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Violating the thermodynamic uncertainty relation in the three-level maser
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Nanoscale heat engines are subject to large fluctuations which affect their precision. The thermodynamic
uncertainty relation (TUR) provides a trade-off between output power, fluctuations, and entropic cost. This trade-
off may be overcome by systems exhibiting quantum coherence. This Letter provides a study of the TUR in
a prototypical quantum heat engine, the Scovil–Schulz-DuBois maser. Comparison with a classical reference
system allows us to determine the effect of quantum coherence on the performance of the heat engine. We
identify analytically regions where coherence suppresses fluctuations, implying a quantum advantage, as well
as regions where fluctuations are enhanced by coherence. This quantum effect cannot be anticipated from the
off-diagonal elements of the density matrix. Because the fluctuations are not encoded in the steady state alone,
TUR violations are a consequence of coherence that goes beyond steady-state coherence. While the system
violates the conventional TUR, it adheres to a recent formulation of a quantum TUR. We further show that
parameters where the engine operates close to the conventional limit are prevalent and TUR violations in the
quantum model are not uncommon.
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Introduction. Nanoscale heat engines [1] have become a
topic of wide interest in recent years. In such devices quan-
tum effects become relevant and radically alter the dynamical
and thermodynamic properties [2–8]. Nanoscale systems are
subject to strong fluctuations in the output power P which
become important when quantifying useful properties such as
efficiency and precision [9,10]. At the same time, operation
of any engine is associated with the entropy production rate
σ , which quantifies the thermodynamic cost. It is desirable
for an engine to have both a low entropy production rate
and high precision. Their trade-off can be quantified by the
dimensionless thermodynamic uncertainty

Q = σ

kB

var(P)

〈P〉2 , (1)

where 〈P〉 and var(P) denote the mean and variance of the
power in the long time limit and kB is the Boltzmann constant.
The thermodynamic uncertainty relation (TUR) provides a
lower bound, Q � 2 [11–17], which highlights the fundamen-
tal relevance of the thermodynamic uncertainty Q.

The TUR has been applied to biomolecular processes
[11,13,18,19], heat transport [20], and Brownian clocks [21].
Furthermore, experimental realizations are an area of active
development [22–26]. Generalizations have been formulated
to cover discrete or time-dependent driving [21,27–30], un-
derdamped Langevin dynamics [31–33], and the presence
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of measurement and feedback [34]. Beyond the classical
regime, quantum effects influence work, fluctuations, and
entropy production [35–37], altering the TUR bounds on
quantum stochastic systems [25,38–42], e.g., due to coher-
ences [43–46] or particle exchange correlations [20,38,47].
Understanding the detailed reasons for such TUR violations
and the possible establishment of more general bounds are
important questions in ongoing research.

The Scovil–Schulz-DuBois (SSDB) three-level maser is
the prototype for quantum heat engines relying on quantum
coherence to do work [48]. In this work we study the ther-
modynamic uncertainty in the SSDB maser in detail, finding
TUR violations induced by coherence, in analogy to Ref. [43].
A comparison to a classical model which obeys the TUR
allows us to identify regions of operation where quantum
dynamics results in improved operation as quantified by a
lower value of Q. Interestingly, such a quantum advantage
cannot be anticipated from the off-diagonal elements of the
density matrix because the fluctuations are not encoded in the
steady state alone. TUR violations should thus be seen as a
consequence of coherent dynamics going beyond steady-state
coherence.

Quantum advantage in the maser. Figure 1 shows the maser
[48], where the three levels are the lower l and upper u
lasing levels and the excited state x. If nl > nu, where nα

is the relevant occupation of the Bosonic bath coupled to
level α with energy ωα , we obtain inversion between the
laser levels, resulting in maser operation. The steady-state
work output of this type of engine is well known from earlier
analysis in interaction with classical [49–53] or quantized [54]
light.

