ∈ {±1}. We
are left with showing that no rational line arises from choosing ζ ∈ {±i} when B = 0. Plugging the
expressions for x2 and t2 in the equation defining Vy,z in (3.4.8) and using ζ2 = −1, we find

(y2z2)2t1F̃ (x1, t1) = −c(1, ζ)4(y1z1)2t1F̃ (−x1, t1).

When B = 0, we have F̃ (−x, t) = −F̃ (x, t), so this implies

(y2z2)2 = −c(1, ζ)4(y1z1)2,

from which we deduce c(1, ζ) 6∈ Q. This completes the proof when Q = Q1.
We now turn to Q = Qk for k ∈ {2, 3, 4}. The computation in (3.4.7) shows that the four lines
corresponding to τQk ◦mζ are defined by

(x2 : t2) = (ζ2qkx1 + (2q2
k +A)t1 : ζ2x1 − qkt1).

After dehomogenising, this becomes{
x2 = c(k, ζ)(ζ2qkx1 + (2q2

k +A)t1),

t2 = c(k, ζ)(ζ2x1 − qkt1),

where c(k, ζ) ∈ Q̄×. This defines a rational line only when c(k, ζ), ζ2 and qk are all rational, which
only happens when Qk ∈ E(Q)[2] and ζ ∈ µ4. Just as in the case Q = Q1, it remains is to show



3.4. PROOF OF THEOREM 3.1 61

that ζ ∈ {±i} does not produce any rational line when B = 0. Write ±q for the two nonzero roots
of F , so A = −q2. We again plug the expressions for x2 and t2 in the definition of Vy,z. When
qk = 0, this gives

(y2z2)2t1F̃ (x1, t1) = −c(k, ζ)4q4(y1z1)4t1F̃ (x1, t1),

and when qk 6= 0, we find

(y2z2)2t1F̃ (x1, t1) = −4c(k, ζ)4q4
k(y1z1)4t1F̃ (x1, t1).

In both cases, one has c(k, ζ) 6∈ Q so no rational line arises this way. This shows the result when
Q 6= Q1 and thus, completes the proof.

An immediate consequence of this corollary is that one has Qlines
α (X) = 0, since the two conditions

in the definition (3.4.9) are exactly the opposite of the two possibilities in Corollary 3.27. From
(3.4.10), we now obtain

Qα(X)�ε X
13/32+13α/4+ε,

and since we assume α < 1/120, the bound (3.4.2) is satisfied. This concludes the proof of
Theorem 3.1.





Chapter 4

Average rank of quadratic twists with
a rational point of almost minimal
height

4.1 Introduction
Fix A, B ∈ Z satisfying 4A3 + 27B2 6= 0. Let E denote the elliptic curve defined over the rationals
by the equation

E : y2 = x3 +Ax+B,

and for every square-free integer d, let Ed be the quadratic twist of E defined over the rationals by
the equation

Ed : dy2 = x3 +Ax+B.

Write rankanEd(Q) for the analytic rank of Ed, that is the order of vanishing of the Hasse–Weil
L-function L(Ed, s) at s = 1, and rankEd(Q) for the algebraic rank of Ed, which is the rank of the
finitely generated abelian group Ed(Q). Recall that the Parity Conjecture asserts that

rankanEd(Q) ≡ rankEd(Q) mod 2,

while the Birch and Swinnerton-Dyer Conjecture states that the two ranks are actually equal. For
X ≥ 1, denote the set of square-free integers up to X by

S(X) = {1 ≤ d ≤ X : µ(d) 6= 0}.

It has been conjectured by Goldfeld [Gol79] that the average rank of quadratic twists, when ordered
by the size of d, is exactly 1/2. More precisely, he predicted that for ν ∈ {0, 1}, one has

(4.1.1) #{d ∈ S(X) : rankEd(Q) = ν} ∼ 1

2
#S(X).

We mention that this prediction has since been extended, following the heuristics of Katz and
Sarnak [KS99], to state that amongst all elliptic curves defined over Q, the density of rank zero
curves and the density of rank one curves are both one half. This broader version of the conjecture
is supported by the recent work of Bhargava and Shankar [BS15a], [BS15b], [BS13a], [BS13b].
Le Boudec [LB18] has recently investigated the analogue of Goldfeld’s prediction (4.1.1) when the
twists are ordered using a quantity coming from the geometry of their Mordell–Weil lattice. Recall
that each twist Ed comes equipped with a canonical height function ĥEd : Ed(Q)→ R≥0 (see
Section 4.2 for its definition). Following the work of Le Boudec [LB16], we consider the quantity
ηd(A,B) defined in (2.7.1). Recall that it is defined through

(4.1.2) log ηd(A,B) = min{ĥEd(P ) : P ∈ Ed(Q) \ Ed(Q)tors},

if rankEd(Q) ≥ 1, and by ηd(A,B) =∞ if rankEd(Q) = 0. Le Boudec [LB18] showed that when
the twists are ordered by the size of ηd(A,B), then the average analytic rank is larger than one, and
under the Parity Conjecture the same holds for the algebraic rank.
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Remark that if ηd(A,B) <∞, then rankEd(Q) ≥ 1 which, by the work of Kolyvagin [Kol88] and
Breuil, Conrad, Diamond and Taylor [BCDT01], implies that rankanEd(Q) ≥ 1. Thus, given the
prediction (4.1.1), one might have expected the average rank to be one.
The goal of the present work is to provide a further example of a subfamily of the family of all
quadratic twists for which the average analytic rank is also greater than one. The quantity ηd(A,B)
defined in (4.1.2) satisfies the sharp lower bound (see for instance [LB16, Section 2.2])

ηd(A,B)� d1/8,

and we are interested in the quadratic twists for which this bound is almost attained. For α > 0, we
define the set

DA,B(α;X) = {d ∈ S(X) : ηd(A,B) ≤ d1/8+α},

We note that the author [Pet20b, Theorem 1] has recently established an asymptotic formula for
this quantity when α ∈ (0, 1/120). Our main result investigates the average analytic rank of the
quadratic twists of E as d runs over the set DA,B(α;X).

