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Abstract

In this dissertation, I propose that similarity-based processes are an integral part of the judgment

process and that they are sequentially integrated and interact with abstraction-based processes

in a weighted, additive fashion. This theoretical stance challenges the state-of-the-art in the

judgment domain that people shift between similarity-based and abstraction-based processes

depending on several factors. As such, this dissertation provides new explanations for how judg-

ments are formed and empirical evidence in support of the theoretical foundations. Specifically,

it explains the empirical finding that people are in general able to abstract knowledge about

the relationship between objects and associated outcomes and that at the same time similarities

to known situations bias judgments, although they are assumed to be not informative. In the

first paper, I present an anchoring-and-adjustment model which assumes that a judgment is the

result of recalling one known instance from memory that is then adjusted based on abstracted

knowledge. This model explains how both types of processes interact without the additional

need to assume that people actively switch between different processes. In the second paper, I

present an anchoring-and-adjustment model that assumes that repeated probability judgments

are the result of weighing and adding single probabilities that are the result of a similarity-based

process. The result of the weighing-and-adding process is adjusted depending on the similarity

between previous judgments and the current context. This model explains how non-informative

information influences judgments. In the third paper, I present a general approach designed

to understand how people learn to coordinate and apply several different processes. Empiri-

cal investigations conclude that people build a weighted average of different cognitive processes

and do not switch from one to the other. All in all, the results presented in this dissertation

bring important new insights about the combination of different information sources and the

coordination of similarity-based and abstraction-based cognitive processes.
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Introduction

Similarity is an important concept that lies at the very heart of cognition (Medin, Goldstone,

& Gentner, 1993; Tversky, 1977; Attneave, 1950; Hahn, 2014). In general terms, similarity-

based theories assume that individuals evaluate a novel problem by comparison to problems, or

representations thereof, that have already been solved or are otherwise known. Similarity-based

theories are known to researchers in almost every psychological domain: in categorization, and

judgment and decision making in the form of prototype (Minda & Smith, 2001; Hampton, 2000)

and exemplar theory (Nosofsky, 1988; Medin & Schaffer, 1978; Juslin, Olsson, & Olsson, 2003),

in reasoning in the form of case-based reasoning (Hahn & Chater, 1998b), in decisions from

experience in the form of instance-based learning (Gonzalez, Lerch, & Lebiere, 2003), in function

learning as associative theories (DeLosh, Busemeyer, & McDaniel, 1997), or in the formation of

subjective probability judgments as similarity heuristic (Read & Grushka-Cockayne, 2011), and

representativeness as prototype similarity/relative likelihood (Nilsson, Olsson, & Juslin, 2005).

In categorization, for example, both exemplar theory and prototype theory assume that an

object is most likely assigned to the most similar category. The theories differ in that exemplar

theory calculates the similarity to all category members (i.e., exemplars), whereas prototype

theory calculates the similarity to a category prototype. Similarity has also been studied as an

integral part of cognitive functions. For instance, almost all theories of memory retrieval propose

that people activate past memories as a function of similarity (for an overview, see Raaijmakers

& Shiffrin, 1992; Dougherty, Gettys, & Ogden, 1999; Hintzman, 1984; Lewandowsky, Murdock,

et al., 1989; Anderson, 1983).

A novel problem can, however, not only be addressed by comparing it to known problems

(similarity-based process). Alternatively, people may use knowledge abstracted from a set of ex-

amples (abstraction-based process; Sun, 1995; Juslin, Karlsson, & Olsson, 2008; Hoffmann, von

Helversen, & Rieskamp, 2016; DeLosh et al., 1997; Erickson & Kruschke, 1998; Hahn & Chater,

1998a). Abstraction-based theories generally assume that people infer abstract representations
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like rules that describe how features of an object or aspects of a situation partly determine a

solution. In reasoning, it is often assumed that people use the rules of formal logical systems to

derive the solution to a problem (Rips, 1994; Braine & O’Brien, 1998). In categorization, a rule

describes which feature values decide over category membership (Erickson & Kruschke, 1998;

Nosofsky, Palmeri, & McKinley, 1994), while in judgment the rule is mostly a linear additive

function with weights specifying the importance of different features (Juslin, Jones, Olsson, &

Winman, 2003; Hoffmann et al., 2016).

While similarity-based and abstraction-based theories have been used to explain findings in

the respective fields, both have limitations in explaining certain behaviors. In the domains of

judgment and categorization, for example, similarity-based theories have been criticized for not

being able to explain human generalization capabilities. The ability to extrapolate beyond the

realm of learned examples is a natural consequence of rule application but cannot be explained

by standard similarity-based theories like exemplar theory. Thus, analyses of extrapolation

behavior have been used to understand which strategy people use in a given task and patterns

of extrapolation have often been found (Juslin et al., 2008; Pachur & Olsson, 2012; DeLosh et

al., 1997; Juslin, Olsson, & Olsson, 2003; Little & Lewandowsky, 2009; Hoffmann et al., 2016).

Yet, it has been shown that patterns predicted by similarity-based processes play a role even

in tasks that are known to foster rule-based processing (Hahn, Prat-Sala, Pothos, & Brumby,

2010; von Helversen, Herzog, & Rieskamp, 2014). For example, although it has repeatedly

been shown that people apply rules in tasks where a simple, predictive rule can be used to

categorize objects (Allen & Brooks, 1991; Regehr & Brooks, 1993), signs of similarity-based

processing have still been found in error patterns and response times (Hahn et al., 2010). In a

more applied consideration, it has been shown that facial similarities play a role in professional

decision situations, for example in the context of parole decisions or hiring of new employees,

where decisions should be based on relevant facts alone (von Helversen et al., 2014).

Because both similarity-based and abstraction-based theories of cognition imperfectly explain

the empirical findings on their own, researchers in many domains have suggested that people
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mix cognitive processes (Sun, 1995; DeLosh et al., 1997; Erickson & Kruschke, 1998; Nosofsky et

al., 1994). These mixture theories assume that the results of cognitive processes (or strategies)

are integrated to form a task response. On a general level, two conceptually different approaches

to integrating cognitive processes can be distinguished. Some theories assume that people shift

between different processes to select a fitting one in a given context (strategy shifting; Gigerenzer

& Selten, 2002; Evans, 2019; Juslin et al., 2008; Sun, Slusarz, & Terry, 2005; Stanovich & West,

2000; Gershman, Markman, & Otto, 2014). In the domain of judgment, for example, researchers

often assume that every decision is only based on one cognitive process, either on abstractions

or on similarities (but see Bröder, Gräf, & Kieslich, 2017, for a different approach). People

shift between these strategies depending on factors like the type of the environment (Hoffmann

et al., 2016; Juslin et al., 2008; Karlsson, Juslin, & Olsson, 2007), the type of task (Pachur &

Olsson, 2012; Juslin, Olsson, & Olsson, 2003; Trippas & Pachur, 2019), the type of the feedback

(Juslin, Jones, et al., 2003), and the abilities of the decision maker (Hoffmann, von Helversen,

& Rieskamp, 2014). Other theories assume that people combine two strategies by, for example,

creating a weighted average of the different strategies’ responses (strategy blending; Bröder et al.,

2017; Söllner, Bröder, Glöckner, & Betsch, 2014; Glöckner & Bröder, 2011; Herzog & Hertwig,

2009). In the domains of function learning and categorization, for example, theories often assume

that the results of abstraction-based and similarity-based processes are directly combined into

one weighted-additive response (DeLosh et al., 1997; Erickson & Kruschke, 1998). However, it

remains largely unclear how people integrate and possibly learn to coordinate the use of different

strategies on a general level.

In addition to the combination of different cognitive processes, it is also important to consider

how the results of sequentially executed processes are integrated. Additive, sometimes weighted,

combinations of sequentially obtained results have been proposed in several different areas. Very

generally, theories assuming sequential sampling describe the process of forming a judgment

(Nosofsky, 1997) or retrieving an item from memory (Ratcliff, 1978) as the repeated execution

of one cognitive processes (for example retrieval of a memory item) with an additive combination
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of the results. In belief-revision and belief-updating, a currently held belief might be changed

by additional evidence and it has been shown that weighing-and-adding models explain this

cognitive process well (Hogarth & Einhorn, 1992). In the judgment domain, sequential, additive

combinations of information, e.g. features in abstraction-based processes, have been proposed

as the cognitive mechanism underlying rule-based and exemplar-based processes (Juslin et al.,

2008). In sum, there is substantial evidence suggesting that cognitive processes are sequentially

combined in a weighted, additive fashion.

In this dissertation, I investigate how similarity-based processes are integrated sequentially

and interact with abstraction-based processes to form a judgment from multiple features (or

cues; introduced in the next section). Specifically, I propose that people judge an object or

situation by building a weighted, additive combination of single process responses. First, I

introduce an alternative explanation for presumed strategy shifts in the judgment domain by

proposing a direct combination of similarity-based memory retrieval and abstracted knowledge

about the importance of different features (paper 1). Second, I show how similarity-based

subjective probability judgments are combined in a weighted, additive fashion and how the result

of this process is biased by similarity (paper 2). Finally, I introduce a general learning model to

investigate how similarity-based and abstraction-based cognitive processes are coordinated and

present evidence that people combine these processes in the judgment domain by weighing and

adding the responses of both processes (paper 3).

Judgments from multiple cues

In this dissertation, I investigate the interaction between similarity-based and abstraction-based

processes in the domain of judgments from multiple cues. From a general point of view, judg-

ments from multiple cues describe the estimation of a numeric criterion from a set of cues or

features. A cover story often used in judgment and categorization tasks is the assessment of the

toxicity of fictitious bugs (Juslin, Olsson, & Olsson, 2003; Pachur & Olsson, 2012; Bröder et al.,

2017; Hoffmann et al., 2016). The bugs are characterized by a set of features like the number
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of stripes on their bodies or the length of their legs. The numeric criterion that needs to be

estimated could be a number that describes some quality of the object (i.e., numeric estimation,

"how toxic is this bug") or a probability (i.e., probability judgments, "how likely will this bug

kill me"). In the following, I describe research methods and empirical paradigms applied in

the fields of numeric estimation (papers 1 and 3) and probability judgments (paper 2) that are

relevant for this dissertation.

Numeric estimation. In numeric estimation tasks, researchers try to determine which of

the two strategies, similarity-based and abstraction-based, are used by participants. Similarity-

based theories, which have been implemented as exemplar models in the judgment domain

(Juslin, Olsson, & Olsson, 2003; Hoffmann et al., 2016), assume that the value of a to-be-judged

object (or exemplar) is the average of all known objects’ values weighted by their similarity

to the to-be-judged object. As such, exemplar models are sometimes referred to as following

a memory-based strategy (Hoffmann et al., 2014). Revisiting our bug example, the toxicity of

one bug would be determined by summing up the toxicity values of all known bugs weighted by

their similarity to that bug. A bug, for example, that has a number of stripes and length of legs

closely matching the most toxic of creatures would, therefore, be judged as toxic. Abstraction-

based theories in the judgment domain are mostly implemented as main-effects linear regression

models (Hammond & Stewart, 2001; Cooksey, 1996) and are called rule-based or cue-abstraction

models. In these models, the different feature values are summed up and weighted by their

relative, subjective importance. In the bug example, this could mean that a person believes the

number of stripes to be very predictive of the toxicity value whereas they deem the length of

the legs to be unimportant.

In order to determine which of the two strategies people use under certain circumstances

to solve numeric estimation tasks, researchers define a functional dependency between the cues

and the criterion (called environment). For example, one could define an environment where

the toxicity of bugs is calculated as a linear function (linear environment) of the feature values.
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During experiments, people receive training where they estimate the criterion based on presented

examples and receive feedback. In a subsequent test phase, they have to estimate novel stimuli

without feedback. Researchers in this field are interested in questions like how well (or if at

all) participants pick up the environment, as abstraction-based theories assume, and how much

people rely on their exemplar memory about what they have seen during the training (Juslin

et al., 2008; Hoffmann et al., 2014; Pachur & Olsson, 2012). Researchers have interpreted the

empirical results in favor of the view that people shifting between rule-based and exemplar-based

strategies depending on several factors (Hoffmann et al., 2016; Juslin et al., 2008; Karlsson et al.,

2007; Pachur & Olsson, 2012; Juslin, Olsson, & Olsson, 2003; Trippas & Pachur, 2019; Juslin,

Jones, et al., 2003; Hoffmann et al., 2014).

The proposed cognitive models and empirical results presented in the first and the third

paper directly challenge the idea that people use different strategies in different situations to

form numeric estimations from multiple cues. In the first paper, we propose that presumed

strategy shifts are the result of the additive combination of similarity-based memory retrieval

and cue abstraction. In the third paper, we explicitly investigate whether people shift between

or additively combine similarity-based and abstraction-based processes. The empirical results

suggest that people indeed combine both processes additively.

Probability judgments and belief updating. In the field of probability judgments, re-

searchers investigate how peoples’ probability judgments deviate from normative solutions given

by probability theory to better understand the cognitive processes underlying such judgments.

One often-used paradigm in this domain is the so-called "book bag and poker chip" task

(Edwards, 1968). In these tasks, participants receive possible hypotheses, for example, opaque

book bags with different but explicitly stated proportions of differently colored poker chips.

Given some evidence, for example a sample randomly drawn (with replacement) from one of the

bags, participants are asked to state their belief that the sample stemmed from a specific bag.

According to probability theory, subjective probability judgments, like the degree of belief that
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a sample of chips stems from a specific bag, are calculated by estimating frequencies (e.g. Jenny,

Rieskamp, & Nilsson, 2014), possibly with an associated error (Costello & Watts, 2014, 2018).

More recently similarity-based theories for the formation of subjective probability judgments

have been proposed (Read & Grushka-Cockayne, 2011; Nilsson et al., 2005).

The process of updating one’s beliefs in the view of new information, for example a second

sample drawn from the bag, is often modelled following a Bayesian approach (Tenenbaum,

Griffiths, & Kemp, 2006; Griffiths, Chater, Kemp, Perfors, & Tenenbaum, 2010; Sanborn &

Chater, 2016). An alternative, not-normative approach to belief updating are weighting-and-

adding models. They propose that beliefs are combined by repeatedly updating currently held

beliefs following an anchoring-and-adjustment process (Hogarth & Einhorn, 1992). Weighing-

and-adding models, in contrast to Bayesian updating, can explain findings like the dilution

effect, i.e. that consecutive probability judgments decrease in the face of non-diagnostic (non-

informative) information, although they should remain the same (J. Shanteau, 1975; Nisbett,

Zukier, & Lemley, 1981) and order effects, i.e. that the order of presentation has an impact on

combined judgments (order effect; Hogarth & Einhorn, 1992; J. C. Shanteau, 1970). A finding

related to the dilution effect which cannot be explained by weighing-and-adding models is the

confirmation effect, i.e. that judgments increase in the face of non-diagnostic information if new

evidence supports currently held beliefs (LaBella & Koehler, 2004).

The cognitive model proposed in the second paper explains how and why sequential judg-

ments are increased (confirmed) or decreased (diluted) when non-diagnostic information is pre-

sented. The model assumes that subjective probabilities are the result of a similarity-based

process and are updated in a weighing-and-adding process. The result of the weighing-and-

adding processes is increased or decreased, depending on the similarity between a new piece of

evidence and a held belief.
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Integrating similarity-based memory retrieval and cue-abstraction

Albrecht, R., Hoffmann, J. A., Pleskac, T. J., Rieskamp, J., & von Helversen, B. (2020). Com-

petitive retrieval strategy causes multimodal response distributions in multiple-cue judgments.

Journal of Experimental Psychology: Learning, Memory, and Cognition, 46(6), 1064-1090.

http://dx.doi.org/10.1037/xlm0000772http://dx.doi.org/10.1037/xlm0000772

In the field of numeric estimation, researchers assume that people switch between similarity-

based and abstraction-based processes depending on several extrinsic and intrinsic factors (Hoffmann

et al., 2016; Juslin et al., 2008; Karlsson et al., 2007; Pachur & Olsson, 2012; Juslin, Olsson,

& Olsson, 2003; Trippas & Pachur, 2019; Juslin, Jones, et al., 2003; Hoffmann et al., 2014). In

this paper, we challenge this view by proposing a cognitive model that additively combines Cue

abstraction with eXemplar memory (with exemplars activated based on similarities) assuming

COMpetitive memory retrieval (hereafter CX-COM). We propose that the cognitive process un-

derlying numeric estimation is a simple anchoring-and-adjustment process (Epley & Gilovich,

2001; Chapman & Johnson, 2002; Tversky & Kahneman, 1974), where the result of an exemplar

retrieval is adjusted based on abstracted knowledge about the cue-criterion relationship. In con-

trast with the current view in exemplar theory, we assume that exemplar retrieval does not yield

a weighted average of all stored exemplars’ criterion values (Dougherty et al., 1999; Hintzman,

1984; Nosofsky, 1988) but instead propose that a single exemplar is recalled (Anderson, 1983;

Logan, 1988; Nosofsky, 1997; Ratcliff, 1978). Specifically, given a to-be-judged object, in the

first step one exemplar is retrieved from memory. The retrieval probability is calculated based

on the same principles underlying established exemplar models - the more similar an exemplar

is to the to-be-judged object, the more likely it is recalled. In a second step, the recalled cri-

terion value is adjusted based on the difference in cue values between the to-be-judged object

and the recalled exemplar. The smaller the difference between the cue-values, the smaller the

adjustment. The adjustment is weighted cue-wise by importance learned during training. Clas-
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sical exemplar models, in contrast, form a judgment by building an average of all exemplars in

memory weighted by their similarity to the to-be-judged object.

We tested the assumptions underlying the CX-COM model theoretically and empirically.

Analytically, we assessed the model’s ability to predict the finding from the literature that

people apply different strategies depending on the environment (Juslin et al., 2008; Hoffmann

et al., 2016). Importantly, the mechanism proposed by CX-COM models this behavior without

assuming strategy shifts. We reanalyzed the data presented by Juslin et al. (2008) to show

that our model replicates response patterns from the literature, specifically that extrapolation

behavior is mostly present in linear environments. Our model replicates these existing results

well, suggesting that the supposed switch between different strategies automatically happens as

a function of the environment and without the necessity for additional assumptions.

CX-COM assumes that similarity-based memory retrieval is competitive, meaning that al-

ways only one exemplar is recalled from memory. We assessed this assumption qualitatively.

Under the usual assumption of a normally distributed error, competitive retrieval predicts that

responses are multimodally distributed on a numeric scale. For example, consider participants

have learned two exemplars during training, one with a high criterion value and the other with

a low criterion value. If both exemplars are equally similar to the to-be-judged object they are

both retrieved equally likely resulting in a bimodal response distribution. Even if one of the

exemplars is more similar to the to-be-judged object, the other, less similar exemplar is still

retrieved with a low probability resulting again in a bimodal response distribution with a higher

peak at the response associated with the more similar exemplar.

In two experiments we tested the model quantitatively in a BIC-based (Bayesian Information

Criterion; Schwarz et al., 1978) model comparison against three state-of-the-art competitors,

classical exemplar models (Hoffmann et al., 2016), classical cue-abstraction models (Hoffmann

et al., 2016), and a model that additively combines classical exemplar and cue-abstraction models

(Bröder et al., 2017). In a training phase, participants had to learn six exemplars (five in the

second experiment) by heart. An exemplar consisted of a visual presentation of three cues (four
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in the second experiment) and an associated criterion value. During both phases, participants

had to choose a value (from a scale from 1 to 33) for each presented exemplar and during

the training, they received feedback stating the true criterion value of the exemplar. In the

first experiment, we used a multiplicative environment and in the second experiment a linear

environment.

In the second experiment, items were specifically chosen to test the qualitative prediction

of multimodal response distributions. In general, even items with a very low retrieval chance

should sometimes be retrieved. However, if the chance is very low for one exemplar to be

retrieved it might not actually be retrieved in the limited number of trials per participant (15 in

the first experiment and 10 in the second experiment). To show, in principle, that the response

distributions are multimodal, we spread training items equally across the response scale. Four of

the test items were very similar to two training items each; two with a large difference between

the criterion values and two with a small difference. The model predicts clearly visible bimodal

distributions over the response values for these four items. For the high-difference items, the

modes of the bimodal distribution are predicted to be far apart and for the low-difference items

they are predicted to be closer together.1

Overall, in the model comparison including four different models the CX-COM model was

the most appropriate model for more than half of the participants and had the lowest mean

BIC score. In the second experiment, participants showed clear signs of multimodal response

distributions across and more importantly within subjects. In sum, CX-COM is a promising new

model to explain the interaction between similarity-based and abstraction-based processes in a

resource-efficient (Lieder, Griffiths, Huys, & Goodman, 2018b) and rational (Lieder, Griffiths,

Huys, & Goodman, 2018a) way that allows researchers to derive distinct predictions for judgment

behavior in various judgment situations.
1Note that the exact locations of the modes depend also on the cue-based adjustment mechanism.
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Similarity-based weighing-and-adding for belief updating

Albrecht*, R., Jenny*, M.A., Nilsson, H., and Rieskamp, J. (2020b) The Similarity-Updating

Model of Probability Judgment and Belief Revision. Manuscript under revision. *These authors

contributed equally to this work.

In this paper, we propose a combination of similarity-based subjective probability judgments

and a weighing-and-adding process for belief updating to explain several empirical findings

from the literature on probability judgments. The proposed similarity-updating model is again

based on an anchoring-and-adjustment mechanism (Epley & Gilovich, 2001, 2006; Chapman

& Johnson, 2002; Tversky & Kahneman, 1974; Hogarth & Einhorn, 1992) and tested with a

variant of the book-bag-and-poker-chip task. Participants received two decks of cards with

three different colors and sequentially saw samples consisting of seven cards. The similarity-

updating model assumes that single probabilities are the result of a process that compares how

similar a sample is to a card deck. More precisely, the probability that a sample was drawn

from a specific deck of cards is calculated by a softmax function and depends on the similarity

between the sample and the deck relative to the similarities between the sample and the other

deck (Luce, 1959). In the belief updating process when a second sample is presented, a weighted

average of the two single probability judgments relative to one deck is calculated (Hogarth &

Einhorn, 1992; Trueblood & Busemeyer, 2011) and used as an anchor. This average probability

value is then adjusted by a similarity bias (von Helversen et al., 2014; Hahn et al., 2010) that

increases or decreases the probability judgment as a function of the similarity difference between

the first sample and a card deck, and the second sample and the card deck. More precisely, if

the second sample is more similar to the considered deck than the first sample the probability

judgment is increased, if it is less similar it is decreased (cf. LaBella & Koehler, 2004; Tentori,

Crupi, & Russo, 2013).

We evaluated the model quantitatively and qualitatively in four experiments and against
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a Bayesian model, and the Probability Theory plus Noise (PT+N) model (Costello & Watts,

2014, 2016, 2018). In the first experiment, participants received information about two decks of

cards and each deck consisted of cards with three different colors. The information was given

as the number of cards with a specific color out of a hundred. Self-paced, participants received

one sample with seven cards and were asked to indicate, first, from which of the two decks the

sample was drawn, and second, what the probability was that the sample stemmed from the

indicated deck. Then they received a second sample (while all the previous information and

choices remained visible on the screen) and were asked from which of the two decks both samples

were drawn and what the associated probability was. Stimuli were selected specifically to test for

the dilution effect and order effects. To this end, approximately 30% of trials included a sample

that was equally likely drawn from both decks (i.e. a non-diagnostic sample). Each combination

of samples was presented in both possible orders, meaning that each non-diagnostic sample

was presented first in one trial and second in another trial. The other three experiments were

meant as generalization tests for the findings from the first experiment. Stimuli were created

based on the same principles and the experiments followed the same basic procedure. In the

second experiment, the first sample was removed from the screen before the second sample was

presented, thus, generalizing to situations where not all pieces of evidence are available at the

same time. The information regarding the participant’s choices, like the chosen deck and the

associated probability, remained on the screen. In the third experiment people received a third

sample, thereby generalizing to situations were beliefs have to be adjusted repeatedly. In the

fourth experiment, evidence with two different sample sizes (7 cards or 14 cards) across trials

was presented.

Qualitatively, we compared the model by considering the dilution effect, confirmation effects,

order effects, converging evidence, and effects of sample size. The dilution effect, as well as its

opposite the confirmation effect, namely that people increase their judgments in the light of

non-diagnostic evidence, and order effects are predicted by the similarity-updating model and

cannot be explained by normative models. The dilution effect is predicted by the nature of the
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averaging mechanisms in the belief updating process (LaBella & Koehler, 2004). Confirmation

effects are predicted by the similarity-based adjustment process and happen when the second

sample is much more similar to the chosen deck than the first sample. Order effects are predicted

by a recency parameter in the averaging mechanism (Hogarth & Einhorn, 1992). The Bayesian

model and the PT+N model, on the other hand, predict that probability judgments become

more extreme with increasing evidence in favor of one hypothesis (converging evidence) and

increasing sample size. In all four experiments, we clearly find dilution effects in the majority

of cases and confirmation effects in some cases. Also, a high proportion of order effects and

only a smaller proportion of effects of converging evidence. In the fourth experiment, we find

no effects on sample size. In the quantitative model evaluation, we compared the model to the

Bayesian model and the PT+N model based on BIC. Overall, the similarity-updating model

explains the data very well. It describes all but one or two participants best in each experiment

and its median BICs are around one hundred points lower than for all other models.

All in all, the results speak in favor of the similarity-updating model. The model accounts

both qualitatively and quantitatively very well for the data. Combining single probability judg-

ments that are calculated through a similarity process with a weighing-and-adding process that is

influenced by the similarity process composes a promising new theory for probability judgments

and belief updating.

Coordinating similarity-based and abstraction-based strategies

Hoffmann, J A., Albrecht, R., von Helversen, B. (2020c) Coordinating several mental strategies

requires integration: Evidence from human judgment. Manuscript submitted for publication.

In general, the idea that people switch between strategies has been widely accepted in the

domain of judgment and decision making and factors leading to a switch between strategies have

been examined in detail (Hoffmann et al., 2016; Juslin et al., 2008; Karlsson et al., 2007; Pachur
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& Olsson, 2012; Juslin, Olsson, & Olsson, 2003; Trippas & Pachur, 2019; Juslin, Jones, et al.,

2003; Hoffmann et al., 2014). However, the strategy coordination problem, namely how people

combine or choose between different strategies to solve a problem, is still an unresolved ques-

tion. In this paper we presented a new approach to investigate the strategy coordination prob-

lem by introducing a cognitive model called BASICS (Blending And Shifting In Coordinating

Strategies). On a theoretical level, we focused on three distinct forms of strategy coordination:

strategy shifting, which assumes that people choose only one strategy to respond with, strategy

blending, which assumes that they respond with a mixture of the different strategies’ responses,

and selective attention, which assumes that they respond with one strategy if there is a fitting

one and respond with a mixture of not. As a method, we introduced a general version of mixture-

of-experts learning models (Jacobs, Jordan, Nowlan, & Hinton, 1991; Jacobs, Jordan, & Barto,

1991). The idea behind mixture-of-experts models is that each strategy is represented separately

by a so-called expert. Given a specific problem, each expert proposes a solution to that problem

and a separate strategy-coordination mechanism integrates them (in case of blending) or chooses

between them (in case of shifting). The experts learn how to apply their strategies in parallel

with the strategy coordination mechanism that learns how to coordinate them.

We present an instance of BASICS for the domain of numeric estimation to investigate

how similarity-based and abstraction-based mechanisms are combined. This model includes two

experts, one implementing a rule-based strategy as a main effects regression model (Hammond

& Stewart, 2001; Cooksey, 1996) and the other implementing a similarity-based exemplar model

(Hoffmann et al., 2014; Juslin et al., 2008). The strategy selection mechanism is connected to

the exemplars represented in the expert that implements exemplar memory and learns for which

item to apply a rule and for which item to use an exemplar-based strategy. For example, if a

to-be-judged object is very similar to an exemplar for which a rule-based strategy worked well in

the past, then the strategy selection mechanism leans towards the rule-based strategy and vice

versa. What it means that the strategy selection mechanism leans towards a strategy depends

on two aspects, a general strategy preference and strategy specificity. The strategy preference
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is a general bias towards one strategy. The strategy specificity directly impacts the type of

strategy coordination. Assuming no general strategy preference, when the strategy specificity is

very high, people shift between the different strategies even if there is only a small advantage

for one strategy. If the strategy specificity is very low, they always build an average of both

strategies responses, independently of the advantage one strategy might have. With a medium

strategy specificity (selective attention), shifting only occurs if there is a clear advantage for one

strategy.

We used BASICS to analyze how people coordinate strategies in the domain of numeric

estimation. In a first step, we validated our model by training it in two linear and two non-

linear environments. BASICS was able to predict the key findings from the literature that

linear environments can be learned faster than non-linear environments and that extrapolation

patterns are found in the linear but not in the non-linear environments. In a second step, we

tested participants in two experiments using a so-called rule-plus-exception task (e.g. Kalish,

Lewandowsky, & Kruschke, 2004). In the training phase, participants received items that fol-

lowed a linear rule and items which were exceptions to that rule. In the training phase, we

manipulated the frequency with which exceptions are encountered (10 times or 50 times) and

in the test phase, we manipulated the similarity between test items and the learned rule and

exception items. Across the two experiments, we manipulated if training items were repeated

during the test (first experiment) or if only very similar items were presented during the test

(second experiment).

During the test phase, we collected peoples’ value and familiarity judgments (which of two

exemplars seems more familiar). BASICS predicts that value judgments are more accurate

for items that are similar to learned exception items if people use shifting (in both frequency

conditions) or selective attention (in the high-frequency condition only). The reason is that with

shifting the exemplar-based strategy is correctly used for exception items while with blending the

response is a mixture of exemplar and rule-based strategies and therefore, the error is high even

for items already encountered during training. For familiarity judgments, BASICS predicts that
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the high-frequency exception items should be more familiar with selective attention compared

to blending and shifting in order to selectively activate the correct strategy. The results in the

two experiments provide a strong argument for strategy-blending compared to strategy-shifting

and selective activation.

The BASICS model is a very general framework to model and analyze how different strategies

and their coordination are learned. Instantiated in the domain of numeric estimation it allowed

us to explore how similarity-based and abstraction-based strategies are coordinated. The results

suggest that people additively combine different strategies and do not switch from one strategy

to another between trials.

General Discussion

Similarity-based processes are an integral part of the judgment process and the question of how

they are integrated sequentially and interact with human abstraction abilities has been hotly

debated. In this dissertation, I contribute to this line of research in the domain of multiple-cue

judgment with a cognitive modeling approach. On a theoretical level, the presented models

provide alternative explanations for how cognitive processes interact. In the first and the second

paper, I presented cognitive models that are based on simple heuristics, specifically anchoring

and adjustment. These models show how judgments emerge from the simple processing of

similarities and resource-efficient additive combinations of single information. In the third paper,

I introduced an approach that defines a learning model used to investigate the very nature of

strategy coordination by assuming that strategies are executed in parallel and asking how the

results are combined to form a response.

The idea that people have a repertoire of strategies and combine them in some way or at least

coordinate their use is broadly accepted, especially in the domain of judgment. However, there

are still attempts to explain human cognitive processes in different domains using single-process

theories. One major and very general example are Bayesian models of cognition, which are very
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popular across several domains (for a review, see Chater, Oaksford, Hahn, & Heit, 2010). A

Bayesian view on prototype models in categorization, for example, assumes that categories are

represented by distributions (e.g. Gaussian) and the problem of categorizing an item comes down

to finding the distribution that generated it (Chater et al., 2010). In contrast, until recently

two groups of researchers debated if the cognitive process underlying categorizations can solely

and exclusively be described with either exemplar processes (Nosofsky & Zaki, 2002; Nosofsky

& Johansen, 2000) or based on prototypes (Smith & Minda, 2000). In reasoning, there is a long-

standing debate on whether people exclusively use logical rules (Rips, 1994; Braine & O’Brien,

1998) or mental models (Johnson-Laird, 1989, 2006; Byrne, 2007) to solve a reasoning problem.

In this dissertation, I take on the view that the solution to a problem, specifically the problem

to form a numeric or probability judgment from multiple sources of information, is the result

of the application and integration of several cognitive processes or systems (Ashby & Ell, 2002;

Erickson & Kruschke, 1998; Evans, 2003; Hayes & Broadbent, 1988). Especially in the CX-

COM model, the processes and their combination are deterministic and not post-hoc (Melnikoff

& Bargh, 2018). The response is solely provided by the sketched anchoring-and-adjustment

mechanism and different behaviors (formerly viewed as evidence for a shift between strategies)

are the result of environmental properties alone.

Additive integration of information. Two cognitive models proposed in this dissertation,

CX-COM and the similarity-updating model, use an anchoring-and-adjustment process to form

a judgment. Anchoring and adjustment has mostly been investigated in the context of cognitive

biases and describes the process of how information that is internally or externally accessible in-

fluences judgments (Tversky & Kahneman, 1974; Chapman & Johnson, 2002; Epley & Gilovich,

2001, 2006; Simmons, LeBoeuf, & Nelson, 2010). Although rare, there are models that explain

the cognitive processes underlying judgment and decision making with anchoring and adjust-

ment. For example, Hogarth and Einhorn (1992) proposed a belief-adjustment model where

an initial belief is updated in the view of new evidence by a weighted adjustment relative to
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some reference point. Millroth, Guath, and Juslin (2019) propose a risky choice model based on

anchoring and adjustment as an alternative to Cumulative Prospect Theory. In their model, the

anchor is likely given by the outcome that is more easily represented and this outcome is then

adjusted as a function of the probability.

CX-COM and the similarity-updating model differ from other anchoring-and-adjustment

models by assuming that both the anchor and the adjustment are the result of an internal

cognitive process. In the CX-COM model, the anchor is the result of a memory retrieval process,

where one exemplar is retrieved with a probability proportional to its similarity to the to-be-

judged object (cf. Nosofsky, 1997). The adjustment is the result of a cue-abstraction process (cf.

Hammond & Stewart, 2001) where the retrieved item’s judgment value is changed in accordance

with the difference between the to-be-judged object and the retrieved exemplar. In the similarity-

updating model, single probabilities are calculated based on the similarities between a hypothesis

and a piece of evidence. When probabilities are combined across different pieces of evidence,

the anchor is the result of an additive combination of single probabilities (Hogarth & Einhorn,

1992) and this value is adjusted relative to the difference between the two pieces of evidence to

the preferred hypothesis.

Anchoring and Adjustment and Mixtures of Experts. I presented two approaches in this

dissertation to understand how similarity-based and abstraction-based processes (or strategies)

interact in the domain of numeric estimation and they are different on a theoretical level. While

the CX-COM model assumes an anchoring-and-adjustment (Chapman & Johnson, 2002; Epley

& Gilovich, 2001) process, BASICS implements a mixture-of-experts model (Jacobs, Jordan,

Nowlan, & Hinton, 1991; Jacobs, Jordan, & Barto, 1991). According to the mixture-of-experts

approach, two (or several) strategies are executed fully, in parallel, and independently from

each other. A response is some combination of the single strategies’ responses. The anchoring-

and-adjustment approach taken in CX-COM differs substantially as it assumes that strategies

are calculated sequentially and that information from previous execution steps are used in the
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application of later steps. More concretely, the cue-abstraction process which is applied second

does not need to be calculated fully but only with respect to the results of the memory retrieval

and the item to be judged.

