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CHAPTER 1

Introduction

How well a tracer ρ that is advected by an incompressible �ow can be mixed is an important
question to understand in a great variety of applications in engineering and natural sciences,
such as in food processing and oceanography. From a mathematical point of view, the problem
of optimal mixing has a deep connection to a great number of �elds, such as geometric measure
theory, ergodic theory, dynamical systems, harmonic analysis, numerical analysis and topologi-
cal dynamics just to name a few.

The formal setting. In the case where di�usion plays a negligible role and the tracer ρ is
passive, i.e. the feedback to the velocity �eld u is negligible as well, one can model the process
of mixing with the continuity equation

(1.1)

{
∂tρ(t, x) + div(u(t, x)ρ(t, x)) = 0 on R+ ×Qd
ρ(0, ·) = ρ0 on Qd ,

where u : R+×Qd → Rd is the (divergence-free) �uid velocity �eld, the function ρ : R+×Qd → R
measures the concentration of the mixed quantity and Qd is a d-dimensional physical domain.
The velocity �eld u will always be divergence-free, which ensures that the �ow is incompressible
(measure preserving). For u such that div u = 0, (1.1) is formally equivalent to the transport
equation

(1.2)

{
∂tρ(t, x) + u(t, x) · ∇xρ(t, x) = 0 on R+ ×Qd
ρ(0, ·) = ρ0 on Qd .

We study the problem of mixing in the bulk of the domain. For this reason, Qd will always
either be Rd, the d-dimensional torus Td = Rd/Zd, or the open unit cube Qd = (− 1

2 ,
1
2 )d ⊂ Rd.

For convenience, we denote by Q the 2-dimensional unit square (− 1
2 ,

1
2 )2. When working on Qd,

we consider the no-�ow boundary condition u ·n = 0 on ∂Qd which ensures that the liquid stays
within Qd. On Td, we consider periodic boundary conditions instead.

We will always assume the tracer ρ ∈ L∞(R+ × Qd) to be mean-free, i.e.
´
Qd
ρ(t, y) dy = 0

for all t ≥ 0. Note that we can do this without loss of generality, due to the linearity of (1.2)
(otherwise, consider ρ̃(t, x) = ρ(t, x)−

´
Qd
ρ0(y) dy). The special case where ρ is a binary func-

tion models the mixing process of two components (see Figure 1). Since the two component
mixing process appears often in our everyday life, such as mixing milk with co�ee, thinking of
ρ as a binary function often lends a better intuition.
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t = 0 t = 5

Figure 1. Example of a two component mixing process. We have ρ = 1 in the
black region and ρ = −1 in the white region.

Mixing scales. The �rst thing that needs to be addressed when treating mixing problems
is how to measure the "degree of mixedness" of the tracer ρ. In the above Figure 1, the tracer ρ
at time t = 5 seems to be more mixed than at time t = 0. How can we quantify this? In general,
this is a highly non-trivial question and there is no canonical mixing scale that applies to all
settings. Mixing scales vary greatly, depending on the �eld of mathematics and the model con-
sidered. For instance, the presence of di�usion changes the mixing dynamics quite drastically,
which is also re�ected in the mixing scales used in this setting. The L2 norm is often used as a
mixing norm, which cannot �ll this role in our setting, since this quantity is simply conserved
in time for the transport equation (at least in a su�ciently regular case). In our case, there are
two main notions of mixing scales.

The functional mixing scale measures the tracer ρ in the negative Sobolev semi-norm Ḣ−1.
The geometric mixing scale G(ρ(t, ·)) was �rst introduced by Bressan for binary functions, as
in Figure 1. In this case the scale determines the smallest possible radius r, such that in every
ball of radius r there is a signi�cant portion of black and white particles. In other words, it
determines the highest resolution, under which the tracer is in a homogeneous state. The def-
inition can be canonically extended for all bounded functions. For convenience, we often write
mix(ρ(t, ·)) if either a result holds for both mixing scales or the mixing scale has not been set.

Optimal mixing problems. The central question in optimal mixing is how e�ciently it
is possible to mix under certain constraints on the velocity �eld u and the tracer ρ. These
constraints are often physically motivated and may include a certain �xed energy budget for
the velocity �eld u, a structural limitation such as periodicity in time, or a restriction of u to a
certain regularity class.

To clarify what we mean by "mixing e�ciently", ideally we would like to determine the maximal
decay rate of the expression mix(ρ(t, ·)) in time under a given constraint. Finding the maximal
decay rate includes two steps. For once, we need to establish (for instance, through energy esti-
mates) a lower bound λ(t) : R≥0 → R≥0, such that mix(ρ(t, ·)) ≥ λ(t) for any solution under this
constraint. Secondly, we need to �nd explicit (analytical) examples that mix as fast as possible
under this constraint. Once we have found a lower bound λ(t) and an explicit example ρ such
that mix(ρ(t, ·)) ≤ Cλ(t), this lower bound is sharp and equal to the maximal decay. In practice,
the optimal rate is found in a series of results, proving improved lower bounds or faster examples.

To illustrate one particular example, let us consider the �xed enstrophy constraint, which means
we consider velocity �elds u, such that ‖∇u(t, ·)‖L2 ≤ C for all t ≥ 0. Under this constraint,



Crippa and De Lellis [14] proved an exponential lower bound λ(t) = C exp(−ct) for the geomet-
ric mixing scale, which was later matched by Iyer, Kiselev and Xu [23], as well as Seis [33] for
the functional mixing scale.

This exponential lower bound turns out to be sharp, as Alberti, Crippa and Mazzucato [4],
as well as Yao and Zlato² [37] constructed explicit examples that match the exponential lower
bound.

Explicit examples of mixers. Throughout this thesis, explicit examples of mixing veloc-
ity �elds u play a central role. We will focus especially on examples of cellular type, which
is a special velocity �eld structure often used to construct such examples. Before introducing
the cellular type, we will brie�y summarize di�erent approaches of examples and the associated
challenges.

Constructing mixing examples can be a very di�cult task, with the di�culty increasing heavily
with stronger regularity restrictions for the velocity �eld u. For instance, u ∈ BV allows the
velocity �eld to have jump discontinuities, which in turn makes it easy to rearrange and shift
around regions within Td. This for example allows to produce a (mixing) chess-board pattern
as in Figure 2 (see [25], [17]), which we can continue inductively.

uu
ρ(0, ·) ρ(2, ·)ρ(1, ·) ρ(3, ·)

u

Figure 2. Example of a mixer u with BV regularity.

Such elementary shifts are not possible under higher regularity restrictions, such as a
uniform-in-time bound on the Sobolev semi-norm Ẇ s,p, for s, p ≥ 1, which makes the task
of constructing examples much more challenging in this setting.

A general idea is to adapt mixing examples from other �elds of mathematics such as dynam-
ical systems, which has a rich history of well studied examples. In this �eld, automorphisms
φ : Td → Td are iterated and studied for their mixing properties. i.e. we determine the decay

of the function f(n) = m̃ix(ρ0(φn(·))) where the mixing scale m̃ix (decay of correlations) in
dynamical systems is somewhat related to the functional mixing scale. These maps are a priori
not associated to a �ow and the di�culty is to �nd a velocity �eld ū on time [0, 1], such that
X(1, ·) = φ, where X is the �ow of ū. De�ning the periodic velocity �eld u(n+ t, ·) = ū(t, ·) for
all n ∈ N and t ∈ [0, 1), the �eld u has the same mixing properties as φ, at least at integer times.
The point is that the existence of such a �ow X is not clear, especially under strict regularity
assumptions on the velocity �eld u, even if φ is regular (as a map).

To illustrate this point, let us consider Arnold's cat map φ : T2 → T2, which is the linear
map given by the matrix

A =

(
2 1
1 1

)
.

The cat map is well studied in dynamical systems and is known for its strong mixing property.
The map has two orthogonal eigenvectors with irrational angles, with eigenvalues λ1 > 1 and
λ2 < 1. Therefore, the map has an expanding and a compressing direction, which causes the



map to mix at an exponential rate, which can be proven rather easily. It is possible to �nd a BV
velocity �eld ū, such that its �ow X ful�lls X(2, ·) = A. For instance the composition of the two
shear �ows u1(t, x1, x2) = (x2, 0) for t ∈ [0, 1] and u2(t, x1, x2) = (0, x1) for t ∈ [1, 2] works. Note
that there is a jump discontinuity due to the identi�cation of the sides of the square to get the
torus T2. This is however just one way to de�ne the velocity �eld, and one may be tempted to
�nd a velocity �eld u ∈W 1,p which induces the cat map A. This however has not been achieved
up to this point, as the problem seems to be far more challenging in this more restrictive setting.

Instead of attempting to realize the map A via a more regular �ow, another strategy is to
simply replace the shear �ows u1 and u2 by other, more regular horizontal and vertical shear
�ows, such as ũ1(t, x1, x2) = (sin(2πx2), 0) and ũ2(t, x1, x2) = (0, sin(2πx1)), which gets rid of
the jump discontinuity. It seems plausible that this more regular velocity �eld has the same ex-
ponential mixing properties as Arnold's cat map, but it is not known. Compositions of vertical
and horizontal sine �ows do not yield a precise expression that is easy to handle. The problem
seems very hard to tackle, especially when compared to the case of the cat map, which requires
elementary linear algebra.

The major di�culty when proving the mixing properties of an example is the level of preci-
sion that is required in the computations. Proving for instance that the geometric mixing scale
of ρ(t, ·) is smaller than ε > 0 means by de�nition that we need to be able to estimate the
average of ρ(t, ·) on all balls B(x, ε). And hence, if we want to prove a decay to zero of this
mixing scale, we have to be able to do this for any ε > 0. For this reason, we are not allowed
to lose track of ρ on any set of positive measure and tracking ρ on "most" of the torus is not
su�cient. This also heavily limits approximation arguments, such as the following: Consider
the two BV shear �ows u1 and u2 from above. One approach could be to regularize ui and to
rede�ne them on a small strip of width η > 0 around their jump discontinuity. But since we
cannot track the region that is moved within this strip, we will never be able to prove that the
mixing scale decays lower than η.

Arnold's cat map is the easiest example of a more general class of mixing maps, called the
Anosov di�eomorphisms, which roughly speaking have, as the cat map, a clearly marked ex-
panding and contracting direction and as a result, strong mixing properties. The Anosov �ows,
which were introduced in [6], are �ows φ : R≥0 ×M → M , where M is a compact Riemannian
manifold, such that for every x ∈ M the corresponding tangent space can be subdivided in a
contracting, expanding and a 1-dimensional part. It has been shown Dolgopyat [20] and Liv-
erani [27] that all su�ciently smooth Anosov �ows are mixing at an exponential rate. However,
up to this point there is no explicit example of a smooth Anosov �ow from R≥0 × Td → Td.

Cellular mixing. As mentioned above, many explicit examples are of cellular type or slight
variations thereof. The basic idea is the following. We start with an initial condition ρ0 with
zero average on the 2-dimensional square Q (or T2). In a �rst step we subdivide Q into 4 disjoint
sub-squares D1, . . . , D4 of equal size. We now construct a velocity �eld u0 in such a way that the
solution ρ(1, ·) has zero average on each of the sub-squares, meaning that the tracer gets equally
distributed among D1, . . . , D4, as schematically visualized in Figure 3. We continue inductively
by subdividing each Di into four equal sub-squares and distributing the tracer equally among
those sub-squares with tracer movements localized in Di respectively, and so forth. It is elemen-
tary to check that if ρ has zero average on all sub-squares of side length λ, then it is mixed at
least to scale λ both in the functional and geometric sense. Also, due to the inductive nature
of the construction, it is su�cient to execute the �rst step with some generality with respect to ρ0.

Both aforementioned examples of exponential mixers under �xed enstrophy are of cellular type.



Figure 3. First two steps of a cellular �ow

Since they reach the maximal decay rate achievable under this constraint, the cellular structure
does not seem to slow down the mixing process in a signi�cant way in this setting.

A natural question is how the mixing properties of velocity �elds are a�ected under a constraint
on higher order derivatives. Under a �xed palenstrophy constraint we understand a uniform-
in-time constraint on the H2, or, more generally, Ẇ s,p semi-norm, where s, p > 1. Under this
constraint we immediately inherit an exponential lower bound from the �xed enstrophy case.
Elgindi and Zlato² [21] proved that this lower bound is sharp for a certain range of s, p > 1.
They prove that the Baker's map, which is a map known in dynamical system for its strong
mixing properties, is associated to a �ow. Their example is periodic and therefore not of cellular
type. For the remaining range of s, p > 1, it is believed that the exponential bound is sharp but
it has not been proven thus far. It is possible to rescale the cellular example by Alberti, Crippa
and Mazzucato [4] in time in such a way that it ful�lls the �xed palenstrophy constraint. How-
ever, by doing so the example now mixes at a slower, polynomial rate. The question becomes,
if this reduced mixing ability is speci�c to this particular example, or if it applies to all cellular
examples under this constraint and is due to the increased localization, which is characteristic
for this structure. This question was answered by Crippa and S. [16] and is our main result.

Main Result. Under �xed palenstrophy, the maximal decay rate of both the geometric and
the functional mixing scale of any example of cellular type is polynomial.

Polynomial mixing under a certain Euler �ow. The above result shows that the cellular
structure has potential limitations in terms of its mixing abilities, depending on the setting,
which motivates the search of more non-cellular examples. Another interesting question is, if
there exist analytical examples of mixers that are closer to the mixers we know from everyday
life, i.e. autonomous, or at least periodic. In [15], Crippa, Lucà and S. analyze the following
autonomous, smooth velocity �eld u on the open unit ball in R2 for its mixing abilities (see
Figure 1 for the action of the velocity �eld).

(1.3) u(t, r, θ) = (u1(r, θ), u2(r, θ)) := 2πr2(sin θ,− cos θ), t ≥ 0 ,

where (r, θ) are polar coordinates. Notice that u is a smooth stationary solution to the two
dimensional Euler equation

∂tu+ (u · ∇)u = −∇P, ∇ · u = 0 ,

with pressure P = −|v|2/2 + const. This velocity �eld is the canonical counterpart on the unit
ball of a shear �ow on the two dimensional torus. Mixing by shear �ows has been studied in
a variety of settings and geometries, most recently in connection with inviscid damping for the
Euler equation (see in particular [7, 38, 39, 26]). The approach di�ers in the sense that all
computations are performed in physical variables and not on the Fourier side. This allows us to
get estimates for the geometric mixing scale as well, not just in Ḣ−1.



Main result. We prove a polynomial decay of both mixing scales under the action of the
velocity �eld in (1.3).

As a last remark, Bonicatto and Marconi [9] showed that for autonomous 2D BV velocity
�elds, both mixing scales cannot decay faster than polynomial and hence, this lower bound is
sharp.

Organization of the thesis.

In Chapter 2 we give an introduction to the transport equation. We �rst cover the classi-
cal Cauchy-Lipschitz theory and then the weak PDE setting, as well as the theory of regular
Lagrangian �ows, which serve as an ODE counterpart. Most relevant for this thesis, in Theo-
rem 2.21 we present a regularity result for regular Lagrangian �ows by Crippa and De Lellis [14]
that is used very prominently throughout the thesis.

In Chapter 3 we give an introduction into optimal mixing for the transport equation. We
will �rst de�ne both the geometric and functional mixing scales and show scaling di�erences
with examples. Next, we summarize the most common questions in connection with optimal
mixing and formalize them. We then collect a few results from the literature that establish lower
bounds under several constraints. Most relevant for Chapter 4, we present in detail the case
of �xed enstrophy, including both the proof idea of the exponential lower bound and the two
aforementioned examples, which includes a detailed introduction into cellular �ows.

In Chapter 4 we present the paper "Cellular mixing under �xed palenstrophy" [16] by Crippa
and S., in which we prove an polynomial upper bound for both mixing scales for all cellular
�ows under �xed palenstrophy. We further present a few results related to [16], including the
proof of the exponential lower bound under �xed palenstrophy and a numerical simulation by
Lin et al. [28] which predicted the sharpness of this exponential bound. Lastly, we present the
(non-cellular) example by Elgindi and Zlato² [21] of a velocity �eld which is uniformly bounded
inW s,p for a certain range of (s, p), such s, p > 1 and mixes at an exponential rate, thus proving
the sharpness of the exponential bound for this range.

In Chapter 5 we present the paper "Polynomial mixing under a certain stationary Euler �ow"
by Crippa, Lucà and S. [15], in which we show an explicit example of an autonomous, smooth
velocity �eld that mixes at a polynomial rate. We also include the aforementioned result by
Bonicatto and Marconi [9], which proves a polynomial lower bound in this setting. Further-
more, we brie�y present the computation in Fourier variables of the associated shear �ow by
Bedrossian and Coti Zelati [7].



CHAPTER 2

The Transport Equation - An overview

Abstract. In the following chapter we will give a brief introduction to the transport equation.
We will motivate the theory in the weak setting by �rst giving a short summary of the classical
Cauchy-Lipschitz theory in Section 2.1. The key observation is that there is a strong connection
or duality between the transport equation (PDE)

(2.1)

{
∂tρ(t, x) + u(t, x) · ∇xρ(t, x) = 0 on R+ × Rd

ρ(0, ·) = ρ0 on Rd

and the ODE

(2.2)

{
∂tX(t, x) = u(t,X(t, x))

X(0, x) = x

via the identity d
dtρ(t,X(t, x)) = 0, which suggests that the solution to the PDE takes on the

form ρ(t, x) = ρ0

(
X−1(t, ·)(x)

)
. Thus, in the classical sense, well-posedness of the PDE follows

directly from the well-posedness of the ODE. Furthermore, if the velocity �eld u is Lipschitz
continuous w.r.t the spatial variable, uniformly in time, then its �ow map X is Lipschitz con-
tinuous as well.

Outside of the classical setting, the seminal paper of DiPerna and Lions [18] established the the-
ory of renormalized solutions, which is a special family of unique weak solutions to the PDE (2.1)
with additional (weak) regularity. In [18] it was shown that all bounded solutions of Sobolev
velocity �elds are renormalized, thus proving well-posedness in this setting. This result was later
extended to BV velocity �elds by Ambrosio [5] (see Section 2.2).

On the ODE side we consider regular Lagrangian �ows, which is a notion of weak �ows X
that allows us to establish a connection to the (weak) PDE, similar to the classical case. It can
be shown that well-posedness on the PDE side directly translates to the existence and unique-
ness of Lagrangian �ows and therefore holds for Sobolev and BV velocity �elds. Crippa and De
Lellis [14] established an alternative way to prove the well-posedness of regular Lagrangian �ows
with an argument entirely on the ODE side. This approach also yields a Lusin-type Lipschitz
continuity result for Lagrangian �ows (see Section 2.4) that will be used prominently throughout
this thesis.

2.1. Cauchy-Lipschitz theory: De�nition, well-posedness, regularity

In the classical Cauchy-Lipschitz setting, we consider velocity �elds u : R × Rd → Rd that
are Lipschitz continuous with respect to the spatial variable, uniformly in time, i.e. there exists
a constant L > 0, such that

(2.3) ‖u(t, x)− u(t, y)‖ ≤ L‖x− y‖ for all t ∈ R and x, y ∈ Rd .
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Consider the following ODE

(2.4)

{
∂tX(t, x) = u(t,X(t, x))

X(0, x) = x .

Definition 2.1 (Flow, Characteristics). We call a solution X : R × Rd → Rd of (2.4) the
�ow of the velocity �eld u and for any x we call the map X(·, x) : R → Rd a characteristic
curve, or short, a characteristic of the velocity �eld u.

The following classical theorem by Picard-Lindelöf proves existence and uniqueness of charac-
teristics in the Cauchy-Lipschitz setting with a �x-point argument.

Theorem 2.2 (Picard-Lindelöf). Let

D = {(t, s) ∈ R× Rd such that |t| ≤ at and ‖s− x‖ ≤ ax}

and let u : D → R be a continuous velocity �eld, uniformly Lipschitz w.r.t. the spatial variable.
Then, there exists a constant r > 0 and a unique solution X(·, x) ∈ C1([−r, r],Rd) to (2.2).

Proof. First, we note that X(·, x) ∈ C1([−r, r],Rd) solves (2.2) if and only if X(·, x) ∈
C0([−r, r],Rd) solves the integral equation

(2.5) X(t, x) = x+

ˆ t

0

u(s,X(s, x)) ds for all t ∈ [−r, r] .

Consider the Banach space A = (C0([−r, r],Rd), ‖ · ‖∞). The idea of the proof is to determine
a r > 0 small enough, such that the functional T : A→ A

T [f ](t) = x+

ˆ t

0

u(s, f(s, x)) ds

is well de�ned and a contraction. Applying the Banach �x point theorem, there is a unique
f ∈ A satisfying (2.5), which is the desired solution. It is elementary to verify that

r = min

{
at,

ax
M
,

1

2L

}
ful�lls the conditions, where M ≥ |u(t, x)| for all (t, x) ∈ D and L is the Lipschitz constant
of u. �

Peano's theorem proves existence for u merely continuous. Uniqueness on the other hand
fails in this more general setting, which can be seen by the following example.

Example 2.3 (non-uniqueness in continuous case). Consider

(2.6) y′(t) = y(t)2/3 de�ned in R× R .

Note that y0(t) ≡ 0 solves (2.6). But also for a �xed a ∈ R, the function ya(x) = 1
27 (x− a)3, as

well as for any b ≤ a ≤ c the functions

(2.7) yb,c(x) =


yb(x) for x ≤ b
0 for b < x < c

yc(x) for x ≥ c

all solve the Cauchy-problem y′ = y2/3 and y(a) = 0.

The next theorem states that if the velocity �eld u is bounded and Lipschitz continuous
uniformly in time, then its �ow map X inherits the Lipschitz continuity w.r.t. the spatial
variable.



Theorem 2.4 (Lipschitz-Regularity of Trajectories). Let the velocity �eld u : R×Rd → Rd
be bounded, continuous and Lipschitz continuous w.r.t. the spatial variable, uniformly in time.
Then for the �ow map X, we have that

(2.8) ‖X(t, x1)−X(t, x2)‖ ≤ ‖x1 − x2‖ exp (C|t|) for all x1, x2 ∈ Rd and t ∈ R .

Furthermore, if u and ũ are velocity �elds as above and X and X̃ are their respective �ows, then
we have that

(2.9) ‖X(t, x)− X̃(t, x)‖ ≤ |t|‖u− ũ‖L∞ exp(C|t|) for all x ∈ Rd and t ∈ R

Proof. We compute

d

dt
‖X(t, x1)−X(t, x2)‖2 = 2(X(t, x1)−X(t, x2)) · (b(t,X(t, x1))− b(t,X(t, x2)))

≤ 2‖X(t, x1)−X(t, x2)‖‖b(t,X(t, x1))− b(t,X(t, x2))‖
≤ 2L‖X(t, x1)−X(t, x2)‖2 .

(2.10)

Integrating (2.10) with respect to time on [0, T ], this concludes the proof for (2.8) by the Grönwall
lemma (see Lemma A.3 in the Appendix). The proof of (2.9) is similar. �

In the classical setting, there is a strong connection between the system of ODEs (2.2) and
the transport equation (2.1) via the following observation. Let ρ be a smooth solution of (2.1)
and X the �ow of the velocity �eld u. Let x ∈ Rd, then

d

dt
ρ(t,X(t, x)) = ρt(t,X(t, x)) +∇ρ(t,X(t, x)) · ∂tX(t, x)

= ρt(t,X(t, x)) +∇ρ(t,X(t, x)) · u(t,X(t, x)) = 0
(2.11)

which means that the tracer ρ is constant along characteristics. One can easily verify that

(2.12) ρ(t, x) = ρ0

(
X−1(t, ·)(x)

)
.

solves (2.1) for ρ0 ∈ C1. The uniqueness for the PDE then follows from the uniqueness of the
ODE (2.2), shown in Theorem 2.2.

2.2. The Transport Equation in the weak sense

In the following section we will de�ne the transport equation (2.1) in the weak sense and
summarize the theory of renormalized solutions by DiPerna and Lions [18], which is a class of
unique solutions with additional (weak) regularity.

2.2.1. De�nition. In order to de�ne (2.1) in a weak sense for a large class of velocity �elds
u and solutions ρ, using the formal identity div(uρ) = div(u)ρ+u ·∇ρ, we de�ne the distribution

〈u · ∇ρ, ϕ〉 := 〈div(uρ), ϕ〉 − 〈ρdiv u, ϕ〉 = −〈uρ,∇ϕ〉 − 〈ρdiv u, ϕ〉 for all ϕ ∈ C∞c (]0, T [×Rd) .

Note that this way, u · ∇ρ is de�ned, for instance, for ρ ∈ L∞loc([0, T ] × Rd) and both u and
div u ∈ L1

loc([0, T ]×Rd). Also ∂tρ has a distributional meaning. This brings us to the following
de�nition.

Definition 2.5 (weak solution). Let a velocity �eld u ∈ L1(R × Rd) be given, such that
div u ∈ L1

loc(R × Rd). We call ρ ∈ L∞loc([0, T ] × Rd) a weak solution of the transport equation
(2.1) if

(2.13) ∂tρ+ u · ∇ρ = 0

in D′((0, T )× Rd).



Remark 2.6 (weak continuity in time). In order to give a meaning to the initial value
problem, one can show that under the above assumptions, for every weak solution ρ there exists
a representative ρ̃ such that ρ̃(t, ·) = ρ(t, ·) for a.e. t, where the function t → ρ̃(t, ·) is weakly
continuous from [0, T ] to L∞(R) .
To see this, we test (2.13) against test functions φ(t, x) = ξ(t)ϕ(x), where ϕ ∈ C∞c (Rd) (�x)
and ξ ∈ C∞c (]0, T [) and deduce that∣∣∣∣ ddt

ˆ
Rd
ρ(t, x)ϕ(x) dx

∣∣∣∣ ≤ ‖ϕ‖C1(Rd)‖ρ‖L∞(Rd)

ˆ
Rd
|div u(t, x)|+ |u(t, x)| dx ∈ L1([0, T ])

in the sense of distributions on [0, T ]. We call

eϕ(t) =
d

dt

ˆ
Rd
ρ(t, x)ϕ(x) dx and g(t) = ‖ρ‖L∞(Rd)

ˆ
Rd
|div u(t, x)|+ |u(t, x)| dx

and note that for all Lebesgue points s, r ∈ Lϕ of eϕ we have that

(2.14)

∣∣∣∣ˆ
Rd
ρ(r, x)ϕ(x) dx−

ˆ
Rd
ρ(s, x)ϕ(x) dx

∣∣∣∣ =

∣∣∣∣ˆ r

s

eϕ(t) dt

∣∣∣∣ ≤ ‖ϕ‖C1(Rd)

ˆ r

s

g(t) dt .

Since eϕ ∈ L1([0, 1]), we have that |[0, T ] \ Lϕ| = 0. Let A be a countable, dense subset of
C1
c (Rd) (w.r.t. the C1 norm). Then for LA := ∩ϕ∈ALϕ it still holds that |[0, T ] \ LA| = 0.

By (2.14), eϕ is uniformly continuous on LA for every ϕ ∈ A and can therefore be extended
continuously on [0, T ] (note that for tn → t̄ ∈ [0, T ] \LA, the sequence eϕ(tn) is Cauchy). Since
by (2.14) the functionals u(t, ·) : A → R are bounded, they can be extended continuously to
[C1
c (Rd)]′. Since ρ ∈ L∞, the family ρ(t, ·) for t ∈ [0, T ] is continuous in [L1(Rd)]′.

2.2.2. Existence and uniqueness. As mentioned in the previous section, leaving the
classical Cauchy-Lipschitz setting, in general, we lose the well-posedness of the transport equa-
tion. To be more precise, the main concern is the loss of uniqueness. Existence, on the other
hand, follows by a standard regularization argument and the existence result in the classical
case.

Lemma 2.7 (existence of weak solutions). Let the velocity �eld u be as in De�nition 2.13
and let an initial value ρ0 ∈ L∞(Rd). Then there exists a weak solution ρ ∈ L∞([0, T ]× Rd) to
the Cauchy problem of the transport equation.

Proof. Consider convolution kernels η1
ε ∈ C∞c (Rd+1) and η2

ε ∈ C∞c (Rd). Let uε = η1
ε ∗ u

and ρε0 = η2
ε ∗ ρ0. Since both u

ε and ρε0 are smooth, by the Cauchy-Lipschitz theory there exists
a (unique) solution ρε to the classical Cauchy problem{

∂tρ+ uε · ∇xρ = 0 on [0, T ]× Rd

ρ(0, ·) = ρε0 on Rd,

given by ρε(t, x) = ρε0
(
Xε(t, ·)−1(x)

)
, whereXε is the �ow of uε. By this explicit formula and the

fact that {ρε0}ε is equibounded in L∞(R), it follows that {ρε}ε is equibounded in L∞([0, T ]×Rd).
Thus, by Banach-Alaoglu, there exists a subsequence (ρεk)k that converges weakly

∗ to a function
ρ ∈ L∞([0, T ] × Rd). By (2.13) and the linearity of the PDE, it follows that ρ is the desired
weak solution. �

Uniqueness on the other hand fails without some form of weak di�erentiability with respect
to the spatial variable of the velocity �eld, a notion we will make more clear in the next section.
An example of non-uniqueness in a borderline case is given by Depauw [17], who constructs
a non-trivial solution ρ ∈ L∞([0, T ] × Rd) with initial datum ρ(0, ·) = 0 to a divergence-free
velocity �eld u ∈ L1([ε, T ], BV ) for all ε > 0, but u /∈ L1([0, T ], BV ). Note that this setting is
close to the one in Ambrosio's theorem (see Theorem 2.13), which shows the sharpness of the
assumptions made in that theorem.



By rescaling the self-similar mixing velocity �eld constructed by Alberti, Crippa and Maz-
zucato [4] in time, one can easily construct a similar counterexample ρ ∈ L∞([0, T ]× Rd) with
initial datum ρ(0, ·) = 0 to a divergence-free velocity �eld u ∈ L1([ε, T ],W 1,p) for all ε > 0, but
u /∈ L1([0, T ],W 1,p). By rescaling the author's quasi-self similar example [4], one can obtain a
similar example, replacing W 1,p by C1.

For readability, we present Depauw's example as well as the mentioned simple variations in
Section 2.5. The reader is advised to �rst get familiar with cellular mixers, presented in Sec-
tion 3.4.

2.2.3. Renormalized Solutions. A large family of weak solutions for which uniqueness
holds are the renormalized solutions, �rst introduced by DiPerna-Lions [18]. To motivate the
de�nition of renormalized solutions, let us formally multiply the transport equation by 2ρ and
apply the chain rule, which leads us to

(2.15) ∂t(ρ
2) + u · ∇(ρ2) = 0 .

Let us further assume that the initial datum ρ0 = 0, div u ∈ L∞([0, T ]×Rd) and the boundary
terms vanish. Integrating (2.15) over Rd, this gives us

d

dt

ˆ
Rd
ρ2(t, x) dx =

ˆ
Rd
ρ2(t, x) div(u(t, x)) dx ≤ C

ˆ
Rd
ρ2(t, x) dx .

By Grönwall, this gives us ˆ
Rd
ρ2(t, x) dx ≤ eCt

ˆ
Rd
ρ2(0, x) = 0 dx

and therefore ρ = 0. This proves uniqueness due to the linearity of the transport equation.

There are two reasons why the above motivational computation does not work in the weak
setting. First of all, the chain rule as performed in the �rst step does not hold in general, which
means that we need to require additional regularity for the solution ρ. Second, even if ρ2 solves
the transport equation, a priori it is not clear that the initial datum ful�lls (ρ2)(0, ·) = (ρ(0, ·))2.
This has to be required additionally, for more on this see Remark 2.11 below. In summary, we
arrive at the following de�nition.

Definition 2.8 (renormalized solutions). Let the velocity u : [0, T ] × Rd → Rd and div u
both be in L1

loc([0, 1]× Rd). A weak solution ρ ∈ L∞([0, t]× Rd to the transport equation

(2.16)

{
∂tρ+ u · ∇ρ = 0

ρ(0, ·) = ρ0

is a renormalized solution, if for all β ∈ C1(R,R) also β(u) is a solution to the transport equation

(2.17)

{
∂tβ(ρ) + u · ∇β(ρ) = 0

β(ρ)(0, ·) = β(ρ0)

in the distributional sense.

The main goal is to �nd large classes of velocity �elds, for which well-posedness holds. This
motivates the following de�nition.

Definition 2.9 (Renormalized velocity �elds). Let u : [0, T ]×Rd → Rd be a velocity �eld,
such that both u and div u are locally summable. We say that u is renormalized, if all bounded
solutions are renormalized.

Formalizing the above motivational argument, one can show that renormalization implies
uniqueness.



Theorem 2.10. Let u : [0, T ] × Rd → Rd be a bounded velocity �eld, such that div u ∈
L1([0, T ], L∞(Rd)). Then if u is renormalized, every bounded solution is unique.

Remark 2.11 (Initial value condition). In our de�nition of renormalized solutions, we ask
for the initial datum to ful�ll β(ρ)(0, ·) = β(ρ0). An alternative de�nition often found in the
literature requires instead that for the extended velocity �eld

ũ(t, x) =

{
u(t, x) for t ∈ [0, T ]

0 for t < 0

every bounded solution ρ ful�lls

(2.18) ∂tβ(ρ) + u · ∇β(ρ) = 0

for every β ∈ C1(R,R) on the time interval (−∞, T ).