We probe the thermodynamic uncertainty of the SSDB
maser Q and compare it with the uncertainty of an equiv-
alent classical system Qcl, where the coherent transition
between u and l is replaced by a classical rate (see Fig. 2).
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FIG. 1. Illustration of the three-level maser with energies ωα for
α ∈ {x, u, l}. Bath α with population nα induces a transition with rate
γα . The external ac field connects the levels u and l with strength
ε and frequency ωd = � + ωu − ωl . In one cycle of operation, the
system is excited from bath l to an excited state x, from which it
relaxes to the upper laser level u by emitting heat to bath u. The cycle
is closed by a photon that is emitted into the driving field, producing
work.

While the classical system always adheres the TUR, we find
regions where Q can go as low as 1.68, a significant viola-
tion enabled by the quantum-coherent dynamics of the maser.
These violations occur at intermediate driving strength ε [see
Fig. 2(a)], while the classical model captures the behavior
of the quantum model for both weak and strong driving. For
small ε a perturbative treatment of the drive is justified, while
for large ε, the statistics is determined by the rates which me-
diate heat transfer with the baths, γl and γu. Figure 2(b) shows
that the most significant TUR violation occurs at low popula-
tion nu, where the associated temperature and decoherence are
low. Interestingly, coherence may also be disadvantageous,
i.e., Q > Qcl. This disadvantage happens at finite detuning
|�| > �, where � = (γunu + γl nl )/2 denotes the broadening
of the transition [which is equal to the decoherence rate; see
Fig. 2(c)].

Recently, it was suggested that quantum systems which
evolve according to Lindblad-type master equations adhere to
a quantum TUR [41] Q � B (see [55] for a detailed evaluation
of B for the SSDB). For the parameters which provided a
significant violation of the classical TUR we find that the
SSDB maser remains well within adherence to the quantum
TUR [see Figs. 2(a)–2(c)].

The system master equation. For a quantitative description,
the system is assumed to have a Markovian time evolution
governed by the Lindblad master equation [56] (we use h̄ =
kB = 1 in the following),

ρ̇ = −i[H (t ), ρ] +
∑

α

{
γα (nα + 1)Dσαx [ρ] + γαnαDσxα [ρ]

}
,

(2)

with the dissipator Dσ [ρ] = σρσ † − 1
2 {σ †σρ + ρσ †σ }. Here

we introduced the bath populations nα and the respective tran-
sition rates γα for α ∈ {u, l}. The Hamiltonian H (t ) = H0 +
V (t ) consists of a bare term H0 = ωlσll + ωuσuu + ωxσxx and
an external classical field V (t ) = ε(eiωd tσlu + e−iωd tσul ) with
frequency ωd and strength ε. The transition operators are
defined as σi j = |i〉〈 j|.

In addition to the quantum SSDB maser we also consider a
classical reference system (with a superscript cl) described by

the master equation

ρ̇cl = γc
(
Dσul [ρ

cl] + Dσlu [ρcl]
) +

∑
α

{
γα (nα + 1)Dσαx [ρ

cl]

+ γαnαDσxα [ρcl]
}
, (3)

where we have introduced the classical transition rate

γc = 2ε2�

�2 + �2
, (4)

as obtained by Fermi’s golden rule assuming Lorentzian
broadening, which provides the same work output as the quan-
tum model.

The quantities of interest. In order to calculate Q we need
the mean and variance of the power as well as the entropy
production rate. Let N denote the number of cycles done in the
nominal direction (i.e., l → x → u → l) minus the number
of cycles in opposite direction. In each cycle, a photon is
exchanged with each heat bath. As shown in the Supplemental
Material [55], we further find 〈P〉 = ωd〈Ṅ〉 and var(P) =
ω2

d var(Ṅ ), consistent with the picture that a single photon is
emitted into the drive field per cycle. We note that this simple
relation between heat and work was observed before [57] and
that it may break down for higher cumulants [58].