In terms of resource management and cognitive cost the CX-COM model clearly outperforms

BASICS. It has recently been shown that anchoring and adjustment is resource-rational and

achieves a near-optimal speed-accuracy tradeoff (Lieder et al., 2018b, 2018a). Firstly, the anchor

in the CX-COM model is the result of a memory retrieval where only one item is recalled from

memory. While all items are activated in parallel, only one item is actually recalled and attended

upon (Anderson & Crawford, 1980). In classical exemplar theory, in contrast, the judgment is

the result of all criterion values stored in memory. This implies that all exemplars need to

be attended to in some way either in parallel (see Dougherty et al., 1999; Hintzman, 1984) or

consecutively (Nosofsky, 1997; Ratcliff, 1978). Secondly, the adjustment is only based on the

weighted difference between the retrieved exemplar and the item at hand. Classical abstraction-

based theories in the domain of judgment assume that the absolute importance of each cue and

an intercept have correctly been inferred from the training items (Hoffmann et al., 2014; Juslin,

Jones, et al., 2003). In contrast, the cue weights in CX-COM’s cue-abstraction mechanism only

reflect the relative importance of cues, similar to the attention weights applied in exemplar

models (Nosofsky, 1986).

The BASICS model has two crucial advantages. Firstly, by modeling the learning process

itself BASICS takes an additional process measure into account. Secondly, it is defined in very

general terms and without the need for additional assumptions on the combination of processes.

This implies that some of the disadvantages of resource management could be compensated. For

instance, the exemplar-based strategy implemented in BASICS could easily be exchanged by an

exemplar strategy assuming competitive retrieval, by only considering the criterion value of the

exemplar with the highest activation. Furthermore, the general assumption that all strategies

are fully executed could be weakened by penalizing the application of an increasing number of

strategies during learning (Lieder, Callaway, Gul, Krueger, & Griffiths, 2017).
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Although BASICS’ defines a general architecture, the CX-COM model can only partly be im-

plemented in BASICS. While the exemplar strategy can easily be adjusted to accommodate com-

petitive retrieval, the cue-based adjustment process cannot be implemented straightforwardly.

The adjustment is calculated relative to the retrieved exemplar, which implies that there would

need to be a direct connection between the two strategies. However, this is at odds with one of

the main assumptions of mixture-of-experts models, namely that different strategies calculate

their responses independently of one another. On a behavioral level, CX-COM and BASICS as

instantiated in the judgment domain predict similar error rates for items that are exceptions to

a learned rule. In BASICS, blending predicts a high judgment error for exceptions because there

is no correct switch to exemplar memory. The response is always a mixture of exemplar-based

and rule-based processes. CX-COM also predicts a high error for exception items, because the

exception items stored in memory would not always be recalled. One possibility to discriminate

between the two models is to experimentally manipulate the distance between the rule and the

exceptions during training. CX-COM predicts that the error rate decreases with increasing dis-

tance between rules and exemplars because the correct exception would more likely be recalled.

Analytically, one could analyze the response distribution. CX-COM predicts that the error is

sometimes low and sometimes high, depending on the retrieved item. BASICS with blending

always predicts an average error.

Conclusion. In this dissertation, I proposed that similarity-based processes are an integral

part of the judgment process and that they are sequentially integrated and interact with abstraction-

based processes in a weighted, additive fashion. To this end, I presented three cognitive models

that additively combine cognitive processes alongside with empirical evidence that favors these

models’ theoretical assumptions. Thus, this dissertation provides new and interesting insights

into the judgment process and directly challenges the current view that people actively switch

between different strategies.
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Competitive Retrieval Strategy Causes Multimodal Response Distributions
in Multiple-Cue Judgments
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Research on quantitative judgments from multiple cues suggests that judgments are simultaneously influenced
by previously abstracted knowledge about cue–criterion relations and memories of past instances (or
exemplars). Yet extant judgment theories leave 2 questions unanswered: (a) How are past exemplars and
abstracted cue knowledge combined to form a judgment? (b) Are all past exemplars retrieved from memory
to form the judgment (integrative retrieval) or is the judgment based on one exemplar (competitive retrieval)?
To address these questions we propose and test a new model, CX-COM (combining Cue abstraction with
eXemplar memory assuming COMpetitive memory retrieval). In a first step, CX-COM recalls only a single
exemplar from memory. In a second step, the initially retrieved judgment is adjusted based on abstracted cue
knowledge. Qualitatively, we show that CX-COM naturally captures judgment patterns that have been
previously attributed to multiple strategies. Next, we tested CX-COM quantitatively in 2 experiments and
found that it accounts well for people’s judgment behavior. In the second experiment we additionally tested
2 qualitative predictions of CX-COM: The existence of multimodal response distributions within participants
and systematic variability in judgments depending on the distance between similar exemplars in memory. The
empirical results confirm CX-COM’s assumptions. In sum, the evidence suggests that CX-COM is a viable
new model for quantitative judgments and shows the importance of considering judgment variability in
addition to average responses in judgment research.

Keywords: quantitative judgment, multiple cues, exemplar retrieval, cue abstraction, mixture models

Evaluating situations and judging the value of objects is a
widespread cognitive task carried out every day in people’s pro-
fessional and private lives. From a judge passing sentence on a
convict to a financial analyst evaluating the risk and value of a
bond or stock, people’s ability to estimate numerical criteria in
many different domains is of high importance. When making

judgments people use the information of different features or
attributes (cues) describing an object or situation. A judge deter-
mining the length of a sentence for a robbery conviction, for
example, might consider the extent of the damages in the case. To
do so, the judge might retrieve details of past cases from memory
and compare them with the facts of the current case. Such a
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judgment strategy is usually described by exemplar models
(Nosofsky, 2014). These models assume that people’s judgments
and decisions are based on the similarity between the object under
consideration and exemplars stored in memory (Hoffmann, von
Helversen, & Rieskamp, 2014; Juslin, Jones, Olsson, & Winman,
2003; Juslin, Olsson, & Olsson, 2003; Nosofsky, 1984, 1986,
1997). Exemplar models have been successfully used to explain a
variety of phenomena across different domains ranging from mem-
ory recall (e.g., Brown, Neath, & Chater, 2007; Hintzman, 1984)
to categorizations and classifications (Medin & Schaffer, 1978;
Nosofsky, 1984) to decision making (Juslin & Persson, 2002;
Pachur & Olsson, 2012; Platzer & Bröder, 2012). They have also
been extended to account for judgments from multiple cues (Hoff-
mann et al., 2014; Hoffmann, von Helversen, & Rieskamp, 2016;
Juslin et al., 2003; Juslin, Karlsson, & Olsson, 2008; von Hel-
versen & Rieskamp, 2009).

Despite their success in cognitive psychology, approaches for
quantitative judgments that are purely based on exemplar process-
ing fail to address two problems: The first problem is that people
learn to explicitly represent how cues relate to a criterion and use
this knowledge to make predictions for new objects (Brehmer,
1994; Cooksey, 1996; Juslin et al., 2003). Following such a cue-
abstraction process, the judge, returning to our earlier example,
would pass a prison sentence in a robbery case by weighing the
importance of the aggravating and mitigating factors (e.g., the
damages caused and whether the robber showed remorse) and then
combining the weighted factors to form a single sentence. Cue-
abstraction processes are hard to reconcile with exemplar-based
strategies. As a consequence, current research in judgment as-
sumes that people rely on both processes but switch between them
depending on the structure of the task and their own cognitive
abilities (Herzog & von Helversen, 2018; Hoffmann et al., 2014,
2016; Juslin et al., 2003; Juslin et al., 2008; Juslin et al., 2003;
Pachur & Olsson, 2012; von Helversen & Rieskamp, 2008, 2009).
Yet, empirical evidence does not unequivocally favor the view that
cue abstraction proceeds independently of exemplar retrieval. For
instance, the similarity between the to-be-judged event and past
instances influences people’s judgments even when they are rely-
ing on rules and abstracted knowledge (Brooks & Hannah, 2006;
Hahn, Prat-Sala, Pothos, & Brumby, 2010; von Helversen, Herzog,
& Rieskamp, 2014). Still, it is an open question how people
integrate the two types of processes, that is, cue-abstraction and
exemplar-based processes, to form a judgment, which we address
in the present work.

The second problem is that although exemplar models are
deeply rooted in traditional models of memory, how exemplar
models instantiate retrieval from memory diverges from the re-
trieval processes considered in contemporary memory models.
Specifically, exemplar models in quantitative judgment assume an
integrative retrieval mechanism where all previously encountered
exemplars are activated in parallel and integrated into one com-
posite value (Hoffmann et al., 2016; Pachur & Olsson, 2012). In
contrast to this view, many contemporary memory models assume
a competitive retrieval process where previously encountered ex-
emplars compete for retrieval and only one exemplar is recalled
(Anderson, 1983; Logan, 1988). The degree to which a competi-
tive retrieval mechanism better captures how people retrieve past
exemplars during the judgment process has not been investigated.

The goal of the present research was to propose and test an
exemplar-based model for quantitative judgments that addresses
these two limitations. CX-COM (combining Cue abstraction with
eXemplar memory assuming COMpetitive memory retrieval) pro-
poses that people engage in a two-step judgment process: In the
first step, people probabilistically retrieve one past exemplar from
memory, and in the second step, they adjust the criterion value of
the recalled exemplar based on knowledge about the cue–criterion
relation. In the present work we first present evidence for different
retrieval and knowledge integration mechanisms and their impli-
cations for the judgment process. Next, we formally derive the
predictions of CX-COM from established versions of exemplar
and cue-abstraction models and review how the new model can
account for behavioral patterns frequently observed in multiple-
cue judgment. We then present two experiments that (a) quantita-
tively test CX-COM against competing models (Experiment 1);
and (b) test the qualitative prediction that previously learned
exemplars compete for retrieval (Experiment 2). In the General
Discussion section we compare CX-COM with cognitive models
proposed for categorization and function learning and discuss
limitations and potential future work.

Combining Exemplar and Cue-Abstraction Processes

Exemplar models propose that people represent learned in-
stances by storing them in memory. Alternatively, cue-abstraction
accounts propose that people conceptualize learned knowledge on
a more abstract level as a set of rules or cue—criterion relations
(Hahn & Chater, 1998; Macrae et al., 1998). The general question
of how knowledge is represented and used has challenged judg-
ment research over the past decade (Hoffmann et al., 2014, 2016;
Juslin, Jones, et al., 2003; Juslin et al., 2008; Karlsson, Juslin, &
Olsson, 2007; von Helversen, Herzog, & Rieskamp, 2014; von
Helversen & Rieskamp, 2008, 2009). By analyzing judgment
behavior in different domains, it has been shown that the judgment
process varies with the structure of the judgment task and the
cognitive abilities of the decision maker. For instance, participants
are better described by cue-abstraction models if the judgment
criterion is a linear, additive function of the cues, whereas nonlin-
ear relationships are better captured with exemplar models (Hoff-
mann et al., 2016; Juslin et al., 2008). In this vein, current research
in judgment portrays the judgment process as a selection from two
types of judgment processes best described by rule-based cue-
abstraction models or similarity-based exemplar models (Hoff-
mann et al., 2016; Juslin et al., 2008; Pachur & Olsson, 2012). This
research implicitly suggests that people first select one process
suited to the task at hand and then use only the output of this
process to make judgments in the task.

Empirical evidence, however, suggests that exemplar retrieval
and abstracted cue knowledge likely interact during categorization
and judgment. Unintentionally activated exemplars can interfere
with task performance if they do not match the demands of the
current situation (e.g., Macrae et al., 1998). Specific exemplars can
influence judgments that are otherwise based on abstracted cue
knowledge (von Helversen et al., 2014) and activate different rules
depending on the context in which past exemplars were learned
(e.g., Yang & Lewandowsky, 2004). Consequently, categorization
research tends to favor mixture or hybrid models that assume
people’s representations contain both generalized beliefs in the
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form of abstracted (cue) knowledge and specific instances or
exemplars. In these models both types of representations influence
decisions, although the relative importance may differ depending
on the task and learning history (e.g., Anderson & Betz, 2001;
Ashby, Alfonso-Reese, Turken, & Waldron, 1998; Erickson &
Kruschke, 1998; Herzog & von Helversen, 2018; Nosofsky, Palm-
eri, & McKinley, 1994; Palmeri, Wong, & Gauthier, 2004; Van-
paemel & Storms, 2008).

Thus, it seems reasonable to assume that people integrate re-
trieval from memory with abstracted cue knowledge also in
multiple-cue judgment. But how do these two processes interact?
In categorization research different types of mixture and hybrid
models have been proposed. Most prominently in blending mod-
els, an exemplar and a cue-abstraction mechanism process infor-
mation in parallel and the two outputs are combined as a weighted
average (e.g., Bröder, Gräf, & Kieslich, 2017; Erickson &
Kruschke, 1998). The most recent implementation of a blending
model for judgments is RulEx-J that captures the contribution of
exemplar- and rule-processing across different task conditions
(Bröder et al., 2017).

Integrative Versus Competitive Retrieval

Any model of memory has to address the key question of how
exemplars stored in memory are retrieved, that is activated and
recalled. Memory models often share the assumption that the
activation of exemplars is based on their similarity to the current
stimulus (the probe). They differ, however, in the way a recalled
exemplar is produced upon request (Raaijmakers & Shiffrin,
1992). Two different approaches can be distinguished, an integra-
tive and a competitive retrieval mechanism.

An integrative retrieval mechanism produces a composite of all
exemplars (or of a subset) in memory. The most prominent exam-
ple for an integrative retrieval mechanism is employed in the
MINERVA model (Dougherty, Gettys, & Ogden, 1999; Hintzman,
1984). In this model, exemplars are represented as feature lists
called memory traces. A probed recall activates all memory traces
in parallel and yields a special memory trace: an echo. This echo
is the sum of all traces in memory, each weighted by its activation
value. Similarly, memory models that assume composite storage,
such as TODAM (Lewandowsky et al., 1989), usually also yield a
composite as a retrieval product.

If past exemplars compete for retrieval, only one exemplar is
produced on each retrieval attempt. This competitive retrieval
mechanism can be found in a number of established memory
models, such as the ACT-R theory (Anderson, 1983), the instance
theory of automatization (Logan, 1988, 2002), the search of asso-
ciative memory (SAM) model (Raaijmakers & Shiffrin, 1980), and
some random walk theories (Nosofsky, 1997; Ratcliff, 1978). A
competitive retrieval mechanism assumes that exemplars in mem-
ory are stored and accessed separately. Although some of these
theories specify how subsequently retrieved exemplars can be
combined to form a task response, they assume that each retrieval
request yields only one exemplar.

The retrieval mechanism employed (integrative vs. competitive)
implies different response processes (Juslin & Persson, 2002;
Palmeri, 1997). Exemplar models in categorization or judgment
mostly postulate an integrative retrieval mechanism (e.g., Hoff-
mann et al., 2014; Juslin et al., 2003; Medin & Schaffer, 1978;

Nosofsky, 1984; Pachur & Olsson, 2012). Once a probe is pre-
sented, all exemplars stored in memory are activated and a judg-
ment or category response is formed as a weighted average over all
memory items (Hoffmann et al., 2014; Juslin et al., 2003, 2008;
Medin & Schaffer, 1978; Nosofsky, 1984). One potential reason
why exemplar models seldom consider competitive retrieval is that
often (at least in the domains that have been considered) the two
mechanisms predict the same responses. In categorization tasks,
for instance, classic exemplar models predict the probability of a
new item belonging to a category by using the sum of similarities
it holds with exemplars in that category. A competitive retrieval
mechanism predicts that in each trial, an exemplar is recalled from
memory and used as a basis for the category decision. However,
the sum of the recall probabilities of individual exemplars belong-
ing to a category is the same as the probability of assigning an item
to a category if integrative retrieval is assumed. Thus, the two
retrieval mechanisms cannot be distinguished in this type of task.
In quantitative judgment tasks the type of retrieval can be impor-
tant because integrative and competitive retrieval mechanisms
make qualitatively distinct predictions on the judgment level.

Within the domain of judgments, integrative and competitive
retrieval can be distinguished by the predicted trial-by-trial vari-
ability across items and (sometimes) different distribution
shapes. An integrative retrieval mechanism predicts that all
exemplars in memory are combined into a single response
value. Within-participant trial-by-trial variability is typically as-
sumed to be normally distributed (e.g., Pachur & Olsson, 2012;
Pleskac, Dougherty, Rivadeneira, & Wallsten, 2009), resulting in
a model-predicted unimodal response distribution centered around
the predicted response value. With competitive retrieval each
exemplar can, in principle, be recalled, although its chances in a
given context might be very low. As a result, a competitive
retrieval mechanism predicts multimodal response distributions
and systematic changes in across-item variability. A detailed ex-
ample will be discussed in the next section.

CX-COM: A Hybrid Model for Quantitative
Judgment With a Competitive Retrieval Mechanism

The development of CX-COM was motivated by two currently
unresolved questions in judgment research: (a) When forming a
judgment based on exemplars retrieved from memory, does the
retrieval request yield one exemplar or an integrative composite of
all exemplars? (b) Does combining cue-abstraction processes with
exemplar retrieval outperform the predictions of a pure exemplar-
based or cue-abstraction process?

CX-COM addresses these two questions by proposing a two-
step judgment process: In the first step, previously encountered
exemplars compete for retrieval and only the winning exemplar
along with its criterion value is recalled from memory. Second, a
cue-based adjustment process uses the recalled exemplar as a
reference point and adjusts the criterion value depending on the
generalized beliefs about cue-criterion relations. Accordingly, CX-
COM spells out how people may combine competitive exemplar-
retrieval and cue-abstraction processes, allowing one to test these
assumptions against single-process models as well as competing
mixture models.

In this section, we first introduce established models of human
judgment, that is, classical exemplar and cue-abstraction models.
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Next, we explain CX-COM and its components in relation to the
established models. We also introduce the blending model RulEx-J
(Bröder et al., 2017) as an additional competitor. A running ex-
ample at the end of each subsection highlights differences and
similarities in the models’ predictions. As a last step we review
important findings from the judgment literature and explain how
CX-COM accounts for them.

Exemplar Models

In exemplar models (Nosofsky, 2014), a probe p that has to be
judged or categorized serves as a retrieval cue, activating previ-
ously encountered exemplars in memory. A response jˆp

Exemplar is an
average of all judgment values je associated with exemplars e in
the set of all exemplars M weighted by their relative, subjective
similarity to p,

jˆp
Exemplar �

�
e�M

sim(e, p) · je

�
e�M

sim(e, p)
. (1)

The more similar an exemplar in memory is to the probe, the
higher its impact on the response value. The similarity between
exemplars e and probe p depends exponentially on their distance in
psychological space,

sim(e, p) � e�c·dist(e,p). (2)

Parameter c is the sensitivity parameter and manipulates how
much impact the psychological distance between a probe and an
exemplar has on the subjective perception of similarity. Lower
values of c imply that two items with a high distance in psycho-
logical space are still perceived as similar.

The distance in psychological space is usually described using
the family of Minkowski distance metrics. For an exemplar e with
n cue dimensions and cue values c1

e, . . . , cn
e, a probe p with cue

values c1
p, . . . , cn

p, and attention weights w1, . . . , wn this would be

dist(e, p) ��r �
i�1

n

wi · | ci
e � ci

p|r. (3)

Attention weights are assumed to vary between 0 and 1 and are
constrained to sum to 1. The parameter r captures how visually
distinguishable cue dimensions are in a given task. The so-called
city-block distance is defined by r � 1 and is used when the
dimensions are very distinct (Garner, 2014; Shepard, 1964). The
Euclidean distance is represented by r � 2 and is used when
the dimensions overlap.

The response value jˆp
Exemplar is a composite of the exemplars in

memory and is predicted each time probe p is presented. Usually,
a normally distributed error is associated with a response. Thus,
the predicted distribution of criterion values, response distribution
Rp

Exemplar, coincides with the assumed error distribution and is for
one item p and some variance �2:

Rp
Exemplar � N�jˆp

Exemplar, �2�. (4)

Competitive exemplar models make the same assumptions
about the psychological distance (Equation 3) and similarity be-
tween the exemplars in memory and a probe (Equation 2). How-
ever, the relative similarity now determines the probability to
recall exemplar e given probe p so that

pr(e | p) �
sim(e, p)

�
e�M

sim(e, p)
. (5)

In each trial only one exemplar e is recalled from memory and
the associated criterion value je is given as a response, that is,
jˆp
Exemplar-competitive � je. In another trial, an exemplar with another

criterion value may be retrieved probabilistically so that this com-
petitive retrieval elicits a multimodal response distribution. As-
suming also a normally distributed error associated with a response
in every trial, the response distribution Rp

Exemplar-competitive is a mix-
ture of normal distributions with modes given by the criterion
values je stored in memory:

Rp
Exemplar-competitive � �

e�M
pr(e | p) · N�jˆp

Exemplar-competitive, �2�.

(6)

Thus, the predicted response distribution is quite different com-
pared with the one predicted by the integrative exemplar model.

Example. To illustrate how an exemplar model with an inte-
grative retrieval mechanism (Equation 4) and an exemplar model
with a competitive retrieval mechanism (Equation 6) make differ-
ent predictions in quantitative judgments, consider a judge passing
sentence on a bank robber (see also Table 1). In an attempt to rob
a bank, a robber (Defendant 1) caused low property damage and
low harm to people. The judge can relate these circumstances to
two earlier cases, one with low property damage (but high harm to
people) and a prison sentence of 8 years, and another with low
harm to people (but high property damage) and a sentence of 4
years. Assuming equal importance of both aspects of the case
(wharm to people � wproperty damage), the sentence would be 6 years
(because both old cases are equally similar to the new case).
Assuming normally distributed deviations from the recalled crite-
rion value in the model, repeated sentencing would result in a
unimodal distribution of judgments centered around 6 years (see
Figure 1, Exemplar (integrative)). In contrast, an exemplar model
with a competitive retrieval mechanism (without additional as-
sumptions on the response process) predicts sometimes a prison
sentence of 4 years and sometimes a sentence of 8 years, depend-
ing on which of the two earlier cases the judge recalls. Assuming
also that deviations from a recalled criterion value happen by
chance, the judge would draw the prison sentence from a bimodal
distribution with modes at criterion values 4 and 8 (see Figure 1,
Exemplar (competitive)). Both integrative and competitive exem-
plar models would not predict a sentence below 4 years for
Defendant 1 despite the fact that he caused less harm or less
damage than the remembered convicts.

Consider in comparison Defendant 2 who caused high property
damage and a high harm to people. Assuming equal dimension

Table 1
Bank Robber Example

Memory Novel

Dimension Convict 1 Convict 2 Defendant 1 Defendant 2

Property damage High Low Low High
Harm to people Low High Low High
Sentence 4 8 TBD TBD
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weights, both an integrative and a competitive exemplar model
would predict the same sentence as for Defendant 1. The integra-
tive exemplar models yields a unimodal sentence around 6 years;
the competitive exemplar model a multimodal sentence, retrieving
4 and 8 years.

However, note that multimodal response distributions will not
always occur with a competitive retrieval mechanism, but depend
on the similarity structure of the training set given a probe, in
particular the attention to specific dimensions. For example, as-
sume again Defendant 2, who caused high harm to people and high
property damage. This time the judge does not equally weight the
two dimensions but only considers the harm to other people and
neglects property damage (wharm to people � 100, wproperty damage �
2). In this case, Convict 2 will be perceived as much more similar
to Defendant 2 than Convict 1 and will be retrieved with a much
higher likelihood. As a result, the judge may always pass a sen-
tence of 8 years and, consequently, a unimodal response distribu-
tion would emerge.

Cue-Abstraction Models

Cue abstraction models propose that people extract and explic-
itly represent their beliefs about the importance of cues as a set of
weights. Cue-abstraction models (CAMs) for judgments are often
implemented as main effects linear regression models (Juslin et al.,
2008), because this implementation has been shown to fit judg-
ment data especially well in a variety of domains (for reviews see
Karelaia & Hogarth, 2008; Kaufmann, Reips, & Wittmann, 2013).
To make a judgment, cue values c1 . . . cn of a probe p are weighted
by their relative importance bi and summed up so that

jˆp
CAM � k � �

i�1

n

(bi · ci). (7)

Parameter k is an intercept, for example, the baseline judgment
in case of cue values of zero. Similar to exemplar models, the
CAM’s prediction remains the same over repeated presentations of
probe p and a normally distributed error is assumed resulting in the

response distribution Rp
CAM centered around the response value

jˆp
CAM (similar to Equation 4).

Example. Figure 1 shows again an example of the unimodal
response distribution predicted by the CAM in the bank robber’s
case (Table 1, Defendant 1). Assuming a minimum sentence of 2
years for a robbery attempt with low property damage and low
harm to people, the judge could weigh high property damage as an
additional 2 years of prison and high harm to people as an addi-
tional 6 years.1 This would result in a prison sentence for the novel
Defendant 1 of 2 years. For Defendant 2 (high property damage
and high harm to people) the CAM with the same assumptions
would thus predict a unimodal response distribution with a mode
at 10 years.

Combining Competitive Exemplar Retrieval With
Cue-Abstraction

With CX-COM we propose a two-step process: First, an exem-
plar is recalled from memory. Second, the associated criterion
value is adjusted based on the beliefs about the cue–criterion
relationship. Exemplar retrieval follows the same principles as in
the exemplar model with a competitive retrieval mechanism. Fol-
lowing the presentation of a probe p, all exemplars e in exemplar
memory M are activated based on their relative, subjective simi-

1 Note that we use different dimension weights for the exemplar model
and the CAM to illustrate how the mechanisms assumed by the models can
lead to differential predictions. If we assume the same dimension weights
in the exemplar model as in the CAM, i.e. wharm to people � 6,
wproperty damage � 2, the exemplar models become more difficult to distin-
guish. The integrative exemplar model predicts a unimodal distribution
centered around a prison sentence of 4.1 years for Defendant 1 and
centered around 7.9 years for Defendant 2. The exemplar model with
competitive retrieval predicts a bimodal distribution with modes at the two
sentences of the previous cases four and eight. However, for Defendant 1
the judge has a 98% chance to recall the case of Convict 1 and for
Defendant 2 he has a 98% to recall the case of Convict 2. For CX-COM we
discuss how its predictions depend on its parameters in the section “Pre-
dicting multiple-cue judgments with CX-COM”.

Figure 1. Example (see Table 1) showing the response distributions predicted by the cue-abstraction model
(CAM), the exemplar model, RulEx-J, and the cue abstraction model with exemplar memory assuming
competitive memory retrieval (CX-COM) for Defendant 1 (low property damage and low harm to people).
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larity with similarity and psychological distance calculated as
described in Equations 2 and 3. The relative similarity determines
the probability to recall exemplar e and is described in Equation 1.

In each trial one exemplar is recalled from memory. This ex-
emplar is used as a reference point for a cue-abstraction process.
Specifically, a cue-based adjustment mechanism adjusts the crite-
rion value je of a recalled exemplar e to obtain a response. The
magnitude of the change depends on the differences in cue values
between the probe p and the exemplar e on each cue dimension and
the relative importance given to the cue dimension, represented by
a cue dimension weight bi:

jˆp
CX-COM � je � ��

i�1

n

bi · �ci
e � ci

p�� · �. (8)

Parameter � is a scaling parameter that reflects how much the
observed difference in cue values influences the judgment, and ci

p

and ci
e denote the cue values of the probe and the recalled exemplar

in cue dimension i.
The competitive retrieval in CX-COM elicits a response distri-

bution quite different from the integrative exemplar model and the
cue abstraction model. Assuming a normally distributed error
associated with a response in every trial, the response distribution
Rp

CX-COM is a mixture of normal distributions with modes close to
criterion values je stored in memory and weighted by the similarity
of the associated exemplars e to the probe p:

Rp
CX-COM � �

e�M
pr(e | p) · N�jˆp

CX-COM, �2�. (9)

Example. Figure 1 also shows an example of the multimodal
response distribution predicted by CX-COM in the bank robber’s
case (Table 1, Defendant 1). Assuming equal importance of both
aspects of the case, the similarity between Defendants 1’s case and
the two older cases is the same and so is their chance to be recalled,
similar to the predictions of the exemplar model with competitive
retrieval. In CX-COM, however, the modes of the multinomial
response distribution are shifted depending upon the difference in
cue values between the current case and the recalled case. Making
the simplified assumption that a difference between high and low
damage/harm is 2 years of prison, the modes would be adjusted
downward by 2 years each from 4 years to 2 years and from 8
years to 6 years, respectively. For Defendant 2, however, the
predicted modes are adjusted upward from 4 to 6 years and from
8 to 10 years, respectively. Thus, because the cue abstraction
component is sensitive to the direction of the adjustment, CX-
COM also predicts different response distributions from an exem-
plar model with only competitive retrieval.

Blending Models

Besides, pure exemplar and cue abstraction models, blending mod-
els such as ATRIUM for categorization (Erickson & Kruschke, 1998)
and the measurement model RulEx-J for judgments (Bröder et al.,
2017) have been proposed. These models assume an independent
processing of exemplar and cue-abstraction models with the over-
all response being a weighted average (or blend) of the predictions
of the single responses. As it is the most recent blending model for
judgments, we included RulEx-J in the model test.

Given the judgments for probe p predicted by the exemplar
model, jˆp

Exemplar, and the CAM, jˆp
CAM, the response of RulEx-J is

jˆp
RulEx-J � � · jˆp

CAM � (1 � �) · jˆp
Exemplar (10)

with the parameter � weighting the relative contribution of each
model’s response. The response distribution Rp

RulEx-J is unimodal as
in the exemplar model and the CAM, but the mode lies between
the predictions of these models:

Rp
RulEx-J � N�jˆp

RulEx-J, �2�. (11)

Although they are both mixture models, the blending model
differs from CX-COM in two important aspects: (a) the blending
model assumes a parallel processing of an exemplar and a cue-
abstraction component while CX-COM assumes that cue abstrac-
tion acts upon the retrieved exemplar, and (b) the blending model’s
exemplar component assumes integrative retrieval while CX-COM
assumes competitive retrieval.

Example. According to RulEx-J, the judge sentences Defen-
dant 1 (see Table 1) to a mixture of the predictions of the Exemplar
model with integrative retrieval and the CAM. Making the same
assumptions for the two models as in the respective examples and
additionally assuming that the judge gives equal weights to both
models’ predictions, the sentence would be 4 years, exactly the
middle between the exemplar model’s prediction (6 years) and the
CAM’s prediction (2 years).

Predicting Multiple-Cue Judgments With CX-COM

In the past decade, research on multiple cue judgments has
proposed that judgment strategies may elicit distinct behavioral
judgment patterns (Bröder et al., 2017; Hoffmann et al., 2014,
2016; Juslin et al., 2008; Mata, von Helversen, Karlsson, & Cüp-
per, 2012; Pachur & Olsson, 2012; von Helversen, Mata, & Ol-
sson, 2010; von Helversen & Rieskamp, 2009). For instance,
Juslin, Karlsson, and Olsson (2008) showed that in a linear judg-
ment task people showed extrapolation, that is they judged probes
with lower/higher cue values than the training exemplars as having
lower/higher criterion values than the training exemplars. This
judgment pattern matches the predictions of the CAM (Figure 2a),
but disagrees with the predictions of an exemplar model in that
task (Figure 2b). In contrast, in a multiplicative environment
participants do not seem to extrapolate beyond the range of en-
countered training values and thus participants’ responses match
the predictions of the exemplar model (Figure 2e), but disagree
with the CAM’s predictions (Figure 2d). In general, these differ-
ences in judgment patterns have been taken as evidence that people
shift between exemplar memory and cue abstraction processes
(Bröder et al., 2017; Hoffmann et al., 2014, 2016; Juslin et al.,
2008; von Helversen et al., 2010).

CX-COM does not assume a shift between judgment processes,
but proposes that a cue adjustment process acts on the retrieved
exemplars. The � parameter governs the extent to which the
retrieved criterion value is adjusted based on cue knowledge. In the
following we show that CX-COM can capture the same behavioral
judgment patterns that have been reported in the literature without
assuming a change in judgment processes and analyze how differ-
ent parameter settings influence CX-COM’s predictions.

In a first step, we generated CX-COM’s predictions for the
linear and the multiplicative judgment task reported by Juslin et al.
(2008), using the reported parameters for the CAM as dimension
weights and an additive similarity function with equivalent param-
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eters as attention weights for the exemplar model. Figure 2c and 2f
illustrate that CX-COM predicts a similar change in judgments
depending on the task structure as predicted by a strategy shift. In
the linear environment, its predictions resemble the predictions of
the CAM, whereas its predictions lie between the exemplar model
and the CAM in the multiplicative environment. Thus CX-COM
reflects participants’ responses in both environments. Notably,
CX-COM accounts for these behavioral patterns without adjusting
any parameter values across environments but the changes result
from differences in the structure of the environment. One reason is
that in a linear task with correct weights the adjustment process by
CX-COM leads to the same judgment independent of which ex-
emplar was retrieved.2 In contrast, in a multiplicative task predic-
tions will differ depending on the retrieved exemplar leading to
exemplar effects and reducing extrapolation on the average level.

But can CX-COM also explain strategy shifts within the same
environment due to within-task manipulations such as instructions
or individual preferences? To understand whether the free param-
eters in CX-COM allow it to capture exemplar-based and cue-
based judgment patterns within a task, we analyzed within Juslin
et al.’s (2008) linear environment (Juslin et al., 2008) how changes
in the parameter values, specifically changes in the adjustment
parameter � and in the dimension weights, influence CX-COM’s
predictions. Assuming correct dimension weights with parameter
� � 1 (Figure 3e), CX-COM produces the exact same predictions
as the CAM (Figure 3a), and CX-COM with � � 0 (Figure 3f)
produces the exact same predictions as the exemplar model (Figure
3b). Assuming incorrect weights, for instance uniform weights
equal to 1, the predictions of CX-COM for � � 0 (Figure 3h) are
still exactly the same as for the exemplar model (Figure 3d).
However, with � � 1 the predictions differ between the CAM

(Figure 3c) and CX-COM (Figure 3g), with CX-COM showing a
judgment pattern that deviates from the CAM with incorrect
weights, but is still linear. Accordingly, on average, if � � 0
CX-COM reduces to an exemplar model with the same dimension
weights. With increasing �,3 that is, more cue adjustment, the
predictions become more linear resembling a rule-based process.
This suggests that � in CX-COM reflects the extent to which
participants’ judgments are influenced by cue-abstraction pro-
cesses, similar to the interpretation of � in other mixture models
like RulEx-J. However, the CAMs and CX-COMs predictions are
only identical when the correct cue weights are assumed.