Without either one of these conditions, it is not possible to deduce uniqueness, which becomes
evident when revisiting the previously mentioned example by Depauw or variations thereof, pre-
sented in Section 2.5. For these examples, uniqueness does not hold, even though the non-trivial
solution ρ ful�lls

(2.19) ∂tβ(ρ) + u · ∇β(ρ) = 0

for all β ∈ C1(R,R) on [0, T ]. To see that (2.19) holds, note that β(ρ) is still a binary, weak
solution of the transport equation, with β(ρ(t, ·)) → (β(1) + β(−1))/2 weakly as t → 0. What
fails is the initial value condition. For instance, for β(x) = x2, the non-trivial oscillatory
solution ρ ful�lls β(ρ) ≡ 1 for all t > 0 and therefore β(ρ)(0, ·) = 1, which is not equal to
β(ρ(0, ·)) = 0, which violates the second condition in (2.17). Similarly, while for these examples
u : [0, T ] × Rd → Rd, every bounded solution ρ ful�lls (2.19), this does not hold for extended
�eld ũ : (−∞, T ]× Rd → Rd.

2.2.4. The DiPerna-Lions regularization scheme, commutator estimates. In the
following section we will �rst brie�y explain the basic ideas of the DiPerna-Lions regularization
scheme, which was �rst introduced in [18] and serves as a general strategy to prove the renor-
malized property for velocity �elds. We will then give an overview of the most important classes
of velocity �elds, for which the renormalization property holds, as well as limitations given by
counterexamples.

We consider a convolution kernel η ∈ C∞c (Rn) and convolve the transport equation in space
to get

(2.20) ∂tρ
ε + (u · ∇ρ) ∗ ηε = 0

where ρε = ρ ∗ ηε. From this, it follows that

(2.21) ∂tρ
ε + u · ∇ρε = u · ∇ρε − (u · ∇ρ) ∗ ηε .

We call the right hand side of the above equation the commutator

(2.22) rε = u · ∇ρε − (u · ∇ρ) ∗ ηε ,
since it measures how well the two operations of di�erentiation in the direction of u and con-
volution commute when applied to the solution ρ. Note that uε has Sobolev regularity, since
it is smooth with respect to the spatial variable by convolution and by (2.20), ∂tρ

ε is L1. We
multiply (2.21) by β′(ρε) and apply Stampacchia's chain-rule for Sobolev maps and get

(2.23)

∂tβ(ρε) + u · ∇β(ρε) = rεβ′(ρε)

∂tβ(ρ) + u · ∇β(ρ) = 0

ε→0 ε→0



for every ε > 0. As indicated in the above diagram, the left-hand side converges in the sense
of distributions in any case when we let ε → 0, that is, without any additional assumptions
on the velocity �eld u. What is left to show is that the right hand side converges to zero in a
distributional sense, as ε → 0, which then gives us the renormalization property. For this step
we require the additional regularity of the velocity �eld, since the convergence is not clear a
priori: We know that rε → 0 in the sense of distributions, that β′(ρε) is equi-bounded and that
for all t ∈ [0, T ] we have that uε(t, x) → u(t, x) for a.e. x. This however is not su�cient to
deduce that rεβ′(ρε)→ 0 in a distributional sense.

2.2.4.1. Sobolev Regularity (DiPerna-Lions). In the case where u ∈ L1
loc([0, T ],W 1,p

loc (Rd,Rd)),
DiPerna and Lions [18] show that the commutator rε → 0 strongly in L1([0, T ]× Rd) as a con-
sequence of strong Lp convergence of di�erence quotients to the derivative. This is su�cient to
show the distributional convergence to zero of β′(ρε)rε in (2.23), which results in the following
theorem.

Theorem 2.12 (DiPerna-Lions). Let u be bounded, such that u ∈ L1
loc(I,W 1,p

loc (Rd,Rd)),
where I ⊂ R. Then u has the renormalization property.

Proof. As mentioned above, the idea is to show that the commutator rε → 0 strongly in
L1(I × Rd). Recalling the de�nition of rε in (2.22), as well the de�nition of

u · ∇ρ = div(ρu)− ρdiv u ,

we compute

rε(t, x) = u(t, x)

ˆ
Rd
ρ(t, y)∇ηε(x− y) dy −

ˆ
Rd
ρ(t, y)u(t, y) · ∇ηε(x− y) dy + (ρt div ut) ∗ ηε(x)

=

ˆ
Rd
ρ(t, x+ εz)

u(t, x+ εz)− u(t, x)

ε
· ∇η(z) dz + (ρ(t, ·) div u(t, ·)) ∗ ηε(x)

where we did the change of variables y = x+εz and used the notation ρt(x) = ρ(t, x) for brevity.

As mentioned above, for any Sobolev function f ∈ W 1,1
loc , we have the strong L1

loc convergence
of the di�erence quotients to the derivative

(2.24)
f(x+ εz)− f(x)

ε
→ ∇f(x)z

as ε → 0. Furthermore, the translated function ρ(t, x − εz) → ρ(t, x) strongly in Lp. Thus, for
ε→ 0, we have that

(2.25) rε(t, x)→ ρ(t, x)

ˆ
Rd

(∇u(t, x)z) · ∇η(z) dz + ρdiv u

in L1
loc(I × Rd). The right hand side of (2.25) is zero, sinceˆ

Rd
(∇u(t, x)z) · ∇η(z) dz =

∑
i,j

uixj (t, x)

ˆ
Rd
zjηzi(z) dz = −div u(t, x),

where the last equality follows by integration by parts. �

2.2.4.2. BV Regularity (Ambrosio). Under BV regularity, Ambrosio [5] proved the renor-
malization property for vector �elds whose divergence is absolutely continuous with respect to
the Lebesgue measure.

Theorem 2.13 (Ambrosio). Let u be bounded, such that u ∈ L1
loc(I,BVloc(Rd,Rd)), where

I ⊂ R and such that div u� Ld for L1-a.e. t ∈ I. Then u has the renormalization property.

Bianchini and Bonicatto [8] extended the above result for velocity �elds u ∈ L1
loc(I,BVloc(Rd,Rd))

that are merely nearly incompressible.



Definition 2.14 (nearly incompressible). A bounded velocity �eld u : [0, T ]× Rd → Rd is
called nearly incompressible, if there exists a function ρ ∈ L∞([0, T ]×Rd) and a constant C > 0
such that

0 <
1

C
≤ ρ(t, x) ≤ C < +∞

for a.e. (t, x) ∈ [0, T ]× Rd and

(2.26) ∂tρ+ div(uρ) = 0

in D([0, T ]× Rd).

Remark 2.15. Note that for instance, all velocity �elds with bounded divergence are nearly
incompressible. To see this, let us consider the case where u is smooth (the general case follows
by an approximation argument). The Jacobian of the �ow

J(X(t, ·)) = det∇(X(t, x))

solves (2.26) and is bounded. To see this, note that since (see [11])

d

dt
JX(t, x) = div u(t,X(t, x))JX(t, x) ,

we have that

ρ(t, x) = J(X(t, ·)) = exp

(
−
ˆ t

0

div u(s,X(s, x)) ds

)
,

and thus

exp (−t ‖ div u‖∞) ≤ ρ(t, x) ≤ exp (t ‖div u‖∞) .

Notice however that nearly incompressible velocity �elds do not need to have an absolutely
continuous divergence.

2.3. PDE vs. ODE in a weak sense: Superposition

As shown in Section 2.1, in the classical Cauchy-Lipschitz setting there is a strong connection
between the PDE (2.1) and the ODE (2.2) via the identity ρ(t, x) = ρ0

(
X−1(t, ·)(x)

)
, where X

is the unique �ow associated to the velocity �eld u. Hence, at least for u Lipschitz, the unique
weak solution ρt to (2.13) with initial datum ρ0 ∈M(Rd) can be written as

(2.27) 〈ρt, ϕ〉 =

ˆ
Rd
ϕ(X(t, x)) dρ0

for all ϕ ∈ Cc(Rd). However, as we have seen in Example 2.6, outside of the Lipschitz setting,
uniqueness for the ODE fails in general and hence, the expression (2.27) is a priori not well
de�ned.

We can establish a rather general connection between the PDE and the ODE in a weak setting
with superposition solutions. Let ΓT = C([0, T ],Rd) and for x ∈ Rd, let ηx ∈ P(ΓT ) be a prob-
ability measure concentrated on all trajectories γ ∈ ΓT that are absolutely continuous solutions
to the ODE such that γ(0) = x.

Definition 2.16 (superposition solution). The superposition solution induced by the family
{ηx}x∈Rd is the family of measures ρηxt ∈M(Rd), for t ∈ [0, T ], de�ned as follows:

〈ρηxt , ϕ〉 =

ˆ
Rd

(ˆ
ΓT

ϕ(γ(t)) dηx(γ)

)
dρ0(x)

for all ϕ ∈ Cc(Rd).



It is not di�cult to check that any superposition solution solves the continuity equation in
a weak sense. Note that this means in particular that for every x ∈ Rd we could select one
trajectory X(·, x), which solves the ODE and choose the probability measure ηx = δX(·,x). By
doing so,

〈ρηxt , ϕ〉 =

ˆ
Rd

(ˆ
ΓT

ϕ(γ(t)) dηx(γ)

)
dρ0(x) =

ˆ
Rd
ϕ(X(t, x)) dρ0 ,

as in (2.27). This means that in the weak setting we have an additional degree of freedom
in de�ning our �ow X. The overall strategy now is to �nd additional, reasonable restrictions
on the trajectories in such a way that for a.e. x we can only choose one ODE solution, thus
establishing a unique �ow X by selection. The di�culty is to �nd conditions that result in a
notion of a �ow X that on one hand exists for a large class of velocity �elds, is uniquely de�ned
and most importantly is useful - both in terms of handling and signi�cance. Overall, there are
di�erent approaches of implementing additional conditions, which in turn yield non-equivalent
notions of weak �ows.

We are working with regular Lagrangian �ows. As we will see in Theorem 2.18, these �ows
are well-de�ned for a large class of interesting velocity �elds. Furthermore, the regularity result
for these �ows that we present in Theorem 3.24 is a powerful tool that is essential in the proof
of Theorem 3.25 (PDE result). The selection principle for these �ows is that the trajectories
are not allowed to concentrate. As we will see in De�nition 2.19, the precise formulation is that
there exists a constant L independent of t such that

(2.28) Ld(X(t, ·)−1(A)) ≤ LLd(A) for every Borel set A ⊂ Rd.

Let us return to the ODE in Example 2.6, which we rewrite in �ow notation.

Example 2.17. Let us consider the following Cauchy problem

(2.29)

{
d
dtX(t, x) = X(t, x)2/3

X(0, x) = x.

As we have seen in Example 2.6, the ODE problem is not unique. We now de�ne two di�erent
�ows X and Xτ . The �rst �ow X solves the problem (2.29) with

X

(
t , −a

3

27

)
=

1

27
(x− a)3 ,

in other words the trajectories X(t,−a
3

27 ) reach the point 0 at time t = a and move away
instantly. The other �ow Xτ stays at the point 0 for a time τ before moving on:

Xτ

(
t , −a

3

27

)
=


1
27 (x− a)3 for 0 ≤ x < a

0 for 0 ≤ a ≤ x < a+ τ
1
27 (x− (a+ τ))3 for x > a+ τ .

Note that Xτ is not a Lagrangian �ow, since the trajectories concentrate at the point 0. We
explicitly compute for any t > 0

L1
(
Xτ (t, ·)−1({0})

)
= L1

([
− (t− τ)3

27
,− t

3

27

])
6= 0 = L1 ({0})

and note that condition (2.28) is violated. The �ow X on the other hand does not have this
issue, as

L1
(
Xτ (t, ·)−1({0})

)
= L1

({
− t

3

27

})
= 0 .

In fact, X is a regular Lagrangian �ow.



A very useful property of the regular Lagrangian �ow is expressed in the following theorem.
Essentially, it states that for bounded solutions, the well-posedness of the PDE translates to
well-posedness of the Lagrangian �ow. As a consequence, we inherit all the well-posedness
results of the previous section.

Theorem 2.18 (well-posedness for the regular Lagrangian �ow). Let u : [0, T ] × Rd → Rd
be a bounded velocity �eld. Assume that the continuity equation has the uniqueness property in
L∞([0, T ]×Rd). Then the regular Lagrangian �ow associated to u, if it exists, is unique. Assume
in addition that the continuity equation with initial datum ρ0 = Ld has a positive solution in
L∞([0, T ]× Rd). Then we have existence of a regular Lagrangian �ow relative to u.

Proof. For a proof of Theorem 2.18, as well as a more detailed discussion, see Crippa [12]
and Ambrosio and Crippa [13]. �

2.4. ODE-side: Regular Lagrangian Flows

As mentioned in Section 2.3, existence, uniqueness and stability results for regular La-
grangian �ows follow directly from existence, uniqueness and stability results on the PDE side
presented in the previous section via the theory of superposition. Crippa and De Lellis [14]
recovered existence, uniqueness and stability results for regular Lagrangian �ows of velocity
�elds u ∈ L1([0, T ],W 1,p(Rd)), where p > 1, directly on the Lagrangian side by getting a priori
estimates on integral quantities.
An additional bene�t of this purely Lagrangian approach is that the authors are able to prove
a quantitative, Lusin-type Lipschitz regularity result for regular Lagrangian �ows, presented in
Theorem 2.21. This result is somewhat reminiscent of the Lipschitz regularity of trajectories in
the classical Cauchy-Lipschitz setting (Theorem 2.4). From this result, the authors deduce an
alternative proof of the compactness of regular Lagrangian �ows using the Ascoli-Arzela theo-
rem. Furthermore, and most importantly for this thesis, this regularity result was used to prove
a slightly weaker version of the well known mixing conjecture by Bressan, which we present in
Chapter 3.

Definition 2.19 (Regular Lagrangian Flow). Let u ∈ L1
loc([0, T ]× Rd,Rd). We say that a

map X : [0, T ]× Rd → Rd is a regular Lagrangian �ow of the vector �eld u if

(i) for a.e. x ∈ Rd the map t→ X(t, x) is absolutely continuous and satis�es

(2.30) X(t, x) = x+

ˆ t

0

u(s,X(s, x)) ds ,

(ii) there exists a constant L independent of t such that

(2.31) Ld(X(t, ·)−1(A)) ≤ LLd(A) for every Borel set A ⊂ Rd .
The constant L in (ii) will be referred to as the compressibility constant of X.

The regularity result of Theorem 2.21 follows from the following integral quantity estimate.

Theorem 2.20. Let u be a bounded vector �eld belonging to L1([0, T ],W 1,p(Rd)) for some
p > 1 and let X be a regular Lagrangian �ow associated to u. Let L be the compressibility
constant of X, as in De�nition 2.19 (ii). For every p > 1 we de�ne the integral quantity

Ap(R,X) =

 ˆ

BR(0)

 sup
0≤t≤T

sup
0<r<2R

 

Br(x)

log

(
|X(t, x)−X(t, y)|

r
+ 1

)
dy


p 

1/p

.

Then we have
Ap(R,X) ≤ C

(
R,L, ‖Dxu‖L1(Lp)

)
.

As a consequence of the above theorem, we get the following regularity result.



Theorem 2.21 (regularity result by Crippa and De Lellis). Let X : [0, T ]×Rd → Rd be the
Lagrangian �ow map. Then, for every ε > 0 and every R > 0, we can �nd a set K ⊂ BR(0)
such that |BR(0) \K| ≤ ε and for any 0 ≤ t ≤ T we have

(2.32) Lip(X(t, ·)|K) ≤ exp

(
cdAp(R,X)

ε1/p

)
.

Remark 2.22 (p > 1 vs. p = 1). As it will be made more clear in Chapter 3, Bressan's
mixing conjecture would follow if we could prove that the above mild Lipschitz regularity (2.32)
holds for velocity �elds u ∈ L1([0, T ],W 1,1(Rd)) as well. This would be ensured if one could
show that

A1(R,X) ≤ C
(
R,L, ‖Dxu‖L1(L1)

)
,

which remains unsolved to this point. We will present the proof of Theorem 2.20 in full
detail in order to show the obstacles of potentially extending the result to velocity �elds
u ∈ L1([0, T ],W 1,1(Rd)).

The maximal function Mf : Rd → R de�ned by

(2.33) (Mf)(x) = sup
ε>0

1

|B(x, ε)|

ˆ
B(x,ε)

|f(y)| dy

plays a central role in the proof, as the following estimate is used prominently in order to control
di�erence quotients. For f ∈ BV(Rd), there exists a set N such that |N | = 0 and

(2.34) |f(x)− f(y)| ≤ C|x− y|(MDf(x) +MDf(y)) for all x, y ∈ Rd \N .

There is a major di�erence between the level of control over the maximal function Mf for
f ∈ L1, compared to the case f ∈ Lp, where p > 1. For p > 1, the following of strong Lp − Lp
estimate holds for the maximal function

(2.35) ‖Mf‖Lp ≤ C‖f‖Lp for any p > 1 and f ∈ Lp .

For p = 1, only the following weak Lp − Lp estimate holds:

|||Mf |||M1 ≤ C‖f‖L1 ,

where

|||f |||M1 = sup
λ>0
{λLd({x : |f(x)| > λ})} .

If one wants to adapt the proof of Theorem 2.20 to the case p = 1 (which would prove Bressan's
mixing conjecture), the lack of control over Mf is the biggest obstacle to work around. In the
proof of Theorem 2.20, the strong Lp − Lp estimate (2.35) is even used for compositions of
maximal functions, which is particularly di�cult to work around.

Proof of Theorem 2.20. Let us �rst de�ne

Q(t, x, r) =

 

Br(x)

log

(
|X(t, x)−X(t, y)|

r
+ 1

)
dy.



According to De�nition 2.19, for a.e. x, di�erentiating Q with respect to time and using (2.34),
we have that

dQ

dt
(t, x, r) ≤

 
Br(x)

|u(t,X(t, x))− u(t,X(t, y))|
|X(t, x)−X(t, y)|+ r

dy

≤
 
Br(x)

|u(t,X(t, x))− u(t,X(t, y))|
|X(t, x)−X(t, y)|

dy

≤ C
 
Br(x)

M∇u(t,X(t, x)) +M∇u(t,X(t, y)) dy

= CM∇u(t,X(t, x)) + C

 
Br(x)

M∇u(t,X(t, y)) dy .

Integrating the above inequality with respect to time on [0, t], we get that

Q(t, x, r) ≤ Q(0, x, r) + C

ˆ t

0

M∇u(s,X(s, x)) ds+ C

ˆ t

0

 
Br(x)

M∇u(s,X(s, y)) dy ds.

Furthermore, we note that

Q(0, x, r) =

 

Br(x)

log

(
|x− y|
r

+ 1

)
dy ≤ C.

Taking the supremum over 0 ≤ t ≤ T and over r > 0, then taking the Lp(BR)-norm, applying
the strong Lp − Lp estimate for the maximal function (2.35) twice, arrive at

Ap(R,X) ≤ C +

ˆ T

0

‖M∇u(s,X(s, x))‖Lp(BR) ds+ C

ˆ T

0

‖M [M∇u(s,X(s, ·))]‖Lp(BR) ds

≤ C + C‖∇u‖L1(Lp)

≤ C ,

where the constant C depends on the compressibility constant of X and the L1(Lp) norm of
∇u. �

From Theorem 2.20, we can deduce Theorem 2.21 by the following Chebychev argument.

Proof of Theorem 2.21. The Chebychev inequality states that for ever 1 ≤ p <∞ and
λ > 0 we have that

Ld({|f | > λ}) ≤
‖f‖pLp
λp

.

Applying the inequality to ‖f‖p = Ap(R,X) with λ = C/ε1/p, we get a set K ⊂ BR with
Ld(BR \K) ≤ ε such that

sup
0≤t≤T

sup
0<r<2R

 

Br(x)

log

(
|X(t, x)−X(t, y)|

r
+ 1

)
dy ≤ C

ε1/p

for every x ∈ K, which in particular means that 

Br(x)

log

(
|X(t, x)−X(t, y)|

r
+ 1

)
dy ≤ C

ε1/p

for every x ∈ K, every r > 0 and every 0 ≤ t ≤ T . Let x and x′ be in K and set r = |x − x′|.
We further de�ne

C(x, x′) = B(x, r) ∩B(x′, r)



and note that |C(x, x′)| = crd, where c is a dimensional constant. With the triangular inequality
we estimate

log

(
|X(t, x)−X(t, x′)|

r
+ 1

)
=

 
C(x,x′)

log

(
|X(t, x)−X(t, x′)|

r
+ 1

)
dy

≤
 
C(x,x′)

log

(
|X(t, x)−X(t, y)|

r
+ 1

)
dy

+

 
C(x,x′)

log

(
|X(t, x′)−X(t, y)|

r
+ 1

)
dy

≤ C
 
B(x,r)

log

(
|X(t, x)−X(t, y)|

r
+ 1

)
dy

+ C

 
B(x′,r)

log

(
|X(t, x′)−X(t, y)|

r
+ 1

)
dy

≤ C

ε1/p
.

This �nally implies

|X(t, x)−X(t, x′)| ≤ |x− x′| exp

(
C

ε1/p

)
.

By the de�nition of the set K and Lip(X(t, ·))|K , this concludes the proof of Theorem 2.21. �

2.5. Example by Depauw and W 1,p and C1 variations

The following example by Depauw [17] proves non-uniqueness of the transport equation in
a setting close to the one in Ambrosio's theorem (see Theorem 2.13). Depauw constructs an
explicit example of a divergence-free velocity �eld u, such that for every ε > 0 we have that
u ∈ L1([ε, 1], BVloc), but u /∈ L1([0, 1], BVloc) and a non-trivial, bounded solution ρ with ρ0 = 0.

In order to construct the velocity �eld u, consider the �eld ū : [0, T ]× (−1/4, 1/4)2 → R2

ū(x1, x2) = 2∇⊥η(x1, x2), where η(x1, x2) = max(|x1|, |x2|)2 ,

which we periodically extend to R2 as displayed in Figure 4.

1
2

Figure 4. The velocity �eld ū.

We de�ne the velocity �eld

u(t, x) =

{
0 for t < 0 and t > 1

ū(2jx) for t ∈ 2−j( 1
2 , 1) ,

as well as a(t, x) = −u(1− t, x). Consider the initial datum a0 = sign(x1x2) on (− 1
2 ,

1
2 )2, which

we extend Z2- periodically to R2. Let ρ̃ be the solution to (1.2) with initial value a0 and velocity



�eld a. It is elementary to check that ρ̃(1 − 2j , x) = a0(2jx) (see Figure 5) and that ρ̃(t, ·)
converges weakly to 0 as t→ 1 (for instance, by combining Lemmas 3.6 and 4.2).

t = 0 t = 1
2 t = 3

4

Figure 5. Evolution of ρ̃.

Therefore the function ρ(t, x) = ρ̃(1 − t, x) is a non-trivial solution to (1.2) with velocity
�eld u and initial datum ρ0 = 0.

2.5.1. W 1,p and C1 variations. Consider the example of a mixing velocity �eld by Alberti,
Crippa and Mazzucato [4] presented in Section 3.4. Let (u0, ρ0) be the basic building block as

in [4], where u0 is bounded in Ẇ s,p(R), uniformly in time. Let further the tiling parameter
λ > 0 be such that λ−1 is an integer and the time parameter τ > 0 and let us de�ne the time
steps Tn =

∑n−1
i=0 τ

i. As in (3.54), for times Tn ≤ t < Tn+1, in any tile Q ∈ Tλn we set u and ρ
as

(2.36) u(t, x) =
λn

τn
u0

(
t− Tn
τn

,
x− rQ
λn

)
and ρ(x, t) = ρ0

(
t− Tn
τn

,
x− rQ
λn

)
,

where rQ is the center of the cube Q. We compute

Tn+1ˆ

Tn

‖∇u(t, ·)‖Lp(Q) dt =

Tn+1ˆ

Tn

 ∑
Q∈Tλn

ˆ

Q

∣∣∣∣∇x(λnτn u0

(
t− Tn
τn

,
x− rQ
λn

))∣∣∣∣p dx
1/p

dt

=

1ˆ

0

‖∇u0(t, x)‖Lp = M .

(2.37)

Setting for example τ = λ, for time t → T∞ = 1
1−λ , we have that ‖ρ(t, ·)‖Ḣ−1 → 0. Thus,

reversing the time, i.e. considering the velocity �eld ũ(t, x) = −u(T∞ − t, x) and corresponding
solution ρ̃(t, x) = ρ(T∞ − t, x). Extending both ũ and ρ̃ to zero for all negative times, we note
that by (2.37) we have that ũ ∈ L1([ε, 1],W 1,p(R2)), but u /∈ L1([0, 1],W 1,p(R2)). The solution
ρ̃ is a non-trivial solution to the Cauchy problem ρ0 = 0 (i.e. we have non-uniqueness).

The C1 case works by the above performed rescaling in time of the quasi- self-similar example
in [4].



CHAPTER 3

Mixing

Abstract. In the following chapter we give an introduction to optimal mixing for the transport
equation

(3.1)

{
∂tρ(t, x) + u(t, x) · ∇xρ(t, x) = 0 on R+ ×Qd
ρ(0, ·) = ρ0 on Qd

.

In Section 3.1, we de�ne the geometric and the functional mixing scales, which measure the
"degree of mixedness" of the tracer ρ. We will show with elementary examples that these scales
are not equivalent. The main objective in optimal mixing is to understand how e�ective it is
possible to mix under a given physical constraint of interest, which includes two steps. On one
hand we would like to �nd lower bounds λ : R≥0 → R≥0, under which the mixing scales can
never fall. On the other hand, we would like to produce explicit examples of velocity �elds that
mix as fast as possible under this constraint, in order to understand whether or not a lower
bound is sharp. We will formalize these questions, along with several others related to optimal
mixing in Section 3.2. We then collect a few results from the literature, which establish such
lower bounds λ(t) under several di�erent constraints in Section 3.3. In Section 3.4 we cover in
detail the case of "�xed entstrophy", which is a uniform-in-time constraint on the W 1,p norm,
where p > 1. Under this constraint, there exist exponential lower bounds for both the geometric
and the functional mixing scales (see [14], [23], [33]). These exponential lower bounds were
saturated by two examples of cellular type, which is a special velocity �eld structure we will
introduce in this section and which plays a prominent role in Chapter 4.

3.1. Mixing scales

An important and non-trivial question that has to be addressed when treating mixing prob-
lems is how to measure the "degree of mixedness". How a mixing process is measured and
quanti�ed by a mixing scale di�ers a lot in the literature. Scales may not only vary greatly
between di�erent �elds of mathematics (such as harmonic analysis, ergodic theory, dynamical
systems, etc.), they also depend on the context within a given �eld, such as the PDE considered.

To illustrate the di�culty of choosing a mixing scale, let us consider the advection-di�usion
equation on R≥0 × Td

(3.2) ∂tρ(t, x) + u(t, x) · ∇ρ(t, x) = κ∆ρ(t, x) ,

where κ > 0. In this setting, there are two processes that can be interpreted as mixing, which
are illustrated in Figure 6 below (which is taken from [31]).
First, the velocity �eld u may stretch, fold and �lament the tracer ρ, which causes a decay in the
characteristic length present, as illustrated in the �rst row of Figure 6. Further examples will
follow, see for instance Chapter 5. This process is referred to as stirring and the characteristic
length is called the scale of segregation. In Fourier variables, a shift towards higher frequencies
causes a decay of this scale.

23



Second, due to the di�usion term κ∆ρ, there is a decay in the variance of the concentration
amplitude, which is referred to as homogenization, displayed in the second row of Figure 6. The
variance in concentration amplitude is called the intensity of segregation. In Fourier variables,
a decay in the amplitude of Fourier coe�cients causes a decay of this scale.

Figure 6. E�ects of stirring and homogenization.

As mentioned above, both e�ects can be interpreted as mixing and therefore there is no
canonical mixing scale. There are di�erent scales that weight these two e�ects di�erently, such
as the Ḣ−1 and L2 norm. For each scale, in order to mix e�ciently the role of the velocity �eld u
is to create �laments by stirring, which can then be smoothed out by di�usion more e�ciently.
As a last remark, note that even though the variance of the concentration of ρ (which is ‖ρ‖L2)
is a classical mixing scale in the context of (3.2), it clearly fails as such in the non-di�usive case
κ = 0, since this quantity is conserved in this case.

We consider mixing problems in the setting of the transport equation and consider the two
most common notions of mixing scales, presented in more detail in the Sections 3.1.1 and 3.1.2.

The geometric mixing scale G was �rst introduced by A. Bressan [10] for binary solutions
ρ ∈ {−1,+1} in connection with a conjecture on the cost of rearrangements of sets. This scale
determines the smallest possible radius r, such that in each ball of radius r the proportion
of both level sets is comparable. We will use a canonical generalization of this scale for any
bounded solution ρ ∈ L∞ (see [4]).

The functional mixing scale measures the semi-norm of the tracer ρ in the homogeneous Sobolev
space Ḣ−1 (or, more generally Ḣ−a, for any a > 0). This scale was �rst introduced in Mathew
et al. [30]. To be more precise, the "mix-norm" introduced by the authors is equivalent to the
functional mixing scale with a = 1/2 (see (3.7)).

The two scales are not equivalent, which we will demonstrate with elementary examples in
Section 3.1.3 (see [40] for an in depth comparison). However, for both mixing scales, a decay
to zero is equivalent to ρ(t, ·)→ 0 weakly in L2 (see Theorems 3.3 and 3.6), which is consistent
with the ergodic notion of mixing. Note that for the geometric mixing scale, this decay to zero
has to occur for every accuracy parameter κ > 0, see Remark 3.2.

Notation. It is convenient to write mix(ρ(t, ·)) if a result holds for both mixing scale or the
mixing scale is not set.

3.1.1. Geometric mixing scale. The geometric mixing scale was �rst introduced by
Bressan [10] in the following setting. Let A ⊂ Td be the set of black particles and let the set



B = T2 \ A denote the set of white particles. Let us further assume that |A| = |B| and denote
by X the �ow associated to the velocity �eld u. We �x an accuracy parameter κ ∈ (0, 1/2). We
say that the set A is mixed up at least to scale ε at time t, if for all x ∈ Td we have that

(3.3) κ|B(x, ε)| ≤ |B(x, ε) ∩X(t, A)| ≤ (1− κ)|B(x, ε)| ,

i.e. in every ball of radius ε there has to be at least a �xed portion of both black and white
particles. The in�mum of ε > 0 for which (3.3) holds is the geometric mixing scale (see Figure 7
below).

r < G(ρ)

r = G(ρ)

r > G(ρ)

Figure 7. Illustration of the geometric mixing scale.

The above condition (3.3) can be written in an integral form by considering ρ0 = 1A − 1B ,
which can be canonically extended to all bounded functions ρ ∈ L∞, which yields the following
de�nition.

Definition 3.1 (Geometric Mixing Scale). Given an accuracy parameter 0 < κ < 1, the
geometric mixing scale of ρ(t, ·) is the in�mum ε(t) of all ε > 0 such that for every x ∈ Rd it
holds

(3.4)
1

‖ρ(t, ·)‖∞

∣∣∣∣∣−
ˆ
Bε(x)

ρ(t, y) dy

∣∣∣∣∣ ≤ κ .
We denote by G(ρ(t, ·)) such in�mum ε(t).

Remark 3.2 (the role of the parameter κ). The accuracy parameter κ in De�nition 3.1 often
only plays a minor role and is �xed in the beginning of a paper and paid no more attention.
However, there are situations where �xing κ can lead to a pathological behavior of the mixing
scale, which is demonstrated in Example 3.9 (see also [15], presented in Chapter 5, where the
same issue appears). The example shows a family of functions ρλ, such that G(ρλ) → 0 as
λ → 0, while ρλ does not converge to zero weakly in L2. By Theorem 3.6, this in particular
implies that the functional mixing scale does not decay to zero either. Looking at the family ρλ,
it is clear that the decay to zero of the geometric mixing scale is not intended and only possible
by choosing the family ρλ relative to κ. In fact, for the same family ρλ = ρλ(κ) the geometric
mixing scale does not decay to zero for λ→ 0 if we measure with a smaller accuracy parameter
κ′ << κ. Motivated by this observation, in Theorem 3.3 we show that a family ρ(t, ·) converges
to zero weakly in L2 if and only if G(ρ(t, ·)) decays to zero for all accuracy parameters κ ∈ (0, 1).

Theorem 3.3 (Weak L2 convergence vs. Geometric decay). Let {ρ(t, ·)}t≥0 be a family of
bounded, mean-free functions on Td. Then the following two statements are equivalent.

(i) for all accuracy parameters κ > 0 we have that G(ρ(t, ·))→ 0.
(ii) ρ(t, ·)→ 0 weakly in L2.

Proof. For readability, we moved the proof to Section 3.1.4. �



3.1.2. Functional mixing scale. The functional mixing scale was �rst introduced in
Mathew et al. [30] and measures the semi-norm of the tracer ρ in the homogeneous Sobolev

space Ḣ−1 (or, more generally, Ḣ−a, for any a > 0).