Theorem 4.1. Let α ∈ (0, 1/120) and assume that the polynomial x3 +Ax+B is irreducible over
Z. One has

lim inf
X→∞

1

#DA,B(α;X)

∑
d∈DA,B(α;X)

rankanEd(Q) > 1.

We have decided to restrict ourselves to the case of an irreducible polynomial in order to keep the
proof concise, but we expect our method to be robust enough to handle the general case.
For a prime number p, let Selp∞(Ed) be the p∞-Selmer group of Ed. There is a short exact sequence

0 −→ Ed(Q)⊗Qp/Zp −→ Selp∞(Ed) −→X(Ed)[p
∞] −→ 0,

where X(Ed) is the Tate–Shafarevich group of Ed and X(Ed)[p
∞] is its p-primary part. Let

corankZp Selp∞(Ed) be the number of copies of Qp/Zp in Selp∞(Ed). The above short exact
sequence implies the inequality

(4.1.3) corankZp Selp∞(Ed) ≥ rankEd(Q),

while the Tate–Shafarevich Conjecture implies that these quantities are actually equal. By (4.1.3),
we have corankZp Selp∞(Ed) ≥ 1 for d ∈ DA,B(α;X). Moreover, the p-Parity Theorem of Dokchitser
and Dokchitser [DD10, Theorem 1.4] states that corankZp Selp∞(Ed) and rankanEd(Q) share the
same parity.
During the proof of Theorem 4.1, we actually show that there exists a positive proportion of twists
with analytic rank even and at least two, which implies the following corollary.

Corollary 4.2. Under the assumptions of Theorem 4.1, one has

lim inf
X→∞

1

#DA,B(α;X)

∑
d∈DA,B(α;X)

corankZp Selp∞(Ed) > 1.

In addition, we also clearly obtain the following result about the average algebraic rank.

Corollary 4.3. Assume the Parity Conjecture. Under the assumptions of Theorem 4.1, one has

lim inf
X→∞

1

#DA,B(α;X)

∑
d∈DA,B(α;X)

rankEd(Q) > 1.

Organisation of the chapter
The proof of Theorem 4.1 follows the strategy of Le Boudec [LB18] and is the subject of Section 4.2,
where it is realised assuming the validity of Propositions 4.4 and 4.5. The purpose of Section 4.3 is
to establish Proposition 4.4, using a result of Salberger [Sal08] based on the determinant method
and which improves on the celebrated work of Heath-Brown [HB02]. In Section 4.4, we establish
Proposition 5 by showing that a certain polynomial in three variables takes the expected amount of
square-free values as its variables run over some region.
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4.2 The proof of Theorem 4.1
We begin by recalling the definitions of various height functions. Let h : P1(Q)→ R≥0 denote the
logarithmic Weil height and let hx : P2(Q)→ R≥0 be defined by

hx(x : y : z) = h(x : z)

if (x : y : z) 6= (0 : 1 : 0), and hx(0 : 1 : 0) = 0. The canonical height ĥEd on Ed is defined for
P ∈ Ed(Q) by

ĥEd(P ) =
1

2
lim
n→∞

1

4n
hx(2nP ).

One can show (see for instance [LB16, Lemma 3]) the existence of two constants c1 and c2
depending only on A and B such that for every P ∈ Ed(Q), one has

(4.2.1) c1 < ĥEd(P )− 1

2
hx(P ) < c2.

Write

(4.2.2) F (x, z) = x3 +Axz2 +Bz3,

and recall that, under the assumptions of Theorem 4.1, this polynomial is irreducible over the
integers. We introduce the polynomial

(4.2.3) Q(u, v, w) = vF (u, vw2).

For (u, v, w) ∈ Z3
≥1 satisfying Q(u, v, w) ≥ 1 and µ(Q(u, v, w)) 6= 0, the point P with coordinates

(uvw : 1 : v2w3) lies in EQ(u,v,w)(Q). The square-free assumption on Q(u, v, w) ensures that
gcd(u, vw) = 1, which implies hx(P ) = log max{u, vw2}. Thus, if max{u, vw2} ≥ e−2c1 , the first
inequality in (4.2.1) implies ĥEd(P ) 6= 0, so P is not a torsion point. In this case, we have

log ηd(A,B) ≤ ĥEd(P ) <
1

2
hx(P ) + c2,

which leads to
ηd(A,B) < ec2 max{u, vw2}1/2.

We introduce the region

(4.2.4) RQ(α) = {(u, v, w) ∈ R3
≥1 : e−2c1 ≤ max{u, vw2} ≤ e−2c2Q(u, v, w)1/4+2α},

and define the number of representations

rQ(α; d) = #{(u, v, w) ∈ Z3 ∩RQ(α) : Q(u, v, w) = d}.

