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colleagues Dr. Ivan Subotic, Dr. André Kilchenmann and Flavie Laurens, for their
continuous support in the successful completion of the BEOL project and for being
wonderful and cooperative colleagues. I would also like to acknowledge the support of
Dr. Peter Fornaro for arranging a contract to get my PhD started and Dr.Vera Chiquet for
her guidance as a coordinator of the Digital Humanities PhD program. I also especially
thank Dr. Berenike Hermann for her advice and being an example of a strong, active,
and successful female academician in the field of Digital Humanities.

I have been fortunate to draw upon the skills of the Bernoulli-Euler Center team at the
University of Basel Libraries that transcribed, encoded, and published the correspon-
dence and works of members of the Bernoulli dynasty and Leonhard Euler. I would like
to thank Martin Mattmüller, the editor of Jacob Bernoulli’s Meditationes, especially for
his fruitful collaboration on the BEOL project, giving precedence to transcription and
translation of Bernoulli’s mechanical notes that I required for my research and for guid-
ing me through Bernoulli’s sophisticated writings in Latin. I would like to also thank
Prof. Hanspeter Kraft for his valuable feedback on integrating Euler’s correspondence
into the BEOL platform and his support. I especially would like to thank the scholars
who closely collaborated with me in the past years: Miranda Lewis (EMLO project),
Dr. Michael Hawkins (The Newton Project), Prof. Michael Kempe (Briefportal Leib-
niz), and Dr. Huw Jones (Cambridge University Digital Libraries). If this project has
become successful in creating a virtual version of the republic of letters, it is due to the
contribution of these scholars.

I was able to carry out the research for this thesis thank to project fund by the Swiss
National Science Foundation (SNSF)– Nr.166072– ”Bernoulli-Euler Online (BEOL):
Development of a platform for digital editing and a virtual research environment for
historical, scientific texts” and the SNSF mobility fund I was granted to advance my
research at the University of Oxford. I was fortunate to collaborate and learn from
prominent researchers at the University of Oxford: Dr. Philip Beeley, Dr. Christopher
Hollings, Dr. Benjamin Wardhaugh, Dr. Tomoko Kitagawa and Prof. Keith Hannabuss.
I thank them all for encouraging and stimulating discussions and the multiple opportu-
nities they gave me to present my research at various departments of the University of
Oxford. During the time I was in Oxford, I worked in Research Hall every day together



with amazing international researchers (Postdoctoral fellows, visiting scholars, and his-
torians). They made me feel welcome and gave me an insight into the daily research
practices of historians. I would like to thank them here wholeheartedly: Dr. Shinobu
Majima, Dr. Iva Pesa, Dr. Ingrid de Zwart, Dr. Willfrid Kissling, Dr. Enid Guene, and
Dr. Sebastian Alvarez. The last but not least group of people who made my time in
Oxford as amazing as possible were the fellow PhD students of Prof. Iliffe. I want to
firstly thank Lucia Bucciarelli, a brilliant young historian, for being such a wonderful
friend. I want to express my warmest gratitude also to the other members of the group:
Timothy Miller, Dr. Cornelis Schilt, Dr. Zhaoyuan Wan, and Vincent Roy-Di Piazaa.
They welcomed me in their group, shared their knowledge with me and made my life in
Oxford a wonderful and unforgettable experience.

Finally, I wish to acknowledge the support and great love of my family: my partner,
Christian, my mother, Safiyeh; and my siblings as well as my dear friends: Roza Ze-
htab, Katarina and Simon Sinsel, and Sara Soltani. I am so grateful for having them
in my life; they have always been there for me and supported me in all stages of my
life. Dear Christian, thank you for encouraging me to pursue an academic career and
for helping me when the road got tough. This work would not have been possible with-
out your input and patience. My dear brother, Farshid, and my beloved sisters, Samira
and Sahar, if the joke of calling me a doctor since I was a kid has turned to reality, it
is because you all believed in me; thank you for your unconditional love and support.
Lastly, there are no words to express my gratitude to my biggest supporter, the one who
made my dreams come true by sending me abroad and supporting me financially and
emotionally, my dear mother. I want to finish this part by saying a couple of words to
her in Farsi:

.������ ����� ��� ����� �� ���� �� ������ ����� � ��� �� ������ ����

.���� ��� ��� ���� ������ ��� �� ������ ��� ����� �� ��� ��� ����� ����



Contents

Introduction 0

I. Jacob Bernoulli’s Contributions to Rational Mechanics 4

Introduction to Part I 5

1. Funicularia Problem 14
1.1. Challenge to find the catenary curve . . . . . . . . . . . . . . . . . . . . . . 16
1.2. Velaria: the curvature of an inflated sail . . . . . . . . . . . . . . . . . . . . 25
1.3. The lowest center of gravity . . . . . . . . . . . . . . . . . . . . . . . . . . 35
1.4. The general differential equation of a hanging cord . . . . . . . . . . . . . . 37
1.5. Masonry arches . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
1.6. Encrypted discoveries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

2. Elasticity 55
2.1. Theory of the strength of a beam before Bernoulli . . . . . . . . . . . . . . . 56
2.2. Dialogue with a craftsman . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
2.3. Discovery of the Curvatura Elasticae . . . . . . . . . . . . . . . . . . . . . 67
2.4. Publication of the Elastica solution . . . . . . . . . . . . . . . . . . . . . . . 77
2.5. Elasticity laws: the last memoir . . . . . . . . . . . . . . . . . . . . . . . . . 91
2.6. Application of the Elastica in a mechanical structure . . . . . . . . . . . . . 99
2.7. Elastica after Bernoulli . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

3. Neutral Axis 106
3.1. Locating the neutral axis: the initial approach . . . . . . . . . . . . . . . . . 107
3.2. Locating the center of tensions: a new approach . . . . . . . . . . . . . . . . 109
3.3. After Bernoulli . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

4. The Parallelogram of Forces 117
4.1. Inclined plane . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

4.1.1. The Galilean-Torricellian principle . . . . . . . . . . . . . . . . . . . 121
4.1.2. Bernoulli’s review of Vanni’s essay . . . . . . . . . . . . . . . . . . 124

4.2. Study of a loaded string . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126
4.2.1. Demonstration of the Stevin-Varignon theorem . . . . . . . . . . . . 128
4.2.2. Generalization of Stevin’s theorem . . . . . . . . . . . . . . . . . . . 130



Contents

4.3. Equilibrium axis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136
4.3.1. Mistake . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137
4.3.2. Locating the equilibrium axis . . . . . . . . . . . . . . . . . . . . . 138
4.3.3. Correction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140
4.3.4. Equilibrium axis of a flexible loaded thread . . . . . . . . . . . . . . 142
4.3.5. String weighed by dynamic loads . . . . . . . . . . . . . . . . . . . 146
4.3.6. Equilibrium axis of a rigid loaded thread . . . . . . . . . . . . . . . 152

II. A Digital Approach to the History of Science Research 157

Introduction to Part II 158

5. RDF-based Data Modeling 163
5.1. What is RDF? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164
5.2. Index modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

5.2.1. Name index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165
5.2.2. Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170
5.2.3. Subject index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174

5.3. Correspondence modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . 175
5.3.1. Correspondence text modeling . . . . . . . . . . . . . . . . . . . . . 178

5.4. Manuscript modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186
5.4.1. Regions and transcriptions . . . . . . . . . . . . . . . . . . . . . . . 188
5.4.2. Index references in transcriptions . . . . . . . . . . . . . . . . . . . 192
5.4.3. Philological and mathematical text . . . . . . . . . . . . . . . . . . . 194
5.4.4. Translations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 198

5.5. Text division modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199

6. Data Storage, Representation, and Usage 201
6.1. Data import . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201

6.1.1. Sequential import . . . . . . . . . . . . . . . . . . . . . . . . . . . . 202
6.1.2. Bulk XML import . . . . . . . . . . . . . . . . . . . . . . . . . . . 204

6.2. Access information via API . . . . . . . . . . . . . . . . . . . . . . . . . . . 209
6.3. Data query . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 211

6.3.1. Advanced search: Gravsearch . . . . . . . . . . . . . . . . . . . . . 212
6.3.2. Full-text search . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219

6.4. BEOL GUI application . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 222
6.4.1. Knora-ui . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 223
6.4.2. Direct access to the data in GUI . . . . . . . . . . . . . . . . . . . . 224
6.4.3. Correspondence representation . . . . . . . . . . . . . . . . . . . . . 228
6.4.4. Index resource representation . . . . . . . . . . . . . . . . . . . . . 229
6.4.5. Manuscript representation . . . . . . . . . . . . . . . . . . . . . . . 231

6.5. Export to TEI/XML . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 234



Contents

6.6. Sustainability of digital editions . . . . . . . . . . . . . . . . . . . . . . . . 237
6.6.1. Citability of resources . . . . . . . . . . . . . . . . . . . . . . . . . 238

7. A Network of Digital Editions 240
7.1. Candid third-party repositories . . . . . . . . . . . . . . . . . . . . . . . . . 242

7.1.1. The Newton Project . . . . . . . . . . . . . . . . . . . . . . . . . . 242
7.1.2. Briefportal Leibniz . . . . . . . . . . . . . . . . . . . . . . . . . . . 243

7.2. Data integration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 247
7.2.1. Metadata modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . 247

7.3. Presentation of network resources . . . . . . . . . . . . . . . . . . . . . . . 249
7.4. Search on the network . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 255

7.4.1. Advanced search . . . . . . . . . . . . . . . . . . . . . . . . . . . . 256
7.4.2. Full-Text search . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 260

7.5. Sustainability and citability of network resources . . . . . . . . . . . . . . . 262

8. A 3D Visualization of RDF Data 264
8.1. 3D force-directed graph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 265

8.1.1. 3D visualization . . . . . . . . . . . . . . . . . . . . . . . . . . . . 267
8.2. Correspondence visualization . . . . . . . . . . . . . . . . . . . . . . . . . . 269
8.3. Correspondence network with topics . . . . . . . . . . . . . . . . . . . . . . 278
8.4. Virtual reality simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 283

Conclusion and Discussion 285

Bibliography 294





Introduction
The objective of the present thesis is to promote the employment of Linked Data practices in
the creation and presentation of digital editions of written historical sources, to offer tools for
facilitating research, and to suggest a new research method based on the Linked Data repre-
sentation of digital editions. Even though the current thesis mainly focuses on proposing a
digital approach to research in the field of history of science, the discussed concepts and tools
and the new method are applicable to any humanities field.

In order to develop functionality that can be used for real research and to be able to sug-
gest a new research method, I needed a thorough understanding of the practices in the history
of science field and the difficulties historians of science face in their research. Through the
advance of web technologies, many historical sources are presented as online digital editions,
removing the geographical barriers to access the data. However, the question for me was
how humanities scholars employ these editions in their research, what features the available
digital editions lack, and how Linked Data principles could be used to empower research on
humanities data. We should keep in mind that Linked Data practices originate from computer
science, where the research process differs from the humanities. The difference in knowledge
between developers of semantic web research infrastructures and those conducting humanities
research, even in interdisciplinary projects, hampers discourse on data curation and represen-
tation (Van Erp, 2019). It is an issue that researchers in the digital humanities field working on
interdisciplinary projects struggle with on a daily basis. As a result, we have recently seen the
emergence of programming historians, I, however followed the opposite trajectory. As a per-
son with a background in computer science and mathematics, I was naturally unaware of how
humanities scholars studied the historical sources. Therefore, before diving into implement-
ing features and developing tools, I needed in-depth knowledge of the conventional research
methods of the field, studied data types, and the missing digital features and tools that would
empower historical research. Thus, I decided to investigate the history of a scientific topic to
learn the research techniques, perceive the technological needs, and eventually gain an accu-
rate picture of the practices of humanities scholars. In pursuit of this aim, I chose to study
the contributions of Jacob Bernoulli (1654–1705) to rational mechanics, a topic that has not
been previously studied. The first part of this thesis is dedicated to the study of Bernoulli’s
works on mechanics through published articles, correspondences, and private notes. A brief
introduction is given at the beginning of this part that explains the topics and historical sources
studied in the first four chapters.1 This research has included a detailed study of Bernoulli’s
notes in his scientific notebook, Meditationes and an analysis of correspondence of members
of the Bernoulli dynasty, as well as of other natural philosophers such as Leonhard Euler

1See p.5.
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(1707–1783).

The second part of this thesis describes the process of creating digital editions of these
types of historical data using semantic web technologies, their integration into a virtual re-
search environment (VRE) called the Bernoulli Euler Online (BEOL) platform, and the tools
offered to study the generated network of resources. The development of research tools has
been parallel to my historical research; in other words, during the research process, if a partic-
ular functionality was needed to study the data (for example, correspondence or Meditationes
notes), it was developed and then used to further my research. The type of digital editions
presented and their data model are thus heavily influenced by my historical research to make
every piece of information presented in editions human and machine-readable. Digital edi-
tions mostly present transcriptions of the historical texts on the web with only the metadata
given in machine-readable format in the header of the HTML files. Scholars, however, need
access to the transcriptions, facsimiles, and translations of every segment of text, as well as to
editorial comments. Furthermore, all the information presented in digital editions including
text and metadata information must be in a machine-readable format for the information to
be queried efficiently. Therefore, this thesis demonstrates that historical textual sources can
best be presented as RDF-based digital editions in a VRE together with sophisticated research
tools to access and analyze the data.

Using examples from the first part of this thesis, I will illustrate the representation of the
scientific-historical data as a network of resources on the web and will describe the advanced
research tools that allow for powerful analysis of the data graph. This thesis thus suggests
a new research method for the history of the science field — the network method— that is
based on the network representation of research data. Conventionally, historians study tex-
tual sources in their entirety to recognize the relation between them in order to track a natural
philosopher’s line of thought or to follow the development of a scientific theory. Through the
VRE, historians can acquire data related to their research interest as a graph that illustrates the
connection between resources. Having this picture in mind, they can then immerse themselves
in a detailed analysis of sources.

As it will be shown in the first chapters of this thesis, researchers need to be able to cite the
studied historical resources for scholarly review in a way that would require sustainability of
digital editions and durability of citation links. Many digital editions focus on the presentation
of text online and do not promote methods for the preservation of digital objects. As a result,
digital sources are considered to be ephemeral. In fact, in the first part of this thesis, I will
indicate a case where an online digital edition that I was studying suddenly became unavail-
able. Therefore, in the second part of this thesis, I will explain the steps undertaken to ensure
the availability of the network resources for an extended period of time so that they can be
reliably cited and accessed through durable citation links.

The majority of the data presented in the BEOL platform are digital editions of the corre-
spondence data. The study presented in the first part of this thesis highlights that correspon-
dence analysis is, in fact, a significant part of the study of the history of scientific develop-

2



ments. Correspondences are networks that can be represented as such. In a digital edition,
letters as “acts of communication in a continuum of communication” can be presented flexi-
bly according to the user’s needs (Bohnenkamp, Richter, 2013, 4). Moreover, correspondence
analysis goes beyond the study of a person’s letter communication presented on an individual
online platform. Thus, to allow the suggested network method to empower researchers study-
ing the history of scientific ideas, the digital edition of an individual’s correspondence must be
integrated into a broader network overcoming the boundaries of the platform serving its digi-
tal edition. In other words, the digital edition platforms must interoperate to create a network
of digital editions. In the second part of this thesis, I will explain a generic e-infrastructure
that I have developed which connects the digital editions of other natural philosophers’ cor-
respondence presented on external platforms to the BEOL platform without centralizing data
silos. This infrastructure enables researchers to access and analyze the entire correspondence
network through one central platform.

Lastly, this thesis suggests a new technique to visualize RDF-based data as web-based in-
teractive 3D graphs that can be used for any humanities data. The purpose of this tool is to
strengthen the network method suggested in this thesis by giving a real picture of the rela-
tional structure of data and allowing researchers to interact with a 3D model of the network
resources. By means of the visualized model, researchers can study the thematic change in
correspondence distribution over time and can obtain the underlying representation of the tex-
tual sources. The brief introduction to the second part of this thesis outlines the content of the
last four chapters of this thesis, described methods, and implemented functionality.2

2See p.158.
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Mechanics is the paradise of mathe-
matical sciences, because by means
of it one comes to the fruit of mathe-
matics.

Leonardo Da Vinci

Part I.

Jacob Bernoulli’s Contributions to
Rational Mechanics

4



Introduction to Part I

Biography
Jacob Bernoulli (1654–1705) was the first mathematician of the Bernoulli dynasty. He was
the eldest son of the successful tradesman Niklaus Bernoulli (1623–1708) and his wife, Mar-
garetha Schönauer. Upon request of his father, Jacob received his magister artium of basic
studies in Latin, Greek, Philosophy, etc. in 1671 and then studied theology; meanwhile, he
had become fascinated with mathematics and wanted to change his field of study. But his
father disagreed, and Jacob was obliged to continue studying theology; he received the licen-
tiate degree in 1676 (Hofmann, 1956, 8). Subsequently, as a candidate of Basel, he joined the
Sacred Ministry;3 nonetheless, his interest in science persisted. He learned mathematics and
astronomy as an autodidact with the help of elementary literature. In August 1676, he started
traveling in pursuit of knowledge.

Geneva was Bernoulli’s first destination; he spent 20 months there tutoring a talented blind
girl, Elizabeth Waldkirch (1660–1728), for whom he invented a writing system. He attended
theological debates there and also befriended Nicolas Fatio de Duillier (1664–1753). It was
during this time, in 1677, that Bernoulli started writing his thoughts in his scientific notebook
Meditationes. He also kept a record of his trips in a small journal called Reisbüchlein. From
Geneva, Bernoulli went to France; first as a private teacher to the Marquis de Lostanges in
Limousin and then to a family in Bordeaux. He, then, spent months in different parts of France,
such as Nantes, Saumur, and Paris (Bernoulli, 1676). During this time he had become fluent
in French and interested in the methods and natural philosophy of Descartes (1596–1650) and
Malebranche (1638–1715) (Hofmann, 1956, 9). In 1680, Bernoulli returned to Basel, only
to leave it again in April 1681 on a eighteen-month journey to Holland and England. In the
Netherlands, he heard and gave lectures on mathematics in Leiden and also met Jan Hudde
(1628–1704) (Sylla, 2006, 5). In August 1682, Bernoulli traveled to London, where he met
John Flamsteed (1646–1719) and Robert Hooke (1635–1703) among others. On 12 August
1682, he attended a Royal Society meeting where he observed an experiment on the strength
of materials.4 On his eventful journey out of England, he observed Halley’s Comet multiple
times with the naked eye (Bernoulli, 1676).

In October 1683, Bernoulli returned to Switzerland, settled down in Basel, and married
Judith Stupanus in 1684; they had two children.5 During the past years, he had become in-

3In the Basel Reformed church.
4See Section 2.2.
5None of his children pursued science.
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terested in physics, both theoretical and to a higher degree experimental. Reading works of
Robert Boyle (1627–1691) must have played a role in this shift of interest. From 1683 until
1686, Bernoulli even gave lectures about experimental physics in Basel; his Collegium Experi-
mentale6 contains lecture notes of the years 1683, 1684, 1686, and 1690. These notes describe
the taught physical theories and the experiments conducted for teaching them. Battier (1744,
17), Bernoulli’s biographer, even credited Jacob as the first to hold public lectures on experi-
mental physics in Basel.7

This episode of Bernoulli’s life highlights his interest in performing experiments to exam-
ine physical theories; an example of this can be found in Chapter 2. From 1682, Bernoulli
submitted articles to Journal des Sçavans, which were mostly reviews of others’ works or
presentation of topics in physics; such as the center of oscillations, weight of air, machines for
breathing underwater. After 1685, he mostly published in mathematics, a topic he had gained
expertise on for example by studying the second Latin edition of Descartes’ La Geometrie8

and the infinitesimal mathematics of John Wallis (1616–1703), Isaac Barrow (1630–1677),
and later G. W. Leibniz (1646–1716) (Hofmann, 1956, 54). Most of his research, however, is
on algebraic and differential geometry, series, stochastics, and variational and integral calcu-
lus.

Spiess (1955, 12) suggests that Leibniz’s first announcement about his differential calculus
tempted Bernoulli to unravel it, which helped him find his natural talent. In 1687, he was
appointed as a professor of mathematics at the University of Basel, a position which he held
until end of his life. Bernoulli’s approach to applied mathematical problems illustrates, as
Roero, Viola (1989, 260) and Peiffer (2006, 5) state, that his epistemology relies on the idea
that knowledge is constructed by small steps starting from what is previously established.9 He
taught mathematics to his younger brother Johann (1667–1748), who later became his rival.
The two had begun working together when Jacob was teaching physics and Johann was study-
ing medicine at the University of Basel. They studied Leibniz’s differential calculus together;
according to Johann, it took them only a few days to learn its whole secret (Peiffer, 2006, 7).
Both brothers applied Leibnizian calculus in solving various problems, for example, to the
study of curves. They gradually became experts in it and even developed it further, to such an
extent that Leibniz (1696) thanked the brothers for their efforts towards advancing his method.

6Otto Spiess (1877–1966) found a copy of this document in 1941 in the university libraries of Geneva. This
document is one of the transcriptions that belonged to Jean Jallabert (1712–1768), a professor of physics in
Geneva. When Jallabert was studying in Basel, winter semester 1738/39, he lived with Daniel Bernoulli (1700–
1782) and had access to the drafts of the older Bernoulli. He ordered various copyists to reproduce this draft
(Fleckenstein, 1969, 408).

7Fleckenstein (1969, 408, footnote 1) suggests that Battier must have been referring to the lecture ... Col-
legium experimentale Physico-Mechanicum hebdomadatim diebus Jovis, hora III in coenobio D. Leonhardi
magna Spectatorum frequentia celebratur mentioned in the lectures-index of the University of Basel, winter
semester of 1690/91.

8He started formulating a critique about it in 1688, which resulted in a new edition of Descartes’ Latin
geometry with Bernoulli’s comments (Peiffer, 2006, 5).

9Bernoulli (1695a) notes this explicitly at the end of his Explicationes article, to which I will refer multiple
times in the next chapters.
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The brothers were different both in character and their approach to solving problems. Jacob
was deep-minded, worked slowly, and had a broader perspective. As we will see in the first
chapter, he would suggest a problem and would work on it for a long time to provide the most
generic and comprehensive solution. Johann, on the other hand, was sharp, fast, and as Peiffer
(2006, 18) suggests, a desperado who based his solutions on tricks, analogies and general
intuitions. This difference in behavior and the fact that Jacob had occupied the only chair
in mathematics in Basel, forcing Johann to move elsewhere, resulted in clashes and lifelong
quarrels between the two. Jacob Bernoulli also had two disciples: Jacob Hermann (1678–
1733) and his nephew Nicolaus (I) Bernoulli (1695–1726); they later edited Bernoulli’s Varia
Posthuma. After a long period of sickness, Jacob died on 5 August 1705. Knowing that his
brother was sick, Johann headed back to Basel from Groningen, where he had held a chair for
ten years. He learned of Jacobs death on the way, and took up the chair of mathematics at the
University of Basel upon his arrival.

The mechanics of Jacob Bernoulli
The 17th century was a period of rapid progress in rational mechanics. Like other natu-
ral philosophers of this period, Bernoulli also investigated physical, real-life problems using
mathematical models. This study introduces Bernoulli’s works on rational mechanics, which
began early in his academic career and continued throughout his life. Bernoulli had studied
various topics in dynamics and statics. This thesis focuses on his works on statics, including
topics such as the balance of forces on a loaded flexible string, on a catenary curve, and on
an arch, elasticity, the theory of the resistance of solids, neutral axis, equilibrium axis, par-
allelogram law, and composition-decomposition of forces. Bernoulli’s works on dynamics,
including topics such as the theory of motion, the center of oscillations of a compound pendu-
lum, collision, vibration, and fluid dynamics, are left for future research.

All of Bernoulli’s works, except mechanical ones, have been edited and published in the
five volumes of Die Werke von Jacob Bernoulli. A sixth volume, containing his works on
mechanics, has not been edited yet. Therefore for the current thesis, the following sources are
studied:

Meditationes, in full title Meditationes, Annotationes, Animadversiones Theologicae &
Philosophicae, is Jacob Bernoulli’s scientific notebook, written between 1677 and 1705. It
contains 286 entries; 97% of them are about physics and mathematics, and the remaining
notes, given at the beginning of the notebook, are about theology and philosophy. It is un-
fortunate that the mathematicians, physicists, and historians of science who have been editing
Jacob Bernoulli’s works since 1969 decided to distribute the single entries according to their
subject matter, eschewing a complete, continuous edition of the notebook.10 Between 1969
and 1999 according to rather varying standards, about 75% of Meditationes notes were edited

10Truesdell (1984, 311) declared himself “disgusted by the decision of the Bernoulli edition to scatter the
Meditationes in classified snippets, destroying it as a human masterpiece.”

7



and added to various volumes of Die Werke von Jacob Bernoulli except for the notes con-
cerning mechanics. As part of the BEOL project, this notebook is edited as a multi-layered
digital edition available online and integrated into the BEOL virtual research environment. As
a result of this project, Bernoulli’s notes about mechanics are edited and published for the first
time, more than three centuries after his death. Although most entries in the Meditationes are
not dated, it is possible to estimate their dates with the help of Bernoulli’s publications as well
as the citations and topics given in the notes. About thirty-four of its entries are studied in the
current thesis, which I will refer to in the next chapters with their corresponding numbers in
the Meditationes as Med.XXX.

Jacobi Bernoulli Opera Omnia is a collection of all Bernoulli’s published articles and
pamphlets, a total of one hundred two works edited in two volumes (Cramer, 1746). It con-
tains twelve articles concerning mechanics; five of them about statics are studied in this the-
sis. Bernoulli published most of his articles in Acta Eruditorum, AE, some in the Journal
des Sçavans, and his last articles were mostly published in Mém. Paris. Gabriel Cramer
(1704–1752), the editor of Bernoulli’s Opera Omnia, added extensive detailed commentaries
to Bernoulli’s papers, given in the footnotes. This book was published in Geneva in 1744 and
included Bernoulli’s Varia Posthuma as an appendix.11

Varia Posthuma contains a selection of Bernoulli’s Meditationes notes, mostly edited by
his disciples and some by Bernoulli himself (Bernoulli, 1744). At some point in his last years,
Bernoulli must have felt that he would not be able to publish all his discoveries given in the
Meditationes. So he started another book, in which he included fair copies. The title of this
book is in Bernoulli’s own handwriting. After the first three articles, Jacob Hermann continued
this collection for ten more articles. It is not known if Bernoulli was then alive and whether
he had made up a list of the sections of Meditationes that were to be included in this book.
Later, Nicolaus (I) Bernoulli added a supplement and 19 more articles of Meditationes into
this book. Nicolaus seems to have done his parts after Cramer had planned to edit Bernoulli’s
Opera Omnia. Forty years after Bernoulli’s death, Varia Posthuma, including 32 articles of
Bernoullis Meditationes, appeared as No.CIII of Opera Omnia. These articles contain edi-
torial comments partially by Nicolaus and by Cramer. This collection includes only six of
Bernoulli’s notes studied in this thesis.12

Reisbüechlein is Jacob Bernoulli’s travel journal, which he wrote from August 1676 until
October 1683 when he permanently settled in Basel (Bernoulli, 1676). It contains brief de-
scriptions of places he visited, people he met, and the events he witnessed during his trips. He
also recorded the means of transportation he used and the places where he stayed, as well as
his travel expenses. The notebook mentions phenomena he observed during his trip, such as
Halley’s comet, and his thoughts on the social and political situation of the towns he visited.
An event Bernoulli had described in this book is studied in this thesis.13

11https://www.e-rara.ch/zut/content/titleinfo/1039822.
12https://www.e-manuscripta.ch/bau/texte/content/titleinfo/1450269.
13This document is not digitized yet.
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Overview of 17th-century mathematics
To have an apt picture of the conceptual assumptions of 17th-century European mathemati-
cians, we must keep in mind that concepts such as derivatives and functions did not exist. Their
theory was based on geometric rules, proportions, results of experiments, and observations of
natural phenomena. Before examining Bernoulli’s works, I will explain some 17th-century
mathematical concepts and notations, which will be mentioned in the next chapters. In gen-
eral, for ratios and proportions, Bernoulli mostly used Barrow’s notations. For

a

b
=

x

y

Bernoulli used

a . b :: x . y

Mostly, he used parentheses to denote the equivalent values of the terms and calculated the
fourth proportions directly as follows:

a (AB) . b (BC) :: x (PQ) . y (PR) =
bx

a

This means that if a = AB, b = BC and x = PQ, then y = PR = bx
a (Weil, Mattmüller,

1999, XXII). Since it might be confusing for a modern reader to use this old-fashioned notation
for every proportional equation, in this thesis I have given them in modern terms. Regarding
the geometrical analysis discussed in the next chapters, readers should know what a geometric
construction is and how it was used to represent solutions. Moreover, the indeterminacy of
differentials was a problem early practitioners of the Leibnizian calculus faced, a problem
requiring specification of the progression of variables for every analysis; thus readers should
appreciate the reasons behind these specifications that appear in all of Bernoulli’s analyses.
Lastly, as I will show, Bernoulli solved most of the main mechanical problems with the help
of his formula for determining the radius of curvature. I will briefly explain his methods here.

Geometric construction
At the time, a solution to a problem would only be accepted if a geometric construction was
provided. Descartes (1637) introduced this problem-solving technique in his La Géométrie.
His method was a generalization of the curve-tracing devices of Euclid for tracing higher-
order curves (Blåsjö, 2017, 12). This method was widely used by the mathematicians of the
time. For more than a century, the geometric construction of problems occupied a prominent
place in mathematics, then gradually vanished as the concept of functions was introduced and
problems were increasingly solved analytically.

Initially, Descartes had set certain rules for this method, for example, that a construction
could include only simple geometric shapes like straight lines, circles, etc., which could be
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Figure 0.1.: Simplified illustration of Jacob Bernoulli’s construction of the Elastica (Bos 1986,
1637)

easily drawn using a ruler and a compass.14 Descartes asserted that the equations of degrees 1
and 2 can be constructed by circles and straight lines, the equations of degrees 3 and 4 can be
constructed by the intersection of a conic and a circle, and the equations of degrees 5 and 6 by
the intersection of a circle and a Cartesian parabola (a third-degree algebraic curve). Although
Descartes believed that the intersections between what we call algebraic curves were enough
to solve all kinds of geometrical problems, the limitation of this method was felt immediately.
Mathematicians found that using other geometric curves, such as a hyperbola, would make
constructions easier. Therefore, over time, other geometric shapes, as well as mechanical de-
vices such as levers and pulleys, were used in geometric constructions. For instance, Leibniz
used a logarithmic curve in his geometric construction of the Catenaria, and Jacob Bernoulli
used a pulley in his geometric solution of the Velaria and a lever in his geometric construction
of the Elastica.

Descartes’ second rule was that for the derivation of the equations, only four basic algebraic
operations, +�⇥/, and roots should be used. Later, other arithmetic operations, such as dif-
ferentials and integrals, were also used to derive equations.

Transcendental problems, however, could not be solely solved by Descartes’ rules. Even
though Descartes had pushed the boundaries of geometry to include all algebraic curves,
Leibniz pushed them even further to include transcendental curves (Blåsjö, 2017, 12). The
method developed to solve transcendental problems was called geometric construction by
quadrature.15 The problems discussed in this thesis are all transcendental problems for which

14Although Descartes introduced the rules of the geometric construction, he did not employ them in solving
a specific mechanical problem. It was Christiaan Huygens (1629–1695) who was the first to solve mechanical
problems with geometric constructions (Dijksterhuis, 1961, 406, IV:199).

15In the 17th century, finding the area of a figure is often called quadrature, or squaring (Blåsjö, 2017, 9).
This is equivalent to the integral.
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Bernoulli used this method. Therefore, readers of this thesis must have basic knowledge about
this method before diving into Bernoulli’s analysis. To explain this technique, I will use Bos’
explanation of it with the help of a simplified version of Jacob Bernoulli’s geometric construc-
tion of the Elastica (Bos, 1986, 1636-1638). An elastic band is fixed at one end and a weight
is suspended from its free end O (Figure 0.1), then the shape that this elastic band takes, the
Elastica, is sought. Take OA = a to be the distance between the endpoints of the band on
the horizontal x-axis with positive values on the left. The first and most difficult step in this
method is finding a proper constructing curve, also known as an auxiliary curve. Let OZ be
the constructing curve drawn above the axis with the ordinate z satisfying the equation

z(x) =
a x2

p
a4 � x4

For any abscissa OX = x, draw the ordinate XZ and determine y so that a · y is equal to
the area of OXZ. Continue XE = y vertically downwards, then E is on the Elastica. More
points of the curve can be found by repeating the process for other values of x. Therefore, this
construction is the geometric equivalent of the analytic formula

a · y =

Z x

0

a x2 dxp
a4 � x4

How could one find the proper constructing curve? In physical problems, such as Elastica,
one can find the auxiliary curve with the help of the physical characteristics of the problem.
For example, the elasticity must be defined geometrically as a curve describing the relation
between stress and strain. The auxiliary curve would then have the same abscissa as the Curva
Tensionem.16 Once the constructing curve is found, the rest of the construction follows. Con-
struction by quadrature was a common way to represent transcendental curves in the 17th
century, but it was not considered the most desirable kind of representation. Eventually, math-
ematicians developed three other construction techniques: point-wise, by rectification,17 and
by curves given in nature. Blåsjö (2017, 16) simplifies the point-wise construction in a recipe:
pick some point x on the axis, raise a perpendicular above it, and mark off the height f(x)
on this perpendicular. The geometric construction by rectification is a simplified approach of
the one by quadrature: it replaces a very weighty assumption that certain areas can be found
by a more modest one that certain lengths can be found (Blåsjö, 2017, 158). In this represen-
tation, instead of reducing the integral to quadrature, it was reduced to arc-length. Bernoulli
(1694c) considered this method the best representation of transcendental curves because, as
he said, measuring length is easier than measuring area. On the other hand, Bernoulli (1694b)
believed that construction by curves given in nature would be the easiest construction. In this
representation, as the auxiliary curve of the construction, a curve is chosen that is physically
simple but analytically transcendental, such as the catenary (Blåsjö, 2017, 160). Then, one
transcendental curve can be represented by another one.

16Bernoulli demonstrates this in the Med.CCV; see Section 2.3.
17In the 17th century the term rectification is often used for practice of finding the arc length (Blåsjö, 2017,

9).
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Figure 0.2.: Bernoulli’s diagram of his golden theorem (Cramer, 1746, 590, Tab. XXIII)

Progression of variables
Early practitioners of Leibnizian calculus faced the problem of the indeterminacy of differ-
entials in higher-order differential equations; i.e., that there are many ways to approximate
a curve by polygons. Three main possible choices of polygons are: with equal sides, the
projection of sides on the x�axis are equal, and the projections of sides on the y�axis are
equal. The form of the polygon defines the abscissas x, ordinates y, and arc-lengths s. There-
fore the approximation of a curve would depend on the choice of polygons. Consequently,
if the sequence of values of one variable is known, then the polygon is determined and also
the sequence of values of other variables. Any of the three possible choices of polygons can
be specified by imposing one of the corresponding assumptions: ds = const, dx = const,
and dy = const, respectively. In the Leibnizian terminology, the imposing of one of these
additional suppositions about the inifinitangular polygon18 is the choice or specification of its
progression of variables (Bos, 1974, 25-26). Since higher-order differential equations depend
on the progression of variables, the correct choice of one of the three suppositions can simplify
a problem. Different choices lead to different formulas for the same geometrical relations. In
the Med.CLXV19 Bernoulli tries two different choices of progression of variables; only one re-
sults in a differential equation that he could solve. In almost all of Bernoulli’s works described
in this thesis, he specifies the progression of variables very clearly in his analysis.

Radius of curvature
To find the differential equation of a curve, Bernoulli determined its radius of curvature at a
given point, also known as the radius of the osculating circle. Bernoulli developed a method
to find this radius for any given curve, which he called the golden theorem and published it

18A polygon with an infinite number of sides.
19See Section 1.2.
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in June 1694 (Bernoulli, 1694a, 264-265).20 However, as I will show in Section 1.2, he had
used this formula earlier in his Med.CLXV written in 1690. This formula contains higher-order
differentials; thus, it depends on the choice of progression of variables. To explain his method,
I will use his own diagram (Figure 0.2). af is perpendicular to ab, and bf is perpendicular to
bc, so that f is the center of curvature and bf = z is the radius of curvature.21 Letting al = dx,
bc = ds, ho = dy, and co = d2x Bernoulli gives the general form of the formula for the radius
of curvature as follows:22 Based on the chosen progression of variables, Bernoulli deduces the
equation of the radius of curvature z:
If ds = const, that is ab = bc, it results in:

z =
ds dy

d2x
or z =

ds dx

d2y
(0.1)

Choosing x as the independent variable, dx = const, yields:

z =
ds3

dx d2y
(0.2)

Similarly, dy = const gives:

z =
ds3

dy d2x
(0.3)

In the next chapters, I will show how for every problem Bernoulli specifies the progression of
variables and employs the corresponding formula of the radius of curvature.23

Further notes
In scientific books and some academic journals, subjects were discussed mostly in Latin,
which was the main scientific language in Europe. All the given translations of the Medi-
tationes notes are those of Martin Matmüller, the editor of the digital edition available on the
BEOL platform. The quotes from most of Leibniz’s articles are my translations from the Ger-
man edition of Leibniz’s works by Heß, Babin (2011). All the other translations (from Latin,
German, and French) are my own unless otherwise specified.

20(Hofmann, 1956, 15) asserts that the Med.CXIX, which must have been written in 1688, is about radius
of curvature of hyperbola. Through this Jacob found out that a correct choice of the auxiliary curve helps with
simplifying the geometric construction. Weil, Mattmüller (1999, 8) note that in Med.CXCII Bernoulli already
calls his formula the golden theorem.

21In all of his notes Bernoulli denotes the radius of curvature with z.
22See also Bos’ description of Bernoulli’s method (Bos, 1974, 37-38).
23In his article Bernoulli also expresses the golden theorem in some kind of polar coordinates; for an expla-

nation of it; see Bos (1974, 39-40).
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Chapter 1.

Funicularia Problem
Before Bernoulli,1 many had examined the profile of a cord hanging by its endpoints. Trues-
dell (1960, 21-22) recognizes Leonardo Da Vinci (1452–1519) to be the first to consider such
a structure. However, Da Vinci’s approach to this problem was that of an engineer interested
in finding the center of gravity of the structure rather than its geometrical shape. Next Galileo
(1564–1642), who had found that the path of a projectile disregarding the air resistance is a
parabola, mistakenly thought that he had found a further application of parabola in the curve of
suspension of a flexible rope (Boyer, 1991, 237). This assertion was soon rejected by Joachim
Jungius (1587–1657) who only affirmed that this curve could not be a parabola.2 Later, the
seventeen-years-old Huygens (1629–1695) also dismissed Galileo’s assertion but quit study-
ing the shape of the curve only to return to it forty-four years later (Huygens, 1901, 496-499).3

It was Jacob Bernoulli who brought the attention of the late 17th-century mathematics com-
munity on the Continent to the curvature of a thread hanging by its endpoints, which he called
the Funicularia. Historians of science such as Truesdell (1960, 64), Hofmann (1956, 16),
and Bukowski (2008, 9) noted this, but with a small difference: they introduced a rigidity con-
dition to Bernoulli’s Funicularia problem, changing it to the Catenaria problem. Hence, they
cited Bernoulli as the one who proposed the catenary problem. Moreover, Bernoulli’s pivotal
role in discovering the significant characteristics and applications of the catenary curve was
never affirmed. The reason for this may be that Bernoulli only partially published his findings
during his lifetime. Most of his remaining work on this topic given in his manuscripts have
not been published until today.

About the catenary curve, Leibniz (1691a) says: “this curve proves to have excellent appli-
cations”.4 In this chapter, I will illustrate that like Leibniz, Jacob Bernoulli was also aware
of the important applications of this curve. His analysis of the hanging thread is not limited
to the catenary curve: he studied the entire family of the curves a hanging thread can form
depending on the elasticity conditions assumed on it. In this study, I will refer to this family
of curves as the Funicularia family. The problem of finding the curvature of a hanging thread

1The content of this introduction is partially excerpted from Alassi (2020).
2Although Jungius’ treatise “Loxostatica catena” was destroyed by fire, Leibniz (1691a) was familiar with

it and cited Jungius’ works in his record of the history of the catenary problem (Heß, Babin, 2011, 116-117).
3 Truesdell (1960) and Ohly (2004, 117-137) give a brief but concise account of the history of the catenary

curve.
4My translation from the German edition by Heß, Babin (2011, 116).
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Chapter 1. Funicularia Problem

without any flexibility restraints is thus the Funicularia problem. I argue that solving this
problem was Bernoulli’s ultimate goal. Introducing an elasticity condition to the Funicularia
problem creates two new problems: if the rope is elastic in all its parts, the problem turns into
finding the Elastica. On the other hand, if the rope is as rigid as a chain, it turns into finding
the Catenaria. Thus, the solution of the Funicularia problem would be a general differential
equation from which the Elastica and the Catenaria could be deduced. I will also show that
studying the curvature of the Catenaria led Bernoulli to find the Velaria, which is the curva-
ture of a rectangular sail fixed at its corners and inflated by the wind. Additionally, studying
the Elastica led him to find the Lintearia, which is the curvature of a rectangular cloth whose
two opposite sides are supported parallel to the horizon and is pressed by the weight of an
enclosed fluid. The Velaria and Lintearia curves also belong to the Funicularia family.

One should study Bernoulli’s analysis of the Funicularia family as a whole since the dis-
covery of one curve led him to the others. Just as Truesdell and Bukowski studied the history
of the catenary curve as a separate topic, the history of the Elastica has also been studied
individually; for example, by Benvenuto (1991b, 274-277). However, by not considering the
relation between these curves, a great deal of information regarding their origin as well as the
process of their discovery remains hidden. In this chapter, I will describe Bernoulli’s research
on the catenary curve with respect to his analysis of the other related curves.

First, I will give a short introduction to the Catenaria problem and the challenge Jacob
Bernoulli started in May 1690. I will address questions such as what the challenge initially
was and how it changed over time. Although Jacob Bernoulli was not among the winners of
the catenary contest, why did Leibniz announce him also as a winner?

Secondly, this study chronologically demonstrates Bernoulli’s steps towards finding the
curvature of the Velaria based on his manuscripts, publications, and correspondence. The
evidence shows that it was Jacob Bernoulli who first discovered that the Velaria curve is iden-
tical to the Catenaria.

Next, I will observe how Bernoulli proved the most prominent characteristic of the catenary
curve, namely that it has the lowest center of gravity. Leibniz (1691a) first indicated this prop-
erty, but demonstrating it required solving a problem of isoperimetric nature which Leibniz
did not address (Heß, Babin, 2011, 122). Bernoulli published his solution to this isoperimetric
problem in 1701; in fact, he had obtained this solution a few years earlier.

Furthermore, this study will show how Bernoulli achieved his primary and ultimate goal
of providing a general differential equation for the curvature of a hanging thread regardless
of any elasticity restraints. I will suggest that the technique Bernoulli had used to find this
general solution might be the reason why he did not publish this remarkable achievement.

In addition, I will discuss the catenary arch, the arch an upside-down catenary curve forms,
which is regarded as the most durable type of arch in supporting itself. Robert Hooke pointed
out that on the center-line of a masonry arch lies an upside-down catenary curve; however,
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Chapter 1. Funicularia Problem

Figure 1.1.: Jacob Bernoulli’s Funicularia challenge (Bernoulli, 1690, 219)

it is believed that its identity was not mathematically proven until the late 18th century. In
this chapter, I will show how a mistake in a treatise published in England led Bernoulli on the
Continent to study the masonry arch and mathematically demonstrate the catenary arch on its
center-line in 1704.

Lastly, I will end this chapter with a discussion about a point that attracted my attention in
the course of this study. Namely that, in this single chapter, one encounters three different use
cases of cryptography in the announcement of discoveries related to the catenary curve. I will
briefly study these ciphers, their purpose, similarities, and differences. I will conjecture that
there might be a relation between the complexity of a cipher and how it was communicated.

1.1. Challenge to find the catenary curve
According5 to Johann Bernoulli,6 one day in a discussion about the mathematical treatment of
curves, he and his elder brother stumbled upon the problem of the shape of a hanging cord.
Johann suggested that Jacob poses the question to the natural philosophers of the time. At the
end of an article published in May 1690 in the Acta Eruditorum (AE), Jacob Bernoulli started
the challenge to find the shape of a hanging cord, the Funicularia challenge. He specifically
invited Leibniz and Tschirnhaus (1651–1708) to try their new methods to solve this prob-
lem (Bernoulli, 1690, 219). Proposing mathematical questions as contests was already pop-
ular among Renaissance and early-modern mathematicians including Huygens and Leibniz.
Commonly, a mathematical question was proposed to be solved, and the challenger explic-
itly invited a few mathematicians to solve the problem in a given period of time. With his
1690 challenge, Jacob Bernoulli extended this practice by proposing the question to the entire
mathematics community and especially requested Leibniz and Tschirnhaus to consider the
problem. Knowing the difficulty of the problem, Bernoulli did not specify any deadline for
the challenge. He described the problem as follows (Figure 1.1):

Problema vicissim proponendum hoc esto: Invenire, quam curvam referat funis
laxus & inter duo puncta fixa libere suspensus. Sumo autem, funem esse lineam

in omnibus suis partibus facillime flexilem,

5The content of Section 1.1 is partially excerpted from Alassi (2020).
6Johann reported his recollection of the discovery of the catenary curve in a letter to de Montmort (1678-

1719) on 29 September 1718 (Peiffer, 2006, 8) (Spiess, 1955, 98).
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And now let this problem be proposed: To find the curve assumed by a loose
thread hung freely from two fixed points. I assume also that the thread is a line
which is easily flexible in all its parts

The question Bernoulli raises is more complicated than finding the catenary curve. By not
specifying any condition which limits the problem to the nonelastic case, he challenges the
mathematicians of the time to find the shape of a hanging elastic rope.7 Bernoulli must have
believed that if one finds the curvature for the elastic case, then that of the nonelastic case
can be obtained from it. Hence, he embarked upon the quest for the shape of a hanging elas-
tic cord fixed by two endpoints. Although finding this curve was an ambitious task, it was a
simplified form of another question Bernoulli had started studying three years earlier, namely
the Elastica problem (Truesdell, 1960, 38). In this problem, a beam is fixed to a wall at one
end and is bent due to a weight suspended from its other end. After the beam is bent to its
maximum before rupture, if one removes the weight and fixes the free end, then a single fiber
of this beam will resemble the curvature of a flexible hanging cord of negligible width which
is also extensible.8 This curve was later known as the Elastica.9

While Bernoulli was occupied with finding the Elastica, in July 1690 Leibniz, who had just
returned from a long trip,10 replied to Bernoulli’s challenge in AE. He wrote:

The line is sought which a thread hanging from its two points takes because of
bending under its own weight. It should be assumed that the thread, like a
chain, keeps the same length and is neither stretched nor shortened as a nor-
mal thread would do. This problem proposed by Mr. Bernoulli has been popular
since Galileo’s time11 and as far as I know has not been solved. I could not attend
to this problem because I was busy with other matters, but to honor the request of
the most learned man, I took up the challenge, which I had never attempted, and
opened the locked door with my key (Leibniz, 1690).12

As can be clearly seen, Leibniz introduces a new condition to Bernoulli’s Funicularia chal-
lenge, namely that the thread should be as rigid as a chain so that its length cannot alter under
its own weight. This assumption simplified the original challenge into finding the catenary

7Here Bernoulli assumes elasticity to be inherent in the material, that is, in studying the curvature of the bent
beam or hanging cord, he considers the tension of fibers. In all his works, Bernoulli always considers a general
case, unless a specific condition had to be assumed. I will show an example of this in p.27. Lack of any limiting
condition for the elastic behavior of the cord indicates that Bernoulli considered the cord to have a certain degree
of elasticity.

8Both the bent beam and a hanging rope take the same curvature to minimize the surface tension.
9See Chapter 2.

10Leibniz was on a three-year-long journey to different parts of Europe. He left Hannover on October 1687
and returned in June 1690. To read more about this journey, see André Robinet, G.W. Leibniz, Iter Italicum,
Florence 1988. During this time, Leibniz continued reading the articles published in the AE. Therefore, he was
already aware of Jacob Bernoulli’s skills in applying Leibnizian calculus to solve various problems.

11Here Leibniz refers to G. Galilei, Discorsi, 1638, end of Giornata seconda and Giornata quarta (Heß, Babin,
2011, 100, note 17).

12My translation from the German edition by Heß, Babin (2011, 100).
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curve, the Catenary challenge.

Next, Leibniz announced that although he was in possession of the solution to the catenary
problem, he would allow others time to consider it because this problem reveals the excep-
tional applications of the Leibnizian calculus. If by the end of the year no one presented any
solution, he would share his result with the public. Leibniz requested the answers to be skillful
as the results were to be compared later. In addition, he specifically nominated Tschirnhaus
to employ his new method to solve the catenary problem to prove its usefulness.13 Unlike
Bernoulli, who had employed a requesting tone in asking Leibniz and Tschirnhaus to consider
the problem, Leibniz uses a demanding tone. In this way, he makes his doubts in generality
and usefulness of Tschirnhaus’ method clear.14 Thus, Leibniz not only simplified Bernoulli’s
challenge but also nominated someone to solve it and set a deadline for the challenge.

From that time on, the focus of the participating mathematicians was to find the curvature of
the Catenaria, all except Jacob Bernoulli who remained with his original problem. The first
response to Leibniz’s challenge came from Christiaan Huygens on 9 October 1690.15 This
was the starting point of a correspondence between the two giants about the catenary. In this
letter, Huygens sent his solution to Leibniz as a cipher and outlined that in his youth he had
corresponded with Father Mersenne (1588–1648) about this problem and had found that the
curve of a hanging chain is not a parabola as Galileo had assumed. In return, Huygens asked
to see Leibniz’s solution as a cipher, suggesting that between themselves they could reduce
the one year time mentioned by Leibniz.16 The enclosed cipher contained the equation of the
constructing curve for his geometric construction representing the catenary:17

xxyy _ a4 � a2y2

On 13 October 1690, without enclosing any cipher, Leibniz replied that he had found some
similarities with his calculation and a difference.18 The difference Leibniz points out is in the
equation of the auxiliary curve; he claims that, with his calculus, it turns out to be:

xxyy _ a4 + a2y2

13Here, Leibniz notes E. W. von Tschirnhaus’ method, which was published in the AE in February 1690
(Tschirnhaus, 1690).

14In the biography of Tschirnhaus, Hofmann writes: “Tschirnhaus exhausted his mathematical talents in
searching for algorithms. Lacking insight into the more profound relations among mathematical propositions, he
was too ready to assert the existence of general relationships on the basis of particular results that he obtained.
Further, he was unwilling to accept suggestions directly from other mathematicians, although he would later
adopt them as his own inventions and publish them as such. This tactic led to bitter controversies with Leibniz,
Huygens, La Hire, Jacob and Johann Bernoulli, and it ultimately cost him his scientific reputation” (Hofmann,
2008). This well explains Leibniz’s doubts about the generality of Tschirnhaus’s method and its usefulness in
solving problems such as catenary.

15Lettre No. 2623, Christiaan Huygens à G. W. Leibniz, A la Haye ce 9 Octobre 1690 (Huygens, 1901, 497).
16Huygens was under impression that Leibniz had given one year time, although it was just six months.
17See p.9 for more details about the geometric construction by quadrature and the role of the auxiliary curve.
18Letter. No. 2627, G. W. Leibniz à Christiaan Huygens, 13 Octobre 1690 (Huygens, 1901, 518).
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Huygens, who had checked his calculation and could not find any mistake in it, had become
suspicious of the accuracy of Leibniz’s calculation. On 18 November 1690,19 he requested to
see Leibniz’s solution as a cipher to verify who had made a mistake. He also proposed the
name Catenaria for the curve.20

Meanwhile, Johann Bernoulli (1691b) also solved the catenary problem and sent his solu-
tion directly to Mencke (1644–1707), the editor of the AE at the time, in December 1690.21

Johann set a condition for the publication of his solution: he wanted it to be published at the
same time as Leibniz’s solution. Perhaps, he wanted readers to compare his solution with
Leibniz’s easily, and see how masterfully he had employed Leibnizian calculus. Mencke con-
firmed receiving this result in a letter to Leibniz on 6 January 1691 (Heß, Babin, 2011, 117,
note 9). Johann had submitted his solution right before Leibniz’s deadline expired, but Leib-
niz did not publish his analysis; instead, he continued his correspondence with Huygens. In a
postscript of a letter sent to Huygens on 27 January 1691,22 without enclosing any cipher of
his own analysis, Leibniz accepted that Huygens’ auxiliary curve could also be used for the
geometric construction of the catenary. He also suggested one more auxiliary curve, which
proved to be useful for representing the catenary curve (Huygens, 1905, 16).23 The availability
of many choices for an auxiliary curve to represent the catenary must have convinced Huygens
that the problem was not difficult to solve. On 23 February 1691,24 he wrote to Leibniz: “I
think there will be many other geometers who will solve this problem because, to tell you the
truth, it does not seem very difficult, except that you ask for something more than what I have
found” (Huygens, 1905, 22).

In the letter sent on 30 February 1691,25 Leibniz informed Huygens that in fact, Johann
Bernoulli seemed to have succeeded to solve the problem and took pride in the idea that his
calculus might have helped Johann (Huygens, 1905, 51). Admitting that his tone in nomi-
nating Tschirnhaus was not only demanding but also deliberately provocative, Leibniz also
expressed his disappointment for the fact that Tschirnhaus had not accepted the challenge:

19Lettre No. 2633, Christiaan Huygens à G. W. Leibniz, Le 18 Novembre 1690 (Huygens, 1901, 537).
20Leibniz had already once used this name, but it was mostly known as the Funicularia, the Latin word for a

slender rope or cord.
21This was Johann’s first mathematical publication. Peiffer (2006, 8) believes that “thanks to this achievement,

made public in the Acta in June 1691, he suddenly joined the ranks of the foremost mathematicians in Europe
along with his brother, Leibniz, and Huygens.” For details of Johann’s solution, see his lecture notes about
Catenary (Bernoulli, 1692b). Partial English translation by Ferguson (2004) and partial German translation by
Kowalewski (1914), also Ohly (2004, 143-178).

22Nr. 2659, G. W. Leibniz à Christiaan Huygens, Hanover ce 27 de Janvier 1691. The transcription has the
date of arrival, 6 Février 1691 (Huygens, 1905, 9-16).

23In his account of the correspondence, Truesdell does not mention this postscript which leaves the reader in
doubt about the precision of Huygens’ analysis.

24Lettre Nr. 2660, Christiaan Huygens à G. W. Leibniz, A la Haye 23 Février 1691. (Huygens, 1905, 17-22).
25Lettre No.2664, G. W. Leibniz à Christiaan Huygens, Hannover ce 20

30 Février 1691. The letter was written
at the end of February, but its copy in Huygens correspondence series contains the date it was received, 2 Mars
1691 (Huygens, 1905, 49-52).
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Chapter 1. Funicularia Problem

Figure 1.2.: Additamentum ad Problema Funicularium (Bernoulli, 1691a, 288)

Mr. Tschirnhaus didn’t bite, although I deliberately spoke in such a way as to
draw him in, to give him an opportunity to use his method, since he had promised
us that it would do so much, and had even indirectly reproached me for saying
that ordinary analysis would not be sufficient in these cases.26

On 26 March 1690,27 Huygens, who had spotted a slip of the pen in his first cipher, sent Leib-
niz a second one that was a corrected and extended version of the first. Huygens suggested
that Leibniz could communicate this second cipher to Johann and ask him for his in return.
Moreover, Huygens expressed his astonishment at Tschirnhaus’ silence despite being particu-
larly nominated by Leibniz. This illustrates Leibniz’s superiority even in the mind of his peer
Huygens who was awed that Tschirnhaus had dared not to respond to Leibniz’s request. For-
getting that the deadline was already expired, Huygens hoped that Tschirnhaus would come
up with something in the remaining time. Moreover, in this letter, Huygens voices his opinion
about the necessity of exchanging ciphers (Huygens, 1905, 57-58).28

Jacob Bernoulli, on the other hand, must have seen his brother’s solution earlier, but prob-
ably was not aware of the condition set by Johann for its publication. In March 1691, Jacob
urged the editor of AE to publish the solutions of the catenary problem and submitted an arti-
cle which enclosed an appendix about the Funicularia problem, Additamentum ad Problema
Funicularium. In this appendix that contains four passages, by admitting that he knew about
Johann’s solution, Jacob Bernoulli (1691a, 288-290) asserted that the catenary solutions could
be generalized to other cases. In three of the passages of this addendum, Bernoulli suggests the
relation between the Velaria, Lintearia, and Elastica as extensions of the Catenaria problem.
This indicates that they are for him part of a more general problem.29 He wrote (Figure 1.2):
“After seeing my brother’s solution to the Funicularia problem, I decided to extend the whole
speculation further and to apply it to other cases. These cases are in complete agreement with
the solution of the others. I suppose others must judge the value of the work.”

In the second passage of the Additamentum ad Problema Funicularium, Jacob Bernoulli
(1691a, 288-289) praised Johann’s solution and extended it to the elastic case. This indicates
that Jacob preferred to provide a general solution for the problem he had raised in May 1690.

26Tschirnhaus had claimed his method to be very powerful, and useful for solving any problem. His method
was based on ordinary analysis; Leibniz was skeptical of its usefulness for solving transcendental problems.

27Lettre No. 2667, Christiaan Huygens à G. W. Leibniz, A la Haye 26 Mars 1691 (Huygens, 1905, 55-58).
28See Section 1.6.
29Radelet de Grave (2009) suggests the same.
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(a) Johann Bernoulli’s first geometric
construction for the catenary

(Johann Bernoulli (1691b, TAB
VI, Fig. 1))

(b) Jacob Bernoulli’s diagram for the
extensible catenary (Cramer, 1746,

452, vol.1)

Figure 1.3.: Figures for analysis of the extensible catenary

From the two geometric solutions that Johann had provided for the catenary problem,30 Jacob
used the first for his analysis (Figure 1.3). Since the catenary is a transcendental curve, Johann
Bernoulli (1691b) had given a geometric construction by rectification31 for it where BK is the
ordinate of the constructing curve FKL (Figure 1.3a). In Johann’s representation, EG is on
the x�axis with positive values to the right and BC is on the y�axis, and A is on the origin.
The ordinate BK has the value

BK =
a2p

y2 + 2ay

differential equation of the Catenary
==========================) dx =

a2 dyp
y2 + 2ay

Jacob Bernoulli (1691a, 288) added one more assumption to the ones set by Leibniz for the
catenary problem, namely that the cord hanging by its endpoints extends to its maximum under
its own weight. He, then, used Hooke’s law, which states that the extensions are proportional
to the stretching forces.32 Jacob presented his solution on a diagram similar to Johann’s where
CD plays the same role as BK (Figure 1.3b). He assumed that the extensible cord would
stretch under its own weight, then the difference between the lowest point of the hanging in-
elastic cord and the elastic one would be FA = +a. He set the origin of his coordinate system
on F and considered the x�axis to be vertical and y�axis horizontal. Then, by considering
the elastic constant b, Jacob found two values for the ordinate CD (Figure 1.4)

30In her thesis, Ohly (2004, 150-167) gives a complete account of Johann’s catenary solution and Truesdell
(1960, 72-73) presents a summary of it.

31See p.9 for a brief explanation of this geometrical method.
32Hooke’s law, ut tensio sic vis, was given in an article by Leibniz in 1684 without any reference to Hooke

(Leibniz, 1684). Thus for a long time, it was known as Leibniz’s law on the Continent. In an introduction to
the mechanical correspondence of Jacob Bernoulli, Truesdell asserts that: “the continental geometers despised
Hooke’s works insofar as they knew it; the British took no account of Leibniz’s paper” (Weil, 1993a, 18). Hooke
had first published this law as an anagram; see Section 1.6.
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Figure 1.4.: Jacob Bernoulli’s two values for the ordinate CD (Bernoulli, 1691a, 289)

CD =
abq

(2a2 + 2bx� 2a
p
(a2 + b2 + 2bx))

,

or

CD = a

2

4

s
a2 + bx+ a

p
a2 + b2 + 2bx

2x2 � 2a2

3

5

He asserted that these two values of CD are equivalent. Since CD plays the same role as BK
in Johann’s solution, then dy = CD ⇥ dx

a , as Cramer also stated in the reprint of the article in
Bernoulli’s Opera Omnia.33 By considering the first value for CD, one finds

dy =
bdxq

(2a2 + 2bx� 2a
p

(a2 + b2 + 2bx))

Letting b = 0, this equation becomes indeterminate, thus at this point, Truesdell (1960, 77)
did not give any further consideration to Jacobs analysis, and stated: “it is difficult to make
anything out of this paper”. However, Bernoulli’s second value for CD is the key here, as it
gives:

dy =

q
(a2 + bx+ a

p
(a2 + b2 + 2bx)) dx

p
2x2 � 2a2

(1.1)

With b = 0 this, indeed, results in the differential equation of the catenary.

dy =
a2 dxp
x2 � a2

(1.2)

Bernoulli did not offer any detail about the discovery of these values for CD, but Cramer
(1746, 451, note. h) gave a detailed step by step explanation of how Bernoulli might have
found them. Cramer balanced the forces acting on every single piece of the cord of the length
ds, where its weight is acting on the center of the piece pulling it down. Johann Bernoulli

33See (Cramer, 1746, footnote (h), 451) in https://www.e-rara.ch/zut/content/pageview/
1040342.
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Chapter 1. Funicularia Problem

used a similar technique when he studied the extensible catenary in one of his lecture notes,
Lesson 41.34 Like his brother, Johann also employed Hooke’s law and balanced the forces
acting on every infinitely small piece of the elastic cord. Truesdell (1960, 77-79), who failed
to understand Jacob’s analysis, sought help in Johann’s lecture notes which he presumed to
reflect Jacob’s views on the topic. Indeed studying Johann’s analysis shows that he must have
got his ideas from Jacob’s second addendum. Ohly (2004, 178) suggests that Johann must
have written this lecture note after seeing Jacob’s published analysis.

On 21 March 1691, Mencke informed Leibniz about Jacob Bernoulli’s article and its Addi-
tamentum ad Problema Funicularium. Since publishing Jacob’s article would have violated
Johann’s request, they decided to publish it in the same issue that was going to contain the
solutions to the catenary problem (Heß, Babin, 2011, 117, note 10). On 20 April 1691, Leib-
niz notified Huygens that he was being pressurized by the editors of the AE to submit his
answer.35 Leibniz also explained Johann’s arrangement for the publication of his solution and
attested that he had not seen it himself. He also refrained from asking Johann for a cipher be-
cause Johann had directly transmitted his answer to the editors of AE, thus, asking for a cipher
might have raised suspicions. Reminding that the deadline of the contest was long expired, he
informed Huygens that he would submit his analysis for publication soon and urged Huygens
to do the same. Leibniz ensured Huygens that the editors were aware that Huygens had solved
the problem before and that they would treat his solution confidentially. This indicates that
Leibniz was probably aware of Huygens’ distrust in the impartiality of the editor of Philo-
sophical Transactions in his earlier priority disputes with Robert Hooke (Iliffe, 1992, 39-41).
Thus, he was trying to win Huygens’ trust for the editors of the AE.36

On 5 May 1691, Huygens sent his solution37 to Leibniz in a sealed envelope38 along with a
letter requesting his enclosed solution to be transmitted to the AE.39 Together with it, Leibniz
submitted his own solution40 for publication in May 1691. In the June issue of the AE 1691,
Mencke (1691) published all of the three solutions along with a preface which described the
order and the date he had received the answers. He placed Jacob Bernoulli’s article right after
the three solutions.

Now that the change in the form of the challenge and the reason for the delay in the pub-
lication of the catenary solutions is established, I suggest answers to the questions: what else

34 Ohly (2004, 172-178) gives a detailed analysis of this lecture note.
35Lettre No. 2676, G. W. Leibniz à Christiaan Huygens, A Hanover ce 10

20 d’Avril 1691 (Huygens, 1905,
83-86).

36Before receiving this letter, Huygens, upset about not having heard back from Leibniz since the end of
February, suspected that Leibniz might not have received his letters sent not with a regular post but via a person,
Mr. Meyer. Thus, on 21 April 1691, he sent another letter to Leibniz with a brief description of his second cipher
and again demanded a cipher from Leibniz (Huygens, 1905, 84); see Section 1.6.

37Huygens’ solution was based on geometric construction by rectification. See p.9.
38Letter No. 2681, Christiaan Huygens aux éditeurs des Acta Eruditorum, 5 Mai 1691 (Huygens, 1905,

95-98).
39Lettre Nr. 2680, Christiaan Huygens à G. W. Leibniz, A la Haye ce 5 Mej 1691 (Huygens, 1905, 93-94).
40Leibniz’s representation of the catenary was a point-wise construction, see p.9.
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did Jacob Bernoulli achieve during this time? What do the other passages Additamentum ad
Problema Funicularium describe? One can see that Jacob Bernoulli had pursued his original
goal in the Meditationes notes, such as Med.CLXX.41 At the beginning of it, he explicitly wrote
the differential equation of the Elastica:42

dy =
x2 dxp
a4 � x4

(1.3)

In the third addendum, Bernoulli brought the attention of the mathematicians back to his ini-
tial challenge but reformulated it explicitly as a challenge for finding the Elastica (Bernoulli,
1691a, 289). Like Leibniz, he announced that he was in possession of the solution and invited
others to consider this problem and present their solutions until the next harvest festival.43 Fur-
thermore, he formulated the Elastica challenge as a logogriph with a property of the Elastica
hidden in an anagram.44 Bernoulli must have found the differential equation of the Elastica be-
fore March 1691 and seems to have written Med.CLXX before this date.45 Leibniz must have
read this passage in the draft sent to Mencke in March 1691, because in his article containing
the solution of the catenary curve, he praised both Bernoulli brothers especially Jacob:

Before the end of the specified time, just two notified that they have reached the
goal: Christiaan Huygens whose huge services to the science are widely known
and —together with his skilled, and educated younger brother—Jacob Bernoulli
himself, who until now with all his publications has given us the occasion to
expect excellent achievements from the two brothers. I guess through what I have
told him before [in the correspondence],46 this one [Jacob] has tried [to show] that
our experience of the calculation extends further than the current problem [the
catenary problem] and makes solving more difficult problems possible (Leibniz,
1691a).47,48

The content of Med.CLXX demonstrates that Bernoulli had found the differential equation
of the Elastica in early 1691. However, Eq.1.3 does not contain any elasticity coefficient
which he could set to zero to deduce the differential equation of the catenary curve from it.
Besides, even though the catenary curve can be found from Bernoulli’s study of the extensible
catenary, by letting the elasticity coefficient b = 0, Eq.1.1 cannot be simplified to a differential
equation of the Elastica of the form Eq.1.3. Since Bernoulli could not easily combine the two
differential equations of the Elastica and Catenary, he still needed to find a general differential
equation for the Funicularia family of curves. Nonetheless, during the term of the catenary

41http://ark.dasch.swiss/ark:/72163/1/0801/KEHd_i=3SG2fCKMUduYdTQO.
42http://ark.dasch.swiss/ark:/72163/1/0801/1A4iOkKsTmSmTeXxmPQYtQP.
43The harvest festival in Basel is at the end of September, so Bernoulli gave mathematicians less than three

months to solve the Elastica problem.
44See Section 1.6.
45Bernoulli’s works on Elastica, including this note, are studied in detail in the chapter.2.
46Leibniz refers to his correspondence with Jacob Bernoulli about the Elastica problem where he encourages

Bernoulli to study it (Weil, 1993a, 65).
47Leibniz is referring to the Elastica problem and the extensible catenary problem.
48My translation from the German edition by Heß, Babin (2011, 116-117).

24

http://ark.dasch.swiss/ark:/72163/1/0801/KEHd_i=3SG2fCKMUduYdTQO
http://ark.dasch.swiss/ark:/72163/1/0801/1A4iOkKsTmSmTeXxmPQYtQP


Chapter 1. Funicularia Problem

challenge, Bernoulli had come one step closer to this ultimate goal by studying the curvature
of the Velaria and determining it to be identical to the Catenaria.