These simulations indicate that CX-COM can also reflect dif-
ferent levels of exemplar and cue-abstraction processes induced by
manipulations within a task environment. For instance, previous
research has argued that changing only one cue between subse-
quent exemplars facilitates cue abstraction processes (Juslin et al.,
2008). Within CX-COM, this could be reflected by a stronger
reliance on adjustment processes resulting in a lower � parameter
for confounded than for ordered sequences.

Overall, the simulations demonstrate that CX-COM is able to
account for important empirical findings in the judgment literature
with the � parameter reflecting different levels of cue-abstraction

2 For example, assume training items (c1 � 1, c2 � 1) with Criterion 4 and
(c1 � 2, c2 � 2) with Criterion 8. Assume further that a participant abstracts
the (correct) cue weights w1 � w2 � 2 from these items. For a test item (c1 �
1, c2 � 2) the response would be 6, independently of whether the first training
item is recalled and the associated criterion value is increased or if the second
training item is recalled and its criterion value is decreased.

3 Note that � as well as the dimension weights depend on the judgment
scale and thus cannot be easily compared between tasks.

d e f

a b c

Figure 2. Shows predictions of a cue-abstraction model (panels a and d), an exemplar model (panels b and e)
and CX-COM (panels c and f) in a linear environment (panels a–c) and a multiplicative environment (panels
d–f). Items, models, and parameters are the same as described in Juslin et al. (2008). For CX-COM we used the
same weights as for the linear model (w1 � 3.2, w2 � 2.4, w3 � 1.6, w4 � 0.8) and � � 1.
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processes.4 Although these results suggests that CX-COM is more
flexible than either the CAM or the exemplar model, it still
provides a more parsimonious explanation than a blending model
like RulEx-J (Bröder et al., 2017).

Testing CX-COM’s New Predictions of
Judgment Behavior

In the previous section we showed that CX-COMs can capture
patterns of judgments reported in the literature and usually attrib-
uted to a shift in judgment strategies. However, the data of these
studies does not allow comparing CX-COM with the other models
because usually each item is only repeated once or twice making
it impossible to distinguish the models. The reason is that CX-
COM’s unique characteristic is the shape of the response distribu-
tion and thus it only makes different predictions if an item is
repeated many times. Accordingly, we conducted two new exper-
iments to quantitatively and qualitatively test CX-COM’s predic-
tions.

Quantitative test. CX-COM combines the judgment pro-
cesses of two very well established cognitive models, the CAM
and the exemplar model. To quantitatively test CX-COM, we
compared it against several competitors: an exemplar model, a
CAM, RulEx-J, and a baseline model (for details on a recovery
study with previous data see Appendix A). The baseline model

provides a benchmark for the absolute fit of the model. In the
baseline model, we assume that participants respond with a con-
stant value (with added noise), that is, we fit a normal distribution
with mean and variance as free parameters to participants. To
better take CX-COM’s functional flexibility into account, we also
did a cross-validation for both experiments. All details concerning
the fitting procedure and mean parameter values are shown in
Appendix B.

Qualitative test. The CX-COM model predicts judgment pat-
terns that are qualitatively distinct from single exemplar and cue-
abstraction models. Specifically, CX-COM’s competitive retrieval
mechanism predicts multimodal response distributions and sys-
tematic changes in variability across items. This is in stark contrast
to the classical exemplar models with integrative retrieval and the
CAM which always predict a unimodal distribution centered
around one model-predicted value. We tested the assumption of a
competitive retrieval process explicitly in Experiment 2: A com-
petitive retrieval process predicts that variations in judgments
across and within items depend on the number of similar exem-

4 Please note that a quantitative analysis of existing data in a more
traditional paradigm does not allow to distinguish CX-COM from previ-
ously proposed judgment models. Due to a low number of observations per
item the models are not recoverable. See Appendix A for more details.

a b c d

e f g h

Figure 3. Predictions of the CAM (panels a, c), the exemplar model (panels b, d) and CX-COM (panels e–h)
assuming correct weights (w1 � 1, w2 � 2, w3 � 3, w4 � 4; panels a, b, e, d) and incorrect uniform weights
(w1 � 1, w2 � 1, w3 � 1, w4 � 1; panels c, d, g, h). Sensitivity Parameter c in all models including an exemplar
component is set to the sum of the weights and attention weights are set to the sum of weights divided by c.
Panels e and g show CX-COM’s predictions assuming a strong influence of the cue-abstraction process (i.e., � �
1) and panels f and h shows CX-COM’s predictions assuming a pure exemplar process (i.e., � � 0). When
assuming correct weights CX-COM perfectly mimics the exemplar model’s and the CAM’s predictions
depending on the value of parameter � (compare panels a and e, and panels b and f). Assuming uniform weights
CX-COM with a � of 0 still matches the exemplar model’s predictions (compare panels d and h), however, the
predictions differ between the CAM and the CX-COM model with � � 1 (compare panels c and g).
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plars in memory and the distance between criterion values for
similar exemplars. If a probe activates only one similar exemplar,
the variability should be lower than if several similar exemplars
are activated. If several exemplars with similar judgment values
are activated, the variability in judgments is low. But if a probe
activates exemplars with strongly dissimilar criterion values, high
judgment variability and multimodal response distributions are
predicted.

Experiment 1

Experiment 1 was designed as a first, quantitative test for the
CX-COM model. Specifically, we aimed at testing CX-COM in a
situation that would usually favor an (integrative) exemplar model.
In the experiment, participants had to solve a quantitative judg-
ment task using three cues. To encourage exemplar retrieval,
participants learned to judge a small set of training items and their
criterion values by heart (Rouder & Ratcliff, 2006). After this
training phase, they were instructed to repeatedly judge the crite-
rion values of novel test items on the basis of their similarities to
the training items.

Method

Participants. We tested 29 current or former students from
the University of Basel (Mage � 27 years, SD � 7, range: 20–46
years). The target sample size was a priori set to 30 following
conventions for one condition in cognitive modeling research (e.g.,
Hoffmann et al., 2016; Tsetsos et al., 2016). Thirty-five partici-
pants were invited through the recruitment platform of the center
for Economic Psychology in Basel and 29 came at the assigned
time. The experiment took on average approximately 1 hr. Partic-
ipants could choose between course credit or a payment of 20
Swiss francs per hour. In addition, participants could earn a
performance-dependent bonus of 5 Swiss francs. The study re-
ceived ethics approval by the Institutional Review Board (IRB) of
the Faculty of Psychology at the University of Basel.

Materials. In Experiment 1 we used items with three dimen-
sions shown as three adjoining stacks (left, middle, right) on the
left side of a computer screen, see Figure 4. Each dimension was
assigned a value between 1 and 4, indicated by the number of
geometric shapes in the stack. Additionally, the dimensions dif-
fered in geometric shape (triangle, square, circle) and color (blue,
red, green). Colors were chosen as complementary colors from the
color wheel rendering them all similarly visually salient. Associ-
ated criterion values ranged between 1 and 33 and were presented
on a half-circle on the right side of the computer screen. Figure 4
shows the visual presentation of stimuli as shown to the partici-
pants. Positions of the different cue dimensions were randomized
across participants. Throughout the text, items are named with
their three cue values separated by a dot. Item 3.1.1, for example,
corresponds to an item with value 3 in Cue Dimension 1 (i.e., three
shapes in the left position) and 1 in Cue Dimensions 2 and 3 (i.e.,
one shape in the middle and the right position).

To foster the use of exemplar-based processes we used a mul-
tiplicative environment (Hoffmann et al., 2016; Juslin et al., 2008)
and instructed participants to use similarities to judge novel items
(Olsson, Enkvist, & Juslin, 2006). To help ensure that participants
did not rely only on simple visual features of the items, for
example, the higher the cue value the higher the criterion value, the
first cue was inverted so that

j � (5 � c1) · c2 · c3, (12)

with cue values c1, . . . , c3.
We presented only a small number of training items (six) that

had to be learned by heart but used a larger number of novel test
items (14) to evaluate participants’ responses. The six training
items were chosen such that the associated criterion values repre-
sented the general trend found in multiplicative environments; the
lower part of the response scale was densely packed with obser-
vations (criterion values 4, 6, 8); in the higher part of the scale,
single observations were rather sparse (criterion values 12, 18, 24).

Ten out of 14 test items were chosen so that each was most
similar to one of the training items. The similarities are calculated

Figure 4. Visual presentation of stimuli in Experiment 1. The depicted stimuli 3.1.2 (on the left) is associated
with criterion value 4 (highlighted on the half circle on the right). The text on the figure is German stating
“Richtig!” for “Correct!” and “Weiter” for “Next.” See the online article for the color version of this figure.

T
hi

s
do

cu
m

en
t

is
co

py
ri

gh
te

d
by

th
e

A
m

er
ic

an
Ps

yc
ho

lo
gi

ca
l

A
ss

oc
ia

tio
n

or
on

e
of

its
al

lie
d

pu
bl

is
he

rs
.

C
on

te
nt

m
ay

be
sh

ar
ed

at
no

co
st

,
bu

t
an

y
re

qu
es

ts
to

re
us

e
th

is
co

nt
en

t
in

pa
rt

or
w

ho
le

m
us

t
go

th
ro

ug
h

th
e

A
m

er
ic

an
Ps

yc
ho

lo
gi

ca
l

A
ss

oc
ia

tio
n.

9COMPETITIVE RETRIEVAL CAUSES MULTIMODALITY



with the city-block distance metric and assuming equal dimension
weights. Four additional test items were included as fillers for
which we did not systematically vary/control the similarity to all
training items (see Table 2). We chose a relatively small number
of training items and larger number of test items for two reasons:
First, we wanted direct control over the similarity structure among
training items and between training and test items. Second, we
wanted participants to learn the training items by heart and to
remember them throughout the whole experiment.

Procedure. The experiment included three phases. In the
training phase participants had to learn six different training items
by heart. They were told that there was no simple functional
dependency between the cues and criterion values and that they
would later be asked to use the learned items to estimate the
criterion values for novel items. We used two types of training
blocks, judgment learning and cue learning. In the judgment-
learning blocks participants were presented with the cue values of
a training item on the left-hand side of the screen and had to
choose the associated criterion value from the response circle on
the right-hand side of the screen. In the cue-learning blocks one
specific criterion value was highlighted on the response circle and
participants were asked to adjust the stacks so that they represented
the cues of the training item corresponding to the displayed crite-
rion value. Participants could adjust the stack by repeatedly click-
ing on it to change the number of displayed shapes. After giving a
response, participants received feedback in all trials during train-
ing. In total, the training phase consisted of 10 blocks.5 Within
each block the six training items were presented once in a random
order. The training phase included six judgment-learning and four
cue-learning blocks presented in alternating order, and with two
judgment-learning blocks at the beginning and one judgment-
learning block at the end of training. Participants received a bonus
of 5 Swiss francs if they were able to correctly judge all training
items in at least two subsequent training blocks.

In the test phase, participants saw 14 different novel test items
and were asked to estimate the associated criterion values. People
were asked to make the judgment according to the test items’
similarities to the training items. The test phase included 15 test
blocks. In each block all 14 items were presented in random order,
resulting in 210 test trials. After Test Blocks 5 and 10, participants
again judged the criterion values for all training items twice,
resulting in four additional judgment-learning blocks during the
test phase. These blocks were announced as training blocks and
participants received feedback.

After completing the test phase, participants judged on a paper-
and-pencil questionnaire how similar each test item was to each of
the six training items, resulting in a total of 84 similarity judg-
ments. Each page of the questionnaire showed one test item and
the six training items. Participants were asked to judge the simi-
larity on a scale of 0 (completely different) to 10 (exactly the same)
for each pair.6 The results of the similarity questionnaire are
presented in Appendix C.

Results

Performance. In the last two training blocks (one cue-
learning block and one judgment-learning block) participants
judged 80% of the training items correctly. In the four judgment
training blocks in the test phase they judged 81% of the training
items correctly.

Quantitative model evaluation. To get an idea whether com-
petitive retrieval in general and CX-COM in particular explain the
judgment behavior in Experiment 1, we compared it with the
exemplar model, the CAM, and the blending model RulEx-J. We
also included a baseline model which assumes that participants
respond the same, random value in every trial. We fitted the five
models to single-participant responses with a maximum likelihood
estimation method. We used the BIC (Schwarz et al., 1978) to
choose the best model for a single participant. A more detailed
explanation about the fitting methodology, with an overview of
best fitting parameter values, is presented in Appendix B.

Across different model selection criteria, the exemplar model
with competitive memory retrieval and a cue-abstraction compo-
nent (CX-COM) fits the data very well. It is the model with the
lowest mean BIC and deviance (see Table 3) for over 60% of the
participants and thus the most likely model to describe their
underlying cognitive process. The second best model is the cue-
abstraction model (CAM) which is the most appropriate model for
approximately 25% of participants followed by RulEx-J most
appropriate for just under 15% of participants. The baseline model
fares far worse than the other four models in relative and in
absolute terms. The average deviance for the baseline model is 200
points higher than for the other models. However, it is not always
the worst model. In fact, CAM is worse than the baseline model for
one participant.

A model recovery based on the design of Experiment 1 confirmed
the ability of CX-COM and the CAM to discriminate when partici-
pants used these different cognitive process. When CX-COM gener-

5 Two participants only completed eight training blocks due to technical
issues.

6 Two participants did not finish the similarity questionnaire and were
excluded from the related statistics.

Table 2
Stimuli, Manipulation, and Results in Experiment 1

Criterion
test item

Training item

Result4 6 8 12 18 24

3.1.2 2.1.2 3.2.2 1.1.3 2.2.3 1.2.3 Mean (SD)

3.1.1 1 2 2 4 4 5 6.37 (4.13)
4.1.2 1 2 2 4 4 5 8.53 (5.59)
2.1.1 2 1 3 3 3 4 4.50 (2.79)
3.2.1 2 3 1 5 3 4 10.93 (6.66)
4.2.2 2 3 1 5 3 4 10.35 (4.68)
1.1.4 4 3 5 1 3 2 18.49 (4.82)
2.2.4 4 3 3 3 1 2 21.92 (3.71)
2.3.3 4 3 3 3 1 2 19.78 (6.47)
1.2.4 5 4 4 2 2 1 24.74 (2.96)
1.3.3 5 4 4 2 2 1 21.27 (5.86)
2.3.2 3 2 2 4 2 3 15.00 (5.98)
2.1.3 2 1 3 1 1 2 12.61 (4.47)
1.3.2 4 3 3 3 3 2 15.57 (5.54)
2.3.1 4 3 3 5 3 4 14.77 (5.62)

Note. Distance profiles for stimuli used in Experiment 1. Items consist of
three cue dimensions (cf. Figure 4). Dimension values are separated by a
dot. The distances are calculated using the city-block metric assuming
attention weights of 1 in each dimension. Items with a distance of 1 to a test
item are assumed to be most similar to that item and are shown in bold.

T
hi

s
do

cu
m

en
t

is
co

py
ri

gh
te

d
by

th
e

A
m

er
ic

an
Ps

yc
ho

lo
gi

ca
l

A
ss

oc
ia

tio
n

or
on

e
of

its
al

lie
d

pu
bl

is
he

rs
.

C
on

te
nt

m
ay

be
sh

ar
ed

at
no

co
st

,
bu

t
an

y
re

qu
es

ts
to

re
us

e
th

is
co

nt
en

t
in

pa
rt

or
w

ho
le

m
us

t
go

th
ro

ug
h

th
e

A
m

er
ic

an
Ps

yc
ho

lo
gi

ca
l

A
ss

oc
ia

tio
n.

10 ALBRECHT ET AL.



ated the data then 78% of the time it was identified as the data-
generating model. When the CAM generated the data then 96% of the
time it was identified as the data-generating model. Note that CX-
COM can have overlapping predictions with the CAM, depending on
the values of the attention weights. We designed Experiment 2 to
discern the two models also qualitatively.

The quantitative differences in model fits are also illustrated in
Figure 5 comparing participants’ response distributions for each
test item with the predictions of CX-COM (Figure 5A) and the
second best model CAM (Figure 5B). Most test items for which a
very similar training item exists (e.g., Items 3.1.1 to 1.3.3 in the
figures; for reference see Table 2) show a clear peak in participants
response probability for a judgment close to the value associated
with the very similar training item. CX-COM is able to predict
these peaks nicely while the CAM and the exemplar model cannot.

However, the BIC does not adequately reflect the functional
flexibility of the models, which is particularly relevant for RulEx-J
and CX-COM that appear to have a higher level of functional
flexibility. Thus, we conducted a cross-validation study. The de-
tails of the cross-validation procedure are described in Appendix B
and the results are shown in Appendix F. Compared with the model
selection based on BIC, CX-COM still is the best model for most
participants and describes 14 participants best (four participants less
than previously). The mixture model RulEx-J explains 13 participants
best (nine participants more than according to BIC) and CAM only
explains two participants best (five participants less). Somewhat sur-
prisingly, the results show a larger advantage for the models with a
high functional flexibility, that is RulEx-J and CX-COM, compared
with models that likely have a lower functional flexibility (the CAM
and the exemplar model). However, there is research suggesting that
cross-validation methods might favor more complex models
(Browne, 2000), which might explain why RulEx-J, the arguably
most complex model, had the largest gain. Overall, the result suggests
that the additional functional flexibility introduced by mixture models
is warranted in our task.

Discussion

In Experiment 1 we tested the CX-COM model quantitatively
against competing models from the literature. CX-COM assumes
that judgments are the result of (a) a competitive retrieval mech-
anism, and (b) a subsequent cue-abstraction mechanism that ad-
justs the criterion value of the recalled exemplar. We compared
CX-COM with an exemplar model, a cue-abstraction model
(CAM) and the blending model RulEx-J.

CX-COM captured the judgments best compared with the com-
peting models in terms of number of assigned participants accord-
ing to BIC, mean BIC, and mean deviance. It is still the best model
for most participants according to the cross-validation. As Figure
5 shows, CX-COM is able to capture almost every peak in the
participants’ probability distribution, while the CAM, the second
best model according to the BIC, cannot. Interestingly, there is no
participant assigned to the (pure) exemplar model. That is, even in
a multiplicative environment that is usually understood to promote
the use of an exemplar process (Hoffmann et al., 2016; Juslin et al.,
2008; Pachur & Olsson, 2012), we found evidence that all partic-
ipants used a cue-abstraction process. This result suggests that
adjustments based on beliefs about the cue–criterion relations play
an important part in judgments, even when overall judgments may
be best described by an exemplar model. To replicate the quanti-
tative results and to qualitatively test the assumption that previ-
ously encountered exemplars compete for retrieval we designed
Experiment 2.

Experiment 2

In Experiment 2 we focused on the prediction that sets CX-
COM apart from other models in the literature: The assumption
that exemplar retrieval is competitive and not integrative. For
integrative retrieval, the judgment is based on the similarity to all
previously encountered instances, independent of how many ex-
emplars are similar to the probe and how strongly their criterion
values differ from one another. Therefore, an integrative retrieval
component predicts unimodal response distributions and no sys-
tematic variation in judgments across items.

In contrast, during competitive retrieval one exemplar is recalled
on each retrieval attempt, implying that judgments for each probe
vary depending on how similar (or dissimilar) the criterion values
for similar exemplars in memory are. If only one exemplar in
memory is highly similar to the probe, retrieval probability for this
exemplar is high and it is recalled most of the time. Thus, judg-
ments for this probe will vary only to a small extent between trials.
However, if two exemplars are highly similar to the probe, both
exemplars are, in principle, recalled equally often. Response vari-
ability depends on the distance between the associated criterion
values. If the distance is small, say, the decision maker retrieves
criterion values of 25 and 33 on a scale of 1 to 33, judgments for
this probe should vary little across trials. If the distance between
the associated criterion values is large, for instance nine and 33,
judgments should vary strongly. In addition, the distribution of

Table 3
Model Overview and Results of the Model Comparison

Model

Experiment 1 Experiment 2

Model typePar. Subj. Deviance BIC Par. Subj. Deviance BIC

CAM 5 7 1,294 1,321 6 9 1,077 1,109 Cue abstraction
Exemplar 4 0 1,375 1,397 5 2 1,119 1,146 Exemplar
CX-COM 5 18 1,268 1,294 6 19 1,033 1,065 Mixture
RulEx-J 6 4 1,285 1,317 7 1 1,075 1,112 Mixture
Baseline 2 0 1,490 1,501 2 0 1,400 1,411 —

Note. CAM � cue-abstraction model; CX-COM � competitive memory retrieval; Par. � number of parameters; BIC � mean Bayesian information
criterion; Subj. � number of participants for whom a specific model had the best BIC-value. Best fitting model is shown in bold.
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judgments should be bimodal, within and across participants. We
tested this prediction by systematically manipulating the number
of exemplars with a high recall probability and the distance be-
tween associated criterion values. Recall probabilities depend on
the similarity between a test item and exemplars in memory.
Response variability depends on the interplay between the per-
ceived difference in similarity and the distance in the associated
criterion values.

Method

Participants. We tested 33 current or former students from the
University of Basel (Mage � 28 years, SD � 8, range: 19–48 years).7

The target sample size was a priori set to 30 following conventions

7 Participant information for three participants are missing due to tech-
nical problems.

A B

Figure 5. Percentiles .025, .5, and .975 bootstrapped, model-predicted response distributions calculated across
participants for all items in Experiment 1. Participants probability to respond a specific value (between 1 and 33)
is shown as dots. Light gray lines indicate criterion values of the training exemplars. (A) CX-COM-predictions
(dashed line). (B) CAM-predictions (solid line).
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for one condition in cognitive modeling research (e.g., Hoffmann
et al., 2016; Tsetsos et al., 2016). Thirty-five participants were
invited through the recruitment platform of the center for Eco-
nomic Psychology in Basel and 33 came at the assigned time. The
experiment took on average 1 hr. Participants received course
credit or an hourly payment of 20 Swiss francs. In addition,
participants could earn a bonus of up to 5 Swiss francs. The study
received ethics approval by the Institutional Review Board (IRB)
of the Faculty of Psychology at the University of Basel.

Material. The general setup in Experiment 2 was very similar
to the setup from Experiment 1. In Experiment 2 we used stimuli
with four cue dimensions and three possible values on each di-
mension (see Figure 6). Each cue dimension was represented by a
limb of a robot. Each limb had a certain number of slots for power
modules (the cue values) and was associated with a different
geometric form (triangle, square, circle, cross) and color (red, blue,
green, brown). Participants were told to judge the overall power
level of the robot (the criterion with the response scale again
between 1 and 33) and that the power level depended on the
number of power modules in the limbs. Figure 6 shows the training
stimuli as they were presented to the participants. Positions of the
different cue dimensions were partly randomized.

The overall power level was a linear function of the number of
power modules in each limb,

j � �15 � 4 · c1 � 12 · c4, (13)

with cue values c1, . . . , c4. The second and the third cue were not
predictive of the response.

Because the predictive cues were positively related to the cri-
terion, participants should have been able to rapidly identify the
cue–criterion relationship (see Table 4). Small values on all di-
mensions indicated small criterion values and large cue values
indicated large criterion values respectively. However, different
values on Cue Dimensions 1 and 4 required additional attention. A
large value on Cue Dimension 4 and a small value on Cue
Dimension 1 indicated a large criterion value, whereas a large
value on Cue Dimension 1 and a small value on Cue Dimension 4
indicated a small criterion value (see Table 4 and for an example,
see Figure 6).

The simple rule underlying stimulus generation allowed us to
manipulate the distance between criterion values associated with
training items with high recall probabilities. Thus, if the cue value
of a test item on Dimension 1 was small but all other cue values

were large, then a judgment based on a similar training item should
have been very likely to be large as well (see test Item 1.3.3.3 in
Table 4). However, if the cue value of a test item on Dimension 4
was small but all other cue values were large, a judgment based on
a similar training item might be large or small (see test Item 3.3.3.1
in Table 4).

To extend the manipulation of distance between most similar
exemplars conceptually to all items, we developed a measure we
call the similarity neighborhood (SN; see Table 4). The SN score
for a test item was calculated as the mean distance between the
criterion values for those training items most similar to the test
item (assuming city-block distance). The higher the mean distance
is, the higher the expected variability in judgments. For example,
the two training items which are most similar to test Item 3.3.3.1
are Items 3.2.2.1 (Criterion Value 9) and 3.3.3.3 (Criterion Value
33). The distance between the criterion values associated with the
training items—the SN score—is 24 (see Table 4). Considering
Item 1.3.3.3, the most similar items are 1.2.2.3 (Criterion Value
25) and 3.3.3.3 (Criterion Value 33) with a distance between
criterion values of only eight. For items with only one most similar
training item (e.g., 3.3.3.2 and 2.3.3.3) we used the mean distance
between criterion values of the most and second most similar
training items as SN score. Item 2.3.3.3, for example, is most
similar to Item 3.3.3.3 and second most similar to Items 1.2.2.3
(with distance between criterion values of eight) and 2.3.1.2 (with
distance between criterion values of 16). The SN score is, thus, 12.
With this approach we considered retrieval candidates with a
combined recall probability of over 90% per item (M � 0.97,
SD � 0.03).

Procedure. The experiment consisted of two phases. In the
training phase participants had to learn five different items by
heart. They were told that they would later be asked to use these
items to estimate the criterion value for novel items. During
training, participants were presented with a training item on the
left-hand side of the screen and had to choose the associated
criterion value from the response circle on the right-hand side of
the screen. Participants received feedback in all trials during train-
ing.

The maximum number of training blocks was set to 12.
However, participants with 100% accuracy in three blocks (with
100% accuracy in at least two subsequent blocks) had to com-
plete only one more block to move on to the test phase. People
who failed to reach this criterion had to complete all 12 training

Figure 6. Example stimuli used in Experiment 2. The text on the figure is German stating “Richtig!” for “Correct!”
and “Weiter” for “Next.” (A) Stimulus 3.2.2.1; high value in a left extremity is associated with a low value on the scale
(value 9, left part of the scale). (B) Stimulus 1.2.2.3; high value in a right extremity is associated with a high value
on the scale (value 25, right part of the scale). See the online article for the color version of this figure.
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blocks and then moved on to the test phase. If they failed to
reach 100% accuracy in the last two blocks they were excluded
from further analyses.

In the test phase, participants had to judge 20 different items
without feedback. Seventeen items were unknown and three were
training items (Items 3.2.2.1, 2.1.3.2, 1.2.2.3). Participants were
asked to estimate the criterion values on the basis of their simi-
larity to the items learned during training. The test phase included
10 test blocks. In each block all 20 items were presented in a
randomized order, resulting in a total of 200 test trials. Participants
received a bonus relative to their accuracy compared to an inte-
grative exemplar model without cue abstraction (assuming equal
weights) during the test phase. The maximal bonus was set to 5
Swiss francs.

Results

Performance. On average, participants completed training
successfully after 7.9 blocks (SD � 2.3). Two participants failed to
reach the inclusion criterion and were excluded from further anal-
yses.

Multimodality and across-item variability. In this experi-
ment we contrasted the competitive and integrative retrieval mecha-
nism. Items were chosen to test two key predictions of competitive
retrieval: The occurrence of multimodal response distributions within
and across participants and across-item variability being a function of
the similarity structure of learned exemplars. A list of all items is

shown in Table 4. Recall that we hypothesized (a) that the number of
training items that are very similar to a test item and their absolute
difference in criterion values influences the test item’s variability
(e.g., Items 3.3.3.2 and 1.3.3.3 should have a lower variability than
Item 3.3.3.1); and (b) that we would be able to observe a response
distribution with a visible bimodal shape in test items that are very
similar to two training items that have a high absolute distance
between their criterion values (e.g., Item 3.3.3.1).

Multimodality: Descriptive statistics. Figure 7 shows re-
sponse distributions for Items 3.3.3.1 and 1.3.3.3. The figure
includes two test items that are similar to only one training item
but have similar cue values (3.3.3.2 and 2.3.3.3) as well as two
training items tested again during the test (a beanplot including all
tested items is shown in Appendix D). For the training items, the
median judgment during test corresponds to the learned criterion
value and the standard deviation of responses is low. In Items
3.3.3.2 and 2.3.3.3, the standard deviation is lower than in Items
3.3.3.1 and 1.3.3.3. Additionally, the response distribution has a
different shape. Especially, Item 3.3.3.1 clearly shows a multi-
modal response distribution with the most frequent responses close
to the learned criterion values of the two most similar training
items. The deviation of the most frequent responses from the
learned criterion values is consistent with cue-based adjustment.

Response distributions aggregated across participants were mul-
timodal for items with a clear effect of similarity and distance, for
example, Item 3.3.3.1 in Figure 7. As an additional piece of

Table 4
Stimuli and Results in Experiment 2

Judgment
test item

Training item

Results1 9 17 25 33

1.1.1.1 3.2.2.1 2.3.1.2 1.2.2.3 3.3.3.3 SN Mean (SD) SD (SD)

1.2.2.1 2 2 4 2 6 16 10.08 (2.93) 3.11 (1.78)
3.2.2.3 6 2 4 2 2 16 26.39 (2.52) 2.77 (1.96)
2.2.2.2 4 2 2 2 4 11 18.22 (2.76) 3.49 (2.07)
3.3.3.1 6 2 4 6 2 24 18.04 (5.32) 4.63 (2.51)
1.3.3.3 6 6 4 2 2 8 27.34 (2.28) 2.62 (1.91)
1.1.1.3 2 6 4 2 6 24 17.52 (5.48) 3.33 (2.04)
3.1.1.1 2 2 4 6 6 8 7.93 (2.92) 2.49 (2.11)
2.1.1.1 1 3 3 5 7 12 6.48 (2.94) 2.5 (1.86)
1.1.1.2 1 5 3 3 7 20 11.3 (4.34) 3.61 (1.95)
2.3.3.3 7 5 3 3 1 12 29.87 (2.09) 2.25 (2.24)
3.3.3.2 7 3 3 5 1 20 25.59 (4.35) 4.11 (2.78)
2.2.2.1 3 1 3 3 5 11 11.22 (3.22) 3.04 (1.52)
3.3.2.1 5 1 5 5 3 24 13.98 (4.05) 3.38 (2.14)
1.2.2.2 3 3 3 1 5 16 16.84 (3.09) 3.7 (2.05)
1.2.3.3 5 5 3 1 3 8 24.78 (2.97) 2.62 (1.53)
2.2.1.2 3 3 1 3 5 11 15.39 (2.81) 3.3 (2.07)
2.3.2.2 5 3 1 3 3 11 19.99 (2.86) 3.24 (2.04)
3.2.2.1 4 0 4 4 4 14 11.62 (3.74) 2.31 (1.65)
2.3.1.2 4 4 0 4 4 12 17.47 (2.24) 2.58 (1.82)
1.2.2.3 4 4 4 0 4 14 23.2 (2.42) 2.94 (2.4)

Note. Distance profiles for stimuli used in Experiment 2. Items consist of four cue dimensions (cf. Figure 6).
Dimension values are separated by a dot. The distances are calculated using the city-block metric and all
attention weights set to 1. Items with the lowest distance are shown in bold. SN (similarity neighborhood) is the
mean distance of the criterion values for similar training items. If more than one training item is most similar
to a test item (first seven items), SN is the mean distance among the criterion values of these training items. If
only one training item is most similar to a test item, then SN is the mean distance between the most similar and
second most similar training item. Results (mean and SD) are calculated within participants and then averaged
across participants.
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evidence to corroborate our claim that this is the result of a
competitive retrieval and not, for example, the result of variability
in parameter settings or different strategies used between partici-
pants, we show model-predicted response distributions and obser-
vations for the two participants who were best fit by CX-COM (see
Figure 8) and the CAM (see Figure 9), relative to the respective
other model according to the difference in BIC. The participant
best fit by CX-COM (see Figure 8) displays multimodal response
distributions as predicted by CX-COM. CX-COM captures the
responses of the participant well, the broad distributions predicted
by the CAM do not.

Multimodality: Inferential statistics. In order to substantiate
our claim and the descriptive results, we tested for multimodality
across participants using Hartigan’s dip test (Hartigan & Hartigan,
1985). Conceptually, Hartigan’s dip test calculates the maximum
distance between an empirical distribution and the best fitting
unimodal distribution. In principle, all response distributions pre-
dicted by CX-COM are multimodal, the predicted response distri-
bution can have as many modes as there are learned exemplars (cf.
Figure 1). However, it can be very hard to detect this multimodal-
ity, for example, if the recall probability for one exemplar is very
high. In this case, the multimodal structure of the distribution is
easily confused with a distribution with long tails and a substantial
number of observations are needed to classify the distribution
correctly. Aggregated across participants, 17 out of 20 test items
showed significant multimodality (mean D � .06, p � .01, Bon-
ferroni corrected). The three test items which showed no signs of
mulitmodality are the three training items repeated during the test
phase (mean D � 0.03). For participants best fit by the CX-COM
model (19 participants), 14 out of 20 items showed significant
multimodality and for participants best fit by the CAM (nine
participants) only four out of 20 items showed significant multi-
modality.

Across-item variability. Within participants we lacked the
power to detect multimodal response distributions (see Appendix
E for a post hoc power analysis). We thus tested a second hypoth-
esis: Across-item variability is a function of the distance between
criterion values of highly similar training items. The higher the
distance between the criterion values of two similar training items,
the more variable should responses to this test item be.

To investigate the influence of competitive exemplar retrieval
on judgment variability systematically across all test items, we
predicted the variability in judgments with the SN score, that is the
average distance between the criterion values of similar training
items. To measure variability of judgments for an item we used the
standard deviation of the judgments for an item during the test
phase (calculated within participant and averaged across partici-
pants), see Table 4. On average, the SN score correlated positively
with the mean standard deviation, r � .66, p � .01. Because we
aimed at an analysis on the participant level, we used a linear
mixed effects model that predicted an item’s judgment variability
with its SN score as a fixed factor and items’ and participants’
intercepts as random factors. This model predicted the items’
judgment variability significantly better than a baseline model
including only participants’ and items’ random intercepts, �2(1) �
10.80, p � .01.

Quantitative model evaluation. We fit the same models un-
der the same conditions as in Experiment 1.8 All models had one
more free parameter because of the additional cue dimension
(the respective dimension weight), except the baseline model
that assumes a constant response. A detailed description of the
fitted parameters and best fitting parameter values is given in
Appendix B.

The CX-COM model again captured participants’ judgments
best. It was the most appropriate model for over 60% of the
participants and had the lowest mean BIC (see Table 3). Around
30% of participants were again best described by the CAM.
Surprisingly, the blending model RulEx-J fared worse than in
Experiment 1 and described only one participant best according to
BIC. The baseline model again fit participant responses much
worse than all other models.

A model recovery with CX-COM and the CAM based on the
design of Experiment 2 again supports these conclusions. When
CX-COM generated the data, 94% of the time CX-COM was
identified as the data-generating model. When the CAM generated
the data, 87% of the time the CAM was identified as the data-
generating model.