By the above discussion, if d is square-free, the condition rQ(α; d) ≥ 1 ensures ηd(A,B) ≤ d1/8+α.
In other words, the set

(4.2.5) Q(α;X) = {d ∈ S(X) : rQ(α; d) ≥ 1}

is a subset of DA,B(α;X).
Let ω(Ed) denote the sign of the functional equation of L(Ed, s). As mentioned in Section 4.1, the
analytic rank of Ed is at least one for d ∈ DA,B(α;X), so that rankanEd(Q) is at least 2 and even if
and only if ω(Ed) = 1. For ν ∈ {−1, 1}, we define

Ων(α;X) =
#{d ∈ DA,B(α;X) : ω(Ed) = ν}

#DA,B(α;X)
.

To prove Theorem 4.1, we establish that for α ∈ (0, 1/120) and ν ∈ {−1, 1}, one has

(4.2.6) lim inf
X→∞

Ων(α;X) > 0.
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Letting d range over the set Q(α;X) defined in (4.2.5) instead of DA,B(α;X) provides the lower
bound

(4.2.7) Ων(α;X) ≥ #{d ∈ Q(α;X) : ω(Ed) = ν}
#DA,B(α;X)

.

We introduce the second moment

R
(2)
Q (α;X) =

∑
d≤X

rQ(α; d)2,

as well as the modified first moment

SQ,ν(α;X) =
∑

d∈S(X)
ω(Ed)=ν

rQ(α; d).

The Cauchy–Schwarz inequality, combined with the lower bound (4.2.7), yields

(4.2.8) Ων(α;X) ≥ SQ,ν(α;X)2

#DA,B(α;X)R
(2)
Q (α;X)

.

The cardinality of the set DA,B(α;X) is the subject of a recent article by the author, where it is
shown [Pet20b, Theorem 1] that for α < 1/120, there exists a positive constant c(α) such that one
has

(4.2.9) #DA,B(α;X) ∼ c(α)X1/2 logX.

In Section 4.3, we establish the following upper bound for the second moment.

Proposition 4.4. Let α ∈ (0, 1/120). One has

R
(2)
Q (α;X)� X1/2 logX.

In Section 4.4, we prove the following lower bound for the modified first moment.

Proposition 4.5. Let α ∈ (0, 1/56) and ν ∈ {−1, 1}. One has

SQ,ν(α;X)� X1/2 logX.

In both Propositions 4.4 and 4.5, as well as all throughout the remainder of this article, the implied
constants can depend on α.
Putting together the inequality (4.2.8), the estimate (4.2.9) and Propositions 4.4 and 4.5, we obtain
(4.2.6), which completes the proof of Theorem 4.1.

4.3 The second moment estimate

In this section, we establish Proposition 4.4. We begin with an easy preliminary lemma concerning
the range of the triples in RQ(α).

Lemma 4.6. Let α ∈ (0, 1/24). For (u, v, w) ∈ Z3 ∩RQ(α) satisfying Q(u, v, w) ≤ X, one has
w � X4α.

Proof. From the definition of RQ(α) in (4.2.4), one has

max{u, vw2} � Q(u, v, w)1/4+2α � (vmax{u, vw2}3)1/4+2α,

so that max{u, vw2}1−24α � v1+8α. This implies w � v16α/(1−24α), and it suffices to note that one
has vw2 � X1/4+2α to complete the proof.
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We now turn to the computation of R(2)
Q (α;X). Consider the diagonal term

mQ(α; d) = #

((u1, v1, w1), (u2, v2, w2)) ∈ Z3 × Z3 :
(u1, v1, w1), (u2, v2, w2) ∈ RQ(α)
Q(u1, v1, w1) = Q(u2, v2, w2) = d
(u1 : v1w

2
1) = (u2 : v2w

2
2)

 ,

where the extra condition is an equality in P1(Q), and let

(4.3.1) aQ(α; d) = rQ(α; d)2 −mQ(α; d).

Let

MQ(α;X) =
∑
d≤X

mQ(α; d), AQ(α;X) =
∑
d≤X

aQ(α; d).(4.3.2)

We now provide upper bounds for these two quantities, in the form of two lemmas.

Lemma 4.7. Let α ∈ (0, 1/24). One has

MQ(α;X)� X1/2 logX.

Proof. For a fixed value of d ≥ 1, let ((u1, v1, w1), (u2, v2, w2)) be a pair counted in mQ(α; d). Write
u = gcd(u1, u2), u1 = ux and u2 = uy, where x and y are coprime positive integers. The projective
condition defining mQ(α; d) dehomogenises to

xu2 = yu1, xv2w
2
2 = yv1w

2
1.