The entropy production rate reads [59]

σ = − Q̇u

Tu
− Q̇l

Tl
, (5)

where Q̇α is the net rate of heat transferred from bath α to
the engine. Tα is the bath temperature defined from the Bose-
Einstein distribution

Tα = 
α

ln
(
1 + 1

nα

) , (6)

where 
α = |Q̇α/〈Ṅ〉| denotes the heat per particle transfer.
We note that by using Eq. (6), our results hold for both the
definition of heat and work via the full or bare Hamiltonian;
see Ref. [53] for more information on this debate. This yields
a positive definite entropy production rate

σ = ln

[
nl (nu + 1)

nu(nl + 1)

]
〈Ṅ〉 > 0, (7)

as 〈Ṅ〉 has the same sign as the thermodynamic driving
nl − nu [see Eq. (9)]. Inserting the power and entropy into the
definition of Q, we obtain

Q = ln

[
nl (nu + 1)

nu(nl + 1)

]
F, (8)

where we introduced the Fano factor F = var(Ṅ )
〈Ṅ〉 .

To determine the mean and variance of Ṅ we employ full
counting statistics [60–62], in which we modify the master
equations by introducing counting fields to keep track of the
number of energy quanta exchanged with the baths. This
procedure yields the same mean rate for the quantum and clas-
sical models as detailed in the Supplemental Material [55],

〈Ṅ〉 = γcγuγl (nl − nu)

γuγl (3nlnu + nu + nl ) + 2γc(3� + γu + γl )
. (9)
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FIG. 2. Probe of thermodynamic uncertainty for the SSDB maser Q (solid blue line) and the classical reference system Qcl (dashed orange
line) along (a) driving strength ε, (b) bath population nu, and (c) detuning �. The fixed parameters are γu = 2, γl = 0.1, and nl = 5, while the
parameters nu = 0.027, ε = 0.15, and � = 0 are varied according to the respective panels. The classical TUR limit is indicated by the dotted
black line, and the quantum TUR bound B is indicated by the dash-dotted green line.

The Fano factor can be written as

F = nl (nu + 1) + nu(nl + 1)

nl − nu
− 2〈Ṅ〉C, (10)

where C takes the values

Ccl = 2γc + 4� + γl + γu

D
,

C = Ccl + �2 − �2

�2 + �2

γuγl

�

(3nl nu + nl + nu)

D
, (11)

with D = γuγl (3nl nu + nu + nl ) + 2γc(3� + γu + γl ), for the
classical and quantum models, respectively. In contrast to the
average rate, the variance thus differs between the quantum
and classical models. Here C is larger (smaller) than Ccl if the
detuning |�| is smaller (larger) than the broadening �. From
Eqs. (8) and (10) we find

Q − Qcl = 2〈Ṅ〉 ln

[
nl (nu + 1)

nu(nl + 1)

]
(Ccl − C). (12)

We find the quantum model results in reduced noise F and
thermodynamic uncertainty Q for small detuning |�| < �.
This result establishes the condition for a quantum advantage
in the SSDB engine, implying that this engine outperforms its
classical limit. Furthermore, when Q < 2, the SSDB engine
outperforms all classical engines where the TUR holds, which
includes all Markovian classical engines. We note that there
may exist non-Markovian classical engines which outperform
the SSDB engine.

Monte Carlo exploration. To explore the thermodynamic
behavior of the model we systematically evaluated Q by
Monte Carlo sampling over a region of the parameter space
(see Fig. 3). Both the quantum and classical models oper-
ate close to the conventional TUR limit Q = 2 in the great
majority of sampled operation points. Quantum violations of
the conventional TUR are not uncommon [see the inset in
Fig. 3(a)]. On the other hand, Qcl � 2 is always satisfied,
as expected for systems based on classical rate equations.
The range of Q stretches slightly wider to both smaller and
larger values than Qcl due to the possibility of both quantum
advantage and disadvantage [see Figs. 3(a) and 3(b)].