Definition 3.4 (Functional Mixing Scale). The functional mixing scale of ρ(t, ·) is

(3.5) ‖ρ(t, ·)‖Ḣ−1(R2) = sup

{ˆ
R2

ρ(t, x)ξ(x) dx : ‖∇ξ‖L2(R2) ≤ 1

}
.

On Td, the functional mixing scale can be expressed in terms of the Fourier coe�cients of ρ.
We denote by

ρ̂k(t) =
1

(2π)d/2

ˆ
Td

exp−ik·x ρ(t, x) dx

the Fourier coe�cients of ρ(t, ·), where k ∈ Zd. Then

(3.6) ‖ρ(t, ·)‖2
Ḣ−a

=
∑
k 6=0

|k|−2a |ρ̂k(t)|2 .

Remark 3.5. Note that due to the factor |k|−2a in (3.6), the functional mixing scale is
small if (and only if) the energy of the scalar density is mainly concentrated in high frequency
Fourier modes.
The Ḣ−1/2 norm is equivalent to the following expression (see [30] and [21])

(3.7) Φ(ρ) =

ˆ
Td×(0,1)

( 
Br(y)

ρ(x) dx

)2

dy dr

1/2

.

Note that the above expression considers the same averages
ffl
Br(y)

ρ(x) dx as in the geometric

mixing scale (3.4), but weights them di�erently. While in the geometric mixing scale, the region

that is mixed the worst determines the scale, the Ḣ−1 norm weights the averages in an L2 sense.
As a result, if a solution ρ has regions that are mixed very di�erently (in a geometric sense), then
the geometric and the functional mixing scale may scale di�erently, as shown in Example 3.10.
As a last remark, not that since

lim
r→0

ˆ
Td

( 
Br(y)

ρ(x) dx

)2

dy

1/2

= ‖ρ‖L2(Td)

and

lim
r→1

ˆ
Td

( 
Br(y)

ρ(x) dx

)2

dy

1/2

=

ˆ
Td
ρ(x) dx ,

Φ(ρ) can be viewed as an integral of a continuous transition of measures, ranging from the L2

norm to the average.

As for the geometric mixing scale, a decay to zero of the functional mixing scale of ρ (for
any a > 0) is equivalent to a decay to zero weakly in L2.

Theorem 3.6 (Weak L2 vs. Ḣ−a decay). Let {ρ(t, ·)}t≥0 be a family of bounded, mean-free
functions on Td. Then the following two statements are equivalent.

(i) ‖ρ(t, ·)‖Ḣ−a → 0 for any a > 0.
(ii) ρ(t, ·)→ 0 weakly in L2.

Proof. For readability, we moved the proof to Section 3.1.4. We will �rst give a proof
which is similar to the proof of Theorem 3.3, working with the de�nition via duality (3.5). Then
we give a proof in terms of the Fourier series (3.6), as done in Lin et al. [25]. �



3.1.3. Examples demonstrating non-equivalence of the mixing scales. The geo-
metric and the functional mixing scale are not equivalent, which can be veri�ed easily by con-
sidering the following examples. All examples in this section are of cellular type, which is a
structure we will introduce in more detail in Section 3.4 and use prominently all throughout
Chapter 4. In order to follow the terminology and proofs in the examples in detail, the reader
is advised to �rst read Section 3.4, as we will only state the most basic de�nition and lemma
(without proof) in this section.

Example 3.9 shows a family of mean-free functions ρλ, such that ‖ρλ‖L2 = 1 for all λ > 0
and

(3.8) ‖ρλ‖Ḣ−1 ≥ C(κ) > 0 , while G(ρλ) ≤ Cλ ,

for λ small enough and hence G(ρλ) → 0 for λ → 0, while ‖ρλ‖Ḣ−1 does not. As explained in
Remark 3.2, the family ρλ depends on the accuracy parameter κ > 0. In fact, by Theorem 3.3,
combined with Theorem 3.6 it follows that for a �xed accuracy parameter κ, there cannot be
a family of functions such that G(ρλ) → 0 for λ → 0, while ‖ρλ‖Ḣ−1 ≥ C > 0 and hence the
family has to depend on κ.

Example 3.10 shows a family of functions {ρλ}λ>0, such that

‖ρλ‖Ḣ−1 ≤ Cλ2 , while G(ρλ) ≥ Cλ ,

even though the Ḣ−1 norm scales like a length. We exploit the fact that the Ḣ−1 norm weights
the averages

ffl
Br(y)

ρ(x) dx in an L2 sense, as we have seen in (3.7), while the geometric mixing

weights them in an L∞ sense. Hence, if there is only a very a small region that is unmixed, the
two norms scale di�erently.

We now brie�y introduce the cellular structure. We denote by Q = (−1/2, 1/2)2 the unit
square in R2 (or, alternatively the torus T2) and sub-divide Q in smaller cells (some times called
tiles). The collections of those cells is refered to as a tiling.

Definition 3.7 (Tiling on Q). Let a tiling parameter λ > 0, such that λ−1 is an integer
greater or equal two, be given. We denote by Tλ the tiling of Q with squares of side λ, consisting
of the 1/λ2 open squares in Q of the form{

(x, y) ∈ Q : −1

2
+ kλ < x < −1

2
+ (k + 1)λ and − 1

2
+ hλ < y < −1

2
+ (h+ 1)λ

}
for k, h = 0, . . . , 1/λ− 1.

λ

Figure 8. Tiling with tiling parameter λ

The next lemma states that if the tracer ρ is equally distributed among all cells Q ∈ Tλ,
then both the geometric and the functional mixing scales of ρ are of order λ or better:



Lemma 3.8. Let ρ be a bounded function such that

(3.9)

∣∣∣∣−ˆ
Q

ρ(y) dy

∣∣∣∣ ≤ κ

2

for every tile Q ∈ Tλ. Then there exist constants C1 = C1(κ) such that

G(ρ) ≤ C1λ .

Let ρ be a bounded function such that

(3.10) −
ˆ
Q

ρ(y) dy = 0 ,

for every tile Q ∈ Tλ, then there exists a constant C2 = C2(‖ρ‖∞), such that

‖ρ‖Ḣ−1 ≤ C2λ .

Proof. This is a simple variation of Lemma 3.29 in Section 3.4 (see also Lemma 5.15). �

In the following examples we piece together the functions ρλ as the sum of rescaled versions
of the following function ρ̄ : Q → {+1,−1}

(3.11) ρ̄(x) =

{
1 for x ∈ Br(0)

−1 else
,

where r ∈ [0, 1] will vary, depending on which value
´
Q ρ̄(x) dx ∈ [−1, 1] is needed.

Example 3.9. In order to de�ne our family ρλ, consider the function ρ̄ as in (3.11) and set
the radius r = r(κ), such that ˆ

Q
ρ̄(x) dx = κ/2 .

Let a tiling parameter λ > 0, such that λ−1 ∈ 2N be given. Let rQ denote the center of a cell
Q ∈ Tλ. Then we set

(3.12) ρλ(x1, x2) =

ρ̄
(
x−rQ
λ

)
for all (x1, x2) ∈ Q, such that rQ < 0

−ρ̄
(
x−rQ
λ

)
for all (x1, x2) ∈ Q, such that rQ > 0

,

where Q ∈ Tλ. In other words we �ll up the left side of Q with rescaled versions of ρ̄ and the
right side with rescaled versions of −ρ̄, as displayed in Figure 9.

λ

ρλ

Figure 9. Plot of the family ρλ (grey:+1, white: -1).

In order to verify the claims raised in (3.8), by construction it is clear that
´
Q ρλ(x) dx = 0

and ‖ρλ‖L2 = 1 for all λ > 0. By Lemma 3.8, it follows directly that for G(ρλ) ≤ Cλ.
In order to prove that ‖ρλ‖Ḣ−1 ≥ Cκ, note that for λ→ 0 we have that ρλ converges weakly in
L2 to the function

g(x1, x2) =

{
κ
2 for 0 ≤ x1 ≤ 1

2

−κ2 for 1
2 ≤ x1 ≤ 1 .



Thus, testing ρλ against the test function φ(x1, x2) = sin(2πx1) yields

ˆ
Q
ρλ(y)φ(y) dy = 2

1/2ˆ

−1/2

0ˆ

−1/2

ρλ(x1, x2) sin(2πx1) dx1 dx2 →
κ

2

1/2ˆ

−1/2

0ˆ

−1/2

sin(2πx1) = Cκ > 0 ,

and hence by the de�nition of Ḣ−1 via duality (3.5), it follows that ‖ρλ‖Ḣ−1 ≥ cκ for a c > 0
and λ small enough.

As a small variation, one could also consider the following family ρ̃λ, which yields the same
scaling as in (3.8). Let ρ̄ and λ > 0 be as above. We de�ne

(3.13) ρ̃λ(x1, x2) =

{
ρ̄
(
x−rQ
λ

)
for all (x1, x2) ∈ Q, such that rQ < 0

−κ2 if x1 ≥ 0
,

where Q ∈ Tλ. Proving the decay rates (3.8) for ρ̃λ is straightforward as above and is left to the
reader. Note that if we set ρ̃λ(x1, x2) = κ/2 for x1 < 0, then G(ρ̃λ) = 1, since then ‖ρ̃‖L∞ = κ/2.

Example 3.10. In order to de�ne our family ρλ, consider the function ρ̄ as in (3.11) and
set the radius r > 0, such that ˆ

Q
ρ̄(x) dx = 0 .

Let k, l ∈ N to be set later. We de�ne the function ρk,l in the following way. Let

Q̄ =

(
−1

2
,−1

2
+ 2−k

)
×
(
−1

2
,−1

2
+ 2−k

)
∈ T2−k

We set

ρk,l(x) = ρ̄

(
x− rQ̄

2−k

)
for x ∈ Q̄ .

For all Q ∈ T2−kl , such that Q ∩ Q̄ = ∅, we set

ρk,l(x) = ρ̄

(
x− rQ

2−k

)
for x ∈ Q .

In other words, we rescale ρ̄ to the lower left corner of Q with side length 2−k and �ll out
the rest of Q with rescaled versions of ρ̄ of side length 2−kl, as in Figure 10. We denote by
T̃2−kl = {Q ∈ T2−kl such that Q ∩ Q̄ = ∅}.

2−kl

ρk,l

2−k

Figure 10. Plot of the family ρk,l (grey:+1, white: -1).

It is immediate to check that
´
ρk,l(y) dy = 0 and ‖ρk,l‖L2 = 1. Furthermore, by considering

ρk,l on Q̄, it follows that G(ρk,l) ≥ C2−k.

Getting an estimate for the Ḣ−1 norm is not as straightforward. We use the Poincaré inequality

‖u− uQ‖Lp(Q) ≤ Cλ‖∇u‖Lp(Q) ,



where Q ∈ Tλ, uQ = −́
Q
u and C = C(p), as well as the de�nition of the Ḣ−1 norm via duality

(3.14) ‖ρ‖Ḣ−1(R2) = sup

{ˆ
R2

ρ(x)ξ(x) dx : ‖∇ξ‖L2(R2) ≤ 1

}
.

Now let ξ such that ‖∇ξ‖L2 ≤ 1 be given. We compute∣∣∣∣ˆ
R2

ρk,l(x)ξ(x) dx

∣∣∣∣ ≤ ∑
Q∈T̃

2−kl

∣∣∣∣ˆ
Q

ρk,l(x)ξ(x) dx

∣∣∣∣+

∣∣∣∣ˆ
Q̄

ρk,l(x)ξ(x) dx

∣∣∣∣
≤

∑
Q∈T

2−kl

ˆ
Q

|ρk,l(x)(ξ(x)− ξQ)| dx+

∣∣∣∣ˆ
Q

ρk,l(x)ξQ dx

∣∣∣∣
+

ˆ
Q̄

∣∣ρk,l(x)(ξ(x)− ξQ̄)
∣∣ dx+

∣∣∣∣ˆ
Q̄

ρk,l(x)ξQ̄ dx

∣∣∣∣
=

∑
Q∈T

2−kl

ˆ
Q

|ρk,l(x)(ξ(x)− ξQ)| dx+

ˆ
Q̄

∣∣ρk,l(x)(ξ(x)− ξQ̄)
∣∣ dx

≤
∑
Q∈Tλ

‖ξ − ξQ‖L1(Q) + ‖ρk,l‖L2(Q̄)‖ξ(x)− ξQ̄‖L2(Q̄)

≤ C2−kl
∑
Q∈Tλ

‖∇ξ‖L1(Q) + C2−2k‖∇ξ‖L2(Q̄)

≤ C(2−kl + 2−2k) ,

(3.15)

and hence for instance setting l = 2 yields that ‖ρk,l‖Ḣ−1 ≤ C(2−k)2.

3.1.4. Proof of Theorem 3.3 and Theorem 3.6.
3.1.4.1. Proof of Theorem 3.3. We prove that the following two statements are equivalent.

(i) For all accuracy parameters κ > 0 we have that G(ρ(t, ·))→ 0.
(ii) ρ(t, ·)→ 0 weakly in L2.

Proof. (i)⇒ (ii) By the density of continuous functions in L2 it su�ces to show that we
have

lim
t→∞

ˆ
Td
ρ(t, x)φ(x) dx = 0 ,

for all φ ∈ C(Td). Let δ > 0 be given. Our goal is to show that there exists a time t0 such that

(3.16)

∣∣∣∣ˆ
Td
ρ(t, x)φ(x) dx

∣∣∣∣ ≤ δ
for all t ≥ t0. Since φ is continuous there exists ε̄ = ε̄(δ, φ) such that |φ(x)−φ(y)| ≤ δ

3 (‖ρ‖L∞π)−1

for all y ∈ Bε(x) for all 0 < ε ≤ ε̄. Furthermore, we choose a �nite family of disjoint balls
B1, . . . , BN such that

(3.17) Bi ⊂ Td, diamBi ≤ ε̄, and |A| ≤ δ

3
(‖ρ‖L∞‖φ‖L∞)

−1
,



where A = Td \
⋃N
i=1B

i. Let xi be the centers of the balls B
i. We have that∣∣∣∣ˆ

Td
ρ(t, x)φ(x)dx

∣∣∣∣ ≤ N∑
i=1

|φ(xi)|
∣∣∣∣ˆ
Bi
ρ(t, x)dx

∣∣∣∣
+

N∑
i=1

max
x∈Bi

|φ(x)− φ(xi)|
ˆ
Bi
|ρ(t, x)| dx

+

ˆ
A

|φ(x)ρ(t, x)| dx

= I + II + III .

(3.18)

Since limt→∞ G(ρ(t, ·))→ 0 for all κ ∈ (0, 1), using the forthcoming Lemma 3.11 with r = ri =
1
2 diamBi, taking t0 the maximum of the t̄(ri, ·), and choosing

κ =
δ

3

(
‖ρ‖L∞

N∑
i=1

|φ(xi)| ·
∣∣Bi∣∣)−1

we have that, for all t ≥ t0

(3.19) I =

N∑
i=1

|φ(xi)|
∣∣∣∣ˆ
Bi
ρ(t, x)dx

∣∣∣∣ ≤ N∑
i=1

|φ(xi)| ·
∣∣Bi∣∣ ‖ρ‖L∞κ ≤ δ

3
.

For the second term we have that

(3.20) II ≤ δ

3
(‖ρ‖L∞π)−1

N∑
i=1

ˆ
Bi
|ρ(t, x)| dx ≤ δ

3
.

Finally, by (3.17) we can estimate

(3.21) III ≤ |A| ‖ρ‖L∞‖φ‖L∞ ≤
δ

3
.

Hence combining (3.18) with equations (3.19), (3.20), and (3.21), we have shown (3.16), which
completes the direction (i)⇒ (ii).

(ii) ⇒ (i). Let κ > 0 and ε > 0 be given. The goal is to �nd a time t̄ = t(κ, ε), such
that

(3.22)

∣∣∣∣∣
 
Bε(x)

ρ(t, y) dy

∣∣∣∣∣ ≤ κ‖ρ‖∞
for all x and all t ≥ t̄. Consider the tiling (see De�nition 3.28) Tλ, for λ to be �xed later on (but
smaller than ε). Furthermore, for every Q ∈ Tλ, consider the function φQ = |Q|−11Q. For any
κ0‖ρ‖∞ (to be �xed later) since ρ → 0 weakly in L2, for every Q ∈ Tλ there exists a tQ such
that ∣∣∣∣ˆ φQ(y)ρ(t, y) dy

∣∣∣∣ =

∣∣∣∣ 
Q

ρ(t, y) dy

∣∣∣∣ ≤ κ0‖ρ‖∞

for all t ≥ tQ. Then for t̄ = maxQ∈Tλ{tQ}, for all t ≥ t̄ and any ball of size ε, we compute∣∣∣∣∣
 
Bε(x)

ρ(t, y) dy

∣∣∣∣∣≤ 1

πε2

∑
Q∈Tλ

Q⊂Bε(x)

∣∣∣ ˆ
Q

ρ(t, y) dy
∣∣∣+

1

πε2

∑
Q∈Tλ

Q∩∂Bε(x)6=∅

ˆ
Q

|ρ(t, y)| dy

≤ ‖ρ‖L
∞

πε2
(
κ0|Bε(x)|+

∣∣Bε+√2λ(x) \Bε−√2λ(x)
∣∣)

≤ κ0‖ρ‖L∞ +
4
√

2λ

ε
‖ρ‖L∞ ≤ κ‖ρ‖L∞ .



And so, �xing λ > 0 such that 4
√

2λ
ε ≤ κ

2 and setting κ0 = κ
2 , this gives us (3.22) and concludes

the proof of Theorem 3.3. �

Lemma 3.11. Let ρ0 ∈ L∞ supported in Td be an initial datum for which we have

lim
t→∞

G(ρ(t, ·))→ 0

for all κ ∈ (0, 1). Then ∀r > 0, κ > 0 there exists a time t̄ = t̄(r, κ) such that

(3.23)

∣∣∣∣∣
 
Br(x)

ρ(t, y) dy

∣∣∣∣∣ ≤ κ‖ρ‖∞
for all x and all t ≥ t̄.

Proof. Fix κ > 0 and r > 0. Our goal is to �nd a time t̄ such that (3.23) holds. Since for
κ′ = κ/2 we have that Gκ′(ρ(t, ·))→ 0, there exists a time t̄, such that for all t ≥ t̄ there exists
a radius δ = δ(t) ≤ κ

12r such that

(3.24)

∣∣∣∣∣
 
Bδ(t)(x)

ρ(t, y) dy

∣∣∣∣∣ < κ

2
‖ρ‖∞

for all x. For an arbitrary x and t ≥ t̄ we have (hereafter δ = δ(t))

ˆ
Br(x)

 
Bδ(z)

ρ(t, y) dy dz =
1

|Bδ|

ˆ
Br(x)

ˆ
Br+δ(x)

1Bδ(z)(y)ρ(t, y) dy dz

=
1

|Bδ|

ˆ
Br+δ(x)

ρ(t, y)

ˆ
Br(x)

1Bδ(y)(z) dz dy

=
1

|Bδ|

ˆ
Br−δ(x)

ρ(t, y)

ˆ
Br(x)

1Bδ(y)(z) dz dy

+
1

|Bδ|

ˆ
Br+δ(x)\Br−δ(x)

ρ(t, y)

ˆ
Br(x)

1Bδ(y)(z) dz dy

=

ˆ
Br−δ(x)

ρ(t, y) dy

+
1

|Bδ|

ˆ
Br+δ(x)\Br−δ(x)

ρ(t, y)

ˆ
Br(x)

1Bδ(y)(z) dz dy ,

where as usual 1A(x) = 1 if x ∈ A and 1A(x) = 0 if x /∈ A. Namely, we proved the identity

ˆ
Br−δ(x)

ρ(t, y) dy =

ˆ
Br(x)

 
Bδ(z)

ρ(t, y) dy dz(3.25)

− 1

|Bδ|

ˆ
Br+δ(x)\Br−δ(x)

ρ(t, y)

ˆ
Br(x)

1Bδ(y)(z) dz dy

Since ∣∣∣∣∣
 
Br(x)

ρ(t, y) dy

∣∣∣∣∣ ≤ 1

|Br|

∣∣∣∣∣
ˆ
Br−δ(x)

ρ(t, y) dy

∣∣∣∣∣+ ‖ρ‖∞
|Br \Br−δ|
|Br|



using (3.25), triangle inequality and (3.24) we arrive to∣∣∣∣∣
 
Br(x)

ρ(t, y) dy

∣∣∣∣∣ ≤
∣∣∣∣∣
 
Br(x)

 
Bδ(z)

ρ(t, y) dy dz

∣∣∣∣∣+ ‖ρ‖∞
|Br+δ \Br−δ|

|Br|

+ ‖ρ‖∞
|Br \Br−δ|
|Br|

≤
(
κ

2
+ 4

δ

r
+ 2

δ

r

)
‖ρ‖∞ .

Hence, using that δ = δ(t) ≤ κ
12r, we conclude that∣∣∣∣∣

 
Br(x)

ρ(t, y) dy

∣∣∣∣∣ ≤ κ‖ρ‖∞
for all x and all t ≥ t̄. �

3.1.4.2. Proof of Theorem 3.6. We prove that the following two statements are equivalent.

(i) ‖ρ(t, ·)‖Ḣ−a → 0 for any a > 0.
(ii) ρ(t, ·)→ 0 weakly in L2.

Proof using (3.5). (i)⇒ (ii). Let φ ∈ L2 and ε > 0. Consider Φδ = φ ∗ ηδ, where we �x
δ > 0 small enough such that ‖Φδ − φ‖L2‖ρ‖L2 ≤ ε/2. We then estimate∣∣∣∣ˆ

Td
ρ(t, x)φ(x) dx

∣∣∣∣ ≤ ∣∣∣∣ˆ
Td
ρ(t, x)(φ(x)− Φδ(x)) dx

∣∣∣∣+

∣∣∣∣ˆ
Td
ρ(t, x)Φδ(x) dx

∣∣∣∣
≤ ε

2
+ ‖∇Φδ‖L2‖ρ(t, ·)‖Ḣ−1

using Hölder and the de�nition of Ḣ−1 by duality (3.5). By (i), there exists a t̄ such that the
second summand is smaller than ε/2 for all t ≥ t̄.

(ii) ⇒ (i). Let ε > 0 be given. Similar to the direction (ii) ⇒ (i) in the proof of Theorem 3.3,
we choose a tiling parameter λ < ε, such that λ−1 ∈ 2N and test with functions φQ = |Q|−11Q,
where Q ∈ Tλ. Since ρ→ 0 weakly in L2 and Tλ is �nite, there exists a time t̄ such that∣∣∣∣ˆ φQ(y)ρ(t, y) dy

∣∣∣∣ =

∣∣∣∣ 
Q

ρ(t, y) dy

∣∣∣∣ ≤ λ ,
for all Q ∈ Tλ and t ≥ t̄. By auxiliary Lemma 5.16 (using the Poincaré inequality), this su�ces
to show that ‖ρ(t, ·)‖Ḣ−1 ≤ λ < ε for all t ≥ t̄ which concludes the proof. �

We present an alternative proof of Theorem 3.6 in Fourier variables, following the arguments
presented in the Appendix of Lin et al. [25].

Proof in Fourier variables. (i)⇒ (ii). Let φ ∈ L2(Td) and ε > 0. The goal is to �nd
a time t̄ = t̄(ε, φ), such that ∣∣∣∣ˆ

Td
ρ(t, x)φ(x) dx

∣∣∣∣ ≤ ε



for all t ≥ t̄. We compute∣∣∣∣ˆ
Td
ρ(t, x)φ(x) dx

∣∣∣∣ =
∣∣∣(ρ̂(t, ·)φ)(0)

∣∣∣ =

∣∣∣∣∣∑
k

ρ̂k(t)φ̂−k

∣∣∣∣∣
=

∣∣∣∣∣∣
∑
|k|≤K

|k|−aρ̂k(t) |k|aφ̂−k +
∑
|k|>K

ρ̂k(t)φ̂−k

∣∣∣∣∣∣
≤ ‖ρ(t, ·)‖Ḣ−a

 ∑
|k|≤K

|k|2a|φ̂k|2
1/2

+ ‖ρ(t, ·)‖L2

 ∑
|k|>K

|φ̂k|2
1/2

,

where K > 0 and the last line is by Hölder. We now �rst choose K = K(ε, ρ) large enough,
such that the second summand is smaller than ε/2, then we can use (i) to choose a time t̄, such
that the �rst summand is smaller than ε/2 for all t ≥ t̄. This concludes (i)→ (ii).

(ii) ⇒ (i). Since ρ ∈ L∞, we have that |ρ̂k(t)| ≤ C (actually, ρ ∈ L2 is su�cient). In ad-
dition, testing (ii) with φ(x) = exp(−ikx) gives us that ρk(t)→ 0 for t→ 0. We compute

‖ρ(t, ·)‖Ḣ−a =
∑
|k|≤K

|k|−2a|ρ̂k(t)|2 +
∑
|k|>K

|k|−2a|ρ̂k(t)|2 =
∑
|k|≤K

|k|−2a|ρ̂k(t)|2 +K−2aC .

First we choose K = K(ε) large enough, so that the second summand is smaller than ε/2. In the
�rst summand, there are only �nitely many modes left, who decay to zero. Thus, there exists
a time t̄, such that the �rst summand becomes smaller than ε/2 as well for all t ≥ t̄, which
concludes the proof. �

3.2. Mixing problems and di�erent formulations

There are many interesting open problems related to mixing. In the following section we
present a few questions, stated in an abstract sense and without claim of completeness. To give
explicit examples of the questions below, in Section 3.4 we collect a few results in the setting of
�xed enstrophy.

The most common question is how well it is possible to mix under a given constraint on the
velocity �eld, which is oftentimes physically motivated. This constraint may consist of a �xed
energy budget for the velocity �eld u, a restriction to a certain regularity class or a further
structural assumptions on the velocity �eld (for instance periodic velocity �elds). Under this
constraint, the goal is on one hand to �nd a lower bound λ(t), under which the mixing scale can
never fall (see De�nition 3.12). On the other hand, it is important to �nd explicit examples that
mix e�ciently in this setting. Not only is this essential in order to determine whether a lower
bound is sharp, it also provides a better understanding of which velocity �eld structures are
enhancing the mixing process. Oftentimes numerical simulations help to predict a reasonable
candidate for λ(t), as well as for e�cient velocity �elds ([25], [28]). This set of problems can
equivalently be posed as a minimal cost estimate, as presented in De�nition 3.13.

Definition 3.12 (Lower Bound). Let ‖ · ‖ denote a physical constraint of interest and let
an initial datum ρ0 be �xed. A decreasing function λ : R≥0 → R≥0 is called a lower bound for
the decay of a mixing scale mix(·), if there exists a time t0 such that for all u and corresponding
solutions ρ it holds that

(3.26) mix(ρ(t, ·)) ≥ λ
(ˆ t

0

‖u(s, ·)‖ ds
)



for all t ≥ t0. A lower bound is sharp if there exists a velocity �eld u∗ and a time t0, such that

mix(ρ∗(t, ·)) ≤ Cλ
(ˆ t

0

‖u∗(s, ·)‖ ds
)

for all t ≥ t0.

We want to stress that in De�nition 3.12 the initial datum ρ0 is �xed. For di�erent initial
data, generally (at least) the constants of λ(t) will change. For instance, by an exponential lower
bound we mean that λ(t) = c1 exp(−c2t), where ci = ci(ρ0) (see Question 2). The problem of
�nding a lower bound λ(t) can be equivalently formulated as a minimal cost estimate.

Definition 3.13 (Minimal Cost). Let ‖ · ‖ denote a physical constraint of interest and let
an initial datum ρ0 be �xed. A decreasing function φ : R>0 → R≥0 is called a minimal cost
estimate for the decay of a mixing scale mix(·), if there exists an ε0, such that for all u and
corresponding solutions ρ on the time interval [0, 1], if mix(ρ(1, ·)) ≤ ε, then

(3.27)

ˆ 1

0

‖u(s, ·)‖ ds ≥ φ(ε)

for all 0 < ε ≤ ε0.

Remark 3.14 (Equivalence of formulations). De�nitions 3.12 and 3.13 are equivalent and
simply rescaled in time. Let λ(t) be a lower bound as in De�niton 3.12. Now let us assume that
mix(ρ(1, ·)) ≤ ε for an ε ≤ 1/t0. We de�ne T = 1

ε and consider the pair

ρ̃(t, x) = ρ

(
1

T
t, x

)
and ũ(t, x) =

1

T
u

(
1

T
t, x

)
,

which solves the Cauchy problem with ρ̃(0, ·) = ρ0 on the time interval [0, T ]. By (3.26) it holds
that

ε ≥ mix(ρ(1, ·)) = mix(ρ̃(T, ·)) ≥ λ

(ˆ T

0

‖ũ(s, ·)‖ ds

)
= λ

(ˆ 1

0

‖u(s, ·)‖ ds
)

and thus, de�ning φ(t) = λ(t)−1 the minimal cost estimate (3.27) holds.

Question 1. Under a given physical constraint of interest, does there exist a (sharp) lower
bound λ(t)? Alternatively, is there a (sharp) minimal cost estimate φ(t)?

Note that in Question 1 the initial datum ρ0 is �xed. A new set of questions arises when
considering the dependence of the mixing problem on the initial datum, both on the side of
lower bounds (Question 2) and on the side of explicit examples (Questions 3 and 4).

Question 2. What is the dependence of the (sharp) lower bound on the initial data? For
instance, is there a large class of initial data, for which a certain type of bound holds? To
give an example of a potential statement: For all ρ0 ∈ H1 there is a (sharp) lower bound
λ(t) = c1 exp(−c2t), where ci = ci(ρ0).

Question 3. For any initial datum ρ0 of a certain class, can we �nd a velocity �eld u that
matches the (sharp) lower bound?

Definition 3.15 (Universal mixer). A divergence-free velocity �eld u : R≥0 × Rd → Rd is
called a universal mixer, if for any initial datum ρ0 ∈ L∞, we have that mix(ρ(t, ·))→ 0, where
ρ is the solution to (1.1).

Remark 3.16. In the literature, a decay G(ρ(t, ·))→ 0 often means a decay to zero with a
�xed accuracy parameter κ ∈ (0, 1). In light of the problems stated in Remark 3.2, we de�ne it
as G(ρ(t, ·))→ 0 for all κ ∈ (0, 1).



Question 4 (Universal mixer). Is there a universal mixer? Is there a universal mixer that
matches the (sharp) lower bound λ(t)?

As a last set of problems, one might wonder whether there are mixers as in the above
questions of a certain structural type, such as periodic, or even autonomous (i.e. not time
dependent).

3.3. Lower bounds λ(t) under various energy constraints (non-optimal)

In the following section we collect a few results (mostly from [25], [28] and [29]) that
establish lower bounds λ(t) for the mixing scales under various constraints:

(i) An exponential lower bound λ(t) = C exp(−ct) in the case where u is uniformly Lips-
chitz in Section 3.3.1.

(ii) A linear lower bound λ(t) = C − ct in the case of �xed energy ‖u(t, ·)‖2 ≤ C in
Section 3.3.2.

(iii) A lower bound λ(t) = C(1 − ct)2/3 in the case of �xed enstrophy ‖∇u(t, ·)‖2 ≤ C in
dimension d = 3 in Section 3.3.3.

(iv) A Gaussian exponential lower bound λ(t) = C exp(−Ct2) in the case of �xed palen-
strophy ‖∆u(t, ·)‖2 ≤ C in Section 3.3.4.

Note that these lower bounds are not necessarily sharp: In the �xed enstrophy constraint (iii),
the sharp lower bound is exponential λ(t) = C exp(−ct), as discussed in detail in Section 3.4.
In the case of �xed palenstrophy (iv), it is conjectured that the same exponential lower bound
is sharp (see Chapter 4). Even though some of the results in this section are not sharp, they are
still very interesting to present since their approach di�ers a lot from the one in Section 3.4. All
results here are a consequence of direct PDE energy estimates, whereas the sharp lower bound
is shown via a regularity estimate for regular Lagrangian �ows (on the ODE side).

3.3.1. u uniformly Lipschitz continuous. In the following section we show exponential
lower bounds λ(t) = C exp(−ct) for both the geometric and the functional mixing scale in the
setting where the velocity �eld u is uniformly Lipschitz in space and time i.e. there exists a
constant L > 0, such that

(3.28) ‖u(t, x)− u(t, y)‖ ≤ L‖x− y‖ for all t ∈ R and x, y ∈ Td .

Note that by Section 3.2, the problem can equivalently be formulated as a minimal cost esti-
mate instead, with a bound φ(ε) = | log(ε)|. We state Lemma 3.18 in this form instead, since
Theorem 3.25 (as well as Bressan's mixing conjecture, presented in Section 3.4) is stated this
way and the geometric idea of the proof is similar.

Lemma 3.17. Let us assume that the incompressible velocity �eld u : [0, T ] × Td → Td is
Lipschitz with constant L, uniformly in time as in (3.28) and ρ is the solution to the transport
equation with initial value ρ0. Then the following bound on the functional mixing scale holds:

(3.29) ‖ρ(t, ·)‖Ḣ−1 ≥ exp(−CLt)‖ρ0‖Ḣ−1 ,

where C is universal.