From these expressions, we obtain

Q(u2, v2, w2) =
y4w2

1

x4w2
2

Q(u1, v1, w1),

and since Q(u1, v1, w1) = d ≥ 1, the equation Q(u1, v1, w1) = Q(u2, v2, w2) appearing in the
definition of mQ(α; d) becomes w2x

2 = w1y
2. Together with the second dehomogenised relation,

this shows v1x
3 = v2y

3. From the coprimality of x and y, it follows that x2 divides w1 and that x3

divides v2. Writing w1 = wx2 and v2 = vx3 for some positive integers v and w, we obtain w2 = wy2

and v1 = vy3 and therefore, we have

((u1, v1, w1), (u2, v2, w2)) = ((ux, vy3, wx2), (uy, vx3, wy2)),

for some unique 5-tuple (u, v, w, x, y) of positive integers. This brings about the new expression

mQ(α; d) = #

{
(u, v, w, x, y) ∈ Z5

≥1 :
(ux, vy3, wx2), (uy, vx3, wy2) ∈ RQ(α)
Q(ux, vy3, wx2) = d

}
,

and Lemma 4.6 implies wx2, wy2 � X4α. Summing over d, we reach the upper bound

(4.3.3) MQ(α;X)�
∑∑∑
wx2,wy2�X4α

#

{
(u, v) ∈ Z2

≥1 :
1 ≤ Q(ux, vy3, wx2) ≤ X
ux, uy, vw2x3y4, vw2x4y3 � X1/4+2α

}
.

An elementary application of the classical lattice-point counting method of Davenport [Dav51] shows

#

{
(u, v) ∈ Z2

≥1 :
1 ≤ Q(ux, vy3, wx2) ≤ X
ux, uy, vx3, vy3 � X1/4+2α

}
�
∫∫

0<Q(ux,vy3,wx2)≤X
dudv +

X1/4+2α

min{x, y}
.

The change of variables (u, v) 7→ (uvX1/4w1/2(xy)3, vX1/4w−3/2) yields∫∫
0<Q(ux,vy3,wx2)≤X

dudv =
X1/2(xy)3

w

∫∫
0<(xy)12v4F (u,1)≤1

v dudv.
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The integral over v has size F (u, 1)−1/2(xy)−6 and, since F (u, 1) has three distinct roots,
integrating over u gives a constant. Summing over x, y and w in (4.3.3), we obtain

MQ(α;X)�
∑∑∑
wx2,wy2�X4α

{
X1/2

w(xy)3
+

X1/4+2α

min{x, y}

}
� X1/2 logX +X1/4+6α logX,

which concludes the proof since α < 1/24.

Lemma 4.8. Let α ∈ (0, 1/120). One has

AQ(α;X)� X1/2.

Proof. Using Lemma 4.6 and carrying out the summation over d, we find in particular that

AQ(α;X)�
∑∑

w1,w2�X4α

#

(u1, u2, v1, v2) ∈ Z4 :
1 ≤ u1, u2, v1, v2 � X1/4+2α

Q(u1, v1, w1) = Q(u2, v2, w2)
(u1 : v1w

2
1) 6= (u2 : v2w

2
2)

 .

For fixed w1 and w2, write w = (w1, w2) and let Vw be the projective surface in P3 defined by the
equation

Q(u1, v1, w1) = Q(u2, v2, w2).

Let H denote the usual exponential Weil height on P3(Q) and set

aQ,w(k;α;X) = #

{
(u3 : u4 : v3 : v4) ∈ Vw(Q) : H(u3 : u4 : v3 : v4)� X1/4+2α/k

(u3 : v3w
2
1) 6= (u4 : v4w

2
2)

}
.

Summing over k = gcd(u1, u2, v1, v2), we find

AQ(α;X)�
∑∑

w1,w2�X4α

∑
k�X1/4+2α

aQ,w(k;α;X).

Let Lw denote the Zariski closed subset of Vw defined as the union of the lines contained in Vw.
Since the polynomial F (x, z) is assumed to be irreducible, meaning that the curve E and all its
twists Ed have trivial 2-torsion, a recent result by the author [Pet20b, Corollary 4.6] states that if a
point (u3 : u4 : v3 : v4) ∈ Vw(Q) lies in Lw(Q), then (u3 : v3w

2
1) = (u4 : v4w

2
2) in P1(Q). Such points

are excluded here and a result of Salberger [Sal08, Theorem 0.1] therefore shows that for any ε > 0,
we have

aQ,w(k;α;X)�ε

(
X1/4+2α

k

)13/8+ε

.

It follows that
AQ(α;X)�ε X

13/32+45α/4+ε,

and the assumption α < 1/120 concludes the proof.

We finally note that combining the equality (4.3.1) with the definitions in (4.3.2) and with
Lemmas 4.7 and 4.8, we immediately complete the proof of Proposition 4.4.

4.4 The square-free sieve
This section is dedicated to establishing Proposition 4.5. Let NE denote the conductor of E. For
a ∈ (Z/4NEZ)×, we define

SQ(a;α;X) =
∑

d∈S(X)
d≡a mod 4NE

rQ(α; d).

We will show the following lower bound.
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Proposition 4.9. Let α ∈ (0, 1/56) and a ∈ (Z/4NEZ)×. One has

SQ(a;α;X)� X1/2 logX.

For d ≥ 1 and square-free, let D be the discriminant of the quadratic field Q(
√
d) and let χd be the

associated quadratic character. When gcd(D,NE) = 1, the sign of the functional equation of
L(Ed, s) is determined by (see for instance [Sil01, Section 4.3])

ω(Ed) = χd(−NE)ω(E).