Figure 10 shows a comparison of participants’ aggregated re-
sponse probabilities with aggregated predictions of CX-COM
(Figure 10A) and the CAM (Figure 10B). Both models describe
the aggregated responses well. However, CX-COM clearly cap-
tures some peaks that the CAM cannot.

8 Following the suggestions of anonymous reviewers we also fitted a
model with competitive retrieval and without a cue-abstraction component
and two possible versions of a prototype model to the data in this exper-
iment. In one version of the prototype model we assumed the most extreme
exemplars to be prototypes, i.e. 3.3.3.3 and 1.1.1.1 (Prot1). In the second
version we assumed the most informative exemplars to be prototypes, i.e.
1.2.2.3 and 3.2.2.1 (Prot2). None of these three models explained any
participants best and the average BIC was much higher (BICProt1 � 1139,
BICProt2 � 1280, BICCompetitive w/o cue-abstraction � 1220) than the average
BIC of the CAM (BIC � 1109) or the CX-COM model (BIC � 1065).

Figure 7. Participants’ response distributions for items representative of
the manipulation in Experiment 2. Black distributions correspond to test
items with two most similar training items but a high (3.3.3.1) and low
(1.3.3.3) distance between associated criterion values. White distributions
correspond to test items with one most similar training item. Response
distributions for training items judged at test are displayed in gray. Thick
dotted lines correspond to criterion value of maximally similar training
items; thin lines show the median of the distribution. The standard devia-
tion of the kernel estimation was set to 1.06 (Scott, 1992).
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We again conducted a cross-validation in Experiment 2. The
results are very similar to the results according to BIC (see Ap-
pendix F). As in Experiment 1, the two mixture models CX-COM
and RulEx-J explain the responses of most participants best despite
their higher functional flexibility. CX-COM is still the best model
for 17 participants (than according to the BIC two participants

less), whereas RulEx-J explains the judgments of 11 participants
best (10 participants more than according to BIC). The number of
participants best explained by the CAM drops from nine to three.
The exemplar model loses all its participants. These results again
suggest that the additional flexibility introduced by mixture mod-
els is warranted also according to Experiment 2.

Figure 8. Percentiles .025, .5, and .975 bootstrapped, model-predicted response distributions for the participant
best described by CX-COM relative to the CAM (i.e., highest difference in BICs). The participant best described
by the CAM is shown in Figure 9. Light gray lines indicate criterion values of the training exemplars.
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Discussion
Experiment 2 investigated whether an exemplar model with a

competitive retrieval mechanism explains judgment behavior bet-
ter than the traditional exemplar model using integrative retrieval.
We found that the exemplar model with an integrative retrieval
mechanism could neither quantitatively nor qualitatively account

for the data. Test items varied in their trial-to-trial judgment
variability and most items showed clear signs of multimodality.
Furthermore, judgment variability across items was a function of
the distance between the criterion values associated with similar
training items: A prediction that cannot be accounted for by an
integrative retrieval component or the CAM. The multimodal

Figure 9. Percentiles .025, .5, and .975 bootstrapped, model-predicted response distributions for the participant
best described by the CAM relative to CX-COM (i.e., highest difference in BICs). The participant best described
by CX-COM is shown in Figure 8. Light gray lines indicate criterion values of the training exemplars.
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response patterns occurred across and more importantly within
participants. The existence of multimodal response distributions
within participants delivers important evidence in favor of exem-
plar models assuming a competitive retrieval mechanism. If mul-
timodality was found only across participants, differences in pa-
rameter settings such as attention weights or the strategies used
could also explain the results.

Quantitatively, the best model was again the CX-COM model
that was most appropriate for over 60% of the participants in the
model comparison based on BIC. The CAM also described some

participants well. One possible reason is the linear structure of the
task. This type of task is known to coincide with cue-abstraction
strategies (Hoffmann et al., 2016; Olsson et al., 2006). However,
the CAM also assumes that judgment variability is constant across
items, an assumption that was clearly violated by the majority of
participants.

The results from the cross-validation likewise support
CX-COM. The high number of participants best described by
CX-COM and RulEx-J suggest that the majority of participants
seem to rely on both cue-abstraction and exemplar processes. Still,

A B

Figure 10. Percentiles .025, .5, and .975 bootstrapped, model-predicted response distributions calculated across
participants for all items in Experiment 2. Participants probability to respond a specific value (between 1 and 33)
is shown as dots. Light gray lines indicate criterion values of the training exemplars. (A) shows CX-COM-
predictions (dashed line). (B) shows CAM-predictions (solid line).

T
hi

s
do

cu
m

en
t

is
co

py
ri

gh
te

d
by

th
e

A
m

er
ic

an
Ps

yc
ho

lo
gi

ca
l

A
ss

oc
ia

tio
n

or
on

e
of

its
al

lie
d

pu
bl

is
he

rs
.

C
on

te
nt

m
ay

be
sh

ar
ed

at
no

co
st

,
bu

t
an

y
re

qu
es

ts
to

re
us

e
th

is
co

nt
en

t
in

pa
rt

or
w

ho
le

m
us

t
go

th
ro

ug
h

th
e

A
m

er
ic

an
Ps

yc
ho

lo
gi

ca
l

A
ss

oc
ia

tio
n.

18 ALBRECHT ET AL.



CX-COM clearly best captured the responses of more participants
than RulEx-J. One reason for this could be that we designed it as
a critical test for the prediction of multimodal responses. In sum,
the results provide important evidence for competitive retrieval.

General Discussion

When people evaluate objects and situations in order to form a
decision or category assignment, research suggests that knowledge
of previous experiences is combined with more abstract knowl-
edge about a specific context (e.g., Erickson & Kruschke, 1998;
Juslin et al., 2008). Judgment research has largely been mute about
the concrete nature of the retrieval processes and possible combi-
nations of recalled and abstracted knowledge. The present research
sought to address these two shortcomings by spelling out a new
cognitive model, CX-COM. Building on established models for
quantitative judgments, CX-COM introduces a competitive re-
trieval mechanism to describe how exemplars are activated in
memory and adjusts the judgment based on the retrieved exemplar
using abstracted cue knowledge. To contrast its underpinning
assumptions with competing theoretical ideas, we (a) tested CX-
COM quantitatively against several competitor models from the
literature and (b) derived and tested a qualitative prediction about
the variability and shape of response distributions induced by
CX-COM’s competitive retrieval mechanism. Overall, the CX-
COM model was best suited to explain human judgment behavior
across the two experiments. Quantitatively, the model was most
appropriate for describing the data of the majority of participants
and also had on average the lowest BIC values. In addition, the
qualitative test supported the model’s assumptions that past exem-
plars compete for retrieval when people make judgments (Exper-
iment 2). We next reconsider the model’s assumptions in detail and
then compare the mechanisms with similar theories in judgment,
categorization, and function learning research.

Competitive Retrieval From Exemplar Memory

Traditionally, exemplar models in judgment and categorization
have proposed that people retrieve a composite of all previously
encountered exemplars from memory. This composite does not
change across trials and a constant error is assumed. This implies
that judgment variability is constant across items. In contrast, in
both experiments we found evidence that judgment variability
systematically varied across items, indicating competitive re-
trieval. A stricter test of this assumption in Experiment 2 suggested
that some items elicited multimodal response distributions—across
and within participants. Furthermore, across-item variability was a
function of an item’s similarity structure, consistent with the
qualitative predictions of the CX-COM model. In line with this,
more participants were best described by models assuming com-
petitive retrieval from memory in both experiments.

Taken together, these results suggest that exemplar retrieval in
quantitative judgments is best described by competitive retrieval
processes, corresponding to established theories on retrieval pro-
cesses in episodic memory (Anderson, 1983; Logan, 2002; Rat-
cliff, 1978) and process-oriented versions of exemplar models
(Nosofsky & Palmeri, 1997; Palmeri, 1997). The response distri-
butions are not consistent with the assumption that judgment
variability is constant across items, which is the assumption made

by exemplar models with an integrative memory component, the
pure CAMs, as well as blending models such as RulEx-J (Bröder
et al., 2017).

Importantly, these results also highlight that the form of the
response distribution and the variability of responses provide a tool
to understand the nature of the involved cognitive processes (Ka-
lish, Lewandowsky, & Kruschke, 2004). Moreover, the ability to
explain and predict the expected variance in judgments is also of
practical relevance given that it puts natural constraints on the
expected reliability in judgments that will vary depending on the
experiences of the decision maker.

Combining Cue Abstraction and Exemplar Retrieval

Although judgment research has investigated how people shift
between exemplar retrieval and abstracted knowledge, little em-
pirical work has studied the degree to which the two processes are
intertwined. Within CX-COM, we assumed that cue abstraction
acts on the retrieval of stored exemplars. In both experiments,
CX-COM consistently outperformed an exemplar model that did
not consider any cue abstraction, independently of the tested
environment. This suggests that beliefs about how cues are related
to the criterion influence judgments in addition to memories of
similar exemplars.

Besides supporting the idea that cue-abstraction processes exist
in quantitative judgments, the two experiments also provided ev-
idence for the effects of specific exemplars. Even in the linear
judgment task in Experiment 2, CX-COM described participants’
judgments better than the pure CAM, although a host of research
suggests that in linear tasks, judgments are usually best described
by the CAMs (Hoffmann et al., 2016; Juslin et al., 2008; Pachur &
Olsson, 2012). Furthermore, the multimodal response distributions
follow naturally from the assumption of exemplar competition but
cannot be explained by pure cue-abstraction processes.

Taken together, these results suggest that quantitative judgments
are based on a combination of exemplars retrieved from memory
and abstracted beliefs about the cues. They resonate well with
previous empirical research showing that specific exemplars and
rules simultaneously influence judgments and categorizations
(Brooks & Hannah, 2006; Hahn et al., 2010; von Helversen et al.,
2014) and research showing the advantage of mixture models in
categorization (Erickson & Kruschke, 1998; Nosofsky et al., 1994;
Vanpaemel & Storms, 2008) and function learning (DeLosh, Buse-
meyer, & McDaniel, 1997; Kalish et al., 2004).

Relation to Different Approaches

The two experiments provide consistent support for the CX-
COM model. This new model explains how beliefs about cue–
criterion relationships interact with memories about specific in-
stances. In the following we spell out similarities and differences
between CX-COM and other models and approaches in related
domains.

Blending models. Blending models are based on the assump-
tion that an exemplar and a cue-abstraction component processes
information independently and the response is a weighted average
of the two results. The measurement model RulEx-J (Bröder et al.,
2017) is a very recent and successful implementation of this idea
in the domain of multiple-cue judgments. In line with findings in
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multiple-cue judgment, the mixture parameter in RulEx-J weighs
the contribution of the two model components and reflects the
employed strategy on the individual level and the impact of the
environment or experimental instructions on the aggregate level.

In our two experiments the environments differed: In Experi-
ment 1 we used a multiplicative environment that is known to
coincide with exemplar processing and in Experiment 2 we used a
linear environment that is known to coincide with cue-abstraction
processes. In line with findings from the literature and especially
with the results presented by Bröder, Gräf, and Kieslich (2017) we
find on average a higher mixture parameter (�) in Experiment 2
(.6) than in Experiment 1 (.5; see Appendix F). These results
suggest RulEx-J reflects differences in the amount of cue abstrac-
tion processes well. However, our CX-COM model outperformed
RulEx-J consistently in the quantitative model comparison in both
experiments. Additionally, RulEx-J is not able to account for
multimodal response distributions and changes in variability
across items.

Function learning. In both function learning and multiple-
cue judgment, a numerical criterion has to be estimated given
contextual information. However, function learning and multiple-
cue judgment differ strongly in the complexity of the to-be-judged
objects. In multiple-cue judgment the evaluation of objects is
based on several cues with several possible values, while in func-
tion learning it is based on one numeric value. Accordingly,
models from the function learning literature are rarely considered
in the literature on multiple-cue judgment.

Function-learning research found that participants often extrap-
olated in a rule-based fashion, although they learned with single
exemplars (DeLosh et al., 1997). Accordingly, theories in function
learning often consider a competition between memory items (or
rules) as well as mixtures between retrieval-based and cue-
abstraction processes. Most notably, CX-COM could be consid-
ered as an extension of EXAM (DeLosh et al., 1997; McDaniel &
Busemeyer, 2005) for judgments based on multiple cues. EXAM
learns similarity-based associations between one-dimensional,
quantitative inputs and outcomes. When generalizing to new pat-
terns, it uses the distance between similar inputs to recruit a linear
extrapolation mechanism. Thus, EXAM and CX-COM share the
idea that a cue-abstraction mechanism adjusts the response values
of a recalled response. The difference between CX-COM and
EXAM mirror the different complexities of the to-be-judged ob-
jects. In the EXAM model, the cue-abstraction component consid-
ers not only the one recalled output but also two outputs with
similar input values. The response is based on the proportion of
change in input and output values. In contrast, CX-COM adjusts
the retrieved criterion depending on the difference in cue values
between the probe and the one recalled exemplar.

Knowledge partitioning. In function learning and categori-
zation, knowledge partitioning spells out the idea that knowledge
is separated into independent parcels that potentially contain
mutually contradictory information (Kalish et al., 2004; Le-
wandowsky, Roberts, & Yang, 2006). As a result of knowledge
being spread out over a space of, potentially numerical, response
values in separate parcels, knowledge partitioning also predicts
multimodality of responses and these patterns have been found in
the domain of function learning (Kalish et al., 2004).

The most prominent model implementing knowledge partition-
ing in the function-learning domain is POLE (Population Of Lin-

ear Experts; Kalish et al., 2004). According to POLE, judgments
are based on linear experts, that is, linear functions that are
associated with each stimulus value during learning. When a new
stimulus is evaluated, functions are activated based on the simi-
larity between the new and associated stimuli. Then one rule is
probabilistically selected and used to determine the response.
Thus, similar to CX-COM, POLE involves a competitive selection
mechanism. Consequently, an adaption of the competitive retrieval
of exemplars as sketched in CX-COM is, in principle, able to
explain some multimodal results POLE accounts for by assuming
that sometimes an exception is recalled and adjusted according to
a linear function. However, POLE stores different rules and as-
sumes competition between these rules instead of exemplars, pre-
dicting that people also extrapolate in opposite directions depend-
ing on the exemplar they recall. CX-COM is unable to predict
different extrapolation patterns on the same cue. Accordingly,
although both models can predict multimodal response distribu-
tions, CX-COM and POLE differ on the items for which they
predict a large variability. In CX-COM, variability is caused by
training items that are activated by the same probe but differ in
their criterion values; in POLE variability is caused by different
functions associated with different parts of the stimulus space.

Anchoring and adjustment. On a more general level, CX-
COM is also related to the idea that quantitative judgments are
based on an anchoring and adjustment process (Tversky & Kah-
neman, 1974). According to the anchor and adjustment heuristic,
people start making a judgment or an estimation by generating an
initial value, the anchor. During the estimation process they then
question whether the anchor provides an adequate judgment value
and adjust their judgment until they are satisfied. Anchors can be
internally generated values based on a memory processes or values
that are externally provided in the environment (Chapman &
Johnson, 2002; Epley & Gilovich, 2001; Mussweiler & Strack,
2000). Similar to internally generated anchors, CX-COM assumes
that a single exemplar is retrieved from memory and the value
associated with this exemplar is adjusted based on the differences
in cue values and beliefs about the relation between cues and the
criterion. However, CX-COM does not allow for external anchors
and their influence on the judgment process. In addition, the
cue-based adjustment is based on the deviation between the fea-
tures of the probe and the recalled exemplar and participants’
assumptions about how these features relate to the criterion but not
by further knowledge.

Limitation and Future Work

We found that CX-COM accounted for judgments much better
than the competing models in two experiments. However, in both
experiments the number of exemplars in training was quite small
and we ensured that participants memorized them very well. The
open question remains of whether CX-COM still captures human
judgments well if people retain more, but not necessarily intact
exemplars in memory. One way people might react to more noisy
exemplar representations is by giving more weight to the cue-
abstraction component. Alternatively, it is possible that people will
abstract prototypes or summary representations of exemplars that
are clustered together. Then people might retrieve these prototypes
instead of a single exemplar (Love, Medin, & Gureckis, 2004;
Vanpaemel & Storms, 2008).
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In both experiments we instructed participants to use the items
they had learned during training to judge novel items during test
(Olsson et al., 2006). We used these instructions because we aimed
to provide a strong test of the retrieval assumptions underlying
exemplar memory, that is, whether exemplar retrieval is integra-
tive or competitive, and its interaction with cue knowledge. These
instructions may limit the generality of CX-COM as a judgment
model. However, the importance of exemplar-based processes in
multiple-cue judgments studies without strategy instructions has
been frequently demonstrated (Bröder & Gräf, 2018; Hoffmann et
al., 2014, 2016; Juslin et al., 2008; Karlsson et al., 2007; McDaniel
et al., 2018; Stillesjö, Nyberg, & Wirebring, 2019). Furthermore, a
thorough, qualitative analysis of previous empirical evidence dem-
onstrates that CX-COM can cover a broader variety of empirical
findings (e.g., Juslin et al., 2008), including results that have been
taken as evidence for transitions between exemplar memory and
cue knowledge.

Although several memory models assume competitive retrieval,
how many exemplars are recalled and combined before a response
is given differs (e.g., Giguère & Love, 2013; Raaijmakers &
Shiffrin, 1980). For example, the search of associative memory
(SAM) model assumes that memory images resulting from a
competitive retrieval process are only partly restored. To restore a
full memory image, several retrievals are necessary, implying that
recalled images may be a combination of values from different
memory items. In this work we tested the foundation of this idea:
a model that considers only one exemplar and a model that
considers all exemplars to determine a response. If a subset of
memory items is recalled, two scenarios are possible. If only
exemplars with similar values are recalled from memory, the
responses correspond to CX-COM’s predictions. If very different
values are recalled, they would be combined into one response
similar to exemplar models with integrative retrieval. The focus on
a competitive memory process in CX-COM allowed us to explore
more complex and realistic memory processes in judgment re-
search.

The present research has important implications for predictive
models in the domain of quantitative judgments and evaluations.
Although an integrative and a competitive retrieval mechanism as
part of an exemplar model predict the same mean judgment values,
the variance and actual shape of the distribution of response values
might differ tremendously. Depending on the exemplars in mem-
ory that are activated in a specific context, a mean judgment value
as predicted by integrative exemplar models might only be ob-
served with a very low probability. Accordingly, the predictive
power of classic exemplar models might be very low.

Conclusions

We presented a new theory and cognitive model for quantitative
judgments. CX-COM models how memories about specific exem-
plars and general beliefs about the relation of cues with criteria are
integrated into a single judgment response. Most notably, CX-
COM predicts multimodal response distributions and variability in
judgments based on previously encountered exemplars and the
similarity of these exemplars to the item under evaluation—an
aspect in judgment behavior that has been largely neglected in
research. In a quantitative model comparison CX-COM consis-
tently outperformed all competitor models. In sum, CX-COM is a

promising new model of the cognitive processes underlying quan-
titative judgments that allows researchers to derive distinct predic-
tions for judgment behavior in various judgment situations.
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Appendix A

Reanalysis of Previous Data and Its Limitations

We reanalyzed data from Hoffmann et al. (2014, 2016) who sys-
tematically investigated judgment strategies across different environ-
ments without strategy instructions. For all the different environments
we fitted the CX-COM model, the CAM, and the exemplar model. In
the environments from the 2016 article, CX-COM explains most
participants best in the one-dimensional linear environment (22 out of
32 in the first and 24 out of 32 in the second variant) and in the
multi-dimensional multiplicative environment (all 32), and it explains
about half of the participants best in the multidimensional quadratic
environment (16 out of 32). In the multidimensional linear environ-
ment, the CAM is the best model with 18 out of 32 and CX-COM
explains only seven participants best. In the environments tested in the
2014 article, CX-COM is the best model in the multiplicative condi-
tion (267 out of 287) and the CAM is the best model in the linear
condition (176 out of 287).

Unfortunately, these environments were not designed for
tearing apart CX-COM from other models of human judgment.

A model recovery suggested that CX-COM and the CAM could
not be distinguished because CX-COM can make similar pre-
dictions as a cue-abstraction model. Importantly, CX-COM and
the CAM often only differ when predicting full response dis-
tributions instead of average responses. Therefore, it is neces-
sary to observe many responses on the same test items to
successfully recover CX-COM and contrast it with a CAM.
Previous studies on judgment research, however, usually tested
judgments for many test items but did not assess full response
distributions for single items. This data structure thus poses a
problem for evaluating CX-COM’s performance using previ-
ously published data. In the multidimensional linear environ-
ment from the 2016 paper, for example, CX-COM’s recovery
rate is around 50% while CAM’s is around 90%. In contrast, in
the multidimensional multiplicative condition, the CAM can
only be recovered in less than 40% while CX-COM can be
recovered in more than 90% of all cases.

(Appendices continue)
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Appendix B

Fitting and Implementation Details

All analyses are done with the R programming language (R Core
Team, 2015).

For each model–participant combination we searched for the
best fitting parameter setting by minimizing the models’ negative
log-likelihood. To find the best fitting model for every participant
we used the Bayesian information criterion (BIC; Schwarz et al.,
1978) to penalize more complex models.

All exemplar models (or model components) were fit to the data
with the city-block distance (see Equation 3, with r � 1). Both
exemplar and cue-abstraction models contain parameters reflecting
the importance/attention given to the cue dimensions. To be able to fit
both processes simultaneously we estimated only one set of dimen-
sion weights for both the exemplar retrieval process and the cue-based
adjustment, so wi � bi for each cue-dimension i. To do this, we freely
estimated one weight for each cue dimension. In the cue-abstraction
component, the adjustment was calculated according to the estimated
weights. In the exemplar components we determined the attention
weights wi and the sensitivity parameter c by setting it to the sum of
the absolute weights. We then calculated the attention weights by
dividing the absolute weights of the respective dimensions by c.
Hence, the attention weights in the exemplar process varied between
0 and 1 and summed up to 1 following the constraints usually
assumed in exemplar models. Best fitting parameter values for both
experiments are shown in Appendix F.

For parameter estimation we used a combination of grid search and
nonlinear optimization. The grids had a step size of 1 and the overall
size of the grid was informed by the true parameters of the functions
underlying stimulus creation. In Experiment 1 the borders of the grid
were set to �10 and 10 and in Experiment 2 to �20 and 15. These

choices yielded 21 optimization searches for each model in Experi-
ment 1 and 46 in Experiment 2. For each search, the starting param-
eter values were set to a random value between two subsequent grid
values. Starting values outside the range of possible parameter values
were ignored and set to the respective borders of the range instead. As
optimization algorithm we used the “nlminb” function in the “stats”
package of the R programming language (R Core Team, 2015).

Cross Validation

Although CX-COM possesses the same number of parameters as
the CAM and only one parameter more than the exemplar model,
CX-COM may be more prone to overfitting than the CAM or the
exemplar model. CX-COM is a mixture model which functionally
traverses between pure exemplar and pure cue-abstraction predictions.
Thus, similar to the mixture model RulEx-J Bröder et al. (2017), its
functional complexity likely exceeds the functional complexity of
pure exemplar and cue-abstraction models. To better understand
whether the functional complexity is warranted given the data we
conducted a cross validation.

For each participant, we split the set of observations for each test
item into half and randomly assigned one half to the training set and
the other half to the validation set. In Experiment 1, this resulted in
splitting the observations into one set with seven observations and one
set with eight observations. In Experiment 2, this resulted in two sets
with five observations each. We then estimated the model parameters
for each model and participant using participants’ responses to items
in the training set and predicted the responses from the validation set
(and vice versa). Reported results are the mean of these two predic-
tions (see Appendix F).

Appendix C

Similarities

In Experiment 1 participants rated how similar every training item
was to every test item. Appendix G shows the aggregated results. The
aggregated similarity ratings corresponded to the aggregated similar-
ities predicted by the CX-COM model for all participants (r � .89,

p � .01). An analysis on the individual level confirms the results on
the aggregate level (mean r � .70, p � .01) with every individual
correlation being significant (individual p values were corrected for
multiple comparisons using the Bonferroni correction method).

(Appendices continue)
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Appendix D

Beanplot for All Items Tested in Experiment 2

Figure D1 shows a beanplot for all items in Experiment 2.

Appendix E

Post-Hoc Power Analysis of Multimodality Within Participant and Item in Experiment 2

Within participants we only have 10 observations per item in
Experiment 2 and lacked the power to detect multimodality. Out of
the 620 statistical tests on the participant/item level, approximately
20% were significant (p � .05, not corrected). To better understand
how many observations would have been needed to have enough
power, we performed a post-hoc power analysis. Thereby we utilized
the fact that CX-COM predicts a multimodal response distribution.
We drew 10, 20, 50, 100, and 1,000 samples (with 100 repetitions
each) from the response distributions predicted by CX-COM for each

participant/item combination. In the case of 10 samples, multimodal-
ity was only detected in 17% of all tests, followed by 21%, 53%, 82%,
and 100% in the case of 1,000 samples.

To test how often false positive results occur, we checked how
likely a normal distribution is falsely identified as being multimodal
by the dip test: Drawing 10 samples (same number as observations per
participant and item as in the experiment) with 1,000 repetitions from
normal distributions with variances of 1, 2, and 5 there were less than
0.2% false positive results in all three cases.

(Appendices continue)

Figure D1. Participants’ response distributions (as shown in Figure 7) for all items tested in Experiment 2. Dark gray
distributions correspond to items with three most similar training items, black distributions to test items with two most
similar training items, white distributions to item with one most similar training item, and light gray distributions correspond
to training items repeated during the test phase. Thick dotted lines correspond to the criterion values of the training items;
thin lines show the median of the distribution. The standard deviation of the kernel estimation was set to 1.06 (Scott, 1992).
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Appendix F

Model Fit Parameters

Parameter CAM Exemplar CX-COM RulEx-J Baseline

Experiment 1

w1 � b1 (Dimension weight) �.89 3.12 .12 35.95 —
w2 � b2 (Dimension weight) 3.79 1.94 .67 �3.99 —
w3 � b3 (Dimension weight) 2.89 6.35 .79 �30.97 —
k (Intercept) 1.79 — — 1468.69 —
c (Sensitivity) — 11.42 1.58 1 —
� (Cue-based adjustment) — — �101.39� — —
� (Model selection probability) — — — .5 —
�2 (Error variance) 5.45 6.51 2.93 5.33 8.51
Mean in baseline model — — — — 14.58
Mean deviance 1,294 1,375 1,268 1,285 1,490
Mean BIC 1,321 1,397 1,294 1,317 1,501
Number of parameters 5 4 5 6 2
Number of best fitted participants 7 0 18 4 0
Mean deviance (CV fit) 645 687 679 643 —
Mean deviance (CV prediction) 654 691 647 650 —
Number of best predicted participants (CV) 2 0 14 13 —

Experiment 2

w1 � b1 (Dimension weight) 6.71 .98 .99 4.16 —
w2 � b2 (Dimension weight) 2.43 .45 .27 1.5 —
w3 � b3 (Dimension weight) 2.56 .92 .43 1.89 —
w4 � b4 (Dimension weight) 1.58 .42 .42 .96 —
k (Intercept) �8.7 — — 66.97 —
c (Sensitivity) — 2.76 2.11 8.5 —
� (Cue-based adjustment) — — 33.64� — —
� (Model selection probability) — — — .6 —
�2 (Error variance) 3.80 4.2 2.02 3.78 8.06
Mean in baseline model — — — — 17.26
Mean deviance 1,077 1,119 1,033 1,075 1,400
Mean BIC 1,109 1,146 1,065 1,112 1,411
Number of parameters 6 5 6 7 2
Number of best fitted participants 9 2 19 1 0
Mean deviance (CV fit) 535 558 518 536 —
Mean deviance (CV prediction) 549 565 527 546 —
Number of best predicted participants (CV) 1 0 17 11 —

Note. CAM � cue-abstraction model; CX-COM � competitive memory retrieval. Mean parameter values, Bayesian
information criterion (BIC), and model descriptions. BIC and number of participants of the best fitting model are marked
in bold. The mean deviance of the cross validation (CV) are averaged across the two cross-validation sets (see Appendix
B) for fits (CV fits) and predictions (CV predictions), number of best-predicted participants according to cross validation
(CV).
� The high value for � in both experiments stems from a small number of participants with � values above 100. These
participants were poorly fit by CX-COM and were not included in participants best fit by the model. The median for � is
2.86 in Experiment 1 and 3.17 in Experiment 2. The mean over participants best fit by the CX-COM model is 1.05 in
Experiment 1 and 6.92 in Experiment 2.

(Appendices continue)
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Appendix G

Similarity Ratings in Experiment 1

Judgment
test items

Training item

4 6 8 12 18 24

3.1.2 2.1.2 3.2.2 1.1.3 2.2.3 1.2.3

3.1.1 7.00 (2.68) 4.52 (2.71) 6.14 (2.20) 2.71 (2.70) 2.19 (1.78) 1.43 (1.25)
4.1.2 8.19 (1.47) 4.67 (2.82) 5.67 (2.76) 2.05 (1.75) 2.14 (1.53) 1.33 (1.56)
2.1.1 4.76 (2.64) 6.90 (2.36) 4.76 (2.36) 2.33 (1.85) 2.05 (1.83) 1.24 (1.45)
3.2.1 5.67 (2.87) 3.38 (2.71) 7.67 (1.93) 1.62 (1.69) 2.67 (1.80) 2.48 (2.20)
4.2.2 6.38 (2.75) 3.76 (2.41) 7.95 (1.53) 1.62 (1.40) 2.90 (2.10) 1.90 (1.79)
1.1.4 2.29 (1.68) 2.29 (1.85) 1.67 (1.49) 7.86 (1.82) 5.29 (1.95) 5.29 (2.24)
2.2.4 1.90 (1.84) 2.62 (2.25) 2.67 (2.13) 5.33 (2.33) 8.14 (1.31) 6.05 (2.48)
2.3.3 2.10 (2.07) 2.90 (2.23) 4.14 (2.50) 3.71 (2.59) 7.57 (1.29) 5.14 (2.92)
1.2.4 1.71 (2.03) 1.76 (1.61) 2.43 (1.43) 6.29 (1.65) 6.67 (1.71) 8.24 (1.51)
1.3.3 1.76 (1.45) 1.86 (1.62) 2.67 (1.91) 4.52 (1.86) 5.86 (2.26) 7.24 (2.23)
2.3.2 2.81 (2.14) 5.05 (2.65) 4.33 (2.54) 2.10 (2.26) 5.00 (2.26) 2.76 (2.41)
2.1.3 5.38 (2.69) 6.62 (2.87) 4.00 (2.59) 6.71 (2.45) 6.95 (2.01) 4.62 (2.50)
1.3.2 3.62 (2.25) 2.67 (1.77) 3.57 (2.25) 3.00 (1.70) 3.95 (2.16) 5.43 (2.56)
2.3.2 1.76 (1.41) 2.76 (1.79) 3.67 (2.13) 1.43 (1.91) 3.76 (2.07) 2.76 (2.30)

Note. Participants’ mean similarity ratings (and standard deviations) in Experiment 1. Highest perceived similarity is
marked in bold.
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Abstract 

When people revise their beliefs on the basis of new information, they sometimes take 

nondiagnostic information into account. Although this “dilution effect” has been found in 

diverse areas, few studies have modeled the underlying cognitive processes. To explain the 

cognitive processes we suggest a similarity-updating model, which incorporates a similarity 

judgment inspired by similarity models of categorization research and a weighting-and-

adding process with an adjustment mechanism suggested in judgment studies. We illustrate 

the predictive accuracy of the model for probability judgments and belief revision with four 

experimental studies. Participants received samples from two options and had to judge to 

which option the samples belonged. The similarity-updating model predicts that this 

probability judgment is a function of the similarity of the sample to the options. When 

presented with a new sample, the previous probability judgment is updated with a second 

probability judgment by taking a weighted average of the two and adjusting the result 

according to a confirmation-based adjustment mechanism. The model describes people’s 

probability judgments well and outcompetes a Bayesian cognitive model and an alternative 

probability-theory-plus-noise model. The similarity-updating model accounts for several 

empirical results, such as the dilution effect, according to which nondiagnostic information 

“dilutes” the probability judgment, order effects, and the finding that probability judgments 

are invariant to sample size. In sum, the similarity-updating model provides a plausible 

account of human probability judgment and belief revision.  

 

Keywords: probability judgment, belief updating, similarity, dilution effect, cognitive 

modeling 
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The Similarity-Updating Model of Probability Judgment and Belief Revision 

Judging probabilities correctly and making good decisions under uncertainty are 

crucial skills and can affect any area of our lives, be it, for example, finance, education, or 

health care. What is the probability that my newly acquired stocks will rise within the next 

month? What is the probability that my child will get into an Ivy League university? And 

what is the probability that my mother will recover from her hip injury within the next year? 

People seldom make such probability judgments based on only one piece of data. Rather, 

multiple pieces of information are usually acquired sequentially, possibly with a lag of a few 

minutes, hours, days, or weeks. Therefore, initially formed probability judgments have to be 

dynamically revised in light of new information. To investigate the cognitive processes 

underlying such judgments we used the classic “book bags and poker chips” task (Edwards, 

1968), with two card decks consisting of three different colors and several sequentially drawn 

card samples. In this article we introduce the similarity-updating model, with which we 

describe the cognitive process of how people make and revise probability judgments. This 

model can explain when and why people’s judgments deviate from probability theory. 

Probability Judgments and Belief Revision  

Probability judgments go beyond simple binary predictions as to whether a certain 

event will happen. Making a probability judgment means assigning a degree of belief in the 

occurrence of the event in question. How should people ideally deal with uncertainty and 

how should probability judgments be formed? Mathematics prescribes probability theory to 

compute probabilities. Specifically, Bayesian theory prescribes how to compute probabilities 

and likelihoods and how to update them in light of new information. Research has shown that 

people’s probability judgments often do not follow the rules of probability theory in various 

situations. Well-described phenomena in the probability judgment literature, such as 

conservatism (Dougherty et al., 1999; Edwards, 1968), base-rate neglect (e.g., Bar-Hillel, 
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1980), sub- and superadditivity (Dougherty & Hunter, 2003; Macchi et al., 1999; Tversky & 

Koehler, 1994), and the conjunction fallacy (e.g., Tversky & Kahneman, 1983), exemplify 

that people’s judgments are often inconsistent with probability theory. The dilution effect 

(e.g., Nisbett et al., 1981) describes how people’s probability judgments are influenced by 

nondiagnostic information. In consecutive probability judgments, although a second piece of 

evidence supports different hypotheses equally, people still decrease their initial probability 

judgments. This dilution effect is central to the present work. We propose a new model that 

combines a set of previously discussed theories to explain this behavior. But first, we focus 

on belief revision (i.e., on how people revise or update their probability judgments in light of 

new information) and discuss the dilution effect as well as other important findings that 

characterize probability judgments. 