1.2. Velaria: the curvature of an inflated sail
The Bernoulli brothers are well-known for their quarrels,49 in fact, a book is devoted to collect
all the materials related to the topics of their disputes (Speiser, 1991). Most of them were about
priority in discovery, for instance, in solving the Velaria problem. However, the frequency of
their disputes and the sociological reasons for them have not yet been studied. Citing Mer-
ton (1983), Iliffe (1992, 29) suggests one of the reasons for such neglect to be the perceived
triviality of priority disputes which have been dismissed as a natural result of egoism of the
antagonists. Indeed egoism might have played a pivotal role in igniting the quarrels between
the brothers. I believe that protecting their position in the mind of Leibniz can also be a rea-
son for their quarrels. This can be seen in the Velaria dispute, for which the brothers assume
Leibniz as a judge and defend their priority in letters sent to him. To understand the Velaria
dispute, I propose that one should consider who Johann Bernoulli was at the time. Although
he had succeeded in the catenary challenge, he was new to the mathematics community and
was struggling to attain the rank of his brother. Thus, perhaps to stabilize his position as an
influential mathematician and not just the younger brother/pupil of Jacob, Johann might have
started the Velaria dispute. In any case, it was the first of many priority disputes between the
Bernoulli brothers and the breaking point in their relationship. This controversy lasted for
years, thus to put an end to it and to prove that he was the one who first determined the shape
of Velaria, Jacob Bernoulli wrote a report about it. Bernoulli (1695a, 545-547) published this
report, also known as the Velaria-Bericht as a part of his Explicationes article. In this report,
he also outlined the process of solving the Velaria problem.

Peiffer (2006, 10-13) and Ohly (2004, 190-223) have studied the Velaria problem in the
context of the priority dispute between the two brothers. However, it is also important to deter-
mine how the discovery was actually made. In fact, none of the existing studies of the Velaria
problem contain a thorough analysis of the Meditationes notes. I do not intend to resurrect
the Velaria dispute or try to give the credit to Jacob Bernoulli based on his unpublished notes
in the Meditationes. This would, as Iliffe (1992, 30) asserts, raise the question of whether
a private priority can be considered a public priority. By studying the Meditationes entries, I
will illustrate how Jacob solved the Velaria problem in his private notes and communicated his
results and thoughts with Johann. This communication, indeed, brings Jacob’s discoveries out
of the private sphere. Using Jacob Bernoulli’s Velaria-Bericht as well as his correspondence
with Johann and the notes in the Meditationes, I will fill in the gaps in the previous studies of
the history of Velaria. Moreover, I will show how Jacob Bernoulli established a link between
the catenary curve and the Velaria.

Bernoulli’s detailed analysis in Med.CLXV leaves the impression that he might have known

49The content of Section 1.2 is partially excerpted from Alassi (2020).
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(a) Original
(b) Simplified and improved

version

Figure 1.5.: Bernoulli’s diagram for Med.CLXV

the connection between Velaria and the Funicularia from the physics of the problems. Even
if not, he had definitely figured the connection out after seeing Johann’s catenary solution,
because he listed the Velaria problem as an extension of the catenary problem in the fourth
passage of the Additamentum ad Problema Funicularium (Bernoulli, 1691a, 290). In any case,
as I will show, he was the one who first studied the Velaria problem in 1690. This problem
concerns finding the profile a rectangular sail takes when it is fixed at opposite sides and in-
flated by the wind. In this problem, a square-rig sail is considered, which was mainly used
for ships in the 17th-century. In this kind of ships, the sail is fixed from top and bottom on
two horizontal spars, yards, which are perpendicular to the keel of the vessel and the masts. In
solving this problem, the weight of the sail is neglected.

Bernoulli offered his opinion about the Velaria firstly at the beginning of Med.CLXIV:50

When the fluid after impact goes past the body it impinged on, as occurs in a
sail swelled by wind, its pressure is not passed on completely, but attenuated in
proportion of the inclination; however, if the fluid cannot flow past, like the weight
of a liquid contained somewhere, all the impact of its gravity, despite being at an
angle, will be passed on along the direction perpendicular to the impacted body,
because the parts of the fluid are propping each other up so that all their pressure
acts on the sides.51

Here, Bernoulli differentiated the Velaria from the Lintearia. He assumed that wind acts
by impact and produces no effect by its pressure after the first impulse. It is as if the wind
presses on the sail and then passes through it. Thus, the force of the wind impels the sail
without stretching it; in this way, Bernoulli imposed a non-elasticity condition on the Velaria.

50http://ark.dasch.swiss/ark:/72163/1/0801/j_93etu6RlGh7006lKJdSgo.
51http://ark.dasch.swiss/ark:/72163/1/0801/=HIo_EDHSVCw5XhYYoJrPgG.
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However, if the fluid is captured in the body [cloth] and cannot pass through it, it would press
on the body and stretch it. This defines the elastic behavior of the Lintearia.

In Med.CLXV ,52 Bernoulli started his analysis of the sail by considering one of its fibers,
AE, that is of negligible weight and fixed at its endpoints A and E (Figure 1.5).53 He de-
noted the total arc-length of AE as s and divided it into infinitely small equal parts such as
BC = DE = ds. Bernoulli chose the coordinate system so that the x�axis is in the vertical
direction with positive values to the lower half, and the y�axis is in the horizontal direction
with positive values to the right. In this note, like many other notes of the Meditationes,
Bernoulli solved the problem by the straightforward balance of the forces acting on the sail
instead of the standard geometric approach.

Next, he assumed a non-elasticity condition on the problem in the same way he had de-
scribed in Med.CLXIV.54 Bernoulli asserted that the wind presses the sail on single points,
such as B in direction HB which inflates the element BC of the sail in the direction BF . The
motion of the element BC in BF direction can be, then, decomposed into the vertical com-
ponent BG and the horizontal component FG. These make the right-angled triangle 4BGF
with the hypotenuse BF . Bernoulli denoted the velocity of the wind by a and considered the
differential triangle BCM so that

BC = ds CM = dx BM = dy

He started with analyzing the forces acting on the elements of the sail, and their relation; he
found the force acting on DE to be:55

FDE = a · ds

The force which moves BC in the direction BF would be:56

FBC =
a. dy2

ds
(1.4)

Letting BG = z, the radius of curvature, Bernoulli asserted that when the wind presses on BC
in the direction of ds, the sail resists this force at point B along z. He expressed this resistance
as the strength of the point B, FB, that is

FBC

FB
=

ds

z
! FB =

a z dy2

ds2
(1.5)

52http://ark.dasch.swiss/ark:/72163/1/0801/w4kveXlJRhGNtypQ1UH7Xw5.
53http://ark.dasch.swiss/ark:/72163/1/0801/H0moEmCsQyCwIwjR6tycAAA.
54See p.26.
55Bernoulli’s precise notation is “vires ejus in DE = a ds ”. See http://ark.dasch.swiss/ark:

/72163/1/0801/5LgmVCUUToabGw0dGVxtlQv.
56Bernoulli gave this equation in the following proportional terms:

dsq · dyq :: vires venti in DE · vires venti in BC

This form of the equation also emphasizes on the relation between the forces and the corresponding differential
elements.
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Chapter 1. Funicularia Problem

Every piece of the sail would show the same resistance against the force acting in ds direction,
that is R�!

ds
is equal to the FB, hence

R�!
ds

= FB =
a z dy2

ds2
(1.6)

Bernoulli then found the components of the force FBC in the horizontal direction, FFG, and in
the vertical direction FBG.

[
BC

CM
=]

BF

BG
=

FBC

FBG
! FBG =

a dy3

ds2

BF

FG
=

FBC

FFG
! FFG =

a dx dy2

ds2

Next, he noted that the force of the wind on any single element of the sail can be represented
by a small weight hanging from the intersection of the tangents at the endpoints of the element.
The aggregation of all these small weights forms a total weight WT . Thus, the total force of
the wind acting on the entire AE can be represented by WT hanging from the intersection
of the tangents of the curve at its endpoints.57 AT and ET are the tangents to the curve
AE at its endpoints A and E (Figure 1.5b). Then the entire force of the wind acting on AE
can be represented by the total weight WT hanging from the intersection point T . Bernoulli
decomposed this total weight into the vertical component WP and the horizontal component
WR:58

WR =

Z
FFG =

Z
a dx dy2

ds2

WP =

Z
FBG =

Z
a dy3

ds2

Then if there were a resistance at E equal to the constant ab acting in the direction opposite to
WR, the sum of the resisting forces of the sail in the horizontal direction, R�!

dy
, would be:59

R�!
dy

= ab�WR = ab�
Z

a dx dy2

ds2
(1.7)

and the sum of the resisting forces in the vertical direction, or R�!
dx

would be:

R�!
dx

= WP =

Z
a dy3

ds2
(1.8)

Next, he considered the proportional relations between the infinitesimal elements of the curve
and the resistance along them, that is

ds

dx
=

R�!
ds

R�!
dx

! z dx dy2

ds3
=

Z
dy3

ds2
(1.9)

57This is the generalization of Stevin’s term in Med.CCXXVII; see p.133.
58See http://ark.dasch.swiss/ark:/72163/1/0801/KFOzzbrtTHSlgeV2RasEJA4.
59Bernoulli calls this the strength at E.
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Chapter 1. Funicularia Problem

He chose the progression of the variables so that ds is constant;60 the radius of the curvature
of AE will then be:61

z =
ds dy

d2x

Hence, Eq.1.9 results in
dx dy3

d2x
=

Z
dy3 (1.10)

This is the first form of differential equation Bernoulli found for the Velaria. Later, he returned
to Med.CLXV and added a small piece of analysis to its margin. Basically, he multiplied the
left-hand side of Eq.1.10 with a·ds

a·ds and obtained

a ds d2x

a ds dx
=

dy3R
dy3

which yields62

a ds d2x = dy3 (1.11)

Primarily he could not solve this differential equation, because the calculus tools developed by
that time were not sufficient to solve higher-order differential equations. Therefore, Bernoulli
first needed a method to reduce Eq.1.11 to a first-order one, which took him a while to develop.

Meanwhile, in January 1691, Jacob sent a letter to Johann63 in which he enclosed Eq.1.10
as an exercise. This indicates that Bernoulli must have written Med.CLXV by the end of 1690.
This letter was the first of a series of correspondence between the two brothers concerning the
Velaria.64 In Spiess’ reconstruction of the two brothers’ correspondence, the origin of Eq.1.10
remains a mystery (Spiess, 1955, 100). Ohly (2004, 198) also states the origin of this equation
to be unknown; furthermore, she repeats Truesdell’s false assumption that Med.CLXV must
have been written at the end of 1691.65 On the other hand, Peiffer (2006, 10) incorrectly
asserts that both brothers took an interest in the Velaria problem at the same time in January
1691. Believing that they were studying the problem in parallel and that the discovery was
made simultaneously, no priority has been explicitly credited to any of them.

60See p.12.
61See p.12.
62http://ark.dasch.swiss/ark:/72163/1/0801/yJANW8HcRhSSPPuoqoEBXAM.
63Letter N(0.1) (Spiess, 1955, 100).
64All the private letters which Jacob had sent Johann are missing. Since Johann had a rather interesting habit

of copying the draft of the letters before sending them out, only the copies of the letters authored by him are
currently remaining. However, one can reconstruct the content of Jacob’s letters by extrapolating the information
from Johann’s letters and more importantly with the help of Jacob Bernoulli’s Velaria Bericht.

65Ohly (2004) also falsely attributes this approximation of the date to Hofmann (1956). In fact, Hofmann
(1956, 67, note 117) gives a brief summary of this note, which does not indicate any date, and his arguments are
in line with my given approximation for the date.
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Chapter 1. Funicularia Problem

(a) Bernoulli’s diagram for the
fourth addendum (Bernoulli,
1691a, TAB.VIII, Fig.7)

(b) Bernoulli’s diagram for the Ve-
laria report (Bernoulli 1695,
TAB.X, Fig. 11)

Figure 1.6.: Bernoulli’s diagram for the description of the Velaria

Unable to carry out the given task, in February 1691, Johann replied that he had started to
investigate the curvature of the sail when the wind impels it horizontally instead of vertically.
In early spring 1691, Jacob responded that the pressure of the wind does not act horizontally
on a sail. In the course of this correspondence, Jacob Bernoulli decided to share his knowl-
edge with the mathematics community and submitted the previously mentioned paper with the
Additamentum ad Problema Funicularium to the AE in March 1691. In the fourth addendum,
Bernoulli (1691a, 290) described the Velaria problem with a diagram (Figure 1.6a):

Speculation on the shape of an inflated sail is, in particular, the most elevated of
all; although to a high extent it agrees with the Funicularia problem. The wind
extends the sail so that the pushing forces can be considered as loads on a cord.
The one who understands the nature of the pressure of the fluid will understand
indeed without difficulty that the piece of the sail BC which captures the wind
DE in the perpendicular direction bows to a circular arc. But the remaining piece
AB is assumed to have a curvature difficult to examine.

Primarily, Jacob Bernoulli assumed that the curve of the sail consists of two parts, one re-
sembling the periphery of a circle, and the other a catenary. By the end of April 1691, Johann
claimed that the shape of a sail impelled by the wind should be the same as the shape of a cloth
pressed by an enclosed fluid: the Velaria is the same as the Lintearia.66 On 11 June 1691, Ja-
cob rejected Johann’s claim,67 but in his reply on 17 June Johann insisted on his opinion.68 In
July 1691 disappointed with this argument, Jacob explained the difference between the two
shapes to Johann69 using his assertion of Med.CLXIV.70 He concluded that the sail takes the
shape of a rope that is pulled by infinite forces (Figure 1.6b).71 Since the wind captured in the

66Letter N(0,4) (Spiess, 1955, 101).
67Letter N(2,3) (Spiess, 1955, 107).
68Letter N.3 (Spiess, 1955, 111).
69Spiess (1955, 113, footnote 2) extrapolated this information from the Velaria-Bericht.
70See p.26.
71Bernoulli gave this diagram in his Velaria-Bericht.
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Figure 1.7.: The curvature of the sail is that of the Funicularia, Med.CLXXXVII

Figure 1.8.: Reference to Med.CLXV in Med.CLXXXVIII

bottom of the sail presses in every direction, it gives that part of the sail a circular shape. After
a couple of months of silence, on 29 September 1691, Johann responded with mockery and
compared Jacob’s idea of the Velaria curve to a Proteus.72

Meanwhile, Jacob had found the method for reducing a second-order differential equation
to a first-order one presented in Med.CLXXXVII.73 Using this method, he simplified Eq.1.11 by
considering the progression of variables as constant ds, i.e., arc length grows uniformly, and s
is an independent variable. Bernoulli ensured this uniform growth of the arc by choosing dif-
ferential coefficients t& a so that t dy = a dx.74 Hence with the constant ds =

p
dx2 + dy2,

he found
dy =

a dxp
x2 � a2

(1.12)

He wrote (Figure 1.7):75

unde constat velum esse ipsam funiculariam.
hence the sail is the same as the Funicularia

Although Huygens and Leibniz already used the name Catenaria for the curve of a hanging
chain, until 1704 Bernoulli called it Funicularia and made its rigidity clear in the hypothesis of
his analyses. In the immediately following note, Med.CLXXXVIII,76 Bernoulli found further
properties of the Velaria, such as its axis of equilibrium and the force acting along this axis.
At the beginning of Med.CLXXXVIII, he clearly referred to Med.CLXV (Figure 1.8).77 Almost
at the beginning of 1692, Johann sent a letter to Jacob claiming that he had advanced his skill

72Letter N.4 (Spiess, 1955, 115-118).
73http://ark.dasch.swiss/ark:/72163/1/0801/ann1A58MR=GrovRJuKNbTQT.
74See the description of this method given by Bos (1974, 42-47).
75http://ark.dasch.swiss/ark:/72163/1/0801/na9hcQK_TymcV6mtf2ZclwH.
76http://ark.dasch.swiss/ark:/72163/1/0801/DJgKa7CYRAOJknVKaIsYeQ7.
77http://ark.dasch.swiss/ark:/72163/1/0801/2z3yGhLYReK8VJJL41U=FQq.
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in finding integrals with which he had found a new property of the catenary.78 To examine
Johann’s new skills, Jacob sent him the description of Eq. 1.11 and asked Johann to use his
new skills to solve this equation. He wrote:79

Sumptis aequalibus Curvae portiunculis, Cubi ex primis differentiis ordinatorum
sunt proportionalis secundis differentiis abscissarum.
Assuming equal portions of a curve, the cubes of differentials of the ordinates are
proportional to the second differentials of the abscissas

Johann instantly found the hidden point and recognized the true identity of the Velaria. Not
knowing that Jacob was already in possession of the solution himself, Johann assumed that he
had again overtaken his brother, as he had in solving the catenary problem. Although l’Hôpital
(1661–1704) advised Johann not to announce his solution, he could not resist and wrote a let-
ter to Jacob in January/February 1692 triumphantly announcing that Velaria=Catenaria.80 In
February/March 1692, Jacob expressed that he had already acquired the same result the pre-
vious year and that he had submitted his solution to the AE.81 Thus, Jacob must have written
Med.CLXXXVII and Med.CLXXXVIII, between late 1691 and before 9 March 1692. Bernoulli
put this latter date on the envelope which enclosed his article and submitted it to AE; he asked
the editor to mention this date in the publication.

However, it took the journal three months to publish the article. Without any agreement
with his brother, Johann Bernoulli submitted his solution to the Journal des Sçavans, which
published the article more promptly. Johann’s article was published in April 1692, but Ja-
cob’s was not published until May of that year. Such disparagement of the older brother was
very insulting for Jacob Bernoulli, who had always expressed his admiration for his younger
brother, even in the very same article.82 Although Johann’s solution was published earlier,
Jacob’s treatment of the problem was so deep and comprehensive that it faded Johann’s tri-
umph. Jacob Bernoulli’s Curvatura Veli article is based on Med.CLXXXVIII,83 he started it
with (Bernoulli, 1692a, 202):

After some efforts for having the mastery of the promised, I am done. I may
not delay the careful reader anymore. I discovered this problem, determination
of the shape of a sail, to define the finest problem of the Funicularia. As the
curvatures [the Funicularia and the Velaria] match, so should the names in our
languages in different dialects and vocabulary, German or Belgian: seyl, Funem
or Velum ought to mean the same thing. The brother who had signified to carry
out Leibnizian calculus offers something too. When the problem was reduced
to the pure geometry, I shared the curvature of the sail with him hidden in this
property: assuming that the small elements of the curve are constant, the cubed

78Letter N(4,1) (Spiess, 1955, 118).
79Letter N(4,2) (Spiess, 1955, 118).
80Letter N(4,3) (Spiess, 1955, 119).
81Letter N(4,4) (Spiess, 1955, 119).
82So started the lifelong dispute between the brothers.
83http://ark.dasch.swiss/ark:/72163/1/0801/DJgKa7CYRAOJknVKaIsYeQ7.
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Figure 1.9.: Velaria diagram in Med.CLXXXVIII

(a) 1st figure of the Velaria article
(Bernoulli, 1692a, TAB.III, Fig.1)

(b) 2nd figure of the Velaria article
(Bernoulli, 1692a, TAB.III, Fig.2)

Figure 1.10.: Bernoulli’s sketches for the Velaria

first differences of the ordinates are proportional to the second differences of the
abscissas. Fortunately, with this property, the curve of the sail appeared to be the
Funicularia curve.

Bernoulli also signified that since the problem of determining the longitude at sea was not
solved at the time, the investigation of question related to sailing had real-world applications.84

Further, he suggested that by knowing the shape of the inflated sail, one could estimate the
pressure of the wind and, consequently, the speed of the ship. Bernoulli presented the prop-
erties of the sail found in Med.CLXXXVIII and Med.CLXV as a list of 25 properties. In this
list, he also described two mechanical constructions representing the curve. Figure 1.985 is
the diagram Bernoulli used in Med.CLXXXVIII, but in his article, he gave a similar diagram
(Figure 1.10a) and also an extended one (Figure 1.10b). Bernoulli considered EB to be a sail
with endpoints fixed at E and B (Figure 1.10b). The wind would press on the sail along AB
which lies on the x�axis with positive values in the lower half, and AE lies on the y�axis
with positive values to the left, making A the origin. Bernoulli asserted that DE and BD are
tangent to the sail at points E and B, respectively. If the line of direction of the wind AB were
perpendicular to BD, then the curvature of the sail would be a Funicularia with the vertex B

84It was believed that with linking the measurement of the longitude and course and speed of a ship, one could
obtain better navigation (Ohly, 2004, 192).

85http://ark.dasch.swiss/ark:/72163/1/0801/NSHioa=3R_2EOtMWMbmakQ1.
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and the parameter BC. He considered86

EB = s, AE = y AB = x speed of the wind = v

I only mention some of the main properties of the Velaria here:87

• Bernoulli described Eq. 1.5 as:88

Pressing force
Sustaining force

=
Element of the sail

radius

• DF , the equilibrium of axis of the sail, passes through D, the intersection of the tangent
lines DE&BD.89 This line cuts the sail in point G so that FG will be normal to the
sail.90

• The force acting along the axis of equilibrium FG is

F�!
FG

=
v.(EGB2 � AB2)p

EGB2 + AB2
=

v.(s2 � x2)p
s2 + x2

• The parameter of the Velaria is

BC =
EGB2 � AB2

2AB
=

s2 � x2

2x

Then the resistance of the sail is equal to the velocity of the wind times the parameter of
the sail

Sustaining force =
v.(s2 � x2)

2x

Bernoulli’s method for reducing the differential equation of the Velaria, given in Med.CLXXXVII,
was also the key to solve the Lintearia problem. In Med.CLXXXIX, he studied this problem
and determined the Lintearia as a rectangular Elastica.91 This illustrates how the study of one
curve of the Funicularia family led Bernoulli to another one. Knowing the differential equa-
tion of all these four curves, and the physical characteristics of them, Bernoulli was ready to
attend to his ultimate goal of finding a general equation for the entire family of these curves.
This, however, did not happen immediately; for years, Bernoulli perfected his Elastica and
Lintearia solutions for publications, as I will describe in Chapter 2. Meanwhile, in another
note of the Meditationes, he established the most important property of the catenary curve: its
lowest center of gravity.

86He did not specify the speed of the wind, but in Med.CLXXXVIII he first denotes it with a and then with c.
87Bernoulli listed the properties without any proof, but Cramer (1746, 481-491) proved each in a footnote.
88This is also given as corollary II in the first part of Med.CLXXXVIII.
89See Section 4.3.
90In this article, as well as a few other notes, Bernoulli falsely believed that the equilibrium axis is normal to

the curve; see Section 4.3.1.
91See Section 2.3.
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1.3. The lowest center of gravity
That among all curves with the same length, the catenary curve has the lowest center of gravity
is a genuine variational problem of the isoperimetric type (Born, 1968). Leibniz (1691a)92 had
first mentioned this most prominent characteristic of the curve but without any proof.93 In
his catenary treatise, David Gregory (1661–1708) interpreted Leibniz’s assertion as (Gregory,
1697, Prop.V, Corol.2):

The center of gravity of the Catenaria descends lower than that of any other lines
of the same length. For every heavy body descends as low as it can. And since
a figure descends just so much as its center of gravity descends, a heavy flexible
line will so dispose itself, as that its center of gravity will be lower than if it
assumes any other figure. And from this property of a heavy flexible line all its
other properties might be easily deduced.

Jacob Bernoulli is known to be the one who solved this isoperimetric problem, which he
published in two articles (Bernoulli, 1700) (Bernoulli, 1701). However, he presented the math-
ematical demonstration in Med.CCXXXIX,94 which he must have written between 1694 and
1696.95 Probably Leibniz’s indication of this characteristic was the source of Bernoulli’s mo-
tivation to mathematically prove it. In Med.CCXXXIX, Bernoulli introduced a new method to
find the extrema of the isoperimetric shapes as clearly stated in the title of the note:96

Among all isoperimetric shapes or those with equal areas, to find the one which has
maximum or minimum. A new method

He assumed CFGD to be an isoperimetric curve with equal segments CF, FG, GD (Fig-
ure 1.11a).97 These parts are respectively bisected in points ', �, �, and the line '� is bisected
in ". Then " will be the center of gravity of CF + FG. In return, the line "� is triply cut with
a part of it being "⇣ , then ⇣ will be the center of gravity of CF + FG+GD. Bernoulli found
the distance of the points " and ⇣ from the horizontal line Cn and showed that the distance ⇣
is maximum for a curve with the differential equation

3dx (d2x)2 + dy2 d3x = 0 (1.13)

Bernoulli asserted that this is the differential equation of the Funicularia (Figure 1.12):98

Sed haec aequatio competit Funiculariae, ut experienti patebit.
But this equation matches the funicular curve, as will become clear by checking.

92(Heß, Babin, 2011, 122).
93Leibniz refrained from giving proofs “to avoid lengthiness”. He wrote: “A reader of Acta, who has un-

derstood the calculation technique of our new analysis, can develop them [demonstrations] on his own” (Heß,
Babin, 2011, 124).

94http://ark.dasch.swiss/ark:/72163/1/0801/aG64WolORkqvdQY6IMx2uAS.
95Considering the content of the previous and the next Meditationes notes, he must have written this entry

after publishing his Elastica solution and before the Explicationes article; see Section 2.4.
96http://ark.dasch.swiss/ark:/72163/1/0801/EOe1ZoD8TF2Cq0GHxw16vQm.
97http://ark.dasch.swiss/ark:/72163/1/0801/o9hb3ZmORRyreDtDgtOgbwn.
98http://ark.dasch.swiss/ark:/72163/1/0801/13aBSDCaSjqe_TNwUkU_rww.
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(a) Original (b) Simplified

Figure 1.11.: Bernoulli’s sketch for Med.CCXXXIX

Figure 1.12.: Med.CCXXXIX

Indeed, substituting the modern equation of the catenary curve, which is the integral of Eq.1.2,
i.e.,

x

a
=

(e
y
a + e

�y
a )

2
= cosh(

y

a
)

in Eq.1.13 confirms Bernoulli’s statement.99 Bernoulli still used the general term Funicularia,
but the assumptions of the problem enforce an inelasticity condition on the rope. Thus he,
indeed, meant Catenaria.

In 1694 after three years of delay from the promised date, Bernoulli published his solution
to the Elastica problem and a long list of the properties of the curve (Bernoulli, 1694a).100

Thus, he not only knew the differential equation of each of the four curves in the Funicularia
family, but he also knew their geometrical and physical characteristics. To achieve his ultimate
goal, he only needed to find a differential equation for the entire family of the curves.

99Med.CCXXXIX is included in the fifth volume of the Die Werke von Jacob Bernoulli (Weil, Mattmüller,
1999, 28-31).

100See Section 2.4.
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(a) Original (b) Simplified

Figure 1.13.: Diagram of Med.CCXLV

1.4. The general differential equation of a hanging cord
Bernoulli101 first took a few preparatory steps towards his goal. Similar to the Velaria problem,
he assumed that the tensile forces acting on the surface of the curve could be represented by a
system consisting of equal loads hanging from a thread. Using his analysis in Med.CCXXIII-
CCXXVII, Med.CCXXXI and Med.CCXLIV he found the equilibrium axis of the system and
the total force propagating along it. 102

In Med.CCXLV,103 Bernoulli efficiently utilized all his knowledge and methods to derive
the general differential equation of a hanging cord.104 He considered the thread ACDEFGB,
perfectly flexible in all its parts hanging from its endpoints A and B (Figure 4.25).105 Similar
to Med.CLXV, he used just half of the structure to find the curve which is analogous to Pardies’
principle. Pardies (1636-1673) had stated that if one removes a piece of the Funicularia, the
remaining part will have the same shape. To solve the catenary problem, Johann and Huygens
had also used this principle (Ohly, 2004, 124).

Bernoulli assumed the weight of each element of the thread to be as a load hanging from
it, i.e., infinitely many forces act on the points such as C, D, E, F, G in the directions
HC, HD, IE, KF, LG, respectively, pulling the thread. Then, the total force impelling the
thread would be equal to the weight P suspended from the intersection of the tangents of the

101The content of Section 1.4 is partially excerpted from Alassi (2020).
102See sections 4.2.2 and 4.3.2.
103http://ark.dasch.swiss/ark:/72163/1/0801/sIv1kiT7TeyjqTn_lMZ4Bw9.
104Considering the date of its previous note, Med.CCXLIV, Bernoulli must have written this note after June

1696. See p.134.
105http://ark.dasch.swiss/ark:/72163/1/0801/tlHSTdMWTYOrnvdBaHe0Mws.
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endpoints. He assumed z to be the radius of the curvature of the thread, and AW = b and
AQ = x to be on the vertical axis and b�x = Qw = w. On the other hand, QG = y is on the
horizontal axis, and the arc length of the thread is AEG = s. He considered the differential
triangle 4GRF so that

FR = dx RG = dy FG = ds = const

Bernoulli denoted the stretching force at G as p, which he assumed to be given by the hy-
pothesis of the problem.106 The resistance or strength of the thread at A is constant a2. He
determined the equilibrium axis of the system, LP , the relations between the acting forces
acting, and the average force propagating along LP .107

Furthermore, under the stretching force p, the thread makes an angle 6 BGL with the direc-
tion of the force. Since p is given by the hypothesis of the problem, sin( 6 BGL) = r would
also be known. From the relations between the forces acting on the thread and the logarithmic
nature of the curvature, Bernoulli found a set of three differential equations all leading to the
same curve.108

I. prz =
a3 ds

dy
� ds

dy

R
pr dx� p dyp aa� rr

II. prz =
ds

dx

R
pr dy + p dxp aa� rr

III. prz = a3 +
R
p dsp aa� rr.

He wrote:109

habemus igitur tres æquationes, p[er] quarum semp[er] singulas q[uae]situm in-
venire licet, quanq[uam] plerunq[ue] facilius p[er] unam q[uam] p[er] aliam
We have three equations through which the sought can be found, although the
greatest part can be easily found by one.

For the rest of the note, Bernoulli used the third equation

prz = (

Z
p ds

p
a2 � r2) + a3

r=a
==) pz = a2 (1.14)

Since ds = const, with the radius of curvature z = dx ds
�d2y Bernoulli found the general differen-

tial equation for the curves in the Funicularia family to be of the form:

dy =
(a2 �

R
p dx)dxq

2a2
R
p dx� (

R
p dx)2

(1.15)

106This is as if the thread is fixed at G instead of B. Then p would be the force that holds the endpoint G in its
place.

107Using the methods developed in Med.CCXXI and Med.CCXLIV. For a description, see Section 4.3.4.
108See the equations in http://ark.dasch.swiss/ark:/72163/1/0801/a=SXQBgXRw2f0=

HqBJkDxQG.
109http://ark.dasch.swiss/ark:/72163/1/0801/zrB8VD5HTuyOAJrFl2M7ew1.
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The differential equation of each curve would vary with the value of the parameter p, which
Bernoulli assumed to be given:

If p = QW = b � x = w ! dx = �dw then
R
p dx =

R b

w �w dw. By letting a2 = 1
2b

2

in Eq. 1.15 Bernoulli found:

dy =
�w2 dwp
b4 � w4

(1.16)

This is the differential equation of the Elastica.

If p = a dy2

ds2 , Eq. 1.14 results in dy3 = a ds d2x,110 which is Eq. 1.11 leading to the dif-
ferential equation of the Velaria, Catenaria

dy =
a dxp
x2 � a2

Although Bernoulli had reached his goal, he never published these results. One reason
might be that the differential equations of the four curves were already known and each was
separately proven geometrically. Therefore by publishing this result, he would not be offer-
ing a solution to an unsolved problem. I believe another possibility to be that Bernoulli did
not want to spend a long time again finding a geometric proof to represent curves. As dis-
cussed,111 at the time, a solution to a problem would only be accepted if there was a geometric
construction provided. But finding a correct geometric construction that would represent all
characteristics of the curves in the Funicularia family would have been a lengthy and com-
plicated process. It could also be the case that the geometric constructions, although correct,
were criticized after publication because the opinions about an adequate construction varied
between mathematicians.112 Therefore, the difficulty of providing an elegant geometric con-
struction that would represent all four curves might have been the obstacle that kept Bernoulli
from publishing his result. On the other hand, there were many other new challenges to be un-
dertaken; such as extending his analysis to the case where the rod is of non-uniform width.113

In conclusion, by finding Eq.1.15 Bernoulli was successful in unifying the catenary problem
and the Elastica problem; a goal which was rooted in the challenge he started in 1690. Even
though Nicolaus (I) Bernoulli had included this note in Jacob Bernoulli’s Varia Posthuma pub-
lished in 1744,114 this achievement was neither perceived at the time nor by modern historians.
Meanwhile, in the August issue of the AE 1724, an anonymous author, with the signature LBC,
restarted Bernoulli’s challenge of 1690 (Figure.1.14) (Anonymous, 1724, 366):

110Later in 1696, in Med.CCXLIX, Bernoulli developed a second method to reduce this differential equation to
a first-order one.

111in the p.9
112This can be seen in the article published by Leibniz in September 1691. There Leibniz (1691b) compared

the three catenary solutions and their respective geometric constructions.
113He indicated this case at the end of Med.CCXLV.
114(Bernoulli, 1744, Art.XI).

39



Chapter 1. Funicularia Problem

Figure 1.14.: The challenge of the anonymous author (Anonymous, 1724, 366)
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Let the famous catenary problem be proposed again to the geometers, especially
to those who are members of the royal societies of London and Paris. Let ADB
be a rope or a little chain, not infinitely but moderately flexible, not imaginary but
real, fixed at endpoints. ... If we cut AE, GB, what curvature does EDG take?

The author, LBC, formulated this challenge as a new one extending the catenary problem.
This once again indicates that Bernoulli’s Funicularia challenge of 1690 was replaced entirely
in minds by Leibniz’s formulation of it. In 1728, Leonhard Euler (1707–1783) published an
article in which he responded to LBC’s challenge and similar to Bernoulli provided a solution
from which curvatures of the Catenaria and the Elastica could be deduced.115 Ergo, Truesdell
(1960, 148-149) cites Leonhard Euler and not Jacob Bernoulli as the one who unified the two
problems and provided a general solution. After Med.CCXLV, Bernoulli quit studying the
catenary curve until shortly before his death, when he proved another prominent characteristic
of this curve: an upside-down catenary curve forms the most stable arch.

1.5. Masonry arches
If catenary is the shape of a chain that minimizes the forces in tension, by turning it upside-
down the formed arch minimizes the forces in compression. Generalized, this idea signifies
that the shape a string takes under a set of loads, if rigidified and inverted, illustrates a path
of compressing forces for an arched structure to support the same set of loads (Block et al.,
2006, 10). If this arch bears only its own weight through tangential compression, then no
mortar is needed in its construction; this type of arch is also known as a catenary arch. A ma-
sonry arch which contains an inverse catenary curve in its center-line is the most stable arch.
From the ancient times until the 18th century, these arches were constructed purely based on
experience without the knowledge of the underlying structure. If the stones are arranged in
the catenary arch shape, the structure remains stable for centuries. As still existing examples
of these arches, one can count the fan vault of the King’s college chapel of the University of
Cambridge, built in the 15th century, or the dome of St. Peter’s Basilica in Rome, built in
the 16th century (Mainstone, 2003). Many of the vaults or masonry arches which were built
without a correct inverse catenary curve as the underlying structure collapsed afterward, such
as the dome of Hagia Sophia in Byzantium (now Istanbul), collapsed in 558 AD.

It was Robert Hooke who first found the true nature of the masonry arches; in 1671 he an-
nounced to the Royal Society that he had solved the problem of an optimal arch. He added his
solution as an anagram in the margin of a book published in 1675; its deciphered form reads
(Hooke, 1675):

Ut pendet continuum flexile, sic stabit continguum rigidum inversum
As hangs the flexible line, so but inverted will stand the rigid arch.

115See Section 2.7.
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Figure 1.15.: Poleni’s drawing of Hooke’s analogy between an arch and a hanging chain
(Poleni, 1748)

In 1690, Sir Christopher Wren (1632–1723) used Hooke’s theorem to stabilize the dome of
St. Paul’s Cathedral in London. However, the mathematical equation of the structure was still
unknown. Although Hooke reduced the problem of the hanging chain and the masonry arch
to a single problem, he could not solve it. One might wonder why Hooke did not immediately
employ the solution of the catenary curve published in 1690 to solve the problem of masonry
arches. Heyman (1999, 80) claims the reason to be the secrecy among the mathematicians. He
writes: “In the climate of extreme secrecy and competition in which these scientists [Leibniz,
Huygens, Johann Bernoulli] worked, their statements were not fully supported by mathemati-
cal proofs. It fell to David Gregory to publish the mathematics in 1697.”

I believe that Hooke could have understood the published solutions of the catenary problem
without difficulty, especially Leibniz’s solution; he would not have needed the mathematical
demonstrations presented by David Gregory. Moreover, Gregory’s intention does not seem
to be just about formulating demonstrations. He was keen to apply Isaac Newton’s method
of fluxions to solve the problems popular on the Continent. In 1697, Gregory published an
elaborate demonstration of Leibniz’s catenary solution in the Philosophical Transactions, but
he gave an erroneous derivation of the correct differential equation (Gregory, 1697).116 Gre-
gory’s major error lay in his failure to appreciate that it is the difference between tensions
on each end of a small element of the chain that balances its gravity (Calladine, 2015). His
treatise was reprinted in the July issue of the AE 1698 (Gregory, 1698). Leibniz noticed the
mistake and wrote a review on Gregory’s work (Leibniz, 1699). He sent this review to Johann
Bernoulli and asked him to submit it to the AE anonymously (Heß, Babin, 2011, 319, note
1). Leibniz (1699), aka anonymous, accused Gregory of not having done anything else than
providing what was already proven seven years earlier. To this, Gregory (1699) answered:

This is true, and I cannot find anything in it that is blameworthy. Those great
116In his treatise, Gregory (1697, Prop.II, Corol.7) expressed the identity of the Catenaria and Velaria.
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Figure 1.16.: Bernoulli’s statement about Gregory’s mistake (Cramer, 1746, vol.2, 867)

men Huygens, Leibniz and Bernoulli, have discovered and communicated many
properties of the catenaris, but without demonstration. I have contrived demon-
strations which were the thing I undertook to do

Bernoulli (1698, Epimetra. VII) must have also read Gregory’s paper, because about its mis-
take he wrote (Figure 1.16):

“David Gregory’s analysis of the catenary curve through fluxions, published in the Leib-
nizian Acta [AE] in July, clearly shows how it is possible for us to be led through a false
though plausible argument to a true conclusion.” In his paper, despite this mistake, Gregory
(1697, Prop.II, Corol.6) gave a powerful statement about the masonry arches:

In a vertical plane, but in an inverted situation, the chain will preserve its figure
without falling, and therefore will constitute a very thin arch, or fornix; that is,
infinitely small, rigid, and polished spheres, disposed in an inverted curve of a
catenaria will form an arch, no part of which will be thrust outwards or inwards
by other parts, but, the lowest parts remaining firm, it will support itself by means
of its figure And, on the contrary, none but the catenaria is the figure of a true
legitimate arch or fornix. And when arches of other figures are supported, it is be-
cause in their thickness some catenaria is included. Neither would it be sustained,
if it were very thin, and composed of slippery parts. From Corol. 5, before, it
may be collected, by what force an arch or buttress presses a wall outwardly, to
which it is applied. For this is the same with that part of the force sustaining the
chain, which draws according to a horizontal direction. For the force which in
the chain draws inwards, in an arch equal to the chain drives outwards. All other
circumstances, concerning the strength of walls to which arches are applied, may
be geometrically determined form this theory, which are the chief things in the
construction of edificies.

This passage must have inspired Jacob Bernoulli to analyze the curvature of a masonry
arch. In one before the last note of the Meditationes, during the time his health was rapidly
declining, Bernoulli studied this arch. Med.CCLXXXV117 is one of the few notes which has a
date in Bernoulli’s own handwriting, 5 December 1704. Its title clearly reads:

The problem of the curvature of an arch whose parts support each other by their own weight,
without the help of mortar
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Figure 1.17.: Bernoulli’s sketch for Med.CCLXXXV

Bernoulli gave an extraordinary solution to the problem, using the concept of virtual work.
He assumed an arch consisting of the stones shaped in the form of parallelograms of oblong
rectangles, such as the stone DKLE which has infinitesimally small width KD, and its side
KL is slightly longer than DE (Figure1.17).118 He assumed this stone to be an infinitely small
element of the arch forming the differential triangle 4END with

EN = dx, DN = dy, DE = ds

BE = s is the weight of the half-arch, and DQ = z is the radius of curvature of the arch.
He then analyzed the tangential compressing force acting on the stone DKLE and the cor-
responding displacement of this stone. To do so, he made a hypothetical assumption that the
upper part of the arch EBF is separated from the piers of the arch and is sustained by two
imaginary threads HF &LG. Since the total weight of the arch EBF is WEBF = 2s, then
each thread will bear a weight equal to s.

Next, Bernoulli assumed the lever LF 119 at the bottom of the arch with the fulcrum on F .
This lever is in equilibrium when pulled by the thread LG with force FLG = s. The middle
point of the lever, M , endures a force equal to 2s. In case the lever is pulled obliquely along
the tangent line LI , letting FI ? LI , Bernoulli found the tangential tensile force acting on
the EBF along LI , or FLI . This means that the tangential compression T = �FLI would act

117http://ark.dasch.swiss/ark:/72163/1/0801/YItqxamwQduTKATOD2=6PQl.
118http://ark.dasch.swiss/ark:/72163/1/0801/_z_3kyw3TB=tDuzjPpIx=gs.
119In this note, Bernoulli called this lever FE probably to emphasize that the width of the arch, LE, is infinitely

small.
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Figure 1.18.: Reference to Gregory’s statement in Med.CCLXXXV

on the stone DKLE by pressing it with KL � DE. Now, to stabilize the lever LF pulled
along LI , force FLI would be needed:

FLI ⇥ FI = WEBF ⇥ FM = 2s⇥ 1

2
LF ! FLI

s
=

LF

FI

Consequently,120

FLI =
s ds

dx
! T =

�s ds

dx
(1.17)

Since no mortar is used in building the arch, its stones are not glued together. Therefore, by
lifting the part EBF of the arch, the stone DKLE would fall under its own weight. Thence,
the force Fn would act on the center of gravity of the stone, normal to DE, to prevent the
stone from falling. This is as if the stone is pulled back by a thread PO attached to DE
perpendicularly, and force Fn acts in the normal direction OP . This yields:

Fn

WDKLE
=

DN

DE
! Fn = dy

The tendency of the stone to fall would be �Fn. Next, Bernoulli considered the virtual dis-
placement of the stone under two hypotheses: in the first case, he assumes no friction between
the stones as La Hire (1695) had considered in his analysis of the masonry arches. In the
second case, Bernoulli took friction into account.

1. There is no friction between the stones, and KD is a smooth surface. If the part EBF
is lifted, stone DKLE would slide over KD. The displacement of the stone would be
equal to the width of the stone KD. The virtual work due to the normal force �Fn

would, then, be equal to the work done by the compressing force T , which holds the
stone in place.

�Fn ⇥KD = T ⇥ (KL�DE)

�dy ⇥KD =
�s ds

dx
⇥ (KL�DE)

From the geometry of the figure, he found

KD

KL�DE
=

DQ

DE
=

z

ds
120From similarities between triangles 4LFI and 4EDN :

LF

FI
=

DE

EN
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which yields

dy ⇥ z

ds
=

s ds

dx

With the constant dy denoting the progression of variables, the radius of the curvature

will be z =
ds3

dy d2x
. Hence,

d2x

dx
=

ds

s
integral
====) dx

s
=

dy

a
= const (1.18)

and

s =
a dx

dy

Additionally, since ds2 = dx2 + dy2, from Eq.1.18 Bernoulli found

dx =
s dsp
a2 + s2

! s =
p
x2 � a2

Consequently,

a dx

dy
=

p
x2 � a2 ! dy =

a dxp
x2 � a2

This is the differential equation of the catenary curve.121 Bernoulli clearly wrote (Figure
1.18):122

quod indicat Curvam Catenariam: ut habet Gregorius!
which indicates the catenary curve, as Gregory has it!

2. There is friction on the surface KD with resistance sufficient to prevent the stone from
slipping forward. Then, in the absence of the part EBF , the stone DKLE would try
to rotate about its lower edge and tilts over D. With this assumption, Bernoulli found a
solution of the form

dy =
2a dxp
y2 � 4a2

He realized that there must be an error in this assumption:

NB. With respect to the other curve I perceive that this does not hold; hence
I suspect that some error must be hidden in this supposition (that the stone
DL undertakes its downward motion by tilting about D) so that it cannot
be maintained. The reason for this is, without doubt, the fact that the stone

121This is one of the few cases where Bernoulli called the curve Catenaria.
122http://ark.dasch.swiss/ark:/72163/1/0801/lxD=ttpbQqqnEWs05yJTIwk.
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immediately below DL is by no means at rest itself, but tries by a similar
effort to tilt about its lower-end. Therefore the upper-end D does not stay at
rest but seeks a downward motion along the direction KD with an equal ten-
dency as E, which is tantamount as if the stone DL slides on KD - and this
is precisely the first supposition. I conclude from this that only Funicularia
satisfies the problem.123

Thus in 1704, Bernoulli proved that there is always an inverse catenary curve in the center-
line of a masonry arch.124 Even though this note was published as part of Bernoulli’s Varia
Posthuma in 1744, its content must not have attracted due attention. Many undertook to solve
the same problem in the 18th century, such as Couplet (1730), or Coulomb (1773).

1.6. Encrypted discoveries
In the previous sections, I have mentioned three cases where scientific ideas were hidden in
anagrams: in Jacob Bernoulli’s Elastica logogriph, in Hooke’s books, and in correspondence
between Huygens and Leibniz. As a matter of fact, hiding discoveries in ciphers was a com-
mon practice in the early modern period. Natural philosophers were announcing their findings
in the form of a cipher to prevent any priority dispute.125 It was used mostly when a discovery
was made, but the founder needed more time to perfect it before publishing. In the meantime,
if someone else had made the same discovery, the priority could be decided using the anagram
as evidence. Therefore, anagrams were used to document the scientific conjectures in an age
when copyrights and patents were in their early stages, and could not testify who discovered
something first. Furthermore, Golinski (2005) suggests that writing a cipher could also be for
the privatization of knowledge. It was a convention mostly used by Robert Hooke because of
his belief in private ownership of intellectual property.

Alternatively, Batchelor (1999) proposes that encrypting scientific ideas was used primarily
as a tool for the creation of social networks within a society and cryptography as a science
worked as a tool for instituting a social structure. The practitioners of these codes deliberately
tried to develop them into languages abstracted from social practice (calculus, logic, even
law). It was the job of the polymath to translate between such codes. Thus the Republic of
Letters developed as a Republic of Codes. We should note that anagrams were also used long
before the seventeenth century; for instance, by Roger Bacon (1219–1292). He concealed his
discoveries in anagrams in his De mirabili potestate artis et naturae for an entirely different
reason: to keep secret potentially dangerous findings, such as a recipe to make gunpowder.

123http://ark.dasch.swiss/ark:/72163/1/0801/5PbdjMdpTdKvA86r5wenaQ8.
124In this note, Bernoulli remarked that: “The moments vary from forces, just as hypothesis varies & descend-

ing work varies by falling of stone by itself or by gliding or by rotating.” This indicates that Bernoulli might
have recognized the independence of the balance of moments from the balance of forces in a continues body
(Truesdell, 1960, 84).

125Although by 1668 its efficacy as a rival guarantor of priority to the Royal Society’s registry was in question
(Iliffe, 1992, 36).
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Figure 1.19.: Anagram of the Elastica challenge (Bernoulli, 1691a, 289)

He wrote: “You may find (by actual experiment) whether I am writing riddles to you or the
plain truth.” Although the uneducated could not understand his writings, the educated would
(Burke, 1927).

In this study, I will analyze all three mentioned examples of anagrams focusing on their
use-cases, similarities, and differences. At first glance, it becomes evident that decoding these
anagrams and even understanding their content would need mathematical knowledge unavail-
able to outsiders of the scientific community of that time. I will confirm that all of these
anagrams were used to buy time for perfecting and preparing the discoveries for publication.
The differences lie in the medium of the communication of these anagrams as well as in their
encryption methods. In 1668, John Wallis suggested that there should be a sort of international
standard for the conformity of ciphers so that no one could put a sense to a cipher other than
which had been intended by its author. In fact, Huygens had previously suggested a set of
rules for this to be witnessed by the Royal Society: anagrams should not exceed sixty letters,
can be in 2 or 3 lines or separate sections and can be in English or Latin (Iliffe, 1992, 36). We
will see that Huygens’ ciphers in his correspondence with Leibniz follow this set of rules, and
to some extent, Hooke’s as well but not Bernoulli’s.

In logogriphs

In 1691, Jacob Bernoulli (1691a, third addendum) started the Elastica challenge as a logogriph
with a property of the Elastica curve hidden in an anagram (Figure 1.19). At first glance, this
cipher may seem very difficult to decode. In fact, until Bernoulli published its key three years
later, no-one could decipher it; otherwise, it would have been easy to find the Eq.1.3 from the
content of anagram and the contest would have had a winner. In the next chapter, I will show
that Bernoulli spent three years perfecting his discovery. He found around fifty properties of
the curve before publishing his discovery in June 1694.126 In his article, Curvatura Laminae
Elasticae, Bernoulli (1694a, 272, corollary 2) gave the key to the anagram:

Explanation of the extended logogriph exists in three of the previously given al-
phabets. To bring out the secret hidden in the set of alphabets, they should be
chosen in alternation. For example “a” would first respond to “b”, second to “d”,
and third to “g”. I connect the remaining elements in ascending order. In this way,
it is not difficult to uncover the logogriph itself and the proportions it contains.

We should keep in mind that Bernoulli just used old Latin alphabets, excluding j, v, w; fur-
thermore, the anagram contained some minor errors:

126See Chapter 2.
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• The letter u in term poyl[u] was missing in the original publication of the anagram in
June 1691.

• In mutds the letter u should be x

• In ipdandtt the letter n should be u

Cramer (1746, 452) added the missing letter to the reprint of Bernoulli’s article but did not
correct the mistakes. Historians of science who have studied this anagram, such as Truesdell
(1960, 95) and Heyman (1999, 59) have not mentioned these mistake.127

a b c d e f g h i k l m n o p q r s t u x y z
1 z a b c d e f g h i k l m n o p q r s t u x y
2 x y z a b c d e f g h i k l m n o p q r s t u
3 s t u x y z a b c d e f g h i k l m n o p q r

Table 1.1.: Key of the Elastica anagram

1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 [2] 1 2 ...
Q r z u m u b a p t d x q o p d d b b p p o y l [u] f y ...
p o r t i o a x i s a p p l i c a t a m i n t e [r] e t ...

Table 1.2.: Deciphering anagram

Table.1.1 depicts the three stages of shifting alphabets, as Bernoulli described. Here I illus-
trate an easy way of deciphering the anagram using Table.1.2 which helps with keeping track
of shifting the alphabets to the right. The row with label 1 represents one shift to the right,
the one with label 2 represents three shifts, and the last one with label 3 represents five shifts.
Then all one needs to do is to label the alphabets of the anagram with 1,2,3 periodically. Next,
for each letter of the anagram, one should find the corresponding letter from the Table1.1 with
respect to its label, as shown in Table 1.2. In it, the first row shows the labeling of alpha-
bets, the second row shows the anagram, and the third row shows the result of decoding. The
decoded content will be:

Portio axis applicatam inter et tangentem est ad ipsam tangentem, sicut quadratum
applicatae ad constans quoddam spatium

I will explain its meaning in the next chapter.128 The errors in Bernoulli’s anagrams are minor,
and the cipher is based on an algorithm of average complexity. I believe, since the cipher is
an anagram of a logogriph, it has the formulation of a puzzle which entices the reader to try
deciphering the anagram directly. Even if someone did not have the solution to the Elastica
problem, by finding out the algorithm Bernoulli’s discovery would have been revealed. There-
fore, in my opinion, Bernoulli’s cipher was meant to be decoded with a certain amount of
effort.

127Heyman (1999, 59) falsely assumes the content to be about the inverse relation of the bending moment to
the radius of curvature.

128See p.81.
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Figure 1.20.: Hooke’s anagrams (Hooke, 1675, 6.A)

In publications

Hooke’s ciphers, on the other hand, are nearly impossible to decipher without knowing the
content. In the heat of the dispute with Huygens, Hooke communicated his various discov-
eries as anagrams printed in an appendix to his book A Description of Helioscopes (Hooke,
1675). Thus, he bypassed both the registering system of the Royal Society (which he had
come to distrust) and the possibility of seeing his discoveries made public before publication
by porous print shops or talkative journal editors. At the end of an Appendix that Hooke added
at the last moment to respond to Oldenburg (1617–1677) and indirectly Huygens, we find a
list of discoveries, four of which are given as anagrams (Figure 1.20) (Biagioli, 2012, 216).
Hooke solved two of these anagrams in his later publications, the others he left encrypted. All
anagrams are in old Latin, i.e., u is used instead of v. Following two anagrams were mentioned
in the previous sections of this chapter:

1. Hooke’s law of linear elasticity:

ceiiinosssttuu:
ut tensio sic vis

Two years later, Hooke (1678) published his De Potentia Restitutiva. It was also printed
a year later as the last work in a group composing Hooke’s Cutlerian Lectures. In this
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Figure 1.21.: Hooke’s anagram for the linear elasticity law and its solution (Hooke, 1678, 1)

work on springiness, the letters revealed in 1676 were rearranged to read ut tensio sic
vis (Figure 1.21). That is the extension so the force, or in more modern terminology: the
strain is proportional to the stress (Centore, 1970, 89).129

2. Masonry Arch:

abcccddeeeeefggiiiiiiiillmmmmnnnnnooprrsssttttttuuuuuuuux130

Ut pendet continuum flexile, sic stabit continguum rigidum inversum

This anagram was left encrypted, and Gregory’s catenary treatise is the earliest record I
could find which contained the decoded version of the anagram.131 Gregory (1699, 456)
himself claimed to be the first to publish this property:

But was this matter (that is, the nature and primary properties of the catenaris)
all found and published by others? Surely that property of the catenaris, in
Cor.6, Prop.2, was not at all mentioned by others, before the publication of
these demonstrations; although, if I am not mistaken, it may be reckoned
among its primary properties and is the most useful of all, and most easily re-
duced to the common purpose of life. From all ages, architects have made use
of arches in public buildings, for strength as well as beauty. Yet what was the
true geometrical figure of an arch was not known before my demonstrations
came out.

In contrary to Bernoulli’s anagram, Hooke’s ciphers do not seem to be based on an algorithm.
The only pattern they seem to follow is that the letters are given alphabetically as many times
as they are used in the phrase. Biagioli (2012, 222) asserts that when an anagram was pub-
lished in a book, it meant to be as the registration of discovery — a claim of having a claim
— because at this stage the discovery itself was encrypted and thus inaccessible. Then the
author would rejoin the content with its certified temporal origin, which did not happen in
the case of the anagram for the catenary arch. Thus, in my opinion, Hooke, who believed in
the privatization of the knowledge, had encrypted his discoveries in this very secure style and

129See Chapter 2 for Jacob Bernoulli’s analysis of the stress-strain relation.
130In the Biagioli’s account of this cipher as well as other sources online, there is one extra i and e in the cipher

(Biagioli, 2012, 216, note 11).
131See p.43.
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published it in his book just to register them. They were not meant to be decoded unless by
someone who had already made the same discovery independently.

In Correspondence

As previously mentioned, on 9 October 1690, Huygens sent his catenary solution to Leibniz
and for months pestered Leibniz for his cipher. Huygens wrote (Huygens, 1901, 498):

... here is the cipher of what I have found. I have written it in such a way that
you can interpret it somewhat if you have made the same discoveries, and I think
to give you more pleasure thus, than if I were to send you everything explained...

ri

a
_ c

ci

a
_ e

1

2
rc+

2

3
ec _ S. �

p
2ru _ s.c.

45r _ c. 1000. · 8809 · 4134
xxyy _ a4 � a2y2. xxyy _ aaxx� aayy

d. h. c. q. c. p. q. i. p. e. t. i. i. p. e. r. c. i. i. i. ae.

This cipher conforms with the rules he had set in 1668 and is very easy to decipher. The
letters in the last line are the first letters of every word of the content in the correct order,
with no shifting required. The first three lines of the cipher, depict the properties of the curve
which Huygens had found at that point of time. As mentioned previously, Leibniz immedi-
ately unraveled the cipher and found that it contains the equation of the auxiliary curve for
the geometric construction of the catenary. He commented about the sign of the equation and
listed properties of the curve he had found with his calculus in his letter on 13 October 1690
(Huygens, 1901, 518). The next letters in this series of correspondence indicate that Huygens
was perfecting his solution for the publication. He found an alternative auxiliary curve which
could also lead to a correct representation of the catenary on 18 November 1690. Furthermore,
he saw two mistakes in his cipher and asked Leibniz to correct them (Huygens, 1901, 537).

Huygens also claimed to have found the same properties as Leibniz and that his cipher
contained hints to them. Perhaps Huygens believed that Leibniz might have noticed those
properties after decoding the cipher. After being informed about Johann’s solution, Huygens
sent Leibniz a second cipher which was a corrected and extended form of the first one. It
indicates that he was perfecting his analysis even further. On 26 March 1690, Huygens asked
to see both Leibniz and Johann’s ciphers and stated the importance of the exchange of ciphers
to prevent any priority dispute. He also enclosed the key to his cipher in his letter (Huygens,
1905, 57-58):

...But to make the truth known about what one has found and to prevent any dis-
pute, it is absolutely necessary to communicate the ciphers first, as I did a long
time ago. I do not doubt that you and Mr. Bernoulli would agree that if with-
out this precaution you first send him [Johann] your solution, you might suspect
whether he is the author of his. Here is my cipher that I have put in a less embar-
rassing way than it was. It is scrutinized and facilitated by marking only the
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first letters of the words. I have also enclosed something more than the other
contained ...

Huygens also sent this cipher to his friend Mr. De Beauval on 27 March 1691 and inscribed a
complete account of the cipher and its content in an appendix for his personal record. Here is
a part of the cipher and its decoded version:132

p. c. i. p. p. q. c. a. h. Puncta catenae inveniri possunt posita quadratura
xxyy = a4 � aayy curvae alterutrius harum:
xxyy = 4a4 � x4 xxyy = a4 � aayy, xxyy = 4a4 � x4

By sending the cipher also to his friend, Huygens perhaps attempted to safeguard his pri-
ority by acquiring a witness for his discovery.133 Not having heard from Leibniz, Huygens
suspected that Leibniz might not have received his previous letters. On 21 April 1691, he
summarized their content in another letter mentioning that Mr. De Beauval was now also in
possession of the cipher. Huygens also noted a couple of mistakes in his second cipher and
again asked Leibniz to correct them (Huygens, 1905, 86). Thus, even four months after the
expiration of Leibniz’s catenary deadline, Huygens had continued to complete his analysis
to such an extent that he confirmed there is nothing left to be found. He, then, pestered Leib-
niz for his cipher one last time before he submitted his solution for publication on 5 May 1691.

It is clear that Huygens kept on improving his discovery. Since he had not received any
anagram from Leibniz, albeit all his requests, he decided to take extra security measures by
sending his solution to one more person. In fact, at the time it was preferred to send anagrams
to key people spread over a wide geometric area (Biagioli, 2012, 222). Since Huygens’ cipher
was following a very simple pattern and contained explicit equations, it was very easy to deci-
pher. Comparing this anagram to those Huygens had previously used on other occasions,134 it
is evident that its simplicity must have been intentional. After all, he had sent these ciphers in
private correspondence to Leibniz not to announce a discovery but to prove he had a correct
solution. Thus, I believe he must have wanted Leibniz to immediately understand the content
of the anagram so that he would be announced as the winner of the catenary challenge. The
reason he felt the need to encrypt his solution must be because his answer was not entirely
ready to be announced. As soon as he was satisfied with his discoveries, he even sent Leibniz
a key to decode the second cipher.135

Conclusion
This136 study sought to demonstrate that Bernoulli had a more significant role in the history
of the catenary curve than assumed by the historians of mechanics. In this chapter, Jacob

132Nr. 2668, Christiaan Huygens 1691. Appendice I au No. 2667. Chifre envoiè à Mr. Leibniz le 26 Mars
1691 et à Mr. De Beauval le Mars 27 (Huygens, 1905, 59-62).

133Huygens had done the same with dropping hints to his rectification of parabola (Iliffe, 1992, 39).
134See (Biagioli, 2012, 215, note 9).
135See p.53.
136The content of this conclusion is partially excerpted from Alassi (2020).
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Bernoulli’s addendum to extend the catenary problem is described, which highlights the links
between the curves in the Funicularia family. It is shown that the curves of this family were
found in a chain of discoveries; analysis of one curve led Bernoulli to the other. Thus he
could find a general differential equation for the entire family of curves. The conversion of
Bernoulli’s Funicularia challenge to Leibniz’s catenary contest is described. Furthermore,
this study also attempted to fill the gaps in the existing history of the catenary curve from the
moment Leibniz started the contest until the time it was solved. It is, moreover, illustrated
that Bernoulli was the one who started studying the Velaria problem, linked it to the Cate-
naria, and also solved it. Although Bernoulli’s priority in the Velaria dispute is now verified,
there is definitely room for further research on the sociological aspects of this controversy.
Additionally, it is shown that Bernoulli succeeded in demonstrating that the catenary curve
has the lowest center of gravity earlier than what previous studies indicate. It is also demon-
strated how a mistake in Gregory’s essay, led to a review by Leibniz, which in return brought
Bernoulli’s attention to the content of this article. This resulted in Bernoulli’s achievement
in mathematically proving that in a masonry arch lies an inverse catenary. Since Hooke was
the one who had announced an anagram containing this fact, it would be interesting to study
how he made this discovery, to what extent he could advance it, and why he never published
any complete analysis of it. The sources of Gregory’s knowledge about Hooke’s anagram
also requires further study; did he decode it himself, or was he informed about its content?
Or had Gregory discovered the nature of masonry arches independent of Hooke? Lastly, this
study suggested that there might be a relation between the complexity of anagrams and how
they were communicated. There is certainly room for extending this study by examining the
complexity of other ciphers used in the early modern period.
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Chapter 2.

Elasticity
Jacob Bernoulli’s contribution to the theory of elasticity is the most visited episode of his
works on mechanics. Todhunter (1893) gave one of the earliest records of Bernoulli’s analysis
of the Elastica curve. Truesdell (1960) built on top of Todhunter’s groundwork by adding a
very brief study of some of Bernoulli’s notes in the Meditationes. Others who have studied the
history of elasticity such as Benvenuto (1991b), Heyman (1999), and Levien (2008) only refer
to Truesdell’s research for an account of Jacob Bernoulli’s works on this topic. Truesdell had,
however, either completely left out or barely studied some of Meditationes notes concerning
elasticity. In this chapter, I will illustrate that these entries contain many points highlight-
ing the process of Bernoulli’s discoveries and the formation of his ideas. I will also explore
Bernoulli’s motivation to study the theory of the resistance of solids for decades, a topic not
yet investigated. Although the results of his analysis of the profile of a bent beam – the Elas-
tica problem– have been to some extent studied, his methods and approaches have not. Hence,
his mistakes and their reasons have not been properly understood, and some of his analyses
have been dismissed as fallacious. I argue that recognizing Bernoulli’s approach helps with
understanding his mistakes, which, as I will show, did not even affect the validity of his results.

In this chapter, first, I will show that it was a craftsman who brought Bernoulli’s attention to
the theory of resistance of solids. Bernoulli, then, employed the experience-based knowledge
of this artisan in his analyses of the bent elastic beam. I will also describe the unusual nature
of the dialogue between the two.

Second, I will show that Bernoulli approached the study of the theory of the resistance of
solids not as a geometer but as an applied physicist. In fact, he had at the time recently changed
his career from a lecturer in physics to a professor in mathematics. Therefore, after reviewing
the existing literature on this topic, especially that of Leibniz, he devised an experiment to
examine its applied doctrine of linear elasticity. I will suggest a similarity between this ex-
periment and the one Bernoulli once observed at a Royal Society meeting. I will argue that
the conclusions based on his experiment formed Bernoulli’s understanding of the stress-strain
relation, but a partially incorrect interpretation of his observations created difficulties in his
study of the Elastica.

Third, I will describe how Bernoulli announced his discovery of the Elastica curve as a
challenge, and the reasons for the three-year delay in its publication. Through a detailed study
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of Bernoulli’s Meditationes notes, I will show how Bernoulli formulated a geometric con-
struction by quadrature for his solution and also identified further characteristics of this curve
during this time. Meanwhile, he also solved the Lintearia problem and found it to be a rect-
angular Elastica. Bernoulli also discovered one of the most prominent principles of elasticity
by studying the theory of naturally bent curves: the law of inverse relation between the radius
of the curvature and the bending moment.

Fourth, I will study Bernoulli’s publication of his discovery in his famous article, Curvatura
Laminae Elasticae, in connection with his notes and will link the passages in his paper to their
corresponding entries in the Meditationes. This method represents the process of the forma-
tion of his ideas as a consecutive series of discoveries. The reviews Bernoulli received for his
article included positive remarks and a critique highlighting a mistake in his hypothesis. I will
illustrate how Bernoulli responded to the criticisms and corrected his mistake in the Explica-
tiones article.

Fifth, I will show why and how Bernoulli doubted the truth of his correction. As a result,
he tackled the Elastica problem again shortly before his death in a comprehensive memoir. I
will also illustrate how, in this memoir, Bernoulli formulated his knowledge about elasticity
as outstanding lemmas, which describe the concepts of stress, strain, and their relation. This
memoir contains the first consideration of the material in the study of elasticity, which, as I
will demonstrate, is based on Bernoulli’s initial experiment. Previous studies of Bernoulli’s
lemmas exclude their demonstrations; I will describe them and show that each lemma takes
the form of a set of instructions for an experiment.

Sixth and last, I will demonstrate how Bernoulli applied his mathematical results – the
Elastica curve – to suggest an improvement to a real mechanical structure. I will end this
chapter by summarizing how Bernoulli’s theories of elasticity were developed after him.

2.1. Theory of the strength of a beam before Bernoulli
Identifying the origins of what we now call the theory of elastic stability of structures is a
complex task, mainly because of the difficulties in recovering original manuscripts. It is chal-
lenging to envisage what knowledge can be attributed with certainty to authors in this field be-
fore the 17th century, and up to what point they went beyond simple observations or marginal
comments. In general, the elastic behavior of rods and beams was of interest to determine the
maximum load that a beam of given material and dimensions can sustain without breaking.
Typically, the beam was assumed fixed to a wall at one end and subjected to a load at the other;
rupture was expected to take place at the attachment point, or close to it.

Heron of Alexandria (10 AD-70 AD), in the course of his work on statics, endeavored to
explain why the strength of a piece of wood reduces as its length increases (Truesdell, 1960,
18). Leonardo Da Vinci carried out the first known project regarding beams and their break-
ing point. In his first experiment, sand was poured from a hopper into a basket until the wire
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Figure 2.1.: Leonardo Da Vinci’s sketch for his strength of a wire experiment, Codice At-
lantico, f.82rb

broke; thereafter, the sand was weighted (Figure 2.1). He measured how much weight broke
the wire and the location of the breaking point. He expected the strength of the wire to be
proportional to its length (Truesdell, 1960, 19-22).