Because of this, there exists a ∈ (Z/4NEZ)× such that

SQ,ν(α;X) ≥ SQ(a;α;X),

and thus, Proposition 4.5 is an immediate consequence of Proposition 4.9. The remainder of
Section 4.4 is dedicated to the proof of Proposition 4.9.
We point out that a square-free sieve argument has already been employed by Gouvêa and
Mazur [GM91], and at the same time but independently by Greaves [Gre92], to show that integral
binary forms, under certain assumptions, represent the expected number of square-free integers.
This is similar to the statement of Proposition 4.9, the difference being that in our case the
variables range over the region defined in (4.2.4) instead of over a box as they do in both
aforementioned articles. For this reason, the sieving process must be carried out in full here.

4.4.1 Preliminary results
This section presents several results required later on. Recall the definition (4.2.2) of the binary
cubic form F (x, z) and let ∆F = −(4A3 + 27B2) denote the discriminant of the polynomial F (x, 1).
Define the arithmetic function

(4.4.1) ρ(n) = #{u mod n : F (u, 1) ≡ 0 mod n}.

This function is multiplicative and satisfies the upper bound [Ste91, Corollary 2]

(4.4.2) ρ(pk) ≤ 2pvp(∆F )/2 + 1,

for any prime p and any k ≥ 1. Moreover, it follows from Hensel’s lemma that for p - ∆F and k ≥ 1,
one has

(4.4.3) ρ(pk) = ρ(p).

Together, (4.4.2) and (4.4.3) imply ρ(nk)�k ρ(n). By way of an estimate for the summatory
function of ρ(n) (e.g. [Fom98, Equation 4]), this demonstrates the upper bound

(4.4.4)
∑
n≤X

ρ(nk)� X.

Finally, we give an elementary lemma about a sum of a certain arithmetic function involving
ϕ∗(n) = ϕ(n)/n.

Lemma 4.10. Let a, q,m ∈ Z≥1 with gcd(a, q) = 1. One has∑
n≤X

gcd(n,m)=1
n≡a mod q

µ(n)2ϕ∗(n) =
C0(q)C1(m; q)

q
X +O(X1/2),

with

C0(q) =
∏
p-q

(
1− 2

p2
+

1

p3

)
, C1(m; q) =

∏
p|m
p-q

(
1 +

1

p
− 1

p2

)−1

.
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Proof. Write

f(n) =

{
µ(n)2ϕ∗(n), if gcd(n,m) = 1,

0, otherwise,

and denote the quantity of interest by

A(X) =
∑
n≤X

n≡a mod q

f(n).

This sum can be expressed as

A(X) =
∑
n≤X

n≡a mod q

∑
d|n

(f ∗ µ)(d)

=
X

q

∑
d≥1

gcd(d,q)=1

(f ∗ µ)(d)

d
+O

∑
d≤X

|(f ∗ µ)(d)|

+O

X
q

∑
d>X

|(f ∗ µ)(d)|
d

 .

Remark that for k ≥ 1, one has

(f ∗ µ)(pk) =


0, p - m and k ≥ 3 or p | m and k ≥ 2,

−1/p, p - m and k = 1,

−(1− 1/p), p - m and k = 2,

−1, p | m and k = 1,

so the main term is as claimed. Remark that the computation of (f ∗ µ)(pk) shows, by
multiplicativity, that one has

|(f ∗ µ)(d)| ≤ |(f ∗ µ)(d′)|,

for all d ≥ 1, where
d′ =

∏
p-m

pvp(d).

One can therefore assume m = 1 when estimating the error terms, which we now do.
Let d ≥ 1 cube-free and write d = d1d

2
2 with d1 and d2 square-free and coprime. One has

|(f ∗ µ)(d1)| = 1/d1, |(f ∗ µ)(d2
2)| ≤ 1,

and so, the sums appearing in the error terms are bounded as∑
d≤X

|(f ∗ µ)(d)| ≤
∑∑
d1d22≤X

1

d1
� X1/2,

and ∑
d>X

|(f ∗ µ)(d)|
d

≤
∑∑
d1d22>X

1

d2
1d

2
2

� X−1/2.

This concludes the proof.

4.4.2 Setup for the square-free sieve

In order to prove Proposition 4.9, it is enough to show that the estimate holds for the quantity

N(α;X) = #

{
(u, v, w) ∈ Z3 ∩RQ(α) :

Q(u, v, w) ∈ S(X)
(u, v, w) ≡ (u0, v0, w0) mod 4NE

}
,

where u0, v0 and w0 are residues classes modulo 4NE for which Q(u0, v0, w0) is invertible.
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We start by reducing the region RQ(α) defined in (4.2.4). Impose u ≥ c3vw2 for some c3 ≥ 1, so the
maximum in the definition of RQ(α) is simply u, and let c4 = 1 + |A|+ |B|. For c3 large enough,
one has

1

2
u3 ≤ F (u, vw2) ≤ c4u3.

These bounds allow us to strengthen the conditions Q(u, v, w) ≤ X and u ≤ e−2c2Q(u, v, w)1/4+2α

to c4u3v ≤ X and u ≤ c5(u3v)1/4+2α respectively, where c5 = e−2c22−(1/4+2α). This results in the
inequality

N(α;X) ≥ #

(u, v, w) ∈ Z3
≥1 :

c3vw
2 ≤ u, c4u3v ≤ X

u ≤ c5(u3v)1/4+2α

µ(Q(u, v, w)) 6= 0
(u, v, w) ≡ (u0, v0, w0) mod 4NE

 .