Characteristics of Probability Judgments 

People show certain qualitative effects in their probability judgments that often cannot 

be explained by normative models of probability assessment such as Bayesian probability 

theory. Next, we discuss important qualitative effects of probability judgments in more detail: 

the dilution effect, the confirmation effect, order effects, converging evidence, insensitivity to 

sample size, and regression to the mean. 

The Dilution Effect 

How people update their beliefs has been investigated in various ways. In dilution 

tasks, participants typically have to judge the probability of event X based on a diagnostic 

information unit E1:
 p(X│E1). Next, they receive a nondiagnostic piece of information, E2, 

and judge p(X│E1, E2). Bayes’s theory postulates that because E2 is nondiagnostic, p(X│E1, 

E2) should equal p(X│E1). The dilution effect is thus said to be observed if p(X│E1) is greater 

than p(X│E1, E2).  
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In Shanteau’s (1975) classic numerical dilution study, participants observed samples 

of red and white beads being drawn with replacement from either a box consisting of 70 

white and 30 red beads or a box with 30 white and 70 red beads. After the presentation of 

each sample, participants had to estimate the probability that the sample came from the 70/30 

box by sliding a pointer along an unmarked ruler. Participants’ mean probability judgments 

decreased after the presentation of a nondiagnostic sample. In contrast, when a nondiagnostic 

sample followed an already nondiagnostic sample, the average probability judgment 

remained the same. These findings held whether or not the ruler was put to the center of the 

scale after every judgment and whether or not participants responded on a log odds scale. In 

our studies reported below, we used a similar task. 

LaBella and Koehler (2004) demonstrated that when people base their judgments of 

the probabilities of sampling marbles out of urns on a mix of diagnostic and nondiagnostic 

samples in aggregated samples, the resulting probability judgments are less extreme than if 

they based their probability judgments on diagnostic samples alone. Thus, nondiagnostic 

samples dilute people’s probability judgments. 

The influence of nondiagnostic information on judgments has been found in several 

everyday-life scenarios: For instance, in legal decision making, confidence in a verdict 

increased after an independent verdict was received (McKenzie et al., 2002). In social 

reasoning, students’ estimates about other students changed after they received nondiagnostic 

information (Peters & Rothbart, 2000). In auditor judgments, inexperienced auditors were 

affected by nondiagnostic information (Shelton, 1999) and auditors in general underweighted 

diagnostic information (Waller & Zimbelman, 2003). 

 In sum, the dilution effect has been observed in various areas (Macrae et al., 1992; 

McKenzie et al. 2002; Meyvis & Janiszewski, 2002; Peters, Dieckmann et al., 2007; 

Shanteau, 1975). In the present work we suggest a psychologically plausible model of why 
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the dilution effect occurs and thereby make a novel contribution to the various research areas 

in which it is studied.  

Factors Mitigating the Dilution Effect 

Dilution effects do not always occur. For instance, although auditor judgments by 

relatively less experienced auditors are diluted by nondiagnostic information, judgments of 

experienced auditors are not (Shelton, 1999). In legal decision making, people are relatively 

immune to the dilution effect when they have a lot of diagnostic information (Smith et al., 

1999). In perceptual decision making, the dilution effect occurs less frequently and/or less 

strongly if naturalistic stimuli that promote automatic processing are used (Hotaling et al., 

2015). In social reasoning, whether the dilution effect occurs depends on the typicality of the 

nondiagnostic information. Testing boundary conditions for the dilution effect in verbal tasks, 

Peters and Rothbart (2000) showed that the typicality of nondiagnostic information 

determines whether subsequent judgments are affected. When participants predicted the 

number of books a fraternity member would read outside of class assignments, whether 

nondiagnostic information diluted their initial judgment depended on whether this 

information increased (does not like parties), decreased (is extroverted), or did not change 

(juggles) the typicality of the target person as a fraternity member. The dilution effect 

occurred only after the presentation of information that was atypical (does not like parties) 

for the target category (fraternity member). 

 Sanborn et al. (2020) presented evidence thought to indicate that the dilution effect 

cannot be ascribed to an inaccurate combination of diagnostic and nondiagnostic information 

but rather to an overestimation of the diagnostic information alone. Specifically, in their task, 

diagnostic evidence included only one source of information (e.g., the type of ice cream) 

while additional, nondiagnostic evidence was a combination of two sources, the diagnostic 

bit of information plus a nondiagnostic bit of information (the type of ice cream plus the type 
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of cone). They explained their results with a theory based on missing features, assuming that 

participants filled in information based on the most likely hypothesis (in their example the 

shop the ice cream was bought from). Their theory cannot be used to explain the dilution 

effect in our setting because there are no missing features in the type of task we used (book 

bags and poker chips).   

Psychological Models That Explain the Dilution Effect 

Because they did not spell out the cognitive processes that cause people to adjust their 

probability judgments on the basis of nondiagnostic information, the previously discussed 

empirical studies provide few theoretical explanations for the dilution effect. Although it has 

been discussed that averaging processes might produce the dilution effect (Shanteau, 1975; 

Troutman & Shanteau, 1977; but see LaBella & Koehler, 2004), these models have not been 

tested within a cognitive modeling framework. Alternative theoretical explanations such as 

expectancy and representativeness have been discussed (Tetlock & Boettger, 1989; Troutman 

& Shanteau, 1977). Expectancy describes the idea that upon sampling a first sample, people 

form hypotheses about how subsequent samples are likely to look. If these expectations are 

not met by the nondiagnostic sample, people become less certain about which of the two 

options is the one producing the samples. This account predicts that a first sample that is 

nondiagnostic does not have any influence on subsequent samples because it does not elicit a 

directed hypothesis. Nondiagnostic first samples have been found to influence subsequent 

judgments, however, which speaks against this account (Troutman & Shanteau, 1977). 

According to the representativeness account, people predict outcomes that are representative 

of an option. Therefore, similarity between an option and an outcome depends on the number 

of common features (Tetlock & Boettger, 1989). The representativeness account has been 

tested in a cognitive modeling framework (representativeness as prototype similarity and 
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representativeness as relative likelihood; Nilsson et al., 2005) and we further test this account 

in the present article. 

Verbal similarity theories (e.g., Nisbett et al., 1981; but see Peters & Rothbart, 2000) 

have provided yet another theoretical explanation for the dilution effect. According to Nisbett 

et al. (1981), a nondiagnostic piece of evidence decreases the perceived similarity between a 

hypothesis and previously presented evidence, which dilutes belief in the hypothesis, instead 

of an averaging process diluting belief. We implemented these ideas in a computational 

model, the similarity-updating model, which can explain the dilution effect and delivers clear 

testable predictions on a trial-by-trial level. 

The Confirmation Effect 

 People often have to adjust their probability judgments when sequentially 

encountering pieces of information (belief updating is discussed in more detail below). Often 

people seek out information to confirm an earlier hypothesis instead of information that 

might reject it (Jones & Sugden 2001; Wason, 1968). Similarly, people tend to interpret 

information in a way that confirms their hypotheses (Lord et al., 1979; Plous, 1991). For 

example, the predecisional distortion of information effect (Russo et al., 1998) describes how 

people tend to interpret new, nondiagnostic information as being in favor of their original 

hypothesis if they are asked repeatedly for their preferences (stepwise evolution of preference 

paradigm; for an overview see Russo, 2015).  

The confirmation effect, especially in the form of predecisional distortion of 

information, can be seen as the opposite of the dilution effect. LaBella and Koehler (2004) 

investigated in detail in what situations people show a dilution effect or a confirmation effect. 

They observed the dilution effect when they compared probability judgments that were based 

on a mix of diagnostic and nondiagnostic information in an aggregated sample rather than on 

diagnostic information alone. But when they had participants revise their initial probability 
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judgments that were based on diagnostic information after the presentation of additional 

nondiagnostic information, they did not observe the dilution effect. More specifically, people 

showed no dilution effect on average when a diagnostic sample was followed by a neutral 

sample and they showed the reverse effect, namely, an increased probability judgment 

(confirmation effect), when a diagnostic sample was followed by a mixed nondiagnostic one. 

According to Bayesian theory, the type of nondiagnostic information should not play a role 

(Charness & Dave, 2017; Dave & Wolfe, 2003; but see Tentori et al., 2013).  

As widespread as the confirmation bias is, possible explanations abound. Cognitive 

explanations, for example, assume that it is a result of limited cognitive resources leading to 

the application of heuristics or the inability to test alternative hypotheses in parallel 

(Nickerson, 1998). Motivational explanations, in contrast, assume that people prefer positive 

over negative thoughts and thus search for evidence that confirms their current beliefs 

(Dawson et al., 2002; Kunda, 1990). In the context of probability judgments, LaBella and 

Koehler (2004) concluded that averaging models alone cannot explain their findings. They 

proposed a modification that allows for subjective evaluation of the implication of evidence 

given previously encountered information. In a Bayesian context, inductive confirmation is 

used to explain certain aspects of the conjunction fallacy that are easily explained by 

averaging accounts but not by Bayesian models (Crupi et al., 2008; Tentori & Crupi, 2012). 

Inductive confirmation assumes a piece of evidence can change the credibility of a hypothesis 

and this change can be positive or negative (Tentori et al., 2013). 

Order Effects 

When judging a case, a jury may, for example, hear the prosecution’s presentation 

before the defense. In such sequential-updating situations, Bayesian theory stipulates that the 

presentation order of the material should not influence the final judgments. In other words, 

whether the prosecution or the defense presents first ought not matter. In contrast, past work 
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has shown that people’s judgments are sensitive to the presentation order of sequential 

evidence (see Hogarth & Einhorn, 1992, for an early overview and Trueblood & Busemeyer, 

2011, for a more current review). This holds irrespective of the nature of the evidence, which 

could be marbles sampled out of an urn (Shanteau, 1970), risky monetary gambles (Hertwig 

et al., 2004), legal evidence in a jury trial (Furnham, 1986; Walker, Thibaut, & Andreoli, 

1972), or clinical evidence in a medical case (Bergus et al., 1998). As an example, Bergus et 

al. (1998) investigated order effects in a medical scenario in which physicians had to judge 

the probability that a patient was suffering from a urinary tract infection (UTI). After an 

initial piece of information, this probability was judged to be approximately .60. Two more 

pieces of information followed: one that indicated a UTI and one that was inconclusive. If 

physicians received the indicative information last, their probability judgments for UTI were 

higher than if they received the inconclusive evidence last. Neither such recency effects, 

where people place more weight on the most recent piece of information, nor primacy effects 

(Hogarth & Einhorn, 1992), where people place more weight on the piece of information that 

they encountered first, are in line with Bayesian principles.  

 One possible explanation for order effects might be that people simply forget previous 

information or remember it incorrectly. Further, it has been found that rather than being 

memory based, closely spaced sequential judgments are made online with decision makers 

sequentially updating their judgments (Hastie & Park, 1986).  

Theoretical explanations of order effects have thus focused on the sequential updating 

behavior that people seem to employ and that leads to these effects. Hogarth and Einhorn 

(1992) argued that order effects result from people updating their behavior according to a 

belief-adjustment model where new information is integrated with old information in a 

weighted-additive fashion. McKenzie et al. (2002) extended this model to account for 

increases and decreases of confidence in two sides of a dispute. This was done by adding a 
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piece of information’s minimum acceptable strength as a reference point against which to 

measure the impact of the new piece of evidence. 

Most recently, order effects have been explained by using a quantum theoretical 

approach (Busemeyer et al., 2011; White et al., 2013; Trueblood & Busemeyer, 2010). This 

model has been compared to Hogarth and Einhorn’s (1992) adding-and-averaging belief-

adjustment model and has explained people’s behavior in a medical diagnostic and a jury 

decision-making task better than competitors. Trueblood & Busemeyer (2010) also criticized 

the adding-updating model, which is the better of the two models from 1992, for not being 

able to take relative strength of different pieces of evidence into account. Therefore, in our 

similarity-updating model we employ a weighted-additive updating process, which can be 

sensitive to the relative strengths of different pieces of evidence. 

Other Psychological Findings Relevant for Probability Judgments  

Converging Evidence 

According to Bayes’s theorem, probability estimates increase if evidence converges 

toward a hypothesis.1 For example, if a physician is sequentially presented with converging 

evidence suggesting that a patient has pneumonia, their probability estimate that the patient 

has pneumonia should continually increase. However, according to psychological models that 

have been proposed, such as the belief-adjustment model (Hogarth & Einhorn, 1992), 

probability judgments can decrease in light of converging evidence. If the first piece of 

evidence points toward pneumonia with a probability of .8, for example, and the second does 

so with a probability of .6 (still pointing toward pneumonia), the resulting probability could 

be .80 × w + .60 × (1 - w) = .74 if the weight w = .70. This is lower than the initial probability 

of .80 and diverges from Bayesian principles. Because people’s reactions to converging 

evidence allow for a quantitative distinction between updating models such as the belief-
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adjustment model and Bayes’s theorem, we also asked people to give probability judgments 

based on sequentially presented converging evidence. 

Insensitivity to Sample Size 

In probability theory and statistics the law of large numbers postulates that if an 

experiment is repeated a large number of times the average of the results will be close to the 

expected value. However, it has been shown that people are often insensitive to sample size 

and follow the so-called law of small numbers (Kahneman 2011; Tversky & Kahneman, 

1971).  

Cognitive models for probability judgments based on probability theory predict that 

with increasing sample size the variance in probability judgments should increase and the 

probability judgments should become more extreme (in favor of the correct hypothesis). In 

contrast to the similarity model, probability theory predicts that sample size should affect 

people’s probability judgments. In Study 4 we manipulated sample size to rigorously test the 

models' predictions regarding sample sizes.  

Regression to the Mean 

A statistical principle related to the law of large numbers is regression to the mean 

(Galton, 1886). This phenomenon describes the situation when the first measurement of a 

random variable is extreme but subsequent measurements then fall closer to its expected 

value. Regression to the mean is present whenever there is an imperfect correlation between 

two measurements and can lead to the so-called narrative fallacy, where a logical link 

between two unrelated events is sought (Kahneman, 2011). In the context of the dilution 

effect this becomes important because a smaller second judgment could be closer to the mean 

than a first, potentially extreme judgment and could be explained by a regression to the mean 

effect. However, the dilution effect predicts that this decrease occurs only if a second 

probability judgment is nondiagnostic and not if it is diagnostic.  
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The Probability-Theory-Plus-Noise Model 

The Bayesian model provides a normative solution for probability judgments, but it 

might not present a plausible cognitive model (Tversky & Kahneman, 1974; but see Chater et 

al., 2006; Griffiths et al., 2010; Sanborn, & Chater, 2016; Tenenbaum et al., 2006). One 

promising alternative model for probability judgments is the probability-theory-plus-noise 

(PT+N) model (Costello & Watts, 2014, 2016) that can explain a range of probability-

judgment phenomena such as conservatism, subadditivity, the conjunction fallacy, and the 

disjunction fallacy. The PT+N model assumes that single probability judgments are the result 

of a sampling process that draws instances from memory. The probability of sampling an 

instance of a certain type 𝐴 is the actual probability that an event of type 𝐴 occurs, 𝑝(𝐴). 

However, there is a chance 𝑑 < .5 that a sampled instance is read incorrectly, meaning that 

with probability 𝑑 an event 𝐴 is incorrectly read as ¬𝐴.  

Although the PT+N model can explain various effects, it cannot explain the dilution 

effect or the confirmation effect because failures to read an event 𝐴 correctly are on average 

distributed symmetrically around the correct probability of this event occurring. Furthermore, 

the PT+N model assumes errors in memory processes, so it is unclear how it is applied to 

cases where memory is of less relevance. We used a modified PT+N model assuming that 

people also make perceptional errors so that presented information could be misperceived by 

the decision maker. Appendix A provides the details of the modified PT+N model. 

Similarity as a Psychological Concept 

Similarity is an important concept in psychological research and has been approached 

in various ways in a plethora of studies (e.g., Evers & Lakens, 2014; Goldstone & Son, 2005; 

Medin et al., 1993; von Helversen et al., 2014). Similarity helps people make sense of the 

world and understand relations in the world because things that are similar tend to behave 
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similarly (such as frogs and toads). Generally, similarities can be identified conceptually 

according to rules or more automatically on the basis of perceived relations between objects. 

The four major approaches to similarity have long been geometric, feature-based, 

alignment-based, and transformational models (Goldstone & Son, 2005). In geometric 

models, similarities between items are represented in terms of a set of points organized in an 

n-dimensional metric space whereby the size of n is determined by the number of 

characteristics of the items in the space. According to feature-based models (e.g., Tversky, 

1977), similarity is assessed by a feature-matching process in which common and distinctive 

feature items are weighted and added, whereas in alignment-based models items are 

compared not only by matching their features but also by determining how their features 

align with one another. Finally, transformational models assess similarities based on 

transformational distances, that is, the number of transformations needed to transform one 

item into the other. Recently, it has been speculated that instead of classic probability theory, 

quantum probability theory might explain similarity processes in cognition (Pothos & 

Busemeyer, 2013; Pothos et al., 2013; Pothos et al., 2015; Pothos & Trueblood, 2015; 

Trueblood et al., 2014). According to quantum probability models, probabilities are 

computed geometrically via the projection of state vectors onto different (cognitive) 

subspaces and by computing the squared length of such projections (Trueblood & 

Busemeyer, 2011). 

Mechanisms for Belief Updating 

When people have formed a judgment or belief and receive more evidence, how 

should they adapt their beliefs in light of new incoming information? According to Bayesian 

theory, belief updating starts with a prior belief, which is then updated on the basis of 

subsequent observations. For each observation the likelihood of observing this piece of 

evidence is computed. The final integration of this likelihood and the prior belief results in 
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the updated (posterior) belief. For probability updating, Bayesian theory prescribes updating 

a current belief with new information by integrating the new information and the prior 

judgment. With each new piece of evidence, this process repeats itself (for details see 

Appendix B). 

According to Bayes’s theorem, nondiagnostic information does not change a previous 

belief. If the second piece of evidence, for example, is just as likely under Hypothesis A as 

under Hypothesis B—that is, if the likelihood ratio of the second piece of evidence is 1—then 

the last term in the equation can be canceled out. According to the Bayesian model, 

nondiagnostic information does not change the previously computed probability. The 

Bayesian model also cannot account for order effects and predicts that converging evidence 

always leads to increasing probability judgments. Thus, the Bayesian model can predict 

neither the dilution effect nor the order effect. Further, previous tests of Bayesian models of 

human cognition have been criticized for evaluating the models only according to their ability 

to predict data instead of directly comparing them to other cognitive models (Bowers & 

Davis, 2012). Therefore, in the current work we provide such a comparative test. 

An alternative approach for belief updating is based on quantum probability theory 

(Busemeyer et al., 2011; Trueblood & Busemeyer, 2011). According to the quantum 

probability models, belief updating is the result of a change in perspective modeled in a 

vector space. Each dimension in the vector space represents the joint probability of a 

hypothesis and a piece of evidence. A belief that a hypothesis is true is then a point in the 

vector space represented differently depending on one’s perspective. A change in perspective 

is mathematically modeled with a unitary transformation that is not commutative and thus, 

leads to order effects.  

 Weighting-and-adding processes have been repeatedly demonstrated to describe 

people’s controlled judgments well (Anderson, 1981, 1996; Juslin et al., 2008; Lopes, 1985, 
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1987; Roussel et al., 2002; Shanteau, 1970, 1972, 1975) and have recently been shown to 

describe conjunctive probability judgments well (Jenny et al., 2014; Nilsson et al., 2009, 

2013). Even the integration of sensory input from different modalities is assumed to happen 

through a weighting-and-adding process (Ernst & Bülthoff, 2004). Hogarth and Einhorn 

(1992) have described belief updating with weighting-and-adding processes, which have also 

been discussed in the context of the dilution effect (LaBella & Koehler, 2004). Weighted-

additive integration of new and previous information can also be formalized by 

reinforcement-learning principles. In reinforcement learning, it is assumed that people form 

expectancies or beliefs based on the information they have experienced in their environment. 

On the basis of these expectancies people predict new outcomes. Depending on the size of 

their prediction error, people then adjust their beliefs according to the new outcomes (Sutton 

& Barto, 1998). It has also been argued that human reward-directed learning follows 

reinforcement-learning principles at a neural level (Tobler et al., 2005). Reinforcement-

learning and weighting-and-adding principles of belief updating do not (necessarily) conform 

to the information-integration principles prescribed by probability theory. 

The Similarity-Updating Model 

According to the proposed similarity-updating model,2 people form probability 

judgments on the basis of similarity and updating processes, specifically, that the probability 

that a hypothesis is considered true is an increasing function of the similarity between the 

evidence and the hypothesis. When people are presented with new evidence, they update the 

previous probability judgment with a new probability judgment with an anchoring-and-

adjustment process (Hogarth & Einhorn, 1992) that takes a weighted average of the two 

probabilities (informed by the configural weighted average model; see Juslin et al., 2008; 

Nilsson et al., 2013) and potentially adjusts the results based on a similarities bias (Hahn et 

al., 2010; von Helversen et al., 2014). According to this theory, the dilution effect occurs 
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because the updating process is governed by a weighting-and-adding process in which the 

two pieces of evidence are integrated by weighting and adding. Whenever the weight on the 

nondiagnostic second piece of information exceeds zero, the probability judgment will be 

diluted. In dilution tasks, people typically provide judgments after the presentation of each 

piece of information. In such tasks we could expect people to put more weight on the more 

recent (nondiagnostic) piece of information because it has been shown that step-by-step 

processing can produce recency effects (Hogarth & Einhorn, 1992) 

Similarity Process 

In a nutshell, the assumption is that people first form two similarity judgments, which 

are based on the distance between a piece of evidence and Hypothesis A and the distance 

between the same evidence and Hypothesis B and then compare these similarities to compute 

a probability judgment that Hypothesis A is true. According to our model, first a distance 

(e.g., Nosofsky & Johansen, 2000) is computed: 

𝑑𝑖𝑗 = [∑ 𝑤𝑚 × |𝑥𝑖𝑚 − 𝑥𝑗𝑚|
𝑟

𝑚 ]
1

𝑟⁄
, (1) 

where xim is the value of the ith piece of evidence on a psychological dimension m, xjm is the 

value of hypothesis j on the psychological dimension, w is the weight put on a certain 

dimension, and r defines the metric (r = 1 for the city block metric, r = 2 for the Euclidean 

metric). Our stimuli consisted of distributions of counts of qualitatively distinct objects (red, 

blue, and green cards in a card game). We did not find a reason to assume that these 

dimensions are weighted unequally. Therefore, as we have three different color dimensions w 

was fixed to 1/3 in our model, meaning that the dimensions were weighted equally. Similarity 

judgments based on such separable features are usually better described by a city block 

metric as opposed to a Euclidean metric (Shepard, 1987), which is why r was fixed to 1.  

This distance is transformed into a similarity between the evidence and the hypothesis 

by a nonlinearly decreasing function: 
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𝑠𝑖𝑗 = exp (−𝑐 × 𝑑𝑖𝑗
𝑙 ), (2) 

where c is a sensitivity parameter that determines the rate at which similarity declines with 

distance and p determines the form of the similarity gradient (l = 1 for the exponential 

similarity gradient, l = 2 for the Gaussian similarity gradient).3 According to Shepard (1987), 

an exponential similarity gradient is preferred in the case of discriminable stimuli, which is 

why we fixed l to 1. Because no similar rationale is provided for fixing c, we estimated c on 

the basis of the data, allowing it to be ≥ 0.001. If c is high, then objectively small distances 

between evidence and hypotheses are judged as large, resulting in low similarity judgments. 

The similarity-updating model uses the general concept of similarity to model judgments; 

which of the two distance matrices (city block metric or Euclidean metric) and which form of 

the similarity gradient (exponential or Gaussian) is more appropriate depend on the types of 

stimuli used. 

The similarities between the evidence and Hypothesis A (s1) and the evidence and 

Hypothesis B (s2) are then transformed into probabilities (Luce, 1959):  

𝑝(A|𝐸1) =
1

1+eθ(𝑠2−𝑠1), (3) 

where E1 is the first piece of evidence, s1 and s2 are the similarities between this evidence and 

Hypothesis A and Hypothesis B, respectively, and θ is a free parameter that determines how 

strongly Hypothesis A is favored over Hypothesis B if the evidence speaks for Hypothesis A. 

We allowed θ to range between 0 and 1,000. The larger this parameter’s value, the more 

clearly Hypothesis A is favored—in other words, the more different the two similarities are 

judged to be. The smaller θ is, the more conservative (closer to .50) estimates of probabilities 

become.  

Our model assumes that these initial probabilities are stored in a nonlazy way, 

meaning that they are abstracted from the samples and stored as probabilities (Lindskog et 
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al., 2013). At the time of presentation of the second sample, participants have access to a 

memory trace of the first probability. 

Updating Process 

In light of new information, two new similarity judgments are formed according to 

Equations 1 and 2 and transformed into probability judgments according to Equation 3. In the 

spirit of the belief-adjustment model proposed by Hogarth and Einhorn (1992), the two 

individual probability judgments are integrated by a cognitive model based on the principle 

of anchoring and adjustment (Chapman & Johnson, 2002; Epley & Gilovich, 2001, 2006; 

Tversky & Kahneman, 1974). Anchoring and adjustment has been used to explain human 

perspective taking (Epley et al., 2004), economic decisions (Joyce & Biddle, 1981; Wansink 

et al., 1998), and recently judgments from multiple cues (Albrecht et al., 2019), and risky 

choices (Millroth et al., 2019).  

The anchor is modeled after the original weighting-and-adding process proposed by 

Hogarth and Einhorn (1992): 

𝑝avg(A|𝐸1, 𝐸2) = (1 − τ) × 𝑝(A|𝐸1) + τ × 𝑝(A|𝐸2), (4) 

where 𝜏 is a recency parameter with values between 0 and 1 that measures how much weight 

is put on the more recent piece of evidence, p(A|E2).
4 The τ parameter is comparable to the 

weight parameter in the value-updating model for risky choice (Hertwig et al., 2005).  

The adjustment is based on the concepts of inductive confirmation (Carnap, 1962; 

Tentori et al., 2013) and follows the ideas sketched by LaBella and Koehler (2004). In a 

nutshell, if people believe Hypothesis A is likely to be true given evidence 𝐸1 (𝑝(A|E1) > 0.5 

according to Equation 3), they have a tendency to interpret a new piece of evidence 𝐸2 

relative to what they have learned about Hypothesis A through 𝐸1. We assume that this 

confirmation mechanism is a result of the similarity-based processing underlying probability 

estimates (cf. Hahn et al. 2010; von Helversen et al., 2014). More precisely, if the new piece 
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of evidence is more similar to the favored hypothesis than the previous piece of evidence, 

that is, (𝑠𝐸2,A − 𝑠𝐸1,A) > 0, then the hypothesis is confirmed, leading to an increase in the 

probability estimate. If, however, it is less similar and does not confirm the previous 

evidence, the probability estimate decreases. Mathematically, this similarity-based 

confirmation is modeled as 

 𝑐(𝐸2, A|𝐸1) = (𝑠𝐸2,A − 𝑠𝐸1,A) ∗ |(𝑝(A|𝐸2) − 𝑝(A|𝐸1))|,    (5)  

The similarity difference between the hypothesis and the two pieces of evidence is weighted 

by the absolute difference of the associated probabilities. This means that the larger the 

difference between the two probability judgments, the larger the impact of the similarity 

difference. The final predicted probability judgment is the averaged probability adjusted by 

the confirmation component:  

𝑝(A|𝐸1, 𝐸2) = {
𝑝avg(A|𝐸1, 𝐸2) + 𝑐(𝐸2, 𝐴|𝐸1) ∗ (1 − 𝑝avg(A|𝐸1, 𝐸2))    𝑐(𝐸2, A|𝐸1) ≥ 0

𝑝avg(A|𝐸1, 𝐸2) + 𝑐(𝐸2, 𝐴|𝐸1) ∗ 𝑝avg(A|𝐸1, 𝐸2)                c(𝐸2, A|𝐸1) < 0
  (6) 

Figures C1 and C2 in Appendix C illustrate the anchoring-and-adjustment process.  

Predictions 

 The similarity-updating model can account for a lot of findings from the probability 

judgment literature. The dilution effect is predicted if the second piece of evidence is 

nondiagnostic and the weight on this piece is larger than zero. Generally, the similarity-

updating model judges evidence as nondiagnostic and produces a probability of .50 when at 

least one of the following three sufficient conditions hold: (a) when according to Equation 1, 

the distances between the evidence and hypotheses are identical; (b) when the sensitivity 

parameter c is large and produces identical similarities of 0 for all distances > 0; or (c) when 

θ in Equation 3 approximates 0, meaning that the difference between the two similarities is 

judged negligible.  
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The similarity-updating model also accounts for confirmation effects under certain 

circumstances. Specifically, if the second piece of evidence is nondiagnostic and has a higher 

perceived similarity to the preferred hypothesis than the first piece of evidence (assuming the 

difference in associated probabilities is not zero) the combined probability estimate can be 

higher than the first probability estimate, if the second piece of evidence is much more 

similar to the preferred hypothesis than the first piece of evidence (see Appendix C). This is 

due to the similarity-based confirmation mechanism and cannot be explained by standard 

averaging mechanisms (LaBella & Koehler, 2004).  

 The similarity-updating model is also sensitive to different types of nondiagnostic 

samples (LaBella & Koehler, 2004). If the nondiagnostic evidence is neutral, in the sense that 

it includes mainly information that is not represented in both hypotheses, the dilution effect is 

predicted to be higher (or more likely to happen) than if the nondiagnostic evidence is mixed, 

meaning that it includes information used to describe the hypotheses, where confirmation 

effects are more likely. The reason is that neutral nondiagnostic samples are on average not 

very similar to the hypotheses as they do not touch on the information presented there. Thus, 

the probability judgment is likely decreased by the similarity-based confirmation mechanism 

(Equation 5).  

The similarity-updating model can also account for order effects such as recency and 

primacy, by the differential weighting of the different pieces of evidence in the model. Let us 

reconsider Bergus et al.’s (1998) medical scenario. Using a numerical example, it is easy to 

see how the similarity-updating model would predict the pattern observed in this scenario. 

Assume that the indicative information resulting from the similarity process indicates a UTI 

with a probability of .80 and the inconclusive information indicates a UTI with a probability 

of .50 and another illness with a probability of .50. If the indicative information is presented 

first, the intermediate probability is .20 × .60 + .80 × .80 = .76 (assuming β = .80) and the 
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final probability is .20 × .76 + .80 × .50 = .55. In contrast, if the indicative information is 

presented last, the intermediate probability is .20 × .60 + .80 × .50 = .52 (assuming β = .80) 

and the final probability is .20 × .52 + .80 × .80 = .74 and thus higher than before. This 

recency effect is predicted by the similarity-updating model. Further, in contrast to the 

Bayesian model and as discussed earlier, the similarity-updating model does not necessarily 

predict that judgments will continually increase in light of converging evidence. 

A Judgment Paradigm 

To test our similarity-updating model, we implemented the classic book-bags-and-

poker-chips paradigm as a computerized card game (Edwards, 1968). We chose this 

paradigm with stochastic events to rule out that nondiagnostic evidence could carry semantic 

information about Hypothesis A or B (Peters & Rothbart, 2000). On each trial, participants 

received two novel card decks (A and B) and samples were drawn with replacement from a 

randomly chosen and undisclosed deck. Each deck totaled 100 cards and contained blue, red, 

and green cards. Above the cards, numbers between 10 and 80 indicated how many cards per 

color each deck contained Participants first received only one sample and were asked to 

judge which deck the sample had been drawn from by clicking one of two buttons on the 

keyboard. After their choice, they were additionally asked to estimate the probability that the 

chosen deck had generated the sample. Participants provided their probability estimate by 

moving a slider on a ruler marked with 50% (left end) and 100% (right end). To prevent 

anchor effects, the slider on the ruler appeared only upon clicking the ruler and disappeared 

again after participants indicated their probability of choice. A button below the ruler 

indicated the percentage the ruler was pointing to. Upon clicking this percentage, participants 

could proceed. Thereupon a second sample was drawn and presented below the first sample. 

Now, participants were asked to identify the deck that the two samples came from and state 

the probability that their deck was the source of the two samples.  
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As an example, assume that Deck A consists of 30% blue, 20% red, and 50% green 

cards and Deck B 20% blue, 30% red, and 50% green cards. Note that in both decks half of 

the cards are green cards. This means that a sample consisting of only green cards comes 

from either deck with the same likelihood and is therefore nondiagnostic. Further, as the 

percentages of red and blue cards are reversed in the two decks, a sample consisting of an 

equal number of red and blue cards would also be nondiagnostic. For instance, the first 

sample consists of two blue, one red, and four green cards and the second sample two blue, 

two red, and three green cards. Note that the second sample is nondiagnostic. All updating 

processes are assumed to remain the same with each additional sample. That is, the process of 

updating a first probability judgment with the information of a second sample is assumed not 

to differ from the process of updating a second probability judgment with the information of 

a third sample. Considering these decks and samples, what probability does the similarity-

updating model assign to Deck A? According to the model, the distance between the first 

sample and Deck A is .33 [|.30–.29|1 + |.20–.14|1 + |.50–.57|1] = .05. This results in a 

similarity of e-1 × .05 = .95 when c = 1. The distance between the second sample and Deck A is 

.33 [|.20–.29|1 + |.30–.14|1 + |.50–.57|1] = .11, resulting in a similarity of e-1 × .11 = .90. Thus, 

the probability judgment of Deck A given the first sample is 1 / (1 + e6 × (.90–.95)) = .57 for a 

value of θ = 6. Following the same principle, the probability judgment for Deck A given the 

second sample is 1/ (1+e6 × (.94–.94)) = .50. Updating the first probability judgment with the 

second one then results in a final probability judgment of .40 × .57 + .60 × .50 = .53 if the 

second piece of evidence were weighted with β = .60 and thus given more weight than the 

first piece of evidence. In contrast to the Bayesian model according to which the first 

estimate is not influenced by the second, nondiagnostic sample, the similarity-updating model 

decreases its initial probability estimate.  
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In Study 1, two samples of seven cards each were presented sequentially and both 

samples were visible on the screen during the whole trial. In Study 2, the first sample was 

removed from the screen when the second sample appeared. In Study 3, three samples were 

sequentially presented. In Study 4 half of the trials included samples with 14 instead of seven 

cards. 