Lemma 3.18 (logarithmic minimal cost estimate (Lipschitz)). Let ρ0 ∈ L∞(Td) be an inital
value, κ > 0 an accuracy parameter and let the velocity �eld u be uniformly Lipschitz continuous
on [0, 1]. Then there exists an ε0 = ε0(ρ0, κ) and a C = C(ρ0, κ), such that if G(ρ(1, ·)) ≤ ε,
then

Lip(u) ≥ C| log ε| for every ε ≤ ε0 ,
where Lip(u) is the Lipschitz constant of u with respect to the spatial variable (uniform in time).



3.3.1.1. Proof of Lemma 3.18. In this proof we �rst consider the binary initial datum ρ0

considered in Bressan's mixing conjecture, namely ρ0 = 1A − 1A′ , where
A = {(x1, x2); 0 ≤ x2 ≤ 1/2} ⊂ T2 .

Consider the map Φ(x) = X(1, x), where X(t, x) is the �ow map. By Theorem 2.4 (classical
Cauchy-Lipschitz theory), the �ow map X inherits the following Lipschitz continuity:

(3.30) |X(t, x)−X(t, y)| ≤ |x− y| exp(Lip(u)t) .

Considering ũ(t, x) = −u(1− t, x) and ρ̃(t, x) = ρ(1− t, x), the same holds for the inverse �ow
map and we have that

(3.31) |Φ−1(x)− Φ−1(y)| ≤ |x− y| exp(Lip(u)) .

Let ε < ε0 := 1
4 . We �x a black particle x ∈ A, such that dist(x,A′) ≥ 1

4 . Since ρ(1, ·) is mixed

Φ

T = 0 T = 1

A

A′

ε
x

y

to scale ε, there are white particles in the ε−ball around Φ(x). In other words ∃y ∈ A′ such that
|Φ(x)− Φ(y)| ≤ ε. By (3.31) we have that

(3.32) 1 <
1
4

ε
≤ |x− y|
|Φ(x)− Φ(y)|

≤ sup
x 6=y

|Φ−1(x)− Φ−1(y)|
|x− y|

= Lip
(
Φ−1

)
≤ exp(Lip(u)) .

Taking the log on both sides �nishes the proof for this particular initial datum ρ0.
The geometric idea for ρ0 ∈ L∞(Td) is similar. For any λ ∈ (0, 1) we consider the super level
sets

Dλ = {x | ρ0(x) > λ‖ρ0‖∞}
and note that for any λ ∈ (0, 1) and α ∈ (0, 1) there exists a point x0 and a radius r0, such that

(3.33) |Br(x0) ∩Dλ| ≥ α |Br(x0)| ,
for any r ≤ r0. Both λ and α will be �xed very close to 1 later, which means the ball B = Br0(x0)
is almost entirely �lled with points where the value is close to ‖ρ0‖∞. To see that (3.33) holds,
let 1 > λ′ > λ and pick a point x0 of density 1 from the set Dλ′ . Let

C = Dλ ∩B
and for a parameter ε > 0 to be �xed later, such that G(ρ(1, ·)) ≤ ε, consider the collection of
open balls {B(x̃, ε) | x̃ ∈ Φ(C)}. The Vitali covering lemma allows us to extract a �nite disjoint
collection B(x̃1, ε), . . . , B(x̃n, ε) such that

(3.34)

∣∣∣∣∣
n⋃
i=1

B(x̃i, ε)

∣∣∣∣∣ ≥ |C|5d
.

For notational convenience set B̃i = B(x̃i, ε). Our goal is to show that

(3.35)

∣∣∣∣∣
n⋃
i=1

B̃i ∩ Φ(B)

∣∣∣∣∣ <
∣∣∣∣∣
n⋃
i=1

B̃i

∣∣∣∣∣ ,
since this implies that there exists a y ∈ B(xi, ε), such that Φ−1(y) /∈ B, and hence
|Φ−1(y) − Φ−1(xi)| > γr for some �xed number γr > 0 (depending on κ). Therefore, for



any ε < γr, we can repeat the argument in (3.32) which concludes the proof. To see (3.35), we
write

(3.36)

∣∣∣∣∣
n⋃
i=1

B̃i ∩ Φ(B)

∣∣∣∣∣ ≤
∣∣∣∣∣
n⋃
i=1

B̃i ∩ Φ(B \Dλ)

∣∣∣∣∣+

∣∣∣∣∣
n⋃
i=1

B̃i ∩ Φ(Dλ)

∣∣∣∣∣ = I + II ,

and note that since Φ is measure preserving and by (3.33) and (3.34), we have that

I =

∣∣∣∣∣
n⋃
i=1

B̃i ∩ Φ(B \Dλ)

∣∣∣∣∣ ≤ |B \Dλ| ≤ (1− α)|B| ≤ 1− α
α
|Dλ ∩B| ≤ 5d

1− α
α

n∑
i=1

∣∣∣B̃i∣∣∣ ,
which becomes arbitrarily small for α → 1. For II, we can argue that |B̃i ∩ Φ(Dλ)| cannot be
too large for every i, since ρ(1, ·) is mixed at scale ε:

(3.37) κ >
1

‖ρ0‖∞

∣∣∣∣−ˆ
B̃i

ρ(1, y) dy

∣∣∣∣ ≥ λ |Φ(Dλ) ∩ B̃i|
|B̃i|

−

(
1− |Φ(Dλ) ∩ B̃i|

|B̃i|

)
and thus

|Φ(Dλ) ∩ B̃i|
|B̃i|

≤ κ+ 1

λ+ 1
.

Note that by letting λ → 1, any upper bound s < 1+κ
2 can be achieved. By (3.36)-(3.37), it is

clear that we can choose λ > 0 and α > 0, such that∣∣∣∣∣
n⋃
i=1

B̃i ∩ Φ(B)

∣∣∣∣∣ ≤ 2κ+ 1

3

∣∣∣∣∣
n⋃
i=1

B̃i

∣∣∣∣∣ <
∣∣∣∣∣
n⋃
i=1

B̃i

∣∣∣∣∣ ,
which concludes the proof of Lemma 3.18 by (3.35) and below.

3.3.1.2. Proof of Lemma 3.17. Let ρ be the solution to the transport equation and let ϕ be
such that ρ = ∆ϕ, so that ‖ρ‖Ḣ−1 = ‖∇ϕ‖L2 . Multiplying the transport equation by ϕ, we
have that

ϕ∂t∆ϕ+ ϕdiv(u∆ϕ) = 0

Integrating the above equation over Td, the �rst term can be rewritten as

(3.38)

ˆ
ϕ∂t∆ϕdx = −

ˆ
∇ϕ · ∂t∇ϕdx = −1

2
∂t

ˆ
|∇ϕ|2 dx,

and for the second term we computeˆ
ϕdiv(u∆ϕ) dx = −

ˆ
∇ϕ · u∆ϕdx =

∑
i,j

ˆ
(ϕxiu

i)xjϕxj dx

=
∑
i,j

ˆ
ϕxiu

i
xjϕxj dx+

ˆ
ϕxixju

iϕxj dx

=

ˆ
Du · ∇ϕ · ∇ϕdx+

∑
i,j

1

2

ˆ (
ϕ2
xj

)
xi
ui dx

=

ˆ
Du · ∇ϕ · ∇ϕdx−

∑
j

1

2

ˆ
ϕ2
xj div u dx

=

ˆ
Du · ∇ϕ · ∇ϕdx .

(3.39)

And so, we have that

∂t

ˆ
|∇ϕ|2 dx = 2

ˆ
Du · ∇ϕ∇ϕdx ≥ −2L

ˆ
|∇ϕ|2 dx,



which by Grönwall yields

‖ρ(t, ·)‖Ḣ−1 ≥ ‖ρ(0, ·)‖Ḣ−1 exp(−CtL) ,

which concludes the proof of Lemma 3.17.

3.3.2. Fixed energy constraint. Following [25], in this section we consider the case of
�xed (kinetic) energy, i.e. there exists a constant C such that ‖u(t, ·)‖L2 ≤ C for all t ≥ 0. We
can establish a linear lower bound λ(t) = C − ct, which does not exclude the possibility of �nite
time perfect mixing (which means that there exists a time T <∞ such that ‖ρ(T, ·)‖Ḣ−1 = 0).

Remark 3.19 (�nite time perfect mixing vs. uniqueness). Note that the ability to mix
perfectly in �nite time under a certain constraint directly implies non-uniqueness of the Cauchy-
problem (2.1) in this setting: Let ρ0 be a non-trivial initial datum and u a velocity �eld, such
that the corresponding solution ρ is perfectly mixed at time t = 1, i.e. ‖ρ(1, ·)‖Ḣ−1 = 0. Then,
the pair

ũ(t, x) = −u(1− t, x) ρ̃(t, x) = ρ(1− t, x)

is a non-trivial solution to the Cauchy-problem (2.1) on the time interval [0, 1] with initial datum
˜ρ(0, ·) = 0. There are examples that mix perfectly in �nite time, such as the one by Depauw [17]

we mentioned in Section 2.2.2.

Lemma 3.20. Under �xed energy, the following linear lower bound holds

‖ρ(t, ·)‖Ḣ−1 ≥ ‖ρ(0, ·)‖Ḣ−1 − C‖ρ‖∞t ,

where C is universal.

Proof. For ρ = ∆ϕ, by (3.38) and (3.39) in the proof of Lemma 3.17, Hölder and the
Sobolev embedding, we have that

∂t

ˆ
|∇ϕ|2 dx = 2

ˆ
ϕdiv(u∆ϕ) dx

= −2

ˆ
u · ∇ϕ∆ϕdx

≥ −2‖u‖L2‖∆ϕ‖L∞‖∇ϕ‖L2 .

Since ‖∇ϕ‖L2 = ‖ρ(t, ·)‖Ḣ−1 and ∆ϕ = ρ, the above computation yields

d

dt
‖ρ(t, ·)‖Ḣ−1 ≥ −C‖ρ(0, ·)‖L∞ .

Integrating the above equation �nishes the proof. �

3.3.3. Fixed enstrophy constraint. Following [25], in this section we establish a lower
bound λ(t) = C(1 − ct)2/3 for dimensions d = 3 in the case of �xed enstrophy, i.e. there exists
a constant C, such that ‖∇u(t, ·)‖2 ≤ C. Note that this lower bound does not exclude the
possibility of �nite time perfect mixing. As stated before, the sharp exponential lower bound
λ(t) = C exp(−ct) (which also excludes �nite perfect mixing) will be presented in Section 3.4.
We note that the authors of [25] also establish a lower bound for d = 2 with a similar argument.

Lemma 3.21. Under �xed enstrophy in dimension d = 3, the following lower bound holds

‖ρ(t, ·)‖Ḣ−1 ≥ ‖ρ(0, ·)‖Ḣ−1

[
1− C

(
‖ρ‖L∞

‖ρ(0, ·)‖Ḣ−1

)3/2

× t

]2/3

,

where C is universal.



Proof. Similarly to the proof of Lemma 3.17, for ρ = ∆ϕ we computeˆ
ϕdiv(u∆ϕ) dx =

∑
i,j

ˆ
ϕxiu

i
xjϕxj dx

= −
∑
j

ˆ
ϕ

(∑
i

uixi

)
xj

ϕxj dx−
∑
i,j

ˆ
ϕuixjϕxjxi dx

= −
∑
i,j

ˆ
ϕuixjϕxjxi dx .

And so

∂t

ˆ
|∇ϕ|2 dx = −2

∑
i,j

ˆ
ϕuixjϕxjxi dx

= −2‖∇u‖L2‖ϕ‖L∞‖∇2ϕ‖L2

≥ −C‖∇u‖L2‖ϕ‖L∞‖ρ‖L2

Considering the above equation, our goal is to control ‖ϕ‖L∞ with ‖∇u‖L2 , as this would allow
us to perform Grönwall. Such interpolation equations exist for space dimensions d = 2 and 3
(see Doering and Gibbon [19]). On T3, there exists a constant C, such that

‖ϕ‖L∞ ≤ C‖∇ϕ‖1/2L2 ‖∆ϕ‖1/2L2 = C‖ρ(t, ·)‖1/2
Ḣ−1
‖ρ‖1/2L2 ,

which yields
d

dt
‖ρ(t, ·)‖Ḣ−1 ≥ −C‖∇u‖L2‖ρ(t, ·)‖−1/2

Ḣ−1
‖ρ‖3/2L2

And so

‖ρ(t, ·)‖Ḣ−1 ≥ ‖ρ(0, ·)‖Ḣ−1

[
1− C

(
‖ρ‖L∞

‖ρ(0, ·)‖Ḣ−1

)3/2

× t

]2/3

.

�

3.3.4. Fixed Palenstrophy constraint. Following [28] and [29], we establish a Gaussian
exponential lower bound λ(t) = C exp(−Ct2) under �xed palenstrophy, i.e. there exists a
constant C such that ‖∆u(t, ·)‖L2 ≤ C. As shown in Chapter 4, there exists an exponential
lower bound λ(t) = C exp(−Ct) in this setting, which means that the lower bound in Lemma 3.22
is not sharp.

Lemma 3.22. Under �xed palenstrophy, in dimension d = 2 the following lower bound holds

(3.40) ‖ρ(t, ·)‖H−1 ≥ ‖ρ0‖H−1 exp(−Ct2)

where C = C(‖∆u‖2, ‖ρ0‖∞, ‖ρ0‖H−1).

Proof. Similar to the proof of Lemma 3.17, for ρ = ∆ϕ using Hölder and the Sobolev
embedding (H1(T2) into Lp(T2) for all p ≥ 2) we compute

∂t

ˆ
|∇ϕ|2 dx = −2

ˆ
Du · ∇ϕ · ∇ϕdx

≥ −2‖∇ϕ‖2γ∞
ˆ
|Du||∇ϕ|2−2γ dx

≥ −2‖∇ϕ‖2γ∞‖∇u‖L1/γ‖|∇ϕ|2−2γ‖L1/(1−γ)

= −2‖∇ϕ‖2γ∞‖∇u‖L1/γ‖∇ϕ‖2(1−γ)
L2

≥ − 1
√
γ
‖∇ϕ‖2γ∞‖∆u‖L2

(
‖∇ϕ‖2L2

)1−γ
,



where 0 < γ ≤ 1/2. Writing z = ‖∇ϕ‖2L2 , the above inequality becomes

d

dt
z ≥ − 1

√
γ
‖∇ϕ‖2γ∞‖∆u‖L2z1−γ .

Dividing both sides by z1−γ , this yields

1

z1−γ
d

dt
z =

1

γ

d

dt
zγ − 1

√
γ
‖∇ϕ‖2γ∞‖∆u‖L2 .

Integrating in time this yields

(3.41) zγ(t) ≥ z(0)γ − 2
√
γ‖∇ϕ‖2γ∞

ˆ t

0

‖∆u‖L2 ds .

By Sobolev embedding we have that

(3.42) − ‖∇ϕ‖∞ ≥ −C‖ρ‖∞ = −C‖ρ0‖∞ .

Thus, taking the 1/γ-th root of (3.41) and using (3.42) we have

‖ρ(t·)‖2H−1 ≥
[
‖ρ0‖2γH−1 − 2

√
γC2γ‖ρ0‖2γ∞

ˆ t

0

‖∆u‖L2 ds

]1/γ

≥ ‖ρ0‖2γH−1

[
1− 2

√
γ

(
C2‖ρ0‖∞
‖ρ0‖H−1

)2γ ˆ t

0

‖∆u‖L2 ds

]1/γ

≥ ‖ρ0‖2H−1

[
1−√γβ

ˆ t

0

‖∆u‖L2 ds

]1/γ

(3.43)

where β = max
{

2, 2
(
C2‖ρ0‖∞
‖ρ0‖H−1

)}
, since for γ ∈ (0, 1/2] the maximum of

(
C2‖ρ0‖∞
‖ρ0‖H−1

)2γ

is attained

either at γ = 0 or γ = 1/2.

Denote A(t) = β
´ t

0
‖∆u‖L2 ds. For a given t > 0, choose γ small enough, such that

√
γA(t) =

1

2
.

By (3.43), this yields

(3.44) ‖ρ(t, ·)‖2H−1 ≥ ‖ρ0‖2H−12−4A(t)2 ≥ ‖ρ0‖2H−1 exp(− ln 16 ·A(t)2) .

By Hölder and since u has �xed palenstrophy, we have that

A(t) = β

ˆ t

0

‖∆u‖L2 ds ≤ βt1/2
(ˆ t

0

‖∆u‖2L2 ds

)1/2

≤ Cβt ,

which by (3.44) �nally yields

‖ρ(t, ·)‖2H−1 ≥ ‖ρ0‖2H−1 exp(−Cβ2t2) ,

which �nishes the proof. �

3.4. Mixing under �xed Enstrophy

In the following section we collect the results proving a sharp exponential lower bound
λ(t) = C exp(−ct) under a uniform-in-time bound on the Ḣ1 norm of the velocity �eld u (�xed

enstrophy constraint), or more generally, a uniform-in-time bound on the Ẇ 1,p norm, where
p > 1

(3.45) sup
t>0
‖∇u(t, ·)‖p ≤ 1 ,

to which we will also refer with a slight abuse of terminology as a "�xed enstrophy constraint".
Note that throughout this section we will switch between the (equivalent) de�nitions lower bound



(exponential) and minimal cost estimate (logarithmic) (see De�nitions 3.12 and 3.13).

In Section 3.4.1 we will brie�y state Bressan's mixing conjecture, which covers the case p = 1.
In Section 3.4.2 we discuss the results of Crippa and De Lellis [14], who prove an exponential
lower bound for the geometric mixing scale, as well as the results by Iyer, Kiselev and Xu [23]
and Seis [33], who match these results for the functional mixing scale. In Section 3.4.3 we dis-
cuss di�erent explicit examples of solutions that saturate the exponential bound and therefore
prove its sharpness. We �rst present a numerical simulation by Lin et al. [25], followed by two
explicit analytical examples of cellular type by Alberti, Crippa and Mazzucato [4] and Yao and
Zlato² [37].

3.4.1. Bressan's mixing conjecture. The following minimal cost estimate is a conjec-
ture by Alberto Bressan, which was �rst stated in the paper "A Lemma and a Conjecture on the
Cost of Rearrangements" [10]. The conjecture was motivated by a lemma in said paper, proving
a minimal cost estimate for rearranging books in a book shelf from a mixed to an unmixed state.
In this one-dimensional, discrete setting, one can prove a minimal cost of order | log ε|, assuming
the book shelf is originally mixed to scale ε in the geometric sense. Bressan's mixing conjecture
states that the same logarithmic minimal cost (measured by the total variation) also holds in
the continuous, multi-dimensional case.

Consider the two-dimensional torus T2 = R2/Z2 with coordinates x = (x1, x2) ∈ [0, 1) × [0, 1).
Consider the set

A = {(x1, x2); 0 ≤ x2 ≤ 1/2} ⊂ T2 .

Φ

T = 0 T = 1

A

A′

ε

Figure 11. Setting of Bressan's mixing conjecture

Conjecture (Bressan's mixing conjecture). Let u : [0, 1] × T2 → R2 be a smooth, in-
compressible, time dependent velocity �eld and let ρ solve the Cauchy problem (1.1) with initial
datum ρ0 = 1A − 1A′ . Let us further �x an accuracy parameter 0 < κ < 1 and assume that
G(ρ(1, ·)) ≤ ε (i.e. at time T = 1, in every ball of radius ε there is a signi�cant portion of both
black and white particles). Then the following minimal cost estimate holds

(3.46)

ˆ 1

0

‖∇xu(t, ·)‖L1(K) dt ≥ C| log ε| ,

where C = C(κ).

Remark 3.23. Bressan's mixing conjecture is unsolved up to this point. Another way to
motivate the logarithmic rate in the conjecture is presented in Lemma 3.18, where the simple
L∞-analogue result is proven. As presented in Section 3.4.2, Crippa and De Lellis [14] proved a
slightly weaker result, replacing the (spatial) L1 norm in the conjecture by any Lp norm, where
p > 1.



3.4.2. Exponential Lower Bounds. The exponential lower bound λ(t) = C exp(−ct)
under �xed enstrophy was �rst shown for the geometric mixing scale by Crippa and De Lel-
lis [14] (see Theorem 3.25) and later for the functional mixing scale by Iyer, Kiselev and Xu [23]
and Seis [33] (see Theorems 3.26 and 3.27).

The key element in all three proofs is a is a regularity result for regular Lagrangian �ows,
which we introduced in Chapter 2 (see Theorem 3.24 below). It is a Lusin-type regularity esti-
mate, that asserts that the �ow X is Lipschitz continuous on an arbitrarily large set Ec, with an
explicit estimate on the Lipschitz constant that grows, the larger Ec becomes. The geometric
idea of the proofs is similar to the one in Lemma 3.21 and can be reviewed as a motivation. The
proofs therefore heavily rely on a result on the ODE side. It is an open question, whether the
exponential lower bound can be established via energy estimates on the PDE side, such as for
the results in Section 3.3.

Theorem 3.24 (regularity result by Crippa and De Lellis [14]). Let Φ(x) = Ψ(1, x) be the
�ow map of the (incompressible) vector �eld u, let p > 1 be given. For every η > 0, there exists
a set E ⊂ Q and a constant C = C(p), such that |E| ≤ η and

(3.47) Lip(Φ−1|Ec) ≤ exp

(
C

η1/p

ˆ 1

0

‖∇u(s, ·)‖Lp ds
)
.

Here

Lip(Φ−1|Ec) := sup
x,y∈Ec
x 6=y

∣∣Φ−1(x)− Φ−1(y)
∣∣

|x− y|

is the Lipschitz constant of Φ−1 on Ec.

Theorem 3.25 (minimal cost estimate by Crippa and De Lellis [14]). Let p > 1 and let the
velocity �eld u be as in Bressan's mixing conjecture (as in Section 3.4.1). Then there exists a
constant C = C(p, κ) such that, if Φ mixes the set A up to scale ε, then

(3.48)

ˆ 1

0

‖∇xu(t, ·)‖Lp(K) dt ≥ C| log ε|

for every 0 < ε < 1/4.

Proof of Theorem 3.25. We will only sketch the idea of the proof, since a similar proof
will be performed in detail for Theorem 4.14. As mentioned above, the geometric idea is similar
to the proof of Lemma 3.21. The main challenge is essentially to set the size η = |E| of the
problematic set of non-Lipschitz points E in Theorem 3.24 small enough, such that it does not
interfere with the arguments in the proof of Lemma 3.21. �

Theorem 3.26 (Exponential lower bound by Iyer, Kiselev and Xu [23]). Let u be a smooth
incompressible vector �eld on Td and let ρ solve (1.1) with periodic boundary conditions and L∞

initial data ρ0. for any p > 1 and λ ∈ (0, 1) there exists a length scale r0 = r0(ρ0, λ), an explicit
constant ε0 = ε0(λ, d), and a constant c = c(d, p) such that

(3.49) ‖ρ(t)‖H−1 ≥ ε0rd/2+1
0 ‖ρ0‖L∞ exp

(
−c
|Aλ|1/p

ˆ t

0

‖∇u(s, ·)‖Lp ds

)
.

Here Aλ is the super level set {ρ0 > λ‖ρ0‖L∞}.

Proof sketch of Theorem 3.26. Similar as in the proof of Lemma 3.21, by considering
level sets Aλ = {ρ > λ‖ρ‖L∞}, one can essentially reduce the general case ρ0 ∈ L∞ to the case
of binary initial data. The main observation is, that if ‖ρ‖H−1 ≤ δ2, then every ball of order δ
that contains points of Aλ, containts points of B = Acλ, in other words Aλ and B are mixed at
scale ≤ δ in a geometric sense. By Theorem 3.25, this in turn yields (3.49). �



Seis [33] proved the exponential lower bound with an optimal transport estimate, inspired
by the functional estimate in the proof of Theorem 2.21.

Theorem 3.27 (exponential lower bound by Seis [33]). Let 1 < p ≤ ∞. There exist
constants c, C > 0 depending on p and d only such that for ever t > 0

[ρ0]BV ‖ρ(t, ·)‖Ḣ−1 ≥ C exp

(
−c

ˆ t

0

‖∇u‖Lp ds
)
.

3.4.3. Examples saturating the exponential decay. In the following section we will
present two explicit examples of velocity �elds that mix at an exponential rate under �xed en-
strophy and therefore prove the sharpness of the lower bound established in Section 3.4.2. Before
the publication of those examples, the sharpness of the exponential lower bound was predicted
by a numerical simulation, which we will present �rst.

3.4.3.1. Numerical simulation by Lin, Thi�eault and Doering [25]. The main idea is to
determine at each instant the velocity �eld that maximizes the depletion of the functional
mixing scale Ḣ−1 under �xed enstrophy. In order to determine this �eld, we multiply (1.1) by
−∆−1ρ and integrate over the spatial domain. Integrating by parts we getˆ

∂tρ(−∆−1ρ) dx =

ˆ
div(uρ)(∆−1ρ) dx

and so

1

2

d

dt
‖ρ‖2

Ḣ−1 =
1

2

d

dt

ˆ
(∇∆−1ρ)2 dx = −

ˆ
ρu · (∇∆−1ρ) dx =

ˆ
u · P(ρ∇(−∆−1)ρ) dx,

where

P(v) = v −∇∆−1(∇ · v)

is the projector onto divergence free �elds. Hence, in order to maximize the depletion of the
Ḣ−1 norm, we are looking for u such that{

u
∣∣∣ max
‖∇u‖L2≤1

ˆ
∇u : ∇−1P(ρ∇(∆−1)ρ) dx

}
which is given when ∇u is pointing in the direction of ∇−1P(ρ∇(−∆−1)ρ), which means that

u =
−∆−1P(ρ∇(−∆−1)ρ)

‖∇−1P(ρ∇(−∆−1)ρ)‖L2

,

as long as the denominator is not equal to zero. A computational test for the initial distribution
ρ0(x, y) = sin(x) yields an exponential decay.

3.4.3.2. Two Cellular Examples. In the following section we will review two explicit analyt-
ical examples of solutions to the continuity equation (1.1) that saturate the exponential decay
of both the geometric and the functional mixing scale under a �xed enstrophy constraint. Both
examples are using the same basic structure for the construction, a basic structure we will later
formalize and refer to as �of cellular type�. Roughly speaking, the idea is the following.

We start with an initial condition ρ0 with zero average on the 2-dimensional square Q (or
T2). In a �rst step we subdivide Q into 4 disjoint sub-squares D1, . . . , D4 of equal size. We
now construct a velocity �eld u0 in such a way that the solution ρ(1, ·) has zero average on
each of the sub-squares, meaning that the tracer gets equally distributed among D1, . . . , D4, as
schematically visualized in Figure 12.

We continue inductively by subdividing each Di into four equal sub-squares and distributing
the tracer equally among those sub-squares with tracer movements localized in Di respectively,
and so forth. In a sense, in each step the problem of mixing on a large area is transferred into



Figure 12. First two steps of a cellular �ow

the problem of separately mixing on four smaller areas.

Using a cellular type structure for the construction of mixing �ows holds many bene�ts. In
addition to the convenient inductive nature of the construction, a crucial bene�t of this struc-
ture is that it allows to keep track of both the geometric and the functional mixing scale at all
times (see Lemma 3.29).

We now formalize the notion of subdividing Q into a family of disjoint sub-squares:

Definition 3.28 (Tiling on Q). Let a tiling parameter λ > 0, such that λ−1 is an integer
greater or equal two, be given. We denote by Tλ the tiling of Q with squares of side λ, consisting
of the 1/λ2 open squares in Q of the form{

(x, y) ∈ Q : −1

2
+ kλ < x < −1

2
+ (k + 1)λ and − 1

2
+ hλ < y < −1

2
+ (h+ 1)λ

}
for k, h = 0, . . . , 1/λ− 1.

λ

Figure 13. Tiling with tiling parameter λ

The next lemma states that if the tracer ρ is equally distributed among all sub-squares
Q ∈ Tλ, then both the geometric and the functional mixing scales of ρ are of order λ or better:

Lemma 3.29. Let ρ be a bounded function such that

(3.50) −
ˆ
Q

ρ dy = 0

for every tile Q ∈ Tλ. Then there exist constants C1 = C1(κ) and C2 = C2(‖ρ‖∞) such that

(i) G(ρ) ≤ C1λ,
(ii) ‖ρ‖Ḣ−1 ≤ C2λ.

Proof. (i) We extend the tiling Tλ on Q to a tiling T̃λ on the entire plane R2 (with tiles of

side λ). Since ρ is identically zero outside of Q, condition (3.50) is ful�lled by all Q ∈ T̃λ. The



rest of the argument is precisely Lemma 3.5 in [4] with C1 = 4
√

2
κ : For any x ∈ R2 we compute∣∣∣  

Bε(x)

ρ
∣∣∣≤ 1

πε2

∑
Q∈Tλ

Q⊂Bε(x)

∣∣∣ ˆ
Q

ρ
∣∣∣+

1

πε2

∑
Q∈Tλ

Q∩∂Bε(x)6=∅

ˆ
Q

|ρ|

=
1

πε2

∑
Q∈Tλ

Q∩∂Bε(x) 6=∅

ˆ
Q

|ρ|

≤ ‖ρ‖L
∞

ε2

(
(ε+

√
2λ)2 − (ε−

√
2λ)2

)
= 4
√

2
λ

ε
‖ρ‖L∞ ≤ κ‖ρ‖L∞ ,

as long as ε ≥ 4
√

2
κ λ.

(ii) We use the Poincaré inequality

‖u− uQ‖Lp(Q) ≤ Cλ‖∇u‖Lp(Q)

where Q ∈ Tλ, uQ = −́
Q
u and C = C(p), as well as the de�nition of the Ḣ−1 norm via duality

(3.51) ‖ρ‖Ḣ−1(R2) = sup

{ˆ
R2

ρ(x)ξ(x) dx : ‖∇ξ‖L2(R2) ≤ 1

}
.

Now let ξ such that ‖∇ξ‖L2 ≤ 1 be given. Then∣∣∣∣ˆ
R2

ρ(x)ξ(x) dx

∣∣∣∣ ≤ ∑
Q∈Tλ

∣∣∣∣ˆ
Q

ρ(x)ξ(x) dx

∣∣∣∣
≤
∑
Q∈Tλ

ˆ
Q

|ρ(x)(ξ(x)− ξQ)| dx+

∣∣∣∣ˆ
Q

ρ(x)ξQ dx

∣∣∣∣
≤ ‖ρ‖∞

∑
Q∈Tλ

‖ξ − ξQ‖L1(Q)

≤ C‖ρ‖∞λ
∑
Q∈Tλ

‖∇ξ‖L1(Q)

= C‖ρ‖∞λ‖∇ξ‖L1(Q) ≤ C‖ρ‖∞λ‖∇ξ‖L2(Q)

≤ C‖ρ‖∞λ .

(3.52)

Combining (3.52) with (3.51), we can choose C2 = C‖ρ‖∞.
�

3.4.3.3. Example by Alberti, Crippa and Mazzucato [4]. We �x a tiling parameter λ > 0 and
a time parameter τ > 0 and de�ne the time steps

(3.53) Tn =

n−1∑
i=0

τ i for n = 1, 2, . . . ,∞ .

The key element in the construction is a velocity �eld u0 with corresponding solution ρ0 on the
two dimensional square Q de�ned in the time interval 0 ≤ t ≤ 1 (see Figure 14), such that

(i) u0 is bounded in Ẇ s,p(R2) uniformly in time and divergence free and tangent to ∂Q ;
(ii) For each Q ∈ Tλ we have that

ρ0(1, x) = ρ0

(
0,
x− rQ
λ

)
for each x ∈ Q ,

where rQ is the center of the square Q.



u0

t = 0 t = 1

Figure 14. Example of a self-similar basic building block

This pair of velocity �eld u0 with corresponding solution ρ0 serves as a basis, or a basic building
block for the remainder of the construction of the velocity �eld u with corresponding solution
ρ, in the sense that in each time interval [Tn, Tn+1), we write u and ρ as the sum of rescaled
translations of u0 and ρ0, respectively, as we are going to describe now.

For times Tn ≤ t < Tn+1, in any tile Q ∈ Tλn we set u and ρ as

(3.54) u(t, x) =
λn

τn
u0

(
t− Tn
τn

,
x− rQ
λn

)
and ρ(x, t) = ρ0

(
t− Tn
τn

,
x− rQ
λn

)
,

where rQ is the center of the cube Q. Note that, since ρ0(0, ·) is mean-free, conditions (ii) and
(3.54) imply that

(3.55) −
ˆ
Q

ρ(t, y) dy = 0

for all Q ∈ Tλn and all Tn ≤ t < Tn+1, which by Lemma 3.29 ensures that mix(ρ(t, ·)) ≤ Cλn

on [Tn, Tn+1). In a last step, a scaling argument shows that

(i) if u is bounded in Ẇ 1,p(R2) uniformly in time (enstrophy constraint), we can set the
time parameter τ = 1, which yields an exponential decay:

G(ρ(t, ·)) ≤ Cλt and ‖ρ(t, ·)‖Ḣ−1(R2) ≤ Cλ
t ;

(ii) if u is bounded in Ẇ s,p(R2), where s > 1 uniformly in time (palenstrophy constraint),
it is necessary to set the time parameter τ > 1, which yields the following polynomial
decay:

(3.56) G(ρ(t, ·)) ' Ct−
1
s−1 and ‖ρ(t, ·)‖Ḣ−1(R2) ' Ct

− 1
s−1 .