Galileo’s theory of the strength of a beam
Almost a century later, Galileo (1638) contemplated the theory of strength of a beam and
wrote about it in his Discorsi. In Proposition I of the second day he wrote (Figure 2.2a):

Let us imagine a solid prism ABCD fastened into a wall at the end AB, and
supporting a weight E at the other end; understand also that the wall is vertical
and that the prism or cylinder is fastened at right angles to the wall. It is clear
that, if the cylinder breaks, the fracture will occur at point B where the edge of
the mortise acts as a fulcrum for the lever BC, to which the force is applied; the
thickness of the solid BA is the other arm of the lever along which is located the
resistance. This resistance opposes the separation of the part BD, lying outside
the wall from that portion lying inside. ... if now we define absolute resistance to
fracture as that offered to a longitudinal pull (in which case the stretching force
acts in the same direction as that through which the body is moved), then it follows
that the absolute resistance of the prism BD is to the breaking load placed at the
end of the lever BC in the same ratio as the length BC is to the half of the AB in
the case of a prism, or the semi-diameter in the case of a cylinder. 1

In this passage, Galileo regarded the beam as a cantilever with the fulcrum on B; the length
BC is one arm on which the weight E acts. Absolute resistance to the fracture acts along
the other arm of the lever, AB, in the direction opposite to the pulling force along BD. It

1Excerpt from the English translation of the Two New Sciences (Crew, De Salvio, 1914, 115).
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(a) Galileo’s sketch (Crew, De Salvio, 1914,
116)

(b) Leibniz’s sketch (Leibniz,
1684, 319, TAB. IX, Fig.3)

Figure 2.2.: Studies on the theory of strength of a beam

acts as a force applied on the midpoint of AB in the opposite direction to BC. Galileo also
considered the weight of the beam to be negligible and the beam to be perfectly rigid. Thus,
once the bending force becomes excessive, he assumed the beam to break at point B. Let
Fp = absolute resistance which is equal to the force necessary to break the beam by pulling
it horizontally, and Fb = bending force necessary to break the beam, l = length of BC, and
d =depth, then:

Fp

Fb
=

l
1
2d

(2.1)

Thus, Galileo incorrectly believed that there was uniform tensile stress across the beam equal
to the tensile strength of the material. He considered the prism to be perfectly rigid; in other
words, he did not take the bending before the rupture into account. He assumed the fracture to
happen at the attachment point to the wall, B. Furthermore, for his calculation, he considered
the lower fiber of the prism, BC, and assumed it to be subject to the terminal load.

Edmé Mariotte (1620–1684) was the first to introduce elasticity into Galileo’s cantilever
problem by asserting the magnitude of elongation to be the criterion of rupture. He further
noted that his experiments on wood and glass did not conform to Galileo’s proposition Eq.2.1;
instead of the coefficient ↵ = 1

2 , he proposed 1
3 < ↵ < 1

4 (Benvenuto, 1991b, 265-268). Mar-
iotte’s proposition was published posthumously in 1686, but his work was already known in
1680. His disagreement with Galileo stirred the interest of Leibniz, who set out to resolve the
dispute and published his mathematical research in 1684 (Heyman, 1999, 18).
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Resistance of solids theorem
Demonstrationes novae de Resistentia Solidorum2 is Leibniz’s only publication about the
strength of structures. He started it as follows (Leibniz, 1684, 319):

Mechanics seems to have two parts: one concerned with the power of acting or
moving, the other with the power of being acted upon or resisting, or with the
firmness of bodies. Few have investigated the latter in much depth. Archimedes,
who alone among the ancients worked on the geometry in mechanics, didn’t touch
upon this part. Since Archimedes, almost nothing was achieved in mechanical
geometry until Galileo, who, equipped with a discerning judgment and a strong
grasp of the geometry of interiors, first put forth the limits of the science, and
began to relate the resistance of solids to geometrical laws.

In this article, in contrast to Galileo, Leibniz assumed the beam to be flexible and to bend
before the rupture. In his diagram (Figure 2.2b), he considered the prism to be cubical, and
that its fibers [which are attached to the wall] act like small springs as he depicted with 1H �
2H and 1B � 2B. Leibniz (1684, 321) wrote: “One must know before anything else that,
two bodies adhering to each other are not mutually torn apart as wholes in a single brief
instant....Nothing is so rigid that it wouldn’t still be bent by light pressure.” Like Galileo,
Leibniz considered the lower fiber, AC, to act as an arm of a compound lever with the fulcrum
on A, and resistance to act along the other arm, A1B. He added that under the bending force
Fb, the fibers of the beam extend with the triangle 1BA2B on the wall. Although the upper
fiber 1B2BK elongates under the bending force, Leibniz considered the length of the lower
fiber, AC, to remain the same. Based on Mariotte’s criterion, the rupture would happen at the
point of maximum elongation, which would be at the wall. Thus like Galileo, Leibniz also
believed that, under bending force Fb, the beam breaks at the wall. He wrote:

Once the weight F is hung, the beam will be moved a bit around the fulcrum A,
and the point B of the beam, separating from the wall in 1B, will come to point
2B, away from the wall, carrying with it the fiber with which it is tied to the wall,
and will stretch this fiber like a chord, or extend beyond its natural state into the
line 1B2B. In the same manner point H will stretch its fiber into 1H2H . These
lines although they are actually imperceptible, have been made visible for the sake
of exposition. ... Thus, in general, the weight tearing off perpendicularly to the
weight breaking off crosswise will be as the length of the lever is to the third of
the beam’s depth.

The last sentence specifies a better approximation for ↵ = 1
3 :

Fp

Fb
=

l
1
3d

(2.2)

Leibniz offered two additional conclusions:
2The quotations from Leibniz’s article are excerpts from an unofficial, open-access translation by Marc

Gasser.
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1. The weights required for stretching the fibers to a certain amount are proportional to the
distance y from the fulcrum A and the moment about A is proportional to y2.

2. Extensions are proportional to the stretching forces. As previously mentioned, this law
became known on the Continent as Leibniz’s theorem, but it is indeed Hooke’s law of
the linear strain-stress relation.3

This article formed Jacob Bernoulli’s background knowledge about the theory of the strength
of a beam; he even discussed its content with a craftsman, who objected to some of Leibniz’s
remarks.

2.2. Dialogue with a craftsman
In 1687, Bernoulli was a professor of mathematics, but his interest in solving physical prob-
lems seems to have remained intact. Peiffer (2006, 7) suggests that through his Collegium
experimentale Bernoulli must have built up a reputation in Basel as a good mechanic because
a craftsman sought his advice for the best choice of shape for the beam of a scale. The con-
versation with this craftsman formed the foundation of Bernoulli’s study of elastic structures.
On 15 December 1687, in his first letter to Leibniz, Bernoulli reported his dialogue with the
craftsman who had consulted him on making steelyards (Weil, 1993a, 47-51).4 He started his
letter with a prolonged salute and admiration, which signaled his insecurity as a recently ap-
pointed mathematics professor corresponding with a prominent figure in the field. He claimed
his intention in writing the letter to be purely for the sake of advancing mathematics rather
than gaining fame by corresponding with such a great man as Leibniz. This letter contained
critiques of Leibniz’s article about the resistance of solids,5 which must have made it even
more difficult for Bernoulli to write it. About the craftsman, Bernoulli wrote that he was:6

“a local artisan who displays astonishing dexterity in making steelyards. I easily perceived
that this man’s peculiar skill consisted less in establishing the divisions of the yoke than in
so adjusting its thickness that it could not easily be bent by its own weight and an attached
load.” This conversation with the craftsman reminded Bernoulli of Leibniz’s article about the
resistance of solids:

I opportunely recalled your discoveries, and I believed they would cast me some
light upon this matter. Nor did I believe in vain. I found what I just sought; after
reading the few pages I saw, not without pleasure, that I could reduce to calcu-
lation what thickness would be required in any one yoke to give it the proper
strength, or on the other hand, with a given thickness and length what weight
might be borne, [and all that] after an experiment on the matter should have been

3See Section 1.6.
4According to The Oxford Classical Dictionary 1949, the steelyard is a weighing instrument, in which the

rod is unequally divided. The object to be weighed was suspended from the shorter arm against a sliding weight
on the longer (Weil, 1993a, 20, footnote 14).

5See p.59.
6The quotations from the letter are excerpts from Truesdell’s summary of the letter given in the preface for

Bernoulli’s mechanical correspondence (Weil, 1993a, 19-24).
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undertaken upon a single wand of the same material. The more, great man, that
this system of you pleased me, the more it made me anxious regarding the hy-
pothesis upon which it was constructed. You suppose that the extensions of the
fibers are proportional to the stretching forces, which assertion I decided could be
examined in the following way.

In this letter, Bernoulli did not discuss the ratio FP
FC

; he was more interested in Leibniz’s
theorem, which he had examined with an experiment (Weil, 1993a, 20-21, original:48):

I took a rather slender gut string fabricated for a musical instrument, about two
feet long and after attaching a balance pan to its lower end, I loaded that pan until
the string was pulled straight. Then, putting equal weights one after another into
the pan, I examined successively the length of the cord [on a scale of] sixteen
parts to the inch.7 I observed that:

String loaded by a weight of

8
>><

>>:

2
4
6
8

9
>>=

>>;
pounds was extended by

8
>><

>>:

9
17
23
27

9
>>=

>>;
parts, which

by your hypothesis it should have been extended by

8
>><

>>:

9
18
27
36

9
>>=

>>;
parts. Whence it ap-

pears that the hypothesis does not altogether agree with experience, nor are there
grounds to say that perchance in the latter observations [i.e. those with weights
4, 6, 8] the string would have stretched more, had it been left longer without the
addition of further weight, for then by the same reason the first observation (by the
two-pound weight) would make the string extend more [than 2 parts], and there-
fore no greater conformity of experiment with your hypothesis could be hoped
for.

Bernoulli suggested that either he had not fully understood Leibniz’s theorem or that his
string differed from the one Leibniz had used to form his judgment. In this way, Bernoulli
suggested that elongation depends on two factors: stretching force and the material. This
letter represented the first consideration of materials in the study of elasticity. Bernoulli had
evidently observed but could not correctly interpret the time-dependent plastic deformation of
the gut string, which is a material sensitive to both humidity and temperature (Lynch-Aird,
Woodhouse, 2018).

Bernoulli also reported the craftsman’s objection to Leibniz’s hypothesis that the beam
would bend and break at the wall. This objection indicated that Bernoulli had actually dis-
cussed Leibniz’s article with the artisan and had taken his opinion into account because it was
based on exact measurements. He wrote (Weil, 1993a, 21-22, original:48-49):

7Bernoulli’s experiment is very similar to the experiment Da Vinci had performed: see p.56.
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Figure 2.3.: Bernoulli’s first diagram for studying the profile of a bent beam (Weil, 1993a, 49)

But then I have another scruple. You conceive, great man, any one portion of a
horizontal beam as if it is weighed upon the end with which it adhered to the re-
maining portion. On that assumption, it follows indubitably that a cylindrical or
prismatic beam everywhere equally resistant, if loaded too much must always at
that very place where it adjoins the wall be broken or bent because your hypothesis
makes it sustain the greatest force just there. On the contrary, the above-mentioned
artisan stated confidentially that he had examined that matter rather often in ex-
periments done on purpose, and, in an iron rod firmly inserted into something and
weighed down at its other end by a load until it began to bend. By the help of a
ruler carefully applied, he had ascertained that bending (which seems to be noth-
ing than incipient breaking) immediately begins at the third part of the length of
the rod from its [place of] insertion and ceases about middle length. Also, these
things I have striven to connect with your hypothesis, long but also in vain.

Thus, the craftsman’s experience-based knowledge contradicted both Leibniz and Galileo’s
hypotheses. In the next sections, I will show that Bernoulli considered the craftsman’s argu-
ments in his analysis of the Elastica. As the last argument of his letter, Bernoulli suggested
that without the suspended load, and only under its weight, the beam of least resistance would
take a parabolic profile. However, he noted that one should take both the weight of the beam
and the load it bears into account (Figure 2.3). This passage marked Bernoulli’s first consider-
ation of the shape of a bent beam. Next, he assumed the beam to be of uniform breadth= 1 and
varying depth, BF = y bearing the load P 6= 0. Letting AD = a&DC = b, z = const > 1
and FC = x, he found the profile of the beam to be:

y2

a2
=

x(xyz + P )

b(abz + P )

In 1687, Bernoulli did not have the necessary tools to simplify or solve this equation. Lastly,
he pointed out his interest in finding the true shape of the bent beam and humbly asked Leib-
niz for hints on the new geometry, through which Leibniz and Tschirnhaus had found the
quadrature of some curves (Weil, 1993a, 23, original 50-51). So began Bernoulli’s long in-
vestigation of the profile of a bent elastic beam which, as I will illustrate, lasted until his death.
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The content of this letter is not only valuable because of the historical facts it contains, but
also for its unique character from a sociological perspective. The craftsman played an essen-
tial role in the formation of the theory of elastic structures by offering Bernoulli exact and
experience-based knowledge. Bernoulli acknowledged this by noting the artisan’s opinion in
his correspondence with a prominent figure such as Leibniz. Hence, despite the convention
of the time, the craftsman was not invisible to Bernoulli. As Shapin (1989) asserts, in the
records of the 17th century natural philosophers (for example, in those of Robert Boyle), arti-
sans were invisible actors in the formation of theories. They were given instructions to follow
for making instruments or conducting experiments, but they were not seen as playing any role
in the production of knowledge. Bernoulli, however, did not see the craftsmen as an instru-
ment maker in need of specific instructions. On the contrary, he believed in the craftsman’s
knowledge to such an extent that he discussed the content of Leibniz’s article with him and
took his objections into serious consideration.

Spaniard Ludovico Vives (1493-1540) advised that “scholars should not be ashamed to en-
ter shops and work-rooms and ask practical men to relate their experience.” He expected that
the systematic collection of all empirical data that could thus be obtained would be of the
greatest benefit of science (Dijksterhuis, 1961, 240-241). Bernoulli, indeed, was one of the
few at the time who believed in the same principle. During the time he was teaching physics
in Basel, Bernoulli seems to have visited workshops and communicated with artisans. Early in
his life, Descartes formulated an algorithm for scholars to learn focus on order from artisans
assuming that artisans were endowed with some sort of âme réglée (orderly soul). But after his
collaboration with artisans in making optical lenses in Paris in the 1620s, he changed his mind
and started seeing technicians as being in need of training (Gauvin, 2006). Although Bernoulli
did not write about the result of his collaboration with the craftsman in making steelyards, he
certainly benefited from the exchange of knowledge. It is evident that there was a mutual trust
in faculties of comprehension between them.

Iliffe (2008) asserts that technicians were triply invisible: they were ignored by those who
managed their workplace, absent from the published literature, and passed over by modern
historians. Although Bernoulli himself did not ignore the craftsman, the modern historians
did. In the previous records of Bernoulli’s letter to Leibniz, Truesdell (1960, 19-24) sim-
ply overlooked the craftsman and Peiffer (2006, 7) only mentioned him as a person seeking
Bernoulli’s advice. In this study, I shed light on the craftsman’s role in Bernoulli’s analysis
of the theory of resistance of solids, and will later illustrate the application of the craftsman’s
ideas in Bernoulli’s study of the Elastica. Although Bernoulli’s interest in performing experi-
ments is evident in this letter and his Collegium Experimentale, the origins of his ideas about
how to design the experiments are uncertain. Regarding the described experiment, I suggest
that he might have got its idea from a similar experiment he had observed in a meeting of the
Royal Society in 1682.

63



Chapter 2. Elasticity

Figure 2.4.: Bernoulli’s minute of the Royal Society meeting on 12 August 1682 (Bernoulli,
1676, fol. 80r)
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Figure 2.5.: Bernoulli’ sketch of the experiment (Bernoulli, 1676, fol. 80r)

Observed experiment at a Royal Society meeting
During his trip to London in August 1682, Bernoulli attended a Royal Society meeting that
took place on 12 August. In this meeting, an experiment was performed to measure the
strength of a beam. Bernoulli wrote a summary of this meeting and the experiment in his
travel diary Reisbüchlein. Although Bernoulli mentioned that Robert Hooke wrote the min-
utes of the session, when I inquired about this document from the Royal Society Archive, I
was informed that it has not been preserved.8 Thus, Jacob Bernoulli’s report is the only docu-
ment I have been able to find about this meeting (Figure 2.4). In it, he wrote:

A bit beneath is the Collegium Greshamense or Gresham college where the Royal
Society gathered once a week. Mr. D. Gäle guided me there on 12

2 August on
a Wednesday; he presided back then. Mr. Rob. Hooke9 was the secretary. He
read the writings over which they discussed. These discussions were recorded in
a protocol by the secretary who, among other things, claimed that he is going to
make a 50 feet long tube which should hold as much as a 300 feet long one. After
this, they carried on to the experiment. They cut a piece of wood as thick as an
arm so that its middle part became as thin as the little finger (Figure 2.5). They
fixed it on top and on the bottom; they hung some sort of scale on which they put
weights until the wood broke at the weak part. They determined that it could bear
up to 750 [g?]. Two Frenchmen were attending the gathering: Justel and Azout.
The latter was elected to the Society recently. Here the Bibliotheca Norfolciana or
Arundelinan coming from Bilbaldo Bickheimer is kept in wooden chests. There
is also a cabinet of curiosities of the Society which contains a Barometer, a Ther-
mometer, a Hygroscopia and a skeleton [anatomy] of human veins, magnets and
so forth.10,11

I believe this experience might have given Bernoulli the idea of how to devise an experiment
to study the strength of the material and to locate the breaking point of a rod. He only had to
choose an elastic material instead of wood to measure the elongation; strings made of the gut
were widely available for musical instruments at the time.

8Robert Hooke’s diary Momenda does not contain any information about this meeting.
9Bernoulli spells it as “Hoock”.

10The part about the experiment is not transcribed by Merian (1846, 144).
11My translation of an unofficial transcription.
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Leibniz’s response
Bernoulli did not hear back from Leibniz for three years; therefore, he might have felt that
Leibniz was scolding him. Since in one of his articles, Bernoulli has suggested that Leibniz’s
calculus was only slightly different from Barrow’s notations (Weil, 1993a, 7).12 Leibniz was
traveling at the time, but he was closely following the articles published in AE and had also
submitted new articles to this journal. When Bernoulli started his Funicularia challenge in
May 1690, Leibniz saw the challenge and replied to it upon his return.13 After simplifying
Bernoulli’s contest to finding the catenary curve, Leibniz replied to Bernoulli’s letter on 24
September 1690 (Weil, 1993a, 59-67). He started his letter with an apology for the long delay
with an excuse that the letter had arrived after he had left for a long journey and “the person
who had received the letter had put it among his own papers and failed to deliver it until
recently.” Leibniz, occupied with another philosophical topic, did not give direct answers
to Bernoulli’s points and just provided a couple of short comments. Regarding Bernoulli’s
experiment, Leibniz wrote:

I am not yet at all satisfied about the elastic laws and what I once put in the
Leipzig Acta, namely that extensions were as extending forces, I should not dare
to offer as more than a hypothesis, to what extent satisfactory is to be delimited
by experiments such as those you began to set up.14

Leibniz asserted that Bernoulli’s values for the elongation of the gut string seemed to fit
a hyperbolic curve, and the ratio Fp

Fb
would change if the assumed relation between the force

and extension were altered. He proceeded to show by dimensional arguments that both Fp

and Fb would, nonetheless, depend on the dimensions of the cross-section. Thus, his results
would remain valid for the solids of equal resistance. About the observation of the craftsman,
Leibniz wrote:

What I asserted, namely that any part of the horizontal beam weighs upon the
section it has in common with the other part and is sustained by its strength, I
judge that to be not a hypothesis ... not to be revoked by any argument, which I
think you would acknowledge if you ponder it. Nor do I think the observation
of your artisan can overturn it. Certainly, the beam is first bent somewhat by the
weight suspended on its end before that action can reach the opposite end. In my
reasoning, I did not wish to consider the bending of the whole beam. Instead,
I supposed that the weight had brought the prism into a given shape through
preceding flexion. Afterward, it would not yield noticeably to further bending, or
that the bending was altogether unworthy to be considered. On the contrary, the
consideration of the bending would call for labor new up to now and not tasteless.

This last sentence may have encouraged Bernoulli to find the profile of the bent elastic beam.
Bernoulli’s notes in the Meditationes show that, while other mathematicians were busy with
finding the catenary curve, Bernoulli was occupied with studying the Elastica.

12In a later letter to Leibniz, he apologized profusely for his statement (Weil, 1993a, 76-77).
13See p.17.
14Translation by Truesdell (Weil, 1993a, 23).
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Figure 2.6.: The differential equation of the Elastica in the subtitle of Med.CLXX

2.3. Discovery of the Curvatura Elasticae

Shortly after receiving Leibniz’s letter, Bernoulli started studying the Elastica problem. As
part of the hypothesis, similar to Galileo and Leibniz, he considered the beam to be of uniform
width. He approached this problem in the same way as the Velaria problem in Med.CLXV,
namely by studying the profile of one single fiber and then expanding the result to the entire
two-dimensional structure. Although this approach is appropriate for non-elastic structures
such as an inflated sail, it is not entirely correct for the elastic case.15 Nonetheless, Bernoulli’s
differential equation for the one-dimensional Elastica is entirely correct. As briefly mentioned
earlier, right at the top of Med.CLXX,16 Bernoulli explicitly wrote the differential equation of
the Elastica and promised that “I will proof the equation in due time” (Figure 2.6).17 This is
the first appearance of this differential equation:

dy =
x2 dxp
a4 � x4

(2.3)

Unfortunately, I have not been able to find any record indicating how Bernoulli found this
equation. He seems to have completed the calculation outside Meditationes; otherwise, he
would have cited the corresponding entry with its number, as §xxx. As previously men-
tioned,18 this entry must have been written between December 1690 and March 1691, when
Bernoulli submitted his Additamentum ad Problema Funicularium to the AE. Bernoulli did not
immediately publish this result, because he needed to formulate a geometric construction by
quadrature to represent this transcendental curve. He also needed to study the curve in detail
and find as many of its properties as possible. Like Huygens, who took his time to determine
all features of the catenary curve,19 Bernoulli did the same for the Elastica.

15See the flaw of this approach in p.85.
16http://ark.dasch.swiss/ark:/72163/1/0801/KEHd_i=3SG2fCKMUduYdTQO.
17http://ark.dasch.swiss/ark:/72163/1/0801/1A4iOkKsTmSmTeXxmPQYtQP.
18See p.24.
19See Section 1.1.
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Figure 2.7.: Diagram of Med.CLXX

In Med.CLXX, Bernoulli solved an inverse problem (Figure 2.7):20 in other words, in-
stead of following the common practice of finding a curve from its evolute, by using the
differential equation of the Elastica, AED, he found the area of its involute GLM . Letting
AF = y, FE = x, AI = p, IL = z, he determined the differential equation of the GLM :

dx dz

dy
= dp =

dz
p

dz
p
a4 � 16z2

4z2

Moreover, in this note and Med.CLXXV,21 he developed the series expansions for the transcen-
dental integrals of the Elastica, its arc length, and its involute. Of course this was not based on
exact principles, but rather on adventurous conclusions by analogy essentially in the form of
Wallis’ incomplete induction (Hofmann, 1956, 18). The reason for finding this series expan-
sion is that solving integrals of transcendental functions was not possible using the calculus
tools of the time. Firstly, Bernoulli determined the numerical series expansion for the area of
the GLHI . Since the evolute of the curve GLM is the Elastica AED, the point L on GLM
corresponds to the point E on Elastica. L has Cartesian coordinates (p, z); likewise, E has
coordinates (x, y). Bernoulli showed that if a2 = 1

8 :22

differential area of GLHI =
z dz

p
a4 � 16z2

4z2
= 1� 1

2
+

1

3
� 1

4
+

1

5
· · · = �3

5
(2.4)

Next, in Med.CLXXV , with the title:
20http://ark.dasch.swiss/ark:/72163/1/0801/qmQqE6hhQdqzHe1fByg8Kwi.
21http://ark.dasch.swiss/ark:/72163/1/0801/sobTv3=LT4m_Q5MBtFA8Xwl.
22To find these series, Bernoulli used a new method divisio artificia or artificial division described in

Med.CLXXIV and wrote a letter about it to Johann on 11 June 1691: Letter N(2, 3) (Spiess, 1955, 106-107).
Later, he wrote another letter about it to Leibniz on 4 March 1696: Letter N�5 (Weil, 1993a, 76-82).
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To find ratio y
x = ordinate

abscissa in curvature of cloth whose equation is dy = x2 dxp
a4�x4

Bernoulli found the numerical series expansion of the Elastica by means of Eq.2.4:

dy =
x2 dxp
a4 � x4

=
x2 dx

a2
+

x6 dx

2a6
+

1.3.x10 dx

2.4.a10
+ ... (2.5)

Hence, he estimated the area under the Elastica to be:

y =

Z x

0

x2 dxp
a4 � x4

=
x3

3a2
+

x7

2.7.a6
+

1.3.x11

2.4.11.a10
+

1.3.5.x15

2.4.6.15.a14
+ . . . (2.6)

Letting x = a = 1 results in:

y =
1

3
+

1

2.7
+

1.3

2.4.11
+

1.3.5

2.6.15
+

1.3.5.7

2.4.6.8.19
+ . . . (2.7)

In modern mathematical notations, this would be

y =

Z 1

0

x2 dxp
1� x4

=
1

3
+

1X

n=1

(2n� 1)! !

2n(4n+ 3)n!
(2.8)

Bernoulli also determined the differential equation of the arc-length of the Elastica:

ds =
a2 dxp
a4 � x4

(2.9)

and its integral as an infinite series.23 At this point, Bernoulli decided to announce his discov-
ery to the mathematics community of the time. He included this announcement in the third
passage of his Additamentum ad Problema Funicularium; therefore, I believe that he intended
the Elastica problem to be recognized as an extension of the Catenaria problem. Since his
analysis was not complete, he disclosed his discovery as an anagram of a logogriph.

The Elastica challenge
Following in Leibniz’s footsteps, Bernoulli announced his discovery as a challenge but in the
form of a logogriph, where the main characteristic of the curve was hidden in an anagram.24 As
mentioned earlier, Bernoulli presented this challenge in the third passage of the Additamentum
ad Problema Funicularium that he submitted to the AE in March 1691; it was published in
June 1691.25 In this addendum, Bernoulli (1691a, 289) wrote:

While working on the Funicularia problem, we [Jacob Bernoulli and Leibniz]
came across another amazing problem. It is about bending or the curvature of
beams, drawn bows, or arbitrary elastic bands, which is caused by their own

23http://ark.dasch.swiss/ark:/72163/1/0801/m3bD35WqRXWh34qiA2cY8gW.
24See Section 1.6.
25I have explained the reason for this delay in p.20.
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Figure 2.8.: Bernoulli’s diagram of the Elastica challenge (Cramer, 1746, 452, TAB.XVI,
Fig.6)

weight or by a hanging weight or by any other bending force. The famous Mr.
Leibniz directed my attention to this problem in a letter.26 Whether because of
the uncertainty of the hypothesis or the numerous variety of cases, it seems to be
harder to solve than the previous problem.27 Here, a diligent calculation rather
than a tedious one is needed. But fortunately, through the solution of the simplest
case (at least under mentioned assumption that the extensions are proportional to
stretching forces), the gates to solve this problem were opened to me. As the very
famous man [Leibniz] has already done, I will also allow others some time to try
to analyze this issue. Therefore I will withhold the solution for now and will hide
it in a Logogriph. By the harvest festival, I will publish the solution and proofs.

Bernoulli then described the Elastica problem:

An elastic band AB (Fig.2.8) is assumed to be weightless and of uniform thick-
ness overall. It is somehow fixed at the lowest-end A and a load is hanging from
the top-end B, which bends the band so that the direction BC of the load is per-
pendicular to the bent band at B. The curvature of the beam will be of following
nature:

Qrzumu bapt dxqopddbbp poyl fy bbqnfqbfp lty ge mutds udthhtuhs tmixy
yxdksdbxp gqsrkfgudl bg ipdandtt tcpgkbp aqdbkzs28

By presenting this anagram, Bernoulli announced that he had made a discovery, and simulta-
neously bought himself time to perfect it. Since the harvest festival in Basel is in September,
he essentially allowed himself three months to complete his analysis and others to solve the
problem. However, since nobody stepped forward with a solution, Bernoulli took his time;29

in fact, he published his answer three years later in June 1694. During these years, as can be
seen from Meditationes entries, Bernoulli was determining properties of the curve, such as its
identity in relation to the Lintearia.

26See p.66.
27Bernoulli refers to the catenary problem.
28For the analysis of this cipher see Section 1.6.
29In 1692, at the end of the Velaria article, Bernoulli mentioned this challenge and promised to publish his

solutions soon (Bernoulli, 1692a).
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Figure 2.9.: Lintearia

Lintearia

In his correspondence with Johann about the Velaria, its similarity to the Lintearia came up.30

Jacob had a clear idea about the nature of the Lintearia curve and its elastic behavior. He
voiced his opinion in Med.CLXIV and in his correspondence with Johann. In this study, I will
show how Bernoulli used the method of Med.CLXXXVII31 to solve the Lintearia problem,
only to find that it was a rectangular Elastica.

But what is the Lintearia problem? It is a hydrostatic problem where a rectangular linen is
attached to two horizontal bars and placed in a uniform gravitational field; its cavity is then
filled with a liquid up to the bars (Figure 2.9). The Lintearia problem is the study of this
hydrostatically loaded profile. Besides, the linen is supposed to be flexible, infinitely thin, and
of negligible weight. In Med.CLXXXIX,32 Bernoulli solved this problem with the hypothesis
described in Med.CLXIV33– namely, that since the enclosed fluid cannot pass through the cloth
or run out the cavity, it impels the fabric in every direction and stretches it. As this note imme-
diately succeeds the one containing the Velaria solution,34 it must have been written around
the same time, in the first quarter of 1692.

As with the Velaria problem, Bernoulli solved this one also using the balance of forces.
AEM is a linen fiber filled with the liquid AEMLA (Figure 2.10).35 Without loss of gen-
erality, he only considered the piece AE, the differential equation of which would be true
for the entire AEM .36 For the physics of the structure to remain intact, he assumed AE
to be fixed to an imaginary wall LE with length a. He denoted the coordinate system with
HB = x, AH = y and the infinitely small differential elements of the arc length, abscissa,
and ordinate with BC = ds, BM = dy, and MC = dx, respectively. He found the force act-
ing on the element BC of the linen to be FBC = x ds, which he decomposed into the vertical

30See p.30.
31The same method he had developed to solve the Velaria problem; see p.31.
32http://ark.dasch.swiss/ark:/72163/1/0801/KL1EJfbWSCuf6_n5GlIVnwT.
33See p.26.
34Med.CLXXXVIII described in p.32.
35http://ark.dasch.swiss/ark:/72163/1/0801/6npFxdd7Q6KBciq2E2dgfwb.
36This is in line with Pardies’ principle mentioned in p.37.
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Figure 2.10.: Lintearia in Med.CLXXXIX

component FBG = x dy and the horizontal component FGF = x dx.

Next, he considered the weight of the fluid to act along the intersection of the tangent
lines to the curve at points B and E. The weight impelling the piece BE acts as a weight
hanging from the intersection of the tangents at E and B.37 He decomposed this weight into
its x�component, P , and y�component R:

WP =

Z
x dy

WR =

Z a

x

x dx =
a2 � x2

2

In this note, Bernoulli specified the progression of variables to be so that ds is constant, and
the curvature is in the negative y-direction; the radius of curvature would thus be z = �dy ds

d2x .
He determined the resistance at point B as follows:

FB = xz =
�x dy ds

d2x

Bernoulli, next, supposed the sustaining force at E in the x�direction to be equal to the
constant ab; the resistance in E would be

FE = ab�WR =
2ab� a2 + x2

2

The balance of forces determines their proportions to the elements of the curve:

dx

ds
=

WP

FB
=

R
x dy

xz
dy

ds
=

FE

FB
=

2ab� a2 + x2

2xz

With z = �dy ds
d2x , the second relational equation simplifies to

�d2x =
2xdy2

2ab� a2 + x2
(2.10)

37This is the generalization of Stevin’s theorem in Med.CCVII; see p.133.
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Figure 2.11.: Reference to Med.CLXXXVII inside Med.CLXXXIX

Similarly, the first relational equation gives

d2x

dx
=

�x dyR
x dy

He chose the constant c so that: � ac d2x = x dy ds. Hence,

ac =
x dy ds

� d2x
= xz (2.11)

The two Eq.2.10 and Eq.2.11 with ds =
p
dx2 + dy2 result in:

2ac dy =
p

dx2 + dy2(2ab� a2 + x2) ! dy =
(2ab� a2 + x2)dxp

4a2c2 � (2ab� a2 + x2)2

Next, Bernoulli cited Med.CLXXXVII (Figure2.11)38 and used the method developed in it to
reduce this equation to

dy =
x2 dxp

4a2c2 � x4
(2.12)

It is a rectangular Elastica that with c = a
2 results in the Eq.1.3.39 Bernoulli published the

analysis of the Lintearia as a property of the Elastica curve in 1694. After this discovery, he
briefly turned his attention to the deflections of the fibers in the two-dimensional case.

Geometric construction of the Elastica

In Med.CXCVIII,40 Bernoulli studied the deformation of the elastic band ABCD under the
stretching force normal to its edges (Figure 2.12). He wrote:41

when the ends AB, CD are pulled in the direction AC, it will happen that the
parallels to AC are stretched into straight lines; on the other hand, the lines paral-
lel to AB will be curved and thus become shorter than they were before: indeed
all of them would become equal to the middle one EF , unless the strength or the
tension of the thread AEC impeded this

38http://ark.dasch.swiss/ark:/72163/1/0801/cSEo5jTDRy25DDI=1JwKJAg.
39Later in 1696, in Med.CCXLIX, Bernoulli developed a new method to reduce the second-order differential

equations to first-order ones. With this method, he could also reduce Eq.2.11 to Eq.2.12.
40http://ark.dasch.swiss/ark:/72163/1/0801/TscMm6QDRzKDuDJimIJDrAF.
41http://ark.dasch.swiss/ark:/72163/1/0801/e7Pq5kFhRbOwcshqpKc4AQW.
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Figure 2.12.: Diagram of Med.CXCVIII

Figure 2.13.: Diagram of the method described in Med.CCV

Here, Bernoulli briefly touched on the deformation of fibers of a material under a stretching
force, but did not analyze it further and continued with formulating a geometric construction
by quadrature for the Elastica, as it is a transcendental problem.

In Med.CCV,42 Bernoulli described a basic method for introducing the physical character-
istics of the problem into its geometric construction by the quadrature. Right in the title of
this note, Bernoulli stated how one should define the elongation and the stretching force of
the elastic structure in a geometric construction:43 “General determination of the curvature of
a plate when the extensions are as the ordinates and the extending forces as the abscissae of
some given curve.”

In this entry, as Hofmann (1956, 24) states, Bernoulli introduced the method of finding an
unknown curve from a known one which has the same abscissa, or as Bernoulli expressed it

42http://ark.dasch.swiss/ark:/72163/1/0801/__7Hlj1WR8CIap=1BIcqZgr.
43http://ark.dasch.swiss/ark:/72163/1/0801/ymOs9RsJSyqt5fqrcZrajQO.
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(a) Diagram of the method (b) Diagram of the geometric construction

Figure 2.14.: Diagrams of Med.CXVI

(Figure 2.13):44 “Let the given curve have x for its abscissa and p for its ordinate, and let the
curve of the plate that is sought also have x for its abscissa and y for its ordinate.45” Here, x
represents the stretching force, and p the elongation of the band under this stretching force.
Choosing the progression of variables to be so that ds = const, z = d2y

dx ds denotes the radius
of curvature. This yields:

z =
a2

p
! a2d2y

ds
= p dx

Bernoulli next explained how one can derive the differential equation of the Elastica from this
equation word by word, which Hofmann (1956, 24) elegantly summarizes as

t =

Z x

0

p dx = a2
Z s

0

d2y

ds2
· ds = a2

dy

ds

With ds =
p

dx2 + dy2, this results in a differential equation in the form of the Elastica:

dy =
t dxp
a4 � t2

The most far-reaching property of the bent elastic beam is that its bending moment is in-
versely proportional to the radius of curvature. Bernoulli described this property in Med.CCXVI
in which he studied the naturally bent beams.
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Theory of the naturally bent beams
In Med.CCXVI,46 Bernoulli developed the theory of naturally bent beams, which is a reverse
analysis of the Elastica.47 The title of this entry clearly outlines its content:48

To find the curve which is bent to a straight line by a suspended weight

In the title, Bernoulli also indicated that solving this problem was equal to constructing a curve
where

a2 = sz (2.13)

with z being the radius of curvature and s the arc length of the rod (Figure 2.14a).49 Bernoulli
considered a rod, which is naturally bent and is fixed at one end, with the load W suspended
from its free end to straighten the rod. This theory states that if a naturally curved rod is
brought to a known shape, for example a straight line, by a suspended load, one can find the
initial profile using two parameters: the initial radius of curvature and the amount of weight.
Bernoulli started with taking the integral of the Eq.2.13, assuming the progression of variables
ds = const; the radius of curvature would be z = �dx ds

d2y .50 Hence,

�a2 d2y

ds
= s dx

Using the method of Med.CLXXXVII,51 he introduced the auxiliary quantity t as follows:

s dx = a dt

and found
dy =

(a� t) dxp
2at� t2

(2.14)

With ds2 = dx2 + dy2, Bernoulli obtained the differential equation of the arc length:

ds =
a dxp
2at� t2

This equation is in the form of the differential equation of the arc length of the Elastica
(Eq.2.9). As proof of his analysis, he formulated a geometric construction by quadrature
for the problem where PT = y and EP = x (Figure 2.14b).52 Bernoulli denoted that for the
Elastica with natural curvature z,

bending moment / 1

r
� 1

z
(2.15)

44http://ark.dasch.swiss/ark:/72163/1/0801/d7cmeMLrRumqBcWfYd2x7Av.
45http://ark.dasch.swiss/ark:/72163/1/0801/BAK7vLDsTtGrQ1yEE6AYhgB.
46http://ark.dasch.swiss/ark:/72163/1/0801/ow=1QqYiSIi6FuKQ5i8XfAl.
47See also Truesdell (1960, 108).
48http://ark.dasch.swiss/ark:/72163/1/0801/ry=RdzgqSJWwKF2ISJp9lAc.
49http://ark.dasch.swiss/ark:/72163/1/0801/pYwyyJ_kRWigV0w89gWI6Qv.
50The positive values of y are in the lower half of the y�axis.
51See p.31.
52http://ark.dasch.swiss/ark:/72163/1/0801/5W1Cve7dTf6hR=oftIDolwr.
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Chapter 2. Elasticity

where r is the radius of curvature after the rod is loaded. Since in this inverse problem, the
load straightens the rod, then r = 1 and 1

r = 0. On the other hand, Bernoulli’s analysis
illustrates that the bending moment remains constant before and after the loading.

bending moment = W x = F s (2.16)

where x refers to the straight loaded form. He considered the elasticity modulus to be = 1,
then force F in the initial curved form would be:

a2 =
1

F
! F =

1

a2

He obtained Eq.2.13 from Eq.2.15 and Eq.2.16. Bernoulli did not mention this as a sepa-
rate discovery but implicitly employed it in the description of his Elastica solution published
in June 1694. In this note, Bernoulli did not explicitly state that the rod was elastic; this
might explain why Nicolas (I) Bernoulli could not follow his uncle’s arguments. In the edited
version of this note in the Varia Posthuma,53 he wrote: “I have not found this identity estab-
lished!” His confusion is justified because this note was far ahead of its time. Decades after
Bernoulli’s death, Euler and Daniel (I) Bernoulli (1700–1782) found this law using calculus
of variation.54 Truesdell (1960, 108) believes that Med.CCXVI is one of the most important
notes in Meditationes about mechanics, because it contains two main concepts:

• Formulation of an inverse problem in the theories of finite deflection

• Theory of the naturally bent beam

Lastly, before publishing his results, in Med.CCXVII,55 Bernoulli found the numerical bound-
aries for the series expansion of the Elastica (Eq.2.7):

0.598 < y =
1

3
+

1

2.7
+

1.5

2.4.11
+

1.3.5

2.6.15
+

1.3.5.7

2.4.6.8.19
+ . . . < 0.601 (2.17)

2.4. Publication of the Elastica solution
In the June issue of the AE 1694, three years after Bernoulli started the Elastica challenge, he
published his solution in an elegant memoir titled “Curvatura Laminæ Elasticæ...” (Bernoulli,
1694a). This article did not only contain his Elastica solution; it also contained remarks about
its identity to the Lintearia and his golden theorem for finding the radius of curvature of any
given curve.56 Bernoulli started this article as follows:

After three years of silence, I honor my word and compensate for the delay,
which otherwise the reader would have borne with difficulties, by dealing with
the construction of the Elastica curve not only under specific hypothesis as I

53This note is published in extended form in Varia Posthuma (Bernoulli, 1744, Art.XX, 1084-1086).
54See Section 2.7.
55http://ark.dasch.swiss/ark:/72163/1/0801/bJxBn3APS0mhLELSWapEBg3.
56For more details about this theorem; see p.12.
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Chapter 2. Elasticity

had promised earlier but also under any assumption for elongation. I am first
to achieve this because if I don’t err many have tried this challenge in vain.57

As Bernoulli noted, this memoir contains a general solution to the Elastica problem for
both cases of linear and non-linear strain-stress relation. In the announcement of the Elas-
tica challenge, Bernoulli had asserted that he had solved the problem with the hypothesis that
elongation is linearly proportional to the stretching forces. However, in those three years, he
had generalized the solution to the non-linear case. In this study, I will show how Bernoulli
included his results of the previously mentioned Meditationes notes in the description of his
solution and the given properties of the Elastica.

In this article, Bernoulli merely described the geometric construction of his solution; Cramer
(1746), however, added explanatory comments and calculations in footnotes of its reprint to
help readers derive the differential equations. Bernoulli first gave a general geometric con-
struction for the Elastica, then deduced two special cases from it: the first for the case of a
non-linear strain-stress relation and the second for the linear.

A flexible beam AQRSyV A with uniform breadth and thickness Qy = c is fixed at SR,
and the free end AV is loaded with the weight Z that bends the prism (Figure 2.15). To find
the profile of the bent band, Bernoulli studied the profile of the fiber AQR on the lower rim
of the beam as Galileo and Leibniz had done in their study of the cantilever problem. He
assumed the thickness of the band, yQ, to be the shorter arm of a lever with the fulcrum on Q
and PQ the longer arm form which the weight Z hangs. He also took the craftsman’s advice
into account and assumed the tension not just on the wall, triangle STR, but also on the length
of the beam, depicted by the triangle y⌦Q. Based on Med.CLXX, mn is the evolute of the
AQR. With the help of the radius of curvature Qn, Bernoulli demonstrated that the profile of
the AQR is an Elastica of the form Eq.1.3.

Descartes’ rules for solving problems with geometric constructions requires the mechan-
ical/physical characteristics of a problem to be described geometrically.58 Thus, based on
Med.CCV, Bernoulli assumed AFC to be the Linea Tensionum, the abscissa AE = x of
which represents the stretching force, and its ordinate EF = t represents the elongation.
He assumed the area underneath AFC to be equal to the area of the rectangle AGDL with
AG = a.

area of AFC =

Z AB

0

t dx = S 0

To complete his geometric construction by quadrature using his method of Med.CCV, he drew
the constructing curve AEN so that it has the same abscissa as AFC. He then drew the

57Bernoulli here cited La Statique of Pardies who, like Galileo, had thought Elastica was a parabola (Par-
dies, 1673, 130-132, No.LXXV). Bernoulli harshly criticized Pardies for “patching together nothing but mere
paralogisms”.

58See p.9.
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Figure 2.15.: Bernoulli’s geometric construction for the Elastica (Cramer, 1746, 590,
TAB.XXIII, Fig.2)
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rectangle AGOP with AP = y, the area of which is equal to the area under AEN :

area of AEN = area of AGOP = AG · AP = ay

Bernoulli next extended the straight line OP to cut the extension of EF in Q, then Q lays
on the AQR, which is the sought Elastica curve. By repeating this process, infinitely many
points of the Elastica AQR can be found. From this description, Cramer (1746, 581, footnote
(a)) found the differential equation of the AQR as

dy =
S 0 dxp
a4 � S 02

(2.18)

Following this, Bernoulli continued with the derivation of two special cases from this general
geometric construction, namely that in the case of

1. Non-linear stress-strain relation

strain / (force)m (2.19)

i.e., t = kxm, then:59

area of AFC =

Z
t dx = S 0 =

Z
kxmdx =

k x(m+1)

(m+ 1)

2. Linear stress-strain relation, Hooke’s law, is nothing other than letting m = 1 in the
non-linear case. Then, AFC will turn to a straight line and

area of AFC =

Z
t dx = S 0 =

Z
kxdx =

1

2
kx2

Substituting this in Eq.2.18 results in the differential equation of the Elastica:60

dy =
x2 dxp
c4 � x4

where c is a constant consisted of the tip load Z and the flexural rigidity of the beam.
Bernoulli here reminded readers that the hypothesis of this linear case belonged to Leib-
niz (Bernoulli, 1694a, 270-271):

The most famous Mr. Leibniz has used this assumption in his most astute
treatment:De Resistentia Solidorum.61 I myself have also found this in the
previous construction. Therefore I consider it worth the effort to look more in
detail into the nature and the properties of our curve under this assumption.
I don’t want to take a big responsibility for the truth of this hypothesis or
any other, as I am convinced that one cannot observe any constant action in
nature. It differs for different structures of the body which seems to be the
case in my experiments62 and those confirmed by others.

59(Cramer, 1746, 588, footnote (y)).
60Bernoulli (1694a, 272) gave the differential equation explicitly.
61See Section 2.1.
62Bernoulli refers to his experiment with the gut string.
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In total, Bernoulli listed forty-one properties of the Elastica, most of which are new properties
mentioned for the first time in the article – for example, the various shapes the elastic band
takes based on the direction of the bending force (Bernoulli, 1694a, 267, corollary 5). He
also listed some of the properties of Elastica given in the Meditationes, for example, the area
of its involute found in Med.CLXX,63 its series expansion and the corresponding numerical
boundaries found in Med.CLXXV and Med.CCXVII.64 Bernoulli (1694a, 267, corollary 7)
also briefly noted the method of Med.CCV. Although the main arguments of Med.CCXVI are
absent in this article, Bernoulli (1694a, 267, corollary 6) summarized its content in a statical
principle:65 “The radius of curvature Qn is inversely proportional to the ordinate [EF =
t elongation], and the radii of curvature are inversely proportional to curvature. Thus, the
curvature of the bent band, AQR, is directly proportional to EF .” In other words,

1

radius of curvature
= f(load) (2.20)

The curvature is zero at A, but it grows with the distance of each point from the equilibrium
axis of the structure and reaches the maximum at the clamped end R. It means that the elon-
gation t increase with the stretching force AE = g(x). Furthermore, Bernoulli (1694a, 272,
corollary 2) presented the key to decrypt the anagram of the Elastica challenge.66 The content
of the anagram is as follows:

portio axis applicatam inter et tangentem est ad ipsam tangentem sicut quadratum
applicatae ad constans quaddam spatium
That part of the axis between the ordinate and tangent [i.e. the subtangent] is to
its tangent as the square of the ordinate is to some constant space.

Using Eq.1.3 and Eq.2.9 given in Med.CLXX, the tangent to the curve at point Q [Qp] and its
subtangent [Pp] would be:

Qp = x · ds

dx
=

a2 xp
a4 � x4

Pp = x
dy

dx
=

x3

p
a4 � x4

Thus, the property hidden in the anagram turns out to be:

subtangent at point Q
tangent at point Q

=
Pp

Qp
=

x2

a2

This indicates that, as Hofmann (1956, 18) also affirms, the Elastica is a curve of the form

x2 = a2sin(⌧), ⌧ = 6 PQp

Lastly, Bernoulli (1694a, 275-276, corollary 18) noted the identity of the Lintearia with a
rectangular Elastica, without including the calculations of Med.CLXXXIX. Instead, he only

63(Bernoulli, 1694a, 273, corollary 11).
64(Bernoulli, 1694a, 274, corollary 16).
65See also Cramer (1746, 583, footnote (f)).
66See Section 1.6 for details.
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Figure 2.16.: Bernoulli’s second diagram for the geometric construction of the Elastica
(Cramer, 1746, 618, TAB.XXIVI, Fig.3)
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described how the geometric construction of the Elastica could be altered to fit the Lintearia
problem (Figure 2.16). He listed five properties of the Lintearia, such as its center of gravity,
its equilibrium axis and the force propagating along it,67 and the resistance of the cloth. He
ended his article by raising a few new questions which he believed could be investigated
assuming that the elongation is linearly proportional to the tensile force: What will the profile
be “if the elastic band bends under its own weight without any additional load? if forces
pressing equally on both ends bend it? if the band does not have uniform thickness or breadth?
if it is to take a straight shape under its own weight or extra weight, or both?” With the last
question, he invited others to study the theory of naturally bent beams, which he had analyzed
in Med.CCXVI. He apologized for not answering these questions, partly because some were
not yet clear to him, but also because “one cannot attend to all of these questions; some
must be left to the ability of our reader, whom my findings provide a chance to elaborate.”
Thus, Bernoulli intentionally left some details out for the readers to figure out, assuming that
the given information should facilitate finding the details and answering the raised questions.
Similarly, Leibniz also left out the details of his catenary solution for the sake of brevity,
assuming all to be clear to a skilled AE reader familiar with his calculus.68 Descartes also left
the details of his geometric construction as an exercise for the mathematicians to sharpen their
skills with, he stated (Smith, Latham, 1925, 10):

I shall stop explaining this in more detail because I should not deprive you of
the pleasure of mastering it yourself, as well as of the advantage of training your
mind by working over it, which is, in my opinion, the principal benefit to be
derived from this science. Because I find nothing here so difficult that it cannot
be worked out by anyone at all familiar with ordinary geometry and with algebra,
who will consider carefully all that is set forth in this treatise ... In my previous
writings, I have tried to make my meaning clear to everybody; but I doubt if this
treatise will be read by anyone not familiar with the books of geometry and so I
have thought it superfluous to repeat demonstrations contained in them.

Only skillful mathematicians were expected to understand Bernoulli’s masterful article.
This reminds one of Copernicus’ famous statement: “Mathematics is written for mathemati-
cians!” Bernoulli also tried to market Elastica as a curve given by nature that could therefore
legitimately be used as an auxiliary curve for other constructions in a manner analogous to
how the catenary had already been widely embraced for this purpose (Blåsjö, 2017, 182). Fur-
thermore, the differential equation of the arc length of the Elastica, Eq.2.9, established the
link between the Elastica and the Paracentric Isochrone. Therefore, in the same issue of the
AE, Bernoulli (1694c) published one more article that contained his solution to the problem
of finding the curvæ of accessus and recessus proposed by Leibniz (1689). To solve this prob-
lem, Bernoulli used the Elastica as an auxiliary curve in the geometric construction of the
Lemniscate. Thus, he included the geometric construction of the Lemniscate in the second
diagram of his Elastica solution (Figure 2.16). In this way, he introduced a new method of

67Bernoulli mistakenly assumed the equilibrium axis of the whole system to be normal to the curve. See
Section 4.3 for more details.

68See footnote 93.
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Figure 2.17.: Huygens diagram of possible curvatures of the Elastica (Cramer, 1746, 638,
TAB.XXVI, Fig.1)

formulating a geometric construction with the help of the arc length of a known curve; he
called it the geometric construction by curves given in nature (Bos, 1993, 1638-1640).69 This
method,70 and Bernoulli’s Elastica solution, attracted both criticism and compliments.

Reactions to Bernoulli’s Elastica solution
Almost one month after Bernoulli’s articles were published, Leibniz sent a copy of them along
with a letter to Huygens on 27 July 1694.71 In this letter, he asked Huygens’ opinion about
Bernoulli’s work and expressed his doubt about the linear stress-strain relation,72 which he
had once stated himself in 1684.73 He claimed that he had also long been in possession of a
method for finding the radius of curvature, and explained his method to Huygens. Analogous
to Bernoulli’s study of deformation in Med.CXCVIII,74 Leibniz noted that stretching forces
change the volume of the extended body; thus, the strain cannot always be lengthways. He
also clarified that he would refrain from examining the truth of Bernoulli’s Elastica solution,
because he found it very comprehensive. Regarding the properties of the Elastica, Leibniz
only pointed out that Bernoulli’s general binomial series (Eq. 2.7) was nothing new and was
already being used by himself and by Newton far earlier. Hofmann (1956, 68, Remark 124)
indicates that Wallis had excerpted the rule of the general binomial series from the two let-
ters of Newton and Leibniz of the year 1676, and had included it in his algebra in 1685.75

Bernoulli seems to have been unaware of this.

Later, in August 1694, Leibniz published an official review of Bernoulli’s articles, in which
he did not mention the point about the series expansion (Leibniz, 1694b). In this review article,

69See p.9.
70See p.9. Blåsjö (2017, 182) explains the main argument against accepting a transcendental curves, such as

Elastica, as the auxiliary curve for other constructions to be that one could use an algebraic curve in place of a
transcendental one. Catenaria is also a transcendental curve, but one can use the points on the curve directly in
the geometric construction, whereas in the Elastica case one must use the arc length, which is asking a lot more.

71Letter N.2871 (Huygens, 1905, 659-662).
72Truesdell (1960, 96, footnote 1) mistranslated Leibniz’s remark as: “I think it is always true that elongations

are as forces.”
73See p.59.
74See p.73.
75See also Huygens (1905, 661, footenote 11).
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Figure 2.18.: Hooke’s diagram for the extension and contraction of a bent beam (Truesdell,
1960, 55)

regarding Bernoulli’s Elastica solution, Leibniz only commented that one could not always as-
sume tension to be proportional to the stretching force. Because of this, he admired Bernoulli
for offering a general solution that was true for both linear and non-linear stress-strain rela-
tion (Heß, Babin, 2011, 243). In the rest of this article, Leibniz discussed Bernoulli’s golden
theorem and his new geometric construction method. On 24 August 1694,76 Huygens re-
sponded to Leibniz’s letter starting with (Huygens, 1905, 665): “I find the triennial work of
Mr. Bernoully[i] very considerable, provided that all that he offers is true; he boasts too much
about it.” He remarked that Bernoulli had considered the spring rules properly and his as-
sumption that bending force is inversely proportional to the curvature (Eq.2.20) was correct.
Huygens next criticized Bernoulli’s Elastica solution: Bernoulli had to consider all possible
shapes of the elastic band with respect to the force direction (Figure 2.17). More importantly,
he outlined a mistake in Bernoulli’s hypothesis (Huygens, 1905, 665): “in my opinion, it is
not only the exterior surface that extends but also the interior one simultaneously shortens.”
Huygens, moreover, expressed his doubts regarding Bernoulli’s new geometric construction
method, and found it obscure.77 In the September issue of the AE 1694, an excerpt from Huy-
gens’ letter translated into Latin was published along with a couple of remarks from Leibniz.
In one of them, he recommended that other shapes of the Elastica mentioned by Huygens
were worthy of analysis (Leibniz, 1694a).

The mistake Huygens spotted, and his explanation of it, was based on Hooke’s principle
of bending (Figure 2.18): “Supposing only two elastic lines joined together as at GHIK
which, being bent into the form LMNO, LM will be extended and NO will be diminished
in proportion to flexure.” Hooke, however, did not give any hints regarding how to relate the
curvature of one fiber to the bending moment, nor did he discuss the reaction of two fibers on
one another (Truesdell, 1960, 55). In fact, Hooke was not the first to point out this principle:
in 1620, as Benvenuto (1991b, 262) remarks, Isaac Beeckman (1588–1637) had noted that the
fibers on the convex edge of a bent beam are taut, while those on the concave side are pressed;
but he failed to elaborate. In the next chapter, I will show that Leonardo Da Vinci’s Codex

76Letter N.2871 (Huygens, 1905, 664-670).
77He also stated his doubts about the earlier published Velaria solution, and that Velaria=Catenaria (Huygens,

1905, 667).
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Madrid, which was lost until the late twentieth century, contains a passage which explains
Hooke’s principle in an extended form. It includes the definition of the neutral axis, the line
in the middle of a body which does not shorten or extend in bending.78 Almost two centuries
after Leonardo, Jacob Bernoulli was the one who noted the neutral axis principle.

Huygens’ criticism took Bernoulli by surprise because, like Galileo and Leibniz, he had
also considered the lower fiber of the beam, AQR, for his calculations assuming its length
to remain constant in bending. Although Bernoulli’s differential equation is correct for the
one-dimensional elastic line, he should not have expanded it to the two-dimensional case by
merely placing the Elastica line on the lower rim of the band. To correct his solution, he had
to assume the one-dimensional Elastica on a fiber of the band, the length of which remains
the same before and after the bending, i.e. on the neutral axis.

Explicationes

The notes in the Meditationes denote that, after publishing the Elastica solution, Bernoulli
focused on a comprehensive study of the loaded strings.79 He also answered one of the ques-
tions raised at the end of his Elastica article: the profile of an elastic rod curved under its own
weight.80 Consequently, he unified the Elastica and the Catenaria problems in Med.CCXLV.81

In the December issue of the AE in 1695, Bernoulli (1695a) published an article that contained
a correction and clarification of his Elastica solution. As mentioned in the previous chapter,
this article also enclosed Bernoulli’s Velaria-Bericht,82 as well as some other explanations, as
its title outlined:

Explicationes, Annotationes et Additiones ad ea, quae in Actis sup. anni de curva Elastica,
Isochrona Paracentrica, & Velaria ...

In the diagram accompanying this article (Figure 2.19), Bernoulli assumed the Elastica on the
center-line of the band, on AST . In this way, the differential equation of the Elastica and
all of the previously given properties of it would hold. The question is: how did Bernoulli
know that the length of the middle fiber remains constant in bending? Even if we assume that
Bernoulli was aware by this time of Hooke’s principle of bending, he could not have learned
the concept of the neutral axis from it. Besides, he definitely did not have access to Codex
Madrid. Nonetheless, he correctly located the neutral axis to be in the middle of the beam

78See p.106.
79See Section 4.2.
80For a while, he studied dynamics, and wrote about it to Leibniz on 9 October 1695; this was a long-delayed

reply to Leibniz’s letter of September 1690; see p.66. He started the letter with apologizing for his five-year
delay in replying and for his thoughtless remark made in 1690 about similarities between Leibnizian calculus and
Barrow’s notions (Weil, 1993a, 67-70). Thus the silence between the two was broken. Among other topics, in his
response, Leibniz started a discourse about binomial series expansion (Weil, 1993a, 70-76). On 4 March 1696,
together with his response, Bernoulli sent Leibniz eight extracts from the Meditationes, including Med.CLXXV
(Weil, 1993a, 83).

81See Section 1.4.
82I believe that Bernoulli was motivated to write this report after Huygens’ remarks about Velaria a year

earlier; see footnote 77.
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Figure 2.19.: Elastica on the neutral axis (Cramer, 1746, 646, TAB.XXVII, Fig.2)
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employing the law of the lever. Later in Med.CCL, he described his method of locating the
neutral axis in detail.83 With respect to this new location of the one-dimensional Elastica, he
updated its geometric construction.

Bernoulli (1695a, 538-539) insisted that the mistake Huygens spotted was in the given
geometric construction and that the differential equation was nonetheless correct. As both
Leibniz and Huygens had confirmed, the radius of curvature is inversely proportional to the
stretching force;84 therefore

1

2
a2 = xz, z = radius of curvature

He stated that this principle and its equation would always lead to the differential equation of
the Elastica. About the mistake, Bernoulli (1695a, 539) wrote:

By assuming a point on a concave surface of the elastic band as hypomochlion,
I have done the same as shown by most acute Mr. Leibniz in his De Resistentia
Solidorum of June 1684. Thus, if by extension of the outer surface, the inner
one compresses, then Mr. Huygens is one decade late in criticizing it and he is
doubting Leibniz’s hypothesis, not mine. But I confess that reflecting deeper on
this claim made me doubt the initial hypothesis. More extension seems to result
in more compression. Thus, I sought another construction for the problem as the
brightest Sir advised.

Next, he offered a correction by considering the Elastica on the neutral axis TSA, right
in the middle of the beam (Figure 2.19). AB is the curve of tension with ordinate BD = t
representing the elongation as a function of the stretching force AD. Similarly, AC is the
curve of compression with ordinate EC = ⌧ representing the compression as a function of
the compressing force AE. He claimed that: “The curve of compression is likely to be the
continuation of the previous AB because compressing force is nothing other than negative of
the stretching force.” The constructing curves, then, for the upper fiber would be the hyperbola
BG and for the lower thread the hyperbola �C. Bernoulli therefore drew FG so that FG =
DB + EC, the sum of compression and elongation = t + ✓. Then, curve AG with ordinate
FG will be the constructing curve, which gives the point S on the Elastica. This point is on
the fulcrum of the lever vx which under the bending force extends the upper fiber by vV and
compresses the lower one by Xx.

Bernoulli concluded that joining all the points found in this way creates the line AST ,
the Elastica, which is between the convex and concave surfaces in the middle part of the
elastic band. Lastly, he considered the linear stress-strain relation by asserting that if BAC
is a straight line and the weight is suspended from A, then, the lever arms will be equal:
SX = SV . The fulcrum of the lever, S, will be right in the middle of the band; in this way,

83See Section 3.1.
84A corollary of Med.CCXVI, which Bernoulli had also briefly mentioned in his Elastica article. See p.76 and

p.81.
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Figure 2.20.: Possible shapes of a bent elastic beam (Cramer, 1746, 646, TAB.XXVII, Fig.3-
8)

Figure 2.21.: Reference to the Explicationes article in Med.CCXLIX

one can find infinitely many points consisting the neutral axis on the center-line. He stated that
“the construction would agree with the one published in 1694, except for the Elastica which
was on the concave side is now on the very middle.” In the second part of his article, Bernoulli
(1695a, 540-541) responded to Huygens’ remark about the other possible shapes of the curved
elastic band. He noted that:

I had considered the figures of Elastica curves mentioned by Mr. Huygens and
had explained it in the corollary 5 of my general construction of the Elastica.85

But since the most acute men [Leibniz and Huygens] mentioned it again and asked
for a complete analysis, it will be worth to deliver the entire matter to the public.

He analyzed every single shape suggested by Huygens, describing how the weight should
be suspended from the band to obtain each (Figure 2.20). He also considered one extra shape
(Fig. 8, Figure 2.20) that was similar to the Lintearia; i.e., a cloth fixed by rods AF &CG
stretches when pressed down at the ends of the rods (Truesdell, 1960, 101).

Additionally, in this article, Bernoulli announced a discovery, namely that studying these
extensions had led him to find a new method for reducing second-order differential equations
to first-order ones. He promised to unfold this discovery later. This method is described in
Med.CCXLIX,86 which must have been written after the publication of the Explicationes, as

85See p.81.
86http://ark.dasch.swiss/ark:/72163/1/0801/6gJgmLvPRnmgjclAEQMb_ww.
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Figure 2.22.: Title of Med.CCL

can be seen from its title in which Bernoulli cites this article (Figure 2.21).87 This indicates a
change in the structure of the Meditationes. Previously, notes were written before the publica-
tion; at some point between 1694 and 1695, Bernoulli reproduced a clean copy of calculations
in the Meditationes after its publication. Similarly in Med.CCL,88 Bernoulli demonstrated his
method of finding the location of the neutral axis after the publication of the Explicationes.89

In its title, he also cited the article (Figure 2.22).90

Therefore, Meditationes contains not only notes in preparation for a publication, it also
contains Bernoulli’s personal records of important published concepts for future reference.
An example of Bernoulli’s referencing systems can be seen in the remark right under the ti-
tle of Med.CCL, where he added a reference to Med.CCLXXX (Figure 2.22). The color of
the ink of this reference tag is different from that of the text and conforms with the text in
Med.CCLXXX. It indicates that Bernoulli returned to Med.CCL and added the reference after
writing the latter note to establish a link between the two.

At the time Bernoulli’s Explicationes was published, Huygens had passed away; thus,
Bernoulli only received Leibniz’s review of his article. Leibniz (1696) first admired and
thanked both Bernoulli brothers for their contributions to the advance of his calculus. Bernoulli
(1695a) had expressed doubts regarding Leibniz’s claim that he had developed a theorem sim-
ilar to Bernoulli’s golden theorem. Otherwise, Leibniz would have been able to solve the
Elastica problem himself. To this, Leibniz (1696) responded: “I confess that it did not occur
to me to use the theorem of the radius of curvature to find the profile of the elastic band, be-
cause Mr. Huygens and I never had focused on finding this curve!” Leibniz also declared that
he would not examine Bernoulli’s results because he did not doubt their truth; besides, there
were other problems to attend to. In spite of positive feedback from Leibniz, Bernoulli was not
happy with this new Elastica solution, mainly because he had only considered two fibers of
the beam to locate its neutral axis. Almost ten years after the publication of the Explicationes,
he decided that, to solve the Elastica problem precisely, one should take the deflection of all
fibers of the beam into account. Thus, he tackled the Elastica problem one last time.

87http://ark.dasch.swiss/ark:/72163/1/0801/GHeb0fRTSgOPGatwomWFzAF.
88http://ark.dasch.swiss/ark:/72163/1/0801/EID_mh16RrWgcyl7oITGLAc.
89This note is not included in the Varia Posthuma. See Section 3.1.
90http://ark.dasch.swiss/ark:/72163/1/0801/GJDA73PcT8G0crp3sUJLFwR.
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Figure 2.23.: Varignon’s analysis of Galileo’s cantilever problem (Truesdell, 1960, 103)

2.5. Elasticity laws: the last memoir
In 1702, Pierre Varignon (1653–1725) published a treatise about Galileo’s cantilever problem
and determined the ratio Fp

Fb
using an arbitrary law of tension as a function of the distance from

the lower side of the beam (Figure 2.23) (Truesdell, 1960, 102-103). Benvenuto (1991b, 277)
and Heyman (1999, 18) believe that Varignon’s treatise motivated Bernoulli to formulate a
new thesis about the resistance of solids. Bernoulli, who was very sick at the time, recaptured
all his knowledge about elasticity to restudy the Elastica problem and Galileo’s cantilever
problem in his last memoir. Even though he submitted it to the Mém. Paris on 12 March 1705,
it was published on 4 July 1705, one month before Bernoulli’s death.91

This memoir is based on Med.CCLXXX,92 which Bernoulli must have written before Novem-
ber 1704.93 In my opinion, the content of this note and the corresponding article are comple-
mentary and should be analyzed together. Bernoulli (1705, 176-177) started his memoir with a
brief history of the theory of the resistance of solids, summarizing studies of Galileo, Leibniz,
and Marriotte. He found fault in their analysis because none of them had considered the bod-
ies subject to compression. In addition, he contended that a linear relation between force and
deflection, as Leibniz had assumed, did not agree with nature and experiments.94 Bernoulli
announced that correcting their doctrine was the aim of his memoir. In Med.CCLXXX,95 he
added: “The extensions and compressions are not proportional to extending and compressing
forces. This is proven by argument and nature. ... Thus the curve of compression cannot be a

91Some sources claim that it was published posthumously!
92Not included in the Varia Posthuma.
93A later note, Med.CCLXXXIII, bears the date 1 November 1704 in Bernoulli’s own handwriting.
94He refers to his gut string experiment; see p.61.
95http://ark.dasch.swiss/ark:/72163/1/0801/EiM88NpoSNW_mqhaYQJWWgR.
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straight line and so neither can the curve of tension, which indeed must be the same.”96

He falsified the hypothesis of Med.CCL and the Explicationes article, namely that S, a point
on the fiber that neither stretches nor shortens, was the fulcrum of a lever. Consequently,
the Elastica solution obtained with this hypothesis would also be incorrect. He thus set a
second goal of correcting the previous Elastica solution. Bernoulli distanced himself from
an already correct solution, asserting that: “I have considered only the outer fibers of the bent
band instead of paying attention to all those which make up the band. ... to conceive the matter
more precisely one should consider compression and elongation separately.” To achieve his
goals, in his memoir, Bernoulli firstly presented all his knowledge of elasticity obtained during
the eighteen years of working on this topic in four lemmas.

Elasticity rules
Although he had applied these lemmas implicitly in his earlier analysis, here for the first time
Bernoulli explicitly formulated them as elasticity principles. For each lemma, he offered a
demonstration in the form of a set of instructions for devising experiments to test the lemma.

Lemma I: Equally thick homogeneous fibers stretched or compressed by the same weight
are stretched or compressed in proportion to their length.97

This is the explicit formulation of the strain: if l is the length and �l the change in length,
then

strain ✏ ⌘ � l

l
(2.21)

Bernoulli (1705, 178) proved this lemma with two demonstrations: one for the tension, Fig.2,
the other for the compression, Fig.3 (Figure 2.24). In both, a long rod is divided into pieces
equal to the length of a shorter rod; equal weights, P deflect both rods. He asserted that each
piece of the longer rod bears the same compression or tension as the shorter rod.