Model Comparison 

To recap, the similarity-updating model makes different predictions from alternative 

models that we consider competitors: the Bayesian model and the PT+N model (Costello & 

Watts, 2014, 2016). We tested this in four different studies. First, the models make diverging 

predictions when it comes to converging evidence. Whereas the Bayesian model and the 

PT+N model predict that probabilities increase in light of sequentially presented converging 

evidence, the similarity-updating model predicts that probability judgments can decrease if 

later converging evidence is less predictive than earlier evidence. Second, the Bayesian 

model and the PT+N model predict on average no effects of presentation order of the 

combined judgments, because noise causes the probability judgments to be centered around 

the predicted mean. In contrast, the differential weighting of sequentially presented pieces of 

evidence leads the similarity-updating model to produce order effects. Third, the models 

predict different reactions to nondiagnostic information. The probability judgment does not 

change as a result of nondiagnostic information according to the Bayesian model and on 

average also does not change according to the PT+N model. The similarity-updating model 

predicts the dilution effect; that is, probabilities are diluted when nondiagnostic information 

is encountered. These diverging model predictions can be inferred directly from the models’ 

structure. Fourth, the similarity-updating model is insensitive to changed sample size while 

the Bayesian model and the PT+N model predict judgments will become more extreme and 

have decreasing trial-by-trial variance with increasing sample size. 
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Quantitative Methods to Test the Similarity-Updating Model 

In this article we have proposed the similarity-updating model, which combines two 

established single models: a similarity-based mechanism to obtain beliefs and a belief-

updating mechanism based on averaging and adjustment. Our approach deviates in two 

respects from past research on probability judgments: We assume that (a) single probability 

judgments are the result of a similarity-based process instead of being conditional 

probabilities as specified in probability theory, and (b) belief updating takes place by an 

anchoring-and-adjustment process instead of a Bayesian-updating process. Appendix C 

shows the behavior of the adjustment process and Appendix D shows how a similarity 

mechanism differs from likelihoods specified by a Bayesian model.  

To rigorously test our model, we quantitatively tested it against two competing 

models: a Bayesian model and the PT+N model. We additionally compared the models to a 

benchmark baseline model. Per person, this model takes the mean of the observed first 

probability judgments and always predicts this probability on all trials after one sample. And 

after two samples, it takes the mean of the observed second probability judgments. That is, if 

the mean of a person’s probability judgments is 84%, for example, this model predicts on 

average 84% with the random error as specified above. Any cognitive model that claims to 

provide a good account of probability judgments needs to outcompete the baseline model as a 

plausibility check.  

For all models we assumed an error process so that the predicted judgment would 

vary around the most likely point estimate (cf. Budescu et al., 1997; Juslin et al., 1997). We 

used a normalized truncated normal probability density likelihood function to link the 

models’ point predictions with people’s judgments. One of the implications of this error 

theory is that even if people generally follow the similarity-updating model, this does not 
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mean that they always show the dilution effect; their final judgment can also exceed or be 

equal to their first estimate. 

In Studies 3 and 4 we additionally tested how generalizable the predictions of the 

different models are, by estimating the models on a subset of the data and generalizing the 

predictions of the models to the remaining data set. Study 3 tested the generalizability of the 

proposed belief-updating mechanism and Study 4 tested the generalizability across different 

sample sizes. 

Study 1: Full Display of Samples 

The dilution effect has been shown in many different domains (Hackenbrack, 1992; 

LaBella & Koehler, 2004; Macrae et al., 1992; McKenzie et al., 2002; Meyvis & 

Janiszewski, 2002; Peters & Rothbart, 2000; Shanteau, 1975; Shelton 1999; Smith et al., 

1999; Troutman & Shanteau, 1977; Waller & Zimbelman, 2003). As a starting point, the goal 

of Study 1 was to replicate the dilution effect in our experimental setting and to contrast the 

similarity-updating model, the Bayesian model, and the PT+N model based on their 

qualitative predictions and in their predictive power relative to each other and to a baseline 

model. 

Method 

Participants 

Twenty-five undergraduate students (Mdnage = 22 years, 76% women, 24% men) at 

the University of Basel participated. Participants were compensated with either course credit 

or book vouchers worth 15 Swiss francs (CHF). Additionally, they received a performance-

contingent bonus (Mdn = 2.10 CHF). 

Materials 

The experiments were computerized. Participants were presented with a diverse set of 

randomly ordered games involving two decks of cards. For the distributions of cards in the 
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first deck, all combinations of three underlying probabilities of 10%, 20%, 30%, 40%, 50%, 

60%, 70%, and 80% were used. These probabilities—for example, 20% / 50% / 30% red, 

blue, and green cards—always added up to 100%. To construct the second deck, one of the 

probabilities was held constant and the other two switched positions, resulting in 30% / 50% / 

20% red, blue, and green cards, for example. 

The sample distributions for 81% of all trials were determined by randomly drawing 

seven times from a Dirichlet distribution with the underlying probability distribution of the 

picked deck. The Dirichlet distribution is a multivariate generalization of the beta distribution 

and takes a symmetrical (i.e., “uniform”) shape when its parameters are all set to 1. Sampling 

values from a three-parameter Dirichlet distribution (with all three parameters set to 1) 

produces three values between 0 and 1 that sum up to 1. For 19% of all trials, one sample was 

randomly sampled and the other sample was tweaked such that its likelihood of being drawn 

from Deck A was identical to its likelihood of coming from Deck B. These nondiagnostic 

samples consisted of either only cards of the color that was equally represented in the two 

decks, or a certain number of this card and an equal number of the other two cards. To 

simplify the task for the participants the samples were sorted according to color. All games 

were presented twice, once with the original order and once with a switched order of samples. 

This means that the nondiagnostic samples were sometimes presented first, which allowed us 

to elicit single probability judgments for them. The first sample remained present at the time 

that the second sample appeared. 

Procedure 

Study 1 involved 86 rounds consisting of one game with two samples each. The two 

samples were presented sequentially, with both samples visible on the screen at the end of a 

trial. In each round, participants chose the deck that they thought was more likely to have 

generated the samples they drew. Additionally, they stated the probability that their chosen 
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deck and not the other one had generated the sample. At the end of the experiment, one round 

was randomly picked and participants won 2.50 CHF if they had chosen the right deck in that 

round. The participants received an additional reward for the probability judgment that they 

had provided after having seen two samples in that round. The reward was based on an 

inverse Brier score (Brier, 1950), which was calculated by subtracting the squared difference 

between the judged probability and the outcome score from 1. If, for example, the outcome 

score for Deck A was 1 (i.e., Deck A was the source of the samples) and the participant 

assigned this deck a probability of 70%, then the inverse Brier score was 1–(.70–1)2 = .91. 

This score was multiplied by 5 (e.g., = 4.55) and the resulting number was rounded to one 

decimal point and paid in CHF. Thus, in this example, the participant would have gained 2.50 

CHF for the right choice and 4.60 CHF for the probability judgment. If the participant chose 

wrongly and assigned the probability to the wrong deck, the Brier score (e.g., [.70–1]2 = .09) 

was multiplied by 5 CHF and the participant received 0 CHF for the incorrect choice and in 

this case 0.50 cents for the probability judgment. 

After providing informed consent, participants read through the instructions on the 

screen. They additionally received a printed version of the instructions (see Appendix E), 

which they could hold onto throughout the experiment. In these instructions, the whole 

procedure was explained and it was stressed that the sampling always took place with 

replacement and that the distributions of decks were therefore not affected by the sampling 

procedure. Further, it was stressed that the probability judgment always concerned the chosen 

deck. Participants were finally informed that in the end, one of the trials they had played 

would be randomly picked and played out and that they could win an extra 2.50 CHF for 

their correct choice and, depending on the accuracy of their probability judgment, up to 5 

CHF extra. 
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To familiarize themselves with the task, participants then played five trials, which did 

not yet count. After these training trials, participants were allowed to ask remaining questions 

concerning the task, if necessary. After everything was clear to the participants, the 86 rounds 

began. At the end, participants provided us with a check of whether they had understood the 

task by describing in writing how they had solved the task. Twenty-two of the 25 participants 

had understood the task. For three participants, it was not clear if they had understood that 

within one round both samples were drawn from the same deck. 

Results  

Participants’ General Performance 

After inspecting one sample, participants identified the correct deck in 77% of all 

trials. This performance improved to 83% correct choices after two samples were presented. 

In 20% of trials, participants changed their minds between the first and the second sample. 

The majority (65%) of these switches resulted in correct choices. Normatively, using 

likelihood and Bayes’s theorem, the correct solution could be identified in 89% of all trials 

after the presentation of a first diagnostic sample, and participants identified it in 82% of all 

trials. The correct solution could not always be identified because the samples were noisy and 

sometimes happened to have a higher likelihood of coming from the deck that they were not 

drawn from. After the presentation of a second diagnostic sample, the normative account’s 

success rate increased to 92% whereas our participants’ success rate remained stable at 82%. 

The median Spearman correlation coefficient between participants’ first probability judgment 

and the normatively correct probability was ρ = .76 and the root mean square deviation 

(RMSD) was 0.17. The correlation decreased to ρ = .64 and the RMSD increased to 0.21 

after the second sample was presented. This probably resulted from the updating process that 

people used, which seems to have distorted the second probability judgments. Especially in 

dilution trials, the integration of nondiagnostic information distorted the second probability 
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judgments. Thus, although people’s probability judgments differed considerably from the 

normative solution, they nevertheless correlated with it and allowed participants to choose the 

correct deck in most trials. After investigating participants’ general performance we 

examined whether their behavior leading to a potential dilution effect would allow us to 

differentiate between the Bayesian model, the PT+N model, and the similarity-updating 

model on a qualitative level. 

The Dilution Effect 

We defined dilution trials as trials in which the second sample was nondiagnostic (its 

likelihood of coming from either deck was .50), participants’ judgments after only the first 

samples were > .50 (treating it as diagnostic and leaving room for a decreased second 

judgment), and participants did not change their choice between samples. We focused on 

trials in which people did not change their choice, because choice changes based on 

nondiagnostic data when the first data were diagnostic could potentially be due to guessing 

and not only to perceiving a nondiagnostic piece of information as diagnostic or to a specific 

information-integration process. 

In total, dilution trials accounted for 14% of all trials. The percentage of trials in 

which participants showed the dilution effect averaged around 64% (median; range: 8% to 

100%). More than half (68%) of the participants showed the dilution effect in more than half 

of these trials. Sixty-three percent of these judgments were lower after participants saw the 

additional nondiagnostic sample than after they saw only a diagnostic sample. We performed 

a regression analysis to examine the dilution effect between the first and second probability 

judgment. If the participants ignored nondiagnostic information as prescribed by the 

Bayesian model and the PT+N, the slope of the regression line would have a value of 1, 

whereas a smaller value shows the dilution effect. In fact, the observed slope was .54, 

indicating a strong dilution effect. Figure 1 shows the difference between participants’ first 



THE SIMILARITY-UPDATING MODEL  

 

31 

and second probability judgments in all four studies, when the first sample, the second 

sample, or neither of the samples was nondiagnostic. When the second sample was diagnostic 

(because either both samples were diagnostic or the first sample was nondiagnostic) the 

majority of differences was positive, meaning that the second, combined probability 

judgment was greater than the first. When the second sample was nondiagnostic, however, 

the situation was reversed, with a clear majority of second probability judgments being 

smaller than the first, representing a dilution effect. This clearly shows that the dilution effect 

depends on the second sample being nondiagnostic and that the dilution effect cannot simply 

be explained as a regression to the mean effect. 

There are different factors that have an impact on the dilution effect. When the first 

probability judgment was lower than or equal to the median probability judgment (74%) over 

all trials and participants, dilution effects were observed in 56% of the trials. When the first 

probability judgment was higher than the median, dilution effects were observed in 71% of 

the trials. Thus, the rate of dilution effects depended on the size of the first probability 

judgment.  

We also found differences between neutral and mixed nondiagnostic samples (as 

defined by LaBella & Koehler, 2004). The percentage of trials in which participants correctly 

identified nondiagnostic samples if presented first by responding with a probability judgment 

of 50% averaged around 88% (median; range: 0% to 100%). How often participants detected 

the nondiagnostic sample as such varied with sample type. If the nondiagnostic sample 

consisted of only the type of card that was equally represented in both decks (neutral sample), 

participants correctly identified it in a median of 100% of the trials (interquartile range [IQR] 

= 90% to 100%). This performance was lower for nondiagnostic samples, which consisted of 

a mix of cards (mixed sample; Mdn = 67%, IQR = 17% to 83%). Thus, participants were well 

able to identify nondiagnostic samples as such if they were presented first. For neutral 
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nondiagnostic samples, dilution effects were observed in 64% of the trials, whereas for mixed 

nondiagnostic samples, dilution effects were observed in 61% of the trials. On average the 

dilution effect was also greater for neutral nondiagnostic samples (mean difference between 

the first and second probability judgment of -8%) compared to mixed nondiagnostic samples 

(mean difference of -3%) as predicted by the similarity-updating model. In line with LaBella 

and Koehler’s studies (2004), we also found a median of 15% (IQR = 0% to 40%) of 

judgments exhibited confirmation effects. After mixed nondiagnostic evidence, we found a 

median of 40% (IQR = 0% to 50%) of judgments exhibited confirmation effects. Mixed 

nondiagnostic samples were on average more similar to both decks (and thus the correct 

deck) than neutral nondiagnostic samples. As a result, the similarity-based confirmation 

mechanism led to smaller increases or even decreases in probability judgments for neutral 

samples (Equation 5). This, together with the finding that people recognize nondiagnostic 

information correctly in the first sample, indicates that if participants also identified the 

second nondiagnostic decks as nondiagnostic, the integration of the two decks may have led 

to the dilution effect (LaBella & Koehler, 2004). 

In sum, the results replicate the dilution effect and differences between different types 

of dilution trials. Additionally, our analyses clearly show that the dilution effect is not due to 

regression to the mean. The Bayesian model and the PT+N model cannot account for the 

dilution effect nor for different probability judgments following mixed and neutral 

nondiagnostic samples. Thus, the qualitative results support the similarity-updating model. 

Averaging and Adjustment 

Pure averaging models predict that all combined probabilities after the second sample 

is presented must lie between the single probability estimates for Samples 1 and 2. We could 

test this indirectly because each trial was presented twice to participants with a switched 

order of the samples. Thus, we could estimate the single probability assigned to a 
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configuration of cards presented as a second sample and compare it with a trial where this 

configuration was presented as a first sample. On average, 47% (median; IQR = 42% to 55%) 

of all combined judgments after participants saw two samples lay between the two single 

probability judgments, 11% (median; IQR = 8% to 21%) were smaller than both single 

probability judgments, and 36% (median; IQR = 30% to 45%) were larger. Thus, this finding 

is not completely in line with a pure averaging mechanism (cf., Equation 4). 

The similarity-based confirmation mechanism predicts that judgments could be 

smaller or larger than the single probability estimates under the condition that a second 

sample is much more (or less) similar to the chosen deck than the first sample. To test this, 

we needed to include assumptions about the similarity between a deck and a sample, which 

depends on values of free parameters and usually differs between people and tasks. To 

produce similarity predictions we used the median parameter values we obtained by applying 

our similarity-updating model to the participants’ data (Table 1). The correlation of the 

similarity-based confirmation mechanism’s predictions and the difference between the two 

observed probability judgments within one trial is clearly positive (r = .42, p < .01). Figure 2 

shows a graphical representation of this correlation across all four experiments. In sum, the 

similarity-based confirmation mechanism predicts the difference between first and second 

probability judgments well. 

Order Effects 

The Bayesian model and the PT+N model predict trial order invariance in that the 

order in which the samples are presented does not influence the final probability judgments. 

In contrast, the similarity-updating model predicts order effects, which result from the 

unequal weighting of the first and the second sample. Indeed, the median absolute deviation 

between the two second probability judgments was 16% (IQR = 13% to 17%) over all 

participants. Thus, the fact that participants’ probability judgments were affected by sample 
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order speaks against the Bayesian model on a qualitative level (assuming probabilities are 

taken at face value). 

Converging Evidence 

We investigated converging evidence by looking at all trials in which both samples 

stemmed from one of the two decks with a likelihood of > .50, in which participants picked 

the same deck after both samples, and in which the Bayesian model picked the same deck 

after all samples. These trials constituted 53% of the whole set. In 83% (median) of the 

subset of trials (25% of all trials) in which according to the Bayesian solution the second 

sample was more diagnostic than the first one, participants’ final probability judgments 

exceed their first judgments (range: 42% to 100%). In 36% (median) of the subset of trials 

(25% of all trials) in which the first sample was more diagnostic than the second one 

according to the Bayesian solution, participants’ judgments decreased between the initial and 

the final estimate (range: 4% to 82%).  

Thus, in contrast to the Bayesian solution but in line with the similarity-updating 

model, converging evidence did not always lead participants to increase their judgments, and 

how participants treated converging evidence depended on the presentation order of the 

samples. How participants treated converging evidence provided us with qualitative evidence 

in favor of the similarity-updating model. 

Quantitative Model Comparison 

We estimated all models on the basis of the participants’ individual complete data 

using maximum likelihood estimation and compared models by the Bayesian information 

criterion (BIC; Schwarz, 1978) that takes model complexity into account. The BICs for the 

four competitor models are listed in Table 2 and the median optimal parameter values are 

listed in Table 1. The median value of the weight parameter τ was .57, indicating that the 
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second piece of information was weighted more than the first. In other words, we observed a 

recency effect.  

The similarity-updating model clearly outperformed the competing models. The 

median BIC of the similarity-updating model across all participants was -237 while for the 

PT+N model it was -165. Also, the similarity-updating model explains the responses of 24 of 

the 25 participants best according to model selection based on BIC. Neither the Bayesian 

model (median BIC of -83) nor the baseline model (median BIC of 4) performed well in 

comparison. Thus, overall, the similarity-updating model described our data best. In sum, the 

first experiment provided strong evidence that people’s probability judgments are better 

described with the similarity-updating model than with the PT+N or the Bayesian model.  

Discussion 

Study 1 shows qualitative and quantitative findings supporting the similarity-updating 

model as compared to the competing models. The dilution effect, effects of different types of 

nondiagnostic samples, the existence of order effects, and the results on converging evidence 

are all in line with the predictions of the similarity-updating model. A quantitative model 

comparison based on BIC supports these results. 

In Study 1, the first sample was still present at the time of the presentation of the 

second sample. Thus, the updating process could be based on description and performed with 

perfect memory. However, this is not always the case as people often receive bits of 

information sequentially and have access to only one piece of evidence at a time and they 

have to remember previous information. To test our model also for such a task where 

information is presented in a truly sequential way, we conducted Study 2. 

Study 2: Sequential Display of Two Samples 

The goal of the second experiment was to replicate the results from Study 1 in a 

setting in which the two samples were never simultaneously presented. In classic dilution 
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studies (e.g., Troutman & Shanteau, 1977), the samples were drawn out of real boxes with 

beads and had to be replaced before drawing the new sample so that the proportions of beads 

in the boxes remained unchanged. Therefore in the second experiment, the setting was 

identical to that in Study 1 with the exception that the first sample disappeared upon the draw 

of the second sample. Thus, participants had to remember the first sample at the time of 

deciding which deck both samples were from and providing the accompanying probability 

judgment. This allowed us to investigate if we could replicate our findings in a truly 

sequential setting. 

Method 

Participants 

Twenty-six undergraduate students (Mdnage = 23.0 years, 58% women, 42% men) at 

the University of Basel participated and were compensated with either course credit or book 

vouchers worth 15 CHF. Additionally, they received a performance-contingent bonus (Mdn = 

2.65 CHF). 

Materials 

In contrast to in Study 1, in Study 2, samples were presented in a truly sequential 

manner. Additionally, a screen between rounds announced the next round and instructed 

participants to start the next round by pressing the letter “w” (which stood for the German 

word weiter, which means “proceed” in this context). 

Procedure 

The procedure in Study 2 was identical to that in Study 1 except that the first sample 

disappeared when the second one was presented. All participants understood the task. 

Results and Discussion 

Participants’ General Performance 
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After inspecting one sample, participants identified the correct deck in 77% of all 

trials. This performance improved to 83% correct choices after two samples were presented. 

In 17% of trials, participants changed their mind between the first and the second sample. 

The majority (69%) of these switches resulted in correct choices. Normatively, the correct 

deck could be identified in 89% of all trials after the presentation of a first diagnostic sample 

whereas the participants identified the correct deck in 82% of these trials. After the 

presentation of a second diagnostic sample, the success rate of the normative account 

increased to 92% whereas the participants’ success rate remained stable at 84%. The median 

Spearman correlation coefficient between participants’ first probability judgment and the 

correct probability according to the normative solution was ρ = .73 and the RMSD was 0.19. 

The correlation decreased to ρ = .58 and the RMSD increased to 0.22 after the second sample 

was presented. As in Study 1, although people’s probability judgments differed considerably 

from the normative solution, they nevertheless correlated well with this solution and allowed 

participants to choose the correct deck in most trials. 

The Dilution Effect 

In Study 2, 14% of all trials were dilution trials. The percentage of dilution trials in 

which participants showed the dilution effect averaged around 67% (median; range: 7% to 

93%). Of these judgments, 58% were lower after having seen the additional nondiagnostic 

sample than after having seen only a diagnostic sample. The slope of a simple linear 

regression was .52, illustrating the dilution effect. One participant showed a dilution effect in 

0% of all trials, but this was because this person responded “.50” on all trials. More than half 

of the remaining participants (56%) showed the dilution effect in more than half of these 

trials. 

As in Study 1, participants showed fewer dilution effects (49%) when their first 

probability judgment was lower than or equal to the median probability judgment over all 
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trials and participants (Mdnprobability judgment = 74%) than when their first probability judgment 

was higher (68%). Further, participants showed dilution effects in 61% of the dilution trials if 

the nondiagnostic sample was neutral, but in 53% of all other dilution trials. The median 

downward adjustment of the probabilities after the presentation of the nondiagnostic piece of 

information in these trials was 11% (IQR = 5% to 23%). We could thus replicate the dilution 

effect irrespective of whether the initial samples were present when the subsequent samples 

were shown. 

The median percentage of correctly identified nondiagnostic samples averaged around 

81% (range: 6% to 100%). If the nondiagnostic sample was a neutral sample, participants 

correctly identified it in a median of 100% of the trials (IQR = 73% to 100%). This 

performance was lower for nondiagnostic mixed samples (Mdn = 50%, IQR = 33% to 100%). 

We found confirmation effects in a median of 11% of the trials (IQR = 0% to 30%) after 

neutral samples and a median of 33% (IQR = 20% to 60%) after mixed samples. 

Averaging and Adjustment 

On average, 44% (median; IQR = 36% to 55%) of all combined, second probability 

judgments lay between the two single, first probability judgments, as predicted by pure 

averaging models. Around 5% (median; IQR = 0% to 10%) were smaller than both single 

probability judgments and 46% (median; IQR = 31% to 58%) were larger.  

The correlation of the similarity-based confirmation mechanism’s predictions (based 

on median parameter values, see Table 1) and the difference between the two observed 

probability judgments within one trial again show a positive correlation (r = .39, p < .01; cf. 

Figure 2). Again, the similarity-based confirmation mechanism predicts the difference 

between first and second probability judgments well.  

Order Effects 
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The median difference between the two second probability judgments was 17% (IQR 

= 14% to 19%) in Study 2 when the samples were presented in reversed order. Thus, in 

Studies 1 and 2, the fact that participants’ probability judgments were affected by sample 

order speaks against the Bayesian model on a qualitative level. 

Converging Evidence 

In 54% of all trials both samples came from one of the two decks with a likelihood of 

> .50 according to the Bayesian solution; participants picked the same deck after both 

samples, and the Bayesian model picked the same deck after each sample. In the subset of 

these trials (25% of all trials) in which the second sample was more diagnostic than the first 

sample according to the Bayesian solution, participants’ final probability judgments exceeded 

their first judgments 84% of the time (range: 0% to 100%). This proportion was similar to 

that in Study 1. When the first sample was the more diagnostic of the two (in 25% of all 

trials), participants’ judgments decreased between the initial and the final estimate 26% of the 

time (median; range: 0% to 57%). Thus, in contrast to the Bayesian solution but in line with 

the similarity-updating model, converging evidence did not always lead participants to 

increase their judgments, and how participants treated converging evidence depended on the 

presentation order of the samples. 

Quantitative Model Comparison 

In Study 2, the first sample disappeared as soon as the second sample appeared. We 

hypothesized that this manipulation would not change the cognitive process behind people’s 

updating behavior. 

In Study 2 we estimated all models in the same ways as in Study 1. The median BIC 

over all participants for the four models was 5 for the baseline model, −84 for the Bayesian 

model, −145 for the PT+N model, and −240 for the similarity-updating model, indicating that 

the latter provided the best model fit. The median optimal parameter values of all models are 
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listed in Table 1. According to model selection based on the BIC, 25 of 26 participants were 

best described by the similarity-updating model and one person was best described by the 

Bayesian model. So the similarity-updating model not only is the best model overall but also 

describes the individual participants’ first probability judgments best. 

The value of the weight parameter τ was approximately .64, slightly higher compared 

to Study 1 (.57). The increase can be explained by the first sample not being visible during 

the second probability judgment. Again this indicates that the second piece of information 

was weighted more than the first and that we observed a recency effect, irrespective of 

whether the first sample was still present at the time of judgment. 

Study 3: Sequential Display of Three Samples  

 Study 2 provided strong evidence that the similarity-updating process describes not 

only description-based updating well, but also truly sequential updating including a memory 

component, in that the first sample or the first judgment had to be retrieved from memory 

when making a final judgment. Additionally, we wanted to test whether the similarity-

updating model could also describe a longer updating process well, one that is based on more 

than two samples. In Study 3, participants could update their probability judgments twice, as 

they received three samples in total. This allowed us to test the models against each other in a 

longer, more complex sequential kind of belief updating. 

Method 

Participants 

Twenty-four undergraduate students (Mdnage = 23.50 years, 79% women, 21% men) 

participated in Study 3. Participants were compensated with either course credit or book 

vouchers worth 15 CHF. Additionally, they received a performance-contingent bonus (Mdn = 

2.30 CHF). 

Materials 
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The experimental setup of Study 3 was identical to that of Study 2 with samples being 

presented sequentially. The only difference was that in each round, three samples were drawn 

and presented to the participants. As in Studies 1 and 2, participants were confronted with a 

diverse set of randomly ordered games containing all combinations of three underlying 

probabilities of 10%, 20%, 30%, 40%, 50%, 60%, 70%, and 80%. The sample frequencies 

for 75% of all trials were determined by drawing random samples of seven cards from a 

binary distribution with the underlying probability of the respective deck. For 25% of all 

trials, one sample was tweaked such that its likelihood of being drawn from Deck A was 

identical to the likelihood of being drawn from Deck B. A randomly determined quarter of 

the regular trials were repeated three times with different orders of the samples. All dilution 

trials, that is, trials consisting of one nondiagnostic sample, were repeated three times with 

the nondiagnostic sample appearing either first, second, or third. 

Procedure 

The procedure in Study 3 was identical to that of the previous studies and included 84 

rounds plus five practice rounds. Samples were presented sequentially and a sample 

disappeared when a subsequent one was presented. Twenty-three of the 24 participants 

understood the task. 

Results and Discussion 

Participants’ General Performance 

In Study 3, after seeing one sample, participants identified the correct deck in 72% of 

all trials. This performance improved to 73% correct choices after two samples were 

presented and to 75% after three samples. In 29% of trials, participants changed their mind 

between the first and the second sample or between the second and the third. The majority 

(54%) of these switches resulted in correct choices. Normatively, the correct solution could 

be identified in 78% of all trials after the presentation of a first diagnostic deck whereas 
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participants identified the correct deck in 75% of these trials. After the presentation of a 

second and a third diagnostic sample, the normative account’s success rate increased to 83% 

and 84%, respectively, whereas participants’ success rate first remained stable at 74% and 

finally increased to 78%. The median Spearman correlation coefficient between participants’ 

first probability judgment and the normatively correct probability was ρ = .77 and the RMSD 

was 0.19. The correlation decreased to ρ = .60 after the second sample was presented and to ρ 

= .49 after the third sample, whereas the RMSD decreased to 0.23 and 0.22, respectively. In 

sum, as in Studies 1 and 2, although people’s probability judgments differed considerably 

from the normative solution, they nevertheless correlated well with this solution and allowed 

participants to choose the correct deck in most trials. 

The Dilution Effect 

In total, 22% of all trials were dilution trials, meaning that either the second sample 

was nondiagnostic, participants did not change their choice between Samples 1 and 2, and 

their first probability judgment was ≠ .50; or the third sample was nondiagnostic, participants 

did not change their choice between Samples 2 and 3, and their second probability judgment 

was ≠ .50. The percentage of trials in which participants showed the dilution effect averaged 

around 60% (median; range: 0% to 100%). The percentage of trials in which dilution effects 

were found was similar in the three studies (67%, 64%, and 60%). The slope of a simple 

linear regression between the first and the second probability judgment was .52 and the slope 

for a linear regression between the second and the third sample was .82, again illustrating the 

dilution effect. 

In total, 67% of the participants showed the dilution effect in more than half of the 

dilution trials between the first (second) and the second (third) sample. The median 

downward adjustment of the probabilities after the presentation of a nondiagnostic piece of 

information in these trials was 7% (IQR = 3% to 14%). As in Studies 1 and 2, participants 
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showed fewer dilution effects (46%) when their first probability judgment was lower than or 

equal to the median probability judgment over all trials and participants (66%) than when 

their first probability judgment was higher (69%). Similarly, between Samples 2 and 3, they 

showed fewer dilution effects (45%) when their second probability judgment was lower than 

or equal to the median probability judgment over all trials and participants (68%) than when 

their second probability judgment was higher (55%). Further, if the nondiagnostic sample 

was neutral, dilution effects were observed in 60% of the dilution trials, whereas in all other 

dilution trials, dilution effects were observed between Samples 1 and 2 58% of the time, and 

71% and 50% of the time between Samples 2 and 3, respectively. Thus, we could replicate 

the dilution effect not only irrespective of whether the initial samples were present when the 

subsequent samples were shown but also irrespective of the number of samples presented. 

 The percentage of correctly identified nondiagnostic samples averaged around 89% 

(median; range: 0% to 100%). If the nondiagnostic sample was neutral, participants correctly 

identified it in a median of 100% of the trials (IQR = 83% to 100%). This performance was 

lower for nondiagnostic mixed samples (Mdn = 84%, IQR = 54% to 100%). Similarly to the 

previous studies, we found confirmation effects in a median of 17% (IQR = 0% to 33%) of 

trials after neutral samples and a median of 31% (IQR = 11% to 51%) of trials after mixed 

samples in Study 3. 

Averaging and Adjustment 

In Study 3 not all trials were presented in reverse order, thus the following analysis is 

based on 44% of the data. On average, 46% (median; IQR = 25% to 53%) of all combined, 

second probability judgments lay between the two single, first probability judgments, as 

predicted by pure averaging models. Around 5% (median; IQR = 0% to 13%) were smaller 

than both single probability judgments and 48% (median; IQR = 37% to 62%) were larger.  
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The correlation of the similarity-based confirmation mechanism’s predictions (based 

on median parameter values, see Table 1) and the difference between the two observed 

probability judgments within one trial again show a positive correlation (r = .24, p < .01; cf. 

Figure 2). Again, the similarity-based confirmation mechanism predicts the difference 

between first and second probability judgments well. 

Order Effects 

The median difference between the two second probability judgments was 7% (IQR = 

6% to 9.00%) in Study 3. Thus, in all three studies, the fact that participant’ probability 

judgments were affected by sample order speaks against the Bayesian model on a qualitative 

level.  

Converging Evidence 

In 14% of all trials in which all three samples were drawn from one of the two decks 

with a likelihood of > .50 according to the Bayesian solution, participants picked the same 

deck after all samples, and the Bayesian model picked the same deck after each sample. This 

low percentage of trials did not allow us to compute percentages for individual participants 

but only for overall participants. In the subset of trials (1% of all trials) in which according to 

the Bayesian solution the second sample was more diagnostic than the first one, and the third 

sample more diagnostic than the second, the percentage of trials in which participants’ final 

probability judgments exceeded their first judgments and their second judgments was 81%. In 

the subset of trials (3% of all trials) in which the first sample was more diagnostic than the 

second and the second more diagnostic than the third according to the Bayesian solution, the 

percentage of trials in which participants’ judgments decreased between the initial, the 

second, and the final estimate was 18%. Thus, in contrast to the Bayesian solution but in line 

with the similarity-updating model, converging evidence did not always lead participants to 
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increase their judgments, and how participants treated converging evidence depended on the 

presentation order of the samples. 

Quantitative Model Comparison 

Parameter estimation and model selection were done as in the previous two studies, 

including all probability judgments per trial. The median BIC over all participants for the 

four models was −29 for the baseline model, −47 for the Bayesian model, −245 for the PT+N 

model, and −406 for the similarity-updating model. The median best fit parameter values of 

all models are listed in Table 1. Twenty-one of 24 participants were best described by the 

similarity-updating model according to model selection based on the BIC, and three were 

best described by the PT+N model. So the similarity-updating model is the best model 

overall and also describes the individual participants’ probability judgments best.  

Study 3 also tested the predictive power of the similarity-updating model regarding 

generalizations to independent judgments discarded for parameter estimation. To this end, we 

estimated the model’s parameters on the basis of the first two judgments in each trial and 

predicted the third judgment. The median deviance over all participants was 0 for the 

Bayesian model and −47 for the PT+N and for the similarity-updating model. According to 

model selection based on minimum deviance, the Bayesian model was chosen for three of 24 

participants, the PT+N model for 10, and the similarity-updating model for 11 participants.  

While the similarity-updating model and the PT+N model are about equally good in 

predicting participant’s third probability judgment, the similarity-updating model is still the 

best model on an individual level and is also able to account for the qualitative patterns we 

found in all three studies.  

Study 4: Varying Sample Size 

Study 4’s goal was to test whether sample size has an impact on probability 

judgments. The similarity-updating model, in contrast to the Bayesian or the PT+N model, 
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uniquely predicts that sample size should not influence the probability judgments because 

single similarity judgments are agnostic to sample size. Study 4’s setting was identical to 

Study 2’s. Around two thirds of the nondiagnostic and half of the diagnostic trials were 

chosen randomly and the samples were doubled to directly compare pairs of trials with 7 and 

14 cards. 

Method 

Participants 

Twenty-five students (Mdnage = 25 years, 64% women, 36% men) at the University of 

Basel participated and were compensated with either course credit or 20 CHF. Additionally, 

they received a performance-contingent bonus with a maximum of 7.5 CHF. 

Materials 

Study 4 was based on the materials of Study 2. From Study 2 we randomly selected 

60% of the nondiagnostic trials and 50% of the diagnostic trials. For each of the selected 

trials we tested one unchanged version (sample size of 7 cards) and one version with doubled 

sample size (14 cards). Around 5% of the decks with a sample size of 14 had to be changed 

because they inconsistently showed one or both decks with only 10 cards of a certain color 

but a sample with more than 10 cards with that color. In these tasks we switched two values 

in the decks so that the samples were consistent with the information given by the decks. 

Procedure 

The procedure in Study 4 was identical to that in Study 2. All participants understood 

the task. 

Results and Discussion 

Participants’ General Performance 

After inspecting one sample, participants identified the correct deck in 77% of all 

trials. This performance improved to 83% correct choices after two samples were presented. 
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In 20% of trials, participants changed their mind between the first and the second sample. 