Bounds for Qcl. Based on Eqs. (8) and (10), the thermody-
namic uncertainty can be cast into

Q = Qpop + Qtr, (13)

where the first (population) term depends only on the bath
populations and is the same for the quantum and classical
models,

Qpop = ln

[
nl (nu + 1)

nu(nl + 1)

]
nl (nu + 1) + nu(nl + 1)

nl − nu
. (14)

This term always adheres to the TUR, i.e., Qpop � 2 [55]. The
transport term, which is essential for TUR violations, is given

FIG. 3. Histograms of sampled values of (a) Q and (b) Qcl from
Monte Carlo exploration of the parameter space. Insets show the
subset of the sampled data in the vicinity of the classical TUR
limit. The parameters are sampled from the uniform distributions
γα ∈ [10−4; 5], nα ∈ [10−4; 10], ε ∈ [10−4; 1], and � ∈ [0; 1], and
the 108 data points are arranged in bins with a width of 0.01.
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FIG. 4. Heat maps of (a) Q for the SSDB maser, (b) the off-diagonal matrix element |ρul | and its imaginary component (inset), and (c) Qcl

for the classical reference system. The maser parameters are γu = 2, nu = 0.027, γl = 0.1, and nl = 5. While Q shows a behavior similar to
Im[ρul ], Qcl shows behavior similar to |ρul |.

as

Qtr = − ln

[
nl (nu + 1)

nu(nl + 1)

]
2〈Ṅ〉C. (15)

In the classical case, Eq. (11) provides Ccl > 0, and the trans-
port term is negative. As TUR is always satisfied here, we
have the restriction 2 � Qcl � Qpop. Both inequalities fail in
the quantum case, as we have the quantum advantage C > Ccl

for |�| < �, and C can actually become negative for large
values of |�|. In agreement with Fig. 3, the thermodynamic
uncertainty may thus take on a larger range of values in the
quantum case.

Quantum coherence and TUR. Previous work on TUR in
quantum systems showed that quantum coherence can be re-
sponsible for TUR violations [43,44,46]. In Fig. 4 we compare
Q with the steady-state coherence ρul = 〈u|ρ|l〉 between the
lasing levels as a function of detuning and driving. We find
particularly low values of Q for zero detuning and moderate
driving in Fig. 4(a). This pattern differs entirely from the
coherence |ρul | shown in Fig. 4(b), which exhibits a V-shaped
ridge [55]. Surprisingly, a similar ridge is found in Qcl [see
Fig. 4(c)], which indicates that the absolute value |ρul | cannot
be directly related to quantum effects in Q. Furthermore,
the V-shaped coherence pattern extends into regions |�| >

�, where quantum effects provide Q > Qcl, i.e., a quantum
disadvantage.

On the other hand, the inset in Fig. 4(b) shows that Im[ρul ]
might be a candidate to explain the TUR violations. In this
context, we note that

〈Ṅ〉 = 2εIm[ρul ], (16)

as can be seen from the relation 〈P〉 = −Tr[(∂t H )ρ]. Never-
theless, a finite rate does not ensure the presence of coherence,
as the classical model produces the exact same amount of
power. Equation (12) shows that any quantum advantage is
proportional to 〈Ṅ〉. Thus, it is rather the mean rate, which
can be reproduced by the classical model, than the coherence
itself, which is of relevance here.

What distinguishes TUR in the quantum system from
its classical counterpart is the variance, a quantity that
goes beyond what is encoded in the steady state. Hence,
the steady-state coherence cannot fully capture what sets
quantum-coherent dynamics apart from the classical system.
A similar conclusion was reached in Ref. [63].

Conclusion. In this Letter we studied the performance of
the Scovil–Schulz-DuBois heat engine in terms of the thermo-
dynamic uncertainty Q. From the analytical expressions we
find that the quantum-coherent dynamics exhibits a quantum
advantage compared to its classical counterpart if the detuning
is less than the broadening, |�| < �. In cases of great quan-
tum advantage, the maser violates the conventional TUR limit
Q > 2. Parameter points where the engine operates close to
the conventional limit are prevalent, and violations are not
uncommon. We also showed that this engine adheres to a
recent formulation of a quantum TUR.

While quantum advantages and disadvantages over clas-
sical systems are related to the quantum-coherent dynamics,
we cannot establish a direct relation between the behavior
of the steady-state coherence and that of the thermodynamic
uncertainty. The thermodynamic uncertainty depends on the
variance of the output power, whose properties, unlike the
mean, are not fully imprinted onto the state of the system. This
illustrates a need to introduce new quantifiers that measure the
coherence present in the dynamics of a system going beyond
the density matrix.
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