Lemma II:98 Fibers that are homogeneous and equal in length, but of different width or
thickness, extend or compress equally by forces proportional to their widths.
This is the explicit formulation of the stress; A =cross-sectional area, F =stretching force.

stress � =
F

A
(2.22)

For its proof, Bernoulli (1705, 179) considered a prism consisting of fibers with equal length
and width (Fig.4, Figure 2.24). To elongate or shorten the prism exactly as AB (Fig.3, Figure
2.24), each of its fibers would need to bear the same weight P . Therefore, to deflect all fibers

96http://ark.dasch.swiss/ark:/72163/1/0801/cN_em8OVSQmfElAjWq_=8gQ.
97This is Lemma II in Med.CCLXXX. See http://ark.dasch.swiss/ark:/72163/1/0801/

=bRt0RMiR6qQwiXvq6xtow=.
98This lemma is not given in Med.CCLXXX.
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Figure 2.24.: Diagrams of Bernoulli’s last Elastica memoir (Cramer, 1746, 990, TABXLI,
N.102)
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to the same amount as AB, the prism should be subject to the weight Q > P so that

Q

P
=

width AF

width AB

These two lemmas together give the stress-strain relation:

✏ = f(�), where ✏ ⌘ � l

l
� ⌘ F

A
(2.23)

Lemma III: Homogeneous fibers of the same length and thickness, but loaded with differ-
ent weights, neither extend nor compress proportionally to these weights; but the extension
or compression caused by the large weight is to the extension or compression caused by the
small weight less than the ratio, the first weight has to the second.99

Bernoulli (1705, 179-180) proved this by reduction to absurdity: it is absurd for a fiber to be
compressed more than its entire length, i.e., � � �1. In Bernoulli’s time, it was not known
that, under the stretching force, bodies that remain elastic respond more stiffly beyond the
linear range. On the other hand, in the case of compression, buckling may occur. Bernoulli
here described his gut string experiment, his respective observations, and his measurements.
He gave the identical values that he had once reported to Leibniz.100 This was the first explic-
itly published introduction of materials into the study of the elasticity. Truesdell (1960, 106)
points out that, with E =material constant, one can interpret Bernoulli’s lemma as

E✏ < � (2.24)

Lemma IV:101 The same force that makes a beam or a rod ABCD bend from AB to GF ,
stretching a part of its fibers to the measure of triangle BSF and pressing the other part in
the measure of triangle ASG will be able to stretch the whole of the fibers on support A in the
measure of triangle ABF , or to press this assemblage around support B or F in the measure
of triangle BAG or FAG (Fig.1 of Figure2.24).102

The figure and the lemma given in the memoir are hard to understand; however, Bernoulli
gave a more intelligible description in Med.CCLXXX. He studied the tension and compression
of the prism ABCD separately. In the hypothesis, he first assumed the prism to be fixed at
the wall, and A to be its support acting as the fulcrum of the lever BAD. Weight P bends the
prism so that its upper fiber BD extends to its maximum tension, BF . Similarly, the pressure
of the weight extends the fiber H by HK, and N by NM . Next, Bernoulli studied the com-
pression of the beam under this weight. When the beam reaches maximum tension, point A
is released, and the support of the beam is moved to F , as if the prism is fixed at this point.
Then, F would act as the fulcrum of the lever GFC; hence, the same weight would compress
the fiber AD by AG, the inner fiber M by ML, and fiber K by KI .103 He determined the

99Translation by Benvenuto (1991b, 276).
100See p.61.
101This is Lemma I in Med.CCLXXX. See http://ark.dasch.swiss/ark:/72163/1/0801/

GWogQ4rhTWGdZmkjVT9R1gA.
102Translation by Benvenuto (1991b, 276).
103

S is the only point that does not elongate or shorten, which is the Center of tension as described in
Med.CCLXXIII. In this note, Bernoulli uses a similar approach of moving support points, See p.113.
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extension of the fiber H to be = HK �KI = HI and the compression of the fiber M to be
= ML � NM = NL. He concluded that the force needed for an extension by 4ABF was
equal to that required for compression by 4AFG: “hence no other force is needed for break-
ing the beam off than would be required if it were not subject to any compression at A.” This
lemma is clearly wrong, because Bernoulli dismissed the share of the compressing forces in
the bending moment and rupture. Benvenuto (1991b, 277) suggests that Bernoulli might have
inherited this erroneous thesis from Honoré Fabri (1608–1688), a French Jesuit mathemati-
cian, who had believed that (Benvenuto, 1991b, 256): “In the bending of a bow, there is some
compression; however, from a physical point of view, all is the same as if there were only ten-
sions.” Truesdell (1960, 107) marks lemma IV as false, not because Bernoulli dismissed the
share of compressing force in the bending moment, but because he found bending moment to
be independent of the neutral axis. Truesdell shows no interest in understanding the origin of
Bernoulli’s failure. He does not give any further consideration to Jacob’s analysis, and states
that the lemma “is wrong, and the proof and conclusion Bernoulli presents are fallacious.”

Next, Bernoulli used these four lemmas to solve two problems – Galileo’s cantilever prob-
lem and the Elastica problem – by considering the deflection of all fibers. Both Truesdell
(1960) and Benvenuto (1991b) merely denote his analyses as wrong because Bernoulli em-
ployed the incorrect lemma IV in them. I will show that, nonetheless, his results are correct.

Study of Galileo’s cantilever problem

For the first time, Bernoulli determined Galileo’s ratio Fp

Fb
; he solved this problem by con-

sidering both tension and compression, but separately (Fig.1, Figure 2.24). In pursuit of this
aim, he used the curve of tension-compression TN✓ (Fig.5, Figure 2.24) and stressed on its
non-linearity. Although in the diagram he depicted the bending just on the wall, his analy-
sis indicates that he considered the bending inherent in the entire beam to be similar to the
Elastica problem. He assumed the prism ABCD to consist of infinite uniform fibers and let
AB = b&AD = c. For solving this problem, he used the extension as an independent vari-
able; thus, with the fourth lemma, he deduced that weight P extends the fibers by 4ABF .
Then the ordinates RT &QV of the curve of tension TN represent the elongations BF = t
and HK = p, and its abscissas NR = m&NQ = n represent the respective stretching
forces. With lemma III, he found the total resistance on 4ABF :

Rtot =
b2

t2

Z
mtdt (2.25)

Since this resistance is equal to the bending moment of the weight P , then

Rtot = AD ⇥ P = c⇥ P ! Fb = P =
b2

ct2

Z
mt dt (2.26)

To find the ratio Fp

Fb
, he next found the force necessary to break the beam by pulling it hori-

zontally, Fp. For that, he supposed all fibers of the beam to be equally tense. Provided that
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Figure 2.25.: Bernoulli’s references to Leibniz and Mariotte’s results in Med.CCLXXX

the beam is pulled horizontally, the stretching force = NR = m will elongate each fiber by
BF = b. The sum of the moments of all pulling forces will, then, be = bm. Hence,

Fp

Fb
=

bm
b2

ct2

R
mt dt

=
c[= AD]

↵AB
where ↵ =

1

mt2

Z
mt dt

Lastly, from lemma III, he deduced that

t

p
<

m

n
! np dp <

mp2 dp

t
entire 4ABF
========)

Z
mtdt <

mt2

3

Bernoulli thus found the ratio and the corresponding coefficient ↵ as:

Fp

Fb
=

AD

↵AB
↵ <

1

3

At the end of Med.CCLXXX, he stated that (Figure 2.25):104 “this agrees with Mariotte’s
experiment in part 5 of section 2 of his book Du Mouvement des Eaux.”105 He added that,
if the curve of tension-compression is a straight line – linear elasticity – then ↵ = 1

3 which
agrees with Leibniz’s result (Eq.2.2).106 Next, Bernoulli revisited the Elastica problem and
tried to solve it anew considering the deflection of all fibers.

Restudy of the Elastica problem

This time, instead of determining the profile of the fiber on the center-line of the beam,
Bernoulli considered the elongation of all upper half fibers, and the compression of lower half
ones. He examined the profile of a rectangular elastic beam IKCN with width AB = IK = b
fixed at IK. The weight P = b2 hangs from its free end, N (Figure 2.26b). Med.CCLXXX
contains a more detailed diagram of the problem, which denotes that the beam is elongated
both on the fixed end Y T and also on V F (Figure 2.26a).107 Since his published analysis is

104See p.58.
105http://ark.dasch.swiss/ark:/72163/1/0801/1xwpNOl3SGi=JqNS8vQiwQ1.
106See p.59.
107http://ark.dasch.swiss/ark:/72163/1/0801/pwsaCXRvQ1ubYdpWwyB4EgQ.

96

http://ark.dasch.swiss/ark:/72163/1/0801/1xwpNOl3SGi=JqNS8vQiwQ1
http://ark.dasch.swiss/ark:/72163/1/0801/pwsaCXRvQ1ubYdpWwyB4EgQ


Chapter 2. Elasticity

(a) In Med.CCLXXX

(b) In the last memoir (Cramer, 1746, 990, TABXLI, N.102, Fig.5)

Figure 2.26.: Diagrams for the restudy of the Elastica
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more structured, I will describe it with the help of its diagram (Figure 2.26b). ME = MF = z
is the radius of curvature, and TN✓ is the curve of tension-compression. The coordinate sys-
tem is arranged so that x�axis is horizontal with positive values to the left, and the y�axis
is vertical with positive values to the bottom: AD = x and AX = y. Bernoulli described
the extension of the outer fiber by BF using the curve of tension NT : the stretching force
NR = m extends the thread by RT = t. Similarly, he expressed the compression by AG
using the curve of tension N✓: the compressing force N⇢ = µ contracts the fiber by ⇢✓ = ⌧ .

At this point, Bernoulli employed the lemma IV and assumed the weight P to extend the
piece of beam EBAH by 4ABF and simultaneously contract it by 4AFG. For this reason,
he considered two cantilevers: BAD with the fulcrum on A and CFG with the fulcrum on F .
Next, he treated extension as an independent variable and determined the total resistance on
the 4ABF as Eq.2.25. He allowed this absolute resistance to be equal to the bending moment
of the weight P , that is

bending moment = P ⇥ AD = b2 · x

Therefore, the relation between x and the tension will be:

x =
1

t2

Z
mtdt (2.27)

With the conclusion of lemma IV, Bernoulli related the compression of the lower fibers to the
tension of the upper ones: R

mtdt

t2
=

R
µ ⌧ d⌧

⌧ 2
(2.28)

He supposed the infinitely small element EB = AH = ds = const and f to be the given
length of a small element of the curve of tension-compression. With the help of the first lemma
and the geometry of the system, he found the radius of curvature:

z = HM =
b f

t+ ⌧

golden theorem:z= dxds
d2y

===============) b f d2y = (t+ ⌧)dx ds

Since ds =
p

dx2 + dy2, for the Elastica, he found a differential equation of the form

dy =
(
R
(t+ ⌧)dx) dxq

b2f 2 � (
R
(t+ ⌧)dx)2

(2.29)

In spite of his emphasis on the non-linearity of the stress-strain relation, he illustrated that a
linearly elastic bent beam would have the following profile:

dy =
x2 dxq

4a2b2f2

g.(g+h)2 � x4
where

4a2b2f 2

g.(g + h)2
= const (2.30)

Although Bernoulli employed a false lemma to solve the two problems, his results are not
wrong mathematically, because this incorrect physical hypothesis does not affect the mathe-
matical theory itself; its only effect is on the constant of the differential equation. Despite the
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Figure 2.27.: Diagrams of Med.CCLXXXII

limited calculus of the time, Bernoulli tackled a complex problem made even more difficult by
the non-linearly elastic condition. Bearing all this in mind, I believe the flaws in Bernoulli’s
analyses are insignificant. At this stage, Bernoulli seems to have been happy with his last
analysis. He proceeded to use the content of Med.CCLXXX in another note, which he must
also have written before submitting this last memoir for publication.

2.6. Application of the Elastica in a mechanical structure
Shortly after writing Med.CCLXXX, Jacob Bernoulli illustrated an application of the Elastica
in a mechanical structure given in Med.CCLXXXII108 (Figure 2.28).109 He aimed to find: “The
curvature of a conoid around which a small chain in a mechanism is wound in order to impart
a uniform movement on the gear wheels of a clock: deduced from §CCLXXX above.”110 With
the help of Med.CCLXXX, Bernoulli demonstrated that this unknown curve was an Elastica. In
this mechanical structure, XC is a spring at rest that has a negligible width (Figure 2.28). The

108http://ark.dasch.swiss/ark:/72163/1/0801/K=f_YS30QnSKkykdR5i45A6.
109Included in the Varia Posthuma (Bernoulli, 1744, Art.XXVIII).
110http://ark.dasch.swiss/ark:/72163/1/0801/1NtD0pZlRFSnXfUvD22Dbw1.
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Figure 2.28.: Mechanical structure of the clock in Fig.1 of Figure 2.27

weight bn attached to C bends XC to XB and the heavier weight bm bends it to XA. Spring
does not extend under the bending force of the weights; therefore, XA, XB, and XC have
approximately the same length, because “the thickness of the spring is small and therefore its
extension at the convex surface is barely detectable”. A chain of uniform thickness, ANGH ,
is attached to point A and wrapped around a conoid with center F . He assumed GH = AB,
i.e., as the spring relaxes from A to B, the chain moves from FH to FG, which yields

bending moment of the weight bn = FH ⇥ bn

bending moment of the weight bm = FG⇥ bm

By balancing the moments, Bernoulli determined:

FH

FG
=

m

n
(2.31)

With this equation, he reformulated the problem: since GH = AB, given the tensile force bn,
then find the curve ABC? To solve this problem, Bernoulli put the non-linearity condition
aside and considered a linearly elastic spring. Hence,

stretching force r = elongation t

compressing force ⇢ = compression ⌧

Then, Eq.2.28 of Med.CCLXXXII reduces to t = ⌧ . From Eq.2.26, he found:
R
b t dt

t2
= nx ! ⌧ = t =

3nx

b
(2.32)
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Substituting these values for compression and tension in the Eq.2.30, ABC is found to be an
Elastica with the differential equation

dy =
x2 dxp
b2f 2 � x4

The differential equation of its arc length will, then, be

ds =
b2f
3n dx

q
b2f
9n2 � x4

There are two additional points in this note: Bernoulli used the Fig.2111 to express the deflec-
tion of the spring and Fig.3112 for its geometric construction, where he used the Lemniscate
as the constructing curve of the Elastica ABC (Figure 2.27). Although this note was written
before the publication of Bernoulli’s last memoir, Bernoulli did not include this application of
the Elastica there. As Hofmann (1956, 96, remark 388) also confirms, this is a unique usage
of the Elastica in a real mechanical structure.

2.7. Elastica after Bernoulli
The history of elasticity after Bernoulli has been widely studied by many; such as Todhunter
(1893), Truesdell (1960), and more recently by Heyman (1999), Levien (2008), and Radelet
de Grave (2009). Fraser (1991) wonderfully presents Euler’s investigation of the Elastica. I
will only mention the parts of this history that are directly related to Bernoulli’s contributions
to the topic.

As I have briefly mentioned in Chapter 1,113 almost twenty years after Bernoulli, an anony-
mous114 author started the challenge for unifying the Catenaria and Elastica. This challenge
was left unattended for years. Meanwhile, in 1727, Euler wrote an article about the oscillation
of the elastic rings,115 in which he derived Jacob Bernoulli’s law of bending (Eq.2.15) from
Hooke’s law. Truesdell (1960, 143) suggests that Euler must not have understood the impor-
tance of his achievement, because he did not publish this article at the time. In fact, it was
published posthumously, sixty years after Euler’s death. However, Euler (1760) published the
derivation it included in another article on the same topic. There, he found the bending mo-
ment acting on the beam with elasticity coefficient E which later became known as Young’s
modulus.

M = �(
1

r
� 1

R
) � = E · 1

3
AD2 (2.33)

111http://ark.dasch.swiss/ark:/72163/1/0801/bn08aYNuQP2ceBGB1cUIoAx.
112http://ark.dasch.swiss/ark:/72163/1/0801/mB9PsrqiTIidZ3oDB5ox=Ag.
113See p.39.
114(Anonymous, 1724).
115De Oscillationibus annulorum elasticarum.
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Truesdell (1960, 146) suggests that the anonymous challenge must have attracted Daniel
Bernoulli and Euler’s attention after Euler left Basel in 1728, and they worked on it together
in a friendly competition. They prepared reciprocal contributions to this challenge, which were
subsequently published in February 1728 issue of the Commentarii Academiae Scientiarum
Imperialis Petropolitanae. Daniel Bernoulli (1728) considered an elastic band bent partially
under its own weight and partly through a suspended load. He found the moment of the
attached weight in the following form (Truesdell, 1960, 147):

M =
�

r
� = modulus of bending& r = radius of curvature

Since neither Jacob Bernoulli’s Eq.2.15 nor Euler’s Eq.2.33 were published at the time,
Daniel’s article became the first explicit definition of the fundamental law of the Elastica.
Next, he found the total moment to be a combination of the moment of the suspended weight
= Px and the moment of the weight of the band acting at its center of gravity. This moment
about s is = g�

R s

0 s dx, where � is the density of the band. Hence,

g�

Z s

0

s dx+ Px =
�

r
(2.34)

This equation is known today as the Euler-Bernoulli theory for the bending of a beam, record-
ing the achievements of Euler and both Daniel and Jacob Bernoulli (Truesdell, 1960, 147).
Daniel left the study of the curvature to Euler; he stated: “our most enlightened Euler has
solved this problem, proposed to him by me, in such a way that it would not be possible to
add anything.” Euler (1728) presented a unified treatment of several elastic curves and also
derived a differential equation that described the Elastica, Catenaria, Velaria, and Lintearia
(Debnath, 2010, p.321). Later, in 1738, Daniel Bernoulli, who was studying the difference
in the tone the elastic strings make when curved in different shapes, started a correspondence
with Euler about the vibration of the elastic strings. This correspondence also involved Jo-
hann Bernoulli to some extent and continued for years. At the time Euler was working on
his famous “Methodus inveniendi lineas curvas maximi minimive proprietate gaudentes, sive
solutio problematis isoperimetrici latissimo sensu accepti”, and was struggling to find the
maximum of the Elastica. On 5 May 1739, Euler wrote to Daniel that every naturally formed
curve, such as Catenaria, Velaria, and Lintearia, has maximum and minimum points; thus,
Elastica must also have exterma.116 However, its maximum was challenging to determine.
Euler asked Daniel Bernoulli about his new method117 for handling this kind of problem (Hug
et al., 2016, 316).118

Euler’s letter must have motivated Daniel Bernoulli to study the Elastica problem himself.
In his reply to Euler on 20 October 1742, he explicitly mentioned that he had analyzed his

116See how Jacob Bernoulli had found the minimum point of the Catenaria by solving an isoperimetric prob-
lem described in Section 1.3.

117He refers to Daniel’s method for the study of the swinging of the bodies which hang from elastic cords (Hug
et al., 2016, 318, footnote 14).

118See also Radelet de Grave (2009).
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uncle’s works on the Elastica and summarized Jacob’s findings.119 It is evident that Daniel did
not have access to the Meditationes, as he only outlined Jacob’s published analyses. This letter
was, indeed, written two years before the publication of Jacob Bernoulli’s Varia Posthuma.
Since Daniel was at the time back in Basel working at the same place as Nicolaus (I), he
could have learned about the Meditationes notes concerning Elastica from Nicolaus who had
edited some of them. However, this seems not to have been the case. This indicates that
neither Johann nor his children were trusted with the Meditationes. With the help of Jacob’s
published Elastica analyses, Daniel tried to solve the Elastica problem using the calculus of
variations. Heyman (1999, 60) suggests that Daniel Bernoulli seems to have been the first to
propose the “engineering” approach to the Elastica problem. In this letter, Daniel conjectured
that the minimum of the equation

Z
ds

R2
R = radius of the curvature (2.35)

must result in the Elastica where ds is an infinitely small element of the arc length. He
admitted that he had tried to find this minimum point himself, but his investigation had resulted
in a differential equation of the fourth order, which he could not reduce to a lower-order
one. Praising Euler’s skills in solving isoperimetric problems, Daniel invited Euler to try
his skills on minimizing Eq.2.35 (Hug et al., 2016, 522):120 “Since no one has perfected the
isoperimetric methods further than you, you should be able to solve this problem very easily:
quo requiritur ut

R
ds
R2 faciat minimum.” This invitation resulted in Euler’s major research on

elasticity which was published in 1744 as Additamentum I, De Curvis Elasticis to his book
Methodus inveniendi lineas curvas ..., a book on the calculus of variations. Following Daniel
Bernoulli’s suggestion, Euler immediately derived the fourth-order differential equation, and
then, with the utmost brilliance, integrated it three times to obtain

dy =
(a2 � c2 + x2)dxp

(c2 � x2)� (2a2 � c2 + x2)
(2.36)

If c = a, this is Jacob Bernoulli’s differential equation for the Elastica, Eq.1.3.121

Besides, Bernoulli’s gut string experiment, published in his last memoir, was replicated by
others after his death, for example by Jacopo Francesco Riccati (1676–1754). Truesdell (1960,
115) notes that on 29 June 1721 Riccati reported his observations on Jacob’s experiments in a
letter to Nicolaus (I) Bernoulli, where he wrote:

I have repeated the experiment various times on strings of different material; often
I have found true what that famous author [Jacob Bernoulli] says, but often exper-
iment showed me just the opposite ... But when further equal weights were added
until the string broke, the extensions which went on increasing up to a certain
point then began to decrease again in inverse order

Truesdell states that this is the experimental discovery that some materials stiffen, others soften
before rupture; hence, Jacob Bernoulli’s experiment had led to another discovery.

119N. 59, D. Bernoulli an L. Euler, 20. Oktober 1742 (Hug et al., 2016, 516-532).
120N. 59, D. Bernoulli an L. Euler, 20. Oktober 1742 (Hug et al., 2016, 516-532).
121Fraser (1991, 217-219) nicely summarizes Euler’s method.
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Conclusion
This chapter has studied Jacob Bernoulli’s contributions to the rational mechanics of the elas-
tic bodies, which constitute the majority of his works on mechanics. This study has attempted
to reveal how Bernoulli’s ideas on this topic were formed and advanced over time through a
detailed study of Bernoulli’s publications, correspondence, and private notes. The study of the
latter exposed the source of most of Bernoulli’s ideas and the slow but consistent process of
developing theories of elasticity.

It has been shown that the discovery of the Elastica was a complicated and lengthy process.
Bernoulli needed to refine his analysis several times to correct the flaws in the physics of the
studied structures. Despite his faulty assumptions, every time he had come to a correct math-
ematical result. The reason is that none of these flaws affected the theory itself, but rather the
application of the theoretical results in practice. In the existing history of the Elastica, some
of Bernoulli’s analyses have been left out as fallacious. This study has tried to establish that,
in the study of the history of scientific discoveries, mistakes should not be simply dismissed.
In fact, understanding the source of errors can be helpful in shaping our perception of the sci-
entific practice of the time.

What has not yet been fully revealed is Bernoulli’s initial calculation of the differential
equation of the Elastica. It has been shown that, without indicating the process of this dis-
covery, Bernoulli first inscribed the differential equation on top of Med.CLXX. It will be of
utmost interest to find the manuscript containing the original analysis. Since Bernoulli’s dis-
ciples were the first with access to his legacy, perhaps this document or a trace of it can be
found in their heritage.

This study has also shown how a conversation with a craftsman led Bernoulli to study elas-
ticity for eighteen years. This dialogue is not only pivotal in the formation of Bernoulli’s ideas;
it also depicts a unique interaction between Bernoulli as a natural philosopher and an artisan.
Bernoulli’s trust in the artisan’s ability to understand and contribute to the theoretical concepts
is remarkable because it contrasts with the existing studies that illustrate the invisibility of the
craftsmen in the advance of scientific theories. There is certainly room for further research on
the nature of Bernoulli’s other interactions with artisans and the influence of these communi-
cations on Bernoulli’s other works.

It has also been shown that Bernoulli approached the study of elasticity as an applied physi-
cist by conducting experiments and concluded his investigation by instructing readers on how
to devise experiments. He employed the experimental results in his theoretical analysis, and
then illustrated an application of the theoretical result in practice, for example by using the
Elastica in the improvement of the mechanical structure of a clock. Therefore, the importance
of the experiment-based knowledge and applicability of theories for him becomes apparent.
Additionally, it has been shown that he could not always correctly interpret his observations
due to principles that were unknown at the time, such as plasticity and the buckling effect.
This misinterpretation created a long-lasting doubt in physical theories, such as linear elastic-
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ity, which made the analysis of problems ever more difficult for him. Nonetheless, Bernoulli
insisted on the truth of his observations. This also outlines the significance of the experimental
results for him. It would be interesting to see how Bernoulli conducted and interpreted other
experiments. In working toward this aim, studying his Collegium experimentale would be a
great starting point.
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Neutral Axis

Figure 3.1.: Codex Madrid, vol.I, fol.84v

In the first volume of Codex Madrid, Leonardo Da Vinci anticipated Hooke’s theory of bend-
ing by a century; compare Leonardo’s sketch (Figure 3.1) with Hooke’s (Figure 2.18). Leonardo
went one step further than Hooke1 by describing the neutral axis principle; he depicted it in
his sketch with the line co. In a paragraph written underneath his drawing, Leonardo described
the qualità di curvita as follows:

By bending a straight elastic beam, it should get longer on the convex side and
shorter on the concave side. This change takes the shape of a triangle which shows
that the middle line of the elastic beam never changes. Take the part �a � b� in
middle of the length and bend the beam so that the parallels �a� and �b� will
touch on the bottom, then you will find that the distance on top gets so much
bigger as it gets shorter on the bottom. Therefore, the center of its height has
become much like a balance for the sides. And the ends of those lines draw as
close at the bottom as much as they draw away at the top. From this, you will
understand why the center of the height of the parallels, �c � o� of the bent
spring, neither increases as in �a� b� nor diminishes.2

In this passage, Leonardo correctly identifies the stress and strain distribution across a section
in bending: by bending an elastic beam, its convex side extends, and concave side compresses.
He also introduces the neutral axis as a line, �c� o�, in the middle of the beam that does not
extend or shorten under the bending force. Since this notebook was lost until 1965, at the time
of writing their books, Truesdell (1960) and Timoshenko (1952) were not aware of Leonardo’s
description of the neutral axis. Other historians of mechanics who have published their works

1See p.85.
2My translation of the German transcription that was available as an online digital edition.
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after 1965, such as Benvenuto (1991b), have not mentioned it either. I believe it is due to the
limited access to these manuscripts in the late 20th century.

At the time of the current study in late 2017, there was a digital edition of both volumes
of the Codex Madrid available online provided by the University of Aachen. This edition in-
cluded helpful commentaries, transcriptions, and translations that I have used for this research.
After publishing a book based on this edition, due to an agreement with the publisher, the ed-
itors have decided to reduce access to the online edition to prevent any competition to the
book. Hence, fol.84v containing the mentioned passage is not available online any longer. I
will return to this statement and the problems that this kind of decision creates for researchers
in the next part of my thesis, where I will discuss the sustainability of digital editions.3

After Leonardo, there seems to be no sign of the neutral axis principle in the works of the
sixteenth- and seventeen-century natural philosophers, except for Jacob Bernoulli. In Chapter
2, I have mentioned how Bernoulli corrected his Elastica solution in 1695 employing the neu-
tral axis.4 In this chapter, by studying the notes in the Meditationes, I will answer questions
such as: how did Jacob Bernoulli locate the neutral axis precisely in the center-line of the elas-
tic beam, and what was his exact perception of this principle? I will also discuss why Bernoulli
doubted his primary method for locating the neutral axis, and his alternative approach.

3.1. Locating the neutral axis: the initial approach
In Med.CCL,5 Bernoulli gave a detailed explanation of how he found the neutral axis of the
elastic band used in the correction of the Elastica solution,6 as indicated in the title of this
note:

The curvature of an elastic band when it is supposed that the outer surface is extended, while
the inner surface is contracted. See Acta Leipzig 1695, p.539.7

The title shows that Bernoulli wrote this entry after the publication of the Explicationes article
in December 1695, most probably in early 1696. The beam, fixed at one end, bends under
the pressure of the load ab suspended from the free end A (Figure 3.2). He considered that
the bending force elongates the element HV = ds of the convex side of the curve by V F .
It simultaneously shortens the element on the concave side, IX = ds by GX . Point M is
the center of the osculating circle; hence, MF = MH are the radii of curvature. To find the
shape of the elastic band, firstly, “The point is to be found, or S, lies on the line V SX with the
property that as much force [i.e. momentum] is available for extending the part of the band

3Although the Spanish national library has digitized the Codex Madrid http://leonardo.bne.es/
index.html, it is not easy to read for non-Italian speakers unfamiliar with Leonardo’s handwriting.

4See Section 2.4.
5http://ark.dasch.swiss/ark:/72163/1/0801/EID_mh16RrWgcyl7oITGLAc.
6See p.86.
7Reference to the Explicationes article.
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Figure 3.2.: Diagram of Med.CCL

HS through 4V SF as for compressing the other part through 4SGX .”

In this hypothesis, half of the bending moment is used for extending the upper fibers and the
other half for compressing the lower ones. AL is the curve of tension: its ordinate BD = p
depicts the elongation = V F proportional to the stretching force represented by abscissa
AD = t. Similarly, Al is the curve of compression: the compressing force represented by
abscissa AE = r shortens the fiber on the concave side by IX represented on Al by the
ordinate CE = q. Furthermore, LAl is not a straight line, which indicates that Bernoulli
assumed a non-linear elastic case. He thus attempted to find the neutral axis of a nonlinearly
elastic bent beam; a problem that has recently been solved. Destrade et al. (2009) give a
detailed analysis of the difference in tension and compression in a non-linearly elastic bent
beam and study its neutral axis. This problem was still unsolved in Truesdell’s time; he wrote
(Truesdell, 1960, 101): “No other problem we shall discuss in this history is as difficult as this
one, which remains today unpublished.” Bernoulli stated that if the thickness of the band is
HI = a, the elongation will be V F = p ds

a and the compression GX = q ds
a . Then,

V S =
ap

p+ q
SX =

aq

p+ g

As Truesdell (1960, 101) affirmed, Bernoulli incorrectly assumed that the stretched and short-
ened fibers contribute equal shares to the bending. Therefore, he found the total moment
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exerted by the stretched fibers, Ms, to be:

Ms =
a2

(p+ q)2

Z
t p dp (3.1)

and the moment of the compressed fibers, Mc, to be:

Mc =
a2

(p+ q)2

Z
r q dq (3.2)

By assuming Ms = Mc, Bernoulli concluded that the elongation p through t is equal to the
compression q through r, i.e.

SX = SV

This fixes S, a point of the Elastica, on the center-line of the band. Thus despite making an
incorrect assumption, Bernoulli reached the correct conclusion which Truesdell (1960, 99)
believed might be the reason historians have attributed these results to later authors. He also
highlighted that Bernoulli employed two correct principles in both the Med.CCL and in the
Explicationes article:

• The lever arm of the applied weight, at each cross-section of the beam, is its distance
from the neutral axis, and the fulcrum is placed on the neutral axis.

• If the fibers of the band respond symmetrically to push and pull, the neutral axis is the
central line of the band.

Thus under the wrong assumption, Bernoulli found the correct location of the neutral axis on
a linearly elastic beam which also corrected his Elastica solution. Nonetheless, he suspected
the utility of determining the neutral axis only with the help of two outer fibers of the band.
He mentioned this in his last Elastica treatise,8 and in the later Meditationes notes, where he
attempted to develop another method for locating the neutral axis.

3.2. Locating the center of tensions: a new approach
For a modern reader, Bernoulli’s definition of the center of tensions can be confusing; there-
fore, I will explain this concept before diving into Bernoulli’s analysis. In all his works,
Bernoulli assumed the compression to be the negative of tension. Moreover, as shown in his
last Elastica memoir, when he started considering the deflection of all fibers, he modeled the
compressions in terms of elongations.9 I will explain Bernoulli’s assertions with the following
example (Figure 3.3): a hanging load bends the band LCTN , the fiber LC elongates by CH
while NT shortens by TF ; according to Bernoulli, TF = �CH . In this mathematical model
of the bent beam, the deflection can be interpreted as if LB is elongated by BH and NF

8See p.92.
9See p.95
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Figure 3.3.: E is center of tensions

(a) stretching force-elongation curve (b) time-velocity curve

Figure 3.4.: Diagrams of Med.CCLI

by FT . In this way, this mathematical model only illustrates tensions. Now considering the
deflection of all fibers of the beam under the stretching force, the fibers above DE undergo
greater elongation than the ones below it. Bernoulli’s new approach to locate the neutral axis
of the band was based on determining the speed of the taut fibers in retracting to their initial
state after the stretching force is released. He studied the retraction speeds in two cases: in
the first, the stretching force is suddenly removed, and in the second the stretching force is
slowly reduced. The fiber whose points have a constant retraction speed in both cases would
be the neutral axis; its point on the cross-section of the band, where the load hangs, E, is the
center of tensions. Having this simplification in mind, we can now look at Bernoulli’s analysis.

Med.CCLI,10 as its title states, answers the following question:11

The question: whether an elongated elastic band, when the stretching force is suddenly
removed, retracts to straightness simultaneously in all its parts, or in some parts more

10http://ark.dasch.swiss/ark:/72163/1/0801/eY_ZtL2bQDOZqrjZ7Ne9zQT.
11This note is included in the Varia Posthuma in a slightly extended form (Bernoulli, 1744, 1030-1032,

Art.IX).
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rapidly, in others more slowly?

Bernoulli’s first solution to this problem is rather complex. Later, at the end of Med.CCLXXII,
he added a supplement to this note containing a second, or as he called it a neater solution.
Truesdell (1960) unsuccessfully attempted to follow Bernoulli’s first demonstration using the
reprint of the note in the Varia Posthuma. He did not give further considerations to it, and
admitted that “while Nicholas I Bernoulli, the editor, seems to follow the argument, I cannot.”
I believe that patiently following Bernoulli’s two solutions opens the door to understanding
them.

In his first demonstration, Bernoulli regarded the beam as a set of parallel and non-coupled
fibers, which extend by different amounts under stretching force. He also assumed the elon-
gations as an arbitrary function of the stretching forces. He drew the curve of tension with
the axis AH representing the elongation, and the axis AB representing the stretching force
(Figure 3.4a). BC and DE are the elongations under the stretching forces AB and AD, then
AEC will be the curve of tension. Next, he drew a time-velocity curve (Figure 3.4b) where
MN is the time-axis with positive values below M and NO the velocity-axis. MN would,
then, be the time it takes for the elongation BC to be wholly absorbed and its initial velocity
would be NO. Similarly, MP would be the time it takes for BC to diminish to DE, where
it would have the velocity PQ. Bernoulli assumed an infinitely small change in the velocity
TQ = dv during the time RP = dt, and lets AD be the residual stretching force when BC
shortens to DE. With a lengthy calculation, he found the velocity in terms of the residual
force and displacement as:

velocity =

sZ
(�2 · residual force) displacement (3.3)

He concluded that:

Thence it follows that an arc will retract more rapidly in those parts that mani-
fest greater curvature, since it is actually certain by experience that the tensions
increase in a lesser ratio than the forces. Perhaps that trembling movement at the
end of a retracting spring is also caused by this.

His second demonstration of the same theory is, indeed, neater and easier to follow.12 Bernoulli
combined the velocity-displacement and displacement-force curves into one, where the two
curves share the axis of displacement BC (Figure 3.5).13 After releasing the stretching force,
the fiber BC compresses to DE = MB, attaining the velocity MX = v. He let CM =
x&NM = dx, then the time it takes for NM to vanish would be dt = dx

v . Bernoulli assumed
RT to be an infinitely small elongation, which disappears in an infinitely short time [dt0] = dx

vc
.

12http://ark.dasch.swiss/ark:/72163/1/0801/OsjRUbnsQoqLtAurVDpEJwi.
13For ease of understanding this analysis, I have replaced some of Bernoulli’s parameters. Instead of t for

stretching force, f 0 is used. Instead of y for velocity, v is used, and constant velocity is denoted by vc instead of
a.
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Figure 3.5.: Diagram of the supplement of Med.CCLI

By means of the differential triangles 4SQX &4SRT , he geometrically found that:14

dt0

dt
=

dx
v
dx
vc

=
QS[= dv]

RS
! RS = dv0 =

v dv

vc

He concluded that the increase of speed is proportional to the residual stretching force AD =
f 0.15 Since each fiber has negligible weight, he let:

f 0 =
dv0

dt0
) v dv

vc
= f 0 · dx

vc

1

2
v2 =

Z
f 0 dx ! v =

sZ
2 f 0 dx

The velocity, v, is the same as Eq.3.3. The time it takes for the elongation NM to be absorbed
is:

SX = dt =
dx

v
=

dxqR
2f 0 dx

=
NMqR
2 f 0 dx

Primarily, Bernoulli assumed an arbitrary relation between stress and strain. Next, he as-
serted that when elongation is linearly proportional to the stretching force, the curve AEC

14The original, according to Bernoulli’s notion, is as follows:

dx

y
.
dx

a
:: NM vel QX . RT :: QS . RS :: dy . RS =

y dy

a

15Newton’s second law of motion F = m · acceleration.
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(a) Fibers attached to a hinge (b) Curve of tension

Figure 3.6.: Diagrams of Med.CCLXXIII

turns to a straight line. Consequently, the velocity-displacement curve CXP will be a quarter
of a circle with center B. After releasing the stretching force, the fiber BC restores itself to
BM in a period of time represented by CX . He let AB = BC = a, then

f 0 = AD = DE = BM = BC � CM = a� x

The time it takes for NM to be absorbed is then

SX =
dxqR
2f 0 dx

=
dxp

2ax� x2

Hence, the entire CM retracts in time = CX . Bernoulli concluded that BC, the fiber with
the greatest extension, would return to its initial state twice as fast as DE, the fiber with the
smallest elongation. If we apply this conclusion to the model in Figure 3.3, BH = 2FT .
Therefore, if the stretching force is suddenly removed, in time t, point H traverses double the
distance traveled by T ; thus the retraction speed of the fiber LBH to reach the initial state LB
would be double the speed of NFT in retracting to NF . This result would locate DE right in
the center-line of the band LCTN . Next, Bernoulli used this relation between elongation and
retraction speed in Med.CCLXXIII,16 as its title states,17 for

Inventio Centri Tensiones

In my opinion, Med.CCLXXIII18 deserves more attention than it has previously been given
by Truesdell (1960, 102, remark 1), who dismissed all Bernoulli’s analysis as obscure. Con-
trary to Truesdell’s assertion, in this note, Bernoulli clearly stated what he understood by the

16http://ark.dasch.swiss/ark:/72163/1/0801/0MnSqW=mSUSrUCNFhKtKWwa.
17http://ark.dasch.swiss/ark:/72163/1/0801/GyMnA7IpTwKP2q4QVUaZHA9.
18This note is included in the Varia Posthuma (Bernoulli, 1744, Art.XXVI).
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term center of tensions. He attempted to find its coordinates when the fibers are non-linearly
elastic; furthermore, he noted how the curvatures of the fibers of a taut beam are interdepen-
dent. He considered a set of decoupled parallel fibers, but here the fibers are equidistantly
connected to a rigid rod GH , which can rotate around G (Figure 3.6a). Even though Bernoulli
did not mention it explicitly, the fibers are fixed at the bottom. When the rod is pulled by
6 BGH , the fiber LB is stretched by HB, DM by DI , and NF by FK. Bernoulli described
that when the stretching force is released, the fibers retract to their initial state with increasing
velocity due to the ongoing effect of the retracting power.

Bernoulli, then, supposed two cases: either the rod is completely removed, and fibers are set
free, or it is slowly brought back to its initial position. In the first case, the retracting velocity
of fibers will be as described in the Med.CCLI– in other words, the bigger the curvature, the
higher the speed. When the fibers are set free, the three threads will simultaneously reach the
points S, Q, and R. In the second case, the fibers cannot freely retract, as they are still attached
to the rod. By slowly bringing the rod back to its initial state, i.e. by gradually closing the
6 BGH , the three fibers simultaneously reach the points P, Q, and V . Bernoulli explained that
in this case, the residual compressing force on PS, accumulated due to its higher retraction
speed, will be transferred to RV to balance the forces. He stated that

a certain intermediate rope such as DE, for which nothing is either being taken
away or added, will reach Q at the same moment irrespective of whether it be
drawn back separately or in connection with the others. The point of attachment
E of that rope DE is what I call the center of tensions.

Other points on the neutral axis can be found in the same way. Additionally, Bernoulli found
the location of the E with respect to the elongation of other fibers and their stretching forces.
He assumed AEC to be the curve of tension– in other words, the elongations BC = x, DE =
p are proportional to the stretching forces AB = y, AD = q, respectively. Bernoulli assumed
nonlinear elasticity by considering AEC to be parabolic, i.e. y = xm & q = pm; then

p = x m�1

r
3

m+ 2
! x

p
=

BC

DE
=

GC

GE
=

1

m�1

r
3

m+ 2

GE = m�1

r
3

m+ 2
m=2
==) GE =

3

4

Bernoulli claimed that one can find the coordinates of the center of tensions point with any
parabolic curve of tension, i.e. for any m > 1. He added that it is impossible to find the
center of tensions points in this way if AEC is non-parabolic. Even though with a linear
stress-strain relation of m = 1 this approach yields no result, Bernoulli does not seem to be
concerned. His initial suspicion about the linearity of the elasticity resulting from the gut
string experiment19 seems to have increased over time. He appears to have become confident
that tension cannot be linearly proportional to the stretching force; thus, in his final works, he

19See p.61.
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insisted on the non-linearity of the elasticity. He either only briefly mentioned the linear case,
or completely dismissed it as impossible.20 At the end of this note, Bernoulli assumed the
fibers to be attached to a non-rigid beam, which takes a parabolic shape under the stretching
force, t = xn. He then found the center of tensions point to be at

p = x m�1

r
n+ 3

m+ n+ 2

Although this analysis is very skillful, it has two important flaws: it is not valid for the linear
elasticity case, and (more importantly) his interpretation of compression as tension is phys-
ically not correct. As shown earlier, Bernoulli repeated the same fallacious assumptions in
Med.CCLXXX and in his last Elastica memoir.21 Although at the beginning of this article
Bernoulli (1705, 176) promised to publish his findings on the center of tensions in due time,
this article turned out to be his last publication.

3.3. After Bernoulli
Similar to Jacob Bernoulli’s center of tensions, in 1704, Parent (1666–1716) introduced the
center of compressions and undertook to determine the ratio Fp

Fb
of Galileo’s cantilever prob-

lem through this point. The momentum of forces acting on the cross-section of a prism had to
be taken with respect to the center of compressions. At the same time, Parent supposed tacitly
that all fibers are subject to equal tension when the beam breaks (Truesdell, 1960, 110-112).
Later, Euler (1760) published the second derivation of Bernoulli’s law– the bending moment
is inversely proportional to the radius of curvature (Eq.2.15)– from Hooke’s law. Truesdell
(1960, 388) noted that in this article (and in later ones) Euler also placed the neutral axis on
the lower fiber of the bent elastic beam. Johann III Bernoulli (1766), in complete ignorance
of all of Jacob Bernoulli’s publications, tackled Galileo’s problem by carelessly placing the
neutral axis on the bottom fiber of the beam. He neglected the curvature and took into ac-
count the tension varying linearly over the cross-section and assumed the rupture to happen
as a result of maximum tension. Although he attempted to find Galileo’s ratio Fp

Fb
, he left it

incomplete (Truesdell, 1960, 388-389). Therefore, those immediately after Jacob Bernoulli
could not develop the neutral axis principle any further, and Jacob Bernoulli’s Med.CCL and
Explicationes remained the closest approximation of the location of the neutral axis at the
time. Timoshenko (1952, 74) cited Navier’s Book of on the Strength of Materials printed in
1826 as the first work containing a correct treatment of the neutral axis. Assuming that the
cross-sections remain intact during bending, Navier (1785-1836) asserted that the neutral axis
passes through the centroid of the cross-section.

20As he explicitly mentioned in the Med.CCLXXX and his last article; see Section 2.5.
21See Lemma IV in Section.2.5.

115



Chapter 3. Neutral Axis

Conclusion
In this study, Leonardo Da Vinci’s description of the neutral axis principle is disclosed for
the first time. Since the notebook containing this description, the Codex Madrid, was found
in 1965, it has not been adequately studied by historians of mechanics. Da Vinci’s notebook
contains many more passages regarding elasticity, which should be examined carefully. Jacob
Bernoulli’s initial method of locating the neutral fiber using the law of the lever and his doubts
about it are described. This study also offers an explanation of Bernoulli’s center of tensions
and the method of finding the neutral axis with the help of this concept. The flaws of this
approach are also outlined. In this chapter, I have focused on Bernoulli’s study of elasticity
and center of tensions in static systems. There are other notes in the Meditationes concerning
these topics in dynamics that are left to future research.22 Currently, there is no study of the
history of the principle of neutral axis available, which would be of utmost interest. Specifi-
cally, Parent’s works on the center of compressions in 1704 must be studied and compared to
Bernoulli’s center of tensions.

22In connection with Bernoulli’s works on the center of oscillations, motion, and collision.
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Chapter 4.

The Parallelogram of Forces
The theory of decomposition of forces and the parallelogram rule appear in all of Bernoulli’s
works on statics. Although he implicitly used them in all of his publications regarding me-
chanics, he only wrote one paper specifically about this topic. Bernoulli recorded his compre-
hensive research on decomposition of forces in a very structured format along with multiple
demonstrations of his theories as a series of entries in the Meditationes. These entries con-
stitute the majority of Bernoulli’s works on statics; however, only two of them were included
in the Varia Posthuma. Thus, Bernoulli’s article and the notes in the Meditationes concerning
this topic have not been investigated prior to the current study.

In this chapter, I will first study Bernoulli’s earliest work on the inclined plane theory, which
highlights that he was strongly familiar with the works of Galileo, Torricelli (1608–1647),
Stevin (1548–1620), and Hérigone (1580–1643) on the theory of decomposition of motion on
an inclined plane and its underlying virtual velocity principle. I will describe how the Jesuit
Vanni criticized this theory, and how Leibniz attempted to refute Vanni’s arguments anony-
mously with a fallacious remark. Subsequently, this anonymous review attracted Bernoulli’s
attention, who defended the Galilean-Torricellian principle against Vanni’s criticism and cor-
rected Leibniz’s statement.

Next, I will describe how Bernoulli applied the theory of decomposition of forces on an
inclined plane to the weighted rope system. In this way, he linked the two sets of systems, the
one with an inclined plane and the other with a weighted rope, and proved Varignon’s theorem
of decomposition of forces on loaded threads.

Like Huygens and Newton, who studied the loaded strings in their private notes, Bernoulli
devoted fifteen entries in the Meditationes to an extensive study of this kind of system. I
will describe his two main achievements: the generalizations of Stevin and Pardies’ theorems
concerning the loaded strings. These analyses led Bernoulli to develop a generic method for
determining the equilibrium axis of weighted ropes, which he called the line of mean direction.

Furthermore, I will illustrate that Bernoulli had already implicitly used the line of mean
direction in his previous studies of the Velaria, Lintearia, and Elastica. However, his primary
assumption regarding this line was not entirely correct. I will explain what Bernoulli’s mistake
was and how he corrected it.
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(a) Leonardo’s inclined plane (Hutching,
2016, 21)

(b) Stevin’s inclined plane (Stevin, 1586,
41)

Figure 4.1.: Early formulations of motion on an inclined plane

Additionally, I will analyze Bernoulli’s study of strings subject to mobile loads and the re-
quirements to bring such a system to equilibrium. I will suggest that Pardies’ analysis of this
problem might have inspired him to tackle it. Similarities between Bernoulli’s analysis and
works of those contemporary to him, such as Newton, will be described. I will also note that,
centuries before Bernoulli, Leonardo Da Vinci had studied the same problem and obtained the
same result.

Lastly, I will demonstrate two cases using all the results of his investigation of loaded strings
in finding the equilibrium axis of the weighted elastic and inelastic threads. For these systems,
Bernoulli also calculated the force acting along the equilibrium axis, which he called the force
of impact.

4.1. Inclined plane
Capecchi (2012a, 1887) recognizes Leonardo Da Vinci as one of the first to formulate the
law of composition of forces, and sees it as Da Vinci’s most important contribution to statics.
Although Da Vinci left most of his statements without proof, he presented one for this specific
rule (Capecchi, 2012a, 1891). Hutching (2016, 20) displays one of Leonardo’s sketches as
one of the earliest attempts to grapple with the problem of a mass on an inclined plane (Figure
4.1a).1 No description accompanies this sketch, but it depicts circular bodies on horizontal,
vertical, and inclined planes with angles of 30� and 60�. Through a later diagram, Hutching

1Forster III 81 r, c. 1493-4.
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(a) Hérigone’s inclined plane (Hérigone,
1634, 300)

(b) Hérigone’s demonstration of Stevin’s
Clootcrans-proof (Hérigone, 1634, 305)

Figure 4.2.: Hérigone’s demonstration of the inclined plane law

interprets the given numbers as the force needed to pull the weight along each plane.

Simon Stevin’s study of the inclined plane is well-known in statics. He placed a string of
beads on a triangle ABC, with two beads hanging on the side, and four beads on the inclined
plane (Figure 4.1b), so that “as the line is to the line, the number of globes is to the number
of globes. ... the whole should rotate freely and without friction on the said sides AB, BC.”
In his Clootcrans-proof,2 Stevin (1586, 40-42, Proposition 19) proved the equilibrium of the
entire system by reduction to absurdity. Capecchi (2012a, 1895) summarizes Stevin’s proof
as: “since the relative configuration of the necklace cannot change, if it is not equilibrated
in one configuration it is not equilibrated in any other configuration. Thus perpetual motion
would occur, which is absurd. Thus, the necklace is in equilibrium.”3 As can be seen, Stevin’s
reasoning does not rely on any prior knowledge; therefore, it can also be understood by the
unlearned. This clarity was one of his main intentions in his scientific writings (Dijksterhuis,
1961, 325). Baron Clément Cyriaque de Mangin, known by his pseudonym, Pierre Hérigone,
used the law of virtual work in his demonstration of the law of inclined planes (Hérigone,
1634, 300-301, Propos.VIII). Capecchi (2012b, 159) summarizes Hérigone’s use of the law of
virtual work as a principle of general validity (Figure 4.2a):

For the same time the weight G descends from point C to point B, the weight D
rises from point A to point E and BC will consequently be the perpendicular of
weight G and EF that of weight D. But since D is to G, the perpendicular BC
to the perpendicular EF , the weights G and D are balanced.

Duham (2012, 211) believes that Hérigone made a great contribution to mechanics by expand-
ing the discoveries made by Stevin in physics. In fact, in another demonstration of Proposi-
tion.VIII, Hérigone reformulated Stevin’s Clootcrans-proof by replacing the string of beads
with a tube filled with water wrapped around the triangle BCAEB (Figure 4.2b). Hérigone
argued that

2Clootcrans means: a wreath of spheres.
3See also Dijksterhuis (1961, 326).
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(a) Galileo’s demonstration of equilibrium on
an inclined plane (Benvenuto, 1991b, 86)

(b) Galileo’s device for demonstration of mo-
tion on an inclined plane

Figure 4.3.: Galileo’s inclined planes

if the force of descent of water along one side of the triangle, AC, is greater than
along the other side, then the tube AC will always be filled with water and will
always have a greater force of descent of water in tube CB. Consequently, the
motion will be continuous, which is absurd!4

Benvenuto (1991b, 83-84) reports that, in a passage dated between 1593 and 1599 related
to his study of the principle of virtual velocities, Galileo gave a remarkable explanation of
equilibrium on an inclined plane (Figure 4.3a):

One must observe that although mobile E will have run over the whole line AC
at the same time as the other body F will have descended by an equal distance,
body E will not be distanced from the common center of heavy things farther
than perpendicular CB, just as body F , descending perpendicularly, will have
covered a distance equal to the whole line AC. And as heavy bodies do not resist
transversal movements, unless they are distanced from the center of the earth, and
as mobile E in the whole movement AC has not ascended higher than line CB,
but the other body F descended perpendicularly to the same extent as line AC,
we can thus legitimately say that the path [viaggio] of force E maintains the same
proportion as line AC to CB, that is weight E to weight F .

Later, in 1603, Galileo performed a classic experiment with the device in Figure 4.3b5 to
measure the distances covered by a ball rolling on an inclined plane, compared to its free fall.
He explained this experiment in the third day of his Discorsi. Galileo (1638) identified the
inclined plane as a device that can slow down the natural free fall of bodies without changing
the mathematical ratios of the quantities involved (Straulino, 2008). In 1634, three important
books about mechanics were published in France: Albert Girard’s (1595-1632) French trans-
lation of Stevin’s mechanical works, Mersenne’s translation of Galileo’s Le Mecaniche and

4Translation by Duham (2012, 211).
5This device is in the Museo Galileo in Florence.
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Figure 4.4.: Decomposition of forces in motion along an inclined plane

Hérigone’s Cursus mathematici tomus tertius (Capecchi, 2014, 225). Bernoulli must have had
access to these books since he cited Stevin and Hérigone at the beginning of Med.CXXIX,6
and, as I will show next, Bernoulli (1686b) defended the Galilean-Torricellian principle with-
out directly mentioning Galileo.7

4.1.1. The Galilean-Torricellian principle
Sparavigna (2015) details how Galileo’s pupil Torricelli completed Galileo’s theorems of mo-
tion on an inclined plane and formulated them as a principle in his De motu gravium natu-
raliter descentium et projectum. This principle states that if a load is on an inclined plane,
then (Figure 4.4):

The ratio of the total moment of the load to the component of the moment over an inclined
plane is as the length of the inclined plane to the vertical height of the plane.

Hence, the decomposition of the weight on an inclined plane is:

total moment
moment over the inclined plane

=
mg

mg sin(✓)
=

length of the inclined plane
vertical height

Attempt to refute the Galilean-Torricellian principle

In April 1684, Jesuit Giovanni Francesco Vanni (1638–1709)8 published a treatise, Specimen
libri de momentis gravium, in an attempt to refute the Galilean-Torricellian proposition. He
wrote: “Distinguished mathematicians: Galileo, Torricelli, and many others believe that this
proposition is true: Total motion to motion component over an inclined plane is as the length
of the inclined plane to perpendicular height. Yet, here I demonstrate the contradiction!”

To demonstrate his claim, Vanni, firstly, considered a globe with radius IK placed on a
horizontal plane so that the entire weight of the globe acts on its contact point to the plane, K

6See Section 4.2.1.
7See Section 4.1.2.
8https://data.cerl.org/thesaurus/cnp00434040.
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(a) A globe placed on a horizontal plane (b) A globe placed on two inclined planes

Figure 4.5.: Vanni’s diagrams for his demonstration (Vanni, 1684, 512)

along IK (Figure 4.5a). He explained that point K resists the pressing force with a reaction
equal to the total moment of the weight of the globe, i.e.

Resistance in K = RK = Mtot

Next, he placed the same globe on two unevenly inclined planes XC &ZC that form the
right-angled triangles 4XNC , 4CZO so that (Figure 4.5b)

XC = ZC XN = OC NC = OZ

He assumed that the globe touches the planes XC &ZC in points F &H respectively, and the
radii IH & IF of the globe are so that

IH k XC & IF k ZC

He asserted that, on each inclined plane, the globe exerts the same moment as if the plane
were horizontal. Then,

Resistance in H = RH = M��!
XC

Resistance in F = RF = M�!
ZC

Vanni concluded that the moments act simultaneously on each plane, thus RH = RF , i.e.
M��!

XC
= M�!

ZC
. The proof is by contradiction: in other words, he assumed the Galilean-

Torricellian hypothesis to be true for each inclined plane, then:

Mtot

M��!
XC

=
XC

XN

Mtot

M�!
ZC

=
ZC

OZ
ZC=XC &OZ=NC
===========) Mtot

M�!
ZC

=
XC

NC
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(a) Leibniz’s diagram (Vanni, 1684, 514)
(b) Bernoulli’s diagram (Cramer, 1746, 290,

TAB.VIII)

Figure 4.6.: Globe placed between inclined and vertical planes

With equal partial moments M�!
ZC

= M��!
XC

, this would result in NC = XN , which is a contra-
diction because 4XNC is right-angled. Vanni (1684) thus claimed that the partial moments
would be simultaneously bigger than the total moment.

On 17 September 1684, Mencke enclosed a copy of Vanni’s manuscript in a letter to Leib-
niz and asked him to review it. On 7 October 1684, Leibniz returned this essay together with
an anonymously formulated critique to Mencke, who published both in the November issue
of the AE (Heinekamp, 1978, 80, 22). Leibniz denied Vanni’s arguments with a contradictory
example, assuming one of the planes, AC, to be vertical (Figure 4.6a). In this case, following
Vanni’s line of arguments, the momentum exerted on the vertical AC would be equal to the
absolute momentum. The sum of the momenta exerted on both planes would then exceed the
absolute momentum of the globe, which is impossible. Leibniz’s remark, however, was not
exactly correct either, as he had (like Vanni) considered the momenta exerted on the planes
independently.

The entire discussion turned into a dispute when, as Heinekamp (1978, 80, footnote 22)
notes, Kocheński (1631–1700) also published a critique of Vanni’s treatise in the June issue of
the AE. Kochański did not correct Leibniz’s statement but refuted Vanni’s assumption: “The
globe on an inclined plane has two moments, one is exerted when the globe slopes down, the
other is the moment exerted by inclined plane pressing on the globe. The combination of the
two equals the absolute moment of the globe.”9 On 17 August 1685, Mencke asked Leibniz
if he should announce the continuation of this dispute by revealing Leibniz as the first anony-
mous author, but Leibniz preferred to remain unknown, explaining that: “Since Kochanski

9My translation from the German text by Heinekamp (1978, 80, footnote 22).
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is also a Jesuit, it is better that he debates with his colleague.”10 Completely independent
of the reviews presented in the German-speaking part of the world, others also objected to
Vanni’s assumption. For example, Vitale Giordani (1633–1711) proved the correctness of
the Galilean-Torricellian proposition in his De componendis gravium momentis dissertatio in
1687. Jacob Bernoulli objected to Vanni and corrected Leibniz’s incorrect statement in 1686.

4.1.2. Bernoulli’s review of Vanni’s essay
Jacob Bernoulli’s first published articles were reviews of the publications of others, includ-
ing the article he published in February 1686 to disprove Vanni’s contradiction to Galilean-
Torricellian proposition (Bernoulli, 1686b):

The proposition exhibited by the author [Vanni] is that the total momentum of a
load to the momentum it has over an inclined plane is not as the length of the
inclined plane to the vertical height. In the argument, a globe is placed over
two planes normal to them. The inclined planes reciprocally sustain the partial
momenta. These partial momenta ought to surpass the absolute momentum of the
load at the same time. What the author judges, is absurd!

In this article, Bernoulli approved the anonymous reviewer’s rejection that momenta on both
planes simultaneously can be greater than the absolute moment. He continued: “But I deny
what Sir attempted next, namely to illustrate the false assumption with an example of two
planes; inclined XC and vertical AC.” He explained that one cannot consider planes sepa-
rately because it is impossible for one plane to hold the globe on its own. To demonstrate this
and correct Leibniz’s remark, he assumed two radii of the globe, each oblique to one plane
and parallel to the other (Figure 4.6b). Along IH , the globe attempts to descend over XC
and simultaneously along XC over AC. Bernoulli, hence, clarified that the globe implies
momentum simultaneously along these radii on both planes. When it attempts to descend on
one plane, the other plane resists its motion. He contradicted Leibniz’s remark stating that
the momentum exerted on each plane, partial momentum, could “not be equal to the absolute
momentum, but is diminished!”

Bernoulli acknowledged the difficulty of examining the truth of the Galilean-Torricellian
proposition. He remarked that one could not only consider the acting weights and planes be-
cause the resistance of the planes, as well as the velocity of descending motion, must also be
considered. With the help of the concept of virtual displacement, Bernoulli demonstrated that
the planes could not sustain the globe individually. Firstly, he placed the globe on a horizon-
tal plane (Figure 4.7a) and raised the question: “How much force does the globe imply on a
plane?” He supposed that it would be “easy to determine as long as it is considered that the
globe descends!” He assumes a virtual displacement of the globe, i.e. that it descends from I
to L traversing the distance IL. Bernoulli concluded that to stop the globe from sinking there
should be resistance in K equal to the absolute weight of the globe.

10My translation from the German text by Heinekamp (1978, 80, footnote 22).
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(a) Globe on a horizontal plane
(b) Globe between inclined

planes

Figure 4.7.: Bernoulli’s sketches for virtual displacement of planes (Cramer, 1746, 290,
TAB.VIII)

Next, he placed the globe between two equally inclined planes XC &ZC (Figure 4.7b).
Again assuming a virtual displacement of the globe, he asserted that to descend from I to L
the globe should traverse the distance IL, hence IL = CP . As the globe presses on each of
the planes equal to half of its total weight, it transmits this force onto the planes XC &ZC
along its radii IF & IH respectively. These radii are the lines of direction of the forces that
the globe implies normal to the planes. When the globe descends to L, it will be between two
planes, QP &RP . Therefore, the plane XC should descend to QP , which means it should
traverse the distance CQ. If the globe crosses the distance IL in time t, then the velocity of
the globe Vg to the velocity of the plane XC, VXC would be:

Vg

VXC
=

CP

CQ

Bernoulli indicated that the globe resists the motion of the plane XC with a force equal to half
of its weight, 1

2Wtot. Meanwhile, the plane XC attempts to stop the movement of the globe
by a resistance equal to the momentum exerted on the plane XC. Therefore, Vg to VXC is as
the resistance of the plane XC is to the resistance of the globe:

Vg

VXC
=

momentum exerted on XC
1
2Wtot
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(a) Proposition XII (Hérigone, 1634,
313)

(b) The Corollary of Proposition XII
(Hérigone, 1634, 314)

Figure 4.8.: Hérigone’s study of loaded string

Therefore

momentum exerted on XC

Wtot
=

CP

2CQ
(4.1)

momentum exerted on ZC

Wtot
=

CP

2CR
(4.2)

Bernoulli ended his article by emphasizing that neither XC nor ZC could sustain the total
weight of the globe alone. Moreover, on an inclined plane, the absolute weight of the globe
divides into two weight components.

4.2. Study of a loaded string
The decomposition of forces on an inclined plane paved the road for the recognition that a
weight suspended by different ropes embodies the principle of composition of forces. Hérigone
(1634, 313-314, Propos.XII) studied a string that can slide over two pulleys, and is subject to
loads fixed at its extremities. The entire system comes to equilibrium by a third load hung
from the middle part of the string (Figure 4.8a).11 He measured the length of each part of the
rope with his special mathematical symbols.12 He assumed EF and EG parallel to the pieces
of the thread and found FB = 8, BG = 6&EB = 10. Later, I will show that Pardies studied
this problem in 1673, Newton in 1679, and Jacob Bernoulli in 1701.13 In the corollary to this
proposition, Hérigone (1634, 314) concluded that when the string is subject to equal loads,
the third load weighs the string down so that the suspension point makes the 6 FBG = 120�

(Figure 4.8b).

11Compare with Leonardo Da Vinci’s diagram in Codex Madrid, fol.77r (Figure 4.34).
12Hérigone introduced many new mathematical symbols; for details see Esteve (2008).
13See Section 4.3.5.

126



Chapter 4. The Parallelogram of Forces

Figure 4.9.: Huygens’ drawing for Stevin’s theorem

Simon Stevin’s study of a loaded string was the most prominent work leading to today’s
concept of statics (Benvenuto, 1991b, 4). Block et al. (2006, 14) report that, in 1586, Stevin
described the equilibrium graphically on a loaded string, which enabled the calculation of
forces in the strings. This work, however, was not known outside the Netherlands for a long
time because of its language. Stevin wanted to make it possible for everyone to be able to
follow scientific reasoning so that all the available forces might be mobilized in the service of
science. Thus, after publishing his work on arithmetic in French in 1585, he solely wrote in
vernacular Dutch. Later, his works were translated into French and Latin (Dijksterhuis, 1961,
325). In the Netherlands, Girard14 and Huygens were familiar with Stevin’s theories of statics.
In 1646, Huygens published a theorem which he attributed to Stevin (Truesdell, 1960, 45):

Stevin’s Theorem: When the weights G and H are equal (see Figure 4.9) the vertical
through the midpoint of a segment meets the two adjacent segments produced.

According to Benvenuto (1991b, 40), in 1687, both Newton and Varignon deduced the paral-
lelogram rule by studying the motion of a free mass under acting forces in different directions.
Varignon’s theorem is a completion of Stevin’s.

Varignon’s Theorem: If point A is pulled by two forces or powers E, F along
lines AC, AB, which make the angle CAB, the force E acting on AC, to the
force F acting on AB will be as AC is to AB. Then, due to these two forces, the
point A will traverse the diagonal AD of the parallelogram ABCD in the same
time the forces would have made the point A separately traverse AC, AB, which
are assumed to be proportional.

In other words, this theorem states that the moment of any force is equal to the algebraic sum

14Truesdell (1960, 24, footnote 2) suggests that Girard seemed to have access to Stevin’s unpublished
manuscripts in 1617.
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Figure 4.10.: The reference to earlier works in the title of Med.CXXIX

(a) Diagram of Med.CXXIX (b) Diagram of Med.CXXVIII

Figure 4.11.: Bernoulli’s sketches for the parallelogram law

of the moments of the components. In Med.CXXIX, Jacob Bernoulli proved this “mechanical
theorem”, which he attributed not only to Varignon but also to Stevin and Hérigone.

4.2.1. Demonstration of the Stevin-Varignon theorem
As can be seen from the title of Med.CXXIX,15 Bernoulli was well acquainted with the existing
works on the parallelogram law (Figure 4.10):16

Proof of a mechanical Theorem by Stevin, Hérigone and Varignon, viz. that a
weight suspended by two ropes is to either of the two forces upholding it, as the
sine of the angle between the ropes is to the sine of the angle between the line of
direction of the heavy body and the other rope.

15http://ark.dasch.swiss/ark:/72163/1/0801/PvkbZfokR_WYk01ldm5KZgV.
16http://ark.dasch.swiss/ark:/72163/1/0801/Y2zfIj3QTVaOMx4mSNtnqwq.
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Figure 4.12.: Reference to “Acta Lips: mens. Febr: 1686” in Med.CXXIX

Bernoulli must have written this entry after Varignon’s work was published in 1687 and before
1688.17 For this demonstration, Bernoulli considered that two forces f and g uphold the heavy
body a (Figure 4.11a).18 Under gravitational force, the body attempts to descend along

�!
ab,

which he called the line of direction. Bernoulli asserted that this motion was composed of two
other motions along �!ac and

�!
ad. During time t, under absolute momentum equal to its weight,

a would travel the distance ab in the same way as it would traverse ac under a specific force
component. Bernoulli confirmed that this force component was equal to force f , which resists
the motion along ac. Hence,

weight a
force f

=
ab

ac
(4.3)

In the previous note, Med.CXXVIII,19 for the parallelogram CADB, Bernoulli found that
(Figure 4.11b):20

diagonal[CD]

side of the parallelogram
=

sin( 6 ACB)

sin( 6 ACD)

Applying this on the parallelogram abcd results in (Figure 4.11a):

weight a
force f

=
ab

ac
=

sin( 6 acd)

sin( 6 cab)
=

sin( 6 gaf)

sin( 6 hag)
(4.4)

Similarly, one can find the same proportion for the force g. Eq.4.4 completes the demon-
stration of the Stevin-Varignon theorem. Next, referring to his article published in 1686,21

Bernoulli illustrated that his estimation of the momentum in that article was in line with
Varignon’s assertion. He also showed that if the body is on two equally inclined planes ab, bc,
the decomposition of its momentum is the same as if it were suspended by two ropes df, ed
(Figure 4.12).22 The globe gdh touches the inclined planes on the points g, h. When the globe
attempts to slide under the gravitational force, its motion is decomposed into two components

17This date is extrapolated with the help of the succeeding notes in the Meditationes.
18http://ark.dasch.swiss/ark:/72163/1/0801/tzwLy=QCQoGiJ9tOvayEZwb.
19http://ark.dasch.swiss/ark:/72163/1/0801/mSMGz8DaQLeHuH2qZcXASAo.
20http://ark.dasch.swiss/ark:/72163/1/0801/dzpNWqVNShKiV5XS7JGaxQV.
21See Section 4.1.2.
22http://ark.dasch.swiss/ark:/72163/1/0801/LqQpnOxQRhiogH1NGDpXqQs.
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along
�!
dg and

�!
dh. Hence, it exerts a momentum on the plane ab, which the plane resists with

an equal force, as if instead of the plane ab, force f were upholding the globe through a rope.
According to Bernoulli’s article (Eq.4.1):

Momentum exerted on the plane ab[= f ]

absolute momentum[= Wtot]
=

ad

2dg

Now, to show that this was in agreement with Varignon’s theorem, he needed to confirm that

ad

2dg
=

sin( 6 edl)

sin( 6 edf)

He drew hm perpendicular to gf and geometrically showed that 23

ad

dg
=

dg

di
=

gh

hm
! ad

2dg
=

ih

hm
=

sin( 6 idh)

sin( 6 hdm)

since 6 idh = 6 edL and 6 hdm = 6 edf :

Momentum exerted on the plane ab [= f ]

absolute momentum [= Wtot]
=

ad

2dg
=

sin( 6 edL)

sin( 6 edf)

Although Bernoulli’s article was published before Varignon’s theorem, he did not claim any
precedence; he just wrote: “so we are both in agreement.” As a matter of fact, not only did
their results agree, but their methods did too: both had employed the principle of virtual ve-
locity. This note also showed that the principle of the composition-decomposition forces on
inclined planes is the same as on a loaded string.