The majority (66%) of these switches resulted in correct choices. Normatively, the correct 

deck could be identified in 89% of all trials after the presentation of a first diagnostic sample 

whereas the participants identified the correct deck in 82% of these trials. After the 

presentation of a second diagnostic sample, the normative account success rate increased to 

92% whereas the participants’ success rate remained stable at 83%. The median Spearman 

correlation coefficient between participants’ first probability judgment and the correct 

probability according to the normative solution was ρ = .73 and the RMSD was 0.2. The 

correlation decreased to ρ = .51 and the RMSD increased to 0.25 after the second sample was 

presented. As in all the previous studies, although people’s probability judgments differed 

considerably from the normative solution, they nevertheless correlated well with this solution 

and allowed participants to choose the correct deck in most trials. 

Differences in Sample Size 

All cognitive models that are based on probability theory and sampling in a broader 

sense predict differences between observations with different sample sizes. Bayesian models 

predict (independent of the assumed error component) a more extreme probability estimate 

for the correct deck. Frequentist models predict a lower variance. The similarity-updating 

model predicts no differences between sample sizes. 

We first tested the predictions of the similarity-updating model (no difference due to 

sample size) against the predictions of frequentist models (lower variance) by using a 

Bayesian t test (Morey & Rouder, 2018). We found substantial evidence in favor of the null 

hypothesis, that there is no difference in the mean variance per participant between sample 

sizes, with a Bayes factor (BF) of 𝐵𝐹0 = 3.55 for the first probability judgments and 𝐵𝐹0= 

3.56 for the second probability judgments, as predicted by the similarity-updating model. The 

median standard deviation across participants for the first probability judgment was 12% 
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(IQR = 10% to 13%) for samples with seven cards and 12% (IQR = 9% to 14%) for samples 

with 14. For the second probability judgment, the standard deviation across participants was 

10% (IQR = 8% to 13%) for samples with seven cards and 10% (IQR = 9% to 12%) for 

samples with 14. 

Next, we tested the predictions of the similarity-updating model against the 

predictions of the Bayesian model, that there is a difference between the two sample sizes 

using a Bayesian t test on median judgments. The Bayesian t test gave substantial evidence in 

favor of the null hypothesis, that there is no difference between sample sizes. The 𝐵𝐹0 for the 

first probability judgment was 3.56 and for the second probability judgment also 3.6. These 

results support the similarity-updating model and speak against the Bayesian model and the 

PT+N model. The median first probability judgment across participants was 73% (IQR = 

60% to 76%) for a sample size of 7 and 73% (IQR = 64% to 78%) for a sample size of 14. 

The median second probability judgment across participants was 75% (IQR = 63% to 82%) 

for a sample size of 7 and 75% (IQR = 64% to 85%) for a sample size of 14. All these results 

clearly show that there is no difference between the different sample sizes and speak in favor 

of the similarity-updating model and against the Bayesian model and the PT+N model. 

The Dilution Effect 

In Study 4, 16% of all trials were dilution trials. The percentage of dilution trials in 

which participants showed the dilution effect averaged around 75% (median; IQR: 47% to 

94%). Of these judgments, 70% were lower after having seen the additional nondiagnostic 

sample than after having seen only a diagnostic sample. The slope of a simple linear 

regression was .72, illustrating the dilution effect. One of the participants showed a dilution 

effect in 0% of all trials, but this was because this person responded “.50” on all trials. More 

than two thirds of the participants (68%) showed the dilution effect in more than half of these 

trials. Further, if the nondiagnostic sample consisted of only the color that was equally 
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frequent in the two decks and was thus fairly obviously nondiagnostic, then participants 

showed dilution effects in 82% of trials, whereas in trials with mixed nondiagnostic second 

samples, dilution effects appeared in 75%.  

 The percentage of correctly identified nondiagnostic first samples averaged around 

89% (median; IQR: 67% to 94%). If the nondiagnostic sample was a neutral sample, 

participants correctly identified it in a median of 100% of the trials (IQR = 75% to 100%). 

This performance was lower for nondiagnostic mixed samples (Mdn = 83%, IQR = 33% to 

83%). We found confirmation effects in a median of 8% of the trials (IQR = 0% to 17%) after 

neutral samples and a median of 0% (IQR = 0% to 33%) after mixed samples. 

Averaging and Adjustment 

On average, 53% (median; IQR = 43% to 63%) of all combined, second probability 

judgments lay between the two single, first probability judgments, as predicted by pure 

averaging models. Only 11% (median; IQR = 4% to 18%) were smaller than both single 

probability judgments and 31% (median; IQR = 21% to 48%) were larger. 

The correlation of the similarity-based confirmation mechanism’s predictions (based 

on median parameter values, see Table 1) and the difference between the two observed 

probability judgments within one trial again show a positive correlation (r = .23, p < .01; cf. 

Figure 2). Again, the similarity-based confirmation mechanism predicts the difference 

between first and second probability judgments well. 

Order Effects 

The median difference between the two second probability judgments was 18% (IQR 

= 10% to 33%). Thus, as in Studies 1 and 2, the fact that participants’ probability judgments 

were affected by sample order speaks against the Bayesian model on a qualitative level. 

Converging Evidence 
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In 52% of all trials both samples came from one of the two decks with a likelihood of 

> .50 according to the Bayesian solution; participants picked the same deck after both 

samples, and the Bayesian model picked the same deck after each sample. In the subset of 

these trials (23% of all trials) in which the second sample was more diagnostic than the first 

sample according to the Bayesian solution, participants’ final probability judgments exceeded 

their first judgments in 83% of these trials (median; range: 14% to 100%). This proportion 

was similar to that in Study 1. When the first sample was the more diagnostic of the two (in 

25% of all trials), participants’ judgments decreased between the initial and the final estimate 

in 32% of all trials (range: 0% to 96%).  

Study 4 replicates the findings from Studies 1–3 that participants were affected by 

sample order and the type of nondiagnostic samples in dilution trials, and converging 

evidence did not always lead participants to increase their judgments. These findings hold 

even in a setting with partly increased sample sizes. Again, these results speak in favor of the 

similarity-updating model and against the Bayesian model and the PT+N model. 

Quantitative Model Comparison 

In Study 4 we estimated all models on the basis of participants’ probability judgments 

following a maximum likelihood estimation approach. The median BIC over all participants 

for the four models was −3 for the baseline model, −55 for the Bayesian model, −121 for the 

PT+N model, and −262 for the similarity-updating model, indicating that the latter provided 

the best model fit. The median optimal parameter values of all models are listed in Table 1. 

According to model selection based on the BIC, 23 of 25 participants were best described by 

the similarity updating model, one was best described by the Bayesian model, and one by the 

PT+N model. 

As a second test of the predictive power of the models we estimated parameters for all 

trials with a sample size of 7 and predicted the probability judgments for the trials with a 
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sample size of 14. The median deviances over all participants were −34 for the Bayesian 

model, −42 for the PT+N model, and −124 for the similarity-updating model. As in the model 

selection based on the BIC, 23 of 25 participants were best predicted by the similarity-

updating model, one by the Bayesian model, and one by the PT+N model according to the 

minimum deviance.  

 To summarize the results of the four studies, we observed dilution effects in 60% or 

more of all dilution trials. When looking at all first and second probability judgments over all 

studies, the slope of a simple linear regression line was .58, illustrating the dilution effect. 

According to model selection based on the BIC, over 93% of all participants were best 

described by the similarity-updating model, 5% by the PT+N model, and 2% by the Bayesian 

model. 

General Discussion 

Research has shown that when people judge probabilities, they do not always behave 

according to Bayesian theory (Bar-Hillel, 1980; Edwards, 1968; Jenny et al., 2014; Nisbett et 

al., 1981; Tversky & Kahneman, 1983; but see Chater et al., 2006; Griffiths et al., 2010; 

Sanborn & Chater, 2016; Tenenbaum et al., 2006). Belief updating prescribes that beliefs and 

probability judgments should not be influenced by nondiagnostic information. In contrast, 

people’s beliefs and judgments often change upon the presentation of nondiagnostic 

information. The dilution effect, a special case of this influence of nondiagnostic information 

on people’s beliefs, has been observed in a plethora of studies in fields ranging from social 

reasoning to accounting. Few studies have provided thorough cognitive explanations as to 

why people show this behavior.  

Introducing and Testing the Similarity-Updating Model 

To explain the cognitive processes behind people’s belief-updating behavior we 

developed a new cognitive model, the similarity-updating model, which is inspired by models 



THE SIMILARITY-UPDATING MODEL  

 

52 

from the judgment and decision-making and categorization literature. The innovation of this 

model is its synthesis of cognitive models from two different fields of research: People’s 

subjective probability judgments are modeled with similarity processes, which have been 

used in the categorization literature (Nosofsky & Johansen, 2000), and people’s belief 

updating is modeled with weighting-and-adding processes, which have been used in 

judgment and decision-making research (Hogarth & Einhorn 1992; Jenny et al., 2014; Juslin 

et al., 2009; Nilsson et al., 2009, 2013). This model not only bridges different fields of 

research but also is based on concepts that have already been validated in the respective fields 

of research. Further, our model settles a debate started by Nisbett et al. (1981), in which they 

argued that similarity rather than averaging processes produce the dilution effect. In our view, 

it is the fact that people seem to follow a combination of both similarity and averaging 

processes when making their judgments that leads them to produce the dilution effect. The 

subtleties of this only become clear when the two processes are combined into one 

overarching model. The combination shows that although similarity processes can explain the 

individual judgments, the updating process of weighting and averaging eventually leads to 

the dilution effect. Our model also accounts for the criticism by Trueblood and Busemeyer 

(2011) that adding and averaging models cannot account for the strength of different pieces 

of evidence relative to each other, which our model does with the addition of the similarity-

based confirmation mechanism. 

The original belief-adjustment model uses a first probability judgment as the anchor 

and adjusts it relative to the new evidence (Hogarth & Einhorn, 1992). Our similarity-

updating model deviates from this as it assumes that the anchor is the average of two 

probability judgments and the adjustment is actually a similarity bias (Hahn et al. 2010; von 

Helversen et al., 2014). This new formulation of the original belief-updating model helps us 

explain why people sometimes show the dilution effect but sometimes show a confirmation 
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effect instead. It depends on how similar the different pieces of evidence are relative to a 

preferred hypothesis.   

We tested this model thoroughly within a cognitive modeling framework by 

estimating it on the basis of people’s probability judgments. We tested the model on a trial-

by-trial level for each individual participant. An additional strength of our model test is that 

we compared the model’s ability to predict people’s behavior to a Bayesian model, the 

probability-theory-plus-noise (PT+N) model, and a random baseline model. The models were 

tested against each other in four experimental studies, in which people provided subjective 

probability judgments and revised them in light of additional information in a card game. The 

task was to assess from which of two decks two or three sequentially presented samples of 

cards originated.  

Although people’s probability judgments differed considerably from the normative 

solution, they nevertheless correlated well with this solution and they were able to choose the 

correct deck in most trials. Consistently over all studies and participants, we observed 

dilution trials at a rate of approximately 60%. The greater participants' first probability 

judgments, the more dilution effects they produced. Overall, participants correctly identified 

a nondiagnostic first deck as such. Extrapolating from this and assuming that they also were 

quite well able to identify a second nondiagnostic deck, it seems likely that it was people's 

belief-updating mechanism rather than the way they judged individual probabilities that led 

them to produce the dilution effect. On average, their second probability judgment was also 

smaller only when the second sample was nondiagnostic. This suggests that this not a falsely 

qualified regression to the mean effect, which would be explained by the PT+N model. 

The process behind people's first and subsequent probability judgments in this task 

was best described by the similarity-updating model as compared to a Bayesian model, the 

PT+N model, and a random baseline model. The similarity-updating model not only provided 
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the best model fit over all participants but also described the individual behavior of almost all 

participants best. These results held irrespective of whether the first sample was still present 

or removed at the time of the second sample being presented, for updating situations in which 

participants could make use of an additional third sample, and also for different sample sizes. 

A generalization test in Studies 3 and 4 additionally showed that the superior model fit was 

not due to overfitting or model flexibility that was too great.  

One might think that a model that assumes diagnostic and nondiagnostic information 

is weighted and averaged and can predict the dilution effect would also always lead to the 

dilution effect. In contrast, there are several factors that led participants whose behavior 

followed the similarity-updating model to show the dilution effect at a rate of < 1. One reason 

is that the nondiagnostic piece of information is not always judged to be nondiagnostic by the 

similarity-updating model. In other words, when the second sample is falsely seen as 

diagnostic (instead of nondiagnostic), people show the dilution effect but think that they have 

used “diagnostic” information appropriately. A second factor is a post hoc increase in the 

probability judgments based on the averaging process due to a similarity-based confirmation 

mechanism. If the second piece of evidence is very similar to the preferred hypothesis, people 

might not show a dilution effect but rather a confirmation effect even if the evidence is 

nondiagnostic. Another factor is that people’s behavior is not always consistent with the 

model but fluctuates around the model’s predictions. In short, dilution effect rates of < 1 can 

arise due to the similarity-updating model not always judging nondiagnostic evidence as such 

and due to people not adhering to the model perfectly.  

The similarity-based confirmation mechanism provides a possible explanation for the 

results obtained by LaBella and Koehler (2004) that people show no dilution effect if 

nondiagnostic evidence is neutral and even a confirmation effect if nondiagnostic evidence is 

mixed in a belief-updating task. We argue that this finding is a result of the overall similarity 
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between the second, nondiagnostic piece of evidence and a preferred hypothesis. In our 

experiment, we found a dilution effect for both mixed and neutral samples but it was smaller 

for mixed samples. We explain this by the fact that in our experiments, nondiagnostic 

samples were on average not very similar to either hypothesis and, thus, would in most cases 

not lead to a confirmation effect. 

The similarity-updating model also makes the unique prediction that the sample size 

should not affect people’s judgments. The Bayesian model and the PT+N model predict that 

probability judgments become more extreme and less noisy with increasing sample size. The 

results of Study 4 confirm the prediction of the similarity-updating model. The idea that in 

probability judgments people give too little weight to sample sizes has a long tradition in 

psychology (Tversky & Kahneman, 1971) and has also been observed in more recent work 

(e.g., Hoffart, Rieskamp, & Dutilh, 2019; Hoffart, Olschewski, & Rieskamp, 2019).  

Characteristic Effects in Belief Updating 

Above, we discussed that we found (a) dilution effects, (b) confirmation effects, (c) 

effects of diagnosticity, (d) order effects, (e) effects of converging evidence, and (f) 

insensitivity to sample size in our data and that these effects allowed us to differentiate 

between the similarity-updating model, the Bayesian model, and the PT+N model on a 

quantitative level. 

Implications 

Subjective Probability Judgment 

Among other areas, similarity has previously informed research on quantitative 

estimations (Juslin et al., 2008; von Helversen & Rieskamp, 2009; von Helversen et al., 

2014). In line with related findings (Nilsson et al., 2005; Read & Grushka-Cockayne, 2011), 

we have shown that introducing the concept of similarity to the study of subjective 

probability judgments provides important insights. With the similarity-updating model, we 
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tested a specific instantiation of similarity and contrasted it to other instantiations such as the 

similarity heuristic (Read & Grushka-Cockayne, 2011), representativeness as prototype 

similarity (Nilsson et al., 2005), and representativeness as relative likelihood (Nilsson et al., 

2005), as well as alternative versions of the similarity-updating model. To reduce the length 

of this paper we have not reported the model comparisons but it turned out that the similarity-

updating model was superior to these variants. Alternative models of similarity are the 

evidential support accumulation model (Koehler et al., 2003), cue-based relative frequency, 

and the probabilities from exemplars (PROBEX) model (Juslin & Persson, 2002). The first 

two models were not tested in the present studies because there is not a straightforward 

application of these models to our task. Further, applied to our task, which does not involve 

memory processes across trials, the PROBEX model boils down to the probability judgment 

part of the similarity-updating model with a probability judgment function, which differs 

slightly from Equation 3. This makes testing this model superfluous as long as no memory 

processes are involved.  

Belief Updating 

Weighting-and-adding processes have been successfully applied to explain people’s 

behavior in conjunctive probability estimation (Jenny et al., 2014; Nilsson et al., 2009, 2013) 

and they have been demonstrated to perform better than normative as well as alternative 

cognitive models. In the present article we have shown that they can also well describe 

people’s belief-updating processes, which have previously been described with belief-

updating models (Hogarth & Einhorn, 1992) and the sigma model (Juslin et al., 2008). Our 

analyses show that the similarity-updating model, with its weighting and adding processes, 

outperforms alternative updating models.  

A potential alternative approach to modeling belief updating is quantum probability 

theory (QPM; Busemeyer et al., 2011; Trueblood et al., 2017) and there is evidence 
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suggesting that the QPM explains several nonnormative behaviors. The QPM can be seen as 

a generalized and relaxed version of Bayesian probability theory that explains nonnormative 

behaviors usually with a context or background that gives rise to certain mathematical 

representations. For example, order effects are explained by the idea that people adopt 

different perspectives when evidence is presented and a shift between contexts is a 

noncommutative operation (Trueblood & Busemeyer, 2011). However, the dilution effect, as 

usually tested with the book-bags-and-poker-chips task, does not include different contexts or 

backstories. As such, theorizing a QPM that explains the dilution effect is not 

straightforward. 

Similarity-Based Confirmation 

Confirmation effects have a long-standing tradition in psychology and economics and 

have been shown to affect people’s judgments and decision making in a variety of contexts 

(Jones & Sugden, 2001; Lord et al., 1979; Plous, 1991; Wason, 1968). However, 

computational cognitive models that intend to explain this effect are rare. Similarly, 

confirmation effects have rarely been investigated in the domain of probability judgments 

(but see LaBella & Koehler, 2004). We propose a similarity-based confirmation mechanism 

that is a part of the belief-updating process. Following an anchoring-and-adjustment process 

(Chapman & Johnson, 2002; Epley & Gilovich, 2001, 2006; Hogarth & Einhorn, 1992; 

Tversky & Kahneman, 1974), people average the probabilities of two sequentially presented 

pieces of evidence (Hogarth & Einhorn, 1992) but then adjust the probability as a result of a 

similarity bias (Hahn et al., 2010; von Helversen et al., 2014). The more similar the second 

piece of evidence is to a favored hypothesis, the higher the adjustment and, thus, the resulting 

probability judgment. This mechanism is very similar to the original belief-adjustment model 

but assumes that the anchor is given by the combination of the two independent probability 

values and not by the first probability. Thus, it can be viewed as an extension to the averaging 
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mechanisms, which are able to explain the dilution effect and other effects from the literature 

on probability judgments, to also account for confirmation effects (defined as the reverse of 

the dilution effect), thereby providing a theoretical idea of why and how dilution and 

confirmation effects interact in the domain of probability judgments. 

Reduced Dilution by Expertise 

It has been shown that the dilution effect decreases with expertise in several domains 

(e.g., Shelton, 1999; Smith et al., 1999). The similarity-updating model linked to some ideas 

from the distortion of information literature is also able to explain the absence of dilution, 

that is, no decrease in probability judgments in the face of nondiagnostic information. 

According to the similarity-updating model, the magnitude of decrease after a second sample 

has been presented depends on the perceived importance of the second sample. If this 

importance is zero, the probability judgment does not change when the second sample is 

presented. A decrease in the perceived importance thus implies a reduction in the observed 

dilution in probability judgments. For example, an experienced auditor or a judge might 

consider the importance of a new piece of evidence as rather small in comparison to a body 

of evidence already gathered.  

Bridging the Gap Between Related Fields 

To what extent can the similarity-updating model be applied to other domains? In 

general, it seems that the model can be applied whenever the probability for a certain event 

has to be judged given multiple pieces of information. One such domain is causal reasoning 

(Trueblood & Pothos, 2014; Trueblood et al., 2017). After learning a causal structure (aspect 

A/B causes event E) participants were asked to judge how likely event E is to occur given the 

presence/absence of aspects A and B. The similarity-updating model can also account for 

some of the effects in causal reasoning. Order effects in causal reasoning can be explained by 

the recency component in the updating mechanism. Similarly, the memoryless effect (the 
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probability that an aspect is present depends on only the most recent information; Trueblood 

& Pothos, 2014) can be explained by the recency component as well. 

Another related domain is the literature on probability judgments of conjunctive 

events (e.g., Tversky & Kahneman, 1983). Here participants are asked to combine p(A), that 

is, the probability of A, and p(B) into a judgment of p(A and B) and the typical finding is that 

p(A and B) tends to fall between the two constituent probabilities, that is, if p(A) < p(B), then 

the typical finding is that p(A) < p(A and B) < p(B). This judgment pattern is typically 

referred to as the conjunction error, or the conjunction fallacy, as it violates the conjunction 

rule of probability theory. Notably, the similarity-updating model can predict the conjunction 

error with its averaging mechanism (for similar arguments see, Fantino et al., 1997; Nilsson 

et al. 2009, 2013). 

Bridging Cognitive Psychology and Judgment and Decision-Making Research 

Applying the concept of similarity to the area of judgment and decision making via 

the similarity-updating model fits the movement of applying concepts from more basal 

processes such as perception to higher order processes such as similarity judgments. This so-

called mindful judgment and decision-making research has led to a more detailed 

understanding of judgment and decision-making phenomena (Johnson & Weber, 2009), for 

example, by modeling recognition within the cognitive architecture ACT-R (Schooler & 

Hertwig, 2005), modeling confidence judgments with evidence-accumulation models 

(Pleskac & Busemeyer, 2010), or modeling forced-choice decision making with evidence-

accumulation models (Lee & Cummins, 2004). 

Considering the similarity-updating model in the context of the dilution effect 

facilitated the realization that items that a researcher or experimenter might use because they 

are nondiagnostic will not necessarily be perceived and treated as nondiagnostic by the 

experiment participants. Although in our experiment nondiagnostic first samples were often 
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perceived as such, nondiagnostic second samples still influenced the initial probability 

judgments based on first diagnostic samples. This was due to people’s tendency to put 

considerable weight on the second piece of (potentially nondiagnostic) evidence. Thus, by 

looking at the first probability judgments based on nondiagnostic samples and by inspecting 

the weight parameter of the estimated similarity-updating model (β), it is possible to 

distinguish whether the dilution effect is caused by distorted probability estimation or by the 

belief-updating mechanism. The dilution effects should always occur when the similarity-

updating model identifies the nondiagnostic piece of evidence as such and weights it with a 

weight > 0. 

Open Questions 

Belief updating can occur in an immediate, online fashion where one’s belief changes 

within seconds. Alternatively, it can also occur much more slowly, over the course of hours, 

days, or longer periods of time. The structure of the typical dilution task allows one to 

consider belief updating formed in a rapid sequence. Updating a belief in such an online 

fashion is an important skill. Imagine a security guard screening potential troublemakers at an 

airport. The security guard might first notice that a potential subject looks around quite 

nervously and therefore pays more attention to this person. Next, the guard sees a small child 

who is yelling for her dad and realizes that the potential subject is probably just looking for 

his child. In an alternative scenario, if the guard noticed that the nervous man was making 

secret signs to another person, the guard might become more suspicious about this person. In 

situations such as this it is crucial that people can accurately and quickly update their beliefs 

based on sequentially observed information and make good corresponding decisions. Thus, 

understanding how people form such belief updates crucially broadens the understanding of 

complex human cognition as a whole. This raises the question of if this model also explains 
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people’s belief updating well if the updating happens over a longer period of time. This is an 

important question to address in future research. 

Conclusions 

People’s probability judgments in a belief-revision task in which they experience the 

occurrence rate of events through sampling can be better described by a similarity-updating 

model consisting of similarity and weighting-and-adding processes than by a Bayesian model 

or alternative accounts of similarity (Nilsson et al., 2005; Read & Grushka-Cockayne, 2011) 

and updating processes (Hogarth & Einhorn, 1992; Juslin et al., 2008). It seems that people 

show the dilution effect because when forming and updating their probability judgments, they 

use a rule that lets them integrate nondiagnostic information into the judgment via a 

weighting-and-adding process. These findings are in line with previous findings (e.g., 

Anderson, 1981; Hogarth & Einhorn, 1992; Nilsson et al., 2009; Shanteau, 1970) that 

similarity and weighting-and-adding processes affect people’s probability judgments. 

Although following a similarity-updating process leads people to take nondiagnostic 

information into account and produce the dilution effect, it still leads them to make generally 

good predictions and receive good decision outcomes, especially with decreasing noise. The 

similarity-updating model can describe the underlying cognitive process of people’s 

probability judgments that often lead to accurate decisions despite violating probability 

theory.  
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Table 1 

Median Parameter Values of All Models in All Studies 

Model Parameter 1 2 3 4 

Similarity updating c .22 .54 .38 .45 

 θ 14.01 9.95 15.64 10.80 

 τ .57 .64 .50 .54 

 σ .14 .14 .11 .12 

Bayesian σ .27 .27 .38 .33 

PT+N 𝑑 .21 .22 .27 .21 

 σ .18 .21 .17 .22 

Baseline σ 46,910.56 2,357 .41 .61 

Note. PT+N = probability-theory-plus-noise model.   
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Table 2 

The Models’ Bayesian Information Criteria (BICs) for the Probability Judgments in All 

Studies 

Study Result Model 

Similarity updating Bayesian PT+N Baseline 

1  

Median BIC -237.10 -82.6 -165.08 4.45 

n 24 0 1 0 

2  

Median BIC -240.0 -84.28 -144.95 4.45 

n 25 0 1 0 

3  

Median BIC -405.81 -46.55 -244.74 -28.95 

n 21 0 3 0 

4  

Median BIC -262.38 -55.04 -121.39 -2.67 

n 23 1 1 0 

Note. PT+N = Probability-theory-plus-noise model.
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Figure 1. Histogram of differences between participants’ first and second probability 

judgments by presentation of nondiagnostic sample in all trials in all four studies. 
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Figure 2. Correlation of the difference in participants’ probability judgments in all four 

experiments between the first and the second judgment (combined probability estimate for 

Samples 1 and 2 minus the probability for Sample 1) and the similarity difference predicted 

by the similarity-updating model (Equation 1). Parameter 𝑐 of the model used to produce the 

predictions is the mean value of the median parameter values over all experiments as reported 

in Table 2 (𝑐 =  .4). 
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Appendix A 

Detailed Implementation of the PT+N model 

Our implementation of the PT+N model, in principle, follows the implementation of 

the Bayesian model introduced in Appendix B, with the exception that we assume that there 

is a chance that samples are perceived incorrectly, more specifically, a chance 𝑑 that the color 

of a card is misperceived, leading to an incorrect count.  

In our setting, the error chance 𝑑 modulates how a sample of 𝑛 cards is actually 

perceived. To model this, we first calculate the chance for every unordered sample of size 𝑁 

given the real sample 𝐸1. For an arbitrary sample 𝐸1
′  the probability of accidentally 

perceiving 𝐸1 as 𝐸1
′  given 𝑑 is 

𝑃perceive(𝐸1
′|𝐸1, 𝑑) =

𝑁!

𝑑𝑖𝑠𝑡(𝐸1,𝐸1
′)! ⋅(𝑛−𝑑𝑖𝑠𝑡(𝐸1,𝐸1

′))!
⋅ ((1 − 𝑑)𝑁−𝑑𝑖𝑠𝑡(𝐸1,𝐸1

′) ⋅ 𝑑𝑑𝑖𝑠𝑡(𝐸1𝐸1
′))    (A1) 

The distance between the two samples 𝐸1 and 𝐸1
′is given by the number of different cards.  

 The likelihood that a sample 𝐸1 stems from Deck A is calculated by multiplying the 

probability of perceiving every unordered sample, 𝑃perceive(𝐸1
′|𝐸1, 𝑑), with the probability 

that this perceived sample stems from the deck, 𝑃(𝐸1
′|A), 

𝑃(𝐸1|A) = ∑ 𝑃perceive(𝐸1
′|𝐸1, 𝑑) ⋅𝐸1

′  𝑃(𝐸1
′|A)      (A2) 

The probability that the misperceived sample 𝐸1
′  stems from Deck A is given by 

𝑝(𝐸1|A) =
𝑁!

𝑓1.1!×𝑓1.2!×𝑓1.3!
× 𝑝A1

𝑓1.1 × 𝑝A2
𝑓1.2 × 𝑝A3

𝑓1.3      (A3) 

The updating process is calculated analogous to the Bayesian cognitive model 

(described in Appendix B). Please note that the Bayesian cognitive model is nested in this 

implementation of the PT+N model (𝑑 = 0). The higher the error chance 𝑑, the higher are the 

deviations of the model’s predictions from the predictions of the Bayesian cognitive model. 

However, the deviations are symmetrical and cannot in principle predict stimulus-dependant 

deviations such as the dilution effect.  
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Appendix B 

Detailed Implementation of the Bayesian Model 

The first step to calculate the probability of Hypothesis A given a specific piece of evidence 

is to calculate the likelihood of observing the sample under Hypothesis A. In our card game 

example, this is the likelihood of sampling the cards of Sample 1 out of Deck A: 

𝑝(𝐸1|A) = 𝑝A1
𝑓1.1 × 𝑝A2

𝑓1.2 × 𝑝A3
𝑓1.3, (B1) 

where N is the sample size, pA1, pA2, and pA3 are the probabilities of the different colors in 

Deck A and f1.1, f1.2, and f1.3, are the frequencies of the respective colors observed in Sample 

1. The posterior probability of Sample 1 coming from Deck A is then computed by 

𝑝(A|𝐸1) =
𝑝(𝐸1|A)×𝑝(A)

𝑝(𝐸1|A)×𝑝(A)+𝑝(𝐸1|B)×𝑝(B)
, (B2) 

where p(E1|A) and p(E1|B) are the likelihoods of receiving Sample 1 out of Deck A and Deck 

B and p(A) and p(B) are the prior probabilities of Categories A and B, respectively. We 

implemented this model fixing the prior probabilities to .50, assuming that prior to having 

seen any data, participants would be indifferent about the categories. This posterior 

probability becomes a new prior probability in light of which additional information will be 

processed. 

According to Bayesian theory, this new prior probability is updated in light of new 

evidence as follows by first computing the likelihood of observing Sample 2 out of Deck A:  

𝑝(𝐸2|A) = 𝑝A1
𝑓2.1 × 𝑝A2

𝑓2.2 × 𝑝A3
𝑓2.3, (B3) 

where pA1, pA2, and pA3 are the probabilities of the different colors in Deck A and f2.1, f2.2, and 

f2.3, are the frequencies of the respective colors observed in Sample 2. The posterior 

probability that both Sample 1 and Sample 2 come from Deck A is then computed by 
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𝑝(A|𝐸1, 𝐸2) =
𝑝(A|𝐸1)×𝑝(𝐸2|A)

𝑝(A|𝐸1)×𝑝(𝐸2|A)+𝑝(B|𝐸1)×𝑝(𝐸2|B)
, (B4) 

where p(A|E1) and p(B|E1) are the posterior probabilities for Decks A and B given that 

Sample 1 was observed (and thus the new prior probabilities), and p(E2|A) and p(E2|B) are 

the likelihoods of receiving Sample 2 out of Deck A and B. Note that in this example, 

because the second sample is just as likely to come from Deck A as from Deck B, p(A|E1,E2) 

= p(A|E2). 

Equation B4 can be rearranged to an odds format where 

𝑝(A|𝐸1,𝐸2)

𝑝(B|𝐸1,𝐸2)
=

𝑝(A)

𝑝(B)
×

𝑝(𝐸1|A)

𝑝(𝐸1|B)
×

𝑝(𝐸2|A)

𝑝(𝐸2|B)
=  

𝑝(𝐸1|A)

𝑝(𝐸1|B)
×

𝑝(𝐸2|A)

𝑝(𝐸2|B)
, if p(A) = p(B) = .50. (B5) 
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Appendix C 

Behavior of Similarity-Based Confirmation 

Figures C1 and C2 illustrate the anchoring-and-adjustment process. 

Figure C1. Adjustments predicted by the similarity-based confirmation mechanism for 

differences between the first samples 𝐸1, 𝐸2 and the chosen hypothesis, combinations of 

associated probabilities, and different values of 𝜏. 
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Figure C2. Combined probability predicted by the updating mechanism for differences 

between the first samples 𝐸1, 𝐸2 and the chosen hypothesis, combinations of associated 

probabilities, and different values of 𝜏. 
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Appendix D 

Comparison Between Likelihood and Similarity 

Figure D1 shows the similarity (for different values of the sensitivity parameter c) and 

likelihood for a sample relative to the city-block distance between different samples and all 

tested decks. Each grid cell shows the results for another, representative sample. Grid cell 0-

0-7, for example, shows the results (similarity/likelihood) for a sample with 0 blue, 0 green 

and 7 red cards relative to the distance between this sample and all possible tested decks. The 

presented sample types are representative for all samples, because city-block distance is 

symmetrical, meaning that the graphs for 0-0-7 and 0-7-0 are identical. The results show that 

both the likelihood and the similarity decrease with the distance between a sample and a 

deck. However, for small distances, the likelihood is much lower on average than similarity 

and consequently the decrease is flatter compared to similarity. Similarity can only 

approximate likelihood for some sample types and high values of the sensitivity parameter c. 

 

Figure D1. Comparison of the likelihood (calculated with the multinomial distribution) and 

similarities calculated with different values of parameter 𝑐 relative to the distance between an 

average deck and different types of samples (grid). 
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Appendix E 

Instructions of the Four Studies 

In the following, you will be presented with two decks of cards. Both decks consist of 3 types 

of card: red, blue, and green cards. Each deck consists of 100 cards. The numbers above the 

decks indicate how many red, blue, and green cards the decks contain. Proceed by hitting any 

key. 

One of the decks will be randomly picked and two [three] samples will be 

sequentially drawn (with replacement) from this deck. The cards that are drawn in each 

sample are replaced before drawing additional samples. Thus, within one game, the decks 

always consist of the number of cards indicated above the decks. The composition of the 

decks will vary between games. Proceed by hitting any key. 

Your task will be to indicate which deck you think the two [three] samples were 

drawn from. Both samples were drawn from the same deck. Additionally, you will assess the 

probability that the samples stem from the deck you picked. PLEASE NOTE THAT THE 

PROBABILITY JUDGMENTS ALWAYS RELATE TO THE DECK THAT YOU 

PICKED. Proceed by hitting any key. 

You will receive 15 CHF (or 2 course credits) for your participation. In the end, one 

of the games you played will be picked at random and played out. If you picked the right 

deck in this game, then you receive 2.50 CHF in addition to the participation fee as a bonus. 

Proceed by hitting any key. 

Additionally, you can win a bonus, which is contingent on the accuracy of your 

probability judgment. The better your judgment, the higher your bonus will be (max. 5 CHF). 

Thus, you will receive a bonus for your choice AND your probability judgment. Proceed by 

hitting any key. 
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Please address the instructor now if anything is unclear. Note that you will always 

first pick a deck by hitting either key “1” or “2” and then provide your probability judgment. 