Remark 3.30 (Sketch of the proof). The main challenge in the proof is to construct a
basic building block (u0, ρ0) as the one in Figure 14 in this restrictive setting. Note for instance
that this particular example cannot exist if u is Lipschitz continuous, since its (continuous) �ow
has to conserve the connectedness of the set of black particles. As shown in Figure 15 (taken
from [4]), the construction involves a detailed description of how one can split the set of black
particles in this setting: One creates a tube-like region in the middle, which can then be pinched
by a horizontal compression in order to induce the split.

Figure 15. First step in the construction: Separating the set of black particles
in two.



Apart from the time where the separation of the set occurs, the velocity �eld is smooth. The
details of the construction are very involved, which is why we choose to skip the proof.

Remark 3.31. Note that even though the cellular structure is a restriction, in this partic-
ular setting it does not slow down the mixing process in signi�cant way, as the maximal decay
rate can be achieved by a cellular example. This is not always the case, however, as we will see in
Chapter 4. The main objective of this chapter will be to show that under a �xed palenstrophy,
the decay rate cannot be better than the one in (3.56) for cellular �ows, which is slower than
the exponential lower bound in this setting.

3.4.3.4. Example by Yao and Zlato². Another explicit example of cellular type that saturates
the exponential lower bound under �xed enstrophy was constructed by Yao and Zlato² [37].

To be more precise, the authors achieve the maximal rate in the case u ∈ L∞t (Ẇ 1,p), where

p ∈ (1, 3+
√

5
2 ) and achieve sub-exponential rates for p ≥ 3+

√
5

2 (see Theorem 3.32, in minimal
cost form).
It is also interesting to note that these results hold with some universality with respect to the
initial datum, in the sense that for every ρ0 ∈ L∞ there exists a velocity �eld u that mixes up
ρ0 at an exponential rate. Note that there is a di�erence between this and a universal mixer,
which would be a �xed velocity �eld u that mixes up all initial data ρ0. In fact, in Section 4.4.4
we will show that no cellular velocity �eld can be a universal mixer.

Theorem 3.32. Consider incompressible �ows u : Q×R+ → R2 satisfying (3.45) for some
p ∈ [1,∞] and the no-�ow boundary condition on ∂Q × R+. For each p ∈ [1,∞], there is a
constant Cp <∞ such that for any mean-zero ρ0 ∈ L∞(Q) the following holds.

(i) If p ∈ [1, 3+
√

5
2 ), then there is u as above which, for any κ, ε ∈ (0, 1

2 ) κ-mixes ρ0 to
scale ε in time Cp| log(κε)|.

(ii) If p = 3+
√

5
2 , then there is u as above which, for any κ, ε ∈ (0, 1

2 ) κ-mixes ρ0 to scale ε

in time Cp| log(κε)|| log | log(κε)|
κ |1/p.

(iii) If p ∈ ( 3+
√

5
2 ,∞] and vp := p2−3p+1

3p2−p (so vp ≤ 1
3 and v∞ = 1

3), then there is u as above

which, for any κ, ε ∈ (0, 1
2 ) κ-mixes ρ0 to scale ε in time Cpκ

−vp | log(κε)|1+vp log | log(κε)|.

We will not present the proof of Theorem 3.32 and instead prove the following simple BV -
analogue lemma, since this captures the geometric idea behind the example well, while skipping
all technicalities arising from the regularity restrictions.

Lemma 3.33 (BV - analogue result). For each ρ0 ∈ L∞(Q) there exists a velocity �eld
u = u(ρ0) such that supt>0 ‖u(t, ·)‖ḂV(Q) ≤ C1 and

(3.57) G(ρ(t, ·)) ≤ C2e
−C3t and ‖ρ(t, ·)‖Ḣ−1 ≤ C4e

−C5t ,

with absolute constants C1, . . . , C5 independent of ρ0.

Proof. As in the previous section, we choose time steps Tn = n and �x the tiling parameter
λ = 1

2 . By Lemma 3.29, it is su�cient to show that

(3.58)

ˆ
Q

ρ(n, x) dx = 0

for all Q ∈ Tλn , which we will do by induction over n. For n = 0 (3.58) holds, since the initial
datum ρ0 is mean-free.

n → n + 1: The geometric idea is shown in Figure 16. Fix any Q ∈ Tλn . By assumption,
we have that

´
Q
ρ(n, x) dx = 0. We rotate the solution ρ within Q, until the tracer is evenly



distributed among the left and the right side of Q, i.e. until a time t∗ = t∗(Q) ∈ [n, n+ 1
2 ), such

that ˆ
Ql

ρ(t∗, x) dx =

ˆ
Qr

ρ(t∗, x) dx = 0 ,

where Ql is the left and Qr is the right side of Q. Then we set u|Q = 0 on [t∗, n+ 1
2 ). We then

rotate the solution within Ql until the tracer is evenly distributed among the upper and lower
half of Ql, i.e. until a time t′ = t′(Ql) ∈ [n+ 1

2 , n+ 1) such thatˆ
Qul

ρ(t′, x) dx =

ˆ
Qll

ρ(t′, x) dx = 0 ,

where Qul is the upper and Qll the lower half of Ql. Then we set u|Ql = 0 on [t′, n+ 1). We do
the same (independently) for Qr. Note that{

Qul , Q
l
l, Q

u
r , Q

l
r for Q ∈ Tλn

}
= Tλn+1 ,

and hence by construction ˆ
Q

ρ(n+ 1, x) dx = 0

for all Q ∈ Tλn+1 , which concludes the proof.

��
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��
��
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��
��

t = t′t = n t = t∗

Figure 16. Evolution of cell Q ∈ Tλn during time interval [n, t′].

What is left to do is to de�ne the rotations and to prove that times t∗ and t′ as above exist.
Consider the following divergence-free velocity �eld ū ∈ L∞ ∩ BV

ū(x1, x2) = ∇⊥η(x1, x2), where η(x1, x2) = max(|x1|, |x2|)2 ,

Figure 17. velocity �eld ū.

which will serve as a basic building block, in the sense that u can be written as the sum of
rescaled versions of ū. Note that the �ow rotates Q by 180 degrees at t = 1

2 , and hence we have
that

(3.59)

ˆ
Ql
ρ (0, x) dx = −

ˆ
Ql
ρ

(
1

2
, x

)
dx ,

where Ql is the left side of Q. Since

g(t) =

ˆ
Ql
ρ (t, x) dx



is continuous, there exists a t∗ ∈ [0, 1
2 ) such that

(3.60)

ˆ
Ql
ρ (t∗, x) dx = 0 .

To de�ne u, for Q ∈ Tλn on the time interval [n, t∗] we set

u|Q(x) = λnū

(
x− rQ
λn

)
,

where rQ is the center of Q and t∗ is chosen, so that
´
Ql
ρ (t∗, x) dx = 0 , which exists due to

the same arguments as (3.59)-(3.60). On the time interval [ 1
2 , t
′) we simply rescale ū to �t on

the rectangles Ql and Qr, i.e. for instance

u(x1, x2) = ū
(
λ−(n+1)(x1 − rQx1 ), λ−n(x2 − rQx2 )

)
where rQ = (rQx1 , rQx2 ) is the center of Ql. Lastly, note that since ū is tangent to ∂Q, on for

t ∈ [n, n+ 1] we compute

‖u(t, ·)‖ḂV(Q) =
∑

Q∈Tλn
‖u(t, ·)‖ḂV(Q) ≤ C‖ū‖ḂV(Q) ,

and therefore u is uniformly bounded in BV. �



CHAPTER 4

Cellular Mixing with �xed Palenstrophy

Abstract. In the following chapter we present the paper "Cellular mixing with bounded palen-
strophy" by G. Crippa and S. [16]. The main objective is to show that under a uniform-in-time

bound on the Ẇ s,p norm, where s, p > 1, every example of cellular type mixes at most at a
polynomial rate. It is believed that the exponential lower bound under this constraint is sharp,
which has been proven by Elgindi and Zlato² [21] for a certain range of (s, p). Therefore, the
cellular structure seems to signi�cantly limit the mixing process and is not a good choice for
constructing optimal mixers in this setting.

4.1. Introduction

As in the previous chapter, we study the problem of optimal mixing of a passive scalar ρ
advected by an incompressible �ow on the two dimensional unit square. The scalar ρ solves
the continuity equation with a divergence-free velocity �eld u with uniform-in-time bound on
the Ḣ2 norm (�xed palenstrophy constraint), or more generally, a uniform-in-time bound on the

Ẇ s,p norm, where s > 1 and 1 < p ≤ ∞, to which we will also refer with a slight abuse of
terminology as a ��xed palenstrophy� constraint.

It is well known that for velocity �elds with the above constraint, the mixing scales cannot decay
faster than exponentially (see Section 4.2.1 below). Numerical simulations by Lin et al [28] sug-
gest that this exponential lower bound is sharp. This was later veri�ed by Elgindi and Zlato² [21]

for the range of (s, p) where s < 1+
√

5
2 and p ∈ [1, 2

2s+1−
√

5
]. The authors construct explicit

examples of time-periodic velocity �elds for this range of (s, p) that mix at an exponential rate.

We analyze velocity �elds of cellular type, which we brie�y touched on in the previous chap-
ter without giving a formal de�nition. In short, velocity �elds of cellular type have a special
localized structure and are often used in constructions of explicit analytical examples of mixing
�ows. The cellular �ow can be viewed as a generalization of the self-similar construction by Al-
berti, Crippa and Mazzucato [4] and the example by Yao and Zlato² [37], which we summarized
in Section 3.4.

The main result of this chapter is to show that for any velocity �eld of cellular type with
�xed palenstrophy, both mixing scales cannot decay faster than polynomially. Therefore, under
the assumption that the exponential lower bound is sharp, velocity �elds of cellular type should
be dismissed as candidates for optimal mixers under this constraint. This is in accordance with
the example in [21], which is time-periodic and therefore not of cellular type.

As a side result we also show that velocity �elds of cellular type cannot be universal mixers,
meaning that a �xed velocity �eld of cellular type cannot mix every initial condition (regardless
of mixing rate).
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Structure of this chapter. The rest of this chapter is organized as follows. Section 4.2 is a
collection of preliminary results. We show the exponential lower bounds under �xed palenstrophy
and summarize the results of the numerical simulation by Lin et al. [28], as well as the analytical
example by Elgindi and Zlato² [21].
In Section 4.3 we present and prove the Main Theorem of [16]. In Section 4.3.1 we state
the precise de�nition of a cellular �ow (De�nition 4.6). In Section 4.3.2 we state the Main
Theorem and describe the strategy for its proof. The proof consists of two main steps: a minimal
cost estimate, which we show in Section 4.3.3, and a scaling argument which we implement in
Section 4.3.4.
Section 4.4 serves as the appendix of this chapter. In Section 4.4.1 we collect the proofs of
certain auxiliary lemmas of Section 4.3, which we skipped for readability. In Section 4.4.5 we
give further remarks on the precise de�nition of a cellular �ow and discuss the consequence of
relaxing the conditions. In Section 4.4.4 we show that velocity �elds of cellular type cannot be
universal mixers.

4.2. Preliminary Results

4.2.1. Lower bounds. Combining the exponential lower bounds under �xed enstrophy for
both mixing scales, which we presented in Theorem 3.25 and Theorem 3.49, with the (fractional)
Poincaré inequality

(4.1) ‖u(t, ·)‖Ẇ s,p(R2) ≥ Cs,p‖u(t, ·)‖Ẇ 1,p(R2) ,

which holds for all velocity �elds u as in our setting, we immediately inherit an exponential
lower bound for both the geometric and the functional mixing scale under �xed palenstrophy as
well. See (4.25) for the de�nition of the fractional Sobolev norm and Lemma 4.15 for the proof
of the fractional Poincaré inequality.

We also want to mention that a more direct approach in [29], [29] yields a (suboptimal) lower

bound λ(t) = exp(−Ct2) for the Ḣ−1 mixing norm in the case of �xed palenstrophy (see Sec-
tion 3.3.4).

4.2.2. Numerical simulation by Lunasin et al. In a numerical simulation, Lunasin,
Lin, Novikov, Mazzucato and Doering [28] demonstrate an example of a velocity �eld that mixes
at an exponential rate under �xed palenstrophy. The strategy used is similar to the optimal
stirring strategy introduced by Lin et al. [25] under �xed enstrophy, which we presented in
Section 3.4. One determines the velocity �eld that instantaneously maximizes the depletion of
the Ḣ−1 norm under �xed palenstrophy. We once again write

1

2

d

dt
‖ρ‖2

Ḣ−1 =

ˆ
u · P(ρ∇(−∆−1)ρ) dx ,

where

P(v) = v −∇∆−1(∇ · v)

is the projector onto divergence free �elds. Hence, in order to maximize the depletion of the
Ḣ−1 norm, we are looking for u such that{

u | max
‖∆u‖L2≤1

ˆ
∆u ·∆−1P(ρ∇(∆−1)ρ) dx

}
,

which is given when ∆u is pointing in the direction of ∆−1P(ρ∇(−∆−1)ρ), which means that

u =
−∆−2P(ρ∇(−∆−1)ρ)

‖∆−2P(ρ∇(−∆−1)ρ)‖L2

.

A numerical simulation with initial datum ρ0(x, y) = sin(x) demonstrated an exponential decay.



Figure 18. Snapshot of simulation with ρ0(x, y) = sin(x)

Figure 18 presents a series of snapshots of the numerical simulation with initial datum
ρ0(x, y) = sin(x). Note that the �ow of the velocity �eld in the numerical simulation by
Lunasin et al. [28] does not appear to create localized structures anywhere. The �ow is therefore
de�nitely not of cellular type, since the increased localization of the �ow is one of the de�ning
characteristics. Both results therefore suggest that in order to construct a velocity �eld which
mixes at an exponential rate under �xed palenstrophy, one needs to take a velocity �eld which
moves the passive scalar at unit scale at all times (see also [32] for another numerical simulation).

4.2.3. Analytical Example by Elgindi and Zlato². The authors of [21] construct uni-
versal mixers for all dimensions d ≥ 2 that mix any initial datum with at least some regularity
at an exponential rate. The velocity �elds are periodic in time and uniformly bounded in Ẇ s,p

for the range of (s, p) where s < 1+
√

5
2 and p ∈ [1, 2

2s+1−
√

5
].

The main idea is to construct a velocity �eld with the above constraints in such a way that
its �ow at time t = 1 is equal to Baker's map, and then to repeat with period 1. Baker's map
is well studied in the �eld of dynamical systems and is well known for its strong mixing ability.
The real challenge lies in �nding a suitable velocity �eld for the intermediate times, which both
satis�es the uniform boundedness in Ẇ s,p for s > 1 and p > 1, and allows to control the mixing
norms for non-integer times.

To be more precise, at time t = 1 the �ow is equal to the folded Baker's map T : Q → Q,
which is given by (excluding a negligible set of points)

T (x, y) =

{
−(2x, y2 ) + (1, 1

2 ) x ∈ (0, 1
2 )

(2x, y2 ) + (−1, 1
2 ) x ∈ ( 1

2 , 1) .

The action of the map T is schematically illustrated in Figure 19 and is realized by the velocity

1 2
2

1

T

t = 0 t = 1

Figure 19. Action of the map T



�eld in the following way. Note that T can be obtained by rotating the right half counter-
clockwise by 90◦ and the left half clock wise by 90◦, followed by a counter-clockwise rotation of
Q by 90◦ (see Figure 20). The velocity �eld rotating Q is the one used in the example by Yao

1 2
2

1

t = 0 t = 1

1

2

Figure 20. Action the velocity �eld v

and Zlato² [37] (see Section 3.4), which can be rescaled to rotate halves.

4.3. Cellular Mixing with �xed Palenstrophy

As summarized in Section 3.4, in the setting of �xed enstrophy there are examples of velocity
�elds of cellular type which saturate the sharp exponential lower bound, which means that in
this setting the cellular structure does not slow down the mixing process in a signi�cant way.
However, the scaling computations performed for the cellular self-similar example [4] rule out the
possibility of exponential mixing under �xed palenstrophy for this particular cellular example.
In fact, the authors show the following polynomial decay:

G(ρ(Tn, ·)) ' CT
− 1
s−1

n and ‖ρ(Tn, ·)‖Ḣ−1(R2) ' CT
− 1
s−1

n .

Our main objective in this paper is to show that in the case of a palenstrophy constraint, also
the (more general) cellular structure has the e�ect to slow down the mixing to a polynomial rate.

The precise de�nition of a cellular structure will be presented in De�nition 4.6 and is moti-
vated by the ideas presented in Section 3.4.

Figure 21. First two steps of a cellular �ow

First of all we will make sure that in each iteration, the solution gets evenly distributed
among a �ner subtiling, as shown in Figure 21 for the �rst two iterations. We make one further
assumption. For reasons explained in more detail in Remark 4.8, we add a condition which keeps
a mixer from mixing too well before entering the next iteration. Without such a condition, one
would be allowed to mix arbitrarily well on unit scale before restricting the tracer movements
on smaller scales. We note that the examples in [4] and [37] ful�ll this additional condition as
well.

Main Result. With a velocity �eld of cellular type no decay faster than polynomial can
be achieved under a �xed palenstrophy constraint on the velocity �eld. More precisely, for any



evolution of cellular type with a velocity �eld u ∈ L∞t (Ẇ s,p), where s > 1, the corresponding
solution ρ satis�es

G(ρ(Tn, ·)) ≥ CT
− 1
s−1

n and ‖ρ(Tn, ·)‖Ḣ−1(R2) ≥ CT
− 1
s−1

n

for time steps Tn that are speci�ed later.

Going back to the previously mentioned cellular self-similar example [4], our result states that
the polynomial decay is not due to the speci�c �geometrically rigid� assumption of self-similarity,
but rather to a more general constraint of increased localization of the particles.

4.3.1. De�nition of cellular �ows. In this section we introduce our notion of cellular
�ow. Since the de�nition is inspired by the self-similar cellular example, the reader is advised
to brie�y revise Section 3.4. We refresh the de�nition of the tiling on Q.

Definition 4.1 (Tiling on Q). Let a tiling parameter λ > 0, such that λ−1 is an integer
greater or equal two, be given. We denote by Tλ the tiling of Q with squares of side λ, consisting
of the 1/λ2 open squares in Q of the form{

(x, y) ∈ Q : −1

2
+ kλ < x < −1

2
+ (k + 1)λ and − 1

2
+ hλ < y < −1

2
+ (h+ 1)λ

}
for k, h = 0, . . . , 1/λ− 1.

λ

Figure 22. Tiling with tiling parameter λ

We also restate the following lemma, which allows us to get the following estimate on the
mixing norms, given that a solution is evenly distributed among a tiling.

Lemma 4.2. Let ρ be a bounded function such that

(4.2) −
ˆ
Q

ρ dy = 0

for every tile Q ∈ Tλ. Then there exist constants C1 = C1(κ) and C2 = C2(‖ρ‖∞) such that

(i) G(ρ) ≤ C1λ,
(ii) ‖ρ‖Ḣ−1 ≤ C2λ.

Proof. See Lemma 3.29. �

As in the self-similar construction, for a given a time parameter τ > 0 we de�ne the time
steps

Tn =

n−1∑
i=0

τ i for n = 1, 2, . . . ,∞

and �x a tiling parameter λ > 0, such that λ−1 is an integer greater or equal two. We also �x
for the rest of this chapter an accuracy parameter κ ∈ (0, 1) for the geometric mixing scale. For
this reason we will often not explicitly state dependencies of constants on κ.



To summarize Section 3.4, we say that a pair of a velocity �eld u with corresponding solu-
tion ρ has a self-similar structure if on any time interval Tn ≤ t < Tn+1 both u and ρ can be
written as the sum of rescaled translations of one basic building block (u0, ρ0) as in (3.54). We
now generalize this structure by simply allowing a very general set B of basic building blocks
(u0, ρ0), which keep two key properties of the basic building block used in the self-similar con-
struction. The idea is to replace the precise assumption on the geometry of the basic building
block in the self-similar case with a more general assumption on the mixing scale only. In par-
ticular, this means that B can be an in�nite family. We then say that a pair of a velocity �eld
u with corresponding solution ρ to the continuity equation (1.1) is of cellular type if it can be
patched together with basic elements (u0, ρ0) ∈ B (see De�nition 4.5).

The �rst key property we adopt from the self-similar basic building block is the equal dis-
tribution of the tracer among all tiles, i.e. for all (u0, ρ0) ∈ B we have that

(4.3)

ˆ
Q

ρ0(1, x) dx = 0

for all Q ∈ Tλ.

The second key property we implement is a condition which keeps a basic building block from
mixing too well. For this, we introduce the characteristic length scale of a set, which is inspired
by a similar length scale introduced in [23] (proof of Lemma 2.6). We �x a parameter s̄ ∈ (0, 1).
This parameter will be �xed for the rest of this paper and for this reason explicit dependencies
of constants on s̄ will often not be stated.

Definition 4.3 (Characteristic length scale). Let a set A ⊂ E of positive measure be given.
We denote by C = C(E,A) the set of all admissible balls B(x, r) ⊂ E such that

(4.4)
|A ∩B(x, r)|
|B(x, r)|

> 1− 1− κ
2
· s̄.

We de�ne the characteristic length scale of the set A with respect to E as

LSE(A) = sup {r |B(x, r) ∈ C} .
Remark 4.4. This scale determines the largest radius of a ball which violates signi�cantly

(that is, with the uniform gap 1− s̄) condition (3.4) of the geometric mixing scale for any binary
tracer ρ and will serve as our measurement of how un-mixed the tracer is. As an example,
consider a solution ρ of the following type:

ρ(t, ·)|Q =

{
1 on A

c else ,

where 0 < |A| ≤ 1
2 and the constant c is chosen such that ρ is mean-free (note that in particular

−1 ≤ c < 0). Let us determine how small ε has to be, in order that a ball B(x, r) such that

|A ∩B(x, r)|
|B(x, r)|

> 1− ε

violates condition (3.4) of the geometric mixing scale. We compute∣∣∣∣∣−
ˆ
B(x,r)

ρ(t, y) dy

∣∣∣∣∣ =
1

|B(x, r)|
(1 · |A ∩B(x, r)|+ c · |B(x, r) \A|)

> 1− 2ε
!
≥ κ

(4.5)

and hence any ε ≤ 1−κ
2 works. In particular, any ball in (4.4) violates condition (3.4) of the

geometric mixing scale. Notice that the notion of characteristic length scale becomes weaker as
the parameter s̄ approaches the value 1.



In summary, we de�ne a basic building block (u0, ρ0) as follows.

Definition 4.5 (Cellular basic building block). Let a tiling parameter λ > 0, real values
1 < p ≤ ∞, s > 1, a set size 0 < θ ≤ 1

2 and a parameter a > 0 be given. We de�ne B = Bλ,a,p,θ,s
as the set of all pairs (u0, ρ0) such that:

(i) u0 ∈ L∞t (Ẇ s,p
x ) on the time interval 0 ≤ t ≤ 1 and is divergence free, u0 = 0 on ∂Q

and zero outside of Q;
(ii) ρ0 is a solution to the Cauchy problem (1.1) on the time interval 0 ≤ t ≤ 1 with

velocity �eld u0 and initial value

(4.6) ρ0(0, ·) =

{
1 on A

c on Q \A

where LSQ(A) ≥ a and |A| = θ;
(iii) For every Q ∈ Tλ we have that

(4.7)

ˆ
Q

ρ0(1, x) dx = 0.

Definition 4.6 (Solution of cellular type). We say that a pair of a velocity �eld u with
corresponding solution ρ to the continuity equation (1.1) is of (λ, a, p, θ, s)-cellular type, or simply
of cellular type when parameters are �xed, if on any time interval Tn ≤ t < Tn+1 and for any
tile Q ∈ Tλn there exists a (u0, ρ0) ∈ Bλ,a,p,θ,s (depending on Q), such that

(4.8) u(t, x) =
λn

τn
u0

(
t− Tn
τn

,
x− rQ
λn

)
and ρ(t, x) = ρ0

(
t− Tn
τn

,
x− rQ
λn

)
for x ∈ Q

where rQ is the center of the tile Q.

Remark 4.7. Note that as a consequence of (4.6), (4.7) and (4.8), for any Q ∈ Tλn we have
that

ρ(Tn, ·)|Q =

{
1 on B

c else,

where B = B(Q,n) is a set such that |B| = λ2nθ and LSQ(B) ≥ λna.

Remark 4.8. The idea in the de�nition of a cellular �ow is to achieve a decay of the mixing
norms in every iteration by equally redistributing the tracer in each step among a �ner sub-tiling.
By Lemma 4.2, we expect the mixing scales to decay in each step by a factor λ on average due
solely to this e�ect. Without implementing any condition which keeps a basic building block
from mixing too well, however, a basic building block would be allowed to mix to arbitrarily small
scales, with tracer movements constrained only to Q, as schematically illustrated in Figure 23.

u0

t = 0 t = 1

Figure 23. Example of a basic building block mixing too well on a large scale

In order to exclude this possibility we �x the parameter a in De�nition 4.6. This forces
a cellular basic building block to be in a certain sense �self-similar with respect to the degree
of mixedness�, meaning the following. While for a self-similar basic building block (u0, ρ0) the
solution ρ0(1, ·) is the sum of rescaled versions of ρ0(0, ·), for a cellular basic buidling block



(u0, ρ0) we have that ρ0(1, ·) can be written as the sum of rescaled versions of ρ̃1, . . . , ρ̃λ−2n ,
where each ρ̃i is unmixed to the same degree as ρ0(0, ·). In Section 4.4.5 we discuss in detail the
consequences of relaxing condition (ii) in De�nition 4.5.

Remark 4.9. In our case, the set E in De�nition 4.3 will always be either Q or a tile
Q ∈ Tλ, which are both types of sets for which LSE(A) ∈ R for any measurable set A ⊂ E of
positive measure, since for a.e. point x ∈ A there exists r > 0 such that B(x, r) ⊂ E and since
a.e. point of A is of density 1, i.e.

lim
s→0

|A ∩B(x, s)|
|B(x, s)|

= 1 ,

C is non-empty.

The following lemma states that there are lower bounds on the mixing scale for cellular
�ows.

Lemma 4.10. Let ρ be a solution of (λ, a, p, θ, s)-cellular type. Then there exists a constant
C such that

(i) G(ρ(Tn, ·)) ≥ Cλna,
(ii) ‖ρ(Tn, ·)‖Ḣ−1(R2) ≥ Cλna2.

Proof. For readability, we moved the proof to Section 4.4.1. �

4.3.2. Main result and sketch of the proof. For a parameter τ > 0 we de�ne the time
steps

Tn =

n−1∑
i=0

τ i for n = 1, 2, . . . ,∞ .

Let further a tiling parameter λ > 0, a set size θ > 0, and parameters a > 0 and p > 1 be given.

Main Theorem. Let a divergence-free velocity �eld u ∈ L∞t (Ẇ s,p) where s > 1 and a
solution ρ to the continuity equation (1.1) of (λ, a, p, θ, s)-cellular type be given. Then the decay
of both the geometric and the functional mixing scale cannot be faster than polynomial, that is,
for all n ∈ N we have that

(4.9) G(ρ(Tn, ·)) ≥ CT
− 1
s−1

n and ‖ρ(Tn, ·)‖Ḣ−1(R2) ≥ CT
− 1
s−1

n

where C = C(a, λ, s).

Remark 4.11 (for all Tn vs. for all t ≥ 0). Note that condition (4.9) a priori only holds for
all time steps Tn, where n ∈ N. This is su�cient in order to show that the decay of both mixing
scales cannot be faster than polynomial and therefore to exclude the possibility of exponential
mixing by a cellular �ow. We could however also get a polynomial lower bound which holds for
all t ≥ 0, i.e.

(4.10) G(ρ(t, ·)) ≥ Ct−
1
s−1 and ‖ρ(t, ·)‖Ḣ−1 ≥ Ct−

1
s−1

for all t ≥ 0, by preventing a basic building block (u0, ρ0) from mixing too well also in the
interior of the time interval (0, 1). This can be achieved for example by adding the following
constraint:

(iv) For all t ∈ (0, 1) we have that

ρ0(t, ·)|Q =

{
1 on Bt

c else

where LSQ(Bt) ≥ λa.



Remark 4.12 (sharpness of the polynomial lower bound). The quasi-self similar construc-
tion in [4] is a special case of a cellular �ow which achieves polynomial decay under a constraint

in L∞(Ẇ s,p) (where s > 1 and p > 1) and therefore the polynomial lower bound in the Main
Theorem is sharp. For completeness, in Section 4.4.3 we show that any cellular �ow which is
patched together with basic building blocks with certain uniform bounds will achieve at least
a polynomial decay. This is a simple generalization of the quasi self-similar computations in
Chapter 6 of [4].

Proof of the Main Theorem. Step 1: Proof for �ne tilings. We will �rst show the
result for a su�ciently �ne tiling, i.e. assuming

(4.11) 0 < λ ≤ C(a, s̄) ,

where C(a, s̄) is a constant which will be determined in Theorem 4.14. For such a tiling, the
proof consists of two main parts:

(i) The gradient of any u0, where (u0, ρ0) ∈ Bλ,a,p,θ,s, satis�es the following lower bound:

(4.12) Mλ,a,p := inf
(u0,ρ0)∈B


1ˆ

0

‖∇u0(t, ·)‖Lp dt

 > 0 .

The details of this estimate will be in Section 4.3.3.
(ii) Using estimate (4.12), a scaling argument in Section 4.3.4 will show that if ‖u(t, ·)‖Ẇ s,p

has to be uniformly bounded in time, it is necessary to choose the time parameter τ
strictly greater than 1. This will be su�cient to conclude that the decay of the mixing
scale is no faster than polynamial, as in (4.9).

This concludes the proof for all 0 < λ < C(a, s̄).

Step 2: Reducing the general case to Step 1. Choosing a �ne tiling as in (4.11) is something
we can do without loss of generality. Indeed, in the case where 1

2 ≥ λ ≥ C(a, s̄), we can
linearly rescale the pair u and ρ in time in such a way that the rescaled pair (ũ, ρ̃) takes on

the form of a cellular �ow with time parameter τ̃ = τ l and tiling parameter λ̃ = λl, where
0 < λl ≤ C(a, s̄). Since the rescaled pair ful�lls (4.11), using the �rst part of the proof we
deduce that the decay of mix(ρ̃(t, ·)) is at most polynomial, which implies that also the decay
of mix(ρ(t, ·)) is at most polynomial (since it is a linear rescaling). The details of this argument
are given in Section 4.4.2. �

4.3.3. Minimal cost in each step. In this section we prove estimate (4.12) in Step 1
part (i) in the proof of the Main Theorem. The minimal cost estimate for a su�ciently �ne
tiling presented in Theorem 4.14 is mainly an adaptation of Lemma 2.6 in [23] for our setting.
The key element in the proof is the following regularity result for regular Lagrangian �ows by
Crippa and De Lellis [14], which we already presented in Section 2.4:

Theorem 4.13 (Crippa and De Lellis). Let Φ(x) = Ψ(1, x) be the �ow map of the (incom-
pressible) vector �eld u, let p > 1 be given. For every η > 0, there exists a set E ⊂ Q and a
constant C = C(p), such that |E| ≤ η and

(4.13) Lip(Φ−1|Ec) ≤ exp

(
C

η1/p

ˆ 1

0

‖∇u(s, ·)‖Lp ds
)
.

Here

Lip(Φ−1|Ec) := sup
x,y∈Ec
x 6=y

∣∣Φ−1(x)− Φ−1(y)
∣∣

|x− y|
.



Theorem 4.14 (Minimal Cost). Let ρ be a solution to the continuity equation with velocity
�eld u such that

ρ0(0, ·) =

{
1 on A

c else ,

where LSQ(A) ≥ a and |A| = θ ≤ 1
2 . Then there exists a tiling parameter λ = λ(a, s̄) such that

if at time t = 1 we have that

(4.14)

ˆ
Q

ρ(1, y) dy = 0

for any Q ∈ Tλ, then

(4.15)

1ˆ

0

‖∇u(t, ·)‖Lp dt ≥ C(a, p, s̄) > 0 ,

where the constant C = C(a, p, s̄) does not depend on u.

Proof. In order to understand the basic geometric idea of the proof, for simplicity let us
assume that there exists a ball B = B(x, r) with radius r ≥ 3

4a which is entirely �lled with

points of the set A. Let us further assume Φ−1 is Lipschitz continuous on Q, with the Lipschitz
constant ful�lling

(4.16) Lip(Φ−1) ≤ exp

(ˆ 1

0

‖∇u(s)‖Lp ds
)

neglecting the dependence on the set E in (4.13). The idea is to take any point x̃ ∈ B(x, r2 )∩A.

t = 1

B

y
x̃

t = 0

Figure 24. Geometric idea for the proof of Theorem 4.14

Due to condition (4.14), we know that wherever Φ(x̃) lands, there exist many points Φ(y), such

that |Φ(y) − Φ(x̃)| ≤
√

2λ and y ∈ Ac. Since the ball B is �lled entirely with points of the set
A, this means in particular that y ∈ Bc and therefore |y − x̃| ≥ r

2 . Hence, choosing λ ≤
3

16
√

2
a,

we have that

2 =
3
8a
3
16a
≤ |x̃− y|
|Φ(x̃)− Φ(y)|

≤ sup
x 6=y

|Φ−1(x)− Φ−1(y)|
|x− y|

=: Lip
(
Φ−1

)
≤ exp

(ˆ 1

0

‖∇u(s, ·)‖Lp ds
)(4.17)

and therefore ˆ 1

0

‖∇u(s, ·)‖Lp ds ≥ log(2) > 0.