Bernoulli had used Stevin’s theorem in a generalized form in solving multiple problems
such as the Velaria and the Lintearia (see Sections 1.2 and 2.3). Like Huygens, who on 20
December 1688 began to pen a series of notes on the theory of loaded strings,24 Bernoulli also
set down a study of loaded strings in a structured way between 1694 and 1695. He described
his generalization of Stevin’s theorem in a series of notes in the Meditationes.

4.2.2. Generalization of Stevin’s theorem
Bernoulli must have written Med.CCXXIII-CCXXVII between June 1694 and December 169525

to present a thorough analysis of the string subject to various concentrated loading. In these
23Here Bernoulli refers to an earlier note, Med.CXXVII, that states this analysis as a theorem. See http:

//ark.dasch.swiss/ark:/72163/1/0801/eWpDHwiSR0aXkEQisCU8kA5.
24Huygens’ notes, however, were not published until 2002 (Huygens, 2002, 60-62).
25The notes Med.CCXXVIII-Med.CCXXX contain a mistake, which Bernoulli later corrected in an article

published in December 1695; see Section 4.3. Thus, Bernoulli must have written Med.CCXXX and all the
preceding entries before December 1695.
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(a) Bernoulli’s original sketch (b) Explanation

Figure 4.13.: Med.CCXXIII

notes, he considered a flexible string of uniform thickness suspended from two nails A and
E. He studied the forces necessary to uphold the hanging loads with the consecutive balance
of forces acting on the pieces of string. He assumed the strength of each piece, its tension or
firmitas, to be proportional to its length. In the hypothesis of each note, Bernoulli specified
the direction of the loads.

In Med.CCXXIII,26 suspended loads F, G, H pull the string along parallel directions IF, KG, LH
(Figure 4.13a).27 Bernoulli balanced the forces on two neighboring pieces of the weighted
string as:

Force at A
Force at C

=
strength of AB
strength of BC

=
AB

BC

Without any explanation, he noted that

strength of AB
strength of BC

=
sin( 6 CBI)

sin( 6 IBA)
(4.5)

Bernoulli obtained this result through Stevin’s theorem; in other words, the line BI passes
through the midpoint of AC, dividing it to two equal pieces x (Figure 4.13b). Hence,

sin( 6 IBA) =
x

AB
& sin( 6 CBI) =

x

BC
! AB

BC
=

sin( 6 CBI)

sin( 6 IBA)

Similarly, for the other pairs of string elements, he found:

strength of BC

strength of CD
=

sin( 6 DCK)

sin( 6 KCB)
(4.6)

strength of CD

strength of DE
=

sin( 6 EDL)

sin( 6 LDC)
(4.7)

26http://ark.dasch.swiss/ark:/72163/1/0801/5KiNg82rQBudLT8d8txxDQa.
27http://ark.dasch.swiss/ark:/72163/1/0801/jbnNb5khRcqulfTEGFcckwi.
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Figure 4.14.: Diagram of Med.CCXXIV

Figure 4.15.: Diagram of Med.CCXXVI

Since LD k KC k BI , then 6 LDC = 6 KCD and 6 KCB = 6 CBI . Therefore, as
Bernoulli stated, “by equating and transposing” one finds:

Force at A
Force at E

=
strength of AB
strength of DE

=
sin( 6 EDL)

sin( 6 IBA)

In the next note, Med.CCXXIV,28 Bernoulli assumed the loads to hang so that their lines of
direction IF, KG, LH bisect the respective angles ABC, BCD, CDE (Figure 4.14).29 In
this case, the sine of angles in each of the equations (Eq.4.5, 4.6, 4.7) will be the same. There-
fore, the upholding force at A will be equal to the one at E.

Next, in Med.CCXXV,30 Bernoulli stated that if one fixed the weighted string at an interme-
diate point C and then cut the CDE off, the remaining part would not be affected.31 Thus,
the force necessary at point A to uphold the entire string is the same as that needed to uphold
only the weight F . As long as the ratio sin( 6 CBI)

sin( 6 IBA)
is intact (Eq.4.5), the upholding force at A

would not change. In this note, Bernoulli did not specify the direction of the loads because the
theorem would always hold.

28http://ark.dasch.swiss/ark:/72163/1/0801/WVYsU6HURA=MYYC6LkOvMgv.
29http://ark.dasch.swiss/ark:/72163/1/0801/glh8654zTNuexp_QOSP_SQt.
30http://ark.dasch.swiss/ark:/72163/1/0801/7Jzz9BMRRrCwHu00yc=S0wN.
31This assertion is the same as Pardies’ principle mentioned in p.37
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(a) Diagram of Med.CCXXVII (b) Diagram of Med.CCXLIV

Figure 4.16.: Bernoulli’s sketches for his extension of Stevin’s theorem.

The previous three notes were Bernoulli’s preparatory studies for generalizing Stevin’s the-
orem, which began with Med.CCXXVI.32 In this note, equal parallel loads weigh the string
down in directions BF and CG. According to Stevin’s theorem, the extension of the seg-
ments AB and CE meet at P , and the vertical through the midpoint of BC passes through P
(Figure 4.15).33 Bernoulli extended Stevin’s theorem34 by adding that, if instead of the two
loads F and G one hung a weight equal to their sum from the intersection point P , the string
AE would weigh down as before. Bernoulli verified this by assuming that the piece BC to-
gether with the suspended loads F and G virtually move towards P . Using the Med.CCXXV,
he concluded that, no matter how close this piece got to P , the upholding forces at the end-
points would be unaffected. This principle is true even if BC coincides with P , i.e. both
weights F and G hang from it; the forces at A and E will remain as before the virtual motion.
Bernoulli also presented a second more geometrical demonstration.

Next, in Med.CCXXVII,35 Bernoulli demonstrated that his generalization of Stevin’s theo-
rem would also hold when the loads hung in arbitrary directions BF and CG (Figure 4.16a).36

He directly employed the parallelogram law in his demonstration:

AB and EC being extended to their meeting point at P , a force is applied there
which pulls along the direction of the line PD passing through P and the meeting
point D of BF and CG, and which equals the diagonal DL of a parallelogram
whose sides DI and DH are proportionally as the forces G and F .

From his earlier analysis in Med.CXXIX (Eq.4.3), Bernoulli deduced that the forces G and F

32http://ark.dasch.swiss/ark:/72163/1/0801/gKWUDcLPQ96f_ZksyI4ywwt.
33http://ark.dasch.swiss/ark:/72163/1/0801/Xf5HqmLcTVqU6I_Sm8h35wf.
34Compare Bernoulli’s diagram to Huygens’ sketch for this theorem (Figure 4.9).
35http://ark.dasch.swiss/ark:/72163/1/0801/6x6jSt=TQMOPpXGvV3x0=Qz.
36http://ark.dasch.swiss/ark:/72163/1/0801/MADlWo=oRx2Yr27Ot8p77gp.
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Figure 4.17.: References to the alternative demonstration added to the margin of
Med.CCXXVII

were proportional to the sides of the parallelogram, as can be seen in the following assertion:

P

G
=

DL

DI
=

sin( 6 DIL)

sin( 6 ILD)

Bernoulli had already shown this in a very abstract way in Med.CCXXVII. Shortly after, he
presented two more elaborate illustrations: the second proof, as he stated, “in a more geomet-
rical way”, was given as a supplement note after Med.CCXXIX. For this, Bernoulli used the
same notations and diagram for Med.CCXXVII (Figure 4.16a). The third more comprehensive
demonstration was written a while later in Med.CCXLIV;37 for that, he used different notations
and a different diagram (Figure 4.16b).38 In the margin of the Med.CCXXVII, Bernoulli added
references to the alternative analysis (Figure 4.17).39

Of these three demonstrations, the one in the Med.CCXLIV40 is the most genuine, since
Bernoulli mobilized the knowledge he had given in Med.CXXIX and Med.CCXXIII-CCXXVI.
He assumed that two forces F and G weigh down the thread AEFB along arbitrary directions
EC, FC (Figure 4.16b). If, instead of these two loads, the sum of them hangs from D, the
thread ADB would be weighed down in the same way as AEFB. To prove this, he only
needed to confirm that the ratio of the forces at the endpoints remained the same for both
threads AEFB and ADB. He first found this ratio for the thread AEFB according to Stevin’s
theorem. He then assumed G to be the midpoint of EF , creating two segments: AEG and
GFB. Using Med.CCXXIII (Eq.4.5), he found:41

Force at A
Force at G

=
sin( 6 CEG [= 6 ECA])

sin( 6 CEA)
=

AE

AC

Force at G
Force at B

=
sin( 6 CFB)

6 sin(CFG [= 6 FCB])
=

BC

BF

37http://ark.dasch.swiss/ark:/72163/1/0801/Do4vqknlTFeeeEmTWzC64gj.
38http://ark.dasch.swiss/ark:/72163/1/0801/d8rLur42SJSpemEYQHX1FgW.
39http://ark.dasch.swiss/ark:/72163/1/0801/mSCPyJSJQMeXBqukqM35YAO.
40He must have written this note between June 1694 and 1696, since, as shown earlier, the later note Med.CCL

must have been written in early 1696. See Section 3.1.
41In this note, Bernoulli did not write the sin, but for the sake of consistency with the previous notes

I have added them. See original notation in http://ark.dasch.swiss/ark:/72163/1/0801/
JQjmxUs1T7=75dIq7kcE6AG.
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Since AB k EF then BC
AC = FG

EG . On the other hand,

AE

BF
=

sin( 6 ECA)

sin( 6 CAE)
=

sin( 6 EFD)

sin( 6 FED)
=

DE

DF

Thus,

Force at A
Force at B

=
AE

BF
· FG

EG
=

sin( 6 FDG)

sin( 6 GDE)

Bernoulli noted that “the forces A and B on the thread ADB are also in this ratio.” Indeed,
with analysis of Med.CCXXIII (Eq.4.5), this is evident:

Force at A
Force at B

=
sin( 6 BDC)

sin( 6 ADC)
(4.8)

Since 6 ADC = 6 GDE and 6 FDG = 6 BDG, the ratios are the same. Moreover, in the title
of this note, Bernoulli directly stated that

Force at D
Force at E

=
sin( 6 ECF )

sin( 6 DCF )

Force at D
Force at F

=
sin( 6 ECF )

sin( 6 DCE)

These equations were the results of Varignon’s theorem given in Med.CXXIX.42 Bernoulli uti-
lized these ratios and the generalized version of Stevin’s theorem in the next note, Med.CCXLV.43

This last demonstration completed Bernoulli’s analysis of the string subject to concentrated
loading and justified his generalization of Stevin’s theorem. The number of proofs Bernoulli
provided for his assertion is noteworthy: two for Med.CCXXVI and three for Med.CCXXVII.
For both notes, the first explanation relied on the physical property of the system, and the later
demonstrations were more geometrical. As a matter of fact, in Med.CCXXVI Bernoulli added
that “in case somebody does not think this proof geometrical, here’s another.” If the notes in
the Meditationes were personal records, why did Bernoulli feel the need to perfect the justifi-
cations of his assertions? In my opinion, Bernoulli seems to have anticipated his notes would
be read by someone else who might criticize them. Since Bernoulli had implicitly used all the
points mentioned in Med.CCXXVI-CCXXVII in his earlier analyses,44 it is curious that years
later he put his knowledge down in such a structured way. He might have intended to include
these notes in his Varia Posthuma, or he might have written them in preparation for a later
publication. Whatever the reason, these notes have remained unprinted until today — even the
note Med.CCXLIV, the content of which Bernoulli had extensively used in Med.CCXLV, is not
included in the Varia Posthuma. In continuing his study of the loaded string, Bernoulli also
analyzed the equilibrium axis of such structures and the force propagating along this axis.
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Figure 4.18.: Pardies’s theorem (Pardies, 1725, 126)

4.3. Equilibrium axis
In his La Statique, Pardies (1673, 126-129, No. LXXIII) introduced the equilibrium axis of a
loaded thread as follows (Truesdell, 1960, 51):

Pardies’ Theorem: The point of intersection of any two tangents lies on the vertical through
the center of gravity of the included potion of the cord, no matter what the line weight may

be (Figure 4.18).

Bernoulli was familiar with Pardies’ La Statique treatise, as he cited and criticized it in his
Curvatura Laminae Elasticae article (Bernoulli, 1694a, 263).45 In the notes Med.CCXXVIII-
CCXXXI, using his generalization of Stevin’s theorem, Bernoulli extended Pardies’ theorem
to define the equilibrium axis of a loaded string. As shown earlier,46 Bernoulli considered that
every load acts in a certain direction along a line,47 which he called the line of impulsion or
line of direction. The loads pulled the thread along the lines of impulsion, and Bernoulli called
the middle of those lines the mean direction, line of mean impulsion, or equilibrium axis. He
asserted that this axis passes through the intersection of endpoint-tangents. The resultant force
is directed along this axis, and the center of gravity of the structure is located on it (Truesdell,
1960, 81). Thus, the equilibrium axis of the loaded string passes through its center of gravity
and bisects the angle made by the tangents of its endpoints. Bernoulli must have written these
notes between June 1694 and December 1695 because three of them contain a false hypothesis
which Bernoulli corrected in his Explicationes article.

42See Section 4.2.1.
43See Section 4.3.4.
44See Sections 1.2 and 2.3.
45See p.78.
46See Section 4.2.2.
47For example, load G acted along the line CD (Figure 4.16a).
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Figure 4.19.: Nicolaus (I) Bernoulli’s identification of the error

Figure 4.20.: Bernoulli’s remark about the incorrect demonstration

4.3.1. Mistake
Bernoulli’s mistake was not in the nature of the line but in that he had assumed the equilibrium
axis to be perpendicular to the curve itself. He had used this faulty assumption in a couple of
properties of the Velaria: both in the article Curvatura Veli published in May 169248 and its
respective note Med.CLXXXVIII.49 The corresponding faulty passage of this note was marked
as error most probably by Nicolaus (I) Bernoulli, as the difference in the hand-writing and ink
indicates (Figure 4.19).50 Bernoulli (1694a, 275, props. ↵, �) also employed this faulty asser-
tion in the analysis of a couple of properties listed for the Elastica in the Curvatura Laminae
Elasticae article in June 1694.

In the same article, Bernoulli (1694a, 591) suggested that, instead of a geometric construc-
tion by quadrature, one can construct the transcendental curves, such as Elastica and Funic-
ularia, algebraically only with straight lines and circles. Alternatively, they can also be con-
structed by the rectification of a parabola or a Logarithmica. In Med.CCXXVIII,51 Bernoulli
tried to show this for the Elastica and in Med.CCXXIX52 for the Velaria. Hofmann (1956,
33) suggests that these two notes were probably written during the few weeks in 1695 when
Bernoulli was preparing the fourth edition of Descartes’ La Géométrie in Latin. Although
Bernoulli’s statement about the possibility of formulating algebraic constructions for these
curves is right, he used the faulty assumption about the perpendicularity of the equilibrium axis
to the curve in his demonstrations. In Med.CCXXVIII, Bernoulli tried to show that:53 “On the

48Corollary 13 and 15 (Bernoulli, 1692a, 204).
49See p.34.
50http://ark.dasch.swiss/ark:/72163/1/0801/7kc7m2xURPqnYJsyVjSIdQ5.
51http://ark.dasch.swiss/ark:/72163/1/0801/cD=IJ3VjRhCsGbBT8t=X5wv.
52http://ark.dasch.swiss/ark:/72163/1/0801/FaAA=HTLQQG4YBI55jkHAA1.
53http://ark.dasch.swiss/ark:/72163/1/0801/1cwEfMmnSZOP3bUNtBc4UA0.
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Figure 4.21.: Labeling the corollary as false in Med.CCXXX

Elastica curve infinitely many arbitrarily close points can be geometrically determined, and, at
that, only by circles and straight lines, and also without presupposing any transcendental quan-
tity.” In its demonstration, he visualized the Elastica as a Lintearia, then incorrectly assumed
that “by the nature of the fluid, all impulsions are perpendicular to the blanket”. Therefore,
the line of mean impulsion would also be perpendicular to the curve. Later, Bernoulli himself
remarked that the demonstration “is wrong, since the line of mean impulsion is not perpendic-
ular to the curve” (Figure 4.20).54 Similarly, in Med.CCXXIX, Bernoulli attempted to illustrate
an algebraic construction for the Velaria based on the same improper use of the equilibrium
axis. Later, at the beginning of this note, he added that “this is also wrong.”55 As Hofmann
(1956, 84, remark 247) confirms, here only a feature of the process is incorrect, not the state-
ment itself. In Med.CCXXX,56 Bernoulli analyzed the location of the line of mean direction
among the other lines of direction of acting forces. The reason for his erroneous assumption
was given in this note:57

Corollary. When infinitely many directions are perpendicular to some curve, the
mean one will also be such: since the angle between the two closest directions,
between which the mean one lies, is infinitely small, hence that between one of
them and the mean one will all the more be so. So [the latter] is perpendicular.

Since this faulty assumption does not appear in Med.CCXXXI, I believe that Bernoulli must
have realized his mistake before writing this entry. Almost at the same time, he must have
labeled the incorrect passages of previous records as false (Figure 4.21).58

4.3.2. Locating the equilibrium axis
As its title reads, in Med.CCXXXI,59 Bernoulli presented a method to “determine the line of
mean directions”, which is the curve GF created by the lines of impulsion of acting forces
(Figure 4.22). He also found the differential equation of the equilibrium axis CG of the curve
AE.60 In this note, he considered a continuous case, i.e. AE is a flexible string shaped by
infinitely many forces varying in arbitrary directions. C is the meeting point of the tangents

54http://ark.dasch.swiss/ark:/72163/1/0801/1e7IIZxYQ76PyjTZETryRwQ.
55http://ark.dasch.swiss/ark:/72163/1/0801/x_WlBZmgQCS_8jyT9pR7qws.
56http://ark.dasch.swiss/ark:/72163/1/0801/cIYdJcbnTlyjrCy3I_rDnAw.
57http://ark.dasch.swiss/ark:/72163/1/0801/9NaY6YaPS4iuDzttDGP5EQN.
58http://ark.dasch.swiss/ark:/72163/1/0801/f3diDhKaQM=wSDHJ_Sv7FwL.
59http://ark.dasch.swiss/ark:/72163/1/0801/igMdVE3kSWyoMC8f7eK2cgt.
60http://ark.dasch.swiss/ark:/72163/1/0801/7zIiKSPQQHWl_4e7eHOJUAn.
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(a) Original (b) Explanation

Figure 4.22.: Diagram of Med.CCXXXI

Figure 4.23.: References with old numbering

of endpoints AC and CE. By referring to Med.CCXXVII, Bernoulli asserted that “CG is the
mean direction” of the AE bisecting the angle ACE. Although the forces impel the curve
perpendicularly, CG is not assumed to be perpendicular to AE.

Bernoulli referred to the Med.CCXXVII using the number 226;61 this might lead to confu-
sion (Figure 4.23).62 The reason for this was that, after writing Med.CCXXX, Bernoulli added
a new entry, Med.CCXXI, in a previously empty part of the page 271 of the Meditationes.
Although he updated the roman numbering of the entries by adding the letter “I”, he did not
update the references in the body of the notes accordingly. Bernoulli determined CG geomet-
rically by letting the arc length of AE be = a, its ordinate = b, abscissa = c, and AC = t
(Figure 4.22b):

CG =
t
p
2a2 + 2ac

b

To determine the corresponding differential equation, he considered the differential triangle
ABI and substituted a, b, c with respective differential elements AB = ds, BI = dz, and

61Similarly, he cited Med.CCXXII by its old number 221.
62http://ark.dasch.swiss/ark:/72163/1/0801/4IAHTJwRSrCWozDhW_ajaw=.
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AI = dy, then t = z ds
dz

CG =
z ds

p
2 ds

dz
p
ds� dy

(4.9)

He also found the line normal to the curve at point A:

AG =
t(a+ c)

b
=

z ds2 + z dy ds

dz2
(4.10)

By reiterating this process, he determined the curve GF , or as he called it “the line of mean
directions”. Truesdell (1960, 81) incorrectly interprets this term as equivalent to the equilib-
rium axis. Bernoulli’s naming is indeed confusing: for him, the line of mean direction was
the equilibrium axis, but the plural form, line of mean directions, was the curve GF .63 After
finding the normal line AG, Bernoulli clarified the nature of GF as follows:

In this way so many other points such as G can be determined on the perpendicu-
lars AH that, taken together, they constitute a curve GF which is such that if one
draws any perpendicular AH to the curve that intersects the curve GF at G, the
tangent CG to the curve GF at that point is the axis of equilibrium of the segment
AE.

The inaccurate properties in his published articles concerned AG. At the end of Med.CCXXXI,
in a closing note he stated their revisions: for the Funicularia or Velaria, this would be

AG = CK + the parameter = z + a = x (4.11)

And for the Elastica or Lintearia, it would be

AG =
a2

a+ x
(4.12)

Next, in his Explicationes article, Bernoulli corrected the flawed properties in both of his
previous publications.

4.3.3. Correction
The mistake had not been noted by those who had reviewed Bernoulli’s articles: Leibniz and
Huygens. Nonetheless, in his Explicationes article in December 1695, Bernoulli (1695a, 547)
outlined his own mistake, affirming that the appearance of the systems had given him this false
impression about the perpendicularity of the line of mean direction to the curve.

I supposed the axis of equilibrium to pass through the junction of tangents to
sail in endpoints and that it would be perpendicular to the curve. But afterwards
with certain evidences I recognized that both of these hypotheses could not hold
simultaneously... I am forced to retract all the rules given in [Acta], month May
1692 p.204 and month June 1694 p.275 which followed from my earlier opinion.

63Bernoulli also clarified these terms in Med.CCXLV: see Section 4.3.4.
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Figure 4.24.: Bernoulli’s sketch of his correction (Cramer, 1746, 658, TAB.XXVIII)

He remarked that the only correct approach to finding the line of mean direction is through the
lines of impulsion of the acting forces and not with the perpendicularity assumption. Next, he
indicated that, at the time, no particular name had been given to this line;
“I add a new type of line, generally serving to determine the mean direction of forces. From
practice, I call that the line of mean direction.” AB is a curvature shaped by unequal pressure
of any fluid (Figure 4.24). Let AB = S, AI = x, and FB = y; then CD would be the
equilibrium axis. He also specified that BD is normal to the curve at point B:

BD =
x ds2 + x dy ds

dx2

He then concluded that for the Velaria, or catenary,64 this normal line would be BD = GF
(Eq.4.11), and for the Elastica (Eq.4.12):

BD =
AI2

AI + IF

Next, Bernoulli (1695a, 548) introduced the line of mean direction as a generalization of Par-
dies’ theorem for the first time:

I state that point D will be such that any normal line to the AH , such as BD,
cuts off the segment AB from AH , and cuts the curve ED at D. The connecting
line DC will be the mean direction of AB or its equilibrium axis, along which all
impulses on AB with equal momentum act.

Previously, in Chapter 1, I have mentioned that Bernoulli had determined the line of mean
direction of an elastic loaded thread and the force propagating along it in Med.CCXLV.65 In

64Bernoulli still used the name Funicularia for the catenary.
65See Section 1.4.
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Figure 4.25.: Diagram of Med.CCXLV

pursuit of this aim, Bernoulli used his generalization of Stevin and Pardies’ theorems. This
entry illustrates an application of the analyses of Med.CCXXV-CCXXXI and Med.CCXLIV.

4.3.4. Equilibrium axis of a flexible loaded thread
According to the title,66 the purpose of Med.CCXLV67 was

to determine the curvature of the thread, its mean direction LP and the force with which it is
impelled along LP .

Earlier, I have shown that, by studying the curvature of this thread, Bernoulli found the general
differential equation of the Funicular family of curves.68 Here, I illustrate how Bernoulli de-
termined LP and the force propagating along it (Figure 4.25).69 He referred to Med.CCXXXI70

as follows:71

“Note that HIKL is that line of mean directions about which see CCXXXI above, viz. the
line that the particular directions MH , NI , OK, LP form by their intersections.” The thread
AB fixed at its extremities is weighed down under its weight, as if it were pulled by infinitely
many forces such as C, D, E, F, G in directions HC, HD, IE, KF, LG. Points C and G
lie close to the endpoints so that the tangent lines AP and BP pass through them. Bernoulli
showed that each piece of the thread, such as AF the tangent of which FO cuts AP in point O,
will have the equilibrium axis OK. Similarly, for AE and AD, he found the equilibrium axes
NI and MH . Using Med.CCXXXI, he determined the middle line LP to be the equilibrium
axis of CG or AB. The thread AB is carried down by its weight as if the weight aq were

66http://ark.dasch.swiss/ark:/72163/1/0801/nxctnf6FSeeM8Mg9rr6R7ga.
67http://ark.dasch.swiss/ark:/72163/1/0801/sIv1kiT7TeyjqTn_lMZ4Bw9.
68See Section 1.4.
69http://ark.dasch.swiss/ark:/72163/1/0801/tlHSTdMWTYOrnvdBaHe0Mws.
70See Section 4.3.2.
71http://ark.dasch.swiss/ark:/72163/1/0801/vwZqPTiWT6iHNh7Sj5EG_A2.
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(a) Forces acting on BGF (b) Forces acting on BGCA (c) Forces acting on BGCA

and GFCA

Figure 4.26.: Finding the force ratios using method described in Med.CCXLIV

hanging from P . Assuming the differential triangle FGR and

AQ = x, FG = dsFR = dx, RG = dy

QG = y, AEG = s, b = AW

QW = b� x = AW � AQ = w

Radius of curvature at G = z

Force at G : FG = p, FGF = p ds

Force acting on LP = FP = aq

Bernoulli determined the differential equation of LP (Eq.4.9):

LP =
x ds

p
2 ds

dx
p
ds� dy

(4.13)

According to Med.CCXXV, the force at the endpoint of the tread would be:72

FA = const = a2

Without giving any details, Bernoulli estimated the forces on each point of the thread. To
do so, as shown in the Figure 4.26, he seems to have repeatedly employed the analysis of the
Med.CCXLIV.73 Force p pulls the element BGF : GL is the equilibrium axis of this element
bisecting the 6 BGL to equal parts sin( 6 BGL) = sin( 6 LGF ) = r (Figure 4.26a). According
to Med.CCXLIV, the force at B, FB would be :

sin( 6 BGF )

sin( 6 LGF )
=

FGF

FB

sin( 6 LGF )=a ds
z=========) FB =

prz

a

Truesdell (1960, 81) notes that if d✓ denotes the small angle between the tangents at two
ends of an element, then the tension at B, (FB), exerts a force normal to the element of amount

72See Section 4.2.2.
73http://ark.dasch.swiss/ark:/72163/1/0801/Do4vqknlTFeeeEmTWzC64gj.
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FB d✓, which must balance the normal load Fn ds. Since d✓
ds = 1

z , i.e. angular changes are in
inverse ratio with the radius of curvature:

FB

z
= Fn ! density of normal load Fn =

pr

a

This result was discovered independently by Sauveur in 1703. Similarly, Bernoulli considered
the entire thread ACGB with the weight hanging from P ; with Eq.4.8, he found (Figure
4.26b):

FA

FB
=

sin( 6 BPL)

sin( 6 APL)

since sin( 6 BPA) = a. sin( 6 OGR) = a dx
ds :

sin( 6 BPL)

sin( 6 BPA)
=

FA

FP

The element GFCA bends under its weight (Figure 4.26c), as if it were bent by a weight
suspended from the intersection of its tangents at O along the equilibrium axis of this element,
OK. Simultaneously, the weight suspended from point P along LP bends the BGCA. In
this way, again using Med.CCXLIV, Bernoulli determined the ratio of the forces FP and FGF

geometrically:74

FP

FGF = FG
=

sin( 6 GLO)

sin( 6 PLO)

Afterward, Bernoulli calculated the FP geometrically, by considering 4GRF and 4PP 0G,
where PP 0 = AQ75 (Figure 4.27a). The arcs PT and OV of circles about L and G are so that
PT ? GO and OV ? LP (Figure 4.27b). Bernoulli obtained the trigonometrical relations for
the angles created by the lines of direction. He cited the rules of addition for the sine that he
had introduced in 1695 in his article “Notes on Descartes” (Figure 4.28)76 (Bernoulli, 1695b,
424):

cos(↵) /
p

1� sin2(↵)

If p and r are given by the hypothesis of the problem, the force distributed along LP would
be:

FP = aq =

p
a6ds2 � 2a3prz dy ds+ p2r2z2 ds2

a ds
(4.14)

74Because

sin( 6 GLO) = sin( 6 GKO) = sin( 6 GLP ) =
GP

LP
& sin(6 PLO) =

PO

LP

75Note that Bernoulli did not draw the PP
0 in his original sketch.

76http://ark.dasch.swiss/ark:/72163/1/0801/O6Z4ZWYkSymcz7twG_WepA1.

144

http://ark.dasch.swiss/ark:/72163/1/0801/O6Z4ZWYkSymcz7twG_WepA1


Chapter 4. The Parallelogram of Forces

(a) With 4PP
0
G (b) With PT?GO&OV?LP

Figure 4.27.: Illustration of Bernoulli’s steps to find FP

Figure 4.28.: Reference to the rule of addition for the sine
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Figure 4.29.: Diagram of Med.CCLXXVII

With r = a, for a given p, this force would be:

FP = a
p
2

Z
p dx

In 1701, Bernoulli revisited the study of weighted strings to add two notes about the cases
where the string is subject to mobile loads.

4.3.5. String weighed by dynamic loads
In the first problem77 studied in Med.CCLXXVII,78 the rope AB fixed at its extremities A and
B is weighted down by a load attached to a pulley which can freely slide on the rope (Fig-
ure 4.29).79 Bernoulli determined the position of the load, point D, when the system reaches
equilibrium. He suggested that D cannot be at the mid-point of AB because the endpoints of
the rope are fixed at different heights. Based on the rule of the greatest descent of the cen-
ter of gravity, he asserted that DH should be the maximum. Thus, the distance of any other
point of the curve such as E, from the horizontal line BC, would be smaller or equal to DH .
When EL = DH , he geometrically showed that 6 BDH = 6 ADH . This would also be the
direct result of Pardies’ theorem; since DH passes through the center of gravity, it would be
the equilibrium axis of the system; hence, it bisects the 6 ADB. This simplifies the original
problem to determining “the position of the rope when DH is dropped perpendicular to BC

77This note was probably written between 1701 and 1703.
78http://ark.dasch.swiss/ark:/72163/1/0801/7004K6xoRMKcjV5LfcesGAG.
79http://ark.dasch.swiss/ark:/72163/1/0801/vAs0=bm_Q7mnqfXRXiGy6w9.
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(a) No.LXVI (Pardies, 1673, 185) (b) No.LXVII (Pardies, 1673, 116)

Figure 4.30.: Pardies’ diagrams for dynamically loaded string

and bisects the angle ADB.” Bernoulli solved this problem geometrically with two demon-
strations.

In the second problem, he assumed the rope to be freely slidable on two pulleys with two
loads suspended from its endpoints. By attaching the third load, the entire system reaches
equilibrium. Bernoulli was not the first to study this kind of loaded string, as I will show
next; almost twenty years earlier, Newton had also studied this structure. Almost a decade
before Newton, Pardies (1673, 110-115, No.LXVI and LXVII) studied this structure as well;
his analysis might have inspired both Newton and Bernoulli. Pardies considered a cord placed
over two pulleys a and A so that it can freely slide over them; loads d and D hang from the
extremities of the cord (Figure 4.30a). He determined the point, B, at which a third load e had
to be fixed to bring the entire system to equilibrium. By drawing Fg k AB and FG k aB, he
illustrated that B should be chosen so that

weight D
weight d

=
BG

Bg
(4.15)

Pardies (1673, 115-117, No.lxviiij) also remarked that this proportion would remain the
same even if the pulleys were not on a straight line (Figure 4.30b).80 Like Pardies, both
Bernoulli and Newton determined the position of the third load to enforce equilibrium on
the assemblage. As mentioned earlier, Bernoulli was familiar with Pardies’ La Statique, so
it is highly probable that he had read Pardies’ analysis of this problem. On the other hand,
Bernoulli seems to have known about Hérigone’s treatise on statics;81 therefore, Hérigone’s

80Ohly (2004, 125) summarizes Pardies’ additional remarks: “regardless of the size of the loads hanging from
the pulleys, the load hanging from the middle point can be arbitrarily small; nonetheless, it can pull down the
chord aA.”

81According to a citation in Med.CXXIX.
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Figure 4.31.: Diagram of Med.CCLXXVIII

Figure 4.32.: Bernoulli’s reference to Borelli in Med.CCLXXVIII

study of this problem82 might also have inspired him. Whatever the case, Bernoulli studied
this problem in Med.CCLXXVIII,83 where he assumed that a rope CABD is wound around
two pulleys at A and B. Equal weights are attached to the endpoints of the rope at C and D,
WC = WD = a (Figure 4.31).84 He defined the problem as: “It is to be shown, based on the
hypothesis of the greatest descent of the center of gravity, in what position the rope comes to
rest when at any of its points E a weight E is attached that cannot move away from there.”
Bernoulli does not refer to Pardies or Hérigone, but at the end of this entry he falsifies an as-
sumption, which he attributes to Borelli (1608-1679) (Figure 4.32).85 I believe that Bernoulli
was referring to Proposition VII of Borelli’s On the movement of animals in which he stated
that, irrespective of the position of the additional load, such a system would reach equilibrium
(Maquet, 2014, 10-12, Proposition VI & VII). Bernoulli took Borelli’s assumption into ac-
count by assuming arbitrary position for point E on the cord, and, WE = c < WC+WD = 2a.
By contradiction, he proved that equilibrium requires the third load to be hung from a certain
point. H is the common center of gravity of the WE and WD and I is the center of gravity of
all three weights. He then considered two possibilities: first, the pulleys A and B are at the
same height, which would mean EL k AB. In this case, by the greatest descent of center of
gravity, EF = z would be maximum point and constant, then dz = 0. Bernoulli also assumed

82See p.126.
83http://ark.dasch.swiss/ark:/72163/1/0801/7004K6xoRMKcjV5LfcesGAG.
84http://ark.dasch.swiss/ark:/72163/1/0801/vAs0=bm_Q7mnqfXRXiGy6w9.
85http://ark.dasch.swiss/ark:/72163/1/0801/EQCKNjHCTIiCqVjj2Khdugj.

148

http://ark.dasch.swiss/ark:/72163/1/0801/7004K6xoRMKcjV5LfcesGAG
http://ark.dasch.swiss/ark:/72163/1/0801/vAs0=bm_Q7mnqfXRXiGy6w9
http://ark.dasch.swiss/ark:/72163/1/0801/EQCKNjHCTIiCqVjj2Khdugj


Chapter 4. The Parallelogram of Forces

(a) For the first part (Newton,
1972, 282)

(b) For the second part (New-
ton, 1972, 284)

Figure 4.33.: Newton’s diagrams for Problem 44

that EF bisects the 6 AEB; then point E would be so that

AF = BF & AE = BE

In the second case, the pulleys are at different altitudes. Bernoulli found the position of the
suspension point E with respect to the pulley A, assuming that AF = x is constant. Thus
dx = 0, with EF = z and AE = p; he geometrically determined the relation between the
weights and the position of the E to bring the system to rest as follows:

2a

c
=

p

z
) WC +WD

WE
=

AE

EF
(4.16)

This relation demonstrates that the point on which the third load hangs plays a crucial role in
the equilibrium of the assemblage. At the end of the note, Bernoulli rejected Borelli’s proposi-
tion: “Thus it is clear that Borelli wrongly held the view that the weight E could be in balance
with C and D in any arbitrary position of the rope.” In addition, Bernoulli verified that Eq.4.16
“perfectly agrees with Varignon’s principle”.86

Bernoulli’s results are analogous with Newton’s analysis of the same problem given in Prob-
lem 44 of his Lectures on Algebra in 1679 (Newton, 1972, 282-287). Nearly thirty years after
the catenary challenge was over,87 Newton developed the solution of Problem 44 further to
form the theory of a generally loaded chain (Newton, 1972, Appendix 2, 520-523). White-
side, the editor of Newton’s mathematical papers (volume 5), suggests that Problem 44 was

86See p.127.
87See the catenary challenge in Section 1.1.
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inspired by Pardies’ study of loaded string in his La Statique (Newton, 1972, 282, remark
368). La Statique is listed among the books in Newton’s library,88 and Newton thanked John
Collins (1625-1683) for it in a letter on 17 September 1673.89

In Problem 44, Newton assumed the thread DACBF to be freely slidable around the two
pins A, B (Figure 4.33). The weights D and F are attached at the extremities of the thread,
and weight E at a central point C positioned between the spikes. Newton defined the problem
to be: “From the weights and location of the spikes, to find the location of the point C at which
the middle weight is appended when the weights are at rest in balance.”

Newton’s approach was very different than that of Bernoulli or that of Pardies: he balanced
the tension of AD, AC and BF, BC. The tensions in the AC, BC, EC are as the weights
D, F, E, and point C is held in equilibrium, counter-balancing the forces. When the weights
are given, then CG, CH, CI (which are in the same ratio as the weights) will also be known.
Thus, C would be the centroid of the triangle GHI . As PG k QH then CK = KH and
CK = 1

2GH , which is the result of Stevin’s theorem. In this case, locating point C is reduced
to determining the triangle GCH , the sides of which are known, then

GK =

r
1

2
GC2 �KC2 +

1

2
CH2

After identifying GK &KH , one can calculate the 6 GCK and 6 KCH . By drawing the lines
AC &BC with these angles, C can be located. Note that both Newton and Bernoulli obtained
the location of the third load considering the angles it makes with A and B. Both solutions
employed Pardies and Stevin’s theorems, but not Varignon’s principle. Newton solved this
problem eight years before Varignon’s thesis was published. Bernoulli, on the other hand,
followed Pardies’ footstep in geometrically solving the problem. Although he was familiar
with Varignon’s theorem, he did not use it to solve this problem, but to verify his result.90

In addition, Newton considered a similar problem where rope ACDB fixed at A and B is
subject to weights E and F suspended from C and D (Figure 4.33b). He demonstrated that,
from a given weight at C, WE , one can attain the other load, because

WE

WF
=

DG

CH

This result is in line with Bernoulli’s analysis of Med.CCXXIII.91 Before moving on to
Bernoulli’s last analysis of the loaded thread, I would like to mention Leonardo Da Vinci’s
study of the loaded string slidable on two pulleys. In the first volume of Codex Madrid, fol.
77r, like Bernoulli, Leonardo also considered the pulleys in one line (Figure 4.34a). He stated

88Item [H1245], http://www.newtonproject.ox.ac.uk/his-library/books-in-
newtons-library.

89http://ark.dasch.swiss/ark:/72163/1/0801/L0cKvHUsSDO_vkPqgG_dPAi.
90http://ark.dasch.swiss/ark:/72163/1/0801/x_VFtZvrS9y=5TlytDNEvw7.
91See p.131.
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(a) Codex Madrid, vol.1, fol.77r, Fig. 2 (b) Codex Madrid, vol.1, fol.77r, Fig. 2

Figure 4.34.: Leonardo Da Vinci’s diagrams of the slidable loaded string

Figure 4.35.: Title of Med.CCLXXXVI

that “the sum of the weights b and r to the weight f is as the distance xv to the line sx.” That
is:

b+ r

f
=

xv

sx
identical to Bernoulli’s Eq.4.16

In the second case, Da Vinci assumed the pulleys to be at different altitudes (Figure 4.34a)
and similarly showed that “the weight m is to the sum of weights a and c as the line bm is to
the line mc.”

a+ c

m
=

mc

bm
identical to Bernoulli’s Eq.4.16

The first volume of Codex Madrid was completed between 1490 and 1499. Therefore, Da
Vinci had found the same result as Bernoulli, but two hundred years earlier.92
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Figure 4.36.: Bernoulli’s diagram of the straight rigid thread in Med.CCLXXXVI

4.3.6. Equilibrium axis of a rigid loaded thread
I end this chapter and the first part of this thesis with Jacob Bernoulli’s last entry in the Med-
itationes, Med.CCLXXXVI.93 He must have written this entry between 12 December 170494

and 5 August 1705.95 Previously, Bernoulli had determined the equilibrium axis of a loaded
flexible thread in Med.CCXLV,96 now he did the same specifically for a loaded inelastic struc-
ture, for example, a Catenaria. He wrote: “for a flexible line that is not given, see above
§CCXLV; here for a given nonflexible one.” Perhaps the motivation for this analysis came
from the Med.CCLXXXV, where Bernoulli illustrated an inverted catenary in the center-line
of a masonry arch.97 Knowing the equilibrium axis of the catenary curve and the amount of
force propagating along it would help with estimating the load a masonry arch could support.
Bernoulli even depicted the stones of the arch in the diagram of this note (Figure 4.36).98 In
the title of this note, he indicated that its content had been found earlier on 14 November 1704
(Figure 4.35),99 but he did not include this earlier analysis in the Meditationes.

Bernoulli firstly determined the line of mean direction of a straight thread; next, in the
second part of the note, he studied a curved thread. He assumed a straight thread ADiN , with
two parallel levers on its outer surfaces with fulcrums on E and W (Figure 4.36).100 Similar to
Med.CCXXXI101 and Med.CCXXVII,102 he considered that the loads P, Q&R were hanging in
arbitrary directions, pulling the thread along BP, CQ&DR, respectively. These lines make
angles 6 ABP , 6 ACQ, and 6 ADR with the upper lever; besides, 6 ADR is considered to be
obtuse. Balancing the forces on each side of the fulcrum yields

Moment of force P = Moment of force Q + Moment of force R

92Lohrmann, Kreft (2018, 278).
93http://ark.dasch.swiss/ark:/72163/1/0801/WnPerxPYSPWk8JS_dNeRDQl.
94A previous note bears this date.
95The date of Bernoulli’s death.
96See Section 4.3.4.
97See p.1.5.
98Compare to Figure 1.17.
99http://ark.dasch.swiss/ark:/72163/1/0801/D=ObjPpnQj6B70CuSSoN_wn.

100http://ark.dasch.swiss/ark:/72163/1/0801/flDP329xQQux3V9j8KP_XgW.
101See p.138.
102See p.133.
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Figure 4.37.: The diagram of a curved rigid thread in Med.CCLXXXVI

In two ways, one purely geometrical and the other using the decomposition of forces, Bernoulli
illustrated that

EL

LW
=

R
b pR
c p

where b = sin( 6 ABP ) and c = cos( 6 ABP ), and WP = p; EW would be the equilibrium
axis of the thread. Next, he determined the force propagating along this line, or as he called
it the force of impact, by considering the accumulated momentum of acting forces. Letting
BK = a and AB = s0:

Moment along BK =
b p

a
⇥ AB =

b p s

a

Sum of moments =
Z

b p s0

a
& Sum of forces =

Z
b p

a

AE =
Sum of moments

Sum of forces
=

R
b p s0R
b p

Then, the force of impact along EW will be

EW =
p
EL2 + LW 2 =

(
R
b p)2 + (

R
c p)2

a

In the second part of the note, he considered the curve made by an inelastic thread, ADF ,
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when pulled by the weight P suspended from D in direction DP (Figure 4.37).103 Bernoulli
presented the equilibrium axis of the structure for two cases: either ADF takes an arbitrary
shape, or it is a Velaria [catenary] with the parameter AM = a and arc-length s:104

dy =
a dxp
x2 � a2

& ds =
x dxp
x2 � a2

He chose the progression of variables ds = const; AD would be a continuous piece of ABF
with abscissa MC = x and ordinate CD = y; hence, s =

p
x2 � a2. Here Bernoulli referred

to Med.CLXV, where he had calculated the force at P :105

WP = p =
a dy2

ds

dy= a dx

s[=
p

x2�a2]
=========) p =

a3 dx

x s

N is the intersection of the tangents AN and BN ; therefore, EN is the equilibrium axis of
the AD, which Bernoulli found through AE and AN . He chose the coordinate system with
the origin at A and

AC = x CD = y AD = s

He drew a differential triangle HDG, with 6 ABP = 6 HDG

GH = dx DG = dy DH = ds

Since,

1

sin( 6 ABP )
=

1

sin( 6 HDG)
=

DH

GH
! a

b
=

ds

dx
1

cos( 6 ABP )
=

1

cos( 6 HDG)
=

DH

DG
! a

c
=

ds

dy

b =
a dx

ds
=

a s

x
c =

a dy

ds
=

a2

x

The similarities between 4CBD and 4HDG yield

GH

DG
=

DC

BC
! BC =

y dy

dx
MB = s0 = x+BC =

x dx+ y dy

dx

Hence, the sum of force components and the sum of the moments will respectively be
Z

b p =
a3 x� a4

x
&

Z
b p s0 =

a3 y s

x

103http://ark.dasch.swiss/ark:/72163/1/0801/G81R5Mj9TMCV3JGrSepBwA4.
104In this note, Bernoulli denoted the arc length by z, but for the sake of conformity with the notations given

in Med.CLXV, I substitute it with s.
105See p.28.
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Chapter 4. The Parallelogram of Forces

Figure 4.38.: References to Med.CCXXXI and the correction given in the Explicationes article

Next, Bernoulli found the AE and AN
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Bernoulli demonstrated that the equilibrium axis EN =
p
AE2 + AN2 would be:

EN = AN ·
p

1 + (x+ a)2

s

Bernoulli verified that these results, specifically AN
AE (Eq.4.17), agreed with his generic method

of determining the equilibrium axis presented earlier in Med.CCXXXI (Eq.4.11), and the cor-
rections106 in the Explicationes (Figure 4.38):107

one finds the same quantities by way of the hypothesis of §CCXXXI that the axis
of equilibrium EN necessarily bisects the angle AND: for since by the paragraph
just cited and the 1695 Leipzig Acta, p. 548 one had DK = x.

Letting DK = MC = x and 6 KNA = 6 KND:

DN

DK
=

AN

AE

He also geometrically established that

dx

ds
=

AC

AD
=

DN

NK
! dx

ds
=

AC

DN

ds=x dx
s====) s

x
=

x� a

DN

This yields DN = x2�ax
s ; therefore AN

AE would be as in the Eq.4.17. This finalized Bernoulli’s
study of the loaded string, as well as his works on statics.

106See p.141.
107http://ark.dasch.swiss/ark:/72163/1/0801/O_e7Q50JRdG6Kn3M4IzOJgk.
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Chapter 4. The Parallelogram of Forces

Conclusion
This study has attempted to introduce Bernoulli’s extensive analysis of loaded strings given in
a total of fifteen entries of the Meditationes. His research included the study of the decompo-
sition of forces on the weighted thread, the determination of its equilibrium axis, and the force
directed along this axis. The structured format of these entries and the number of demonstra-
tions provided for each suggest that Bernoulli might have intended them to be included in his
Varia Posthuma. The reasons Nicolaus (I) Bernoulli decided to leave the majority of these
notes out of Varia Posthuma is yet to be studied. His correspondence with Gabriel Cramer
about Varia Posthuma might contain an answer to this question.

This study also depicted Bernoulli’s profound knowledge of the existing literature on the
parallelogram law of forces and the rules of decomposition of forces. He was not only aware of
Stevin and Pardies’ works on these topics; he also extended them further. In this way, he intro-
duced a more generic definition of the equilibrium axis. A mistake Bernoulli made about this
line and his correction of it are also described. Moreover, in this chapter, Bernoulli’s generic
method for determining this line as well as its demonstration for both elastic and in-elastic
loaded threads are explained. Bernoulli’s analysis of the slidable loaded thread is studied and
compared to the works of others contemporary to him such as Newton and Pardies. It is also
shown that, long before Bernoulli, Da Vinci had studied the same problem and obtained the
same result. Although it is suggested that Pardies’ analysis might have inspired Bernoulli, it
would be interesting to know why he tackled this problem after pausing for five years in his
study of loaded strings.

It is also shown that Bernoulli was well acquainted with the inclined plane theory and its
underlying principle of virtual velocity. One of his earliest works to defend the Galilean-
Torricellian principle is described. The works presented in this chapter include citations which
suggest that Bernoulli must have had access to the most popular books printed in France con-
cerning this topic. However, since there is no definitive record of the books Bernoulli owned
or had access to, it is hard to verify this suggestion. Although it seems close to impossible to
find out which books Bernoulli had in his own library, it would be of utmost interest to iden-
tify whether the mentioned books were available at the time in the library of the University of
Basel.
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Learn how to see. Realize that
everything connects to everything
else.

Leonardo Da Vinci
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A Digital Approach to the History of
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Introduction to Part II
The study presented in the first part of this thesis shows that for a comprehensive study of one
topic, a scholar would need to analyze various sources of historical data: manuscripts, corre-
spondences, journal articles, books, etc. In an increasingly digital world, e-infrastructure has
become a key component of daily life of researchers, underpinning a variety of academic ac-
tivities (Gueret, 2019). The number of online digital archives is increasing rapidly to provide
global access to information removing the geographic barriers. One conception of a digital
archive is to provide direct access to the images and transcriptions of the original materials
as if the reader were actually in the presence of the documents. This study argues that even
though digitizing the source materials and displaying them online is a prominent step in facil-
itating the research on the resources, it could yet be drastically improved using advanced web
technologies which enhance the searchability and usage of the materials. With the hands-on
experience I have gained by performing history of science research, I could recognize and im-
plement the technologies and features which would empower history of science research and
would also be applicable to the other humanities fields.

In addition, this thesis suggests a new research method for the field of history of science:
the network method. Through the infrastructure developed in the course of this thesis, histo-
rians can study data as an interconnected system of resources. In contrast to the conventional
approach that requires studying the individual resources to establish the connection between
them, the infrastructure illustrates the links between resources, then having this picture in
mind, researchers can explore the data.

As a first step to create such an infrastructure, the research data must be structured as a graph
of information– in other words, data models must be defined to structure the facts and their
relations in a machine-readable format. One can, then, use these data models to create digital
editions of historical, scientific text. Making the digital editions available online as Linked
Data allows web applications to query the information efficiently. Consequently, historians
of science can study the data as a network of resources and can use tools based on semantic
web technologies to analyze the data. In Chapter 5, I will describe the definition of such data
models and the process of automatically creating scholarly digital editions as Linked Data.

Furthermore, historians must be able to access and interact with the facsimile of the manuscripts
presented on the web in a high resolution to study the rendition of text in the original manuscript,
the orientation of text passages, and differences in ink color or hand-writing. Most of the
scholarly digital editions online present transcriptions entirely separate from the facsimiles of
the original document. Since manuscripts such as Meditationes are mostly written chaotically,
with canceled text and tangled passages, it takes a tremendous amount of a researcher’s time
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to compare a transcription with its facsimile to study a region of interest. Thus, an interactive
multi-layered edition would help researchers to select a region of interest on the image and
access the normalized and diplomatic transcriptions and translations of that passage and vice
versa. In Chapter 5, I will also describe the generation of the multi-layered interactive edition
of Jacob Bernoulli’s Meditationes as a collection of linked notes.

The digital editions as Linked Data must be presented on an online platform in a highly
practical way. A precise and faithful representation of historical, scientific data on the web
demands a methodological approach to render mathematical formulas and diagrams on the
web correctly. Furthermore, from every resource of interest, researchers must have access
to other connected resources. For example, as can be seen from the first part of this thesis,
correspondence analysis comprises a significant part of the history of science research. A
researcher interested in a letter must be able to have direct access to its replies, the previous
letter of the correspondence as well as all index references given within the text. In Chapter
6, I will outline the storage of digital editions as a graph of resources and their representations.

Even though the existence of online digital editions of works and correspondence of natural
philosophers improves the quality of research by giving free access to the information, the
offered research tools are minimal. Most of the platforms provide the possibility to search for
a phrase in the database; however, historians of science would require more elaborate search
functionality. They should be able to query for compound phrases and mathematical formulas.
Furthermore, they should be able to perform advanced queries for information that satisfies
specific criteria, for example, queries for all entries of the Meditationes that have a citation to
Explicationes article, or for all letters Euler wrote in a specific time period or about a partic-
ular topic. In Chapter 6, I will explain the research tools developed to explore the data graph
with examples using the content of previous chapters. Moreover, in this chapter, I also address
questions that arise regarding the maintenance of digital data for an extended time and citabil-
ity of online resources as more and more data are made available on online platforms.

A historian’s research on a particular topic is never limited to study the works of an indi-
vidual. The investigation of Jacob Bernoulli’s contributions to rational mechanics, in addition
to the study of Bernoulli’s works and correspondence, required studying the works and cor-
respondence of Leibniz, Johann Bernoulli, Huygens, Newton, Galileo, Leonardo Da Vinci
among others. These natural philosophers either directly corresponded or cited each other’s
works. Although currently most of their works and correspondence are made available on
online platforms, these platforms do not interoperate. Thus despite the inherent linkage of the
data, their digital editions are not connected. In Chapter 7, I will describe the e-infrastructure
I have developed to connect several digital edition platforms to create a network of correspon-
dence data that allows for the analysis of the letters as an interconnected system of resources
offering powerful search functionality.

Lastly, this thesis suggests the use of visualization as a research tool. The visualization
of network data helps with perceiving the relations between the resources and offers the big
picture needed for research in the history of science field using the network method. Chap-
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ter 8 contains the description of the visualization tool developed for automatically creating
web-based 3D interactive visualizations of digital editions stored as a graph. Using this tool,
historians can study the distribution of the data, linkage of data, and change of correspondence
distribution and topics over time.

The research of the current thesis was conducted as part of the Bernoulli-Euler Online
(BEOL) project, which is an interdisciplinary research project funded by the Swiss National
Science Foundation.108

Bernoulli Euler Online project
The BEOL project was a collaboration between the Bernoulli Euler Center and the Digital
Humanities Lab at the University of Basel. Its aim was to develop a research platform for the
study of early modern mathematics and science. The BEOL platform109 mainly focuses on the
mathematics influenced by the Bernoulli dynasty and Leonhard Euler and presents these ma-
terials to the public and researchers in a highly functional way. The developed methodology
can also be applied to other editions, enhancing the principle of Open Access publication.

The BEOL platform is a virtual research environment in which researchers can access,
query, and annotate the data. It is based on Knora,110 a RESTful API that relies on Semantic
Web technologies such as OWL ontologies, and is well suited as a platform for the representa-
tion of complex structured qualitative knowledge. Knora includes a high-performance media
server, called Sipi,111 for serving and converting binary media files such as images and video.

Developing such an infrastructure that presents research data and offers tools to study them
necessitated a realistic knowledge of the data complexity. Therefore, three editions were cho-
sen to be integrated into the BEOL platform.

Editions integrated into the BEOL platform
• Jacob Bernoulli’s Scientific Notebook (Meditationes)112 was never published as a whole

in a single edition. Apart from the notes about mechanics, its other entries were in-
cluded in the five published volumes of Jacob Bernoulli’s works, Die Werke von Jacob
Bernoulli. The sixth volume that was supposed to contain the entries of Meditationes
about mechanics has never been created; only digital copies of pages were made avail-

108http://p3.snf.ch/Project-166072.
109BEOL is developed as an open-source project available on GitHub: https://github.com/dhlab-

basel/beol.
110Knora is developed as an open-source project available on GitHub: https://github.com/dasch-

swiss/knora-api.
111Sipi is developed as an open source project available on GitHub: https://github.com/dasch-

swiss/sipi.
112See p.7.
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able on the e-manuscripta portal.113 It is important also to note that the categorization
of the other published notes is not completely flawless resulting in the publication of a
note in a not thematically related volume. The distribution of the Meditationes notes in
various paper-based volumes makes it difficult for the historians to study the notes as
one collection and to recognize the relations between them. Thus, as part of the BEOL
project, for the first time, the entire Meditationes notebook is edited as a multi-layered
interactive digital edition to be integrated into the BEOL platform with facsimiles, tran-
scriptions (diplomatic and normalized), translations, and comments (Schweizer, Alassi,
2019).

• Basler Edition der Bernoulli Briefwechsel (BEBB) is an ongoing online edition of the
correspondence of the members of the Bernoulli dynasty and Jacob Hermann (Schweizer,
Alassi, 2017). However, this edition does not currently contain Jacob Bernoulli’s corre-
spondence. The edition is hosted by the University Library of Basel and is connected to
the university library’s metadata catalog for manuscripts.114 More than 1500 letters of
this edition are integrated into the BEOL platform.

• Leonhard Euler’s Correspondence: The edition of the works of Leonhard Euler, entitled
Leonhardi Euleri Opera Omnia (LEOO), is a monument of scholarship known to most
historians of science. Leonhard Euler’s Opera Omnia consists of 81 volumes, 79 of
which have already been published in paper format as four series of books. The fourth
series (series IVA) is devoted to Euler’s correspondence and contains approximately
3200 letters, 1000 of them written by Euler himself.

– LEOO IVA/IV, volume IV of the IVA series contains the correspondence between
Leonhard Euler and the German mathematician Christian Goldbach (1690-1764),
encompassing almost 200 letters sent over 35 years. This volume also contains
three letters exchanged between Christian Goldbach and Euler’s oldest son, Jo-
hann Albrecht Euler (1734–1800) (Mattmüller, 2015). This edition is completely
integrated into the BEOL platform (Alassi et al., 2018).

– Leonhardi Euleri Commercium Epistolicum (LECE) is an ongoing edition that
presents small collections of letters exchanged between Euler and diverse figures
of that time that were excluded from LEOO IVA series due to editorial decisions.
This edition currently contains Euler’s correspondence with the Marquis de Con-
forcet (1743–1794), 7 letters, and Anne Robert Jacques Turgot (1727–1781), 2
letters. The LECE edition currently also contains letters Condorcet exchanged
with others about the content of his correspondence with Euler. He exchanged 5
letters with Johann Albrecht Euler, 3 letters with Nicolaus (I) Fuss (1755–1826),
and one letter with Andres Johann Lexell (1740–1784). This edition started as a
pilot project with the aim of creating transcriptions to be directly integrated into the
BEOL platform using the data model and infrastructure developed for the above
mention three main BEOL editions.

113https://www.e-manuscripta.ch/bau/content/titleinfo/1452579.
114http://www.ub.unibas.ch/bernoulli.

161

https://www.e-manuscripta.ch/bau/content/titleinfo/1452579
http://www.ub.unibas.ch/bernoulli


By integrating these data into a virtual research environment, scholars and the general pub-
lic can freely access this rich source material, making use of a sophisticated and versatile set
of digital tools for study, research and teaching. From the sources studied in the first part of
this thesis, only the Meditationes and Johann Bernoulli’s correspondence are integrated into
the BEOL platform. However, the generic methodology of the BEOL makes it possible to
create and integrate the digital editions of the other sources, such as Jacob Bernoulli’s corre-
spondence, the Euler-Daniel Bernoulli correspondence (LEOO IVA/III), and Jacob Bernoulli’s
Reisebüchlein.115

Further notes
In the next chapters, I use “we” to indicate that the described functionality is developed by the
BEOL team (Dr. Tobias Schweizer and me), and “I” to indicate that the mentioned function-
ality is entirely my work.

115See p.8.
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Chapter 5.

RDF-based Data Modeling
In printed documents, we often find references to other materials; readers must follow the ci-
tations and locate the source. Most of these documents end up online as digital copies, PDFs,
or HTML pages in the same way. Still, a human reader can detect the citations in the text
and search for the sources. However, the Web allows us to link one document to another. In
the materials that are created primarily for an online publication, the references are given as
hyperlinks. Readers can easily click on the links and access the source material that might be
on another server. Although these data are suited for human readers, apart from some basic
metadata in the header of HTML documents such as the creator, creation date, etc., they are
not in a machine-readable form. Computers understand the links given in documents, but not
their context and the relation of the links to the surrounding text. Machines can only help us
by optimally querying the information if they understand pieces of fact presented in the web
documents and their relations. Two questions arise: what is the best way of packaging facts
and their relationships in a format understandable to machines? How do we link the facts
distributed in different web pages? In other words: how to build a web of information instead
of the web of documents?

The Semantic Web is meant to help build a web of data which connects distributed datasets
in a standard way so that applications can query them. The RDF standard for packaging the
facts and their relations in a machine-readable format empowers the vision of the semantic
web. Linked Data employs RDF and the Hypertext Transfer Protocol (HTTP) to publish
structured data on the web and to connect data between different data sources. It allows an
application to start at one piece of Linked Data and follow embedded links to other pieces
of Linked Data that might be hosted on different sites across the Web.1 Currently, most of
the scholarly digital editions presented on the web are not in such a machine-readable format.
To enable researchers to query for every piece of information in the BEOL editions, we have
modeled the data with the RDF standard. In this chapter, I will describe the data models
defined for the BEOL project to structure the information and the relations as RDF statements.

163



Chapter 5. RDF-based Data Modeling

Figure 5.1.: An RDF triple

Figure 5.2.: An example of connected RDF triples

5.1. What is RDF?
RDF stands for Resource Description Framework and is a standard for data interchange on
the web, developed and agreed upon by World Wide Web Consortium (W3C). While there
are many conventional tools for dealing with data and more specifically for dealing with the
relationships between data (i.e., with the semantics embedded in it), RDF is the easiest and
most powerful standard designed until now.2 The RDF data model vaguely resembles an
object-oriented data model. It consists of entities, represented by unique identifiers, and bi-
nary relationships, or statements, between those entities. In a graphical representation of an
RDF statement, a triple, the source of the relationship is called the subject, the labeled arrow
is the predicate (also called property), and the relationship’s destination is the object (Figure
5.1) (Decker et al., 2000b, 68).

Each subject and predicate of an RDF triple has a unique, URL-like identifier called an
Internationalized Resource Identifier (IRI). The subject of a statement is always a resource,
while the object can be a resource or a literal. In RDF diagrams, resources are always drawn
as ovals, and literals as boxes. Figure 5.2 illustrates interconnected RDF triples, two of which
share a subject. The object of the property hasGivenName is a literal value, but the property
hasBrother points to an object that is a resource, which is the subject of another triple with
predicate hasGivenName and literal object value “Johann”. With the representation in RDF,
these relations are made explicit and can be queried and processed by machines.

1https://json-ld.org/.
2https://www.ontotext.com/knowledgehub/fundamentals/what-is-rdf/.
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Ontologies describe RDF data models. An ontology typically contains a hierarchy of con-
cepts within a domain and describes the fundamental properties of each concept through an
attribute-value mechanism. Further relations between concepts might be expressed through
additional logical sentences (Decker et al., 2000a). RDF and RDF Schema (RDFS) offer some
basic concepts for modeling, and the Web Ontology Language (OWL) provides the means for
building ontologies of high complexity. Ontologies formalize semantic concepts and can be
read by machines. Based on an ontology, RDF triples can be stored in a triplestore.3 The data
stored as RDF can be easily queried by machines using query languages such as SPARQL.

Knora has its own built-in ontology called knora-base; every project that uses Knora,
like BEOL, defines project-specific ontologies that extend the base ontology.4 In the ontol-
ogy, one can also specify the cardinality of the predicates, for example every person has one
date of birth, but can have multiple given names. Therefore the property hasBirthDate
would have cardinality = 1 and hasGivenName would have minCardinality
= 1. For the current project we have defined multiple ontologies to model various data types,
such as index items, correspondences, manuscripts, etc.

5.2. Index modeling
Most of the printed books, including editions, have multiple index lists: name index, bibliog-
raphy, subject index, etc. These items are referenced in the main text body and are most often
listed at the end of the printed volume with some extra information. In the RDF-based digital
editions, resource classes must be defined to represent the index items. Once the items in the
index list are modeled and stored as RDF statements, they can be referenced in the main text
body using their IRIs. The purpose and structure of the index items differ; I will therefore
explain here how we have modeled the name index, bibliography, and subject index items of
the BEOL editions.

5.2.1. Name index
As we saw in the previous chapters, many actors play a role in sources in the history of science
and in the humanities more generally. In the printed literature, we often see these people men-
tioned with their full name, followed by their birth-death date range, like Nicolaus Bernoulli
(1687-1759). Using this information, readers must identify which Nicolaus Bernoulli the
author means, Nicolaus, Nicolaus I, Nicolaus II, etc. On the other hand, scholars refer to
this person in different ways. Truesdell (1960, 84) refers to him as Nicholas I Bernoulli;
later, he lists the same person as Nikolaus I Bernoulli at the end of the same book. The ed-
itors of Bernoulli’s works identify him as Niklaus I Bernoulli in some editions, but in a few
other sources they refer to him as Nicolaus Bernoulli and to his father as Nicolaus the eldest
Bernoulli. Similarly, opinions vary about his birth and death dates. This example illustrates

3For the BEOL project, we have used GraphDB triplestore, but Knora also supports Fuseki.
4https://perma.cc/8J3E-RGRV.
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Figure 5.3.: An excerpt of the beol:person data model

the difficulty of identifying one person with just the name and dates.

This identification gets even more complicated when it comes to the primary literature, such
as Meditationes, where the authors mention persons only with their surnames. For example,
we saw that in Med.CCLXXXV, Jacob Bernoulli refers to David Gregory only as Gregorius.5
It falls upon the shoulders of editors to identify who Gregorius was. In the printed editions,
editors usually include information about the referenced persons in the name index list added
to the end of books. This list comprises records of people mentioned in the edition, the page
numbers of the references, and explanations about persons, such as the place of birth and
death, the occupation of the person, etc.

In digital editions, referring users to the source of references with the help of page numbers
is meaningless. Users should be able to search for the person in the database and obtain a
list of resources where the person is referenced. For example, by querying all the records in
the database for a person with the family name Bernoulli and birth date after 1687, the search
process must return a list of the resources corresponding to these criteria, including Nicolaus
I Bernoulli. All the resources in which Nicolaus I Bernoulli is referenced must also be listed.
This can be achieved by modeling biographical information of persons as RDF. Every person
will be described by a resource class and will have a unique IRI in the database. This IRI
can be used to create a direct link to the resource in the precise location in the text where the
person is referenced so that users can instantly access all of the available information about
the mentioned person.

5See p.45.
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In the BEOL ontology, with the prefix beol, we have defined a data model describing
persons (Figure 5.3). Standard ontologies that represent similar concepts are used by mak-
ing subclasses and subproperties — for example, the resource class beol:person is a
subclass of foaf:person, where foaf is the prefix of the Friend of a Friend ontology.6
Similarly, the property beol:hasGivenName is a subproperty of the foaf:givenName.
All BEOL resources are subclasses of knora-base:Resource so that Knora can query
and update their content. For the same reason, the properties of the BEOL resource classes
that have literal object values, such as beol:hasGivenName, should be subproperties of
knora-base:hasValue. Likewise, if the object value of a property, such as beol:hasDisciple,
is another BEOL resource, it links the two resources and is a subproperty of knora-base:hasLink.
For the beol:person class, various properties are defined, some have literal object values
such as a date, a text, an identifier, and some describe links to other resources.