Proceeding as in the proof of Lemma 4.6, we extract the additional condition w ≤ c6X4α from the
right-hand side, with c6 = c

−(1/2+12α)
3 c−4α

4 c
2/(1−24α)
5 . Using the simple estimate

#

{
(u, v, w) ∈ Z3

≥1 :
vw2 � u3v ≤ X, w � X4α

u > c5(u3v)1/4+2α

}
� X1/2,

we deduce the lower bound

N(α;X) ≥
∑

w≤c6X4α

w≡w0 mod 4NE

#

(u, v) ∈ Z2
≥1 :

c3vw
2 ≤ u, c4u3v ≤ X

µ(Q(u, v, w)) 6= 0
(u, v) ≡ (u0, v0) mod 4NE

+O(X1/2).

Next, we reduce the range of u and v. Let

(4.4.5) Uw =

(
c3Xw

2

c4

)1/4

.

Restricting our attention to u ≤ Uw, the condition c4u3v ≤ X becomes redundant and we are left
with lattice points (u, v) lying in a triangle with vertices (1, 1), (Uw, 1) and (Uw, Uw/c3w

2). For
w ≡ w0 mod 4NE , we define

(4.4.6) Nw(X) = #

(u, v) ∈ Z2
≥1 :

c3vw
2 ≤ u ≤ Uw

µ(Q(u, v, w)) 6= 0
(u, v) ≡ (u0, v0) mod 4NE

 ,

and we then obtain the lower bound

(4.4.7) N(α;X) ≥
∑

w≤c6X4α

w≡w0 mod 4NE

Nw(X) +O(X1/2).

From the definition of Q in (4.2.3), it ensues that the condition µ(Q(u, v, w)) 6= 0 appearing in
(4.4.6) can be reformulated as

µ(v)µ(F (u, vw2)) 6= 0, gcd(u, vw) = 1.

We remove the square-free condition on F (u, vw2) by summing over the integers ` ≥ 1 whose square
divides F (u, vw2). The inequalities vw2 ≤ c3vw2 ≤ u ≤ Uw imply F (u, vw2) ≤ c4U3

w, which restricts
the range of ` to `2 ≤ c4U3

w. Let

(4.4.8) Nw,`(X) = #

(u, v) ∈ Z2
≥1 :

c3vw
2 ≤ u ≤ Uw

µ(v) 6= 0, gcd(u, vw) = 1
F (u, vw2) ≡ 0 mod `2

(u, v) ≡ (u0, v0) mod 4NE

 .

We show that Nw,`(X) = 0 whenever gcd(`, 4NEw) > 1. It is immediate that any common factor of
` and w divides u and therefore has to be equal to one. The congruence conditions in (4.4.8) imply

F (u, vw2) ≡ 0 mod gcd(`, 4NE), (u, v) ≡ (u0, v0) mod gcd(`, 4NE),
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and since we also have w ≡ w0 mod gcd(`, 4NE), we obtain F (u0, v0w
2
0) ≡ 0 mod gcd(`, 4NE). This

leads to a contradiction unless gcd(`, 4NE) = 1, as u0, v0 and w0 are chosen, at the beginning of
Section 4.4.2, so that Q(u0, v0, w0) = v0F (u0, v0w

2
0) is invertible modulo 4NE .

Taking these restrictions into account, an application of the inclusion-exclusion principle now yields

(4.4.9) Nw(X) ≥
∑

`2≤c4U3
w

gcd(`,4NEw)=1

µ(`)Nw,`(X).

We also note that all v counted in (4.4.8) are coprime to ` so summing over residue classes, it
becomes

Nw,`(X) =
∑∑
a,b mod `2

F (a,bw2)≡0 mod `2

gcd(b,`)=1

#

(u, v) ∈ Z2
≥1 :

c3vw
2 ≤ u ≤ Uw

µ(v) 6= 0, gcd(u, vw) = 1
(u, v) ≡ (a, b) mod `2

(u, v) ≡ (u0, v0) mod 4NE

 .

Shifting a by a factor bw2 simplifies the congruence condition and we arrive at

(4.4.10) Nw,`(X) =
∑

a mod `2

F (a,1)≡0 mod `2

#

(u, v) ∈ Z2
≥1 :

c3vw
2 ≤ u ≤ Uw

µ(v) 6= 0, gcd(u, vw) = 1
u ≡ avw2 mod `2

(u, v) ≡ (u0, v0) mod 4NE

 .

4.4.3 Reducing the range of `
In this section, we show that the range of ` in (4.4.9) can be reduced at a negligible cost. Recall the
definition of ρ(n) in (4.4.1). We begin with a simple upper bound on the size of Nw,`(X).

Lemma 4.11. One has

Nw,`(X)�

(
X1/2

w`2
+ 1

)
ρ(`2).

Proof. Abandoning some of the conditions in (4.4.10) and extending the range of u and v yields

Nw,`(X)�
∑

a mod `2

F (a,1)≡0 mod `2

#

(u, v) ∈ Z2 :
1 ≤ u, c3vw2 ≤ Uw
gcd(u, v) = 1
u ≡ avw2 mod `2

 .

A result of Heath-Brown [HB84, Lemma 3] shows the estimate

#

(u, v) ∈ Z2 :
1 ≤ u, c3vw2 ≤ Uw
gcd(u, v) = 1
u ≡ avw2 mod `2

� U2
w

w2`2
+ 1,

which, combined with the definition of Uw in (4.4.5), concludes the proof.