This concludes the geometric idea of the proof.

The di�erence in our setting is that, since LSQ(A) ≥ a, there exists a ball B with radius



3
4a which is �lled only to a large proportion with points of the set A. The other di�erence is
that the Lipschitz constant depends the size of the set E in Theorem 4.13. The rest of proof
is a matter of playing with the constants in order to show that points x̃ and y exist, just as above.

Since A is a set of characteristic length scale a, by de�nition there exists a ball B = B(x, r) ⊂ Q,
such that r ≥ 3

4a and

(4.18)
|A ∩B|
|B|

> 1− 1− κ
2
· s̄ ≥ 1− s̄

2
.

We de�ne a ball B̃ = B(x, σ) ⊂ B with the same center as B, such that |B̃| = ( 3+s̄
4 )|B|. Thus

|A ∩ B̃| ≥ |B̃| − s̄

2
|B| ≥

(
3 + s̄

4
− s̄

2

)
πr2 =

(
3− s̄

4

)
πr2.

Let {Qi}1/λ
2

i=1 denote the sub-squares in the tiling Tλ. For i = 1, . . . , 1
λ2 , denote

Ai := Φ
(
A ∩ B̃

)
∩Qi .

Note that the Ai's are disjoint for di�erent i, and
∑1/λ2

i=1 |Ai| ≥
(

3−s̄
4

)
πr2.

Let Gi := Φ(Ac) ∩Qi. We further decompose each Gi into G
good
i and G bad

i , where

G good
i := Φ(Ac) ∩Qi ∩ Φ(Bc) and G bad

i := Φ(Ac) ∩Qi ∩ Φ(B).

Recall that (4.18) yields that
∑1/λ2

i=1 |G bad
i | ≤ s̄

2πr
2, which we will use later.

By Theorem 4.13, for any η > 0 (let us �x η = 1−s̄
4 πr2), there exists E ⊂ Q with |E| < η, such

that

(4.19) Lip(Φ−1|Ec) ≤ exp

(
C

η1/p

ˆ 1

0

‖∇u(s, ·)‖Lp ds
)
.

For such E, we claim that there exists some i ∈ {1, . . . , 1
λ2 }, such that both Ai \E and G good

i \E
are nonempty. Once this is proved, taking any x̃ ∈ Ai \ E and y ∈ G good

i \ E yields

Φ−1(x̃) ∈ A ∩ B̃ and Φ−1(y) ∈ Ac ∩Bc

Thus |Φ−1(x̃)−Φ−1(y)| ≥ r− σ (note that r− σ > 0 is a quantity depending on a and s̄ only).

On the other hand, since x̃, y ∈ Qi we have that |x̃− y| ≤
√

2λ. Therefore, as long as λ < r−σ
2
√

2

we have that Lip(Φ−1|Ec) ≥ 2. Combining this with (4.19) concludes the proof.

It then remains to prove the claim. For each i = 1, . . . , 1
λ2 , note that

min{|Ai \ E|, |G good
i \ E|} ≥ min{|Ai|, |Gi|} − |G bad

i | − |Qi ∩ E|
= |Ai| − |G bad

i | − |Qi ∩ E| .

Summing it up for i = 1, . . . , 1
λ2 yields

1/λ2∑
i=1

min{|Ai \ E|, |G good
i \ E|} ≥

(
3− s̄

4

)
πr2 − s̄

2
πr2 − 1− s̄

4
πr2 =

1− s̄
2

πr2 > 0

hence the claim is proved. �

4.3.4. Scaling analysis. In this section we implement Step 1 part (ii) in the proof of the
Main Theorem.



Scaling analysis for Sobolev spaces of integer order. Let s = k ≥ 2 be an integer and λ > 0
a su�ciently small tiling parameter such that by Theorem 4.14 we have that

(4.20) Mλ,a,p = inf
(u0,ρ0)∈B


1ˆ

0

‖∇u0(t, ·)‖Lp dt

 > 0 .

The computations for fractional Sobolev spaces are in Section 4.3.4 and the argument for a
general tiling parameter is in Section 4.4.2.

We compute ‖∇kxu(t, ·)‖Lp(Q) on the time interval [Tn, Tn+1). Remember that for any Q ∈ Tλn
the vector �eld u takes on the form

u|Q ≡
λn

τn
uQ

(
t− Tn
τn

,
x− rQ
λn

)
,

where (uQ, ρQ) ∈ B. Using change of variables, the Poincaré inequality followed by the Jensen
inequality we get

Tn+1ˆ

Tn

‖∇ku(t, ·)‖pLp(Q) dt =

Tn+1ˆ

Tn

∑
Q∈Tλn

ˆ

Q

∣∣∣∣∇kx(λnτn uQ
(
t− Tn
τn

,
x− rQ
λn

))∣∣∣∣p dx dt
=

1

λ(k−1)np

τn

τnp

∑
Q∈Tλn

1ˆ

0

ˆ

Q

∣∣∣∣(∇kxuQ)(t, x− rQλn

)∣∣∣∣p dx dt
=

τn

(λk−1τ)np
λ2n

∑
Q∈Tλn

1ˆ

0

ˆ

Q

∣∣(∇kxuQ) (t, y)
∣∣p dx dt

P
≥ Cp,kτ

n

(λk−1τ)np
λ2n

∑
Q∈Tλn

1ˆ

0

ˆ

Q

|(∇xuQ) (t, y)|p dx dt

J
≥ Cp,kτ

n

(λk−1τ)np
Mp
λ,a,p ,

(4.21)

where Mλ,a,p is the minimal cost in (4.12). Now since |[Tn, Tn+1]| = τn, together with (4.21) we
get that ∥∥∥‖∇kxu(t, ·)‖pLp(Q)

∥∥∥
L∞t (Tn,Tn+1)

≥
(

1

λk−1τ

)np
Cp,kM

p
λ,a,p︸ ︷︷ ︸

>0

and hence, since u ∈ L∞t (Ẇ s,p) we must have that 1
λk−1τ

≤ 1, that is

1 <
1

λk−1
≤ τ .

Therefore, for n large enough, we have that

(4.22) Tn =
τn − 1

τ − 1
≥ λ−(k−1)n − 1

λ1−k − 1
,

which is equivalent to

(4.23) λn ≥
(

1

Tn(λ1−k − 1) + 1

) 1
k−1

∼ T−
1
k−1

n .

Combining Lemma 4.10 and (4.23) we therefore get that

(4.24) G(ρ(Tn, ·)) ≥ Cλn ∼ T
− 1
k−1

n and ‖ρ(Tn, ·)‖Ḣ−1 ≥ Cλn ∼ T
− 1
k−1

n



for all n ∈ N. This concludes the proof for the case where s = k is an integer.

Scaling analysis for fractional Sobolev spaces. For the case s = k + r, where r ∈ (0, 1)
and k ≥ 1 is an integer, we use the following de�nition of the fractional semi-norm (in two
dimensions)

(4.25) ‖f‖p
Ẇ s,p(R2)

=

¨

R2×R2

|∇kf(x)−∇kf(y)|p

|x− y|2+rp
dx dy ,

as well as the following fractional Poincaré inequality:

Lemma 4.15. Let r ∈ (0, 1), 1 ≤ p <∞ and Q the unit cube (in R2). Thenˆ
Q
|f(x)− fQ|p dx ≤ C(r, p)

¨

Q×Q

|f(x)− f(y)|p

|x− y|2+rp
dx dy

where fQ = −́Q f(y) dy .

Proof. Using the Jensen inequality, we have thatˆ
Q
|f(x)− fQ|p dx =

ˆ

Q

∣∣∣∣f(x)−−
ˆ
Q
f(y)dy

∣∣∣∣p dx(4.26)

≤ −
ˆ

Q

ˆ

Q

|f(x)− f(y)|p dxdy

≤ C(r, p)

ˆ

Q

ˆ

Q

|f(x)− f(y)|p

|x− y|2+rp
dxdy . �

For the scaling analysis in the fractional case we computeˆ Tn+1

Tn

‖u(t, ·)‖p
Ẇ s,p(R2)

dt =

ˆ Tn+1

Tn

¨

R2×R2

|∇ku(t, x)−∇ku(t, y)|p

|x− y|2+rp
dx dy dt

≥
∑

Q∈Tλn

ˆ Tn+1

Tn

¨

Q×Q

|∇ku(t, x)−∇ku(t, y)|p

|x− y|2+rp
dx dy dt

=
τn

τnp
λ4n

λ(k−1)np

∑
Q∈Tλn

ˆ 1

0

¨

Q×Q

|∇kuQ(t, x)−∇kuQ(t, y)|p

|λn(x− y)|2+rp dx dy dt

P
≥ C τn

τnp
1

λ(k−1+r)np
λ2n

∑
Q∈Tλn

ˆ 1

0

ˆ
Q
|∇uQ(t, y)|p dy dt

J
≥ C τn

τnp
1

λ(k−1+r)np
Mp
λ,a,p

= C
τn

τnp
1

λ(s−1)np
Mp
λ,a,p .

Hence we get that ∥∥∥‖u(t, ·)‖p
Ẇ s,p(Q)

∥∥∥
L∞t (Tn,Tn+1)

≥
(

1

λ(s−1)τ

)np
CMp

λ,a,p

and therefore, if we ask of ‖u(t, ·)‖p
Ẇ s,p(Q)

to be uniformly bounded in time, we need that

1 <

(
1

λ

)s−1

≤ τ .



We can therefore conclude as in the integer case, that:

(4.27) G(ρ(Tn, ·)) ≥ C2λ
n ∼ T−

1
s−1

n and ‖ρ(Tn, ·)‖Ḣ−1 ≥ C̃2λ
n ∼ T−

1
s−1

n .

4.4. Proofs of Auxiliary lemmas, further remarks

The following section serves as the appendix of this chapter. We collect the proofs of a few
auxiliary lemmas, some further remarks on the precise choice of our de�nition of a cellular �ow,
and prove that a cellular �ow cannot be a universal mixer.

4.4.1. Proof of Lemma 4.10.

Proof. (i) By the de�nition of the characteristic length scale, for every Q ∈ Tλn there
exists a ball B(x, r) ⊂ Q with r ≥ 3

4aλ
n such that

|BQ,n ∩B(x, r)|
|B(x, r)|

> 1− 1− κ
2
· s̄ .

Since B(x, r) violates condition (3.4) of the geometric mixing scale, we have that

G(ρ(Tn, ·)) ≥ Cλna .

(ii) We showed in (i) that for every Q ∈ Tλn there exists a ball BQ(x, r) ⊂ Q where r ≥ 3
4aλ

n

such that

(4.28)
1

‖ρ‖∞

∣∣∣∣∣−
ˆ
B(x,r)

ρ(Tn, y) dy

∣∣∣∣∣ > κ ,

We de�ne the balls B̂Q = BQ(x,Cr) with the same center as BQ(x, r), and smaller radius Cr,
where we choose 0 < C < 1 large enough to ensure

(4.29)
1

‖ρ‖∞

∣∣∣∣∣−
ˆ
B̂Q

ρ(Tn, y) dy

∣∣∣∣∣ > 19κ

20
,

for instance C =
√

(1− κ
20 ) works. We then de�ne a smooth test function (see Lemma A.1

in [37] or Lemma 2.3 in [23]) g : R2 → [0, 1] such that

gQ =

{
1 on B̂Q

0 outside BQ

such that ‖gQ‖2Ḣ1 ≤ C1

κ . We de�ne

g(x) =
∑

Q∈Tλn
gQ(x) ,

and since Q ∈ Tλn are pairwise disjoint, we have that

‖g‖2
Ḣ1 ≤

1

λ2n

C1

κ
.

On the other hand we compute∣∣∣∣ˆ
R2

ρ(t, y)g(y) dy

∣∣∣∣ =
∑
Q∈Q

∣∣∣∣∣
ˆ
BQ

ρ(t, y)gQ(y) dy

∣∣∣∣∣
≥
∑
Q∈Q

(∣∣∣∣∣
ˆ
B̂Q

ρ(t, y)gQ(y) dy

∣∣∣∣∣− ∣∣∣BQ \ B̂Q∣∣∣ ‖ρ‖∞
)

≥ 1

λ2n
‖ρ‖∞πκr2

(
19

20
− 1

20

)
.

(4.30)



Hence, by (4.29) and (4.30) we conclude

‖ρ(t, ·)‖Ḣ−1 ≥
1

‖g‖Ḣ1

∣∣∣∣ˆ
R2

ρ(t, y)g(y) dy

∣∣∣∣ ≥ λn 1

λ2n
C(κ, ‖ρ‖∞)r2 ≥ λnC(κ, ‖ρ‖∞)a2 .

In our case we set ‖ρ‖∞ = 1, and κ is �xed, so C(κ, ‖ρ‖∞) = C. �

4.4.2. Fine-tiling argument. Let a divergence-free velocity �eld u ∈ L∞t (Ẇ s,p) where
s > 1 with corresponding solution ρ of cellular type be given as in the Main Theorem, with a
tiling parameter 1

2 ≥ λ ≥ C(a, s̄), a time parameter τ > 0 and corresponding time steps

Tn =

n−1∑
i=0

τ i .

We �rst note that there exists an l ∈ N such that

0 < λ̃ := λl < C(a, s̄) .

Claim 1. Under the above assumptions, we have that τ 6= 1.

Proof. Let us assume that τ = 1. Then the rescaled pair

ũ(t, x) = lu (lt, x) and ρ̃ (t, x) = ρ (lt, x)

is of cellular type with τ = 1 and tiling parameter 0 < λl < C(a, s̄). Also, clearly u ∈ L∞t (Ẇ s,p).
This is a contradiction to the �rst part of the proof of the Main Theorem (where we assumed a
su�ciently �ne tiling). �

Claim 2. By the above Claim we have that τ 6= 1. The rescaled pair

(4.31) ũ(t, x) = Cu (Ct, x) and ρ̃ (t, x) = ρ (Ct, x) , where C =
1− τ l

1− τ
is also of cellular type with a tiling parameter λ̃ = λl and time steps

T̃n =

n−1∑
i=0

τ̃ i ,

where τ̃ = τ l.

Proof. This follows directly from the identity

(4.32) CT̃n = Tnl for n = 1, 2, . . . ,∞

which we verify by induction:

(1) n = 1:

CT̃1 = C · 1 =
1− τ l

1− τ
= Tl

(2) n→ n+ 1:

CT̃n+1 = CT̃n + Cτ̃n = Tnl +
1− τ l

1− τ
τnl =

1− τnl + τnl − τ (n+1)l

1− τ

=
1− τ (n+1)l

1− τ
= T(n+1)l .

By (4.31) and identity (4.32), we verify that for all n = 1, 2, . . . we have thatˆ
Q

ρ̃(T̃n, y) dy =

ˆ
Q

ρ(CT̃n, y) dy =

ˆ
Q

ρ(Tnl, y) dy = 0



for all Q ∈ Tλln = Tλ̃n . And similarly, for all Q ∈ Tλ̃n = Tλnl we have that

ρ̃(T̃n, ·)|Q = ρ(Tnl, ·)|Q =

{
1 on B

−1 else ,

where B is of is a set of characteristic length scale greater or equal to λnla = λ̃na. �

Since ũ ∈ L∞t (Ẇ s,p) with corresponding solution ρ̃ is of cellular type with �ne enough tiling
as in (4.11), we can use the scaling result (4.24) and (4.27) to conclude

G(ρ̃(T̃n, ·)) ≥ T̃
− 1
s−1

n and ‖ρ̃(T̃n, ·)‖Ḣ−1 ≥ T̃
− 2
s−1

n .

Therefore by de�nition (4.31), for all time steps T̄n = CT̃n we have that

G(ρ(T̄n, ·)) = G(ρ(CT̃n, ·)) = G(ρ̃(T̃n, ·)) ≥ T̃
− 1
s−1

n = T̄
− 1
s−1

n C
1
s−1 ≥ T̄−

1
s−1

n

since C > 1. Similarly

‖ρ(T̄n, ·)‖Ḣ−1 ≥ T̄
− 1
s−1

n .

4.4.3. Polynomial decay of certain cellular �ows. Using an ansatz of quasi self-
similarity, the authors of [4] construct explicit examples of a velocity �elds with uniform in

time bounds on the Ẇ s,p norms (where s > 1), which mix at a polynomial rate. Quasi self-
similar velocity �elds can be viewed as velocity �elds of cellular type with a �nite family of basic
building blocks. For completeness, as a simple generalization of the computations in Chapter
6 in [4], we show that any velocity �eld of cellular type with certain uniform bounds mix at a
polynomial rate. Some of those bounds entail regularity of order dse, rather than s, where dse
is the smallest integer greater or equal than s. This is due to the fact that Sobolev norms of
integer order are local, which is a property used in the proof of Lemma 6.5 in [4].

Theorem 4.16. Let a divergence-free velocity �eld u with corresponding solution ρ of cellular
type as in the Main Theorem be given. We denote by A ⊂ B the set of all basic building blocks
used to patch together u and ρ, i.e. (u0, ρ0) ∈ A if and only if there exists an n ∈ N such that
for some Q ∈ Tλn on Tn ≤ t ≤ Tn+1 we have

u(t, x) =
λn

τn
u0

(
t− Tn
τn

,
x− rQ
λn

)
and ρ(t, x) = ρ0

(
t− Tn
τn

,
x− rQ
λn

)
.

Under the assumption that for some s > 1

sup
(u0,ρ0)∈A

sup
0≤r≤1

‖u0(r, ·)‖Ẇ dse,p(R2) = C <∞

as well as the additional assumption that for a.e. t ≥ 0 we have that u(t, ·) ∈ Ẇ dse,p(R2), we can

set τ = λ1−s which ensures that u ∈ L∞(Ẇ s,p) and that both the functional and the geometric
mixing scale have the following polynomial decay:

G(ρ(t, ·)) ≤ Ct−
1
s−1 and ‖ρ(t, ·)‖Ḣ−1(R2) ≤ Ct

− 1
s−1 .

Proof. The fact that under the assumptions of the Theorem choosing τ = λ1−s will ensure
that u ∈ L∞(Ẇ s,p) is a simple generalization of Lemma 6.5 in [4].

As for the decay of the mixing norms, by the de�nition of a cellular �ow and Lemma 4.2
we have that

(4.33) G(ρ(t, ·)) ≤ Cλn and ‖ρ(t, ·)‖Ḣ−1 ≤ Cλn

for all Tn ≤ t ≤ Tn+1. For t ∈ [Tn, Tn+1) we have that

t < Tn+1 =
τn+1 − 1

τ − 1
=
λ−(s−1)(n+1) − 1

λ1−s − 1
,



which is equivalent to

(4.34) λn <

(
1

λs−1(t(λ1−s − 1) + 1)

) 1
s−1

∼ C(λ, s)t−
1
s−1 .

Therefore combining (4.33) and (4.34) we obtain

G(ρ(t, ·)) ≤ Ct−
1
s−1 and ‖ρ(t, ·)‖Ḣ−1 ≤ Ct−

1
s−1 . �

4.4.4. Remarks on the universality of a mixer.

Definition 4.17 (Universal Mixer). We call a divergence-free velocity �eld u a universal
mixer, if for any bounded, mean-free initial datum ρ̄, for the the corresponding solution ρ we
have that

G(ρ(t, ·))→ 0 as well as ‖ρ(t, ·)‖Ḣ−1 → 0

as t→∞.

The fact that a cellular �ow cannot be a universal mixer can be seen by the following simple
argument. For any cellular �ow u, there exists a sub-square Q ⊂⊂ Q and T > 0, such that
u(t, x) · ν(x) = 0 on ∂Q for all t > T , where ν(x) is the outer normal of Q. Thus if we choose
ρ0 such that ρ(T, x) ≡ 1 in Q, this implies that ρ(t, x) ≡ 1 in Q for all t > T , and therefore u
does not mix such ρ0 as t→∞.

In the following lemma we generalize this observation to a larger class of velocity �elds. Note
for instance that while the example in [28] is not of cellular type, it still belongs to the larger
class we are considering in Lemma 4.18.

Lemma 4.18. Let u be a divergence-free velocity �eld with corresponding �ow map X. For
any t > 0 we de�ne

a(t) := sup
x∈R2

{
inf
r
{X(s, x) ∈ B(X(t, x), r) for all s ≥ t}

}
∈ [0,+∞] .

If a(t)→ 0 as t→∞, then u is not a universal mixer.

Remark 4.19. Note that any velocity �eld of cellular type ful�lls the condition of Lemma 4.18,
since for any Tn ≤ t < Tn+1, we have that a(t) ≤

√
2λn.

Proof. Since a(t) → 0, we can choose t∗ such that |a(t)| ≤ 1
100 for all t ≥ t∗. We denote

by A the lower half of the unit square S = [0, 1]2:

A =

{
(x1, x2) ∈ R2 | 0 ≤ x1 ≤ 1 and 0 ≤ x2 ≤

1

2

}
.

We implicitly de�ne the initial data

ρ0(x) =


1 if x ∈ X−1(t∗, A)

−1 if x ∈ X−1(t∗,S \A)

0 else

and note that ρ0 is mean free, and (by de�nition) it is precisely the initial condition, for which
the solution ρ ful�lls

ρ(t∗, x) =


1 if x ∈ A
−1 if x ∈ S \A
0 else.

Hence, if we choose x in the center of A (so x =
(

1
2 ,

1
4

)
), since dist(B(x, 1/8),R2 \ A) = 1/8 >

1/100 we note that
ρ (t, B(x, 1/8)) = 1

for all t ≥ t∗ and hence both mixing scales will not go to zero. �



4.4.5. Relaxing condition (ii) (prevent a basic building block from mixing too
well). In the following section we brie�y discuss the consequence of relaxing condition (ii) in
De�nition 4.5. First of all, without implementing any condition that keeps a building block from
mixing too well, it is not possible to exclude the possibility of exponential mixing. To be more
precise, let us assume that at time Tn (which is after iteration n), the solution ρ is restricted to
a tiling Tλn and both mixed and unmixed at the rate f(n) ≤ λn as in Figure 25.

f (n)

λn

Tn

Figure 25. Example of ρ at iteration n, ρ(Tn, ·).

Note that in our de�nition of a cellular �ow we have that f(n) = λn. Applying the arguments
in the proof of the Main Theorem to this more general setting, we are not able to exclude
exponential mixing when

(4.35) log

(
f(n)

f(n+ 1)

)
>>

1

λn
.

For any sequence {f(n)}n∈N that grows slower than (4.35), however, we can still exclude expo-
nential mixing, and therefore the rate we chose for condition (ii) in De�nition 4.5 is not sharp
for our argument. The reason for the particular choice of f(n) = λn is for once that it is the
same rate as in all cellular examples thus far (see [37] and [4]). More importantly, there is a
signi�cant di�erence between the set of building blocks B̄ necessary to form of a cellular �ow
such that f(n) << λn and the set B in the case f(n) = λn. To see the di�erence, let us consider
the case λ = 1

2 and f(n) = λ2n (the same problems arise for any rate f(n) << λn). In order
to build a cellular �ow with this rate, in the time interval [Tn, Tn+1] we need building blocks
(un0 , ρ

n
0 ) such that

(4.36) mix(ρn0 (0, ·)) =
1

2n
and mix(ρn0 (1, ·)) =

1

4

1

2n
.

Note that we need to �nd examples as in (4.36) for all n ∈ N. This means that we need to
be able to �nd examples that decay the mixing scale by a �xed factor 1

4 , regardless of how
well-mixed the initial datum is, which is far more challenging.

In fact, if we do not use a cellular structure at all and simply set the time steps Tn = n
and try to construct an example such that mix(ρ(n, ·)) = 1

4n , then on the time interval [n, n+ 1]
we have that

(4.37) mix(ρ(n, ·))) =
1

4n
and mix(ρ(n+ 1, ·)) =

1

4

1

4n
.

Note that the basic building block (u2n
0 , ρ2n

0 ) ∈ B̄ in (4.36) achieves precisely the same decay. In
other words, we could simply pick elements from B̄ in order to construct the example (4.37) and

hence, a priori it does not seem easier to construct a cellular example with the rate f(n) = 1
2

2n

than to simply mix at scale 1 as in (4.37). Furthermore, we can show that the cellular example

with rate f(n) = 1
2

2n
mixes at most polynomially. For the example (4.37), which we also piece



together with elements (un0 , ρ
n
0 ) ∈ B̄, however, we cannot exclude exponential mixing. Of course,

de�ning u and ρ on the time interval [n, n+ 1) as

(4.38) u(t, x) = u2n
0 (t− n, ·) and ρ(t, x) = ρ2n

0 (t− n, ·) ,

where the (ui0, ρ
i
0) ∈ B̄, does not necessarily yield a solution to the transport equation, since we

only have that

(4.39) mix(ρ
2(n−1)
0 (1, ·)) = mix(ρ2n

0 (0, ·)) ,

and not

(4.40) ρ
2(n−1)
0 (1, ·) = ρ2n

0 (0, ·) .

For this reason we cannot directly associate every cellular �ow with the rate f(n) = λ2n to
a solution as in (4.37). Hence, in order to perform a small scaling argument, let us make the
following gluing-assumption: Let (u, ρ) and (u′, ρ′) be two solutions on [0, 1]. Then

(ū, ρ̄)(t, x) =

{
(u, ρ)(t, x) for 0 ≤ t < 1

(u′, ρ′)(t− 1, x) for 1 ≤ t ≤ 2

is a solution, if ρ(1, ·) and ρ′(0, ·) are mixed and unmixed at the same rate. Note that this as-
sumption is not satis�ed in general. With this assumption, we can formalize the above arguments
in the following lemma.

Lemma 4.20. For any cellular �ow (u, ρ) where f(n) = λ2n, and thus

f(n)

f(n+ 1)
=

1

λ2
,

the following polynomial lower bounds hold.

(4.41) G(ρ(Tn, ·)) ≥ Cλ2n ∼ T−
2
k−1

n and ‖ρ(Tn, ·)‖Ḣ−1 ≥ Cλ2n ∼ T−
2
k−1

n .

Furthermore, extracting certain building blocks which built (u, ρ), under the above gluing as-
sumption, we can build a (non-cellular) solution (ũ, ρ̃), for which we cannot exclude exponential
decay.

Proof. The proof for (4.41) is a straightforward repetition of the proof of the Main Theorem
and is left to the reader.
Let (u, ρ) be of cellular type, such that ρ(Tn, ·) is mixed at rate f(n) as in Figure 25. Then a
basic building block (un0 , ρ

n
0 ) used to build (u, ρ) for Tn ≤ t < Tn+1 is an element such that

mix(ρn0 (0, ·)) =
f(n)

λn
= λn and mix(ρn0 (1, ·)) =

f(n+ 1)

λn
= λn+2 .

Observe that

(4.42) mix(ρn0 (1, ·)) = mix(ρn+2
0 (0, ·)) .

We de�ne (ũ, ρ̃) in the following way: For every n ∈ N, for times n ≤ t < n+ 1 we set

(4.43) ũ(t, x) = u2n
0 (t− n, ·) and ρ̃(t, x) = ρ2n

0 (t− n, ·) ,

where the (ui0, ρ
i
0) are building blocks used in for (u, ρ). In other words, we select a few basic

building blocks and arrange them at scale 1 displayed in Figure 26. Note that by the gluing
assumption and (4.42), (ũ, ρ̃) is a solution.



u0
0 u2

0
u2k

0

t = 0 t = 1 t = 2

Figure 26. Evolution of the solution ρ̄ under ū.

Furthermore, note that in contrast to (u, ρ), which mixes at a polynomial rate (4.41), the
above example (ũρ) mixes at an exponential rate, since by de�nition mix(ρ(n, ·)) = (λ2)n.

Furthermore, a priori u ∈ L∞(Ẇ s,p), meaning that we cannot disprove it with Theorem 3.25
and the Poincaré inequality, as in the proof of the Main Theorem. �



CHAPTER 5

Polynomial mixing under a certain stationary Euler �ow

Abstract. In the following chapter we present the paper "Polynomial mixing under a certain
stationary Euler �ow". The main objective of the paper is to exhibit an example of a two dimen-
sional, autonomous velocity �eld u, which is a stationary radial solution to the Euler equation
and has a polynomial mixing enhancing property for a large set of initial data for both the
functional and the geometric mixing scale. All computations are performed in physical space.

5.1. Introduction

We consider a passive scalar ρ (also called tracer) on the two dimensional unit ball B1(0),
advected by a divergence-free velocity �eld u which is tangent to the boundary ∂B1(0). Given a
mean-free initial condition ρ0, the scalar ρ solves the Cauchy problem for the continuity equation
with velocity �eld u:

(5.1)

{
∂tρ+ div(uρ) = 0 on [0,∞)×B1(0)

ρ(0, ·) = ρ0 on B1(0).

Observe that the mean-free condition for the tracer is preserved by the time evolution.
In this note we study certain mixing properties of the solution ρ under the action of the

following autonomous velocity �eld

(5.2) u(t, r, θ) = (u1(r, θ), u2(r, θ)) := 2πr2(sin θ,− cos θ), t ≥ 0 ,

where (r, θ) are polar coordinates. Notice that u is a smooth stationary solution to the two
dimensional Euler equation

∂tu+ (u · ∇)u = −∇P, ∇ · u = 0 ,

with pressure P = −|v|2/2 + const.
In fact, this velocity �eld is the canonical counterpart on the unit ball of a shear �ow on

the two dimensional torus. Mixing by shear �ows has been studied in a variety of settings and
geometries, most recently in connection with inviscid damping for the Euler equation (see in
particular [7, 38, 39, 26] and the references therein). Heuristically, for the velocity �eld in
(5.2), mixing is due to the fact that, as a consequence of the increase of the angular component
of u in the radial direction, di�erent portions of the tracer move close to others with di�erent
history and thus relatively di�erent concentrations; see Figure 27.
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t = 0 t = 5

Figure 27. An example of evolution under the action of the velocity �eld (5.2).
We have ρ = 1 in the black region and ρ = −1 in the white region.

In this chapter we measure the degree of mixedness of the tracer ρ with both the geometric
and the functional mixing scale, which we introduced in Chapter 3.

Definition 5.1 (Geometric Mixing Scale). Given an accuracy parameter 0 < κ < 1, the
geometric mixing scale of ρ(t, ·) is the in�mum ε(t) of all ε > 0 such that for every x ∈ R2 there
holds

(5.3)

∣∣∣∣∣
 
Bε(x)

ρ(t, y) dy

∣∣∣∣∣ ≤ κ‖ρ(t, ·)‖L∞(B1(0)) .

We denote
G(ρ(t, ·)) := ε(t) .

We systematically use the notation Br(x) ⊂ R2 for the open ball centered at x with radius r
and we abbreviate Br(0) to Br. The parameter κ, which measures the accuracy of the mixing,
can be exploited in order to avoid pathological examples like the one discussed in Remark 5.10.

Definition 5.2 (Functional Mixing Scale). The functional mixing scale of ρ(t, ·) is ‖ρ(t, ·)‖Ḣ−1(B1).

We are interested in quantifying the weak convergence to zero (i.e., the average of the initial
datum) of the solution of (5.1) with the velocity �eld u in (5.2), that is, in quantifying the decay
to zero (as a function of time) of the two mixing scales in De�nitions 5.1 and 5.2 for the solution.

Remark 5.3 (Polynomial lower bounds). Bonicatto and Marconi [9] showed that for au-
tonomous 2D BV velocity �elds, both mixing scales cannot decay faster than polynomial. We
summarized the key steps in Section 5.7. It is easy to see the polynomial lower bound for our
example more directly. Indeed, such decay is controlled by the regularity with respect to the
space variable of the ODE �ow associated to u, and it is immediate to check that the Lipschitz
constant of the �ow grows linearly in time. Heuristically this �slow mixing� is due to the fact
that the velocity �eld, being time-independent, can stir the solution at each point in one direc-
tion only. Due to this structural constraint the decay rate is therefore much slower than the
exponential rate associated to self-similar evolutions (see Chapter 3) or a two-state velocity �eld
as in [21] (see Chapter 4).

Let us consider the following assumption on the initial datum ρ0 in (5.1):

Assumption 5.4. We assume that ρ0 is a bounded function which is zero outside B1 and
which satis�es the following condition of zero average on circles:ˆ

∂Br

ρ0 dSr = 0

for almost every r > 0, where dSr is the uniform measure on the circle of radius r.