In humanities data, date values can be specified with different calendars such as Gregorian,
Julian, Islamic, etc. Most of the dates given in the previous chapters are in the Gregorian cal-
endar because Bernoulli was living in the geographic area where the Gregorian calendar was
officially used after its introduction in 1582. However, date values in the mentioned correspon-
dence between Euler and Daniel Bernoulli are in the Julian calendar because Euler was living
in Russia, where the Julian calendar was officially used. The death date of Leonhard Euler,
who passed away in St. Petersburg, would be stored as JULIAN:1783-09-07. There-
fore the calendar must be specified for the given date values such as birth date, publication
date, creation date of a letter, etc. Although various calendars can be specified when enter-
ing a date, internally Knora converts the given dates to Julian Day Numbers. This calendar-
independent representation makes it possible to compare and search for dates regardless of
the calendar in which they were entered. The object values of these properties are of type
knora-base:dateValue with year, month, or day precision; the year is a mandatory
value, but month and day are optional. Moreover, humanities data can also contain dates in
a specific era (BCE, CE, or BC, AD). For example, in Chapter 2, I have mentioned Heron of
Alexandria (10 AD–70 AD);7 here it is essential to indicate the calendar era, AD, for the date
value. Thus his birthdate would be stored as GREGORIAN:10 AD.

In humanities data, one might also encounter floruit dates. These are used when exact
biographical information such as birth and death date of a person is not identified. Such a
date is represented as beol:hasFloruitDate in the data model. Similarly, if the person
is known to have been in a specific location at a certain point in time, this place is indi-
cated with the beol:hasFloruitPlace property. For example, very few references to
Euclid survive, and not much is known about his life. His birth and death date may only
be roughly estimated from the sources which mention him: between the mid-4th century
BC and mid-3rd century BC. This period can be stored as the object value of the property
beol:hasFloruitDate as GREGORIAN:350 BC:250 BC. Here, BC is repeated for
both start and end dates of the interval because otherwise, by default, CE would be considered

6http://xmlns.com/foaf/spec/.
7See p.56.
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Figure 5.4.: Data model depicting relations between beol:person resources

for the end-date of the range. Knora internally converts the intervals to two Julian day num-
bers denoting the start and end of the interval, allowing for searches regardless of the era and
calendar.

The difference in opinions about the correct representation of biographical information
might result in multiple records for the same person in digital edition projects. Search engines
would also fail to realize that the Nicolaus Bernoulli mentioned in one database is the same as
the one given in another database with a different spelling. The property beol:hasIAFIdentifier
ensures the uniqueness of each person record in the BEOL database. The literal object value
of this property is a Integrated Authority File number (GND),8 maintained by the German
national library, DNB.9 In the cases where no GND number is available for a person, its cor-
responding Virtual International Authority File identifier (VIAF)10 is used.11 The GND and
VIAF identifiers facilitate the collaborative use and administration of authority data represent-
ing persons. In this way, the resource representing a person in the BEOL database is connected
to the other projects indicating the same person. In the BEOL project, the GND number is pre-
ferred over VIAF for two reasons: BEOL editions contain references to persons mostly from
German-speaking countries. The DNB database contains a large number of person-records
from this area, which do not have a record in the VIAF database. Secondly, in case no GND
or VIAF is available for a particular person, BEOL editors can ask DNB to create the corre-
sponding record and identifier.

Most of the properties of beol:person have text value objects, such as given name,
place of birth, etc. The BEOL editions are in different languages: German, English, French,

8Abbreviation of Gemeinsame NormDatei.
9https://www.dnb.de/DE/Professionell/Standardisierung/GND/gnd.html.

10https://viaf.org.
11This is mostly the case for the non-European figures less known in German-speaking countries.
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etc., but they share some resources, for example, they all contain references to Euler. In
order to avoid creating multiple records for one item, text value objects can be given in dif-
ferent languages (Figure 5.4). The language of a text value can be specified by adding the
valueHasLanguage attribute to the knora-base:TextValue. A text value can have
a maximum of one specified language, which is an ISO 639-1 code such as fr, de, etc. Users
of the BEOL platform can then choose their preferred language in the user interface; upon
availability, text values with the corresponding language will be displayed. Text value objects
can contain text with markup and mathematics or can be simple. Text values can also contain
links to other resources (see Section 5.3.1).

The object of some predicates can be another BEOL resource, for example, properties such
as beol:hasSon and beol:hasDisciple link two person resources. Although relation-
ships such as teacher-pupil and master-disciple are common in the history of science, family
relations between the members of the Bernoulli dynasty needed to be introduced to the data
model as well, such as beol:hasBrother and beol:hasSon. There can be multiple
links connecting two resources; for example, Johann Bernoulli was both pupil and brother of
Jacob Bernoulli (Figure 5.4).

The digital editions integrated into the BEOL platform comprise an extensive database of
persons aggregated in different ways. Some of these records existed when we started the
BEOL project; some needed to be created. The existing records, however, were in various
formats: those mentioned in the BEBB editions were in the MediaWiki format12 stored in
the University of Basel library catalog. On the other hand, the printed edition of the Euler-
Goldbach correspondence (LEOO IVA/IV) and the Euler-Daniel Bernoulli correspondence
(LEOO IVA/III) are in LATEX format.13 I have developed parsing scripts to automatically ex-
tract information out of the name index lists of these editions. These scripts then model and
validate the data with respect to the defined ontology. The result of this parsing process is a
list of persons in XML format describing every resource and its properties. Next, the collabo-
rating editors have checked the results of this automatic parsing and added the missing GND
numbers to the elements.

For the ongoing editions, such as Meditationes and the Euler-Condorcet/Turgot correspon-
dence (LECE), editors needed to create new person records. To this end, software with a
graphical user interface was developed for creating new beol:person resources according
to the defined data model. To prevent duplicates, this tool requires an integrity authority file
identifier for every person to compare the given record against those existing in the BEOL
database. This tool prescribes the formats demanded by Knora for literal values, such as
dates. It also allows users to specify the language of the text literals. Its output is an XML file

12https://www.mediawiki.org/wiki/MediaWiki.
13LATEX is a typesetting system mostly used for the generation of published documents, especially those which

contain sophisticated mathematical formulas (Ders., 1994). It can load multiple external packages containing
special macros and commands for text rendering. LATEX offers macros for the logical structure of the text and
indexing systems, for example, to create bibliography or name index lists.
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describing the new beol:person records that can be directly imported into Knora.14 List-
ing 5.1 illustrates the XML element describing the beol:person resource that represents
Leonhard Euler.15

1 <beol:person id="eulerl">
2 <knoraXmlImport:label>Leonhard Euler</knoraXmlImport:label>
3 <beol:comment knoraType="richtext_value" lang="de">Mathematik,

Mechanik, Astronomie, Physik; MA UBasel 1724 ...</beol:comment>
4 <beol:comment knoraType="richtext_value" lang="fr">Mathématicien,

physicien, astronome; membre adjoint de l’Académie des sciences
de Saint-Pétersbourg 1726 (1727?), ...

5 </beol:comment>
6 <beol:hasBirthDate knoraType="date_value">GREGORIAN:1707-04-15</

beol:hasBirthDate>
7 <beol:hasBirthPlace knoraType="richtext_value">Basel</

beol:hasBirthPlace>
8 <beol:hasBirthPlace knoraType="richtext_value" lang="fr">Bâle</

beol:hasBirthPlace>
9 <beol:hasDeathDate knoraType="date_value">JULIAN:1783-09-07</

beol:hasDeathDate>
10 <beol:hasDeathPlace knoraType="richtext_value">SPb.</

beol:hasDeathPlace>
11 <beol:hasDeathPlace knoraType="richtext_value" lang="fr">Saint-Pé

tersbourg</beol:hasDeathPlace>
12 <beol:hasFamilyName knoraType="richtext_value">Euler</

beol:hasFamilyName>
13 <beol:hasGivenName knoraType="richtext_value">Leonhard</

beol:hasGivenName>
14 <beol:hasIAFIdentifier knoraType="richtext_value">(DE-588)

118531379</beol:hasIAFIdentifier>
15 </beol:person>

Listing 5.1: An XML element describing a beol:person resource

5.2.2. Bibliography
Edition projects include a long list of bibliographical items cited either by the editor in a com-
mentary or by the author of the original text. In the first part of the thesis, I have mentioned
examples in the Meditationes where Bernoulli refers to the works of others without giving
exact citations. In Med.CCLXXX, he discusses Leibniz and Mariotte’s solutions to the can-
tilever problem (Figure 2.25), and in Med.CCLXXVIII, he falsifies a thesis which he attributes
to Borelli (Figure 4.32). Although the context of Med.CCLXXX helps with identifying Leib-
niz and Marriotte’s referenced publications, it is more difficult to recognize which work of

14See Section 6.1.2.
15For more information about the structure of XML elements see Section 6.1.2.
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Figure 5.5.: Bernoulli’s Explicationes article in RDF data model

Borelli, Bernoulli cites. In both cases, thorough research needed to be conducted to determine
the origin of these references. Mostly editors include the research results in the commentaries.
There are also cases where Bernoulli has given detailed citations. For example, he cites his
Explicationes article in the title of Med.CCXLIX and Med.CCL (Figures 2.21 and 2.22), and
in the body of Med.CCXLV, he refers to his Notes on Descartes essay (Figure 4.28). In these
cases, a citation to the corresponding bibliographical item can be directly added to the tran-
scription of the text.

Traditionally in digital editions, a description of this bibliographical information is added
to transcriptions as plain texts. This kind of information is not machine-searchable; it is only
possible to query for the bibliographical items with a full-text search. Users can not refine
the query by specifying the date of publication or journal name. In the BEOL project, I have
defined an ontology for modeling the bibliographical data in RDF format. In this way, every
bibliographical item will have a resource in the database with a unique IRI. One can then
query for the bibliographical item as an advanced search specifying the values of properties in
the search criteria, for example, by asking for all the articles written by Jacob Bernoulli and
published in December 1695. Furthermore, wherever a bibliographical item is cited, its IRI
can be used to link the text to the corresponding bibliographical resource. This enables users
to access the underlying resource of citations directly and see other resources that cite the
same bibliographical item, which might be relevant to their research topic. It is also possible
to list all resources in which a certain bibliography item is referenced.16

Most of the properties and classes of the bibliography ontology, indicated with the prefix
biblio, are the subproperties and subclasses of an existing ontology with prefix bibo.17

The biblio ontology that I have defined describes the data model for bibliographical items

16For a query example see p.218.
17http://bibliontology.com/.
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Figure 5.6.: A Varia Posthuma article in RDF data model

mentioned in the BEOL editions, such as books, collection articles, journal articles, etc. It
also defines nested classes of resources: a collection article is part of an edited book that can
belong to a series, and so on (Figure 5.5). The vocabulary defined for the bibliography data
model is dependent on the beol ontology through using some of its resource classes. For
example, a biblio:Book has an author or editor of the type beol:person.

There are also project-specific resource classes defined, for example, for modeling the
items of the Varia Posthuma (Figure 5.6). Every article published in this collection is an
edition of a Meditationes entry.18 Thus every resource of type biblio:VPArticle is
linked to the corresponding Meditationes manuscript in the BEOL database via the predicate
biblio:hasManuscriptEntry. Since each Varia Posthuma article is a manuscript pre-
served in the University of Basel Library, the archival information of the document is also
described by properties such as shelf mark and start and end folium numbers. There is a digi-
tal copy of every Varia Posthuma manuscript available in the e-manuscripta portal. Therefore,
a link to the corresponding digital copy is also given through biblio:hasURI property that
is of type knora-base:UriValue, representing a non-Knora URI.

Another project-specific bibliography model is the biblio:letter outlining the struc-
ture of the printed version of the beol:letter resources. For example, in Chapter 2, I have
mentioned the correspondence between Daniel Bernoulli and Leonhard Euler about Elastica.19

This correspondence is edited and published as part of LEOO IVA/III. The information about
the printed version of the letters, such as pagination, editors, publisher, etc. is added to the
biblio:letter resource that is then connected to the corresponding digital edition of the
letter in BEOL (Figure 5.7). Similarly, the LEOO IVA/IV letters are printed in two editions:

18See p.8.
19See p.102.
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Figure 5.7.: An example of published letter data model

Yushkevich-Winter20 and Fuss21 editions. Thus each letter of the Euler-Goldbach correspon-
dence series is connected to two biblio:letter resources that represent the printed edi-
tions. This information enables users to find other editions of the letter to study the editorial
comments.

Like the person index, the BEOL database contains a large number of bibliographical items
that either existed in the bibliography list of the integrated editions or were created for the
ongoing digital edition projects. The printed volumes of LEOO IVA/IV and LEOO IVA/III
contain a list of the bibliographical items either referenced in the correspondence or in the
commentaries. Unfortunately, the bibliographies are not structured in the standard LATEX bib-
liography styles such as BibTex or Biblatex. This has made the automatic extraction of infor-
mation more difficult. Nonetheless, I have developed a set of parsing scripts which can extract
the bibliographical items automatically. The parser also creates resources for the persons that
are not listed in the name index of these editions, such as translators, editors, etc. It also
ensures the uniqueness of the bibliographical items by pattern matching and with the help of
given ISBN and DOI identifiers. The results of the parsing script are XML files that list all
bibliographical items presented in the printed editions verified with a schema mirroring the on-
tology. The accuracy of the automatically extracted data is also checked by the collaborating
editors. Before the bibliographical items are imported, resources are created for the mentioned
persons and linked to the bibliography resources with their corresponding IRIs. For the ongo-
ing projects, a software is developed to model the new bibliographical items with respect to
the biblio ontology. Before adding any new record, the tool checks for any matching item
in the existing database.

20http://ark.dasch.swiss/ark:/72163/1/0801/j3bSb=jLQZeFDR80qTA3BgU.
21http://ark.dasch.swiss/ark:/72163/1/0801/TAotPsZ=SUeyRu9NSoQboQn.
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Figure 5.8.: An example of a hierarchical topics list

5.2.3. Subject index
Online versions of articles are often published with keywords to facilitate searches. Most au-
thors define the keywords identifying a subject matter to increase the findability of their con-
tributions. Similarly, in printed volumes, authors often classify the content of a book based
on the topics in a list generally appended to the end of the book: the subject index. This list
helps researchers interested in a particular topic to retrieve the relevant materials by pointing
them to the specific sections of the book. However, to my experience, most editions, digital or
printed, do not include a subject index. Creating an accurate index for editions requires a lot
of editorial time and collaboration with experts on the topics discussed in the source material
to determine topics. However, the recent editions of Leonhard Euler’s Opera Omnia, the third
and fourth volumes of LEOO IVA, include a subject index in a hierarchical form. It lists the
topics discussed in the correspondence along with the corresponding letter numbers as:

Mathematics
Algebra: Introduction 2.3

Complex numbers: No. 1, 43, 45, 47, 49–52, 83–85, 106, 107
Algebraic equations: No. 51–53

5th-degree equations: No. 18, 19, 165, 166

In the same way, one can introduce such an index to the digital edition of the Meditationes by
specifying the subject matter of each note, as:

Mechanics
Statics:

Loaded String: Med.CCXXIII-MedCCXXXI, ...
Catenary: Med.CCXXXIX, Med.CCXLV
Equilibrium Axis: Med.CCXLIV, Med.CCXLV, Med.CCLXXXVI, ...

Elastictiy: Med.CLXX, Med.CCL, ...
Elastica: Med.CCXLV, Med.CCLXXX, Med.CCLXXXII, ...

This kind of hierarchical data structure can be defined as an RDF graph list. A root node
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Figure 5.9.: Resources with a subject in common

of type knora-base:ListNode denotes the entire Subject Index, and the subcategories
are assigned to it as nodes. Each topic, such as mathematics, can have several sub-nodes
(Figure 5.8). The listing below shows the RDF representation of a subject index item in Turtle
format:22

1 <http://rdfh.ch/lists/0801/mathematics> a knora-base:ListNode;
2 knora-base:hasRootNode <http://rdfh.ch/lists/0801/subject_index>;
3 knora-base:listNodeName "Mathematics";
4 knora-base:listNodePosition 0;
5 knora-base:hasSubListNode <http://rdfh.ch/lists/0801/algebra>,
6 <http://rdfh.ch/lists/0801/geometry>;
7 rdfs:label "Mathematics"@en .

Each topic, a node of the list, can then be assigned to different resources. Each resource class,
a letter or manuscript entry, can have multiple beol:hasSubject properties connecting
it to the nodes in the subject index list describing its subject matter. In this way, different
resource types concerning a specific topic will be connected (Figure 5.9). Researchers can
then query for and obtain all records in the BEOL database about a particular topic.23

5.3. Correspondence modeling
RDF is well suited for the representation of correspondence networks, since the description of
linked data structures is one of its strengths. Both the metadata of the letters, as well as their

22Turtle is a textual syntax for RDF that allows an RDF graph to be written in natural text form. For more
details see https://www.w3.org/TR/turtle/.

23For a query example see p.217.
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Figure 5.10.: An excerpt of the RDF-based correspondence metadata model

text, can be modeled with RDF. The metadata of the letters share some features with other writ-
ten sources. An optimal data model requires a definition of abstract classes whose properties
the subclasses can inherit. For example, any written source such as a manuscript or a letter has
an author, creation date, and many other properties that all written sources share. These proper-
ties should be detected and appended to an abstract resource class beol:writtenSource,
then any subclass of it will inherit these properties directly. Each subclass can have its own
specific properties; for example, a letter has a recipient; on the other hand, a manuscript has
archival information. Therefore beol:basicLetter class has properties that describe the
distinct features of a letter, such as its recipient, replies, etc. A person can be the author or
recipient of many letters, and each letter can have multiple recipients. By means of RDF,
BEOL creates a network of letters represented by the beol:letter resource class that is
a subclass of beol:basicLetter. It defines the properties specific to the letters of the
BEOL editions (Figure 5.10).

The BEOL project integrates correspondence originated from different edition projects,
BEBB, LEOO, and LECE; therefore, the letters vary slightly in format and metadata. For
example, letters of LEOO IVA/IV are categorized based on their topics and are linked to their
printed versions. For every letter, both the transcription in the original language, Latin or Ger-
man, and its English translation are available. The letters of Leonhard Euler’s Commercium
Epistolicum, LECE, transcribed in French do not have a translation or a subject index available
because of editorial decisions. Most of the letters of both Euler’s correspondence series have a
unique international identifier, the Repertorium Number, and each letter is connected to its re-
sponse. The digital copies of their facsimiles are preserved in the Archive of Russian Academy
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of Science in St. Petersburg or in the Russian State Archive in Moscow, which hold propri-
etary rights on the facsimiles. Thus, the digital editions of Euler’s correspondence in BEOL do
not represent the original facsimiles except for three low-quality scans. There are static rep-
resentations of the BEOL letters in other external repositories; for example, LEOO letters are
available as PDF in the edoc portal of the University of Basel. The property beol:hasURI
connects the resources in the BEOL to their representations in the external repositories.

The letters of the BEBB edition project, on the other hand, have facsimiles in IIIF format,24

but they are neither translated nor linked to their responses. The facsimiles are preserved at
the University of Basel Library Archive. This archive is a member of the HAN organisation,
which connects institutions in Switzerland that preserve manuscripts and other archival ma-
terials.25 The HAN catalog lists the metadata, including archival information about the items
available in partner archives, to allow documents to be located. Each BEBB letter has a record
in this catalog; thus the property hasSystemNumber connects the edition of the letter in
BEOL to its corresponding record in the HAN catalog.

Euler’s letters are full of mathematical diagrams, which are presented in two formats in
LEOO editions: in the original given in the transcription of the letter, and a redrawn ver-
sion given in the translation of the letters. Some of the figures also have a caption. Each
diagram in the LEOO edition is stored in a separate file in JPEG format. Since RDF is not
a suitable storage medium for binary data such as images, Knora stores them outside the
triplestore in ordinary files using a media server called Sipi.26 Sipi is a IIIF server which
interacts with Knora, the API server that manages the RDF triplestore where the metadata
is stored. Sipi also provides a high performance transformation of the images including ro-
tation and format conversions while preserving all of the metadata embeded in the images
(Rosenthaler et al., 2017, 566). The beol:figure resource class, which is a subclass of
knora-base:stillImageRepresentation represents each figure. The metadata of
the digital object is stored in the triplestore using the knora-base:FileValue property.
Users would only need to specify the file path, then, during the import of the resource, Knora
will store the metadata of the image in the triplestore, and the image itself will be stored by
Sipi. The facsimiles of the BEBB letters and mathematical diagrams of the LEOO IVA/IV edi-
tion are stored in the same way.

All these edition-specific properties are added to the beol:letter data model. The
connection between the transcription of a letter, its translation, and replies creates a network
of interconnected correspondence that enables users to browse the data and study any resource
together with those related to it. This RDF modeling of the data makes advanced searches for
the correspondences possible. For example, a user can query for all the letters Euler wrote in
a certain time period and sent to a particular person.27 This query can be even refined further

24The International Image Interoperability Framework (IIIF) defines a URL based syntax for digital images,
allowing for interoperability among image repositories. https://iiif.io/api/image/2.1/.

25https://www.ub.unibas.ch/han/.
26https://github.com/dasch-swiss/sipi.
27For a query example see p.214.
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by naming a specific topic such as Fermat numbers.28

5.3.1. Correspondence text modeling
Most of the digital editions currently available online are encoded either in TEI,29 pure HTML,
or Wiki markup. TEI/XML has become the standard way of encoding texts used in humanities
research. It defines markup for metadata descriptions and renditions of the text. However, TEI
has a few drawbacks: it cannot directly deal with the overlapping markup, and one cannot store
TEI/XML markup and query the text based on its renditions. To overcome overlapping markup
problems and to be able to search for markup structures in the same way RDF data structures
are queried, markup must be stored separately from the content they describe. Knora’s Stand-
off/RDF markup stores content as a simple Unicode string, and represents markup indepen-
dently as RDF data.30

BEOL editions are encoded in XML format, and a mapping system defines how XML
markup must be converted to Standoff/RDF tags and back. Knora provides the functionality to
convert text encoded in XML into standoff annotations. Standoff annotations refer to positions
or ranges of the text via index positions. Thus, every RDF object that is a text value literal
can be either a simple string or a marked-up text encoded in XML. While submitting a text
encoded in XML to Knora, one should indicate which mapping elements must be used to
convert the given XML tags to standoff. The standard text markup such as italic <i>, bold
<b>, etc. can be mapped to their equivalent standoff tags defined in Knora’s standoff
ontology with mapping elements such as:

1 <mappingElement>
2 <tag>
3 <name>i</name>
4 <class>noClass</class>
5 <namespace>noNamespace</namespace>
6 <separatesWords>false</separatesWords>
7 </tag>
8 <standoffClass><classIri>http://www.knora.org/ontology/standoff#

StandoffItalicTag</classIri>
9 </standoffClass>

10 </mappingElement>
11 <mappingElement>
12 <tag>
13 <name>b</name>
14 <class>noClass</class>

28See the description of this query in p.217.
29The Text Encoding Initiative (TEI) is a consortium which collectively develops and maintains a standard

for the representation of text in digital format. https://tei-c.org/ Most of the online digital editions are
encoded in TEI. See p.234.

30For more details about the standoff markup see https://perma.cc/U22J-L7FE.
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15 <namespace>noNamespace</namespace>
16 <separatesWords>false</separatesWords>
17 </tag>
18 <standoffClass><classIri>http://www.knora.org/ontology/standoff#

StandoffBoldTag</classIri>
19 </standoffClass>
20 </mappingElement>

The BEBB and LEOO editions are transcribed in different formats; firstly, we needed to
convert and homogenize these editions to XML format. BEBB is an online edition31 that is
based on the MediaWiki software and hosted by the University Library of Basel. It is con-
nected to the library’s metadata catalogue for manuscripts.32 The letters are encoded in Wiki
markup and are converted to HTML to represent them on the web. We have transferred the
BEBB Wiki markup to XML using MediaWiki parser (Schweizer, Alassi, 2017).33 Wiki tags
and structures, including references to figures, persons, and bibliographical items, are con-
verted to the XML tags.

On the other hand, the LEOO IVA/IV is edited in LATEX. I have converted this edition to
XML using the LaTeXML software, a powerful tool for converting LATEX to XML.34 How-
ever, with the default setup, this software cannot convert all commands imported in the text
from mathematical LATEX libraries. We needed to extend LaTeXML software with customizing
Perl scripts (Alassi et al., 2018). LaTeXML converts the mathematical equations to MathML,
which also include the LATEX version as an attribute. The values of the tex attributes are en-
coded in the XML documents of the edition as <math> elements, which are represented in
RDF by standoffMathTag. This standoff annotation adds the semantic information to the
entity by indicating that the part of the text inside the markup is a mathematical expression.
However, the semantics of mathematical objects could be represented better by describing
them as RDF statements. Then expressions could be evaluated and also nested in SPARQL
endpoints. To that end, Wenzle, Reinhardt (2012) suggest a way to store the mathematical
expressions as RDF statements using OpenMath.35 This approach is useful for scientific data,
where the evaluation of the expressions is essential, especially for querying for the resources
based on the numerical calculation of the expressions. In digital editions of historical math-
ematical sources, on the other hand, storing the expressions as mathematics and representing
them to readers with correct rendering on the web is adequate.

For the standard standoff tags defined in the standoff ontology, Knora offers a mapping
with a unique IRI. If a text encoded in the XML document contains only standard XML tags,
this mapping can be used to convert them to standoff. Thus while submitting the XML to
Knora-API, users must specify this mapping for the standoff conversion using its IRIs. How-

31http://www.ub.unibas.ch/bernoulli.
32Basler Inventar der Bernoulli-Briefwechsel.
33https://github.com/earwig/mwparserfromhell.
34https://github.com/brucemiller/LaTeXML.
35https://www.openmath.org/.
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ever, some projects include specific tags in the XML documents. In these cases, one should
define the standoff tag for the elements in the ontology of the project, and describe the con-
versions in a custom mapping. The schema file provided by Knora can be used to validate the
project-specific mappings.36 The editions of Euler’s correspondence include specific entities
in the XML document; therefore, we have defined a specific mapping for these editions.

Jacob Bernoulli, Euler, and others invented and used some specific characters in the text
and math formulas that do not have any equivalent Unicode character. To represent these
characters on the web, I have developed customized fonts. The characters are drawn and
saved as scalable vector graphics, SVG files, for which webfonts are created automatically
using icomoon application.37 The graphical representation of these webfonts can be easily
adjusted in the CSS stylesheets for optimal representation on the web in line with the sur-
rounding text. In the XML, a <font> element specifies a webfont given in the font-type
attribute, as <font font-type=\icon-fxFk">. To represent this tag as RDF, the
standoffFontTag class is defined in the beol ontology and the following element is
added to the custom mapping to define the conversion of the <font> tag to standoff:

1 <mappingElement>
2 <tag>
3 <name>font</name>
4 <class>noClass</class>
5 <namespace>noNamespace</namespace>
6 <separatesWords>true</separatesWords>
7 </tag>
8 <standoffClass>
9 <classIri>http://www.knora.org/ontology/0801/beol#

StandoffFontTag</classIri>
10 <attributes>
11 <attribute>
12 <attributeName>fontType</attributeName>
13 <namespace>noNamespace</namespace>
14 <propertyIri>http://www.knora.org/ontology/0801/beol

#standoffFontType</propertyIri>
15 </attribute>
16 </attributes>
17 </standoffClass>
18 </mappingElement>

Text values can also contain references to other resources, such as index resources: per-
sons and bibliographical items. The references are encoded in XML as direct links, stand-
off links. Knora ensures that the target of a reference exists when the link is created. As
an optimization for querying, the reference is not only expressed from the text to the target

36https://perma.cc/WKH8-YR88.
37https://icomoon.io/.
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Figure 5.11.: An example of a standoff link to a person within a text (Schweizer, Alassi, 2018)

resource via knora-base:standoffTagHasLink, but also from the resource itself by
a knora-base:hasStandOffLink (Figure 5.11). In Euler’s correspondence editions,
the references to persons and bibliographical items are given with LATEX index command.
LaTeXML converts them to entity elements. To indicate that these elements must be con-
verted to standoff links, I have defined the following mapping element:

1 <mappingElement>
2 <tag>
3 <name>entity</name>
4 <class>noClass</class>
5 <namespace>noNamespace</namespace>
6 <separatesWords>false</separatesWords>
7 </tag>
8 <standoffClass><classIri>http://www.knora.org/ontology/0801/beol

#StandoffEntityTag</classIri>
9 <attributes>

10 <attribute>
11 <attributeName>type</attributeName>
12 <namespace>noNamespace</namespace>
13 <propertyIri>http://www.knora.org/ontology/0801/beol

#standoffEntityType</propertyIri>
14 </attribute>
15 </attributes>
16 <datatype>
17 <type>http://www.knora.org/ontology/knora-base#

StandoffLinkTag</type>
18 <attributeName>ref</attributeName>
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19 </datatype>
20 </standoffClass>
21 </mappingElement>

The ref attribute indicates the target resource by its IRI. If the target resource is a biblio-
graphical item, then type="item" otherwise it is type="person". Listing below shows
two entity elements defining links to John Wallis, and his book Arithmetica infinitorum
referenced in the Euler-Goldbach correspondence.38

1 <entity ref="http://rdfh.ch/0801/johan_wallis" type="person"/>
2 <entity ref="http://rdfh.ch/0801/arithmetica_infinitorum" type="item

"/>

The type attribute adds semantic meaning to the links and is used to add icons to these links
in the user-interface. Clicking on these icons directs the users to the underlying resources
(Figure 5.12). In the same way, a text can contain links to facsimiles or figures. To enable

Figure 5.12.: An example of links to index resources within the text

the user to access the beol:figure resources referenced in the text directly, we have also
specified icons for them in the front-end (Figure 5.12). These references are given in the text
with <figure> or <facsimile> tags with the src attribute indicating the ID/IRI of the
target resource. They are mapped to StandoffFigureTag that defines a standoff link to
the target beol:figure resource.

In the scholarly editions, most of the editorial comments are given in footnotes or endnotes.
LEOO editions are rich in endnotes that are referenced from both transcriptions and transla-
tions. The beol:endnote resource class represents the endnotes. Each endnote contains
text values offering additional information about a concept and can have multiple bibliography
and name index references as well as figures. The text body of the endnotes can also con-
tain links to the other beol:letters or beol:endnote resources. These links are en-
tered in the text with the standard standoffLinkTag as <a class=\salsah-link"
href=targetID>, where href attribute indicates the target resource. Based on the type
of the target resource, a link is added to the text that provides direct access to the underlying
resource (Figure 5.13). In order to display the text stored with standoff annotation on the Web,
the standoff markup must be transformed into HTML tags. Therefore before submitting the

38IRIs in the listing are given in a reader friendly style.
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Figure 5.13.: An example of links to endnotes and facsimiles within the text

XML files for storage to Knora, one must first define a set of XSL transformations to convert
XML markup to HTML tags. Knora stores the XSLT file in Sipi, and its metadata in the triple-
store, and will assign a unique IRI to it. Once a client requests access to a resource with a text
value, Knora reverses the standoff annotations to the XML markup that was originally sub-
mitted using the custom mapping file. Next, through the IRI of the XSLT file specified there,
Knora retrieves and applies the transformation rules to convert the XML markup to HTML
tags and returns the result to the client (Figure 5.14).

By means of the standoff annotations, one can perform advanced queries on the text. For
example, one can query for all records in the BEOL database whose text contains a particular
phrase in italics, or a link to a resource. It is also possible to query for the written resources
whose text contains a specific mathematical formula. In Section 6.3.1, I will describe a cou-
ple of examples of this kind of query. Figure 5.15 illustrates an example of the metadata and
text modeling of a letter from the LEOO IVA/IV edition. It describes how the links between
different resource types are established.

Modeling of the metadata, conversion of texts from LATEX to XML, modeling of texts with
the defined ontologies, and adding the references and links to the text are done automatically.
The corresponding scripts are collected into a package that can be used to convert and model
the other LATEX-based LEOO editions such as LEOO IVA/III. For the editions that started dur-
ing the BEOL project, and for the future ones, a generic framework is defined so that edi-
tors can directly enter the transcriptions in XML files reflecting the defined ontology models.
This framework also allows for handling of the references and links and can be verified with
schemas driven from the ontologies using Knora.39 The resulting XML files contain the defi-
nitions of all resources, their properties, and the relations between the resources. These XML
files can be directly imported into Knora and integrated into the BEOL platform without any
conversion needed.40 The correspondence of Euler with Condorcet and Turgot, which is cur-
rently available in the BEOL platform, is created using this framework.

39https://perma.cc/KJL9-3XTQ.
40https://perma.cc/P4AD-XZPM.
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Figure 5.14.: Text markup conversion work-flow
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Figure 5.15.: An example of the correspondence metadata and text modeling

185



Chapter 5. RDF-based Data Modeling

The defined correspondence data model is generic and can be used for modeling other edi-
tions. For example Jacob Bernoulli’s correspondence with Leibniz about the resistance of
solids discussed in Chapter 2, or his correspondence with Johann about Velaria discussed
in Section 1.2, can be easily modeled with the defined ontology. This correspondence is
published in the Der Briefwechsel von Johann Bernoulli and Der Briefwechsel von Jacob
Bernoulli; both are edited with LATEX and can be automatically converted to XML and inte-
grated into the BEOL with the help of the conversion package and mapping. Jacob Bernoulli’s
Meditationes, on the other hand, is a manuscript and requires a particular data model.

5.4. Manuscript modeling
The first part of this thesis has been based on a detailed study of the entries in Jacob Bernoulli’s
Meditationes about mechanics. To facilitate such research on this type of document, its digital
edition must be available online along with the transcriptions, commentaries, translations, and
direct access to the facsimiles. Researchers should be able to search for the notes by subject
matter, creation date, etc. Furthermore, it must be possible to immediately see the connections
between the notes and easily access the linked documents. Meditationes entries also contain
references to bibliographical items and persons. Therefore, researchers should be able to di-
rectly access the referenced resources and query for them. An RDF-based digital edition can
provide all this functionality. We have defined a generic data model for the Meditationes that
can be used for modeling any other manuscript.

I will explain this data model with the help of a couple of entries about the Velaria prob-
lem discussed in Section 1.2. The beol:manuscriptEntry resource class represents
the individual entries that belong to the beol:manuscript class describing the Medita-
tiones notebook (Figure 5.16). Properties of this resource class provide information about the
manuscript, such as its author, creation date, and the archive where the manuscript is held.
Each manuscript entry has a sequence number, beol:seqnum, and a title. Med.CLXV con-
tains Bernoulli’s first study of the curvature of an inflated sail in late 1690. The approximate
creation date of each note can be specified using the beol:creationDate property. We
have seen that Bernoulli refers to the content of this note in his comprehensive analysis of the
Velaria problem in Med.CLXXXVIII.41 This establishes a link between the two notes. I have
demonstrated that Med.CLXXXVIII is the basis of Bernoulli’s Curvatura Veli article.42 This
information can be presented to researchers by adding a comment to the entry represented with
the beol:entryComment class. This comment indirectly links the manuscript entry to the
corresponding journal article. The topics discussed in the Meditationes can be described as
list nodes, such as Velaria. Then, each entry about this topic can be connected to this list node
with the beol:hasSubject property. In this way, by searching for the sources about the
Velaria, users can access all resources in the database, such as bibliographical items, letters,

41See Figure 1.8.
42See p.32.
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Figure 5.16.: RDF-based data model of Meditationes entries
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manuscript entry, etc. that are about this particular topic.

The edition of the Meditationes is multi-layered. That means each manuscript entry con-
tains five types of transcriptions: original, diplomatic, and normalized in the original language,
Latin, as well as English, German and French translations. Each transcription is specified with
a layer number 0 � 5. In the front end of the BEOL platform, users can access any desired
layer and can switch between the layers to see the variations of the text. Meditationes entries
are transcribed in an XML-based format. The editorial comments are also given as XML ele-
ments in the XML transcription and presented in the normalized and translation layers of the
edition. The text content of the beol:entryComment is given in two languages, English
and German. The comments will be displayed in the front end in the users’ preferred language.

The transcription of the Meditationes is based on the digital facsimiles of the manuscript.
Each page of the document is divided into regions (Figure 5.17). The different colors indicate
different categories of image segments: title region TT and text region T (green), mathematical
formulas region M (red) and mathematical figures F (blue) (Schweizer et al., 2017). Each
region is transcribed individually.

5.4.1. Regions and transcriptions
Each region defined on the facsimile is of the type knora-base:Region. The regions are
extracted by applying a combination of various image processing techniques and redrawn as
vector graphics (Schweizer, Alassi, 2019). The title regions contain the entry’s number and ti-
tle, text regions mainly contain philological text, mathematical notation regions consist mainly
of equations and arrays, and mathematical figure regions include diagrams. Each region is
stored as an individual image using Sipi, and its metadata is stored in the triplestore with a
unique ID. Per Meditationes entry one XML file is created that contains the transcriptions for
all its regions. Each text region is transcribed in a separate XML element and connected to its
corresponding image using its ID/IRI. For example, the listing below shows the transcription
of the title region and upper left diagram of Med.CLXV (Figure 5.17).

1 <region id="http://data.knora.org/sYlLbGVYRruhCAzby2KxnA" name="M165
-01-TT" regiontype="TT" pagenumber="205">

2 <rendition type="underline">CLXV</rendition> &lpar;
3 <rendition type="underline">De figur&ahat; veli vento inflati</

rendition>:
4 </region>
5 <region id="http://data.knora.org/H0moEmCsQyCwIwjR6tycAA" name="M165

-02-F" regiontype="F" pagenumber="205">
6 </region>

Listing 5.2: Transcription of the title region of Med.CLXV

With the XML transcriptions referring to regions, the text and image content are merged
automatically by converting rectangular regions of interest to IIIF URLs (Schweizer et al.,
2017). In the BEOL front-end, the diplomatic layer shows the single regions aligned with
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Figure 5.17.: Division of Med.CLXV into regions
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their transcriptions. In the other layers, the transcriptions are aligned to present a coherent
text. The normalized text is not based on the logical structure of the text, i.e., the text is struc-
tured as a sequence of paragraphs that can span regions and pages (Schweizer, Alassi, 2019).43

There are three kinds of cross-referencing in the Meditationes entries. In the first type,
within the body of the note, Bernoulli references another entry with its roman number as
§XXXX (Figures 1.8 and 4.38) or with Arabic numbering (Figure 4.23). This establishes a
link between the two manuscript entries, as described in the data model (Figure 5.16). In the
second type, entries are referenced using their page numbers in the Meditationes. For example,
in the margin of Med.CCXXVII, Bernoulli has added references to two alternative demonstra-
tions of his equilibrium axis theorem given in the later pages of the Meditationes (Figure 4.17).
One is in a supplement written on p.275 after Med.CCXX, and the other is in Med.CCXLIV
on p.293 of the Meditationes.44 Figure 5.18 illustrates the data model of this kind of reference.

The third type of cross-referencing is used for adding an extra text passage to a particular
part of a note. For example, in Med.CLXV, Bernoulli has added a text to the margin of the note
identifying it with the # symbol. In the body of the entry, he has specified where the marginal
passage belongs to with the # symbol. Figure 5.19 shows a segment of Med.CLXV on which
the two regions are indicated (marked in green). The region at the bottom of the page (’M165-
07-T’) contains the cross-reference sign ’#’ (marked in red) that reoccurs in the region in the
page’s margin (’M165-08-TN’). It means that the text in the margin belongs to a specific place
in ’M165-07-T’. When hovering over a region in the GUI, the associated transcription of the
marginal text is displayed. In the normalized text layer, it is possible to access a text that is
easier to read, with the margin region directly integrated into the text of region ’M165-07-T’
(Schweizer, Alassi, 2019). The example below shows the normalized text that combines the
transcription of ’M165-07-T’ in the [] and ’M165-08-TN’ in the [] as nested regions:

[ sed quia ds constanti supposita, z est = dy ds
ddx , pag. 201, erit substituto hoc

valore
dx dy3

ddx
= Int.dy3. hoc est, [ quia ddx . dx :: dy3 . Int. dy3, erit

a ds ddx . a ds dx :: dy3 . Int. dy3 , hoc est existente a ut decet, a ds ddx = dy3
& a ds dx = Int. dy3, h.e. differenti [secun]d abscissarum s[un]t proportionales ?
] ddx . dx :: dy3 . Int. dy3 & quia etiam ... ]

The orientation and ink color of a passage of text in a historical manuscript can provide
clues about when the passage was written. For example, the marginal text was clearly written
at a later time than the main body of the note. I have also indicated an instance where Bernoulli
has added a passage to a note at a later time, which is only recognizable through the ink color
difference.45 Only direct access to the passages on the facsimile makes the orientation and
style of writing visible. As shown above, the transcriptions of the regions are separated by
square brackets. Each bracket is a direct link to the related region on the facsimile; clicking
on it leads users to the highlighted region on the manuscript. This allows readers to carefully

43For details about presentation of Meditationes entries in BEOL GUI see Section 6.4.5.
44See p.133.
45See p.107.
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Figure 5.18.: An example of the cross-referencing in the Meditationes using page numbers
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Figure 5.19.: An example of Bernoulli’s style of cross-referencing passages (Schweizer,
Alassi, 2018)

study the region of interest on the facsimile, using functionality like zoom and rotation of the
region image.

As mentioned earlier, regions are geometrically defined and can be converted to IIIF URLs.
With IIIF, regions can easily be obtained as image files, defining their format, resolution, and
even orientation (rotation angle). Defining the rotation is useful when the text has been added
vertically in a margin like ’M165-08-TN’. The region can be expressed as an IIIF URL. To
enhance its readability, it is enough to change the rotation parameter from 0 to 270, using
clockwise rotation (Schweizer, Alassi, 2019).

5.4.2. Index references in transcriptions
Because of an editorial decision, bibliographical references Bernoulli has given in entries are
added to comments in the digital edition. However, the data model allows direct links to the
index resources to be specified in the transcription text. For example, as discussed in Sec-
tion 2.4, Bernoulli has written a couple of notes in the Meditationes that describe the concepts
given in his Explicationes article. In the title of Med.CCL, he cites a passage of this article with
exact bibliographical information and the page number; therefore, a link to the correspond-
ing bibliographical item can be added to the transcription of this region of the note (Figure
5.20). Similarly, a link to this article can be added to the transcription of Med.CCXLIX, where
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Figure 5.20.: Reference to a bibliographical item in the transcription
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Bernoulli cites another page of the same article. Furthermore, this journal article was men-
tioned in a letter that Daniel Bernoulli had sent to Euler, thus a link to this journal article can
also be added to the transcription of the letter (Figure 5.20). In this way, users will be able to
access all the resources in the database where this article is referenced.46

Bernoulli has also mentioned various persons in the Meditationes notes. In the current dig-
ital edition, the references to the persons are also given in the commentaries, which create
indirect links to the index resources. They could have been directly added to the transcrip-
tion text. For example, as indicated in Section 4.2.1, Bernoulli attributed a theorem to Stevin,
Hérigone, and Varignon in the title of Med.CCXXIX. References to these persons could be
directly added to the transcription of the title region (Figure 5.21). This direct access to the
underlying beol:person resources would be particularly helpful for the less known fig-
ures such as Baron Clément Cyriaque de Mangin, who Bernoulli has referenced with his
pseudonym, Hérigone. These links to the index resources given in transcriptions or commen-
taries enable historians of science interested in a particular person to retrieve all records in the
BEOL database where the person is mentioned.

5.4.3. Philological and mathematical text
The transcription of the Meditationes is based on two markup systems: XML for the philolog-
ical text and LATEX for mathematical notations. The adequate encoding of different phenomena
in the philological and mathematical text requires the embedding of mathematical notation in
the XML-based transcription. In some cases, the surrounding context has to be taken into
account when rendering the LATEX, e.g., if the text is underlined or struck through. This can
be achieved by dynamic macro insertion to avoid redundancy in the transcription source files
(Schweizer, Alassi, 2019).

Figure 5.22.: Underlined text and mathematical equation in the title of Med.CLXXV

In the title of Med.CLXXV, Bernoulli gives the differential equation of the Elastica that is
underlined together with the surrounding text (Figure 5.22).47 In the manuscript, philological
text and mathematical notation are not differentiated: both are underlined. Listing below
shows a part of the transcription of the title region

46For details about the query see p.218.
47See p.68.
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Figure 5.21.: References to persons in the transcription
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1 <region id="http://rdfh.ch/beol/tYCom62wTSeO8Dz4OqLfEw" name="M175
-01-TT" regiontype="TT" pagenumber="213">

2 <rendition type="underline">CLXXV</rendition>. &lpar;
3 <rendition type="underline">Invenire rationem <formula notation

="TeX"><original>\subst{x}{y}</original></formula> ad
4 <formula notation="TeX"><original>\subst{y}{x}</original></

formula> applicat&ae; ad abscissam in curvatur&ahat; &line
;

5 lamin&ae;, cujus &ae;quatio differentialis est <formula
notation="TeX"><original>dy = \dfrac{xx\,dx}{\sqrt{} \, \
overline{a4 - x4}}</original>

6 <critical>dy = \dfrac{xx\,dx}{\sqrt{aˆ4 - xˆ4}}</critical><
/formula>&ndot;<correction><orig></orig><corr>,</corr></
correction></rendition>

7 <rendition type="underline"><expan>vid<am></am><ex>e</ex></
expan> . <gap unsure="true">CLXX.</gap></rendition> &par
;

8 </region>

The rendition element allows editors to specify how the text is rendered in the original source.
In the above example, for a faithful critical edition, the entire text, including the mathe-
matical equation, is wrapped in the underline markup. To store this markup in the triple-
store and later represent the text with the same rendition to the reader, it is mapped to the
StandoffUnderlineTag as:

1 <mappingElement>
2 <tag>
3 <name>rendition</name>
4 <class>underline</class>
5 <namespace>noNamespace</namespace>
6 <separatesWords>false</separatesWords>
7 </tag>
8 <standoffClass>
9 <classIri>http://www.knora.org/ontology/standoff#

StandoffUnderlineTag</classIri>
10 </standoffClass>
11 </mappingElement>

When transforming the XML to HTML using an XSL transformation,48 macros are dynami-

cally inserted if needed. In the case of dy =
xx dxp
a4 � x4

, the macro \underline{dy =
xx dxp
a4 � x4

}
is dynamically inserted. Meditationes also contains cases where a passage or a sentence is
struck through or crossed out; for example, in Med.CLXXXVIII (Figure 5.23). It would be of

48See p.183.
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interest for a researcher to study the canceled text and try to understand the author’s reasons
for deletions. The diplomatic transcription layer represents the canceled text with <del> an-
notation. The canceled texts are removed from the normalized transcription layer. Two types
of cancellation by strike through or cross-out, deletion, are defined in the custom mapping as:

1 <mappingElement>
2 <tag>
3 <name>rendition</name>
4 <class>strike</class>
5 <namespace>noNamespace</namespace>
6 <separatesWords>false</separatesWords>
7 </tag>
8 <standoffClass>
9 <classIri>http://www.knora.org/ontology/standoff#

StandoffStrikethroughTag</classIri>
10 </standoffClass>
11 </mappingElement>
12 <mappingElement>
13 <tag>
14 <name>del</name>
15 <class>noClass</class>
16 <namespace>noNamespace</namespace>
17 <separatesWords>true</separatesWords>
18 </tag>
19 <standoffClass>
20 <classIri>http://www.knora.org/ontology/0801/beol#

StandoffDeletionTag</classIri>
21 </standoffClass>
22 </mappingElement>

197



Chapter 5. RDF-based Data Modeling

Figure 5.23.: The canceled passages in Med.CLXXXVIII

5.4.4. Translations
As mentioned earlier, each Meditationes entry is translated into English, German, and French,
presented in the transcription layers 3, 4, and 5. The text content of each region is translated;
however, the mathematical formulas of the regions had to be repeated for translation layers.
Therefore, to avoid redundancy, complex formulas are rather referenced than re-encoded. In
some cases, additional macros were needed for language support (Schweizer, Alassi, 2019).
The listing below shows the LATEX encoding of Eq.2.32 given in Med.CCLXXXII49 referenced
from the translation:

1 <formula notation="TeX" id="M282-06-T">
2 <original>t \ \language{vel}{oder}{or}{ou} \tau \; = \dfrac{3nx}{b

}
3 </original>
4 </formula>

Depending on the target language, the macro \language{...}{...}{...}{...} has to be replaced
with the correct argument. The first argument contains the text in Latin. In the German trans-
lation layer, the second argument is taken into account, for English layer the third, and for
French the fourth. The LATEX encoding of the math formulas in the Meditationes transcrip-

49See Section 2.6.
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tions and translations are converted to HTML macros using Pandoc.50 In this way, the result-
ing mathematical formulas can be rendered in the front end by MathJax (Schweizer, Alassi,
2019).51 The editorial XML-based framework, its XSL transformations, mappings, and data
model defined for the edition of the Meditationes can be used for other manuscripts that are
not yet edited; for example, Jacob Bernoulli’s Reisbüchlein.52

5.5. Text division modeling
A written text can be divided into logical parts: section, subsection, etc. Written sources, such
as the current thesis, are most often divided into parts which might contain cross-references
to the passage written in other sections of the same volume. These text subdivisions and the
logical structure can be mirrored in RDF ontologies. In this way, long texts can be broken into
smaller interconnected segments represented as nested sections. Typesetting systems such as
LATEX allow division of a text into chapters, sections, subsections, and subsubsections. How-
ever, it is not possible to divide a subsubsection into even smaller parts. The RDF-based
representation of this nested structure overcomes this limitation.

The printed editions, such as LEOO/IVA, include not only the edition of Euler’s correspon-
dence but also an introduction and a preface structured with LATEX subdivision macros. The
transcriptions of letters contain references to various parts of the introduction added to edi-
torial comments. I have modeled the introduction sections as RDF statements preserving the
original structure of the text (Figure 5.24). Each section of the introduction is represented by
beol:section resource class that has properties such as title, text, label, etc. The subject
matter of each section is specified using the beol:hasSubject property referring to a node
of the subject index list. The text body of sections can contain references to other sections or
resources such as letters, bibliography items, etc. Each section can have an unlimited num-
ber of sections specified with beol:hasSection property.

The introduction of the LEOO IVA/IV is converted to XML using the LateXML tool, and
the resulting XML is transformed to reflect the RDF data model. The references to persons
and bibliographical items and letters are substituted with IRIs of these resources to establish
the links. The topics of introduction sections are parsed out of the subject index of the edition
and appended to the resource. This entire process is performed automatically using scripts
that can be used for other editions of the Leonhard Euler’s Opera Omnia. Furthermore, for the
ongoing editorial projects such as LECE edition, an XML template mirroring the defined data
model structure is created for introductory texts. Editors would only need to fill in these tem-
plates with the text and the index entities. The resulting XML files can be directly imported
into Knora.53

50https://pandoc.org/MANUAL.html#latex-macros.
51https://www.mathjax.org/.
52See p.8.
53See the XML import routine described in Section 6.1.2.
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Figure 5.24.: An example of the text structure modeling

Figure 5.25.: Representation of a text with links to a letter and an introduction section

Storing the written sources with this RDF data model enables users to query for sections,
for example, to search for sections of a book with a specific text or about a particular topic.
The content of other text entities, such as text body of a letter or an endnote, can contain links
to any beol:section resources (Figure 5.25). Breaking long texts into smaller logical
sections also improves the computation time of text queries. This data model is generic and
can be used for modeling any written source such as books.
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Data Storage, Representation, and Usage
What are the primary expectations of a researcher from a digital edition platform? That it
provides an accurate representation of the editions, stable access to the data, powerful search
tools, and a practical user-interface. This chapter will outline the steps we have taken to cover
these expectations and offer even more features, such as interoperability with other platforms
and the citability of resources. In Chapter 5, I have explained the RDF-based data model, on-
tologies defined for the BEOL data and have illustrated the graph nature of the RDF data with
various diagrams. The primary step to benefit from the strength of semantic web technologies
is to store the RDF data as a graph in storage systems that support graph query languages.
Once the information is stored, it can be accessed and queried via Knora API.

In this chapter, I will explain the import of the RDF data into a triplestore, and with multiple
examples, I will show how the stored data can be retrieved and thoroughly queried. To enable
fast and effective access to the information without having to deal with the complexity of the
data structure, we have developed a graphical user interface (GUI) for the BEOL application.
Here, I will demonstrate the representation of the editions through this application and the
functionality it offers, such as search tools, the possibility to export the content as TEI format,
and the interoperability with catalog portals. Last, but most important, the BEOL data and
application must be available for a long period so that researchers can have continuous access
to their research data. They must also be able to cite the BEOL data in their publications with
permanent URLs. I will show how, to that aim, we have developed the BEOL application
as part of a generic infrastructure that guarantees the preservation of humanities data for an
extended time.

6.1. Data import
RDF data by nature define a graph. Triplestores, such as GraphDB that we have used for the
BEOL project, offer the possibility to store the RDF data as a graph and to query it using
SPARQL. The triplestore must first know the vocabulary used for the modeling to identify the
triples defined in the data. Each ontology has a unique IRI; for example, the IRI of the beol
ontology is:

1 http://www.knora.org/ontology/0801/beol
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Then, every resource class and property types defined in this ontology will have a unique IRI
of the form “ontology IRI+ # + entity name.” For example:

1 http://www.knora.org/ontology/0801/beol#manuscriptEntry

Through the definitions in the ontologies for resource classes and properties, the triplestore
creates nodes of the graph in canonical form. Primarily, Knora API and the triplestore verify
the consistency of the data with the ontology. They ensure that types of resource classes and
properties are correctly specified in the data. They also check the value types and cardinalities.
Then the triplestore stores each resource as a node of the graph, assigns a unique IRI to it, and
classifies the node with its type as “a” statement.

1 <http://rdfh.ch/0801/med165> a <http://www.knora.org/ontology/0801/
beol#manuscriptEntry>.

Similarly, the triplestore creates predicates that define edges of the graph connecting the sub-
ject node to the object node. If the object of a triple is a literal value, it would be a leaf of
the graph, a node of degree one. Otherwise, if the object is a resource, it would be a child
node. Every resource is a node of the graph with a degree higher than one. In this way, the
triplestore creates a graph from the RDF data and stores it. Knora offers two possibilities to
load the RDF data to the user’s triplestore of choice: sequential import and bulk XML import.
Both of these routines are employed to import the BEOL data.

6.1.1. Sequential import
Using the sequential process, one can import the RDF data by creating the resources one by
one describing the resource type, and its properties in JSON-LD format. In this case, the data
model defined in the ontologies must be mirrored in the resource parameter specifications.
One must indicate if the object of a property is a resource or a literal value. If it is a literal
value, its type must be specified correctly, as a data value, text value, etc. On the other hand, if
the predicates define a link between two resources, one should specify the object resource type
and its IRI. Thus, the object of a link property must have been imported before establishing a
connection to it. Below is an example of a few properties definition to create a resource for a
Meditationes entry:

1 resourceParams = {
2 "restype_id": "http://www.knora.org/ontology/0801/beol#

manuscriptEntry",
3 "label": "Meditatio 165",
4 "properties": {
5 "http://www.knora.org/ontology/0801/beol#title": [
6 {
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7 "richtext_value": {
8 "utf8str": "Med.CLXV"
9 }

10 }
11 ],
12 "http://www.knora.org/ontology/0801/beol#seqnum": [
13 {
14 "int_value": "165"
15 }
16 ]
17 },
18 "project_id": ProjectIri
19 }

One can either describe all the properties of one resource in its first creation or add them later.
Every resource will be created by a single HTTP POST request to the API as:

1 r = requests.post("http://localhost/v1/" + "resources",
2 data=json.dumps(resourceParams),
3 auth=(user, password),
4 headers= {’content-type’: ’application/json;

charset=utf8’},
5 proxies={’http’: ’http://localhost:3333’})

As discussed in Chapter 5, some of the resources, such as letters or Meditationes entries,
have image files. In order to create these resources, the metadata of the corresponding image
files should be stored in the triplestore and Sipi will store the image itself. Therefore these
resources need to be created by a multipart HTTP POST request to the API indicating the
location and file name of the image, as well as its mime-type, like image/jpeg.1

Once the resource definition and parameters pass the consistency check of Knora and the
triplestore, they will be stored in the graph database. After successfully creating a resource,
Knora returns a JSON-LD object containing the assigned unique IRIs of the new resource
and its properties. The resource IRI can then be used as an object value of other RDF state-
ments linked to it, for example, to connect the transcription resources to the corresponding
beol:manuscriptEntry resource. Once the data is in the triplestore, one can always
modify/update it or add more properties to it. Since Knora offers a versioning paradigm, ev-
ery time the stored data is modified, a new version will be assigned to it. In this way, the older
version of data is not lost, and one can always access the history of modifications and previous
values. The most recent version of the data is shown to users by default.

We have imported the digital edition of the Meditationes and BEBB letters via the sequential
import process. However, as mentioned, the LEOO editions and index items are converted to

1https://perma.cc/KE7F-GM2T.
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RDF statements structured in XML files reflecting the defined ontologies. It would have been
superfluous to extract the resource definitions out of the XML files to formulate them as JSON
for the sequential import. Therefore, we have developed a bulk import routine to create the
resources by directly submitting an entire XML file to the API.

6.1.2. Bulk XML import
If one intends to import a large amount of data into Knora, using the bulk import feature is
more convenient. In this routine, an XML file describing multiple resources to be created and
their relations, is submitted to Knora API as one HTTP POST request. As described in Chap-
ter 5, each XML element represents a resource and its children specify the properties of the
resource. Every XML element has a unique ID and can be referenced within other elements
by its id given as the ref attribute. Thus within the XML elements, not only the resources
but also their connections can be defined. The Listing below shows the formulation of Ja-
cob Bernoulli’s Explicationes article described as a biblio:journalArticle element
together with the biblio:Journal element connected to it as illustrated in Figure 5.5:

1 <biblio:Journal id="ae">
2 <knoraXmlImport:label>Acta Eruditorum</knoraXmlImport:label>
3 <biblio:hasName knoraType="richtext_value">Acta Eruditorum</

biblio:hasName>
4 </biblio:Journal>
5
6 <biblio:JournalArticle id="bernoullij_1695">
7 <knoraXmlImport:label>Bernoullija 1695</knoraXmlImport:label>
8 <biblio:endPage knoraType="richtext_value">553</biblio:endPage>
9 <biblio:isPartOfJournal>

10 <biblio:Journal knoraType="link_value" target="ae" linkType="
ref"/>

11 </biblio:isPartOfJournal>
12 <biblio:journalIssue knoraType="richtext_value">Decembris</

biblio:journalIssue>
13 <biblio:publicationHasAuthor>
14 <beol:person knoraType="link_value" target="http://rdfh.ch

/0801/Jacob-Bernoulli" linkType="iri"/>
15 </biblio:publicationHasAuthor>
16 <biblio:publicationHasDate knoraType="date_value">GREGORIAN:1695

-12</biblio:publicationHasDate>
17 <biblio:publicationHasTitle knoraType="richtext_value">

Explicationes, Annotationes et Additiones as ea, quae in Actis
sup. anni de Curva Elastica, Isochrona Paracentrica, & Velaria,
... </biblio:publicationHasTitle>

18 <biblio:publicationIsReprinted> <!--Reprint in Opera Omnia--/>
19 <biblio:Publication knoraType="link_value" target="

bernoullija_opLXVI" linkType="ref"/>
20 </biblio:publicationIsReprinted>
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21 <biblio:startPage knoraType="richtext_value">537</biblio:startPage
>

22 </biblio:JournalArticle>

Listing 6.1: Representation of Explicationes article in XML

For simplicity and readability reasons, not all the information is shown and the IRIs are
human-friendly. The namespaces such as beol and biblio specify in which ontology the
resource class is defined. In the import process, the namespaces resolve to the complete on-
tology IRI specified in the root of the XML, for example:

1 xmlns:biblio="http://api.knora.org/ontology/0801/biblio/xml-import/
v1#"

Every XML element defines an RDF subject, and all triples that share this subject are de-
scribed as its children. The tag of the child element specifies the predicate type. For ev-
ery triple, the type of its object is specified in the knoraType attribute as date_value,
richtext_value, etc. For example:

1 <biblio:publicationHasDate knoraType="date_value">GREGORIAN:1695-12
2 </biblio:publicationHasDate>

If a predicate defines a link to another resource, the knora-type=link_value will in-
dicate its type. The Listing 6.1 demonstrates that a resource can have two types of links to
other resources. Either the target resource is described in the same XML file, or it already
exists in the database. In the first case, linkType=ref, indicates that the target of the link
is described in the same XML file, and its ID would be given as target=id. For exam-
ple, the journal article is connected to the biblio:Journal resource representing the Acta
Eruditoum, using its ID ae, as:

1 <biblio:isPartOfJournal>
2 <biblio:Journal knoraType="link_value" target="ae" linkType="ref"

/>
3 </biblio:isPartOfJournal>

The bulk import routine incrementally creates the resources from top to bottom of the XML
file. An XML element that defines a target of a link must be given before the referencing
element. In the second case, the object of the link is already a resource in the database. Then
its IRI will be specified in the target attribute, and the linkType=iri indicates that
Knora must connect this resource to the one in the database through the linking predicate. For
example, the beol:person resource representing the author of the journal article, Jacob
Bernoulli, already exists in the database; thus the journal article would be linked to that entity
in the database by means of its IRI, as:
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1 <biblio:publicationHasAuthor>
2 <beol:person knoraType="link_value" target="http://rdfh.ch

/0801/Jacob-Bernoulli" linkType="iri"/>
3 </biblio:publicationHasAuthor>

The properties with text value objects that contain markup must have a mapping_id at-
tribute, which denotes the custom mapping needed to convert the markup to standoff by its
IRI, as:

1 <biblio:publicationHasTitle knoraType="richtext_value" mapping_id="
http://rdfh.ch/projects/yTerZGyxjZVqFMNNKXCDPF/mappings/
leooMapping">

2 <text xmlns="">On <math>Aˆ4 + Bˆ4 + Cˆ4 = Dˆ4</math></text>
3 </biblio:publicationHasTitle>

After creating the resources described in an XML file successfully, Knora returns JSON-LD
objects containing the IRIs assigned to the new resources. These IRIs can be used to create
links elsewhere. For example, once the resource for the Explicationes article is created, it can
be referenced using its IRI in other resources, such as the transcription of Med.CCL.

Similarly, other data types such as letters can be defined in XML files and imported with
the bulk import operation. Each letter of the LEOO IVA/IV edition is described in an XML file
that contains elements representing the original letter, its translation, endnotes, figures, etc.
and their relations. Letters are imported in order of their creation date; then, each letter can be
connected to its corresponding reply. The listing below shows the XML element representing
the letter Euler had sent to Goldbach illustrated in Figure 5.15:2

1 <beol:letter id="L007-O">
2 <knoraXmlImport:label>L007 Original</knoraXmlImport:label>
3 <beol:creationDate knoraType="date_value">JULIAN:1730-06-25</

beol:creationDate>
4 <beol:hasAuthor>
5 <beol:person knoraType="link_value" target="http://rdfh.ch/0801/

Leonhard-Euler" linkType="iri"/>
6 </beol:hasAuthor>
7 <beol:hasRecipient>
8 <beol:person knoraType="link_value" target="http://rdfh.ch/0801/

Christian-Goldbach" linkType="iri"/>
9 </beol:hasRecipient>

10 <beol:hasSubject knoraType="hlist_value">http://rdfh.ch/lists
/0801/fermat_numbers</beol:hasSubject>

11 <beol:hasText knoraType="richtext_value" mapping_id=mapping_IRI>

2For simplicity and readability reasons, not all the information is shown and the IRIs are human-friendly.
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12 <text xmlns=""> <p>Vir Celeberrime</p>... </text>
13 </beol:hasText>
14 <beol:letterHasLanguage knoraType="richtext_value">Latin</

beol:letterHasLanguage>
15 <beol:letterHasNumber knoraType="richtext_value">7</

beol:letterHasNumber>
16 <beol:letterHasRepertoriumNumber knoraType="richtext_value">721</

beol:letterHasRepertoriumNumber>
17 <beol:letterHasTranslation>
18 <beol:letter knoraType="link_value" target="L007-T" linkType="

ref"/>
19 </beol:letterHasTranslation>
20 <beol:letterHasURI knoraType="uri_value">https://edoc.unibas.ch

/58842/2/IVA4_PDFA.pdf#page=128</beol:letterHasURI>
21 <beol:letterIsReplyTo>
22 <beol:letter knoraType="link_value" target="http://rdfh.ch/0801/

L006-O" linkType="iri"/>
23 </beol:letterIsReplyTo>
24 <beol:location knoraType="richtext_value">Petersburg</

beol:location>
25 <beol:title knoraType="richtext_value"> Euler to Goldbach, June 25

th (July 6th), 1730</beol:title>
26 </beol:letter>

Listing 6.2: Representation of a letter in XML

To describe a resource with an image file in the XML file, like beol:figure, its path and
mime-type must be specified in an XML element, as shown in the Listing 6.3. During the bulk
import, Knora communicates the location of the image to Sipi, which will convert it to JPEG
2000 and store it (Rosenthaler et al., 2017).

1 <beol:figure id="F088-1n-T">
2 <knoraXmlImport:label>F088-1n-T</knoraXmlImport:label>
3 <knoraXmlImport:file path="/FIGUREN/F088-1n.jpg" mimetype="image/

jpeg"/>
4 </beol:figure>

Listing 6.3: An XML element describing a beol:figure resource

An essential advantage of using the bulk import routine is the possibility of validating the
data before import using the XML schema definitions, XSDs. From ontologies of a project,
one can automatically derive XSD files defining the data model structure.3 The generated
XSD files can be used to validate the XML files formulated for bulk import operation (Alassi
et al., 2018, 326). In this way, users can identify and resolve the errors in the XML files before
sending the XML to the API. This advance validation prevents users from having to struggle
with complex consistency check failures reported by the triplestore. The schema definitions

3https://perma.cc/5FCG-ZC5J.
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10 100 1000
Sequential Import 11.42 s 83.4 s 1229.8 s
Bulk XML Import 1.29 s 1.7 s 26.27 s

ratio= sequential
bulk 8.85 49 45.9

Table 6.1.: Performance analysis of import routines for creating resources without linking
properties

10 100 1000
Sequential Import 13.7 s 85.91 s 1378.72 s
Bulk XML Import 1.71 s 1.95 s 30.72 s

ratio= sequential
bulk 8 44.05 44.88

Table 6.2.: Performance analysis of import routines for creating resources with linking prop-
erties

indicate the permitted properties of a resource described in the ontologies: the expected object
value types as well as the allowed occurrence (cardinality) of a property. When Knora receives
an XML file, two verification layers are performed. First, depending on the namespaces used
in XML files, Knora retrieves the XSDs from the ontologies and checks the XML data with
the schemas. It then formulates the RDF statements from XML elements and loads the data
to the triplestore, which also internally verifies the consistency of the RDF data based on the
defined vocabulary.

The low execution time of the bulk import operation is its significant strength. Table 6.1
shows a quantitative analysis of the performance time of the sequential and bulk import rou-
tines in seconds for creating 10, 100, and 1000 resources without linking properties (same
resources are used in both cases). Table 6.2 illustrates the performance time of import rou-
tines for creating the same resources with an additional linking property to a resource in the
database using its IRI. The analysis shows that in both cases, bulk XML import routine is
more than forty times faster in creating a large number of resources. This is mostly because
via the bulk import routine large XMLs containing descriptions of thousands of resources can
be submitted to Knora-API in one HTTP POST request. From the content of the XML file, the
API formulates multiple resource creation requests and forwards them to the triplestore. The
sequential import, on the other hand, requires one request per resource. Thus, the bulk import
achieves better performance by reducing the communication time with the API and triplestore.
However, the triplestore has a run-time memory limitation. If it is required to create tens of
thousands of interconnected resources at once, it might fail in the middle of the process. For
example, if we increase the number of resources to be created to one hundred thousand, the
sequential import will take hours but will successfully terminate the operation. The bulk im-
port process, on the other hand, will fail with a triplestore out of memory error. Therefore,
a fast and reliable import of data can be achieved by distributing the data into multiple XML
files.
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From the 198 letters of the LEOO IVA/IV edition as well as 17 letters of the LECE edition,
in total, 2767 interlinked resources with text bodies including hundreds of standoff links are
created. Together with more than 2000 bibliography items and almost 3000 beol:person
items, all these resources are imported using bulk import routine in less than eight minutes.
Once data are stored in RDF-triplestore, one can access the information via the API.