An immediate consequence is the following result.

Lemma 4.12. Let θ > 0. One has∑
Xθ<`�U3/2

w

µ(`)Nw,`(X)� X1/2−θ

w
+X3/8w3/4.

Proof. Applying Lemma 4.11, we find

∑
Xθ<`�U3/2

w

µ(`)Nw,`(X)� X1/2

w

∑
`>Xθ

ρ(`2)

`2
+

∑
`≤U3/2

w

ρ(`2).
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Using (4.4.4) and, for the first sum, Abel summation, we obtain∑
`>Xθ

ρ(`2)

`2
� 1

Xθ
,

∑
`�U3/2

w

ρ(`2)� X3/8w3/4,

which completes the proof.

Going back to (4.4.9), Lemma 4.12 shows that for any θ > 0, we have

(4.4.11) Nw(X) ≥
∑
`<Xθ

gcd(`,4NEw)=1

µ(`)Nw,`(X) +O

(
X1/2−θ

w

)
+O(X3/8w3/4).

4.4.4 Estimating Nw,`(X)

This section is dedicated to establishing a precise estimate for the quantity Nw,`(X) defined
in (4.4.8) when gcd(`, 4NEw) = 1. Removing the coprimality condition on u in (4.4.10), we find

Nw,`(X) =
∑

a mod `2

F (a,1)≡0 mod `2

∑
c3vw

2≤Uw
gcd(v,`)=1

v≡v0 mod 4NE

µ(v)2
∑
f |vw

µ(f)#

u1 ∈ Z≥1 :
c3vw

2 ≤ fu1 ≤ Uw
fu1 ≡ avw2 mod `2

fu1 ≡ u0 mod 4NE

 .

As ` and 4NE are coprime, the two congruence conditions here reduce to a single condition on
fu1 mod 4NE`

2. Moreover, vw is coprime to ` so the same holds for f , and we show that f is also
coprime to 4NE . Note that it is enough to prove that f0 = gcd(f, w) is coprime to 4NE because
v0 mod 4NE is invertible so we already know that gcd(v, 4NE) = 1. Writing f = f0f1, w = f0w1

and combining

fu1 ≡ u0 mod 4NE , w ≡ w0 mod 4NE ,

with the definition (4.2.3) of Q, we obtain

Q(u0, v0, w0) ≡ v0F (f0f1u1, v0f
2
0w

2
1) mod 4NE

≡ f3
0 v0F (f1u1, v0f0w

2
1) mod 4NE .

Here again, we use the fact that Q(u0, v0, w0) is invertible modulo 4NE as per our choice of u0, v0

and w0 at the start of Section 4.4.2. It follows that gcd(f0, 4NE) = 1, as claimed.
The previous paragraph implies the estimate

#

u1 ∈ Z≥1 :
c3vw

2 ≤ fu1 ≤ Uw
fu1 ≡ avw2 mod `2

fu1 ≡ u0 mod 4NE

 =
Uw − c3vw2

4NE`2f
+O(1),

and, recalling the definition of ρ(n) in (4.4.1), we arrive at

Nw,`(X) = ρ(`2)
∑

c3vw
2≤Uw

gcd(v,`)=1
v≡v0 mod 4NE

µ(v)2
∑
f |vw

µ(f)

{
Uw − c3vw2

4NE`2f
+O(1)

}
.

We now define

(4.4.12) Vw,`(X) =
∑

c3vw
2≤Uw

gcd(v,`)=1
v≡v0 mod 4NE

µ(v)2ϕ∗(vw)(Uw − c3vw2),

and obtain

(4.4.13) Nw,`(X) =
ρ(`2)

4NE`2
Vw,`(X) +Oε

(
X1/4+ε

w3/2

)
,
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when gcd(`, 4NEw) = 1, and zero otherwise. Here we have used the estimates ρ(`2)�ε `
ε � Xε

and ϕ∗(vw)�ε (vw)ε � Xε to simplify the error term, and replaced Uw by its definition (4.4.5).
Define the two arithmetic functions

f1(n) =
∏′

p|n

(
1 +

1

p
− 1

p2

)−1

, f2(n) = ϕ∗(w)
∏′

p|n

(
1− p

p2 + 2p− 1

)−1

,(4.4.14)

where the prime indicates that the product is restricted to p - 4NE . We compute Vw,`(X) in the
following lemma.

Lemma 4.13. Assume gcd(`, 4NEw) = 1. There exists a constant c7 > 0 such that one has

Vw,`(X) =
c7f2(w)f1(`)

w
X1/2 +Oε

(
X3/8

w1/4−ε

)
.

Proof. Taking g = gcd(v, w) out and writing v = gv1, (4.4.12) becomes

Vw,`(X) =
∑
g|w

∑
c3gv1w

2≤Uw
gcd(gv1,`)=1

gv1≡v0 mod 4NE

µ(gv1)2ϕ∗(gv1w)(Uw − c3gv1w
2).

Note that g and v1 are necessarily coprime here. Recall from the beginning of Section 4.4.2 and
from the definition of Q in (4.2.3) that v0 is invertible modulo 4NE , so the sum over v1 is zero
unless gcd(g, 4NE) = 1. Noting that ϕ∗(gw) = ϕ∗(w) as g divides w, we reach the new expression

Vw,`(X) = ϕ∗(w)
∑′

g|w

µ(g)2
∑

c3gv1w
2≤Uw

gcd(v1,g`)=1
v1≡v0ḡ mod 4NE

µ(v1)2ϕ∗(v1)(Uw − c3gv1w
2).