Under Assumption 5.4, the argument in [38, Theorem 2.1] (see also [39]) based on the
explicit formula in Fourier variable for the solution ρ gives that for any initial datum ρ0 ∈ L2(B1)
the functional mixing scale of the solution converges to zero, i.e., ‖ρ(t, ·)‖Ḣ−1(B1) → 0. Assuming

some regularity on the initial datum ρ0 the same argument gives a rate of convergence, more
speci�cally

(5.4) ‖ρ(t, ·)‖Ḣ−1(B1) ≤ Ct
−α for any ρ0 ∈ Ḣα(B1) ,

and

(5.5) ‖ρ(t, ·)‖Ḣ−1(B1) ≤ Ct
−α/2 for any ρ0 ∈ Ẇα,1(B1) .

Remark 5.5. (On Assumption 5.4 and [38])

(i) Without Assumption 5.4 one can see that the solution converges weakly in L2(B1) to
the function ρ̃ which on every circle takes on the constant value of the average on the
circle of ρ0: For a.e. r > 0

ρ̃(∂Br) =

 
∂Br

ρ0 dSr .

(ii) Polynomial decay of the functional mixing scale can be proved for more general velocity
�elds, under suitable nondegeneracy conditions on the pro�le of the velocity. This is
technically more complicated and requires the use of the method of stationary phase
for oscillatory integrals; see the Appendix of [7] (presented in Section 5.6).

(iii) By means of examples, the optimality (up to iterated logarithmic loss) of the rate
in (5.4) is proved in [41].

To the best of our understanding such Fourier variable techniques cannot be applied to
analyze the decay of the geometric mixing scale of the solution. Our objective in this chapter
is to develop an approach in physical space well adapted for the study of the geometric mixing
scale. It essentially consists of two steps:

(1) Explicit analysis of the mixing rate for some speci�c step functions, and
(2) Approximation of a general function with step functions as in (1).

Besides allowing the analysis for the speci�c example considered in the present paper, we believe
that our approach could be useful in broader settings, in which the presence of more general
geometries and velocity pro�les makes the use of Fourier analysis techniques unfeasible.

The �rst result we obtain with this approach is that every bounded initial datum satisfying
Assumption 5.4 gets mixed by the velocity �eld we are considering:

Theorem 5.6 (Universality of the mixer). For any initial datum ρ0 ∈ L∞ supported in B1

which satis�es Assumption 5.4 we have that

(5.6) G(ρ(t, ·))→ 0 and ‖ρ(t, ·)‖Ḣ−1(B1) → 0, as t→∞ .

We are not able to give a quantitative rate of decay for such a general class of initial data
as in Theorem 5.6. However, in the case when the initial datum is continuous, or has fractional
Sobolev regularity, the approximation step in (2) in our strategy can be made quantitative. This
allows us to prove the following result:

Theorem 5.7. Let ρ0 be as in Theorem 5.6.

(i) If ρ0 ∈ C(B1) then there exists an absolute constant C > 0 such that

(5.7) G(ρ(t, ·)) ≤ C

κ2t
, for all t ≥ C̃ = C̃(ρ0, κ) .



(ii) If ρ0 ∈ Ẇα,1(B1) with α ∈ (0, 1], then

(5.8) G(ρ(t, ·)) ≤ C1t
−α2 , for all t ≥ C2 ,

where the constants here depend on α, κ, ‖ρ0‖Ẇα,1(B1) and ‖ρ0‖L∞ .

Observe that (5.8) entails the same rate as in (5.5) for the functional mixing scale. Moreover,
let us stress that we obtain a quanti�ed rate even for continuous functions, without requiring
any fractional Sobolev regularity. In fact, recalling the discussion in Remark 5.3, the decay rate
in (5.7) turns out to be optimal.

In fact, it is possible to exploit our approach also for the analysis of the decay of the
functional mixing scale. However, due to our method entailing an approximation step, we just
obtain a decay rate slower than the one ensured by the exact computation in Fourier variable:

Proposition 5.8. Let ρ0 be as in Theorem 5.6.

(i) If ρ0 ∈ C0,α(B1) with α ∈ (0, 1], then

(5.9) ‖ρ(t, ·)‖Ḣ−1(B1) ≤ C3t
− α
α+1 , for all t ≥ C4 ,

where the constants here depend on α, ‖ρ0‖C0,α(B1) and ‖ρ0‖L∞ .
(ii) If ρ0 ∈ Ẇα,1(B1) with α ∈ (0, 1], then

(5.10) ‖ρ(t, ·)‖Ḣ−1(B1) ≤ C5t
− α
α+4 , for all t ≥ C6 ,

where the constants here depend on α, ‖ρ0‖Ẇα,1(B1) and ‖ρ0‖L∞ .

Remark 5.9 (condition of zero average on circles). Without Assumption 5.4 the results
of Theorems 5.6 and 5.7 and Proposition 5.8 cannot hold (for a �xed but arbitrary accuracy
parameter κ, in the case of the geometric mixing scale). Consider for instance an initial datum
which is−1 on an inner ball and +1 on an outer annulus, as in Figure 28. This particular example
does not get mixed (indeed it is a stationary solution of (5.1)). We prove in Proposition 5.20
that Assumption 5.4 is in fact necessary in order for a bounded initial density to get mixed by
the velocity �eld u.

+1

−1

Figure 28. An example of an initial datum that is not mixed by the velocity
�eld u.

Remark 5.10 (role of the accuracy parameter κ). Fixing the accuracy parameter κ > 0
can lead to a pathological behavior of the geometric mixing scale, as discussed in Chapter 3 (see
Remark 3.2 and Example 3.9). The same issue occurs for our example as well: Consider the
following initial datum ρ0: Given an accuracy parameter κ we de�ne ρ0 equal to κ on an inner
ball, −κ on an intermediate annulus, and +1 and −1 on the upper and lower half of an outer
annulus (see Figure 29).



κ

−κ
+1

−1

Figure 29. Example of an initial datum whose geometric mixing scale goes to
zero, but the functional mixing scale does not.

By a simple inspection of the proof of Proposition 5.12 we see that the geometric mixing
scale G(ρ(t, ·)) with accuracy parameter κ decays like 1/t. However, the solution clearly does
not converge to zero weakly in L2 in the inner ball and in the intermediate annulus, where it is
in fact stationary. Similar to Example 3.9, note that the geometric mixing scale does not go to
zero as long as we choose any �ner accuracy parameter 0 < κ′ < κ. This suggests that also the
accuracy κ plays an important role in the analysis of mixing.

Remark 5.11 (behaviour of the constants). We cannot predict the behavior of the constant

C̃ that appears in (5.7), which depends on the modulus of continuity of the initial datum
ρ0. However, (5.7) gives a precise asymptotic upper bound for the geometric mixing scale of
continuous initial data, namely that

κ2 t lim sup
t→∞

G(ρ(t, ·)) ≤ C ,

where C is an absolute constant (in particular it is independent on ρ0). If we assume some
fractional Sobolev regularity on ρ0, we see that the geometric mixing scale decays at a polynomial
rate that depends on the regularity of the initial data.

It is worth to remark that, in contrast to C̃, all the constants Cj , j = 1, . . . , 6, will be explicitly
estimated in the proofs of the inequalities (5.8), (5.9), and (5.10). In particular, looking at
(5.56), (5.70), and (5.73), we see that C2, C4, C6 → ∞ as α → 0 and looking at (5.55), (5.63),
(5.72), (5.74), and (5.79), we see that the constants C1, C3, C5 are bounded as α→ 0.

Structure of this chapter.
The rest of this chapter is organized as follows. In Sections 5.2 - 5.4 we prove Theorems 5.6

and 5.7, as well as Proposition 5.12.
The �rst step in the proof is to consider a family of initial data, which are piecewise constant
in the radial direction, introduced in Section 5.2. For this family we can prove a decay of order
1/t for the geometric mixing scale, as well as a decay of order 1/

√
t for the functional mixing

scale. This follows by a combination of the main computation in Lemma 5.18 and other auxiliary
Lemmas in Sections 5.2 and 5.3.
The second step in the proof is an approximation argument, which we present in Section 5.4.
By approximating di�erent families of initial data with the above piecewise constant data, The-
orems 5.6 and 5.7 and of Proposition 5.8 follow.
In Section 5.5 we show that Assumption 5.4 is necessary for the tracer to get mixed, exploiting
the role of the accuracy κ in connection with the weak convergence to zero of the tracer.
In Section 5.6 we present calculations from [7] (as well as an example) in Fourier variables for
certain shear �ows u(x, y) = (f(y), 0), which yield a polynomial decay estimate for the func-
tional mixing scale. As mentioned before, the above shear �ows are the canonical analogue on
T2 to our example (5.2).
In Section 5.7 we summarize the result of Bonicatto and Marconi [9], who show that for au-
tonomous, 2D velocity �elds, there exists a polynomial lower bound for both mixing scales.



5.2. Preliminaries and the Case of Piecewise Constant Data

Hereafter the domain of all the function spaces we take into account will be most of the
times B1, so that in such cases we will not specify this anymore. For instance, we simply write
Hs, ‖ · ‖Hs instead of Hs(B1), ‖ · ‖Hs(B1), and so on.

5.2.0.1. Piecewise Constant Data. Here we �rst focus on a speci�c class of initial data, that
are piecewise constant along the radial direction and satisfy Assumption 5.4. More precisely, we
consider

(5.11) ρ0(r, θ) :=

2N−1∑
`=0

χ(`2−N ,(`+1)2−N ](r)f
`(θ), N ∈ N ∪ {0} ,

where f ` ∈ L∞(T) and

(5.12)

ˆ 2π

0

f `(θ) dθ = 0 .

For instance, when N = 0 and f0(θ) := χ(0,π](θ) − χ(π,2π](θ), we are considering the simple
initial data which equals 1 in the upper half disk and −1 in the lower half disk; see Figure 5.1.

Proposition 5.12. There exists an absolute constant C such that the following holds. For
ρ0 ∈ L∞ of the form (5.11), we have

(5.13) G(ρ(t, ·)) ≤ C

κ2t
, for t ≥ C 2N

κ
,

and

(5.14) ‖ρ(t, ·)‖Ḣ−1 ≤
C‖ρ‖L∞√

t
, for t ≥ C22N .

This proposition gives a quantitative rate of decay for both the geometric and the functional
mixing scales in the case of initial data of the particular form (5.11). Notice that the rate does
not depend on the integer N involved in the expression (5.11). For the proof of the proposition
we need some preliminary lemmas, that are also required to prove the main results in Section 5.4.

5.2.1. Auxiliary Lemmas. Since the velocity �eld (5.2) advects a traced point over a
circle centered at zero, we will tile the unit ball with pieces of annuli which behave like rectangles
with bounded eccentricity. More precisely, this means that there is an absolute constant c such
that, for any M ∈ N and Q ∈ QM like below, we have that Q is contained in a ball B and
|Q| ≥ c|B|. Notice that the volume of the tiles Q ∈ QM is proportional to 2−2M and their
diameter is proportional to 2−M ; see Remark 5.14.

Definition 5.13 (Annular tiling). Given any M ∈ N, we tile B1 \ {0} in the following way

B1 =

2M−1⋃
i=0

i⋃
j=0

QMij ,

where QMij are given, in polar coordinates, by

QMij =

{
(r, θ) ∈ [0, 1]× [0, 2π] : r ∈

(
i2−M , (i+ 1)2−M

]
, θ ∈ 2π

(
j

i+ 1
,
j + 1

i+ 1

]}
,

and we set

QM =
{
QMij , where i = 0, . . . , 2M − 1 and j = 0, . . . , i

}
.



Figure 30. Example of an annular tiling for M = 2

Remark 5.14. Note that there exist constants C1 and C2 > 0, such that

C12−2M ≤
∣∣QMij ∣∣ ≤ C22−2M and C12−M ≤ diamQMij ≤ C22−M

for all M ∈ N.

The following is a slightly di�erent version of Lemma 4.2 of Chapter 4. We prove that it
su�ces to show that the tracer is well mixed on all the annular tiles of diameter 2−M in order
to show that it is well mixed on any ball of comparable diameter.

Lemma 5.15. Let ρ be a bounded function supported in B1. If∣∣∣  
Q

ρ
∣∣∣ ≤ κ

2
‖ρ‖L∞ , for all Q ∈ QM ,

then there is an absolute constant C > 0 so that

G(ρ) ≤ C 2−M

κ
.

Proof. We have∣∣∣  
Bε(x)

ρ
∣∣∣≤ 1

πε2

∑
Q∈QM
Q⊂Bε(x)

∣∣∣ ˆ
Q

ρ
∣∣∣+

1

πε2

∑
Q∈QM

Q∩∂Bε(x)6=∅

ˆ
Q

|ρ|

≤ ‖ρ‖L
∞

πε2

(κ
2
|Bε(x)|+

∣∣Bε+c2−M (x) \Bε−c2−M (x)
∣∣)

≤ κ

2
‖ρ‖L∞ +

4c2−M

ε
‖ρ‖L∞ ≤ κ‖ρ‖L∞ ,

as long as ε ≥ 8c2−M/κ. Here c is taken su�ciently large so that diamQ ≤ c2−M ; recall
Remark 5.14. �

A similar lemma holds also for the functional mixing scale. If the tracer is well mixed on
any tile Q ∈ QM , then its Ḣ−1 norm is small.

Lemma 5.16. Let ρ be bounded, mean-free function supported in B1. If

(5.15)

∣∣∣∣ 
Q

ρ

∣∣∣∣ ≤ 2‖ρ‖L∞2−M , for all Q ∈ QM ,

there exists an absolute constant C such that

(5.16) ‖ρ‖Ḣ−1 ≤ C‖ρ‖L∞2−M .

For the proof of Lemma 5.16 we need the following Poincaré estimate:

Lemma 5.17 (Poincaré inequality on tiling). There exists an absolute constant C such that
for all ξ ∈W 1,1 we have that

(5.17) ‖ξ − ξQ‖L1(Q) ≤ C2−M‖∇ξ‖L1(Q)

for any Q ∈ QM , where ξQ :=
ffl
Q
ξ.



Proof. First of all, since the tiles QM00 are just balls of radius 2−M centered at zero, (5.17)
for Q = Q00 is simply a rescaled version of the Poincaré inequality on the unit ball. To handle
the remaining tiles, we start by the Poincaré inequality over a rectangle R of dimensions λ1×λ2,
that is

(5.18) ‖ξ − ξQ‖L1(R) ≤ C‖(λ1∂1 + λ2∂2)ξ‖L1(R) ,

which one gets by translating and rescaling the Poincaré inequality on the unit cube. Thus,
recalling that QMij has dimensions 2−M × 2π

i+1 (when we look at it as a rectangle in polar coor-

dinates), we have

ˆ
QMij

|ξ − ξQ|(r, θ)drdθ ≤ C
ˆ
QMij

∣∣∣∣(2−M∂r +
2π

i+ 1
∂θ

)
ξ

∣∣∣∣ (r, θ)drdθ.
We multiply this inequality times i2−M and, noting that r ' i2−M when r ∈ QMij , we arrive at

ˆ
QMij

|ξ − ξQ|(r, θ) r drdθ . C2−M
ˆ
QMij

∣∣∣∣(∂r +
∂θ
r

)
ξ

∣∣∣∣ (r, θ) r drdθ ,
that, once we recall ∇ = ∂r + 1

r∂θ, completes the proof of Lemma 5.17. �

Proof of Lemma 5.16. We work with the Ḣ−1 norm de�ned by duality as

(5.19) ‖ρ‖Ḣ−1 = sup

{ˆ
B1

ρ(x)ξ(x) dx : ‖∇ξ‖L2 ≤ 1

}
.

First we note that there exists a constant C > 0 such that for any mean-free function ρ we have
that

(5.20) C‖ρ‖Ḣ−1 ≤ ‖ρ‖H−1 ≤ ‖ρ‖Ḣ−1 ,

where

(5.21) ‖ρ‖H−1 = sup

{ˆ
B1

ρ(x)ξ(x) dx : ‖ξ‖H1 ≤ 1

}
.

The second inequality in (5.20) is immediate. As for the �rst inequality, let ξ such that

‖∇ξ‖L2 ≤ 1 be given. We de�ne ξ̃ = ξ − ξB1 and note that since ρ is mean-free, we have
that ˆ

B1

ρ(x)ξ̃(x) dx =

ˆ
B1

ρ(x)ξ(x) dx .

On the other hand, by the Poincaré inequality we have that

‖ξ̃‖L2 ≤ C‖∇ξ‖L2 and ‖∇ξ̃‖L2 = ‖∇ξ‖L2 .

By the de�nitions (5.19) and (5.21), this concludes the proof of (5.20).
In order to show (5.16), by (5.20) it is su�cient to show that

(5.22) ‖ρ‖H−1 ≤ C‖ρ‖L∞2−M .



Let ξ such that ‖ξ‖H1 ≤ 1 be given. Then∣∣∣∣∣
ˆ
B1

ρ(x)ξ(x) dx

∣∣∣∣∣ ≤ ∑
Q∈QM

∣∣∣∣ˆ
Q

ρ(x)ξ(x) dx

∣∣∣∣(5.23)

≤
∑

Q∈QM

ˆ
Q

|ρ(x)(ξ(x)− ξQ)| dx+

∣∣∣∣ˆ
Q

ρ(x)ξQ dx

∣∣∣∣
≤ ‖ρ‖L∞

∑
Q∈QM

‖ξ − ξQ‖L1(Q) +
∑

Q∈QM

|ξQ|
∣∣∣∣ˆ
Q

ρ(x) dx

∣∣∣∣
≤ C2−M‖ρ‖L∞

 ∑
Q∈QM

‖∇ξ‖L1(Q) +
∑

Q∈QM

∣∣∣∣ˆ
Q

ξ(y) dy

∣∣∣∣


≤ C2−M‖ρ‖L∞ (‖∇ξ‖L1 + ‖ξ‖L1)

≤ C2−M‖ρ‖L∞‖ξ‖H1 ≤ C‖ρ‖L∞2−M ,

where we used (5.17) and (5.15) in the fourth inequality. This concludes the proof of (5.22) and
therefore of the lemma. �

The following is a key lemma that will be used, together with the subsequent one, in the
proof of all the main results in the next section. Here we consider initial data of the form (5.11),
namely piecewise constant along the radial direction and with zero circular mean, and we show
that solutions are well mixed on any (small) annular tile, provided we wait for a su�ciently
large time. Here we only consider tiles which are contained into the sets (annuli) where the data
are radially piecewise constant. The case of large tiles, on which the data can also change their
values once we move in the radial direction, will be analyzed in Lemma 5.19.

Lemma 5.18. There exists an absolute constant C > 0 such that the following holds. For

any ρ0 ∈ L∞ of the form (5.11) and t ≥ C 2M

κ , we have

(5.24)

∣∣∣∣ 
Q

ρ(t, ·)
∣∣∣∣ ≤ κ

4
‖ρ(t, ·)‖L∞ , ∀M > N, ∀Q ∈ QM .

If t ≥ C22M we have

(5.25)

∣∣∣∣ 
Q

ρ(t, ·)
∣∣∣∣ ≤ 2−M‖ρ(t, ·)‖L∞ , ∀M > N, ∀Q ∈ QM .

Proof. We �rst prove (5.24). Since QM00 = B2−M , and the initial datum has zero average
on any circle, a property which is preserved by the �ow, we immediately haveˆ

QM00

ρ(t, ·) = 0 .

Hence it is su�cient to consider i ≥ 1. Since we are considering ρ0 of the form (5.11), the
restriction of the solution ρ(t, ·) to the tiles QMij is

ρ(t, r, θ)
∣∣∣
QMij

= f `(θ − 2πtr) ,

where ` is the only integer such that (i2−M , (i+ 1)2−M ] ⊂ (`2−N , (`+ 1)2−N ]. We set

(5.26) ri = i2−M , i = 1, . . . , 2M − 1 and θj =
j

i+ 1
2π, j = 0, . . . , i .

Let us computeˆ
QMij

ρ(t, ·) =

ˆ θj+1

θj

ˆ ri+1

ri

ρ(t, r, θ) r drdθ =

ˆ θj+1

θj

ˆ ri+1

ri

f `(θ − 2πtr) r drdθ .



For any �xed θ, we change variables y = θ − 2πtr. By rdr = −(2πt)−2(θ − y)dy, we getˆ θj+1

θj

ˆ ri+1

ri

f `(θ − 2πtr) r drdθ =
1

(2πt)2

ˆ θj+1

θj

I1(θ) dθ +
1

(2πt)2

ˆ θj+1

θj

I2(θ) dθ ,

where

(5.27) I1(θ) := −
ˆ dθ−2πtri+1e2π

θ−2πtri+1

f `(y)(θ − y) dy −
ˆ θ−2πtri

bθ−2πtric2π
f `(y)(θ − y) dy ,

(5.28) I2(θ) := −
1
2π bθ−2πtric2π∑

k= 1
2π dθ−2πtri+1e2π

ˆ 2π(k+1)

2πk

f `(y)(θ − y) dy ,

and dae2π (bac2π) is the smallest (largest) multiple of 2π which is larger (smaller) than a.
The integral of I1(θ) will be small because we integrate over a small set, while the integral

of I2(θ) will be small due to cancellation e�ects arising in the integral. Indeed

|I1(θ)| . (1 + tri+1)‖f `‖L∞ ≤ (1 + tri+1)‖ρ0‖L∞ ,
so that

1

(2πt)2

ˆ θj+1

θj

|I1(θ)| dθ . 1 + tri+1

t2
(θj+1 − θj)‖ρ0‖L∞

.

(
1

t2
+

2−M

t

)
‖ρ(t, ·)‖L∞ ,

(5.29)

where we have used θj+1− θj = 2π
i+1 . Now, recalling that |Q

M
ij | ' 2−2M , from (5.29) we see that

(5.30)
1

(2πt)2

ˆ θj+1

θj

|I1(θ)| dθ < κ

8
‖ρ(t, ·)‖L∞ |QMij |

as long as t ≥ C 2M

κ , for some large absolute constant C. In order to estimate the contribution of

I2(θ), we notice that, since f ` is 2π-periodic with zero mean, the general term of the sum (5.28)
reduces to ˆ 2π(k+1)

2πk

f `(y)(θ − y) dy = −
ˆ 2π(k+1)

2πk

f `(y)y dy ,

and, once we set F `(y) :=
´ y

0
f `(z)dz,

−
ˆ 2π(k+1)

2πk

f `(y)y dy = −
[
F `(y)y

]2π(k+1)

2πk
+

ˆ 2π(k+1)

2πk

F `(y) dy

=

ˆ 2π

0

F `(y) dy . ‖f `‖L∞ ≤ ‖ρ0‖L∞ ,

where we have used that F `(0) = 0 and that F ` is 2π-periodic, which follows by the fact
that f ` has zero mean. Thus, plugging this into (5.28) and noting that there are less than
t(ri+1 − ri) = t2−M terms in the sum over k, we arrive at

1

(2πt)2

ˆ θj+1

θj

|I2(θ)| dθ . θj+1 − θj
t

2−M‖ρ0‖L∞

' 2−M

(i+ 1)t
‖ρ(t, ·)‖L∞ ≤

2−M

t
‖ρ(t, ·)‖L∞ ,

(5.31)

and again, with the same computation used to deduce (5.30) by (5.29), we have that

(5.32)
1

(2πt)2

ˆ θj+1

θj

|I2(θ)| dθ < κ

8
‖ρ(t, ·)‖L∞ |QMij | ,



provided t ≥ C 2M

κ , for some large constant C. This concludes the proof of (5.24). Estimate
(5.25) can be proved in an analogous way. Indeed, looking at (5.29) and (5.31), it is clear that
we only need to restrict to t ≥ C22M . �

In the next lemma we show that solutions corresponding to initial data of the form (5.11) are
well mixed on (large) tiles which contain the sets (annuli) where the data are radially piecewise
constant. This is a complement of Lemma 5.18. Notice that the estimate (5.34) below is more
e�cient than its counterpart (5.25), since it even holds for smaller times.

Lemma 5.19. There exists an absolute constant C such that the following holds. Let ρ0 ∈ L∞
of the form (5.11). For all M ≤ N we have that

(5.33)

∣∣∣∣ 
Q

ρ(t, ·)
∣∣∣∣ ≤ κ

4
‖ρ(t, ·)‖L∞

for all Q ∈ QM and all t ≥ C 2N

κ . Similarly

(5.34)

∣∣∣∣ 
Q

ρ(t, ·)
∣∣∣∣ ≤ 2−M‖ρ(t, ·)‖L∞

for all Q ∈ QM and all t ≥ C2M+N .

The proof is very similar to that of Lemma 5.18.

Proof. Given M ≤ N , we de�ne the following sub-tiling of each QMij ∈ QM :

Dk,N
ij,M =

{
r ∈

(
i2−M + k2−N , i2−M + (k + 1)2−N

]
, θ ∈ 2π

(
j

i+ 1
,
j + 1

i+ 1

]}
for k = 0, ..., 2N−M − 1. We denote by DMN the family of all sub-tiles Dk,N

ij,M . We will show that

D1

2−N

D2 D3 D4

QM

Figure 31. Sub-tiling of Q ∈ QM

for all D ∈ DMN we have that

(5.35)

∣∣∣∣ˆ
D

ρ(t, ·)
∣∣∣∣ ≤ κ

4
|D| ‖ρ(t, ·)‖L∞ , if t ≥ C

κ 2N ,

and

(5.36)

∣∣∣∣ˆ
D

ρ(t, ·)
∣∣∣∣ ≤ |D| ‖ρ(t, ·)‖L∞2−M , if t ≥ C2(N+M) .

This is enough to prove the statement. Indeed, this would imply, for any Q ∈ QM , that∣∣∣∣ˆ
Q

ρ(t, ·)
∣∣∣∣ ≤ ∑

D∈DMN
D⊂Q

∣∣∣∣ˆ
D

ρ(t, ·)
∣∣∣∣ ≤ κ

4
‖ρ‖L∞

∑
D∈DMN
D⊂Q

|D| = κ

4
‖ρ(t, ·)‖L∞ |Q|



and ∣∣∣∣ˆ
Q

ρ(t, ·)
∣∣∣∣ ≤ ∑

D∈DMN
D⊂Q

∣∣∣∣ˆ
D

ρ(t, ·)
∣∣∣∣ ≤ 2−M‖ρ‖L∞

∑
D∈DMN
D⊂Q

|D| = 2−M‖ρ(t, ·)‖L∞ |Q| ,

which concludes the proof.
The computation of (5.35) and (5.36) is similar to the one we performed in the proof of

Lemma 5.18, so that we will omit the redundant details. We �x Dk,N
ij,M ∈ DMN . Recalling the

zero average condition on circles, it is su�cient to consider i ≥ 1. We let

rki = i2−M + k2−N , i = 1, . . . , 2M − 1, k = 0, . . . , 2N−M − 1 ,

θj =
j

i+ 1
2π, j = 0, . . . , i .

Proceeding as in the proof of Lemma 5.18, we compute
ˆ
Dk,Nij,M

ρ(t, ·) =

ˆ θj+1

θj

ˆ rki+1

rki

ρ(t, θ, r) r drdθ

=
1

(2πt)2

ˆ θj+1

θj

I1(θ) dθ +
1

(2πt)2

ˆ θj+1

θj

I2(θ) dθ

where I1(θ) and I2(θ) are de�ned like in (5.27) and (5.28), replacing ri, ri+1 with rki , r
k
i+1. The

estimate of the contribution of I1 is the same, namely

1

(2πt)2

ˆ θj+1

θj

|I1(θ)| dθ .
(

1

t2
+

2−M

t

)
‖ρ0‖L∞ ,(5.37)

and, by |Dk,N
ij,M | ' 2−(N+M), we have that

(5.38)
1

(2πt)2

ˆ θj+1

θj

|I1(θ)| dθ < κ

8
‖ρ(t, ·)‖L∞ |Dk,N

ij,M | ,

as long as t ≥ C
κ 2N , for some absolute large constant C > 1, and

(5.39)
1

(2πt)2

ˆ θj+1

θj

|I1(θ)| dθ < ‖ρ(t, ·)‖L∞ |Dk,N
ij,M |2

−M .

as long as t ≥ C2N+M .
The contribution of I2(θ) is di�erent, since in the (analogous of) the sum in (5.28) there are

now less than 2πt(rki+1 − rki ) = 2πt2−N terms, so that we get

1

(2πt)2

∣∣∣∣∣
ˆ θj+1

θj

I2(θ) dθ

∣∣∣∣∣ . θj+1 − θj
t

2−N‖ρ0‖L∞

=
2−N

(i+ 1)t
‖ρ(t, ·)‖L∞ ≤

2−N

t
‖ρ(t, ·)‖L∞ .

Again, by |Dk,N
ij,M | ' 2−(M+N), we have that

(5.40)
1

(2πt)2

ˆ θj+1

θj

|I2(θ)| dθ < κ

8
‖ρ(t, ·)‖L∞ |Dk,N

ij,M | ,

as long as t ≥ C
κ 2N , and

(5.41)
1

(2πt)2

ˆ θj+1

θj

|I2(θ)| dθ < ‖ρ(t, ·)‖L∞ |Dk,N
ij,M |2

−M ,

provided t ≥ C2M+N . Combining (5.38) and (5.40), we arrive at (5.35), and combining (5.39)
and (5.41), we arrive at (5.36). This concludes the proof of Lemma 5.19. �



5.3. Proof of Proposition 5.12

We rely on Lemma 5.18, in which we established how the average of the solution decays on

each annular tile. Given any t > 2C 2N

κ , where C is the absolute constant of the lemma, we

set M := blog2(C−1κt)c. We note that M > N , by t > 2C 2N

κ . By de�nition of M , we also

have t ≥ C 2M

κ , so that we can apply Lemma 5.18 and∣∣∣∣ 
Q

ρ(t, ·)
∣∣∣∣ ≤ κ

4
‖ρ(t, ·)‖L∞ , ∀Q ∈ QM ,

and then Lemma 5.15 implies

G(ρ(t, ·)) . 2−M

κ
.

Noting 2−M ≤ 2C
κt , again by de�nition of M , we arrive at

G(ρ(t, ·)) . 1

κ2t
,

as claimed in (5.13).
The proof of (5.14) is similar. Given t ≥ 4C22N , with C the large constant of Lemma 5.18,

we set M := b 1
2 log2 C

−1tc. Again we have M > N and t ≥ C22M , so that, applying the lemma
we get ∣∣∣∣ 

Q

ρ(t, ·)
∣∣∣∣ ≤ 2−M‖ρ(t, ·)‖L∞ , ∀Q ∈ QM ,

which implies by Lemma 5.16 that

‖ρ(t, ·)‖Ḣ−1 ≤ C‖ρ(t, ·)‖L∞2−M .

Now, using 2−M . 1√
t
, the inequality (5.14) follows and the proof is concluded. �

5.4. Proofs of Theorems 5.6 and 5.7 and of Proposition 5.8

The key point in all the proofs in this section is to approximate ρ0 by a sequence of piecewise
constant data ρN0 , of the form (5.11), for which we have already proved decay estimates for both
the geometric and functional mixing scales. The quanti�cation of the decay of the mixing scale
will turn out to strongly depend on the quanti�cation of the approximation of the initial datum.

The approximated data ρN0 are de�ned, on each QNij ∈ QN , in the following way:

(5.42) ρN0

∣∣∣
QNij

= (ρ0)QNij :=

 
QNij

ρ0 .

Note that ρN0 satis�es Assumption 5.4 provided ρ0 satis�es it. Indeed, if we take r ∈ (ri, ri+1],
we have

ˆ
∂Br

ρN0 dSr =
2πr

i+ 1

i∑
j=0

ρ0

∣∣∣
QNij

=
2πr

i+ 1

i∑
j=0

ˆ θj+1

θj

ˆ ri+1

ri

ρ0(θ,R)RdRdθ(5.43)

=
2πr

i+ 1

ˆ ri+1

ri

(ˆ θi+1=2π

θ0=0

ρ0(θ,R)dθ

)
RdR = 0 ,

where, in the last identity, we have used that ρ0(·, R) has zero average on [0, 2π] for almost every
R; see (5.12).



5.4.1. Proof of Theorem 5.6. Recalling that QN is a family of sets of bounded eccen-
tricity, by the Lebesgue Di�erentiation Theorem and Dominated Convergence Theorem we have
that

(5.44) lim
N→∞

‖ρN0 − ρ0‖L1 → 0 .

Now let M ∈ N be �xed. By (5.44), we can choose N large enough, so that

(5.45) ‖ρN0 − ρ0‖L1 ≤ 2−2M
(κ

4

)2

‖ρ0‖L∞ .

Denoting ρN (t, ·) the evolution of ρN0 at time t, we de�ne the set

(5.46) ANt =
{
|ρN (t, ·)− ρ(t, ·)| > κ

4
‖ρ0‖L∞

}
.

Using that the �ow is measure preserving, by Chebychev inequality and (5.45) we have

(5.47) |ANt | = |AN0 | ≤
‖ρN0 − ρ0‖L1

κ
4 ‖ρ0‖L∞

≤ 2−2M
(κ

4

)
.