6.2. Access information via API
Knora provides an application layer to interact with the RDF data without having to deal with
the complexity of the internal representation of the data in the RDF-triplestore. With the Knora
API, the contents of BEOL are made available as Linked Open Data, LOD. The Knora API
makes RDF data available in different serialisation formats. Our preferred format is JSON-
LD, but RDF/XML and Turtle also are supported. Given the IRI of a resource acquired for
example by doing a search, a representation of the resource can be obtained through a request
to the resources route of the Knora API (Schweizer, Alassi, 2018). The listing below shows
the JSON-LD serialisation of the letter depicted in Figure 5.11:4

1 {
2 "@id": "http://rdfh.ch/0801/letter-L001",
3 "@type": "beol:letter",
4 "rdfs:label": "L001 Original",
5 "beol:creationDate": {
6 "@id": "http://rdfh.ch/0801/letter-L001/values/creationDate",
7 "@type": "knora-api:DateValue",
8 "knora-api:dateValueHasCalendar": "JULIAN",
9 "knora-api:dateValueHasEndDay": 13,

10 "knora-api:dateValueHasEndEra": "CE",
11 "knora-api:dateValueHasEndMonth": 10,
12 "knora-api:dateValueHasEndYear": 1729,
13 "knora-api:dateValueHasStartDay": 13,
14 "knora-api:dateValueHasStartEra": "CE",
15 "knora-api:dateValueHasStartMonth": 10,
16 "knora-api:dateValueHasStartYear": 1729,
17 "knora-api:valueAsString": "JULIAN:1729-10-13 CE"
18 },
19 "beol:hasAuthorValue": {
20 "@id": "http://rdfh.ch/0801/letter-L001/values/author",
21 "@type": "knora-api:LinkValue",
22 "knora-api:linkValueHasTarget": {
23 "@id": "http://rdfh.ch/0801/Leonhard-Euler",
24 "@type": "beol:person",
25 "rdfs:label": "Leonhard Euler"
26 }

4For simplicity and readability reasons, not all the information is shown and the IRIs are human-friendly.
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27 },
28 "beol:hasRecipientValue": {
29 "@id": "http://rdfh.ch/0801/letter-L001/values/recipient",
30 "@type": "knora-api:LinkValue",
31 "knora-api:linkValueHasTarget": {
32 "@id": "http://rdfh.ch/0801/Christian-Goldbach",
33 "@type": "beol:person",
34 "rdfs:label": "Christian Goldbach"
35 }
36 },
37 "beol:hasText": {
38 "@id": "http://rdfh.ch/0801/letter-L001/values/text",
39 "@type": "knora-api:TextValue",
40 "knora-api:textValueAsHtml": "<div><p>Vir Celeberrime</p> ...
41 <a href=\"http://rdfh.ch/0801/Daniel-Bernoulli\">...</a> ... </

div>",
42 },
43 "knora-api:hasStandoffLinkToValue": {
44 "@id": "http://rdfh.ch/0801/letter-L001/values/standoffLink",
45 "@type": "knora-api:LinkValue",
46 "knora-api:linkValueHasTarget": {
47 "@id": "http://rdfh.ch/0801/Daniel-Bernoulli",
48 "@type": "beol:person",
49 "rdfs:label": "Daniel I Bernoulli"
50 }
51 }
52 "@context": {
53 "rdf": "http://www.w3.org/1999/02/22-rdf-syntax-ns#",
54 "knora-api": "http://api.knora.org/ontology/knora-api/v2#",
55 "rdfs": "http://www.w3.org/2000/01/rdf-schema#",
56 "beol": "http://dasch.swiss/ontology/0801/beol/v2#",
57 "xsd": "http://www.w3.org/2001/XMLSchema#"
58 }
59 }

Listing 6.4: Representation of a letter serialized as JSON-LD (Schweizer, Alassi, 2018)

The RDF triples representing the letter are organized hierarchically by the principle of re-
sources and properties. The resource is represented by the top level structure of the JSON-LD
document. Its properties are listed as members of the letter. All ontology information can be
obtained from Knora by making a request to the ontology route of the Knora API. For exam-
ple, the client can ask Knora about beol:letter to get the label for this resource class and
cardinalities of its properties.

The text of the letter is sent directly to the client as HTML so it can be displayed without
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further processing.5 The standoff link, however, is not only contained in the HTML as an
ordinary hyperlink, but is also present as a value in the JSON-LD document. For that value,
the client is informed about IRI of the target, its label and its type. With IRI of the target,
more detailed information can be obtained from Knora (Schweizer, Alassi, 2018). Of course
the researchers who would like to access the information in the BEOL platform would not
need to know about the API response format. The information will be presented in the graph-
ical user interface of BEOL application in response to researcher’s query (see Section 6.4.3).
Additionally, Knora-API offers tools to query the data after the graph is produced.

6.3. Data query
Humanities researchers spend a tremendous amount of time searching for sources relevant to
their research topic; historians of science are no exception. Advanced search functionality
cannot only reduce the time spent looking for material but can also reveal sources previously
unknown to researchers. Researchers mostly use two types of search routines: they either
search for a specific term in the databases, such as “Velaria”, or they look for sources that
comply with specific criteria. For example, a user might be interested in letters written in a
particular time period by a specific author. The BEOL platform offers both of these search
possibilities: the full-text search and advanced search.

For querying the RDF data, technologies such as SPARQL are mostly used.6 SPARQL end-
point accepts queries that are processed by an RDF triplestore; thus, it requires the queries to
be formulated in specific terminologies and patterns. However, SPARQL is not well suited for
the humanities data and is cumbersome for non-experts to use. To support complex searches
that are relevant to humanities data, Knora uses the Virtual Graph Search (Gravsearch), a
query language based on SPARQL. In a Gravsearch query, the client can ask about one or
more relations between the RDF resources and specify which information should be returned.
More generally, a Gravsearch query can use data structures that are simpler than the ones
used in the triplestore, thus increasing ease of use. It can offer better support for humanities-
focused data structures, such as text markup and calendar-independent historical dates. It also
offers features commonly found in web-based APIs, such as access control, filtering of search
results, and enforcing pagination on search results to improve scalability.

Moreover, a humanities researcher might wish to search for a text with markup, such as
a text given in italic, or even <math> tags. This type of search would require a sophisti-
cated SPARQL statement; Knora optimizes this query by using a full-text search index. A
Gravsearch statement created by a web application such as BEOL is further processed by the
Knora-API to create one or more SPARQL Construct queries that are then executed in the
triplestore. Researchers using BEOL would not need to know about the details of the graph
query or learn how to write Gravsearch statements. Using the graphical user interface of the
BEOL, they can simply enter the criteria, start the search process, and retrieve the results.

5See Figure 5.14.
6https://www.w3.org/TR/rdf-sparql-query/.
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6.3.1. Advanced search: Gravsearch

Figure 6.1.: A query for Med.CCXLV

I will explain the advanced search routine with a few examples starting with simple queries
and advancing gradually. In the BEOL platform, researchers have access to all available digital
editions, such as Meditationes and its entries. If a researcher is interested in a particular note,
she can either scroll the list of entries to find the item or search for it. Let’s assume a historian
of mechanics has read the first chapters of this thesis and is interested in studying Med.CCXLV,
but does not have any information other than its number, and that it belongs to Meditationes
notebook. After the researcher has entered these criteria in the advanced search form of the
BEOL platform, as shown in Figure 6.1, the BEOL application will formulate them to the
following Gravsearch statement and will send the query to the API.7

1 PREFIX beol: <http://beol.dasch.swiss/ontology/0801/beol/v2#>
2 PREFIX knora-api: <http://api.knora.org/ontology/knora-api/v2#>
3 CONSTRUCT {
4
5 ?entry knora-api:isMainResource true .
6
7 } WHERE {
8 ?entry a beol:manuscriptEntry .
9

10 ?entry beol:manuscriptEntryOf <http://rdfh.ch/beol/Meditationes> .
11
12 ?entry beol:seqnum ?seqnum .
13 ?seqnum knora-api:valueAsString "245" .
14
15 }

7The IRIs in the Gravsearch statement and response are given in reader friendly format.
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After translating this statement to a SPARQL query construct, the data in the RDF-triplestore
is searched, and Knora-API returns the query results of the triplestore in JSON-LD format
(Listing 6.5). There is only one Meditationes entry with seqnum=245, thus the response of
the extended search only contains one object. The BEOL application displays the content of
the JSON-LD file to the user as a clickable list of results. The response also includes the access
permission setting of the resource, a stable URL for citing the resource elsewhere, information
about the creation of the resources such as its creator, project, and creation date.8

1 {
2 "@id": "http://rdfh.ch/0801/med_245",
3 "@type": "beol:manuscriptEntry",
4 "knora-api:arkUrl": {
5 "@type": "xsd:anyURI",
6 "@value": "http://0.0.0.0:3336/ark:/72163/1/0801/

JO6oe2lHR3qttMvd93LqhAE"
7 },
8 "knora-api:attachedToProject": {
9 "@id": "http://rdfh.ch/projects/beol"

10 },
11 "knora-api:attachedToUser": {
12 "@id": "http://rdfh.ch/users/Alassi"
13 },
14 "knora-api:creationDate": {
15 "@type": "xsd:dateTimeStamp",
16 "@value": "2019-10-23T17:23:37.487Z"
17 },
18 "knora-api:hasPermissions": "CR knora-admin:Creator|M knora-

admin:ProjectMember|V knora-admin:KnownUser|RV knora-
admin:UnknownUser",

19 "knora-api:userHasPermission": "RV",
20 "knora-api:versionArkUrl": {
21 "@type": "xsd:anyURI",
22 "@value": "http://0.0.0.0:3336/ark:/72163/1/0801/

JO6oe2lHR3qttMvd93LqhAE.20191023T172337487Z"
23 },
24 "rdfs:label": "Meditatio 245",
25 "@context": {
26 "rdf": "http://www.w3.org/1999/02/22-rdf-syntax-ns#",
27 "knora-api": "http://api.knora.org/ontology/knora-api/v2#",
28 "rdfs": "http://www.w3.org/2000/01/rdf-schema#",
29 "beol": "http://0.0.0.0:3333/ontology/0801/beol/v2#",
30 "xsd": "http://www.w3.org/2001/XMLSchema#"
31 }
32 }

8See Section 6.6.1.
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Listing 6.5: Response of extended search for Med.CCXLV by sequence number

Figure 6.2.: Search for the correspondence in a time interval

Usually, researchers are interested in more sophisticated queries. For example, a researcher
might be interested in studying the letters Euler had written to Goldbach between 1730 and
mid June 1735. These criteria can be specified as shown in Figure 6.2; furthermore, by check-
ing the box beside the Date of Creation, the user can ask the results to be ordered by date.
Listing below shows the corresponding Gravsearch query statement:

1 PREFIX beol: <http://0.0.0.0:3333/ontology/0801/beol/v2#>
2 PREFIX knora-api: <http://api.knora.org/ontology/knora-api/v2#>
3 PREFIX knora-api-simple: <http://api.knora.org/ontology/knora-api/

simple/v2#>
4 CONSTRUCT {
5 ?letter knora-api:isMainResource true ;
6 beol:creationDate ?date .
7 } WHERE {
8 ?letter a beol:letter ;
9 beol:creationDate ?date .

10 FILTER(knora-api:toSimpleDate(?date) >= "JULIAN:1730"ˆˆknora-api-
simple:Date &&
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11 knora-api:toSimpleDate(?date) < "JULIAN:1735-06-15"ˆˆknora-api-
simple:Date)

12
13 ?letter beol:hasAuthor <http://rdfh.ch/0801/Leonhard_Euler> .
14 ?letter beol:hasRecipient <http://rdfh.ch/0801/Christian_Goldbach>

.
15 }
16 ORDER BY ?date

In the BEOL platform, the user can specify the dates in either the Julian or Gregorian calendar
(Figure 6.2). Knora API converts the dates to the Julian Day Numbers and creates multiple
SPARQL queries to search for the data on the triplestore. This query returns 24 results ordered
with the date in JSON-LD response.

Figure 6.3.: Search for the letters about catenary in Johann Bernoulli-De Montmort correspon-
dence

As described in the first chapters, historians of science are often interested in finding a par-
ticular correspondence where a topic is discussed. For example, let’s assume a researcher is
interested in finding Johann Bernoulli’s account of the discovery of the catenary curve. In the
first chapter of this thesis, I have mentioned that Johann Bernoulli wrote his recollection of the
discovery in a letter to De Montmort on 29 September 1718.9 The researcher might not know
the exact date of the letter but knows that it most probably contains the term “Catenaria.” In
the BEOL application, the user can ask for all letters Johann Bernoulli had sent to De Mont-
mort that includes the phrase “Catenaria” as displayed in Figure 6.3. While specifying the
search criteria in the form, the application helps the users with entering the correct values for

9See p.16.
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the fields. For example, if the user does not know the complete spelling of “Pierre Rémond
de Montmort,” while filling in the field, BEOL suggests the existing persons in the database
with similar names. Then, the user can choose the correct option from the drop-down menu
of the suggestions. The application creates the query statement given in Listing 6.6 based on
the specified search criteria:

1 PREFIX beol: <http://0.0.0.0:3333/ontology/0801/beol/v2#>
2 PREFIX knora-api: <http://api.knora.org/ontology/knora-api/v2#>
3
4 CONSTRUCT {
5 ?letter knora-api:isMainResource true .
6
7 } WHERE {
8 ?letter a beol:letter .
9

10 ?letter beol:hasAuthor <http://rdfh.ch/0801/Johann_Bernoulli> .
11 ?letter beol:hasRecipient <http://rdfh.ch/0801/De_Montmort> .
12
13 ?letter beol:hasText ?text .
14 ?text knora-api:valueAsString ?textStr .
15 FILTER knora-api:match(?textStr, "Catenaria")
16 }

Listing 6.6: A query for Johann Bernoulli-De Montmort correspondence including the term
Catenaria

Figure 6.4.: Search results for the Johann Bernoulli-De Montmort correspondence about cate-
nary

The search routine returns two results that match these criteria (Figure 6.4): one is the letter
sent on 29 September 1718 and the second one is written almost ten months later. In fact,
the second letter is not mentioned in any of the existing studies of the catenary curve. In my
research on the topic, I was not aware of this letter before performing this advanced search
on the BEOL platform. I find this letter particularly interesting because Johann claims that
he had solved Catenaria, Lintearia, and even Elastica problems in a different way than Jacob
and had given the solutions to l’Hôpital. He seems not to have kept copies of solutions for
himself but hopes that one day, someone might find them among l’Hôpital’s papers.
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Figure 6.5.: Search for all beol:letter resources about Fermat Numbers

Johann Bernoulli’s correspondence is part of the BEBB edition, which unfortunately does
not have a subject index. If BEBB editors had added Catenaria to the beol:hasSubject
property of both letters, one could have added the criterion “Topic = Catenaria” to the query. It
would have required less computation time than asking the phrase to be searched in the body
of all Johann Bernoulli-De Montmort correspondence. For example, a historian interested in
finding all the resources, such as manuscript entries or letters, that include the topic Fermat
Numbers can specify the search criteria as shown in Figure 6.5. The application displays all list
values available in the BEOL database representing the subject matter of the BEOL resources
in a drop-down menu. The criteria will be formulated into a Gravsearch statement (Listing
6.7) and sent to the API.

1 PREFIX knora-api: <http://api.knora.org/ontology/knora-api/v2#>
2 PREFIX beol: <http://0.0.0.0:3333/ontology/0801/beol/v2#>
3 CONSTRUCT {
4 ?resource knora-api:isMainResource true .
5 ?resource beol:hasSubject ?subject .
6 } WHERE {
7 ?resource beol:hasSubject ?subject .
8 ?subject knora-api:listValueAsListNode <http://rdfh.ch/lists

/0801/fermat_numbers> .
9 }

10 }

Listing 6.7: Gravsearch statement for a list value query
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One can also query for the citations of the index resources. In Chapter 2, I have shown that
Jacob Bernoulli’s Explicationes article was referenced in various sources. He had mentioned
it in the notes Med.CCL and Med.CCXLIX, and Daniel Bernoulli had referenced this article in
a letter to Euler. These various resource types are thus linked as shown in Figure 5.20. Let’s
assume a researcher is interested in all the resources that have a text in which Bernoulli’s Ex-
plicationes article is cited. The response to this query would list all the resources in the BEOL
database with standoffLink within the text to the corresponding journal article. These
resources can be of any type defined in BEOL ontology: a letter, a manuscript entry, etc. The
Gravsearch statement for such a query would be:

1 PREFIX knora-api: <http://api.knora.org/ontology/knora-api/v2#>
2 PREFIX beol: <http://0.0.0.0:3333/ontology/0801/beol/v2#>
3 PREFIX biblio: <http://0.0.0.0:3333/ontology/0801/biblio/v2#>
4
5 CONSTRUCT {
6 ?resource knora-api:isMainResource true .
7 ?resource beol:hasText ?text .
8 } WHERE {
9 ?resource beol:hasText ?text .

10 ?text knora-api:textValueHasStandoff ?standoffLinkTag .
11 ?standoffLinkTag a knora-api:StandoffLinkTag .
12
13 FILTER knora-api:standoffLink(?resource, ?standoffLinkTag, ?

biblioItem)
14
15 ?biblioItem a biblio:JournalArticle .
16 ?biblioItem biblio:publicationHasAuthor ?person .
17 ?person a beol:person .
18 ?person beol:hasFamilyName ?familyName .
19 ?familyName knora-api:valueAsString "Bernoulli" .
20 ?person beol:hasGivenName ?GivenName .
21 ?GivenName knora-api:valueAsString "Jakob I" .
22 ?biblioItem biblio:publicationHasTitle ?title .
23 ?title knora-api:valueAsString ?textStr .
24
25 FILTER knora-api:match(?textStr, "Explicationes")
26 }

Listing 6.8: Gravsearch query for a standofflink to a bibliography item within a text

Furthermore, sometimes searching a term with its markup can be helpful. For instance,
Bernoulli underlined all title statements of the Meditationes entries. Thus if one wants to
find the notes where the particular phrase appears in the title segment, it is enough to search
for the term with underline mark up, standoff:standoffUnderlineTag. Listing 6.9
illustrates a Gravsearch statement to query all the occurrences of the term “ventio inflati” in
BEOL database wrapped in <underline> markup. This query can be refined by limiting
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the search to the beol:manuscriptEntry resources.

1 PREFIX knora-api: <http://api.knora.org/ontology/knora-api/v2#>
2 PREFIX standoff: <http://api.knora.org/ontology/standoff/v2#>
3 PREFIX beol: <http://0.0.0.0:3333/ontology/0801/beol/v2#>
4
5 CONSTRUCT {
6 ?resource knora-api:isMainResource true .
7
8 } WHERE {
9 ?resource beol:hasText ?text .

10 ?text knora-api:valueAsString ?textStr .
11 ?text knora-api:textValueHasStandoff ?StandoffTag .
12 ?standofffTag a standoff:StandoffUnderlineTag .
13 FILTER knora-api:matchInStandoff(?textStr, ?standoffTag, "vento

inflati")
14 }

Listing 6.9: A Gravsearch query for text with standoff tag

6.3.2. Full-text search
Most of the time, researchers are interested in one specific term or a phrase. For example, a
historian of science might be interested in finding all resources such as Bernoulli’s notes, his
correspondence, or correspondence of those after him, journal articles, etc. where the term
Elastica is mentioned. Using Knora’s Full-Text search functionality, BEOL can retrieve all
resources that have this term in their text bodies. A BEOL user only needs to enter the phrase
to be queried in the text search field of the BEOL application and hit the return button. BEOL
then submits this phrase to full text route of Knora-API. Basically, Knora searches for the
phrase in all object literal values in the BEOL database of knora-base:TextValue type.
This search routine is helpful for the cases where the term is very specific. Otherwise, search-
ing a frequent word such as “Sir” would result in a very high number of results difficult to
analyze.

During my research on the use of cryptography in the early modern scientific text discussed
in Section 1.6, I wondered if any cipher appears in Euler’s correspondence. I decided to search
for the term in the BEOL platform. Even though BEOL currently contains only a limited num-
ber of Euler’s correspondence, nonetheless, a full-text search for the “cipher” returned results
surprising to me.10 Indeed, Euler has given a cipher in a letter to Goldbach sent on 4 July
1744 (Figure 6.6). The term “cipher” appears in the translation of the letter;11 one can see that
in the original letter Euler uses the German term “Schrifft” instead.12 Euler believes that the

10The search can be reproduced using https://beol.dasch.swiss/search/fulltext/cipher.
11http://ark.dasch.swiss/ark:/72163/1/0801/V5zBCPPAR6i8=63f4zqJ7Q2.
12http://ark.dasch.swiss/ark:/72163/1/0801/4ZPxVMKWQfivQKUdGppDuwv.
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Figure 6.6.: The cipher Euler had designed given in a letter sent to Goldbach

anagram he has designed cannot easily be deciphered.

In the endnote 25 of this letter,13 editors explain that there is no evidence whether Gold-
bach, who was a cryptographer of the Russian Foreign office at the time, could solve this
cipher. However, a historian of science, Pierre Speziali,14 decoded Euler’s cipher in 1953 by
applying frequency analysis. From the resources that appear in the list of search results, one
can also learn that historians believed “Goldbach had a genius for finding the key to the most
abstruse and complicated cipher-writing.”15 The cryptography and the decoding algorithms
appear in a couple of other letters in the Euler-Goldbach correspondence.16 However, these
passages mostly concern the usage of ciphers for military purposes rather than for hiding sci-
entific discoveries. Similar text queries can reveal valuable sources previously unknown to
researchers.

A full-text search for Latin phrases might not return all the relevant results due to the dif-
ference in terms based on the conjugation of words. For example, if a researcher is interested
in finding the notes in the Meditationes about a sail, velum, she must search for all possible
conjugations, such as veli or velis. The user must be able to obtain the results for all variations
of the word with one query without having to repeat it for every conjugation. A full-text search
for a compound phrase would help in these cases. While storing the text in the triplestore, it
is indexed. Knora uses Lucene full-text index to perform full-text queries; thus, it supports
the Lucene parser syntax. Hence, the search phrase can either be a single word or consist of
multiple terms combined with Boolean operators. Thus, the user can search for all variations
at once with a compound phrase such as “veli OR velis OR velum OR velaria”. This would
return all resources where any of these words appears.

Similarly, in Chapter 4, I have mentioned that Bernoulli has not used a persistent term for

13http://ark.dasch.swiss/ark:/72163/1/0801/uQSeJJ0PQkynrBnchakyCAO.
14http://ark.dasch.swiss/ark:/72163/1/0801/mT2GM_BLQEmRVWEOwW4zUwu.
15http://ark.dasch.swiss/ark:/72163/1/0801/6f4025HuRRS5D=3YQM22zgn.
16See Letter 71 remark 15, http://ark.dasch.swiss/ark:/72163/1/0801/

kZH6cb4rSWClPiV=c8yPGQP and Letter 116 remark 5: http://ark.dasch.swiss/ark:
/72163/1/0801/bUCwOUuwRzuzkPUhsfYP9A3.
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Figure 6.7.: The results of the query for the differential equation of the Elastica

the equilibrium axis concept. He has alternatively used one of the following terms: line of
mean direction, line of mean impulsion, or equilibrium axis, all meaning the same thing.17 To
find all notes where any of these terms appears, the researcher can enter a compound phrase
as “(medi And (directio OR impuls)) OR (axis And aequalibr).” The core parts of the words
are only used to catch all possible conjugation of the terms. This full-text search will return
all resources that include any of the three phrases.

A historian of science must also be able to search for mathematical equations. In my re-
search, I have encountered several cases where an equation appears in a text without explana-
tory passages. In some cases, neither the name of the equation nor its concept is given. For
example, the initial form of the differential equation of the Velaria, a ds ddx = dy3 appears in
many Meditationes notes, and also in the correspondence between Bernoulli brothers.18 Thus
not all sources about Velaria can be discovered by querying only the name; one should be able
to search for its mathematical expression. However, some of the mathematical operations are
among the Lucene query index, such as +,�, {}, or [].19 Therefore, to query the mathematical
expressions, one ought to either escape these characters one by one or wrap the expression in
double-quotes, as “a ds ddx = dy3”. The query will return all resources where this expression
appears in the text, including Med.CLXV and Med.CCXLV.

Similarly, Bernoulli has written the differential equation of the Elastica in the title phrase of
Med.CLXX without mentioning Elastica. Later he uses the same equation in Med.CCXLV by
just mentioning rectangular Lintearia and not Elastica. The same equation even appears in the

17See p.136.
18See Section 1.2.
19https://perma.cc/3E8D-CVRY.
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Leonhard Euler-Daniel Bernoulli correspondence accompanied by the term Elastris.20 Thus,
only searching for the sources about Elastica with its name would not yield all relevant re-
sources. In the BEOL platform, one can query for all appearances of the differential equation

of Elastica, dy =
xx dx

p a4� x4
, given in the LATEX notation wrapped in double-quotes. With the

current data in the BEOL platform, this query returns all transcriptions of the Meditationes
entries enclosing the differential equation (Figure 6.7). In addition to the notes discussed in
Chapter 2, Med.CCXXXIX is also listed where Bernoulli studies the exterma of the isoperimet-
ric curves.21 Although it is possible to search for simple mathematical equations in the BEOL
platform, finding all occurrences highly depends on the consistency in transcriptions. More-
over, the search for complex mathematical equations, such as numerical series, and arrays are
not currently possible.

Accessing the data by directly using the API or writing the advanced query statements
similar to the given examples can be challenging for researchers. An easy to use graphical
user interface is needed to allow users to access, search, annotate, and in general, work with
the BEOL data.

6.4. BEOL GUI application
Within a limited time, a historian of science has to read and absorb a considerable amount
of information, understand the scientific principles described in the resources, find the related
materials, study the historical aspects of the discoveries, follow the progress of ideas in dif-
ferent resources and so forth. Lastly, the researcher must put pieces of the puzzle together to
form a conclusion and write a coherent text about it with citations to the sources. Although the
data stored as RDF triples is ready to be accessed and queried, working directly with an API
can be troublesome for researchers with limited IT-skills. Having to learn how to request data
from an API using HTTP requests, or how to query for information by writing Gravsearch
statements can become frustrating and cumbersome for many.

The most fundamental idea behind any digital edition project is to represent the data in a
user-friendly format online. All the interlinked RDF-based data must be presented to the user
in a simplified form so that the researcher can promptly start studying the sources without
having to struggle with data complexity. The links between the RDF resources must be acces-
sible through a single click. Instead of writing sophisticated queries, researchers must be able
to specify the search criteria inside forms that display the available query options. Moreover,
users must be guided to enter the search criteria correctly without having to know the details
of the data models and ontologies in order to obtain optimal search results. Simply put, A
historian of science must be able to quickly and efficiently access all the interconnected data
integrated into the BEOL platform. All of this would be possible with a graphical user inter-
face.

20See Chapter 2.
21In the same note, he found that catenary has the lowest center of gravity, see p.35.
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Figure 6.8.: Knora-ui modules (Schweizer, Alassi, 2018)

The idea behind our work on the BEOL project has been to provide a virtual research
environment, where researchers can access and work on the data using powerful research tools
most efficiently without the loss of time. We should keep in mind that BEOL is more than a
digital edition platform. Since it is based on Knora, BEOL thus supports the primary goal of
creating an environment for access, annotation, and organization of knowledge. BEOL will,
therefore, offer the possibility for every researcher to have a private workspace. BEOL-users
will be able to find and add the resources relevant to their research projects to their workspace,
study and annotate the resources, comment, and share their work with others.

6.4.1. Knora-ui
Knora offers many features to deal with heterogeneous data types. A project-based on Knora,
such as BEOL, does not necessarily need all the data types supported by Knora or all its
functionality. Thus, instead of offering a static user interface, the Knora-ui team has devel-
oped a front end module per Knora functionality. These small modules can be put together
to build a project-specific GUI application. The modules are in simple and abstract forms,
thus can be adopted and extended to meet the project-specific requirements. Knora-ui uses the
Angular framework, developed by Google, to create a purely web-based application (Kilchen-
mann et al., 2019). Development of the Knora-ui is a work in progress;22 many features of
Knora such as private workspace are under development right now and upon completion can
be plugged into the project-specific applications, such as BEOL.23

Knora-ui is divided into different packages; @knora/core, @knora/viewer, @knora/search,
etc. as shown in Figure 6.8. These packages are published on NPM. @knora/core offers
methods to request a resource from the Knora API and to turn the JSON-LD document into a
TypeScript structure that can be used in an Angular application. Likewise, information about

22https://github.com/dasch-swiss/knora-ui.
23The BEOL GUI application is openly accessible in GitHub. https://github.com/dhlab-basel/

beol.
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project ontologies can be obtained using @knora/core. @knora/viewer deals with the render-
ing and displaying of the value types defined in the knora-base ontology that is used in
project-specific ontologies such as the BEOL project (Schweizer, Alassi, 2018).

Knora-ui has three layers implemented in the @knora/search package to offer all search
functionality of Knora (Kilchenmann et al., 2019). The simplest layer is the full-text search
as a panel with one field to enter the query phrase. The application forms the HTTP POST re-
quest and forwards it to the full-text search route of Knora. The second layer is the advanced
search panel, which is a graphical widget representing a list of the ontologies and resource
types defined for the project as a drop-down menu. When a user chooses a resource type, all
of its properties are listed. Once a property is selected, the widget displays the possible object
value types. If a predicate needs a literal object value, such as TextValue, the widget allows
the user to enter the value, and choose one of the filter options: contains, is equal to, matches,
etc. If the property has a link value object, the user can then specify the target resource type
with its label (Figures 6.1, 6.3, and 6.5).

For the dateValue literals, the advanced search widget offers the possibility to pick the
date from a calendar using Angular Material Datepicker.24 As described in Chapter 5, in the
BEOL project, calendar conversion is essential, especially between Gregorian and Julian cal-
endars. Since the Angular Material did not support the calendar conversion, in the course of
the BEOL project, my colleague Tobias Schweizer has developed the functionality and added
it to Google’s Angular Material in a series of pull requests (Schweizer, 2018). After the user
submits the query, the application translates the values into a Gravsearch statement. The ap-
plication then forwards the statement to the extendedSearch route of the Knora-API.

The third search layer, currently under development, is the expert search tool. It will offer
the expert users the possibility to write a Gravsearch statement for complex queries like the
one in Listing 6.8. For this kind of search, users would need to have some basic knowledge of
writing a Gravsearch statement and will be given the possibility to formulate the query state-
ment directly in the GUI application (Kilchenmann et al., 2019). The application receives the
responses as JSON-LD and can display them in one of the three formats: simple list (Figure
6.4), light-table-like preview grid list, or a table-based Excel-like view (Kilchenmann et al.,
2019). The BEOL application displays the results in a simple list. Each item of the list corre-
sponds to a resource and expands by a click.

6.4.2. Direct access to the data in GUI
Without any need for searching for the data, researchers must have direct access to the editions
integrated into the BEOL platform. The landing page of the BEOL GUI25 gives an overview
of the available four digital editions: Euler-Goldbach correspondence (LEOO IVA/IV), Euler-

24https://material.angular.io/components/datepicker/overview.
25https://beol.dasch.swiss/.
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Figure 6.9.: First letter of the LEOO IVA/IV edition

Condorcet/Turgot correspondence (LECE), Meditationes, and BEBB. The BEOL GUI appli-
cation fetches the data of editions from the triplestore with Gravseach queries. It then displays
the results to users employing templates specific to each resource type, such as letter, intro-
duction section, manuscript, etc. For each resource type, the appropriate template is chosen
by the routing service of the application.

On the landing page, a researcher can choose to access all entries of the Meditationes. The
application translates this selection into a query for all beol:manuscriptEntry resources
that belongs to the Meditationes. The user can view any note by choosing it from the query
results list. Then, the router service will activate the Manuscript Entry template to display the
record and its transcriptions. In Section 6.4.5, I will outline how the application enables users
to switch between the transcription layers of a note, and to select a region on the facsimiles to
retrieve its transcriptions.
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Figure 6.10.: Johann Bernoulli’s letter to de Montmort about catenary

The printed edition of LEOO IVA/IV correspondence consists of two volumes: one includes
the transcriptions of the letters in Latin, the second contains the English translations. A re-
searcher interested in studying the translations of the correspondence must be able to access
them directly. Therefore, the application enables users to choose from the original and trans-
lations categories. Based on this language selection, it queries all beol:letter resources
authored or received by Euler and Goldbach and filters the results with the user’s language
choice. All search results are displayed in a list ordered by the creation date of the letters.
By selecting any item, the routing service activates the Letter template to show the JSON-LD
objects of the beol:letter resource on the web. Figure 6.9 displays the first letter of the
correspondence mentioned in Listing 6.4. I will explain the letter component and its template
in detail in Section 6.4.3. The LEOO IVA/IV also includes the correspondence between Eu-
ler’s son, Johann Albrecht Euler, and Christian Goldbach. These letters are represented in the
BEOL platform similar to the Euler-Goldbach correspondence.

For the BEBB and LECE editions, the landing page offers users the possibility to choose two
correspondents and retrieve their letters from the database. The application converts users’
choice of correspondents into a Gravsearch statement to query for the beol:letter re-
sources authored or received by the two persons using their GND numbers. By clicking on
any of the items in the displayed search results, the application displays the resource using the
Letter template. Figure 6.10 illustrates the representation of Johann Bernoulli’s first letter to
de Montmort about the catenary.26

The editorial descriptions of the LEOO IVA/IV and LECE editions, such as introduction,

26See p.216.
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Figure 6.11.: A section of the LEOO IVA/IV introduction
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preface, list of abbreviations, stored as beol:section resources in the triplestore,27 are also
listed on the landing page. The BEOL application fetches the corresponding beol:section
resources for each of the two editions from the triplestore through a Gravsearch query using
their ids. Since beol:section resources have hierarchical dependencies, a specific tem-
plate is designed to represent them on the web with a navigation panel that directs readers to
subsections of each section (Figure 6.11). The text body of the sections is rendered as letter
body.

6.4.3. Correspondence representation
The Letter template consists of four parts: the header part, properties panel, text body, and a
list of connected resources. The metadata of the letter, such as its author, recipient, letter num-
ber, and creation date, are displayed in the header part. The author and recipient are linked to
the corresponding index resources. Other properties of the letter, such as its title, location, lan-
guage, and topics, are listed in the side panel of the letter template. The beol:isReplyTo
predicate is rendered as a link that directs readers to the previous letter in the correspon-
dence. Researchers can easily track the development of ideas in the chain of correspondence
by immediately accessing the connected resources. The topics discussed within a letter, stored
via beol:hasSubject property, are also listed. The Translation property allows users to
switch to the translation of the letter from its transcription in the original language (Figure 6.9).

In the side panel, one can find a few edition-specific properties. For example, for the let-
ters in the LEOO IVA/IV edition, information about the archive of the letter, and links to the
biblio:letter resources representing its previous reprints in Yushkevic-Winter, and Fuß
editions are provided.28 Additionally, the URI stored in the PDF of the Letter property di-
rects readers to the printed version of the letter stored in the edoc portal.29 Readers can directly
download the letter in PDF format. The System Number property leads the BEOL users to
the record of BEBB letters in the HAN catalog.30

The BEOL application renders the text body of the letter to HTML with respect to the XSLT
rules defined/stored for the transformation of standoff mapping elements to HTML entities.31

Index resources, such as persons and bibliography items, as well as the figures and facsimiles
given in the text, are displayed with icons. These icons are defined in the CSS style sheet of
the application. Every icon directs the reader to the underlying resource type that is displayed
on the web using specific templates.32 Similarly, endnotes mentioned in the text are connected
to the beol:endnote resources.33 By clicking on the endnote number, the router service
activates the Endnote template designed to represent endnote text with its embedded links and

27See Section 5.5.
28See p.172.
29See p.177.
30See p.177 for more information about links to HAN catalog.
31See p.183.
32See Section 6.4.4.
33See p.182.
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Figure 6.12.: An endnote representation

figures. (Figure 6.12).

Worthy of note, the text values of BEOL data are rich in mathematical equations, arrays,
and tables, displayed in great precision on the web. Their LATEX transcriptions stored with
standoffMathTag are rendered directly in browsers via MathJax.34 By right-clicking
on the presented math renditions, researchers can obtain the mathematical formulas in either
MathML or LATEX format. The special characters given in the body of the letters and the mathe-
matical formulas,35 indicated in the text with standoffFontTag, are represented in HTML using
their customized webfonts. These fonts are scalable and in line with the surrounding text. The
styling configuration of the BEOL GUI application contains the SVG format of customized
webfonts.36

For a humanities researcher studying a particular subject, it is highly essential to explore
all related documents. For every resource, the Referenced In list, given at the bottom of the
Letter template, illustrates all records in the BEOL database that are linked to it. This list
helps readers with creating their research inventory and promptly recognizing the connections
between the resources. The items in this list are links to the underlying resources.

6.4.4. Index resource representation
A researcher might come across index resources, bibliographical items, and persons, through
links giving in a text or by querying for them. When she attempts to access an index re-
source in the BEOL GUI application, all of its properties as well as its connections to other
BEOL resources, must be displayed in a structured way. Based on the type of the index re-

34https://www.mathjax.org/.
35See p.180.
36An example of the fonts can be found in L138; see http://ark.dasch.swiss/ark:/72163/1/

0801/hhGxeNIdSk29y8=yO7DxcQ=.
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Figure 6.13.: An example of the bibliographical item representation in BEOL GUI

230



Chapter 6. Data Storage, Representation, and Usage

source, the routing service of the BEOL application uses a particular template to display the
information. Currently, the BEOL application contains components for presenting the bib-
liography items (book, journal article, etc.), publishers, and persons. Figure 6.13 illustrates
the biblio:journalArticle resource representing the Explicationes article, which was
modeled as shown in the Figure 5.5 and imported as XML element described in Listing 6.1.
Furthermore, a researcher must be able to discover all citations of this article in Bernoulli’s
and others’ works. In Section 6.3.1, I described how one can query for the references to this
item using the Gravsearch statement given in Listing 6.8. Instead of constructing a Gravsearch
query, one can directly access all references by means of the list of incoming links to this re-
source that the template displays (see Figure 6.13).

Similarly, a template is designed to show all available information about person records in
the BEOL database stored as RDF statements, illustrated in Figure 5.3. The GND number or
VIAF identifier stored as beol:hasIAFIdentifier of the person resource is linked to
the corresponding record in the DNB or VIAF databases. The birth and death dates are ac-
companied by symbols similar to those given in the printed editions. The Referenced In list
reveals the resources where a person is mentioned. Figure 6.14 illustrates the beol:person
resource representing Jacob Bernoulli in the BEOL database. After developing the Person
template for the BEOL GUI, by having a look at the list of items referencing Jacob Bernoulli,
I discovered a letter in LEOO IVA/IV edition that is particularly relevant to my research on
Bernoulli’s mechanics. In a letter sent to Goldbach on 4 July 1744,37 Euler states that he has
“not yet seen Jacob Bernoulli’s Opera Omnia and Cramer’s annotations of it being published
in Geneva.” Although in 1742, Daniel Bernoulli had mentioned Jacob’s works on elasticity
to him in a letter,38 Euler seems not to have seen the original publications in the Acta Erudi-
torum. However, he appears to be interested in the recently published Opera Omnia of Jacob
Bernoulli and believes it to be marvelous. Additionally, Euler mentions Newton’s Principia
and Opuscula, each printed in three volumes in Geneva and finds them worthy of praise (Fig-
ure 6.15).39

6.4.5. Manuscript representation
The transcriptions of Meditationes entries are represented in the BEOL GUI using the Tran-
scription template. A Gravsearch query is used to attain transcription layers of an entry. In the
side panel of the GUI component, the transcription layers of the manuscript entry are listed:
the critical and normalized transcriptions and translations. The text of the critical and cor-
rected transcription layers consists of the transcription of regions aligned as a coherent text.
By selecting any layer, the corresponding transcriptions of the regions are fetched, aligned,
and presented. As described in Section 5.4.1, the start and end of a transcription region are
indicated on the normalized text with square brackets (Figure 6.16). The square brackets di-
rect the user to the diplomatic transcription of a passage highlighting the bounding box of the

37http://ark.dasch.swiss/ark:/72163/1/0801/V5zBCPPAR6i8=63f4zqJ7Q2.
38See p.102.
39http://ark.dasch.swiss/ark:/72163/1/0801/4ZPxVMKWQfivQKUdGppDuwv.
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Figure 6.14.: The representation of the biographical information about Jacob Bernoulli stored
in BEOL

Figure 6.15.: A passage where Euler mentions Bernoulli and Newton
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Figure 6.16.: The normalized transcription of Med.CCLXXXV in the BEOL platform
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region of interest on the image of the page.

To represent the diplomatic transcription layer, the routing system uses the Page template
to show the image representation of the facsimile, the defined regions on a page, and the
transcription of every single region. The BEOL GUI application uses the IIIF OSD-viewer
(OpenSeadragon viewer) to display images on the web.40 This viewer enables researchers to
zoom on the images in order to study them. Once a region on the page is activated, using its ge-
ometrical coordinates, its IRI is retrieved from the API. Through this IRI, another Gravsearch
query is performed automatically to obtain its transcription, which is then displayed beneath
the page (Figure 6.17). Editorial commentaries and links to other resources given in the tran-
scriptions are shown accordingly. The text and formulas are rendered based on their standoff
markup. Some of the notes in Meditationes are a few pages long. Users must be able to turn
the pages and access the transcription of the regions of a newly loaded page. Thus, every time
a page is displayed, the application also fetches the resources corresponding to the adjacent
pages and shows them upon request (e.g., researcher clicking on the previous or next page
options).

6.5. Export to TEI/XML
Encoding of digital editions in TEI/XML has a long tradition; the Model Editions Partner-
ship: Historical Editions in the Digital Age41 is one of the early 1990s achievements in this
area. It is a consortium of seven historical edition projects joined together to set forth edi-
torial guidelines for publishing historical documents in electronic form. As a result of this
joint effort, several entities were added to TEI official elements, especially for the correspon-
dence editions. As the number of correspondence editions encoded in TEI increased, a special
interest group of TEI members formed to create a data model for correspondence encoding
in TEI. A new wrapper <correspDesc> was introduced to store key metadata of a letter
(Stadler et al., 2014). Current outstanding correspondence scholarly edition projects encoded
in TEI include: The Newton Project,42 which presents the works and correspondence of Sir
Isaac Newton, and Vincent Van Gogh: The Letters, that offers all known surviving letters writ-
ten and received by Van Gogh.43 Furthermore, the Darwin Correspondence Project offers the
letter transcriptions of Darwin’s correspondence in TEI P5 XML and enables users to search
for letters by specifying the sender, receiver, and creation date given in the TEI header.44

We opted against using TEI for BEOL editions as discussed earlier in Section 5.3.1, nonethe-
less, it is possible to retrieve the BEOL data that contain text in TEI/XML format in case a
user is interested in integrating parts of BEOL editions in a TEI based platform. For example,

40https://showcase.iiif.io/showcase/osd-viewer/.
41https://tei-c.org/activities/projects/model-editions-partnership-

historical-editions-in-the-digital-age/.
42http://www.newtonproject.ox.ac.uk/.
43http://vangoghletters.org/vg/.
44https://www.darwinproject.ac.uk/.
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Figure 6.17.: The diplomatic transcription of a text region in Med.CCLXXXV
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Figure 6.18.: Export to TEI/XML (Schweizer, Alassi, 2018)

correspSearch45 attempts to integrate TEI based correspondence editions in a platform that of-
fers search possibilities on the metadata given in TEI headers. In the correspSearch platform,
one can search for the sender and addressee as well as the place and date of the letter’s cre-
ation. This platform intends to connect TEI based scholarly digital edition of correspondence
through their metadata. The TEI format of BEOL correspondence editions can be exported
and integrated into the correspSearch.

Knora provides the functionality to create TEI/XML files automatically from resources with
text.46 Two configuration files are needed to format the extracted information as TEI: one for
metadata and the other for text. The first is used to create the header of the TEI/XML file,
and the second to formulate its body (Figure 6.18). For example, to export the first letter of
Euler-Goldbach correspondence illustrated in Figure 5.11 as TEI/XML, its metadata needed
for the TEI header are extracted from the triplestore using a Gravsearch query. The response
returned in XML format is formed into a TEI header structure with XSLT transformations
(Listing 6.10). If a project defines specific standoff tags, like BEOL, to convert the standoff
annotations of the text body to TEI markup, a mapping has to be given in the request submitted
to Knora.47 The text body would be returned in an XML format with TEI tags and is once again
transformed into TEI compatible format using XSLT transformations. The TEI header is then
joined with the text body and returned to the client (Schweizer, Alassi, 2018).

1 <correspDesc ref="http://rdfh.ch/0801/letter-L001">
2 <correspAction type="sent">
3 <persName ref="http://d-nb.info/gnd/118531379">Euler, Leonhard</

persName>
4 <date when="1729-10-24"/>
5 </correspAction>
6 <correspAction type="received">
7 <persName ref="http://d-nb.info/gnd/118696149">Goldbach,

Christian</persName>
8 </correspAction>
9 </correspDesc>

45https://correspsearch.net/index.xql?l=en.
46https://perma.cc/T9UU-BKV7.
47For examples of BEOL specific standoff tags see Section 5.3.1.
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Listing 6.10: TEI header of the beol:letter described in Figure 5.11 (Schweizer, Alassi,
2018)

As can be seen in Listing 6.10, the created TEI header contains all features required by the
correspSearch. Since it needs the creation date to be in the Gregorian calendar, the original
date in the Julian calendar is converted to the Gregorian equivalent. All BEOL letters in
TEI/XML format can be automatically retrieved by sending direct HTTP GET requests to the
API. Moreover, non-expert users can also extract each letter in TEI format from the BEOL
application.

6.6. Sustainability of digital editions
Research data in the humanities must be sustainable, and access to digital resources must be
possible over a long period. In addition, reliability is a fundamental requirement so that digital
sources can be cited, reused, and quoted (Rosenthaler et al., 2015). So far, I have explained
how the digital editions can be created, integrated into a virtual research environment, and
used. However, researchers would need to rely on the availability of digital editions over a
long period. Generally, at the end of a project funding, employees and postdoctoral fellows
move on to the next project, Ph.D. students graduate, and they leave behind a considerable
amount of data. The platforms and tools developed during the project are usually not main-
tained and consequently not updated to new technologies; they become obsolete over time.
For a scholar to be able to start research on BEOL data and reliably use and cite its material,
beyond an individual project life span, we must make sure that the digital editions and the
BEOL application will be preserved and available for an extended period.

In Chapter 3,48 I described how the digital edition of Leonhardo Da Vinci’s Codex Madrid
which was available online for years, was tremendously reduced after the publication of its
paper edition. The project members admit that they opted for a reduction of the digital edition
to eliminate any competition for the printed version.49 In this way, they obliged those already
studying the material to buy the volumes to continue their research. In my case, I lost access
to the sources I was studying and the URLs I had used to cite the sources in my text turned out
to be broken. Researchers must not fear that they might lose access to their research data from
one day to the next. In addition, to ensure transparency, the source material that the research
is based on should be available for critical review. The editors of Codex Madrid suggest that
the digital edition was turned into a paper one because “no one knows how long in the future,
the current HTML technologies will function.” Indeed the best method for maintaining the
sustainability, functionality, and usability of structured data is to migrate data repositories and
their software environments (user interfaces, analytic tools, and so forth) to new technologies,
thus ensuring their ongoing functional accessibility (Rosenthaler et al., 1999). However, tack-
ling such an issue requires technical knowledge out of the scope of editorial work. Moreover,

48See p.107.
49http://www.codex-madrid.rwth-aachen.de/. Last access on 29 October 2019.
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updating the software infrastructure is a constant and labor-intensive process that requires con-
tinuous financial support not available to most humanities projects. An infrastructure should
be in place with technical competence to ensure the preservation and availability of digital
sources for an extended period.

In Switzerland, the Data and Service Center for the Humanities (DaSCH) offers such an
infrastructure based on Konra-API and Knora-ui. DaSCH is funded by the Swiss National
Science Foundation and guarantees the preservation of humanities data and applications for
decades. Bearing in mind that the data and features of BEOL must be available continuously,
we have developed BEOL as part of the DaSCH infrastructure. Project-specific needs were
generalized and implemented in a generic way so that other DaSCH projects can also benefit
from its functionality (Schweizer, Alassi, 2018). Since BEOL will be available for a long time,
its data can be faithfully cited.

6.6.1. Citability of resources
Web users know the irritation of broken URLs. Returning to a web address only to find the
desired object missing is more than an irritation for scholars and catalogers, whose trades rely
on persistent reference. The URLs break because objects are moved, removed, or replaced.
The conventional approach to solve such a problem is to use indirect names that are resolved
to URLs at the moment of access (Kunze, 2003, 1-2) Initially, we used this kind of directives
to allow clients to integrate BEOL material into other platforms such as Early Modern Letters
Online (EMLO),50 an ongoing project that offers a catalog of early modern correspondence.

EMLO includes metadata of most of Euler’s correspondence. Each letter of Euler’s cor-
respondence has a unique identifier, Repertorium Number. To give persistent access to Eu-
ler’s correspondence in BEOL, we have created a special route that can resolve this iden-
tifier of every letter to its IRI in Knora. This allows third-party repositories like EMLO
to refer to resources on the BEOL platform without having to know the underlying IRI.
For example, the letter with Repertorium Number= 715 can be retrieved using the URL
https://beol.dasch.swiss/leoo/715. The leoo directive of the BEOL applica-
tion forms a Gravsearch query for a beol:letter with the specified parameter, 715, as the
object value of the predicate hasRepertoriumNumber. Since the identifier is unique, the
query would return one resource that is then displayed to the client. The routing URLs are al-
ready added to the records of the Euler-Goldbach correspondence in EMLO.51 This approach
offers a reliable solution to retrieve a specific resource type using a unique identifier instead of
IRIs. However, it is not feasible to define a directive per resource type because not all resource
types have an exclusive property like Repertorium Number. Thus, we needed to consider an-
other approach to provide reliable, persistent access to any kind of resource through durable
links.

50http://emlo.bodleian.ox.ac.uk/.
51See an example of EMLO record with BEOL link in tinyurl.com/yxn9m5ff.
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Currently, Knora provides a permanent, citable URL for each resource and value. These
URLs use Archival Resource Key (ARK) Identifiers52 and are designed to remain valid even
if the resource itself is moved from one Knora repository to another.53 The founding princi-
ple of the ARK is that persistence is purely a matter of service and is neither inherent in an
object nor conferred on it by a particular naming syntax (Kunze, 2019). An ARK is a spe-
cial kind of URL; its general form is “http: //NMAH/ark: /NAAN/Name” (Kunze, 2003, 6).
In the Knora ARK URLs, the NMAH (Name Mapping Authority) is ark.dasch.swiss,
the NAAN (Name Assigning Authority Number), is a globally unique number identifying the
NAA, 72163. In the ARK URLs of BEOL resources, the “Name” consists of the version num-
ber of the Knora ARK URL,1, the project shortcode, 0801, and the resource UUID. When a
client requires access to a resource using this type of URL, it is resolved to the corresponding
resource by the Knora ARK URL Resolver.54 Furthermore, during the import and modifi-
cation of the BEOL resources, Knora versions them. Thus if a resource is cited, its version
information is contained in the citation, so the resource can be retrieved precisely in the state
it was in when the quote was created, even if it changed since then. In the first part of this
thesis, I have used the ARK URLs for the citation of the BEOL resources.

All of the features described in this chapter are currently available on the BEOL platform.55

Its users can access all of its digital editions, query the data, export the TEI formats, and cite
the sources. In the next chapter, I will explain how I began creating a digital version of the
Republic of Letters by connecting other digital edition platforms to BEOL.

52http://n2t.net/e/ark_ids.html.
53https://perma.cc/YZ2E-BC7B.
54https://github.com/dasch-swiss/ark-resolver.
55https://beol.dasch.swiss.
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Chapter 7.

A Network of Digital Editions
Natural philosophers privately exchanged letters, manuscripts, and their newly printed books.
The privacy of the letter allowed for the airing of unpopular and radically novel ideas, creating
a mostly hidden discussion that carried on across Europe throughout the 17th century. This
invisible republic of letters united like-minded thinkers, and bridged the physical distances
between them (Principe, 2011, 130). Investigating the republic of letters comprises a signifi-
cant part of the history of science research as historians track the ideas of natural philosophers
through their correspondence. Even if a researcher is interested in studying the contribution of
one individual to a field, inevitably, she is led to examine the letter communications of others
as well. As can be seen from the first part of this thesis, studying the mechanics of Jacob
Bernoulli required not only analysis of Jacob Bernoulli’s own correspondence but also the
correspondence between Leibniz and Huygens, Johann Bernoulli and De Montmort, as well
as Newton and Collins. Thus, for a comprehensive study of the development of a scientific
idea, researchers must study a collection of letters exchanged concerning their topic of interest.

As the tendency towards digitization increases, platforms emerge that present digital edi-
tions of correspondence. BEOL presents a network of letter communication of the members
of the Bernoulli dynasty and Leonhard Euler. The Newton Project1 offers the digital edition
of Sir Isaac Newton’s religious and scientific correspondence. The Briefportal Leibniz2 aims
to present the digital version of Leibniz’s letters, and the ePistolarium3 creates a centralized
database of letter communication of a few natural philosophers active in the Netherlands such
as Christiaan Huygens and Descartes. These natural philosophers either directly corresponded
or mentioned each others’ works in their letters; thus, their correspondence are by nature con-
nected (Figure 7.1). However, by presenting the digital edition of correspondence in individual
platforms categorized by authors, the links between the data vanish. Simply put, the atoms
of knowledge are now distributed in various sources that are unconnected. For a historian of
science who tries to track the natural philosophers’ lines of thought, having access to the in-
formation about the linkage of data plays a crucial role. From this information, the researcher
can find the origin of ideas, estimate the effects of one mathematician’s contributions on the
works of others, observe the relation between concepts, etc. (Alassi et al., 2019). Currently,
it falls upon the shoulders of historians of science to find the research materials in different

1http://www.newtonproject.ox.ac.uk/.
2http://leibniz-briefportal.adw-goe.de/start.
3http://ckcc.huygens.knaw.nl/epistolarium/.
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Figure 7.1.

digital edition platforms and study them thoroughly to recognize their connections.

Cataloging portals such as Early Modern Letters Online (EMLO)4 or the Mapping The
Republic Of Letters5 help researchers with creating their research inventory by locating the
resources in different platforms. However, these services only refer researchers to the sources
of information without giving them direct access to the data. Researchers then need to visit
different digital edition platforms and learn how to use their features and tools to acquire the
data. After gathering their research data from multiple sources, they have to identify the links
and organize the information in a logical structure. Researchers have to do all this work by
themselves because digital edition platforms do not interoperate and the data are not semanti-
cally linked.

As a field, digital humanities has been grappling with the significant issue of interoperabil-
ity. A few institutions and projects have started tackling this issue by taking steps towards
connecting the textual collections presented in various platforms; for example, the Rise and
Shine offers a modular approach for interoperability of textual collections for Euroasia stud-
ies (Wang et al., 2019). As part of the Bernoulli-Euler Online project, I have developed an
e-infrastructure that connects digital editions of the early modern scientific correspondence
presented in different online platforms. In this way, through one single platform, researchers
gain access to semantically linked textual resources in a machine-readable format and can
analyze the information using one set of research tools. Such a networked approach avoids re-

4http://emlo.bodleian.ox.ac.uk/.
5http://republicofletters.stanford.edu/.
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creating silos of resources in the digital realm and allows interoperability between collections
without centralizing the resources. Thus, it enables scholars to fully leverage the potential of
material digitization and digital research tools.

Representing the digital editions hosted on various endpoints as a network not only facil-
itates historians’ research but also suggests a new method for correspondence analysis. In
contrast to the conventional approach that requires studying the individual resources to es-
tablish the connection between them, the network illustrates the links between resources, then
having this picture in mind, researchers can explore the data. Furthermore, the e-infrastructure
enables researchers to acquire clusters of information matching their research criteria. They
can query for information on all digital editions integrated into the network by performing
either advanced searches on the metadata of correspondence or full-text searches for a phrase
in the body of letters.

In this chapter, I will explain how I have begun on creating a network of scholarly digital
editions that ventures to represent an e-version of the republic of letters and provides research
tools to analyze it.

7.1. Candid third-party repositories
The BEOL application is the underlying platform of the network since, as a virtual research
environment, it offers powerful research tools, and its data model creates an interconnected
system of letters by mathematicians of Bernoulli dynasty and Euler. I chose two third-party
repositories to connect to BEOL: The Newton Project and the Briefportal Leibniz. The reason
for this selection is that The Newton Project presents the digital editions in the structured
TEI/XML format from which the information can easily be extracted while the Briefportal
Leibniz is encoded in HTML with metadata given in the headers. The Briefportal Leibniz has
a Solr API6 that returns the data serialized as JSON objects. Since my work intends to connect
these two digital edition platforms to BEOL without locally storing their content, as a first step
it is essential to investigate the structure of these digital editions and the research tools these
external platforms offer.

7.1.1. The Newton Project
The Newton Project platform presents an online edition of all of Sir Isaac Newton’s published
and unpublished writings, including notebooks, books, and correspondence. The project team
is based at the University of Oxford and collaborates with multiple institutes such as Cam-
bridge University Digital Library (CUDL). The Newton Project platform offers the diplo-
matic and normalized transcriptions of Newton’s writings, including all the amendments he
had made to the text encoded in TEI/XML. As a work in progress, the transcriptions of New-
ton’s writings are also being made available on the CUDL platform that provides the digital

6https://lucene.apache.org/solr/guide/6_6/client-apis.html.
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copies of the original manuscripts as IIIF.7 To connect the digital editions of Newton’s corre-
spondence to the network, a close collaboration is established with The Newton Project team
as well as the CUDL team.

Apart from being a mathematician, physicist, and astronomer, Newton was also a theolo-
gian; therefore a considerable part of his writings was religious. Together with the transcrip-
tion of text, the online edition also offers English translations of his most important Latin
religious texts. Newton was also president of the Royal Society (1703-1727) and was warden
(1696-1700) and master (1700-1727) of the Royal Mint. The Newton Project also represents
the digital edition of a vast number of Newton’s non-scientific correspondence. Since the pri-
mary aim of my work is to create a network of early modern scientific correspondence, only
the normalized transcriptions of Newton’s mathematical and scientific (optics) letters, in total
160 letters, are chosen to be integrated into the network.

Newton’s correspondence is, without doubt, the best known in the history of science. This
collection of letters includes Newton’s first announcement of the construction of the reflective
telescope.8 In full is his entire correspondence with Henry Oldenburg between 1672 and 1676
which includes Newton’s famous paper on light and colors sent in February 1672 to Olden-
burg, who quickly published it in Philosophical Transactions.9 This collection also includes
the two famous letters epistola prior10 (Figure 7.2) and epistola posterior11 sent to Oldenburg
in 1676 to be passed to Leibniz. These letters featured in the priority dispute over the inven-
tion of calculus. Moreover, among others, are transcriptions of Newton’s correspondence with
John Collins, Christiaan Huygens, and Robert Boyle.12

Newton’s scientific and mathematical writings contain complex mathematical equations en-
coded in MathML, and the mathematical diagrams are embedded in the transcriptions in PNG
format. The metadata of writings and the revision history of editorial works are transcribed in
TEI headers. The Newton Project platform, currently, does not support advanced searches us-
ing the metadata information,13 but it offers a strong full-text search functionality that allows
querying for a phrase on the entire database or in specific categories, such as mathematics,
optics, or correspondence.

7.1.2. Briefportal Leibniz
Leibniz’s correspondence and writings have been partially edited in the nineteenth century. In
1962, his texts were divided into eight series to be published by multiple organizations under

7See https://cudl.lib.cam.ac.uk/view/MS-ADD-03977/55.
8http://ark.dasch.swiss/ark:/72163/1/0801/lKqfycyuQhSSMQ5rIpY7Zg5.
9http://ark.dasch.swiss/ark:/72163/1/0801/1TtfBKuqSoyn=mp9qx9HrgU.

10http://ark.dasch.swiss/ark:/72163/1/0801/n65ri4TYSnOJx0L7KSL54w8.
11http://ark.dasch.swiss/ark:/72163/1/0801/r=FFoKgcQxWBkvTh5=mVnwv.
12http://www.newtonproject.ox.ac.uk/texts/introduction#hd15.
13The CUDL platform offers the possibility to query for correspondence data using the information given

in the TEI headers: author, creation date, and location. https://cudl.lib.cam.ac.uk/search/
advanced/query.
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Figure 7.2.: The representation of the normalized transcription of epistola prior in The New-
ton Project platform.
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the joint supervision of Göttingen Academy of Sciences and Berlin-Brandenburg Academy of
Sciences. The editions have been paper-based and digital copies have been made available as
PDFs. Series I (general political and historical correspondence), II (philosophical correspon-
dence), and III (mathematical, scientific, and technical correspondence) encompass 20,000
letters from and to about 1,300 correspondents. Leibniz-Archive, Hannover, has edited series
I and III, and Leibniz Research Center, Münster, has published series II; each edition consists
of multiple volumes. His philosophical, political, mathematical, scientific, and technical writ-
ings, including drafts and articles, have been edited and published in series IV, VI-VIII. The
edition of his historical and linguistic texts, series V, has not commenced yet. Series IV-VIII
encompass about 30,000 items over 60,000 sheets. Leibniz wrote 40 percent of his writing in
Latin, 35 percent in French, and the rest in German.14 The manuscript department of the State
Library of the Lower Saxony holds the original manuscripts. Neither of the editions contains
copies of the original documents.

In 2016, in cooperation with the Göttingen Academy and national library of Göttingen as
part of a pilot project, a selection of Leibniz’s correspondence has been encoded in HTML and
made available online in the Briefportal Leibniz.15 This collection is independent of the series
volumes and is in chronological order. Currently, this portal contains only the mathemati-
cal and scientific correspondence between Leibniz and his disciple Johann Bernoulli, a total
of 150 letters, originally published as part of series III. Gradually, the digital edition of the
remaining thousands of Leibniz’s correspondence will be made available in this portal. The
normalized transcriptions are encoded in HTML, and commentaries concerning the critical
renditions of the text are added as pop-up notes. Although the original manuscripts seem to be
digitized, the digital edition does not contain facsimiles or links to them. The mathematical di-
agrams, however, are embedded in the transcriptions as SVG files and displayed dynamically.
The mathematical formulas are encoded in LATEX and rendered on the browser using MathJax.

The headers of the HTML documents contain metadata information about author, recipi-
ent, date of creation in both Julian and Gregorian calendars, as well as the indicator to the
published edition with series and volume numbers. Letters are linked to their replies; it is
possible to traverse the chain of letters in the platform. Every record has bibliographical infor-
mation about the printed version given as citation suggestions. Furthermore, the portal offers
the possibility to download the printed version of each document as PDF. Figure 7.3 shows
the letter Leibniz had written to Johann Bernoulli on 22 August 1698 regarding Gregory’s
catenary treatise.16 This is the letter, mentioned in Chapter 1, that contains Leibniz’s anony-
mous review of Gregory’s essay. Leibniz had sent it to Johann asking him to submit it to AE.17

The API of the Briefportal Leibniz provides full-text search functionality to query for a
phrase on all resources in the database. Even though this platform represents the metadata
of the records, it is not possible to query the metadata. The interface, however, supports

14https://www.gwlb.de/Leibniz/Leibnizarchiv/english/introduction/.
15http://leibniz-briefportal.adw-goe.de/start.
16http://ark.dasch.swiss/ark:/72163/1/0801/pitj6vBiQIis0UXdwFQ5bgT.
17See p.42.
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Figure 7.3.: The representation of Leibniz’s letter to Johann about Gregory’s catenary treatise
in the Briefportal Leibniz platform
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API calls to obtain the records serialized as JSON objects, which enables straightforward
automatic extraction of information. The entire digital edition available on the Briefportal
Leibniz platform is integrated into the network through a close collaboration with the Leibniz
Research Center, Hannover, and Göttingen Academy of Science. The BEBB project does
not yet include the Basler edition of Johann Bernoulli’s correspondence with Leibniz, thus
connecting the Briefportal Leibniz edition to BEOL does not result in redundant information.

7.2. Data integration
Metadata of a written source is its stable piece of information. The transcription of the text
bodies might alter over time; the text can be extended or corrected. However, the metadata of
the textual resources, such as author, recipient, creation date, location of the letter, etc., largely
remain constant. Therefore only the metadata of the third-party digital editions are integrated
into the network. To avoid centralizing the data, the text bodies of the digital editions are not
locally stored. In this way, the maintenance of the transcriptions remains with the third-party
projects, which gives them the freedom to alter transcriptions as they see fit without breaking
the connections to the network.

In case the third-party projects decide to modify the metadata information, the changes
must be reflected on the network data. For this reason, a close collaboration with the other
projects is arranged, instead of scraping the data from the websites. Since Knora-API allows
for the modification of stored data, upon necessity, one can easily update the metadata. Thus,
even if the metadata of the records is altered, this change would not break the connections
to the network. As shown in the previous chapters, every resource in the BEOL database
has a unique ID. Similarly, every letter has a unique identifier in the databases of the third-
party repositories. This identifier is used to make API calls to retrieve information about the
resources from the external platforms.

7.2.1. Metadata modeling
Since the third-party editions are encoded in different formats, I have developed programs to
automatically extract the metadata of the correspondence. The metadata of Newton’s corre-
spondence is encoded in the TEI headers and consists of the title of the correspondence, author,
recipient, creation date, language, and its identifier in the database. This metadata information
is extracted using an XML parser. To accommodate a different structure, the metadata of the
Briefportal Leibniz edition is extracted automatically by making API calls to retrieve the infor-
mation from the database in JSON format. In addition to the basic correspondence metadata,
information about replies to letters, URLs to download the PDF versions, and bibliographical
information about the printed versions of the letters is also derived. To integrate the collected
metadata into the network, they must be modeled as RDF statements. For this purpose, I have
defined ontologies that inherit the beol:basicLetter resource class and properties from
the beol ontology.
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Figure 7.4.: Metadata of the epistola prior as RDF statements
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The newton ontology describes the newton:letter class that is a subclass of the
beol:basicLetter. The property newton:newtonProjectID describes the iden-
tifier of the letters in The Newton Project database. The BEOL database already contained
records for most of the correspondents, thus to avoid duplication of resources, letters are con-
nected to the corresponding beol:person resources. For those correspondents who did not
have a record in the BEOL database, I have created new resources with GND identifiers. Each
integrated letter belongs to either mathematics or optics categories; these topics are added
to the resources via hasSubject property. To offer access to the facsimiles of the letters,
the URIs pointing to the images in the CUDL platform are added to the resources using the
newton:hasFacsimile property. Figure 7.4 illustrates the metadata of the epistola prior
as RDF statements.

Similarly, the leibniz ontology contains the leibniz:letter resource description as
a subclass of the beol:basicLetter. The property leibniz:letterID describes the
identifier of the letter in the database of the Briefportal Leibniz. Furthermore, I have modeled
bibliographical information about the printed versions of the letters as biblio:letter re-
sources.18 The property leibniz:citation links every letter resource to its correspond-
ing biblio:letter. Similar to the LEOO letters, the property letterHasURI indicates
URLs to download the PDF of the records from the Leibniz Archive. The isReplyTo prop-
erty connects every record of the correspondence to its answer. Figure 7.5 displays the mes-
sage Leibniz had sent to Johann Bernoulli about Gregory’s catenary essay as RDF statements.

The extracted metadata of the third-party digital editions are modeled with respect to defined
ontologies in XML files and imported into Knora using the bulk XML import routine. During
the import process, links to the beol:person resources are generated. The entire data of the
network is stored as a graph of interconnected resources belonging to different projects (Figure
7.6). By adding more information to the metadata, such as topics and persons mentioned in the
letters, one can strengthen the connection between the resources. Once metadata are stored in
the triplestore, one can access and query the network resources using Knora-API. Researchers
can access the resources of the network directly in the BEOL platform.

7.3. Presentation of network resources
Through the landing page of the BEOL application, users can select any of the external digital
editions integrated into the network (Figure 7.7). The application converts the user’s choice
to a Gravserach query to gather all letters of that edition and lists them. Then, the user can
choose any letter from the list to access its content. For each external digital edition, an An-
gular component is designed to properly display all features of the resources. Depending on
the letter user opts to access, the BEOL routing service employs the appropriate component to
display both metadata of the letter as well as its text content.