Here, the prime indicates that the sum is restricted to values of g coprime to 4NE , and ḡ is the
inverse of g modulo 4NE . Applying Lemma 4.10, we find that the sum over v1 is

C0(4NE)C1(g`; 4NE)

8NEc3gw2
U2
w +O

(
U

3/2
w

g1/2w

)
,

with C0 and C1 as in Lemma 4.10. Let

c7 =
C0(4NE)

8NE(c3c4)1/2
> 0,

and remark that the arithmetic function f1 is chosen to have C1(n; 4NE) = f1(n). Replacing Uw by
its expression (4.4.5), the value of the sum over v1 becomes

c7f1(g`)

gw
X1/2 +O

(
X3/8

g1/2w1/4

)
.

Recall that ` and w are coprime and that g divides w so by multiplicativity, f1(g`) = f1(g)f1(`).
Summing over g, we arrive at

Vw,`(X) =
c7ϕ
∗(w)f1(`)

w
X1/2

∑′

g|w

µ(g)2f1(g)

g
+Oε

(
X3/8

w1/4−ε

)
.

The sum over g satisfies∑′

g|w

µ(g)2f1(g)

g
=
∏′

p|w

(
1 +

f1(p)

p

)
=
∏′

p|w

(
1 +

p

p2 + p− 1

)
=
f2(w)

ϕ∗(w)
,

which completes the proof.
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Write c8 = c7/4NE . When gcd(`, 4NEw) = 1, the equation (4.4.13) and Lemma 4.13 merge into

(4.4.15) Nw,`(X) =
c8f2(w)ρ(`2)f1(`)

w`2
X1/2 +O(X3/8).

Here, the error term slightly worse than the one actually provided by the lemma. This is only to
improve readability and has no consequence whatsoever, as the limitation on the range of α will be
determined by a different error term.

4.4.5 Estimating N(α;X)

We now have all the necessary estimates to compute a lower bound for Nw(X), and thus also for
N(α;X) using (4.4.7). Combining (4.4.11) and (4.4.15) gives, for any θ > 0, the inequality
(4.4.16)

Nw(X) ≥ c8f2(w)

w
X1/2

∑′

`<Xθ

gcd(`,w)=1

µ(`)ρ(`2)f1(`)

`2
+O

(
X1/2−θ

w

)
+O(X3/8+θ) +O(X3/8w3/4).

As previously, the prime indicates that the summation is restricted to indices coprime to 4NE .
Let

(4.4.17) L(w) =
∑′

`≥1
gcd(`,w)=1

µ(`)ρ(`2)f1(`)

`2
.

As simple computation shows that L(w) is finite and satisfies

(4.4.18)
∑′

`≤Xθ
gcd(`,w)=1

µ(`)ρ(`2)f1(`)

`2
= L(w) +Oε

(
1

Xθ−ε

)
.

We show that L(w) does not vanish.

Lemma 4.14. There exists a constant c9 > 0 satisfying L(w) ≥ c9 for all w ≥ 1.

Proof. Expanding (4.4.17) as an Euler product gives

L(w) =
∏′

p-w

(
1− ρ(p2)f1(p)

p2

)
=
∏′

p-w

(
1− ρ(p2)

p2 + p− 1

)
,

with the second equality following from the definition of f1(p) in (4.4.14). Recall that ∆F denotes
the discriminant of the polynomial F (x, 1), as defined at the beginning of Section 4.4.1. We further
separate this product as

L(w) =
∏′

p-∆F

(
1− ρ(p2)

p2 + p− 1

) ∏′

p|∆F

(
1− ρ(p2)

p2 + p− 1

) ∏′

p|w

(
1− ρ(p2)

p2 + p− 1

)−1

.

The product over the primes dividing w consists only of terms at least one, and the product over
the prime divisors of ∆F is a positive constant. Combined with (4.4.3), this shows

L(w)�
∏′

p-∆F

(
1− ρ(p)

p2 + p− 1

)
.

Since ρ(p) ≤ 3 for p - ∆F , the right-hand side does not vanish and the proof is complete.

Gathering (4.4.16), (4.4.18) and Lemma 4.14, we obtain

Nw(X) ≥ c8c9f2(w)

w
X1/2 +Oε

(
f2(w)

w
X1/2−θ+ε

)
+O(X3/8+θ) +O

(
X1/2−θ

w

)
+O(X3/8w3/4).
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For any choice of θ ∈ (0, 1/8− 4α), we return to (4.4.7) and sum this inequality over w. From the
definition of f2(n) in (4.4.14), it is immediate that ϕ∗(w) ≤ f2(w)�ε w

ε, and we obtain

N(α;X) ≥ c8c9X1/2
∑

w≤c6X4α

w≡w0 mod 4NE

ϕ∗(w)

w
+O(X1/2),

since we assume α < 1/56. An elementary computation shows that the sum over w is
asymptotically a constant times logX and thus, we obtain the lower bound N(α;X)� X1/2 logX.
As remarked at the beginning of Section 4.4.2, this completes the proof of Proposition 4.9.
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