We decompose

(5.48)

∣∣∣∣∣
 
B2−M (x)

ρ(t, ·)

∣∣∣∣∣ ≤
∣∣∣∣∣
 
B2−M (x)

(ρ− ρN )(t, ·)

∣∣∣∣∣+

∣∣∣∣∣
 
B2−M (x)

ρN (t, ·)

∣∣∣∣∣ .
Notice that, as a consequence of Proposition 5.12 with an accuracy parameter κ/2, the second
term on the right is bounded by κ

2 ‖ρ(t, ·)‖L∞ , for all su�ciently large t. For the �rst term we
can bound ∣∣∣∣∣

 
B2−M (x)

(ρ− ρN )(t, ·)

∣∣∣∣∣ ≤
∣∣∣∣∣ 1

π2−2M

ˆ
B2−M (x)∩ANt

(ρ− ρN )(t, ·)

∣∣∣∣∣
+

∣∣∣∣∣ 1

π2−2M

ˆ
B2−M (x)\ANt

(ρ− ρN )(t, ·)

∣∣∣∣∣
≤ 1

π2−2M
2‖ρ‖L∞ |ANt |+ sup

y/∈ANt
(ρ− ρN )(t, y)

≤ κ

4
‖ρ‖L∞ +

κ

4
‖ρ‖L∞ ≤

κ

2
‖ρ‖L∞

where in the last inequality we have used (5.47) and (5.46). Back to (5.48), we have shown that∣∣∣∣∣
 
B2−M (x)

ρ(t, ·)

∣∣∣∣∣ ≤ κ‖ρ‖L∞
for all su�ciently large t. Since M was arbitrary, we conclude that G(ρ(t, ·)) → 0 as t → ∞.

The proof for the Ḣ−1 norm is similar. An analogous argument shows that for any M ∈ N and
t su�ciently large, we have that  

Q

ρ(t, ·) ≤ 2C‖ρ‖L∞2−M

for any Q ∈ QM , which implies, by Lemma 5.16, that

‖ρ(t, ·)‖Ḣ−1 ≤ C‖ρ‖L∞2−M

for t su�ciently large. Since M is arbitrary, we conclude that ‖ρ(t, ·)‖Ḣ−1 → 0 as t→∞. �



5.4.2. Proof of Theorem 5.7. (i) If ρ0 is continuous on B1 and zero on R2 \B1, we can
choose N su�ciently large so that

(5.49) ‖ρ(t, ·)− ρN (t, ·)‖L∞ = ‖ρ0 − ρN0 ‖L∞ <
κ

4
‖ρ0‖L∞ =

κ

4
‖ρ(t, ·)‖L∞ .

Now, for all t ≥ C2N+3/κ we set

(5.50) M = blog2(C−1κt)c ,
where C is the constant in Lemma 5.18. This implies M > N and t ≥ C2M/κ. Notice that for
any QMij ∈ QM we have∣∣∣∣∣

 
QMij

ρ(t, ·)

∣∣∣∣∣ ≤
∣∣∣∣∣
 
QMij

ρ(t, ·)− ρN (t, ·)

∣∣∣∣∣+

∣∣∣∣∣
 
QMij

ρN (t, ·)

∣∣∣∣∣ .
By (5.49), the �rst term is bounded by κ

4 ‖ρ(t, ·)‖L∞ . Using Lemma 5.18, the second term is
also bounded by κ

4 ‖ρ(t, ·)‖L∞ . Recalling Lemma 5.15, this gives

G(ρ(t, ·)) ≤ C 2−M

κ
≤ 2C2

κ2t
,

with a possibly larger constant C, where in the second estimate we have again used de�ni-
tion (5.50). This concludes the proof of (5.7).

(ii) We now let ρ0 belong to Ẇα,1, for some α ∈ (0, 1]. We begin by proving the following
inequalities.

Claim 1. Let α ∈ (0, 1). Then there exists a constant C = C(α) such that for all N ∈ N
and Q ∈ QN we have that

(5.51) ‖ρ0 − (ρ0)Q‖L1(Q) ≤ C2−Nα
¨

Q×Q

|ρ0(x)− ρ0(y)|
|x− y|2+α

dx dy ,

and there exists a constant C such that for all N ∈ N and Q ∈ QN we have that

(5.52) ‖ρ0 − (ρ0)Q‖L1(Q) ≤ C2−N‖∇ρ0‖L1(Q) .

Proof. The family of Poincaré inequalities (5.52) has been already proved in Lemma 5.16.
In order to prove (5.51) we recall that |Q| ' 2−2N and diamQ ' 2−N , so that

1

|Q|
.

2−Nα

|x− y|2+α
, if (x, y) ∈ Q×Q .

Therefore we have ˆ

Q

|ρ0(y)− (ρ0)Q| dy =

ˆ

Q

∣∣∣∣ρ0(y)−
 
ρ0(x)dx

∣∣∣∣ dy(5.53)

≤ 1

|Q|

ˆ

Q

ˆ

Q

|ρ0(y)− ρ0(x)| dxdy

. 2−Nα
ˆ

Q

ˆ

Q

|ρ0(y)− ρ0(x)|
|x− y|2+α

dxdy . �

As a consequence of Claim 1, we compute the following rate of the approximation for the
initial data.

Claim 2. For any α ∈ (0, 1], there exists a constant C = C(α) such that for any N ∈ N we
have that

‖ρ0 − ρN0 ‖L1 ≤ C2−Nα‖ρ0‖Ẇα,1 .



Proof. Let �rst α = 1. Recalling the rescaled Poincaré inequality (5.52), we can compute

‖ρ0 − ρN0 ‖L1 =
∑
Q∈QN

‖ρ0 − (ρ0)Q‖L1(Q)

≤ C2−N
∑
Q∈QN

‖∇ρ0‖L1(Q) = C2−N‖ρ0‖Ẇ 1,1 .

Similarly, for α ∈ (0, 1) we compute

‖ρ0 − ρN0 ‖L1 =
∑
Q∈QN

‖ρ0 − (ρ0)Q‖L1(Q)

≤ C2−Nα
∑
Q∈QN

¨

Q×Q

|ρ0(x)− ρ0(y)|
|x− y|2+α

dx dy(5.54)

≤ C2−Nα
¨

B1×B1

|ρ0(x)− ρ0(y)|
|x− y|2+α

dx dy

= C2−Nα‖ρ0‖Ẇα,1 . �

We can now go back to the proof of Theorem 5.7 (ii). We choose

c = c(κ, ‖ρ0‖Ẇα,1 , ‖ρ0‖L∞)

su�ciently large, in such a way that

(5.55) ‖ρ0‖Ẇα,1 ≤
2c

2C2

(κ
8

)2

‖ρ0‖L∞ ,

where the constant C is larger than the one in (5.54), twice the one in Lemma 5.19, and such
that |Q| ≥ 1

C 2−2M , for all M ∈ N and all Q ∈ QM . Given any

(5.56) t ≥ C

κ
2

2+c
α ,

we set

(5.57) M :=

⌊
log2

( κ
C

)α
2

2−
c
2 t

α
2

⌋
.

Notice that by (5.56) we have M ≥ 1. We de�ne

(5.58) σ(M) :=

⌈
2M + c

α

⌉
and notice that σ(M) > M . By (5.57) we have

t ≥ C

2κ
2σ(M) ,

so that we are allowed to apply Lemma 5.19 to the solution ρσ(M). Let

A
σ(M)
t =

{
|ρσ(M)(t, ·)− ρ(t, ·)| > κ

8
‖ρ0‖L∞

}
.

Using Claim 2 and (5.55), we have that

(5.59) ‖ρσ(M)
0 − ρ0‖L1 ≤ 1

2C
2−2M

(κ
8

)2

‖ρ0‖L∞ ,

for any M ∈ N. This implies, via Chebychev's inequality, that

(5.60)
∣∣∣Aσ(M)

t

∣∣∣ =
∣∣∣{|ρσ(M)

0 − ρ0| >
κ

8
‖ρ0‖L∞

}∣∣∣ ≤ 1

2C
2−2M

(κ
8

)
.



Let Q ∈ QM . We have

(5.61)

∣∣∣∣ 
Q

ρ(t, ·)
∣∣∣∣ ≤  

Q

∣∣∣ρ(t, ·)− ρσ(M)(t, ·)
∣∣∣+

∣∣∣∣ 
Q

ρσ(M)(t, ·)
∣∣∣∣ ,

and the second term on the right hand side is estimated by κ
4 ‖ρ‖L∞ , using Lemma 5.19 (recall

that σ(M) > M). In order to bound the �rst term we need to use (5.60). Indeed, recalling also
that |Q| ≥ 1

C 2−2M , we have 
Q

∣∣∣ρ(t, ·)−ρσ(M)(t, ·)
∣∣∣≤ C22M

ˆ
Q∩Aσ(M)

t

∣∣∣ρ(t, ·)−ρσ(M)(t, ·)
∣∣∣

+
1

|Q|

ˆ
Q\Aσ(M)

t

∣∣∣ρ(t, ·)−ρσ(M)(t, ·)
∣∣∣

≤C22M2‖ρ‖L∞
∣∣∣Aσ(M)

t

∣∣∣+
κ

8
‖ρ‖L∞

≤ κ
4
‖ρ‖L∞ .

In conclusion, we have shown that the averages of ρσ(M) over the elements of QM are
bounded by κ

2 ‖ρ‖L∞ , as long as t satis�es (5.56). By Lemma 5.15, this implies that

(5.62) G(ρ(t, ·)) ≤ C

κ
2−M ,

but, recalling (5.57), we also have

(5.63)
C

κ
2−M ≤

(
C

κ

)1+α
2

21+ c
2 t−

α
2 ,

so that (5.8) has been proved. �

5.4.3. Proof of Proposition 5.8. (i) We are assuming that ρ0 ∈ C0,α, for some α ∈ (0, 1].
Let us start by proving the following claim.

Claim 3. We have

(5.64) ‖ρ(t, ·)− ρN (t, ·)‖L∞ ≤ C‖ρ0‖C0,α2−Nα ,

for all N ∈ N and for some absolute constant C, where

‖ρ0‖C0,α = ‖ρ0‖L∞ + sup
x,y∈B1,x 6=y

|ρ0(x)− ρ0(y)|
|x− y|α

.

Proof. Clearly

‖ρ(t, ·)− ρN (t, ·)‖L∞ = ‖ρ0 − ρN0 ‖L∞ .
On the other hand, if x ∈ Q, with Q ∈ QN , we can bound∣∣ρ0(x)− ρN0 (x)

∣∣ ≤  
Q

|ρ0(x)− ρ0(y)| dy

≤ ‖ρ0‖C0,α

 
Q

|x− y|α dy . ‖ρ0‖C0,α2−Nα ,

where we have used that diam(Q) . 2−N . �

We can now pass to the proof of Proposition 5.8(i). Let

(5.65) t ≥ (8C)
α+1
α

(
‖ρ0‖C0,α

‖ρ0‖L∞

) 1
α

,



where C > 1 is larger than the constants in Lemma 5.19 and in (5.64). Then we set

(5.66) M =

⌊
log2

((
‖ρ0‖L∞
‖ρ0‖C0,α

) 1
α+1 t

α
α+1

2C

)⌋
.

Notice that

(5.67) 2−M <

(
‖ρ0‖C0,α

‖ρ0‖L∞

) 1
α+1 4C

t
α
α+1

.

Moreover, (5.65) ensures that M ≥ 1. Finally we set

(5.68) σ(M) =

⌈
log2

((
2C‖ρ0‖C0,α

‖ρ0‖L∞
2M
) 1
α

)⌉
.

Notice that σ(M) ≥M + 1 and

(5.69) C2−σ(M)α‖ρ0‖C0,α ≤ 1

2
2−M‖ρ0‖L∞ .

Again by (5.66), we see that

(5.70) t > 2C2M
(

2C
‖ρ0‖C0,α

‖ρ0‖L∞
2M
) 1
α

,

and, by (5.68), that (
2C
‖ρ0‖C0,α

‖ρ0‖L∞
2M
) 1
α

>
2σ(M)

2
,

so that we have t ≥ C2M+σ(M), namely (using also σ(M) ≥M+1) we are under the assumptions
of Lemma 5.19, when we consider the solution ρσ(M). Thus, for any Q ∈ QM , we can bound

(5.71)

∣∣∣∣ 
Q

ρ(t, ·)
∣∣∣∣ ≤ ∣∣∣∣ 

Q

ρ(t, ·)− ρσ(M)(t, ·)
∣∣∣∣+

∣∣∣∣ 
Q

ρσ(M)(t, ·)
∣∣∣∣ .

Both the terms on the right hand side are bounded by 1
22−M‖ρ(t, ·)‖L∞ , the �rst one because

of Claim 3 and the inequality (5.69), the second one as consequence of Lemma 5.19. Hence the
statement follows by Lemma 5.16. Indeed, recalling also (5.67), we arrive at

(5.72) ‖ρ(t, ·)‖Ḣ−1 ≤ C2−M‖ρ0‖L∞ ≤ 4C2‖ρ0‖
1

α+1

C0,α‖ρ0‖
α
α+1

L∞ t−
α
α+1 ,

so that the proof of (5.9) is concluded.

(ii) The proof is a variation of that of Theorem 5.7(ii). Let us take

(5.73) t ≥ C8
α+4
α 2

c
α ,

where C is as before and c is su�ciently large so that

(5.74) ‖ρ0‖Ẇα,1 ≤
2c

2C2
‖ρ0‖L∞ .

Setting

(5.75) M :=

⌊
log2

1

2
C−

α
α+4 2−

c
α+4 t

α
α+4

⌋
,

a similar argument as in the proof of Theorem 5.7(ii) shows that for

(5.76) σ(M) :=

⌈
4M + c

α

⌉
we have that

(5.77) ‖ρσ(M)
0 − ρ0‖L1 ≤ 1

2C
2−4M‖ρ0‖L∞ .



Thus, using Chebychev's inequality, we have that∣∣∣Aσ(M)
t

∣∣∣ =
∣∣∣{|ρσ(M)(t, ·)− ρ(t, ·)| > 2−M‖ρ0‖L∞

}∣∣∣ ≤ 1

2C
2−3M .

We bound

(5.78)

∣∣∣∣ 
Q

ρ(t, ·)
∣∣∣∣ ≤  

Q

∣∣∣ρ(t, ·)− ρσ(M))(t, ·)
∣∣∣+

∣∣∣∣ 
Q

ρσ(M)(t, ·)
∣∣∣∣

for all Q ∈ QM . The second term is bounded by 2−M‖ρ‖L∞ by Lemma 5.19, that we are allowed
to apply beacuse t ≥ C2M+σ(M) and σ(M) > M ≥ 1, looking at (5.73), (5.75), and (5.76). The
same argument used in the proof of (5.8) now shows that the second term is also bounded by
2−M‖ρ‖L∞ . In conclusion, we have shown that the average of ρ(t, ·) over the elements of QM is
bounded by 2‖ρ‖L∞2−M . Thus Lemma 5.16 implies that

‖ρ(t, ·)‖Ḣ−1 ≤ C‖ρ0‖L∞2−M ,

and, noting that (see (5.75))

(5.79) 2−M ≤ 4C1+ α
α+4 2

c
α+4 t−

α
α+4 ,

the proof of (5.10) is concluded. �

5.5. Necessity of Assumption 5.4

In Theorem 3.3 of Chapter 3 we show that, if the geometric mixing scale of a solution decays
to zero for any accuracy parameter κ ∈ (0, 1), then such a solution has to converge to zero weakly
in L2. As pointed out in Remark 5.10, this does not hold when only assuming decay for a given
�xed κ. We use Theorem 3.3 in order to show in Proposition 5.20, that the the zero average
condition of Assumption 5.4 is necessary for any bounded initial density in order to get mixed
(in either geometric or functional sense) by the velocity �eld u.

Proposition 5.20. Let ρ0 ∈ L∞ supported in B1 be a mean-free initial datum for which
limt→∞ ‖ρ(t, ·)‖Ḣ−1 = 0 or limt→∞ G(ρ(t, ·)) = 0 for all κ ∈ (0, 1). Then ρ0 has to satisfy
Assumption 5.4.

Proof. Clearly it is su�cient to consider r > 0. Looking at the vector �eld u, it is
immediate to check that the average of any solution ρ(t, ·), advected by u, on any ball centered
at the origin, is preserved. Namely we have, for all r > 0 (notice that ρ(t, ·) = 0 outside B1):ˆ

|x|≤r
ρ(t, x)dx =

ˆ
|x|≤r

ρ0(x)dx, ∀t ≥ 0 .

Thus, for any r1 < r2, we still have

(5.80)

ˆ
r1<|x|≤r2

ρ(t, x)dx =

ˆ
r1<|x|≤r2

ρ0(x)dx, ∀t ≥ 0 .

Using Theorem 3.3 in the case of the geometric mixing scale, we see that any of the assumptions
of the current proposition imply that ρ(t, ·) converges to zero weakly in L2 as t → ∞. Thus,
testing against φ = χBr2 and φ = χBr1 , we see that

lim
t→∞

ˆ
r1<|x|≤r2

ρ(t, x)dx = lim
t→∞

(ˆ
|x|≤r2

ρ(t, x)dx−
ˆ
|x|≤r1

ρ(t, x)dx

)
= 0 ,

for all r1 < r2. By (5.80), this clearly implies

(5.81)

ˆ
r1<r≤r2

ˆ
∂Br

ρ0 dSr =

ˆ
r1<|x|≤r2

ρ0(x)dx = 0 ,



for all r1 < r2. Taking r ∈ [r1, r2] and letting r2 − r1 → 0, using (5.81) and the Lebesgue
di�erentiation theorem, we have proved that

(5.82)

ˆ
∂Br

ρ0 dSr = 0 ,

for any r > 0 which is a Lebesgue point of the function r > 0 7→
´
∂Br

ρ0 dSr. Since this function

is bounded (recall that ρ0 ∈ L∞) and supported on (0, 1], we obtain that (5.82) is valid for
almost any r > 0, as claimed. �

5.6. Computations for shear �ows in Fourier variables

As we mentioned in the introduction, the velocity �eld (5.2) is the canonical counterpart
on the unit ball of a shear �ow on the two dimensional torus. In the following section we will
present computations for shear �ows in Fourier variables that yield an estimate on the decay of
the functional mixing scale. First, we present a straightforward motivational computation for
the example u(x, y) = (y, 0) at integer times in Lemma 5.21. Second, in Theorem 5.22 we present
a computation by Bedrossian and Coti Zelati [7], who cover the general case u(x, y) = (f(y), 0),
where f ∈ Cn0+2(T) (with additional constraints on f ′, see the theorem).

Lemma 5.21. Let u(x, y) = (y, 0) be the velocity �eld on T2 and let the initial value ρ0 ∈ Ḣ1

be such that

(5.83)

ˆ
T
ρ(x, y) dx = 0 for all y ∈ T .

Then for every integer time T > 0 it holds

‖ρ(T, ·)‖Ḣ−1 ≤
C

T
‖ρ0‖Ḣ1 .

Proof. Consider the initial datum

ρ0(x, y) =
∑
m0,n0

ei(m0x+n0y)ρm0,n0

0

and note that since ρ is mean free and (5.83) we have that ρ0,k2
0 = 0 for all k2 ∈ Z. We compute

ρ(T, x, y) = ρ0(x− Ty, y) =
∑
m0,n0

eim0xei(n0−Tm0)yρm0,n0

0 ,

and thus

ρ̂(T, ·)(k1, k2) =
1

2π

∑
m0,n0

ˆ
T
ei(m0−k1)x dx

ˆ
T
ei(n0−Tm0−k2)y dy ρm0,n0

0 = ρk1,k2+k1T
0 .

We �nally compute

‖ρ(T, ·)‖2
Ḣ−1 =

∑
k1,k2

|ρ̂(T, ·)(k1, k2)|2

k2
1 + k2

2

=
∑
k1,k2

|ρk1,k2+k1T
0 |2

k2
1 + k2

2

=
∑
k1,k2

|ρk1,k20 |2

k2
1 + (k2 − Tk1)2

≤ 4

T 2

∑
k1,k2

(k2
1 + k2

2)|ρk1,k20 |2 =
4

T 2
‖ρ0‖2Ḣ1 .

�

The following Theorem by Bedrossian and Coti Zelati [7] covers the case u(x, y) = (f(y), 0)
for a general class of functions f . In contrast to Lemma 5.21, the proof uses duality, as well as
the method of stationary phase for classical oscillatory integrals.



Theorem 5.22 (Mixing by shear �ows in T2). Let u(x, y) = (f(y), 0), where f ∈ Cn0+2(T)
such that f ′(y) = 0 in at most �nitely many places and that at each critical point, f ′ vanishes
to at most order n0 ≥ 1. Let ρ solve

∂tρ+ f∂xρ = 0.

Then for all k 6= 0 we have that

‖ρ̂k(t)‖H−1
y
≤ C 〈kt〉−1/(n0+1) ‖ρ̂k(0)‖H1

y

where 〈kt〉 =
√

1 + (kt)2.

Proof. Since ρ(t, x, y) = ρ(0, x− tf(y), y), observe that

ρ̂k(t, y) =
1

2π

ˆ
T
e−ikxρ(t, x, y) dx = e−iktf(y)ρ̂k(0, y) ,

where ρ̂k(t, y) is a partial Fourier transform. By de�nition, we have that

‖ρ̂k(t)‖H−1
y

= sup

{ˆ
T
ρ̂k(t, y)η(y) dy : ‖∇η‖L2(T) ≤ 1

}
.

Let us �x η as above. The expressionˆ
T
ρ̂k(t, y)η(y) dy =

ˆ
T
e−iktf(y)ρ̂k(0, y)η(y) dy

is an oscillatory integral of the �rst kind, and therefore (following Stein [34], Chapter XIII) its
asymptotic behavior for t→∞ is determined by the critical points y1, . . . , yN of f (in particular
their order). The authors consider a partition of unity {φi}Ni=0 with the following properties:
For some δ > 0 and i ∈ 1, . . . , N it holds

supp(φi) ⊂ B(yi, 2δ), supp(φi) ∩ supp(φj) = ∅ for i 6= j, φi ≡ 1 on B(yi, δ)

and φ0 = 1−
∑N
i=1 φi. Finally, we group critical points of the same order: For j = 1, . . . , n0 we

de�ne

φ̃j =
∑
i∈Ej

φi ,

where Ej is the set of all indices i such that

f (l)(yi) = 0 for all 1 ≤ l ≤ j and f (j+1)(yi) 6= 0 ,

and de�ne φ̃0 = φ0. Consider the partition of unity {φ̃i}n0
i=0. We write

ˆ
T
ρ̂k(t, y)η(y) dy =

n0∑
i=0

ˆ
T
e−iktf(y)ξi(y) dy =

n0∑
i=0

Ii ,

where ξi(y) = φ̃i(y)ρ̂k(0, y)η(y) and Ii are standard oscillatory integrals. Since ξ0 = 0 around
critical points of f , we can estimate I0 directly via integration by parts:

I0 =

ˆ
T
e−ikf(y)t d

dy

(
ξ0(y)

ikf ′(y)

)
dy ≤ c‖ξ0‖H1

y
≤ C‖ρ̂k(0, y)‖H1

y

since H1
y (T) is an algebra. For i = 1, . . . , n0, we may apply the method of stationary phase

(see [34], Proposition 3, Chapter XIII) to deduce

Ii ≤ C〈kt〉−1/(i+1)
(
‖ξi‖L∞ + ‖ξi‖H1

y

)
≤ C〈kt〉−1/(i+1)‖ρ̂k(0, y)‖H1

y
.

�



5.7. Polynomial lower bound by Bonicatto and Marconi

For BV autonomous divergence free velocity �elds in R2, P. Bonicatto and E. Marconi [9]
prove a polynomial lower bound of the order 1/t for both the geometric and the functional
mixing scale. Therefore, the example in [15] is sharp. The polynomial lower bound for both
mixing scales is a simple consequence of the following Lusin-type regularity result for the �ow
X proved by the authors, which demonstrates that the Lipschitz constant can grow at most
linearly in time.

Theorem 5.23 (Regularity Result). Let u ∈ BV(R2,R2) be a bounded autonomous vector
�eld with compact support and div u = 0 and denote by X the associated regular Lagrangian
�ow. Then for every ε > 0 there exists a constant C = C(ε, u) > 0 and B ⊂ R2 with |B| ≤ ε
such that

(5.84) Lip
(
X(t, ·)|R2\B

)
≤ C(1 + t) .

for every t ≥ 0.

Remark 5.24. Theorem 5.23 is reminiscent of the (exponential) Lusin-type regularity result
by Crippa and De Lellis [14] for (time-dependent) Sobolev vector �elds u ∈ W 1,p(Rd) (where
p > 1), presented in Theorem 3.24. Note, however, that the constant in Theorem 3.24 only
depends on ε and ‖Dxu‖L1(Lp), whereas the constant in Theorem 5.23 depends on the velocity
�eld u as a function.

The polynomial lower bound for both mixing scales then follows directly from the above
regularity result, similarly to the way it is performed in [14] for the geometric, and in [23] for
the functional mixing scale.

Theorem 5.25 (Polynomial lower bound on mixing scales). Let an accuracy parameter
κ > 0 and a set A ⊂ B1, such that |A| = |B1 \ A| be given. Consider the initial datum
ρ0 = 1A − 1B1\A. There exists a constant c = c(u, κ,A) > 0 such that

G(ρ(t, ·)) ≥ c

1 + t
and ‖ρ(t, ·)‖Ḣ−1 ≥

c

1 + t

for every t > 0.

Roughly speaking, the main idea of the proof of Theorem 5.23 is to show that any au-
tonomous 2D velocity �eld u ∈ BV, locally has the structure of a shear �ow, which explains the
polynomial rates in Theorems 5.23 and 5.25.
First note that in 2D there exists a Hamiltonian, i.e. a function H : R2 → R in Lip(R2,R), such
that u = ∇⊥H ∈ BV(R2,R2). Heuristically, the level sets of the Hamiltonian H are constant
under the �ow X of u, since

d

dt
H(X(t, x)) = ∇H(X(t, x)) · d

dt
X(t, x) = ∇H(X(t, x)) · ∇⊥H(X(t, x)) = 0 .

This suggests that studying the two dimensional problem may be reduced to studying a family
of one dimensional problems, along the level sets of the Hamiltonian H (see [1] and [2]).
The structure of level sets of H in this setting is well studied. The authors prove that for L1-a.e.
h ∈ H(R2) the level set H−1(h) is the union of �nitely many disjoint cycles Cih that can be
parametrized by simple curves γh,i of �nite integral curvature.



n

γ2(X1,2(s))

γ1(s)

E

Figure 32. Comparing the evolution of X on di�erent level sets of H

The main challenge is to compare the evolution of the �ow X along two cycles Ch1
and Ch2

associated to di�erent level sets h1 6= h2. The key observation is that large part of γ1 can locally
be mapped onto γ2 (where γi parameterizations of Chi). As displayed in Figure 32, let E be the
area which is locally enclosed by γ1 and γ(X1,2(s)), where X1,2 is a change of variables. Then
E is the union of parallel segments {γ(s) + tn}, where n is a (locally) �xed vector, I an interval,
d(s) a function,

E =
⋃
s∈I

⋃
t∈[0,d(s)]

{γ(s) + tn} .

The fact that the segments {γ(s) + tn} are parallel allows the local comparison to a shear �ow.





APPENDIX A

Background material

In the Appendix we collect a few classical theorems from analysis we use throughout the
thesis and clarify notations.

A.1. Notations

Function spaces. We denote by Lp(Rd) the standard Lebesgue spaces with norm ‖·‖Lp . We
denote by W k,p(Rd) the space of Lp functions, such for all |α| ≤ k the distributional derivative
Dα exists and is in Lp. We denote by H1(Rd) the space W 1,2(Rd) and by H−1(Rd) its dual
space. We consider fractional Sobolev spaces W s,p(Rd), where s ∈ (0, 1), which we de�ne in the
following way:

W s,p(Rd) =

{
u ∈ Lp(Rd) such that

|u(x)− u(y)|
|x− y|

d
p+s

∈ Lp(Rd × Rd)

}
with the semi-norm

(A.1) ‖u‖p
Ẇ s,p(Rd)

=

¨

Rd×Rd

|u(x)− u(y)|p

|x− y|d+sp
dx dy .

For r > 1 we write r = k + s, where k ∈ N and s ∈ (0, 1) and de�ne W r,p(Rd) as the set of
functions u ∈W k,p(Rd) whose distributional derivatives Dαu with |α| = k belong to W s,p(Rd).
We further consider the weak Lp space Mp, consisting of all measurable functions f , such that

(A.2) |||f |||Mp = sup
λ>0
{λ|{x : |f(x)| > λ}|1/p} <∞ .

We denote byM(Rd) the space of �nite Radon measures on Rd. The space of bounded variation
BV(Rd) consists of all functions f ∈ L1(Rd) such that its distributional derivative Df is a �nite
measure. The BV norm is de�ned as

‖f‖BV(Rd) = ‖f‖L1(Rd) + ‖Df‖M(Rd)).

The space of Hölder continuous functions C0,α(Rd) consists of all continuous functions f such
that

‖f‖C0,α = ‖f‖L∞ + sup
x,y∈Rd,x6=y

|f(x)− f(y)|
|x− y|α

<∞ .

We denote by ΓT = C([0, T ],Rd) the space of continuous paths in Rd.

Thesis-speci�c notation. We denote by B(x, r) or Br(x) a ball with radius r and center x and
Ld is the Lebesgue measure in Rd. The domain Qd will always either be Rd, the d-dimensional
torus Td = Rd/Zd or the open unit cube Qd = (− 1

2 ,
1
2 )d ⊂ Rd. For convenience, we denote

by Q the 2-dimensional unit square (− 1
2 ,

1
2 )2. We denote the geometric mixing scale by G(·)

(see De�nition 3.1) and write mix(·) if either a result holds for both the functional and the
geometric mixing scale, or the mixing scale has not been set. We denote the cellular tiling by Tλ
(see De�nition 3.28) and the annular tilings by QM and DMN (see De�nition 5.13). We denote
the characteristic length scale of the set A with respect to E as LSE(A) (see De�nition 4.4) and
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the set of basic building blocks by B = Bλ,a,p,θ,s (see De�nition 4.5).

Others. We denote by Mf : Rd → R the maximal function of a function f , de�ned de�ned by

(A.3) (Mf)(x) = sup
ε>0

1

|B(x, ε)|

ˆ
B(x,ε)

|f(y)| dy .

We denote by f#Ld the push-forward measure of Ld, de�ned by

f#Ld(A) = Ld(f−1(A)) for all Borel sets A ⊂ Rd .
For two measures µ and σ in the same measurable space (X,A) we write µ << σ if µ is absolutely
continuous with respect to σ, which means that µ(A) = 0 if σ(A) = 0.

A.2. Classical Theorems

In this section we will state the following classical theorems that we use throughout the
thesis: The Hölder and Jensen inequalities, the Grönwall lemma, the Poincaré inequality (on
a ball, and for fractional Sobolev spaces), strong and weak Lp − Lp estimates of the maximal
function Mf and the Chebychev inequality.

Theorem A.1 (Hölder's inequality). Let p, q ∈ [1,∞) such that 1
p + 1

q = 1. Then, for all

measurable functions f and g : Rd → R we have that

‖fg‖1 ≤ ‖f‖p‖g‖q .

Theorem A.2 (Jensen's inequality). Let (Ω, A, µ) be a probability space, such that µ(Ω) = 1.
If g is a real-valued function that is µ-integrable, and if ϕ is a convex function on the real line,
then

ϕ

(ˆ
Ω

g dµ

)
≤
ˆ

Ω

ϕ ◦ g dµ .

Lemma A.3 (Grönwall's inequality). Let I = [0, T ] and let β and u be real-valued continuous
functions de�ned on I. If u is di�erentiable in (0, T ) and satis�es the di�erential inequality

u′(t) ≤ β(t)u(t)

for all t ∈ (0, T ), then

u(t) ≤ u(0) exp

(ˆ t

0

β(s) ds

)
for all t ∈ [0, T ].

Theorem A.4 (Poincaré inequality). Assume that 1 ≤ p <∞ and that Ω ⊂ Rd is a bounded
connected open set with Lipschitz boundary. Then there exists a constant C, depending only on Ω
and p, such that for every function u in the Sobolev Space W 1,p(Ω),

‖u− uΩ‖Lp(Ω) ≤ C‖∇u‖Lp(Ω) ,

where

uQ =
1

|Ω|

ˆ
Ω

u(y) dy

is the average value of u over Ω. If Ω is a ball B (or a cellular or annular tile) of diameter r > 0,
there exists a dimensional constant C such that

‖u− uΩ‖Lp(B) ≤ Cr‖∇u‖Lp(B) .

The following inequality holds for fractional Sobolev spaces. Let r ∈ (0, 1), 1 ≤ p < ∞ and Qd
the unit cube (in Rd). Thenˆ

Qd
|u(x)− uQd |p dx ≤ C(r, p, d)

¨

Qd×Qd

|u(x)− u(y)|p

|x− y|d+rp
dx dy .



Theorem A.5 (strong and weak Lp−Lp estimates for Mf). For f ∈ Lp(Rd), where p > 1,
the following of strong Lp − Lp estimate holds for the maximal function Mf

‖Mf‖Lp ≤ C‖f‖Lp .
For f ∈ L1(Rd), the following weak L1 − L1 estimate holds:

|||Mf |||M1 ≤ C‖f‖L1 .

Theorem A.6 (Chebychev inequality). Let f ∈ Lp(Rd), where 1 ≤ p < ∞. Then we have
for every λ > 0 that

Ld({|f | > λ}) ≤
‖f‖pLp
λp

.
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