18See description of this resource class in p.172.
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Figure 7.5.: Metadata of Leibniz’s letter to Johann Bernoulli about Gregory’s catenary treatise
as RDF statements
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Figure 7.6.: A subgraph of metadata in the network

Figure 7.7.: Access to the connected digital editions in the BEOL landing page
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Figure 7.8.: The workflow for fetching the text body of a network letter

Even though the text content of the third-party digital editions are not stored locally, nonethe-
less users must be able to study the texts directly in the platform of the network. Therefore
I have developed a mechanism to fetch the latest version of the transcriptions available on
the third-party platforms. Once a user demands access to a network resource, the application
requests the metadata of the letter from the Knora-API and displays them promptly using the
Angular templates. At the same time, from the metadata, it extracts the identifier of the letter
in the third-party repository and requests the text body of the letter from the respective third-
party platform. The Newton Project portal returns the content as a pure HTML document
and the API of the Briefportal Leibniz returns the text body embedded in JSON objects with
HTML markup. The application then parses the text content of the letter given in the <body>
element out of the response and displays the text to the user. Figure 7.8 demonstrates the
workflow for fetching the text content of epistola prior; the same workflow is used to acquire
the text content of Leibniz’s correspondence.

The entire process of obtaining the metadata from the Knora-API and acquiring the text con-
tent from external repositories takes a couple of seconds. For consistency in representation, the
text body of letters are displayed employing the same styling configurations, CSS stylesheets,
defined for the text rendition in the third-party platforms. The mathematical formulas encoded
in MathML and LATEX are rendered on the browser using MathJax. Furthermore, the diagrams
encoded as SVG in the HTML transcriptions of Leibniz’s correspondence are directly repre-
sented in the BEOL platform. The mathematical figures of Newton’s correspondence, on the
other hand, are embedded in the transcriptions as paths to the PNG files stored on The Newton
Project server. Thus, the application also requests the images from The Newton Project server
dynamically and displays them within the text transcriptions. Figure 7.9 shows the epistola
prior (Figure 7.2) in the BEOL platform, and Figure 7.10 shows the letter Leibniz had sent to
Johann Bernoulli about Gregory’s catenary essay (Figure 7.3).
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Figure 7.9.: The representation of the epistola prior (Figure 7.2) in the BEOL platform
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Figure 7.10.: The representation of Leibniz’s letter to Johann about catenary treatise (Figure
7.3) in the BEOL platform
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In this way, without centralizing the data on the base platform of the network, the e-
infrastructure gives access to the latest version of the text bodies. If the third-party projects
decide to move the data to other repositories, only the workflow for fetching the text content
implemented in the Angular components of the application must be updated, but the stored
data would remain intact.

The application displays all stored metadata of the third-party letters with respect to the
object value types of the RDF statements. It resolves the identifier of a letter, shown as Letter
in the Newton Project in Figure 7.9 or Letter in the Briefportal Leibniz in Figure 7.10, to
an Angular directive that routes to the representation of the resource in its original platform.
Within the base platform, users can seamlessly switch to the third-party platforms to study the
editorial comments. Using these directives, instead of storing letter URIs in external repos-
itories, eliminates the need to update stored network data in case the collaborating projects
emigrate the repositories to other services.

In addition, the application links every letter of Newton’s correspondence represented in
the BEOL platform to the digital copy of its original manuscript in CUDL portal through the
Facsimile option (Figure 7.9). Similarly, the Angular component designed to present Leib-
niz’s correspondence enables users to download the PDF of the letter available on the Leibniz
Archive portal. Although the BEOL application offers permanent citation links for the net-
work resources,19 the editors of the Briefportal Leibniz requested that the references to the
printed version of every letter be displayed to users. Therefore, the Angular component dis-
plays this information using the template designed for the biblio:letter resources that
activates through the Citation option (Figure 7.10).

By listing all resources connected to a particular letter, the application highlights the link-
age of information and allows users to study correspondence data as an element of a network.
Researchers can analyze a discussion or an idea raised in one letter and follow it in the con-
nected elements of the network, regardless of where the letter’s complete record resides in the
three separately maintained databases. In addition to providing a direct access to the corre-
spondence data, the infrastructure offers research tools to analyze the network data and query
for information.

7.4. Search on the network
Having centralized access to diverse digital editions through one platform is essential but not
sufficient for optimal research. Researchers must be able to analyze the information and obtain
subgraphs of the network that match their research interests. In other words, they must be able
to query for correspondence by specifying criteria on the metadata of the network resources.
To be able to research the history of ideas, users must be able to search for a specific phrase in

19See Section 7.5.
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text bodies of all digital editions integrated into the network.

7.4.1. Advanced search
Since the metadata of the third-party digital editions are stored as RDF triples, one can query
them using the advanced search functionality of Knora-API.20 Using this functionality, in the
BEOL application, users can query for the information on the entire network or limit the
search to items from a specific digital edition project. Providing the possibility to query for
the data on the entire network within one platform is a prominent strength of the developed
e-infrastructure.

Figure 7.11.: A search for all letters Newton had sent to Oldenburg

Let’s assume a researcher is interested in obtaining all letters Newton sent to Henry Olden-
burg. Figure 7.11 displays how one can specify this query in the advanced search panel of the
BEOL application. By choosing The Newton-Project Ontology and then Letter
resource type, one is actually indicating that the API must only query the resources of type
newton:letter. One can specify the author and recipient of the letters and further refine
the query by giving time periods. The application submits the query to Knora-API and then
displays the search results in a list of expandable items. These results comprise a subgraph
of the network that matches the researcher’s specified criteria. For example, in Chapter 4, I
mentioned that in a letter sent on 17 September 1673 Newton thanked John Collins for giving

20See the examples given in Section 6.3.1 to analyze the BEOL resources.
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Figure 7.12.: A search for the letter Newton sent to Collins on 17 September 1673

him Descartes’ La Statique as a gift.21 Figure 7.12 displays how to query for this specific
letter. Similarly searches can be performed on the elements of the network originated from
the Briefportal Leibniz. In the first part of this thesis, I have mentioned that in his Elastica
article and the solution to the paracentric isochrone problem, both published in June 1694,
Jacob Bernoulli had suggested new geometric construction techniques22 of which a few in-
fluential followers of Descartes’ practices such as Huygens disapproved. His brother Johann
went as far as calling Jacob’s approach a sin against geometry. Huygens’ review of Bernoulli’s
articles, together with Leibniz’s remarks expressing his doubts about the new techniques, was
published in August 1694.23 Since both Johann Bernoulli and Leibniz had doubts about Ja-
cob’s methods, one might wonder if there was a correspondence between the two concerning
this subject. Indeed a query for the resources of type leibniz:letter sent between June
and October 1694 (Figure 7.13) results in two letters, which contain discussions about this
topic.

One can benefit fully from the possibilities the network offers by querying for resources

21See p.150.
22See p.83.
23See Section 2.4.

257



Chapter 7. A Network of Digital Editions

Figure 7.13.: A search for all letters in Johann Bernoulli-Leibniz correspondence written in a
particular time period

across all digital editions. The e-infrastructure enables researchers to ask for the letters in the
network written in a particular time interval or to a specific recipient. Let’s assume a researcher
is interested in acquiring the letters that were sent to Edmund Halley. Since beol:letter,
newton:letter, and leibniz:letter resource classes are subclasses of beol:basicLetter,
by indicating the search to be performed on Basic Letter resources, all items of the
network will be queried that have Halley as the recipient (Figure 7.14). The API response
contains twelve resources, two letters from BEBB edition, and ten from The Newton project
edition (Figure 7.15). In this way, through one platform, the researchers can query for and
obtain resources that belong to different edition platforms.

The potential of the network approach can be leveraged by adding more metadata informa-
tion to the network resources. For example, upon availability of a subject index for the digital
editions of the correspondence, one could ask for all letters concerning a specific topic. Among
the editions that are currently part of the network, the digital edition of Euler-Goldbach corre-
spondence has a detailed subject index and letters are categorized with subject matter.24 The
resources of Newton’s correspondence have one of two general topics: mathematics or optics.
Although it is possible to query for all letters in the network that are about mathematics, the
API will return a very high number of results for this very generic topic. More meaningful
advanced searches would be possible if more precise categories of topics were available for

24See Section 5.2.3.
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Figure 7.14.: A search for all letters sent to Edmund Halley

third-party digital editions.

To prove this search concept, to the metadata of one of Newton’s optical letters that con-
tained a discussion about eclipses, through the hasSubject property, I added the subject
matter Eclipses. This topic is part of the subject index of the Euler-Goldbach correspon-
dence, thus list node value is defined for this topic in the BEOL database. Hence, a query
for the letters in the network that have the topic Eclipses (Figure 7.16) returns a list of ten
letters from LEOO IVA/IV edition and one letter from The Newton Project edition (Figure
7.17). Since one can add further properties to RDF resources through Knora-API, the topics
of the letter resources can be added later upon availability. Then a researcher interested in a
particular topic can acquire all resources from different digital edition projects in a centralized
form in the e-infrastructure. Such a subgraph would demonstrate the works of various natural
philosophers on a particular topic while highlighting the connections between the resources.

Even though the metadata of the network resources are fully searchable using the advanced
search functionality of Knora-API, one can not use Gravsearch to query for the text of third-
party editions.25 The reason is that Gravsearch is a tool to query the information stored locally
in the triplestore. Therefore, another process needed to be developed to search for a phrase on
all digital editions connected to the BEOL.
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Figure 7.15.: The results of search illustrated in Figure 7.14

7.4.2. Full-Text search
Although the network resources do not contain the text content of the third-party editions,
researchers must nevertheless be able to search for a specific term on all resources of the net-
work. For example, one should be able to query for all letters where the word calculus is
mentioned in the text regardless of the project to which the resource belongs. For this pur-
pose, I developed a full-text search forwarding mechanism. Once a user enters a phrase in the
full-text search filed in the BEOL platform, three operations take place asynchronously.

In the first operation, the BEOL application submits the expression to the full-text search
routine of Knora-API, which performs the search for the phrase on all text value objects stored
in the triplestore. This operation then displays a list of results that belong to the BEOL native
editions. At the same time, the application forwards the phrase to the text search routes of
the third-party platforms (Figure 7.18). As mentioned earlier, both The Newton Project and
the Briefportal Leibniz offer a full-text search functionality. Thus, instead of harvesting all
text content from other platforms and indexing them, one can benefit from already functional
research tools offered by the third-party platforms.

As mentioned,26 to refine the query results, The Newton Project provides the possibility to

25See an example of full text search on BEOL editions by Gravsearch statement in Figure 6.3.
26See p.7.1.1.
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Figure 7.16.: A search for all letters about Eclipses

specify in which categories the term must be searched. Therefore, in the second operation, the
application makes two parallel full-text search requests to this platform, one specifying the
Mathematics category and the other Optics. However, it is not yet possible to limit searches
to the correspondence records; therefore, the phrase is also queried in the transcriptions of
Newton’s mathematical and optical papers that are not integrated into the network. Once the
platform returns the query responses, using the IDs of returned resources, the application re-
quests the resources from Knora-API. In this stage, the operation sorts out those items that are
not part of the network: records that belong to Newton’s papers. Those query response items
that are part of the network are then immediately displayed to the user.

At the same time, as the third operation, the BEOL application forwards the query to the
API of the Briefportal Leibniz and obtains the query responses. Since all items of this portal
are already integrated into the network, no filtering is required in this case. The application
retrieves identifiers of the search results from the JSON response and requests the metadata of
the items from Knora-API. These search results are then immediately appended to the list of
results and displayed to the user.

All three operations take place simultaneously, and results are displayed asynchronously.
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Figure 7.17.: The results of search illustrated in Figure 7.16

As soon as an operation is finalized, the application immediately shows its results without
waiting for the responses of other platforms. Therefore, regardless of the number of digital
edition platforms connected to the network, since the full-text search forwarding mechanism is
parallelized, the application does not wait for all operations to finish before starting to display
the results. If an operation takes a very long time, it would be terminated after a certain defined
time threshold. No precedence is given to any repository connected to the network over any
others; thus, as soon as a platform finalizes its operation, its results are shown. The user would
not be notified about the execution time of the operations on the platforms, and would only
notice that the number of search results increase as more items are appended to the list of
results.

7.5. Sustainability and citability of network resources
To win the trust of the scholars to use the e-infrastructure as a central hub for accessing the dig-
ital editions, the sustainability of the network data and features must be ensured. Researchers
rely on the long-term availability of the network to be able to continue their research and cite
the resources they have used in their publications. All digital editions integrated into the sys-
tem must be citable with permanent links.

Since the DaSCH infrastructure ensures the sustainability of the BEOL data,27 it will also
27For more information about DaSCH infrastructure see Section 6.6.
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Figure 7.18.: Full-text search forwarding mechanism

guarantee the preservation of the metadata of third-party digital editions imported into the net-
work in connection to the BEOL resources. In this way, the availability of the stored data of
the network for an extended period is guaranteed. The BEOL application is also developed as
part of the DaSCH infrastructure; thus, the particular processes added to the BEOL applica-
tion to support the network functionality, such as dynamic acquisition and display of the text
bodies and full-text search forwarding mechanism, will be functional as long as the third-party
platforms exist. Since these processes are developed inside individual Angular components,
as needed, they can be easily updated without affecting the stored data or other features of the
BEOL application. For example, in case of a change in the full-text search route of a third-
party platform, its corresponding Angular component can be easily modified.

Responsible scholarship requires correct citation and the ability to access online resources
for critical reviews. The third-party digital editions integrated into the network can be cited the
same way as BEOL digital editions using the durable URLs created for the stored resources.
Currently, The Newton Project platform and Briefportal Leibniz do not provide any perma-
nent citation possibility. However, through the developed e-infrastructure, their resources
integrated into the network can be reliably cited using the ARK URLs that Knora-API assigns
to resources.28 When one attempts to access a letter of a third-party digital edition through its
ARK URL, this URL resolves to a route activating the respective component to represent the
letter in the BEOL application. Thus, this e-infrastructure offers a unique possibility for citing
online resources of the third-party repositories.

28For more details about the ARK URLs generated by Knora-API see Section 6.6.1.
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A 3D Visualization of RDF Data
“A picture is better than a thousand words.” While this proverb seems to be supported by re-
cent developments in the visualization of data, the use of data visualization in history leads to
contradictory reactions. Some historians are fascinated by its heuristic potential, while others
suspect this practice of hiding explanatory weaknesses and thus reject it as a research tool.
In historical research, one often uses data visualization for demonstration purposes; however,
data visualization can also be used for the research itself (Grandjean, 2015). The network
method to study historical sources, proposed in Chapter 7, can best be explained with a vi-
sualization. Visualization intends to promote relational thinking by depicting the network
connections between the resources and to draw the researcher’s attention to irregularities. It
offers historians an overview of their research object so that they can recognize the relations
between atoms of knowledge. With the big picture in mind, they can better immerse them-
selves in details.

Even though modern visualization techniques have been developed in particular since the
advent of advanced mathematics, visualization is not a new practice. Celestial cartographies
and family trees of royalty are a few of many examples from centuries past (Grandjean, 2015).
Euler’s solution of the Königsberg’s Bridges problem is a historical example of network visu-
alization (Euler, 1741). The Pregel river that flowed through the city of Königsberg in Prussia
divided the city into four distinct regions. Seven bridges were built over the river connecting

(a) Visualization of the network (Schubert, 2012, 363)
(b) Corresponding Graph (Schu-

bert, 2012, 364)

Figure 8.1.: Euler’s solution to the seven bridges problem
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these districts. Citizens of the town created a game for themselves: their goal was to devise a
way in which they could walk around the city, crossing each of the seven bridges only once.
Even though they could not solve this problem, they could not prove that it was impossible. In
1736, Carl Leonhard Gottlieb Ehler (1685–1753) asked Euler to solve the problem (Hopkins,
Wilson, 2004, 201). Euler visualized it as shown in Figure 8.1a and attempted to solve it only
to find that neither geometry nor algebra, and not even the art of counting, was sufficient to
solve the problem (Hopkins, Wilson, 2004, 202). Thus, he invented the graph theory with
which he not only solved the Königsberg’s Bridges problem (Figure 8.1b) but also revolution-
ized the field of mathematics. As can be seen from this case, a visualization can bring up novel
research questions and supports researchers in their reflections, producing new perspectives.

It is essential to keep in mind that the visualization of data is only useful if accompanied by
explanations of the sources and their relations. Researchers must have a typology that guides
and facilitates their visual experiments. Without information about the data model, the visu-
alization does not have narrative or explanatory legitimacy. In the previous chapters, I have
explained the modeling of the BEOL data as RDF triples that create a graph of interconnected
resources. The employed OWL ontologies describe the resources and their relations. Hence,
visualizing the RDF graphs indeed provides the typology of the visualized data that helps with
its interpretation. To start a critical discourse about visualized information, researchers would
need to have direct access to the underlying resources. Therefore, I propose a web-based
interactive visualization tool that illustrates the network of data and directs the users to the
representation of the resources in the BEOL platform.

With this tool, researchers can venture in an exploratory and methodological approach to
study the data. From this application, it becomes evident that networking the data is already a
way to create new knowledge. In this chapter, I will explain the steps I have taken to produce
an aesthetically-pleasing and interactive three-dimensional visualization of the RDF-based
correspondence network.

8.1. 3D force-directed graph
A graphical representation of a network has been used in social network analysis that is, de-
fined broadly, the analysis of a set of relations among objects. In a two dimensional graphical
representation of such a network, called a sociogram, objects (vertices) are represented by
points, circles, boxes, etc., and relations are drawn as lines connecting pairs of vertices. In so-
cial networks, the vertices usually represent persons, organizations, or countries, and the lines
identify interaction, exchange, opinions, perceptions, etc. (Nooy de, 2003, 313). Similarly,
network visualization can be used in correspondence analysis where vertices represent letters
and correspondents, and the edges identify the relations, precisely as described in the RDF
data modeling of correspondence (see Section 5.3).

For the readability of a visualized network, since the 1990s it has been advocated that the
number of edge crossings must be minimized (Grandjean, 2019). To generate graphs free of
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edge-crossing without reducing graph size, force-directed layout algorithms are developed.
Networks drawn with these algorithms tend to be aesthetically pleasing, exhibit symmetries
and tend to produce crossing-free layouts for planar graphs (Kobourov, 2012). Currently,
the representation of the data as a force-directed graph is widely used for scientific data (En-
right, Ouzounis, 2001; Paananen, Wong, 2009) and by Facebook, Google+, etc.; force-directed
graphs can be easily adapted to the humanities data as well. I used this visualization technique
to create a simulation of the network of the early modern scientific correspondence described
in Chapter 7.

Force-directed layout algorithms are well-known in the graph drawing literature, as they
yield reasonable drawings for a wide variety of graphs. Traditionally, these methods use a
graph’s structure to mimic a physical system of attractive spring forces along edges and uni-
versal repulsive forces emanating from vertices (Bannister et al., 2012). There is a repulsive
force, fr, between any two vertices i and j that is inversely proportional to the distance be-
tween them (Hu, 2005, 40).

fr(i, j) =
�C K2

kxi � xjk
i 6= j (8.1)

The attractive force, fa, however, exists only between neighboring vertices and is proportional
to the square of the distance.

fa(i, j) =
kxi � xjk2

K
i $ j (8.2)

Hence, the combined force on a vertex i is

f(i, x, K, C) =
X

i 6=j

�C K2

kxi � xjk2
(xi � xj) +

X

i$j

kxi � xjk
K

(xi � xj) (8.3)

Thus, forces between the nodes are computed based on their graph-theoretic distances, deter-
mined by the lengths of the shortest paths between them, K in the equation 8.3. The parameter
C regulates the relative strength of the repulsive and attractive forces (Hu, 2005, 41). The so-
called spring embedder technique treats the lines of the network as springs with a particular
elasticity and strength (Nooy de, 2003, 314). In general, force-directed methods define an
objective function, also known as the stress function, which maps each graph layout into a
number representing its energy (Kobourov, 2012).

In non-technical terms, vertices that are connected by lines are drawn tightly together. In
contrast, unconnected vertices are pushed apart. Thus, the procedure searches for a situa-
tion in which the system of springs reaches a mechanical equilibrium. The resulting force-
directed graph is symmetric and aesthetically-pleasing; i.e., the connected nodes create well-
recognizable clusters with no overlapping edges. Then, researchers can immediately recognize
the related components of the graphs. The visualization tool I have developed draws the in-
termediate stages of the graphs as well as the primary layouts. In the first stage, the graph
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Figure 8.2.: An example of the 3D visualization of RDF triples

seems to be a tangled mess of nodes that evolves, in the next steps, into a final stable layout.
Furthermore, the tool is web-based and dynamic. Users can pull the nodes out of their equi-
librium state and place them anywhere else in the canvas space. Because of the springiness of
the edges, the connected nodes move as well. After the user places a dragged node, its adja-
cent nodes will be fixed so that the entire energy of the system is minimized, and the system
reaches the stable state again.

The running time of the procedure to find the initial equilibrium stage of the graph is rel-
atively high, O(n3), n being the number of nodes. Furthermore, every time a user takes the
system out of equilibrium by pulling one node, the engine visits every pair of nodes and re-
calculates their mutual repulsive forces. This recalculation of the minimum energy state also
has a high computation time. The optimal approach to reduce the computation time is to re-
duce the number of the visualized nodes. Thus, instead of presenting the entire RDF graph of
the data, we only represent the main correspondence components and properties. The original
letter resources, the person resources representing the correspondents, and only the main
predicates hasAuthor, hasRecipient, and isReplyTo are visualized (Figure 8.2).

The set of nodes and edges of force-directed graphs can be visualized in two or three-
dimensional Euclidean space. The interactive online tool that I developed visualizes the graphs
in 3D.

8.1.1. 3D visualization
Does thinking in three dimensions make us think differently or more deeply on a subject?
When you open up a new dimension on the page or a screen, does it open a new dimension
in the brain? For centuries, artists and scientists have wrestled with how to convey three-
dimensional objects on two-dimensional mediums. Leonardo da Vinci’s drawings of wood-
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Figure 8.3.: Da Vinci’s drawing of an elevated icosidodecahedron, Bodleian Library Archive,
d.24

cuts in the variety of polyhedra forms for his friend Luca Pacioli’s book1, are the earliest
examples of intricate 3D illustrations on two-dimensional pages. Among them is the first ap-
pearance of the icosidodecahedron and its elevated form, a shape with twenty triangular faces
and twelve pentagonal faces (Figure 8.3).2 In 1570, English mathematician Henry Billingsley
(unknown–1606) engaged in a new illustration technique to bring knowledge of Euclid’s com-
plicated geometry to the local audience. In his English translation of Euclid’s The Elements
of Geometry, Billingsley engineered flaps to allow a reader to see a shape opened and then to
construct that shape in three dimensions (Figure 8.4).3 He took inspiration from anatomical
and astronomical multi-layered flap illustrations.4

Hence, for centuries, people have undertaken considerable effort to give readers informa-
tion about real objects that would have been lost in two-dimensional illustrations. For the
same reason, I opted for a three-dimensional visualization of correspondence network mod-
els. Many digital humanities projects visualize RDF graphs by flattening them into two di-
mensions. Although this representation helps researchers recognize the direct and indirect
connections between the resources, information is lost in the overlap of nodes and edges. One
can overcome this problem by visualizing the data as a 3D force-directed graph. Modern vi-
sualization techniques for the 3D rendering of graphical objects allow observers to study a
model in detail. An interactive 3D visualization introduces tangibility to the displayed data so
that researchers can rotate the model to study the distribution of data from every angle. The
developed visualization tool uses ThreeJS/WebGL5 for the 3D rendering of the graphs on the
web.

1De divina proportione, Venice, 1509.
2I took this picture in September 2019 at Thinking 3D: From Leonardo to the present exhibition in Bodleians

Treasury, Weston Library, Oxford.
3I took this picture in September 2019 at Thinking 3D: From Leonardo to the present exhibition in Bodleians

Treasury, Weston Library, Oxford.
4See examples in https://www.thinking3d.ac.uk/JapaneseManuscript/.
5https://threejs.org/.
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Figure 8.4.: Flaps embedded in pages of Billingsley’s book

8.2. Correspondence visualization
The visualization tool6 can illustrate any RDF graph as a three-dimensional force-directed
graph rendered on the web, with features to interact with the simulation. In general, the
visualization tool creates a web component that represents a graph data structure in three-
dimensional space using a force-directed iterative layout.7 Through Knora, one can request
the graph of the stored RDF-data in the JSON format directly from the triplestore.8 The re-
sult would contain all properties of a resource, including its connections to other resources.
Displaying all these features, however, would not necessarily help to study the network since
the resulting illustration would have a huge number of vertices and edges. On the other hand,
a high performance simulation would require reducing the network vertices. Therefore for a
correspondence graph, as a first step, the tool acquires all information about resources of type
basicLetter9 from the Knora-API. The result will include all subclass resources of types
beol:letter,10 newton:letter,11 and leibniz:letter.12

6All interactive 3D-visualizations are available at https://vis.beol.dasch.swiss/.
7https://github.com/vasturiano/3d-force-graph.
8https://docs.knora.org/paradox/03-apis/api-v2/reading-and-searching-

resources.html#get-a-graph-of-resources.
9See Section 5.3.

10See Figure 5.10.
11See Figure 7.4.
12See Figure 7.5.
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A list of nodes and edges of the graph is necessary for the visualization. Each resource
representing a letter or its correspondents will be listed as a node of the graph. From the in-
formation stored as RDF triples with non-link predicates for every resource, only a few, such
as resource label, are necessary for the visualization. The tool displays the label of a resource
once the user hovers over a node with the mouse. Moreover, in order to connect every vertex
of the visualized network to its representation on the BEOL platform, the resource IRI, to-
gether with the component of the BEOL application necessary to render the correspondence
information, must be added to the node features. Listing 8.1 demonstrates the description of
nodes and edges of the graph displayed in Figure 8.2.13

1 {"nodes": [
2 {
3 "resourceIri": "http://beol.dasch.swiss/person/christian_goldbach"

,
4 "id": "Christian Goldbach",
5 "group": "blue"
6 },
7 {
8 "resourceIri": "http://beol.dasch.swiss/person/leonhard_euler",
9 "id": "Leonhard Euler",

10 "group": "blue"
11 },
12 {
13 "resourceIri": "http://beol.dasch.swiss/letter/l001_original",
14 "id": "L001",
15 "date": "1729",
16 "group": "pink"
17 },
18 {
19 "resourceIri": "http://beol.dasch.swiss/letter/l002_original",
20 "id": "L002",
21 "date": "1729",
22 "group": "pink"
23 }
24 ],
25 "links": [
26 {
27 "label": "hasAuthor",
28 "source": "L001",
29 "target": "Leonhard Euler",
30 "color": "white"
31 },
32 {

13Resource IRIs are given in human-friendly style.
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33 "label": "hasRecipient",
34 "source": "L001",
35 "target": "Christian Goldbach",
36 "color": "red"
37 },
38 {
39 "label": "hasAuthor",
40 "source": "L002",
41 "target": "Christian Goldbach",
42 "color": "white"
43 },
44 {
45 "label": "hasRecipient",
46 "source": "L002",
47 "target": "Leonhard Euler",
48 "color": "red"
49 },
50 {
51 "label": "isReplyTo",
52 "source": "L002",
53 "target": "L001",
54 "color": "green"
55 }
56 ]
57 }

Listing 8.1: Nodes and links of the visualization graph

The creation dates of the letters are added to the node features only by year-precision. Since
time plays a crucial role in the study of historical facts, an additional dimension has to be
introduced into the model to represent time (Schweizer et al., 2015, 321). I have added the
time dimension to the 3D model by means of a slider event14 that has a range defined by the
minimum and maximum creation date of correspondence data. This feature allows researchers
to determine the time of interest in which to obtain visualization of the corresponding letters.
Furthermore, by changing the date values, researchers can study how the correspondence dis-
tribution changed over time.

The tool displays the nodes as spheres color-coded by the group value. Since the corre-
spondence data contain sources from different edition projects, the tool groups letter nodes
by color. From the linking predicates of letter resources, the tool considers only the author,
recipient, and reply to properties color-coded, respectively. These links define the edges of the
graph connecting a pair of nodes. Mathematically speaking, the resulting graphs are directed;
i.e., edges are arrows connecting the source to target. Directed edges help researchers with

14The slider is implemented using dat.GUI, which is a lightweight graphical user interface for chang-
ing variables in JavaScript, see documentation in https://github.com/dataarts/dat.gui/blob/
master/API.md.
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the identification of authors and recipients of the letters as well as their replies. In addition to
denoting the edge types by color, the tool also displays the label of the edges by mouse hover
event.

Figure 8.5.: Visualization of Euler’s correspondence

Figure 8.5 demonstrates all the records of Euler’s correspondence in the BEOL database.15

Since LEOO IVA/IV was one of the main three digital edition projects integrated into the
BEOL platform, a considerable number of letters from the Euler-Goldbach correspondence
are available. Thus the forces defined on the nodes, create a dense cluster demonstrating a
close relationship between Euler and Goldbach. In the original visualization of the graph,
because of the high energy enforce on the entire network by the close relationship between
the Euler and Goldbach nodes, the whole graph took a globe-like shape. With the help of
interactive tools, in Figure 8.5 I have stretched the two nodes apart and fixed them in the can-
vas, making the network clearer. The LEOO IVA/IV also includes two letters that Euler’s son,
Johan Albrecht, had sent to Christian Goldbach. The defined force on the nodes brings these
two correspondents together. Similarly, Euler-Turgot correspondence is displayed close to the
node representing Euler. Since the Marquis de Condorcet corresponded with both Leonhard
Euler and his son, the iterative procedure places his node in an average distance from the two.

15See the interactive 3D-visualization of the Euler-Goldbach Correspondence at https://vis.beol.
dasch.swiss/.
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The tool allows users to interact with the model by zooming in and out on any node or link.
The user can also rotate the model to study it from every angle and can drag out any letter from
the cluster and place it elsewhere on the canvas to scrutinize it. Then, because of the springi-
ness of the edges, the nodes connected to that letter will also become evident. The left-click
event on any node opens up a new browser tab displaying the corresponding resource in the
BEOL platform. Moreover, the right-click event allows users to change the view-point (cam-
era point of canvas). This feature is particularly helpful for large visualizations with multiple
subgraphs (such as Figure 8.12).

Figure 8.6.: Visualization of Baseler edition of Bernoulli correspondence (BEBB)

Since BEOL contains more than 1500 letters from BEBB edition, the graph representing
Bernoullis’ correspondence is relatively large (Figure 8.6).16 The visualization clearly shows
that the BEBB edition contains a majority of Johann Bernoulli’s letters. Therefore, the node

16See the interactive 3D-visualization of Bernoullis’ Correspondence at https://vis.beol.dasch.
swiss/.
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representing him is placed in the center point of the network. The formed clusters display
with whom he corresponded the most: first Johann Jakob Scheuchzer17 and second Johannes
Scheuchzer.18 One must keep in mind that the visualization displayed in Figure 8.6 is based
on data currently available on the BEOL platform. Since BEBB edition is an ongoing project,
with more data being added, this visualization and the derived metrics may change in the fu-
ture.

The displayed network demonstrates that although the current database contains a consid-
erable number of Nicolaus I Bernoulli’s letters, it contains a limited number of letters of other
members of the Bernoulli dynasty. For instance, the database includes digital editions of only
four letters authored by Nicolaus II Bernoulli, two sent to Johann II Bernoulli, and only one
letter Daniel Bernoulli had sent to Johannes Scheuchzer. Jacob Bernoulli’s correspondence
is not yet transcribed as a digital edition. However, since Jacob Hermann was a mathemati-
cian from Basel, a disciple of Jacob Bernoulli, and at some point a professor at the University
of Basel, a large number of Herman’s letter communication is also included in the BEBB edi-
tion. The visualization demonstrates that he was in close communication not only with Johann
Bernoulli but also with Swiss mathematicians: Johann Jakob and Johannes Scheuchzer. The
network brings one’s attention to an odd characteristic of Jacob Hermann’s correspondence,
namely that his exchange of letters with Johann Bernoulli started in 1702 – three years be-
fore Hermann’s master Jacob Bernoulli’s death. In fact, before Johann Bernoulli returned to
Basel upon his brother’s death, he had exchanged twelve letters with Jacob Hermann. Consid-
ering the conflict between the brothers, exacerbated shortly before Jacob’s death, one might
wonder how and why his disciple communicated with the master’s rival. Thorough research
would be needed to establish if Jacob Bernoulli was aware of or approved of this correspon-
dence? Moreover, the letter exchange had continued during the time Hermann was editing
Jacob Bernoulli’s Meditationes. It would be interesting to see, if, in any of the letters sent to
Johann Bernoulli, Hermann had mentioned the content of the Meditationes.

As mentioned earlier, BEBB edition does not contain Johann Bernoulli’s correspondence
with Leibniz. However, by connecting the Briefportal Leibniz to the correspondence network,
the Leibniz-Johann Bernoulli correspondence was also added to the database.19 Similar to
Euler-Goldbach correspondence, due to the high number of letters and edges connecting the
two nodes representing these correspondents, the resulting force-directed graph appears as a
bundle of nodes. Figure 8.7 displays the stretched form of the graph. As can be seen, al-
most every letter in the Leibniz-Johann Bernoulli correspondence has received a reply. The
represented correspondence ranges between 1693 and 1701. In the course of eight years, the
two had exchanged more than one hundred and fifty letters. The network also indicates that
one single letter of this correspondence series was also sent to Pierre Varignon. Studying
this letter suggests that Leibniz formulated it as an open letter intended to be read by both
Johann Bernoulli and Pierre Varignon without addressing either of them specifically (Figure

17http://ark.dasch.swiss/ark:/72163/1/0801/rE1GJDa6SQicRl11FhwNgAo.
18http://ark.dasch.swiss/ark:/72163/1/0801/4o5cyqGYS1qHTfFCTMDDzwM.
19See the interactive 3D-visualization of the Leibniz-Johann Bernoulli Correspondence at https://vis.

beol.dasch.swiss/.
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Figure 8.7.: The network of the Briefportal Leibniz correspondence edition

8.8).20 This letter had received a reply from Johann Bernoulli, but no respond from Varignon
is currently given in the Briefportal Leibniz databse. Varignon, indeed, responded to Leibniz’s
letter, but its digital edition is not yet available in the Briefportal Leibniz; thus it is not inte-
grated into the correspondence network.

Johann Bernoulli was a great communicator who published hundred of articles, and sent and
received thousands of letters during his lifetime. His pupil, Leonhard Euler, also immersed
himself in writing: he published more than eight hundred sixty papers and wrote thousands of
letters. Newton, in contrast, was not an enthusiastic writer.21 Figure 8.9 illustrates the diverse
nature of his mathematical and optical correspondence. The size of the created clusters demon-
strates that he mostly corresponded with John Collins, Henry Oldenburg, and Edmund Halley.
The high intensity of the red color around the latter two indicates that Newton himself had
authored most of the correspondence. However, Newton’s correspondence with John Collins
seems to have been more two-sided. The network also illustrates that some of the letters were
remained without a reply. Perhaps the recipient had never responded or the document of the

20http://ark.dasch.swiss/ark:/72163/1/0801/zEp7jLGPSwWzFCPSpVyEGQ6.
21See the interactive 3D-visualization of Newton’s Scientific Correspondence at https://vis.beol.

dasch.swiss/.
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Figure 8.8.: Representation of the letter Leibniz sent to both Johann Bernoulli and Pierre
Varignon in BEOL platform

response is unavailable or not transcribed yet. For example, it appears that Newton had never
answered any of three letters written by the astronomer Arthur Storer.22 However, Newton
had written letters to some prominent characters such as Robert Boyle, John Flamsteed, and
Adrian Azout, which are not connected to any replies.

Furthermore, the visualized networks depict irregularities in the data distribution. For exam-
ple, Figure 8.10 shows a letter authored by Newton, which, even without a specific recipient,
received replies from four individuals, including Robert Hooke and Father Pardies. By click-
ing on this letter, the researcher can immediately see that it is not an ordinary letter (Figure
8.11) but rather a paper containing Newton’s famous theory of light and colors, which was
communicated to the Royal Society for publication in Philosophical Transactions.23 Simi-
larly, studying the replies to this paper indicates that they were not addressed to Newton, but
were reactions to his article. One can also see that Newton addressed each of these reviews
separately.

As described in Chapter 7, four digital editions of correspondence are brought together to
form the network shown in Figure 8.12.24 The resources created from the Briefportal Leibniz
digital edition project fit perfectly to the BEBB edition, with the node representing Johann

22http://ark.dasch.swiss/ark:/72163/1/0801/MKY7LA2TT_WIoITrANrOsgs.
23See p.243.
24See the interactive 3D-visualization of the entire Correspondence Network at https://vis.beol.

dasch.swiss/.
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Figure 8.9.: The graph of Newton’s mathematical and optical correspondence

Bernoulli acting as the junction of the two edition projects. A single letter, sent from Johann
Bernoulli to Christian Goldbach on 25 January 1725, connects the BEBB edition to the edi-
tion of Euler’s correspondence. Similarly, the BEBB edition contains communication between
Johann Bernoulli and Edmund Halley. Thus, the node representing Halley is the connection
point between resources originated from The Newton Project and the BEBB edition. Study-
ing the connections between four subgraphs of network raises a few questions. Did Christian
Goldbach mention the content of Johann Bernoulli’s letter to Euler? Likewise, did Edmund
Halley refer to the content of Johann Bernoulli’s messages in his letters to Newton? As we
can see by studying the underlying resources, Johann Bernoulli mentions Newton in the letter
he had sent to Halley on 23 November 1712.25

As mentioned, the full potential of the network approach to correspondence analysis will
become evident after strengthening the connections and enriching the graphs with more nodes
and edges. Critical to this potential are connecting other third-party repositories to the net-
work and integrating additional items currently under transcription for the four editions in the

25http://ark.dasch.swiss/ark:/72163/1/0801/pIdZR1fKQjqYRZVAu5AVBgj.
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Figure 8.10.: The letter with four replies included in The Newton Project edition

network. None of the depicted four edition projects are ended. From Euler’s correspondence,
the network only contains a small number (216) of letters, LEOO IVA/IV and LECE editions.
His remaining letters (almost 3000) will be gradually integrated into the BEOL database.
Similarly, the ongoing BEBB editions will be imported into the database. Both collaborat-
ing external digital edition projects are continuing with the transcription of additional letters.
Thus, through ongoing collaboration, the new resources can be integrated into the network.
The network visualization can also be used to study the resources with respect to their topics.

8.3. Correspondence network with topics
In Section 5.2.3, I have defined the hierarchical modeling of topics as RDF list nodes and have
outlined the association of one or more topics to letter resources with the help of hasSubject
predicate.26 The subject index data model represents a tree structure in graph theory (Figure
5.8). A visualization of this data model, together with letters connected to respective top-
ics, helps with understanding the distribution of the correspondence data by subject matter.27

Among the digital editions integrated into the correspondence network, currently only LEOO
IVA/IV has a complete subject index. From the visualization of this correspondence edition
with subject matter, researchers can immediately recognize on which topics Euler and Gold-
bach corresponded the most frequently.

Figure 8.13 illustrates the hierarchical subject index as a tree where the leaves represent the
letters. To clearly visualize the correspondence classifications in the graph, it ought not to
contain any cyclic loops. Therefore, I have visualized the diagram as a DAG (directed acyclic
graph) force tree, which prevents overlaps of the nodes and edges based on the repulsive and

26See Figure 5.9.
27See the interactive 3D-visualization of the Euler-Goldbach Correspondence Network with Topics at

https://vis.beol.dasch.swiss/.
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Figure 8.11.: Representation of the letter in BEOL platform

attractive forces assigned to the nodes. To reduce the noise in the visualization and picture
the main topic categories, this illustration shows only three of six levels of the subject index
data model. The third level subject nodes, such as number theory, can be expanded by a click
to subnodes. For example, the distribution of primes can be further expanded to the nodes of
the fifth level, such as Fermat Numbers. This visualization shows that Euler and Goldbach
mostly corresponded about mathematics, especially number theory, analysis, and geometry.
Furthermore, one can see that they also wrote about their personal lives: the books they were
interested in, their letter communication with others, and other personal matters.

The illustrated DAG force tree is three-dimensional and interactive. Users can rotate the
model and move the nodes around to separate the elements they study from the groups. More-
over, I have added an orientation widget to the web component that allows users to modify
the direction of the displayed model. By default, the tool displays the tree in top to bottom
order and offers possibilities to change from left to right, bottom to top, right to left, etc. ori-
entations. Similar to the 3D force-directed graphs described in the previous section, the letter
nodes are connected to their representation in the BEOL platform.

Figure 8.13 shows the entire Euler-Goldbach correspondence between 1728 and 1764. A
historian of science would be interested to see how the topic of communication changed over
time. Thus, I have added the time dimension to the visualization as a slider event with a mov-
able handle with a step size equal to one year. This step size can be refined to a month or even
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Figure 8.12.: Visualization of the entire correspondence network

a day. A change in the slider event activates a highlighting mode of letter node representation.
Hence, once the user changes the date value, the tool highlights the letters with the specified
creation date.

One can see that at the beginning of their correspondence, Euler and Goldbach mostly
discussed mathematical topics starting with number theory and continuing with analysis and
geometry (Figure 8.14a). Their correspondence had years of pause between 1733 and 1735
and later again between 1754 and 1755. It would be interesting to investigate the reasons for
these interruptions in communication. Moreover, between 1746 and 1750, they corresponded
mostly about astronomy and technology. This change in subject matter might be related to
Euler’s breakthrough in these subjects in this period, especially astronomy.

Towards the end, between 1763 and 1764, the number of letters exchanged decreased.
Studying the highlighted letters written in this period shows that Goldbach’s health was de-
clining; thus, he reduced his communication, stating that “with every year that goes by, I am
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Figure 8.13.: Visualization of the Euler-Goldbach correspondence by topics

reading and writing less.”28 The visualization also exhibits that the topic of their correspon-
dence, by time, shifted towards personal matters (Figure 8.14b). As a matter of fact, Goldbach
was the godfather of Euler’s first son, Johann Albrecht. Studying the correspondence about
their personal lives shows that Euler kept Goldbach informed about changes in Johann Al-
brecht’s life, his education, his career, marriage, and children. Euler also wrote Goldbach
about the birth and death of his younger children.

The developed tool and infrastructure to visualize correspondence networks with subject
matter is generic and can be used for other digital editions that have a subject index. More
widgets can be added to the web component to display subgraphs of the network matching
users’ interest. For example, a widget can be added that allows the user to choose a topic of
interest, such as astronomy, and obtain only the visualization of the correspondence network
concerning this topic. Additionally, to enhance the interaction of the researchers with the
visualized data, I have developed a virtual reality version of the 3D simulations.
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Chapter 8. A 3D Visualization of RDF Data

(a) Topic of correspondence in 1730: mathematics

(b) Topic of correspondence in 1763: mostly personal life

Figure 8.14.: Change in correspondence topic over-time
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Chapter 8. A 3D Visualization of RDF Data

Figure 8.15.: The stereoscope used by Arthur Thomson (1858-1935) to study the anatomy of
human eye, Oxford, 1912

8.4. Virtual reality simulation
Stereoscopes were first invented in the nineteenth century to create a 3D illusion of two-
dimensional pictures (Figure 8.15).29 The main goal of stereoscopy is to trick the human eye
into perceiving depth in an image. With the advance of modern virtual reality technologies,
this kind of computer simulation is used for example, in surgical simulators (Satava, 1993)
and flight simulators (Yavrucuk et al., 2011) as training tools. It has also been used for scien-
tific visualizations and most popularly in the game industry (La Viola, 2008). VR technology
enables people to interact with computer simulations as if they were real objects in the same
3D spatial dimensions as the viewer.

The VR version of this visualization tool is based on WebVR; the web browser of the VR
device renders the visualization.30 The possibility to change the viewpoint of the users, the
camera view point that I added to the web component,31 is then automatically adjusted by the
VR headset based on the perspective of the user. The coordination of the user’s head move-
ment and sight direction is calculated and the camera position automatically adjusted once the
user stares at a node for more than a couple of seconds. Using the controllers of the VR device,

28http://ark.dasch.swiss/ark:/72163/1/0801/v5mma7PzTcOD8ZndsBBDVAq.
29This stereoscope is part of the John Johnson Collection: Johnson Artefacts 189. I took this picture in

September 2019 at Thinking 3D exhibition, Weston library, Oxford.
30See VR visualizations of the correspondence network at https://vis.beol.dasch.swiss/.
31See p.273.
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Chapter 8. A 3D Visualization of RDF Data

users can rotate and zoom in and out of the visualization. They can also select any node that
would open a browser window to represent the letter in the BEOL platform directly in the VR
headset.

The VR version of the visualization tool uses A-Frame32 for VR-rendering of the 3D force-
directed graphs. Therefore, it can only be used by the full-fledged VR devices that support
A-Frame, such as Oculus Quest, which I have used for the development of the VR version of
the visualizations. I have chosen this headset because this brand will introduce a hand tracking
feature by the beginning of 2020.33 Then, instead of using the controllers or any other external
device such as gloves, users will be able to interact with the VR simulation with their own
hands. The four cameras of the headset create a field of view; then the device can detect the
motion of the user’s hands and fingers in this field and transforms the motion onto virtual
hands using deep neural networks.34 Using this hand-tracking functionality, the coordinates
of user’s hands and fingers are calculated and used as input for the rendition. As soon as
the hand-tracking feature is officially released, researchers will be able to interact with the
correspondence network in VR directly using their hands.

32https://aframe.io/.
33https://www.oculus.com/blog/introducing-hand-tracking-on-oculus-quest-

bringing-your-real-hands-into-vr/?locale=en_US.
34https://ai.facebook.com/blog/hand-tracking-deep-neural-networks.
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Conclusion and Discussion
This thesis has represented a systematic approach to the development of research tools for
humanities scholars, especially historians of science. It has sought to understand the conven-
tional research method practiced in the field to implement functionality that would facilitate
research and to suggest a new research method. The introduction to this thesis set out a dual
research agenda that can now be reviewed.

The first objective of this thesis was to undertake a case study of the history of mechanics
to understand how historians of science acquire and analyze data for their research and the
difficulties they face, which could be overcome with digital tools. The first four chapters of
this thesis examined Jacob Bernoulli’s analyses of the Funicularia problem, elasticity, neutral
axis, and applications of the parallelogram law. Conclusions have already been drawn at the
end of each chapter of this part. However, the influence of this research on the development
of digital tools is reviewed here. The research on the mechanics of Jacob Bernoulli helped me
realize that historians of science spend a considerable amount of time creating their research
inventory by collecting data related to their research questions. Next, they investigate plenty
of historical manuscripts to find the relation between the textual sources and track the line
of thought of natural philosophers in notebooks, articles, and correspondence. A substantial
number of historical textual sources are now available as online digital editions but mostly
not in a machine-readable format. The references are often embedded in the body of the tran-
scriptions as plain text instead of hyperlinks, and inherently related objects are not connected.
Even though these online editions give historians global access to the information, they barely
offer research tools for studying the data.

The second objective of this thesis was to offer a new form of scholarly editions: RDF-
based digital editions integrated into a virtual research environment (VRE). By storing and
representing the digital editions as RDF data, a graph of interconnected resources will be
created; through the VRE, therefore, researchers can access the data, recognize the relations
between the textual sources, and study the data graph using sophisticated research tools. Based
on these functionalities, this thesis suggests a new research method for the field of history of
science: the network method. Using developed infrastructures, historians can access textual
objects together with all related sources and study them as a network of data.

The study in the first part of this thesis has demonstrated that correspondence analysis is a
crucial part of historical research. Studying Bernoulli’s mechanics required reviewing his own
correspondence with Leibniz, Johann Bernoulli, etc., as well as analyzing the communications
between others regarding a particular topic. Thus, the correspondence data are connected both
thematically and also systematically with replies and references (to bibliographical items and
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persons) inherent in the text. The second part of this thesis demonstrated the RDF-based rep-
resentation of digital editions of correspondence data in the VRE as a network of resources.
Through this infrastructure, historians can explore this network using the graph analysis tools,
access the transcriptions and translations of every letter as well as its connections to other re-
sources, and at the same time access to the digitized source material.

The first four chapters also undertake a detailed analysis of Bernoulli’s publications and
his notes in the Meditationes concerning mechanics. Meditationes, like many other historical
collections, contains various references: textual ones to append marginal text to the body of
an entry in a specific location, cross-references to other entries of the notebook, bibliograph-
ical citations, and names of persons.35 Thus Meditationes must be understood as a matrix of
textual information, the content of which must be studied according to the given references.
Previously, this notebook was thematically categorized in different volumes of Bernoulli’s Die
Werke, completely ignoring the connections between its entries. As a result, Meditationes was
torn into pieces scattered across various books, some left unedited/not printed, completely
disregarding Bernoulli’s intention to establish connections between his analyses given in dif-
ferent entries. For an adequate study of the content, collections such as Meditationes must
be presented in a way by which researchers can study its content as a series of connected
notes with internal references (for example, other notes or marginal texts) and external ones
(for example, bibliographical items, persons). Subsequently, research tools must be provided
allowing researchers to attain and study any subgroup of related notes, and to query for the
entries concerning references they contain.

Furthermore, digital editions mostly present transcriptions of a written source separate from
its facsimile. However, the study presented in the first part of this thesis illustrates that re-
searchers need to consider the digital copy of the manuscript to examine the features that
cannot be presented in transcriptions, such as ink color, text orientation, style of writing,
etc. Some of these non-transcribable features are essential for historical research; for exam-
ple, from this information, historians can estimate the date of the writing and the author of a
marginal text. Editions, however, seldom contain information about these features visible in
the original documents. The text in a scholarly edition is therefore always distinctly different
from any one contingently historical manifestation of the text or work it represents. Being
distinctly different, the edition text in a scholarly edition is always the editor’s text. It might
also be the case that researchers doubt an editor’s representation of a part of the text; thus, they
must be able to directly retrieve the region of interest on the facsimile representation to study
the original text and compare it to the editor’s version of it.

The study in the second part of this thesis explained that collections such as Meditationes
can best be represented as an RDF-based interactive multi-layered digital edition offering
original facsimiles, normalized and diplomatic transcriptions, and translations in different lan-
guages. Creation of such a new form of a digital edition, its integration into the VRE, and
the tools developed for studying it were explained in this part of thesis. These tools allow for

35See Section 5.4.
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switching between the layers of the edition, selecting regions of the text to review its original
representation and transcriptions, studying the editorial comments, accessing the given refer-
ences within the content, and recognizing the related entries of the collection, among other
features.

The second part of this thesis promoted employing semantic web technologies for the cre-
ation of digital editions to make all pieces of the information queryable by algorithms and
humans. Chapter 5 defined the RDF-based data models for scholarly editions that illustrate
the relational structure of the data and make it possible to explore the information as a data
graph. This chapter described the formulation of every atom of knowledge as RDF statements,
such as metadata information, text content and rendition, and index references (bibliograph-
ical items, persons, and subject index). The flaws of the TEI/XML encoding of the editions
were described in this chapter, and an alternative approach to represent text renditions, math-
ematical formulas, etc. as standoff annotations was described. The strength of using standoff
annotations lies in the fact that they can be stored in the triplestore, making advanced queries
possible: searches for mathematical formulas, text with the specific rendition, resources with
particular references, etc.

In summary, Chapter 5 explained the conversion of various editions (BEBB, LEOO IVA/IV,
LECE, and Meditationes) originally encoded in heterogeneous data formats (MediaWiki, LATEX,
XML) to homogeneous RDF statements with text encoded as XML with standoff annotations.
The resulting RDF triples create a graph of resources that can be stored in triplestores and an-
alyzed by graph query algorithms. Plainly put, RDF-based digital editions enable the analysis
of the textual elements in connection to other related resources. This type of digital edition
brings historians’ understanding of the written sources closer to that of the author. In the case
of Meditationes, by embedding cross-references to other entries of the notebook, Bernoulli
indeed highlighted the connections between the topics he discussed. Historians thus must per-
ceive these connections in the same way to be able to understand Bernoulli’s line of thought.

Chapter 6 outlined the integration of the RDF-based digital editions into the Bernoulli Euler
Online (BEOL) platform and the research tools it provides to study the network of resources.
This chapter brought together the description of the import process of RDF statements, storage
of the data, research tools to analyze the data, representation of the data on the web, and the
steps undertaken to ensure the sustainability of the digital editions and citability of the digital
objects. The import routines for a time-efficient integration of the editions modeled as RDF
statements into the VRE were briefly described, and their performance was analyzed. Next,
the possibility of accessing and querying the data through API calls by expert users, scripts,
or machines was demonstrated. This chapter also contained an explanation of the develop-
ment of a graphical user interface (GUI) through which ordinary users can access and analyze
resources. By giving various examples from the content of the first part of this thesis, the capa-
bilities of the full-text and advanced search tools in retrieving RDF subgraphs matching users’
specified criteria and the potential of these tools in facilitating the research were highlighted.

Chapter 6 also explained some of the functionality that the VRE offers to support the sug-
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gested network method for the research in the history of science field. For example, in the
representation of every resource, the related items are listed; thus, without any need to analyze
textual resources in their entirety, historians can recognize and access associated items. Using
multiple examples, this chapter detailed how advanced search functionality can be used to ac-
quire all resources (such as letters or manuscripts) in the database concerning a specific topic
or with references to a particular person or bibliographical item. Similarly, examples were
given to illustrate the power of full-text search functionality in gathering all written sources
that contain a specific phrase, a combination of terms, or mathematical notations.

The rapidly increasing number of digital editions indicates that the digital medium will be
the native medium of the scholarly edition of the future. VREs, such as BEOL, will be the
medium for studying and using editions, while the print medium will remain the medium to
read texts. Scholarly editing of the future will aim at constructing the material foundations for
research platforms as digitally explorable knowledge sites dedicated to multi-faceted histori-
cal, philosophical, cultural, and literary research and criticism. The resulting editions may be
reconceived as answering to the paradigm of a relational interplay of discourses, dynamically
correlated both among themselves and with an edition’s readers and users (Gaabler, 2010,
43-44). The VREs, such as BEOL, presenting such digital editions make relational structures
realizable addressing the needs of future researchers.

Chapter 6, moreover, stated the importance of the interoperability of digital editions and
VREs in the creation of research inventories. Offering an edition’s TEI/XML files to the
public, as many digital editions do, is a step towards reusability. However, for the better in-
terconnection of different editions, machine-readable interfaces are required for data query,
sharing, and reuse. This means that all functionality that a digital edition offers in its presen-
tation layer (such as the ability to search for text and referenced entities such as persons and
events) must also be provided in a way that other applications can use. This would not be the
case if only the underlying TEI/XML serializations were shared, since the files would have to
be reprocessed by other projects, reimplementing the hosting project’s functionality, which is
hardly feasible.

Missing or insufficient interoperability is a significant obstacle to the use of edited materials
in research. A digital edition should not be a mere presentation of edited materials to a user,
but should also include tools to facilitate research. These tools do not necessarily have to be
part of the edition itself but can be applied to it remotely through machine-readable interfaces.
In short, digital editions should be interoperable with VREs (cross-platform). As shown in
this thesis, the presentation of the digital editions based on semantic web technologies in a
VRE offers a machine-readable interface that allows for the use of the particular implemented
functionality by other projects.

In addition, Knora applies access control regulation on BEOL data; in other words, the or-
dinary BEOL users (researchers and the general public) will have read access to the network
resources. Upon completion of the development of the Knora-ui and respective update of the
BEOL application, users will be able to add the data relevant to their research interest to their
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private workspaces. In this environment, they can then annotate the data and share their work
with others. In case users have feedback (for example, bug/typo reports) that might improve
the quality of the transcriptions, they can share their annotations with the editors of the pre-
sented digital editions who have edit/write access to the data. Although the contents of the
network resources can be dynamically improved, the VRE has a versioning system that keeps
track of modifications to the data that are particularly important for the citability of resources.
That means, if a researcher cites a network resource (letter, manuscript transcription, etc.) in
her publication using its ARK URL, the Knora API includes the version indicator of the cited
resource with a timestamp in the URL. At the time of access, this URL will resolve to the
exact version of data at the time of reference creation. Therefore, this type of service offers
long-term citations for general objects that returning visitors or readers/reviewers of the pub-
lication should expect to see. Similarly, in case a user annotates data in her private workspace,
the VRE will present the version of the data at the time of annotation, even if admins/editors
have altered the original data since.

At present, it is only possible to alter the content of digital objects or add new items to the
network data automatically through scripts interacting with the API. Soon, however, by the
further development of Knora-ui modules and the GUI of the BEOL application, the editors
will be able to manually modify the network data or add new resources through the tools that
the infrastructure will provide. For instance, they will be able to add new properties such as
translations of existing correspondence editions, extra metadata information (for example, a
subject index of resources), or completely new items (for example, letter resources). The user
interface will even allow users with admin rights to manually define new ontology classes and
properties that might be necessary for new edition projects. For example, the digital edition
of Bernoulli’s Reisebüchlein might need new RDF resource classes and property definitions
to model the travel route, accommodation costs, and visited monuments Bernoulli described
in his travel journal.

Chapters 6 and 7 contained discussions about the sustainability of the digital editions and
the citability of network resources. Most of the digital collections facilitate access but do
not promote preservation. The absence of preservation strategies results in concerns about
the durability of digital editions. Conventionally, scholars trust that the mentioned/analyzed
collection exists as an object in an archive or library and is accessible permanently unless
the library burns down. Similarly, historians and humanities scholars, in general, must be
able to rely on the availability of the digital editions for an extended period to continue their
research and cite the resources in their publications for scholarly reviews. Moreover, since
digital resources are dynamic and can be easily modified, researchers must be sure that the ex-
act version of the digital object they had once studied or cited can be accessed at a later time.
Many organizations claim that they will archive the internet; numerous individuals argue that
digital editions must be stored as PDFs or even printed, justly labeled in German as Inter-
netausdrucker. In an abstract sense, the maintenance of digital materials is not complicated.
As long as the relationship between hardware, software, and humanware (organizations and
people) is maintained, digital objects can be preserved (Kuny, 1998). The software and hard-
ware necessary to safeguard the data gradually become out-dated, and data formats become

289



obsolete. Hence, an organization with long-term funding is essential for data stewardship and
to offer the infrastructure to access, query, and work with the data for an extended period.
In pursuit of this aim, the BEOL application and its digital editions have been developed as
part of the DaSCH (Data Service Center for the Humanities) infrastructure, which ensures the
long-term preservation of the humanities research data in Switzerland. With DaSCH as an
organization that guarantees the availability of the digital editions, the network resources can
be safely cited using their durable ARK URLs offered by the DaSCH infrastructure that, once
accessed, would resolve into the representation of the resource.

As future work, modern articles and books as secondary resources that have a reference
to a network resource using its ARK URL can be automatically collected, modeled as a bib-
liographical item, and connected to the primary resources. In this way, from the primary
resource, researchers can access all the secondary literature referencing it, and vice versa. The
process of detection of secondary literature would be more complicated if the references are
given as plain text without offering links to the network resources. That would require a semi-
automatic search mechanism for the identification of cited primary resources using their title.

Even though the primary purpose of the BEOL project was to integrate digital editions of
the works and correspondence of members of the Bernoulli dynasty and Leonhard Euler into
a VRE, this database is hardly enough for a comprehensive study of the development of a
scientific idea. Studying Jacob Bernoulli’s contributions to rational mechanics required ana-
lyzing works of others preceding him as well as the publications and correspondence of those
contemporary to him. At present, scholars meet at conferences or symposiums to exchange
knowledge and communicate their ideas. In early modern times, natural philosophers mostly
shared their thoughts, discoveries, and experience in their correspondence, creating an invisi-
ble republic of letters. Chapter 7 asserted the importance of the study of correspondence data
for historians of science. It next explained the extension of the small portion of the e-version
of the republic of letters presented on the BEOL platform by remotely including the scientific
correspondence of Sir Isaac Newton and Leibniz.

The generic e-infrastructure described in Chapter 7 employs semantic web technologies to
connect two third-party repositories, The Newton Project and Briefportal Leibniz, to BEOL
generating a network of digital editions of early modern scientific correspondence. The main
characteristic of this infrastructure is that it brings the digital edition platforms to interoperate
without centralizing the data silos. Hence, users of the e-infrastructure can access and ana-
lyze third-party digital editions through one platform. Using the research tools of the BEOL
platform, historians can perform advanced queries on the entire network of digital editions
specifying criteria concerning the metadata of the correspondence. The process returns all
letter resources from any of the digital edition projects matching the search criteria. This in-
frastructure also grants users access to the latest version of the transcriptions presented by the
third-party platforms by remote data retrieval procedure. Furthermore, this chapter described
the asynchronous mechanism developed to perform full-text queries on the entire network of
digital editions. In this way, researchers would not need to search for research data on differ-
ent platforms; instead they can analyze the data presented in different platforms using one set
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of research tools. Lastly, but most importantly, they can examine the entire network of digital
editions and its data within one central platform as a set of interconnected resources.

Newton, Leibniz, Bernoullis, and Euler are a few of the early modern natural philosophers.
Researchers interested in the development of scientific ideas in this time-period study the
correspondence of other natural philosophers of this period as well. Thus, to strengthen the
infrastructure as a powerful tool for historians studying the scientific developments in the early
modern period, the network must be enriched by introducing the digital editions of other nat-
ural philosophers’ correspondence. As a first step, the digital editions of the ePistolarium
platform can be connected to the network, in particular the noteworthy correspondence of
Christiaan Huygens (3090 letters) and René Descartes (727 letters). Even though the corpus
of the ePistolarium project mainly consists of the correspondence of 17th century Dutch schol-
ars, the corpus also includes a small number of letters of other natural philosophers, such as
Robert Hooke, Robert Boyle, Mersenne, Isaac Beeckman, etc. Their digital editions can be
gradually connected to the network. Since the transcriptions are encoded in TEI/XML and the
ePistolarium has an API that serves the data and offers full-text search functionality using the
Lucene index, digital editions can easily be integrated into the network and presented using
the already existing workflow.

Adding more digital edition repositories to the network raises the question whether the
BEOL application should remain as the host platform or not. The development of an indi-
vidual platform for the e-infrastructure is currently a work in progress. I intend to create a
generic application based on the Knora-ui and Knora-API in which each digital edition of the
network would be an instance. In this way, BEOL would not be the base platform, but would
be represented in the same way as the other repositories. Such a generic project would need
a generic data model. Thus, the ontologies defined for the network modeling must be refac-
tored to formulate a history of science ontology that represents all abstract resource classes
and properties necessary for scholarly digital editions.

Furthermore, as described, for fetching the text bodies of third-repository resources and for
the full-text search forwarding mechanism, the e-infrastructure uses services on the web. What
would happen if a service, a third-party platform, shuts down or becomes temporarily unavail-
able? In this case, the application terminates the operation that requests information from that
service. However, edition unavailability means that researchers would not have access to the
text transcription of letters provided by that service. If a researcher had already accessed the
data using the network infrastructure before the shutdown, she would lose her research mate-
rial due to the unavailability of the third-party platform. To prevent this kind of problem in the
future, once a user has accessed a third-party resource through the network, its text content
must be cached. In addition, if a user starts annotating a third-party resource, a local copy of
the exact version of the text body of the letter must be cached. With caching, the user would
have access to the precise data she was working on, even if the third-party service updates the
text transcription. As future work, this caching process must be added to the network platform.

Although it rarely happens that projects modify the metadata of the correspondence digital
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editions, nonetheless an automatic process must be developed that would control the unifor-
mity of the stored metadata with its actual representation in the third-party repository. The
program must run periodically in the background to update the data stored in the triplestore as
needed. This process would eliminate the need for human communication and maintenance
efforts to keep the network data up to date. Moreover, the process should check the routes
of external services used for the text acquisition and full-text searches and must notify the
network administrators if a service was not available.

The final chapter, Chapter 8, introduced a web-based interactive visualization of RDF data
as three-dimensional force-directed graphs. The network method suggested in this thesis can
best be understood by a visualization of the data as a graph. The picture of data graphs pro-
motes relational thinking and helps researchers understand the nature of relations between
written sources, as well as any irregularities in the data distribution. Through interaction with
the visualized model, researchers can access the underlying resources and immerse themselves
in a detailed analysis. Visualizations bring researchers’ attention to hidden facts, such as un-
expected communications between natural philosophers36 and the correspondence density or
type. Although experts might already know the information data graphs offer, younger re-
searchers most often do not. The visualizations and the research tools of the infrastructure
help them understand the connection between written sources, create their research inventory,
and acquire the sources relevant to their topic of interest.

Chapter 8, furthermore, explained how the time dimension is added to the visualizations
through a slider event that helps historians study the change in the correspondence network
over time, concerning both topic and frequency of the correspondence. Various features, such
as zoom and rotation tools, as well as the browser-based VR version of the visualization de-
veloped to enhance the user’s interaction with the 3D model, are also described. The 3D
visualization tool will be integrated into the user interface of the Knora-API, Knora-ui, and
will be openly accessible online. All features developed for the visualization tool are generic
and can be used to visualize any RDF-based humanities data.

To enhance user interaction with the visualization tool, configuration widgets can be added
to the canvas of the web component; for example, features for deriving the subgraphs of
RDF data from Knora-API by specifying the resource types and properties to be visualized.
Furthermore, the time-dimension visualization can be improved by adding the possibility to
denote a time interval. Currently, the slider widget that gives control of highlighting of the
nodes with respect to the creation date has a single handle that can be moved to increase the
time with a time step, dt, equal to a year refinable to a time step of a single day. This fea-
ture can be upgraded to allow users to denote a time range [t0, t1] to obtain a visualization in
the form of a step-wise growing dynamic appearance of the correspondence graph. The first
displayed layer will consist of edges and nodes representing letters that have a creation date
equal to t0. The graph representation will evolve with time step dt until it reaches t1 at which
the whole network of correspondence with creation date between t0 and t1 will be constructed.

36See p.274.
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In conclusion, the developed infrastructure with RDF-based digital editions data represented
as a network, the research tools offered, connections to the third-party repositories, and visu-
alization tools enable efficient research. The network representation of data and the graph
analysis tools make a few scholarly tasks redundant; for example, exploring multiple writ-
ten sources in the search for related resources, following biographical and bibliographical
information to determine a reference given in the text, visiting various platforms to access
different digital editions that are inherently connected, scrutinizing the original text of fac-
similes to detect the region corresponding to a transcription, and so on. On the other hand,
through the developed functionality, historians can ask new research questions based on the
information derived by observing the connections between the sources. They can also perform
robust metadata and text searches on all resources in the system of digital editions regardless
of the platforms that serve them, and retrieve items related to their research interest. Most
importantly, the highlighted connections between resources enable researchers to create their
research inventories immediately, add the research material to their workspace, and start ex-
ploring the data without spending an extensive amount of time searching for information.
Lastly, through the infrastructure, researchers can faithfully cite the digital objects they have
studied.
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Blåsjö Viktor. Transcendental curves in the Leibnizian Calculus. 2017.

Bohnenkamp Anne, Richter Elke (eds.). Brief Edition im digitalen Zeitalter. 2013.

Borboni Alberto, De Santis Diego. Large deflection of a non-linear, elastic, asymmetric Lud-
wick cantilever beam subjected to horizontal force, vertical force and bending torque at the
free end // Elsevier. 2014.

Born Max. Physics in my generation. 1968.

Bos Henk J. M. Differentials, and Higher-Order Differentials and the Derivative in the Leib-
nizian Calculus // Archive for History of Exact Sciences. 1974. 14, 1. 1–90.

Bos Henk J. M. The Concept of Construction and the Representation of Curves in Seventeenth-
Century Mathematics // Proceedings of the international congress of mathematicians. 1986.

Bos Henk J. M. Lectures in the History of Mathematics. 1993.

296



BIBLIOGRAPHY

Boyer Carl B. History of Mathematics. 1991.

Bukowski Johan. Christiaan Huygens and the Problem of the Hanging Chain // The College
Mathematics Journal. January 2008. 39, 1.

Burke R. B. Roger Bacon // Proceedings of the American Philosophical Society. 1927.
66. 79–88. https://www.topsecretwriters.com/2010/12/the-history-
of-fireworks-and-the-secret-of-friar-bacon/.

Calladine CR. An amateurs contribution to the design of Telfords Menai Suspension Bridge
// Phil. Trans. R. Soc. A. 2015. 373.

Capecchi Danilo. Historical roots of the rule of composition of forces // Meccanica. 2012a.
47. 18871901.

Capecchi Danilo. History of Virtual Work Laws: A History of Mechanics Prospectives. 2012b.

Capecchi Danilo. The problem of the motion of bodies. 2014.

Centore F. F. Robert Hooke’s Contributions to Mechanics. 1970.

Coulomb C.A. Essai sur une application des régles de maximis et minimis à quelques problems
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