PLEASE NOTE THAT WITHIN ONE GAME, BOTH [ALL THREE] SAMPLES 

WILL BE DRAWN FROM THE SAME DECK.E1 First, a couple of practice trials will 

follow, which will not count.E2 Proceed by hitting any key. 

 

*** 

 

Are you ready for the real experiment? Now every game counts.E2 Please address the 

instructor if anything is unclear. If you are ready, then please hit any key. 
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Footnotes 

1 Note that this is true only if the pieces of evidence are independent.  

2 To test the ecological validity of the similarity-updating model we ran a simulation that 

parallels simulations by Juslin et al. (2009). This simulation was intended to test if the model 

leads to good judgments in our environment as compared to a normative solution as given by 

likelihood computation and Bayes’s theorem. In sum, the similarity-updating model’s binary 

predictions are well adapted to the environment and their accuracy increases with decreasing 

sampling error. 

3 Note that this definition of similarity assumes an equal number of features in 𝑖 and j. 

Considering the task at hand, if we assume that sampling a certain feature (e.g., green cards) 

immediately brings one to reject a deck because it does not contain that feature, we need to 

(a) extend the missing features with an F (false) and (b) extend our notion of similarity: 

𝑠𝑖,𝑗
ext  = {

𝑠𝑖,𝑗      if ∀A𝑖𝑘
∈ 𝑖 = (𝑖1, … , 𝑖𝑛), ∀𝑗𝑘 ∈ 𝑠 = (𝑗, … , 𝑗𝑛): (𝑖𝑘 ∧ 𝑗𝑘)

0          else                                                                                             
 

The conjunction (𝑖 ∧ 𝑗) becomes false if one conjunct is false. Intuitively, false in the present 

paradigm means that a sample 𝑠 cannot have been drawn from a Deck A. In that case, the 

similarity is 0 and, thus, the probability for that deck is also 0. 

4 Note that Equation 4 can be reformulated in the tradition of reinforcement learning models 

(𝑝𝑡(A) = 𝑝𝑡−1(A) + β[𝑝(A) − 𝑝𝑡−1(A)]) where β is the weighting parameter with values 

between 0 and 1, which indicates the weight on the difference between the two probability 

judgments—in other words, on the prediction error of the first judgment relative the second 

judgment, the latter being based on additional information (Sutton & Barto, 1998). Also note 

that if the weighting parameter takes the function of β = 1/(𝑛 − 1), Equation 4 produces the 

current or running mean over all previously encountered pieces of evidence. 

E1 This sentence was added to the instructions of Studies 2 and 3 to make sure participants 

thoroughly understood the task. 
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E2 This sentence was used only in Studies 2 and 3. 
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Abstract

Individuals solve many real-world problems by apply-
ing distinct mental strategies, requiring them to find
out, which strategy solves the current problem best.
How people develop preferences for strategies and co-
ordinate their use has, however, remained largely un-
resolved. Many theories of the mind postulate that
individuals apply only one strategy at a given time,
implying shifting between strategies depending upon
domain-specific knowledge. On the flip side, inte-
grating or blending knowledge from several strategies
often proves beneficial. We argue here that a princi-
pled learning account provides valuable insights into
how people solve the strategy selection problem. We
present a generalized learning model of strategy se-
lection and coordination, which reveals how assump-
tions about strategy coordination (i.e. switching be-
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tween strategies or blending strategy knowledge) con-
strain strategy selection learning. We demonstrate
that developing domain-specific strategies is only pos-
sible if people keep more than one strategy active
at any given point in time, ruling out trial-by-trial
strategy shifts. Two empirical experiments in which
we vary the amount of context knowledge people can
acquire support the conclusion that learning to rely
upon several judgment strategies is better predicted
by strategy-blending than strategy-shifting. Learn-
ing models may thus provide a suitable tool for un-
derstanding the basics of strategy coordination.

Keywords— Strategy selection, Reinforcement
learning, Judgment
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In many personal and professional decision situa-
tions, people have to adapt their decision behavior
to changing environmental influences. Imagine, for
instance, a trader at the rise of the New Economy.
During this period, new companies such as Google
or Yahoo entered the stock market, many of them
violating previously successful business models. Po-
tentially, the trader identifies these companies as de-
viating from previously traded enterprises and estab-
lishes a new policy to evaluate the companies’ future
success. Alternatively, the trader may slowly adjust
her current trading policy by incorporating predictors
of success for these new companies into her trading
policy. Changing task demands, such as new com-
petitors on the stock market, thus challenge current
policies and raise the need to adjust these policies or
select an alternative one.

The general question of how people adjust and shift
between distinct mental strategies in response to task
demands and personal preferences has been coined
the strategy selection problem [6, 33, 42, 44, 45, 53,
54, 56]. The strategy selection problem arises from
the often held assumption within psychological sci-
ence that people solve a task by applying two, several,
or a multitude of distinct strategies. For instance,
dual-process theories of reasoning posit that people
sometimes solve a reasoning problem by applying a
fast and associative heuristic process (System 1) and
sometimes by applying a slow and analytic process
(System 2) [13, 63]. Theories in language have em-
phasized that people often follow grammatical rules,
but store and retrieve exceptions to those rules from
memory [22, 59].

Across these domains, the multiple strategy as-
sumption poses two sub-problems: a) When do peo-
ple apply which strategy? Under time pressure, for
instance, the trader may promptly classify any new
competitor as high-risk and refuse to invest, but un-
der less pressing conditions the trader potentially
considers additional factors that turn his decision
around. Task and strategy demands like this, but
also personal capabilities and strategy success shape
which strategy a person follows [13, 27, 46, 53]. b)
How do people coordinate different strategies? For
one, the trader may shift between strategies and infer
a new companies’ future success sometimes by com-

paring it to similar ones and at other times by eval-
uating objective performance indicators. Alterna-
tively, the trader may combine both strategies, that
is, simultaneously compare the company to its com-
petitors and evaluate it on objective criteria. Strat-
egy coordination refers to the problem of how people
combine and integrate several strategies [56].

Most psychological research has focused on the
first problem to explain people’s behavior, but ne-
glected the question of how people coordinate differ-
ent strategies. In this paper, we argue that to solve
the strategy selection puzzle and to predict how peo-
ple approach a given task, one needs to explicitly
consider how people combine and coordinate these
strategies. In particular, assumptions about strategy
coordination constrain if people can —in principle
—acquire general strategy preferences and can adapt
strategies to domain-specific (or contextual) knowl-
edge.

Here, we demonstrate analytically, in simulations,
and empirically how strategy coordination impacts
learning about the strategies and when to use them.
Analytical results rule out a strict interpretation of
strategy shifting, but still allow for blending strat-
egy knowledge or selectively activating strategies de-
pending on the domain-specific information. Using
judgment research as an example, we explore in sim-
ulations how less extreme preferences for shifting and
blending affect strategy choice. We then identify em-
pirical conditions to contrast different types of strat-
egy coordination and demonstrate empirically that
strategy-blending best predicts human judgments.

1 Strategy coordination:
Blending vs shifting

A range of prominent theories in psychological sci-
ence, such as the adaptive toolbox approach, have
postulated a strategy shifting account [13, 18, 19, 31,
63]: People select one strategy out of a set of compet-
ing strategies to solve the problem at hand and follow
this single strategy, ignoring alternative solutions an-
other strategy might yield. Yet, more recent evidence
points towards the possibility that even in cases in
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which one strategy clearly dominates, people still ac-
tivate the alternative strategy and integrate or blend
the responses from several strategies [7, 9, 24, 60,
67]. For instance, people retrieve previous knowledge
from memory, even if they consistently apply one de-
cision rule [21, 66]. Although strategy coordination
is a recurring topic across domains in cognitive sci-
ence from reasoning [13, 63] to language learning [22,
59], the question of whether individuals shift among
or blend different strategies remains unresolved.

To illustrate strategy coordination, imagine each
strategy as one out of several experts shouting out
their advice. You can select the expert depending
on their domain of knowledge and follow their solu-
tion, a shifting between experts, or integrate their
solutions independent of their domain-specific exper-
tise, a blending account. In the extremes, one expert
provides the solution to one problem in only one do-
main in strategy-shifting or every expert provides a
solution to all problems in all domains in strategy-
blending. Thus, strategy-shifting implies that peo-
ple heavily consider and develop contextual knowl-
edge to select a strategy, whereas strategy-blending
assume that domain-specific expertise is ignored and
only general strategy preferences are identified.

Previous work oftentimes demonstrated a perfor-
mance benefit of strategy-blending. Combining fore-
casts from different methods (or individuals) regu-
larly outperforms the single best forecasting method
in prediction tournaments and forecasting research
[3, 4, 16, 40, 47, 48, 64], in particular if those meth-
ods make different systematic errors [39]. In the same
way, blending the output from several mental strate-
gies may reduce the impact associated with errors
in strategy choice [23, 24, 67]. Despite its statisti-
cal advantage, strategy-blending has been refuted as
a plausible mechanism within one mind [19, 34, 61].
In addition, evidence is rare that individuals delib-
erately adopt strategy-blending [24, 39, 47]. For in-
stance, collaborative teams often seek to identify the
more appropriate estimate instead of averaging their
estimates [15, 41, 49, 50]. Such strategy shifting can
be advantageous, too, namely, if strategies strongly
differ in their accuracy [10, 38] or if averaging all
opinions neglects novel or specialized knowledge from
a minority [8, 55]. The latter argument hints at the

possibility that a compromise between pure shifting
and blending solves the strategy coordination prob-
lem best. Individuals may preferentially activate and
integrate all strategies, but consider domain or con-
text specific information for some problems to deter-
mine the most appropriate strategy for this subset
(i.e. selective activation).

Taken together, although strategy-blending is sta-
tistically advantageous in most setups, this perspec-
tive has found little resonance in theories of the mind
postulating strategy-shifting. In turn, how individu-
als prefer to coordinate strategy use does not nec-
essarily coincide with the statistically optimal ap-
proach. One reason why conclusions may differ is
that statistical aggregation approaches often limit
their investigation to the question of how optimal
policies are coordinated. Individuals, however, are
usually confronted with ill-defined problems for which
they have to learn appropriate strategies. Taking a
learning perspective may resolve this divide between
optimal strategy coordination and observed human
preferences by uncovering the psychological limits of
strategy coordination approaches.

2 The need for learning models
to solve the strategy selection
puzzle

The idea that strategies can be conceived as experts
out of which the individual selects the best one for the
current problem has dominated research on strategy
selection in decision making [34, 56], memory [65],
and reasoning [13, 17, 57] for a long time. Con-
sequently, strategy-blending has been mostly con-
trasted with strategy-shifting under the assumption
that strategies have already been adapted to the
problem at hand [7, 23, 44]. Yet, this analogy falls
short of a sufficient explanation for individual prob-
lem solving because during the learning process in-
dividuals need to simultaneously infer how to suc-
cessfully execute each strategy and which one they
should predominantly execute.1

1Some decision making models implement both learning
processes, but do not explicitly expand on the interplay be-
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Importantly, the degree to which people focus only
on the most suitable strategy in each trial or engage
in several strategies simultaneously constrains which
knowledge individuals gain about each strategy and
how likely one finds the best strategy over time. To
illustrate this idea, reconsider the problem of advice
taking. When following the advice of a single ex-
pert, this expert will be informed about the accuracy
of her recommendation and can adjust her policy ac-
cordingly. The initially ignored experts, however, will
neither know whether they would have made a cor-
rect prediction, nor will the decision maker be able
to infer if the chosen expert provided the best so-
lution. When integrating the advice from multiple
experts, however, each expert will be updated about
the correctness of the overall advice and adjust her
recommendation strategy depending upon her initial
contribution. Likewise, the decision maker can deter-
mine which expert overall provided a better solution,
but is unable to tie it to domain-specific expertise.

Over a longer learning period, this interplay be-
tween strategy-learning and learning to coordinate
strategy use predicts patterns of strategic preferences
that are hard to anticipate without learning. For
instance, multi-modal response distributions, that is
the same person answering a question sometimes in
one way and sometimes in a different way, have of-
ten been taken as evidence for strategy shifting [24,
34, 67]. Yet, strategy-blending also allows for multi-
modal patterns to emerge if the integrated predic-
tion from all strategies is not fused into a single re-
sponse, but activates multiple response options out of
which one is selected. Even more surprising, multi-
modal response patterns should be rarely observed
in strategy-shifting because only the currently acti-
vated strategy is adjusted and one does not learn to
perceive multiple strategies as equally appropriate2.
Thus, strategy predictions can be easily confounded
with response selection processes if learning processes
are ignored. This highlights that without a principled
learning model it is difficult to distinguish between

tween learning each strategy and learning to coordinate their
use [34, 37]

2Indeed, the chosen strategy has to predict multi-modal re-
sponse patterns to be able to observe those pattern in strategy-
shifting.

strategy-shifting and strategy-blending.

3 Blending and shifting
through the lens of a
mixture-of-experts learning
model

The idea that experts provide different solutions
and one only needs to choose between or inte-
grate these solutions is the key concept underlying
mixture-of-experts models (Figure 1, see Appendix
A). We delineate here a mixture-of-experts model for
strategy selection, BASICS, that describes Blending
And Shifting In Coordinating Strategies. Gener-
ally speaking, mixture-of-experts models consist of
two mechanisms: the experts, here the strategies
(s1, ..., sm), and the coordination mechanism, here
the strategy selection mechanism. In the tradition of
mixture-of expert models, BASICS efficiently learns
which strategy solves a subset of problems best [29,
30]. Each strategy proposes for each possible solution
(c1, ..., cn) how likely it solves a given problem with
dimensions (x1, ..., xk), denoted by the choice proba-
bility Pc,s. The strategies can encompass simple so-
lutions, such as heuristics based on a single cue or
dimension [29], more intuitive approaches, such as a
similarity-based comparisons to previous experiences
[37], or sophisticated problem-solving strategies, such
as a multidimensional non-linear integration of sev-
eral dimensions [34], with each strategy defined as a
function over the problem dimensions.

The strategy selection mechanism explicitly de-
scribes how several strategies are coordinated. In this
mechanism, the probability of choosing solution c, the
choice probability Pc, aggregates the probabilities of
choosing solution c under each strategy s by weigh-
ing the choice probability for each strategy Pc,s with
the strategy activation as: Pc =

∑
s
as · Pc,s. This

strategy activation, varying from 0 to 1, expresses
strategy-shifting if as takes only the values 0 or 1 and
thus only a single strategy is activated for solving the
current problem. The strategy activation expresses
strategy-blending if as takes any value between 0 or
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1 and thus several strategies are simultaneously ac-
tivated. How strongly each strategy is activated de-
pends on two factors: global strategy preferences βs
and learned contextual knowledge about when to ap-
ply each strategy,

∑
h

ah · ws,h.

as =
e
γ∗∑

h

ah∗ws,h+βs

∑
s
e
γ∗∑

h

ah∗ws,h+βs
(1)

The strategy selectivity γ modulates the degree
to which contextual knowledge activates one strat-
egy and ignores global strategy preferences causing
strategy-shifting, or —on the contrary —contextual
knowledge is neglected and global preferences domi-
nate strategy activation, eventually causing strategy-
blending (Figure 1, Appendix A.2). Under an indef-
initely high strategy selectivity (dashed black line,
γ = 10000), only a single strategy is activated to
solve the current problem, namely the one preferred
by contextual knowledge.3 The steep transition from
0 to 1 in strategy activation clearly marks the all-
or-none strategy choice in strategy-shifting. Under
a very low strategy selectivity (dashed white line,
γ = .00001), all strategies are activated depending
upon the general preference for strategy s and the
number the competing strategies, but any contextual
knowledge is disregarded. The flat line marks this
context-independent strategy-blending. At interme-
diate levels of strategy selectivity (e.g. black line,
γ = 1), each strategy is activated depending upon
global preferences and contextual knowledge, allow-
ing for selective activation of one strategy, that is to
preferably rely on one strategy, but to pick an alter-
native strategy to solve specific problems. Varying
strategy selectivity thus allows to compare different
accounts of strategy coordination during learning.

3The datasets generated and/or analysed during the current
study are available in the Open Science Framework along with
the code and experimental material, https://osf.io/3hg27/
?view_only=9f653f00832c47a0b65fcb06938395eb
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Figure 1: (A) Architecture of BASICS. Each strategy
s1, .., sm chooses each solution c1, ..., cn to problem
x with dimensions x1, .., xk with choice probabilities
Pc1,s1 , .., Pcn,sm . These choice probabilities are inte-
grated into overall choice probabilities for each solu-
tion Pc1 , .., Pck depending upon the strategy activa-
tion of each strategy as1 , ..., asm . (B) Strategy activa-
tion for a strategy s = sm (upper row) and the com-
peting strategies (lower row) as a function of contex-
tual knowledge about strategy s, strategy selectivity
γ (separate lines), general strategy preference β (first
two columns), and number of strategies (right col-
umn). Strategy activation for strategy sm increases
as a function of associated contextual knowledge and
the general strategy preference, but declines with the
number of available strategies. The strategy selec-
tivity determines how sharply people transition from
using one strategy to another, modulating the degree
of strategy-blending to strategy-shifting.
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During learning, BASICS learns simultaneously
how and when to apply each strategy via trial-by-trial
feedback. Strategy coordination, blending or shift-
ing, directly impacts both aspects: learning of each
strategy and learning of contextual knowledge. First,
strategies are adjusted proportionally to their contri-
bution. In blending, the strategies contribute relative
to their strategy activation and are adjusted accord-
ingly. In pure strategy-shifting, however, the activa-
tion of all but one strategy are zero and thus only one
strategy can learn anything —the currently used one.
Second, general strategy preferences βs and context
weights ws,h are adjusted as a function of strategy
activation as, the context activation ah, the strat-
egy selectivity γ, the error attributed to each strat-
egy Es, and the combined error over all strategies E,
∆βs = λsas(E−Es) and ∆ws,h = λsγahas(E−Es).
Extreme values of strategy selectivity γ hinder the
learning of contextual knowledge modelled by the
context weights. In pure strategy-blending the low
selectivity γ leads to a ∆ws,h of near zero, imply-
ing that in strategy-blending people do not update
any context dependent knowledge, but only a gen-
eral strategy preference. In pure strategy-shifting the
mixed error E reduces to the error elicited by the se-
lected strategy Es, i.e. E = Es, implying that nei-
ther context-dependent knowledge, ∆ws,h = 0, nor
general strategy preferences are adjusted. As a re-
sult, shifting between strategies in each single trial
only enforces the strategy that appears most success-
ful so far and does not help, in its extremes, to ac-
quire knowledge about when to apply an alternative
solution.

4 Strategy coordination in hu-
man judgment

Forecasting the nature of unknown future events is a
prime example of strategy coordination in everyday
life. Politicians, for instance, attempt to predict the
public’s opinion towards a policy by recalling their
opinion towards similar historical events or by explic-
itly balancing the needs of different groups of voters.
These forecasting, or judgment, tasks require the in-

dividual to combine multiple sources of information,
such as the needs of different voters, into a quanti-
tative prediction, such as the success of a policy, by
following a suitable forecasting strategy. Rule-based
strategies explicitly weigh different pieces of infor-
mation by their importance to form a global judg-
ment, whereas memory-based strategies compare the
current information to similar past experiences. In-
dividuals adapt these strategies to the problem at
hand, their skills, and situational demands [27, 28,
32, 52], but how they coordinate these strategies re-
mains an unresolved question [1, 7]. Further, such
numeric prediction tasks facilitate to distinguish be-
tween strategy-blending and shifting because of the
finer resolution of the response scale. Therefore, the
domain of human judgment provides a well-suited
test bed to investigate strategy coordination.

To understand strategy coordination within the do-
main of judgment, BASICS assumes that people base
their judgment at any point in time on two strate-
gies (Appendix B): a rule-based and a memory-based
strategy. The rule-based strategy learns to abstract
a linear, additive rule, whereas the memory-based
strategy associates past instances, exemplars, with
previous judgments and retrieves those exemplars
based upon their similarity [31]. Over trials, BASICS
develops a preference for a memory-based over a rule-
based strategy, thereby distinguishing between global
and contextual strategy preferences. This combina-
tion of global and contextual strategy preferences
allows BASICS to store for which problems to re-
trieve past exemplars as an exception to the rule-
based strategy, or, alternatively, to apply a rule as
an exception to the memory-based strategy [12, 58]

4.1 Model Validation

We validated the psychological plausibility of BA-
SICS by replicating important findings in the judg-
ment literature (see Supplemental Information for
model training): a) the finding that nonlinear func-
tions are learned more slowly than linear ones [35]
and b) more likely picked up by a memory-based
strategy than by a rule-based strategy [27, 28, 31, 36].
To replicate these findings, BASICS predicted how
fast people learn to solve four judgment tasks, two
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linear and two non-linear ones [28, Figure 2]. Cor-
responding to empirical findings, judgment error de-
creased in all tasks with training and decreased faster
for linear functions compared to non-linear ones. BA-
SICS developed a clear preference for the rule-based
strategy in linear tasks, but preferred the memory-
based strategy in nonlinear tasks. Additional simu-
lations suggested that BASICS was able to predict
judgments for new objects outside the training range
in linear tasks, but this extrapolation posed a prob-
lem in nonlinear tasks, replicating a frequently found
pattern [31].
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Figure 2: Predictive judgment error (left panel) and
strategy activation of the memory-based strategy in
four standard judgment tasks: a linear judgment task
with one predictive cue, a linear task with four pre-
dictive cues with different cue weights, a multiplica-
tive task including the interaction between several
cues, and a quadratic task (separate lines). Judgment
error, measured in RMSD between model-predicted
judgments and the criterion, declines with the num-
ber of learning blocks. Nonlinear tasks preferably
activate the memory-based strategy, whereas linear
tasks do not.

Yet, the distinction between linear and non-linear
tasks does not help to disentangle varying degrees
of strategy-blending and strategy-shifting. Indepen-
dent of the strategy selectivity γ, BASICS preferably
picks up nonlinear tasks by adopting a memory-based
strategy in our simulations, whereas it adopts a rule-

based strategy in linear tasks. This suggests that
previous work was not well-suited to answer the ques-
tion of whether people blend different strategies or
shift between them in single trials. To effectively
investigate strategy coordination, it is necessary to
study judgment tasks in which people have to apply
several strategies (Supplemental Information). Rule-
plus-exception tasks provide such a classical example
[34, 51, 59].

4.2 Rule-plus-exception judgments

Accurately solving rule-plus-exception tasks requires
participants to apply several judgment policies de-
pending upon the item to judge. In our rule-plus-
exception task, most items adhered to a linear ad-
ditive rule, but some items represented exceptions
contradicting the rule. Identifying and judging these
exceptions should thus demand retrieving the excep-
tions from memory, whereas items following the lin-
ear rule should be judged according to a rule-based
strategy.

In two experiments, we trained BASICS and hu-
man participants on the same rule-plus exception
task varying between experiments how easily the
exceptions can be identified (the degree of contex-
tual knowledge) and within each experiment the fre-
quency with which the exception items are repeated
during training (10 or 50 exceptions, see Appendix
C for details). After this initial learning phase,
strategy-blending, selective activation, and strategy-
shifting make distinct predictions about which items
participants should judge accurately in a later test
(judgment error) and which items they perceive as
more familiar (familiarity-based choice, Figure 3 for
a priori quantitative predictions and participant’s
judgments). In strategy-blending, how strongly in-
dividuals activate the rule-based and the memory-
based strategy is independent of the item to judge,
causing a high error on exceptions because the rule-
based strategy is more strongly activated than the
memory-based strategy. In strategy-shifting, in com-
parison, individuals should activate strategies in re-
sponse to (item specific) contextual knowledge, ad-
vantaging the activation of a memory-based strategy
for both exception items and all rule-following items.
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If exceptions and rule-following items are repeated
with a high frequency during training, individuals
should judge exceptions as accurately as the repeated
rule-following items. However, if strategies are selec-
tively activated, developing contextual knowledge is
only required to remember the exceptions, but not to
judge any rule-following item. Thus, despite a simi-
lar accuracy for exceptions and rules, only exceptions
will appear familiar.

We tested these predictions in two experiments
varying the degree to which participants could gather
contextual knowledge regarding specific items. In
both experiments, individuals learned to judge ran-
dom rule-following items, exceptions, and repeated
rule-following items. In Experiment 1, participants
learned to judge the same two exception items repeat-
edly (and two repeated rule-following items) to ex-
amine under conditions of high contextual knowledge
whether individuals use this knowledge to switch be-
tween strategies. Experiment 2 generalizes the find-
ings to a situation in which individuals only gather a
gist of contextual knowledge by training participants
on exception items (and rule-following items) that
closely resemble each other but were never repeated
during training.

Experiment 1: High contextual knowledge
Overall, participants learned to make consistent judg-
ments in the training phase (low frequency condition:
r = 0.69, SD = 0.19; high frequency condition r =
0.52, SD = 0.27). The results during test provide
a strong argument for strategy-blending compared
to strategy-shifting or selective activation (see Fig-
ure 3 and Table 1). First, participants judged the
exceptions less accurately than rule-following items
that were presented as often as the exceptions during
training. Second, how closely the test item resem-
bled the trained item only mattered for exceptions
presented with a high frequency and not for excep-
tions presented at a low frequency or rule-following
items. This pattern of results matched the qualitative
predictions of strategy-blending far better than the
predictions of strategy-shifting. Familiarity-based
choices indicated that participants built up some
memory for exception and rule-following items during

training in the high frequency condition and consid-
ered these items as more familiar than new items,
in line with strategy-blending and strategy-shifting.
Yet, participants did not judge exceptions as more
familiar than rule-following items —a result clearly
arguing against a selective activation of strategies.

To quantify the predictive accuracy of the models
(see Table 1), we calculated the root mean square
deviation (RMSD) between each model’s predictions
and each participant’s judgments. On average, all
learning models outperformed the baseline model, a
model guessing the training mean, two-sided paired
t-tests, all t(102) < −10, Cohen’s d < −1.4, p < .001.
Again, we found an advantage of blending over shift-
ing for judgment. The blending model predicted
judgments better than the shifting model, two-sided
paired t-test, t(102) = −4.6, Cohen’s d = -0.45,
p < .001, as did selective activation, two-sided paired
t-test, t(102) = −5.1, Cohen’s d = -0.50, p < .001.
As expected, blending and selective activation could
not be discriminated based on the participants’ judg-
ments, two-sided paired t-test, t(102) = −0.1, Co-
hen’s d = -0.02, p < .849. 4 For familiarity choices
however, all models had difficulties to predict partic-
ipants’ choices because participants and the models
were mostly guessing. A guessing model, predict-
ing 50% chance of guessing old, fared better than
the shifting model, two-sided paired t-test, t(102) =
−2.0, Cohen’s d = -0.20, p = .043, or the selective
activation model, two-sided paired t-test, t(102) =
−3.5, Cohen’s d = -0.34, p < .001. The blending
model, however, slightly predicted familiarity-based
choices better than the guessing model, two-sided
paired t-test, t(102) = −2.9, Cohen’s d = -0.29,
p = .004, showing a slight advantage for blending.
Taken together, those results indicate that in situ-
ations in which people can easily build up contex-
tual knowledge and select between strategies using
this knowledge, they appear to preferably integrate
or blend several strategies independent of the knowl-
edge gathered.

4We also considered the correlation and the standardized
mean absolute error. Both indicators reach the same conclu-
sions.
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Figure 3: BASICS predictions for judgment error (upper panels) and familiarity-based choices (lower panels)
as well as participant’s judgment error (right upper panel) and participants’ familiarity-based choices (right
lower panel) for exceptions (Exc.), rule-following items (Rule), and new, unseen items (New). Participants
(and the model) encountered the same two exception items (and rule-following items) 5 (black lines) or 25
times (white lines) during training. Model predictions are shown for strategy-blending (left panel, γ = 0.10),
selective activation (γ = 1), and strategy-shifting (γ = 10). In test, participants judged the same items
encountered in training (Distance = 0), but also items closely resembling the training items (Distance = 1-4,
distance 1 and 2 were collapsed to one data point). Judgment error was measured as the RMSD between
the correct criterion in training and predicted judgments in test. Familiarity-based choices depict how often
participants chose one item type (e.g. the exception item) as more familiar than another item type (e.g.
rule following item. Error bars indicate 95 % confidence intervals.

Experiment 2: Low contextual knowledge
Experiment 2 aimed to generalize the findings to a
more naturalistic situation in which individuals do
not encounter exactly the same problem repeatedly,
but have to solve highly similar problems, thus lim-
iting the amount of contextual knowledge people can
rely on. We implemented this idea in our experiments
by asking participants to judge not the same excep-
tions in training, but exception items highly simi-

lar to each other. Overall, this study replicated the
results from experiment 1. Participants made more
errors on the exceptions than on the repeated rule
items, independent of the frequency of repetitions
during training, and did not judge the exceptions as
more familiar than the repeated rule items. Predic-
tive model accuracy likewise suggested that strategy-
blending better explained participants’ judgments
and familiarity-based choices than strategy-shifting.
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Table 1: Judgment error (in RMSD) for different types of items and predictive accuracy (in RMSD) for
different models in Experiment 1 and 2.

Judgment Error
Experiment 1 Experiment 2

Low Freq. High Freq. Low Freq. High Freq.
(N = 51) (N = 52) (N = 50) (N = 52)

Rule 6.9 (1.7) 7.4 (2.2) 6.1 (2.1) 7.5 (2.5)
Exception 16.7 (4.8) 15.4 (4.0) 17.4 (7.4) 13.4 (5.8)
Random 6.5 (1.5) 8.1 (2.0) 6.4 (1.8) 8.3 (2.7)
New 6.8 (1.6) 8.3 (2.0) 6.5 (2.3) 8.1 (3.8)

Predictive accuracy
Judgment Familiarity Judgment Familiarity

Baseline 10.3 (1.4) .31 (.03) 9.4 (1.6) 0.17 (.07)
Blending 7.6 (2.0) .30 (.03) 7.4 (2.4) .16 (.07)
Shifting 8.3 (1.7) .31 (.04) 7.8 (2.1) .16 (.07)
Selective Activation 7.6 (1.8) .32 (.04) 7.6 (2.3) .19 (.07)

Note. RMSD = root mean square deviation between correct and participants’ judgments (judgment er-
ror) or model-predicted and participants’ judgments (predictive accuracy). Standard deviations in brackets.

5 General Discussion

The ability to adapt ones’ strategies to current task
demands is crucial in an uncertain and changing
world. In this paper, we investigated the question
of how people coordinate the use of several strate-
gies applying a novel learning focus. Drawing infer-
ences from a generalized mixture-of-experts model for
strategy selection, we first demonstrated how strat-
egy coordination in a single trial impacts two facets
of strategic knowledge: how each strategy is adjusted
and when it should be applied. This analysis scru-
tinized the often-held assumption that people select
one strategy based upon domain-specific knowledge
in a single trial, disregarding alternative solutions.
Instantiating BASICS in the domain of human judg-
ment next highlighted that the model replicates ba-
sic findings from the judgment literature and, even
more importantly, allows to forecast decision making
in new experiments. We used its predictive ability
to tease apart three forms of strategy-coordination:
strategy-shifting, strategy-blending, and selective ac-
tivation. Overall, these experiments support the no-
tion that individuals blend several strategies in a sin-
gle trial [7, 9, 24, 60, 67], instead of choosing a sin-

gle strategy [18, 19, 31, 63] or selectively activating
strategies depending upon contextual knowledge [31,
34, 57].

Strategy selection research has regularly empha-
sized the notion that humans adapt strategies to the
environment [5, 11, 28, 31, 53], mental resources [27,
43, 46, 57], or external demands [2, 26]. We found lit-
tle evidence that individuals switched between strate-
gies on a trial-by-trial level, as prominently proposed
by influential theories of the mind [13, 19]. Impor-
tantly, our analysis ruled out strategy-switching as a
psychologically well-founded explanation for strategy
learning. Our experiments neither suggested that in-
dividuals selectively recruited alternative strategies
to the predominant one depending upon domain-
specific knowledge, as proposed by selective activa-
tion. Instead, we identified a surprising advantage for
strategy-blending. One likely reason is that individ-
uals had to simultaneously gather knowledge about
each strategy and find out how to coordinate their
use —a situation in which blending several strategies
proves statistically beneficial [24]. Understanding
from a trial-by-trial learning perspective how strat-
egy coordination interacts with strategic knowledge
thus helps to fine-tune and challenge often-held as-
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sumptions in psychological theories. This focus may
prove informative for areas beyond judgment and de-
cision making, such as reasoning [63], memory [65],
social cognition [20], or skill acquisition [62].

On first glance, the mixture-of-experts approach
to strategy coordination may seem overwhelmingly
resource-demanding as individuals need to execute all
strategies at the same time. The strategies considered
here, however, draw upon very different cognitive re-
sources and thus a concurrent application may come
at little cognitive costs [14, 28]. Alternatively, one
can integrate cost-benefit analyses into the strategy
coordination learning [42]. Future work may thereby
explore how different forms of contextual knowledge,
or domain-specific expertise, help to quickly adapt
response strategies to real-world demands.
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A BASICS: A generalized
mixture-of-experts model
for strategy selection

In mixture-of-experts models, the probability Pc of
each solution or output category c is defined as the
summed probability Pc,s of choosing this solution
across all single experts or strategies s, weighted
by the strength or activation as of each strategy,
Pc =

∑
s
as ∗ Pc,s.

BASICS, Blending And Shifting In Coordinating
Strategies, assumes that the probability Pc,s of ob-
serving solution c under strategy s is a function fs of
the problem activation x itself, defining how strongly
different features or dimensions are activated, and
a weight matrix wc,x defining how important differ-
ent dimensions are according to this strategy: Pc,s =
fs(wc,x, x). Thus, BASICS is not limited to a partic-
ular set of competing strategies.

How likely each strategy is activated, the strategy
activation as, depends upon a general preference βs
for the strategy s as well as contextual knowledge∑
h

ah ∗ ws,h.

as =
e
γ∗∑

h

ah∗ws,h+βs

∑
s
e
γ∗∑

h

ah∗ws,h+βs
(2)

In principle, this activated context, represented by
the context activation ah for context h, can reflect a
variety of previously learned activation rules elicited
by the current situation or task context and can thus
be broadly defined as a function of the current prob-
lem activation x, ah = g(wh,x, x). In the simplest
case, the decision maker may remember an object
as an exception, but may have also learned more
complex contextual dependencies, such as ”All ob-
jects bigger than X”. Each context may then acti-
vate one or many associated strategies with the con-
text weights ws,h storing the associations between
each context and a strategy. For instance, the de-
cision maker may apply a different strategy to all ob-
jects stored as exceptions (e.g. ”Only objects look-
ing like X”), or judge ”All objects bigger than X”
according to a different strategy than ”All objects
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smaller than X”. How strongly the solution pro-
posed by each strategy then influences the final solu-
tion depends upon its strategy activation relative to
all other strategies, as implemented in the Softmax
choice function which implies that all relative strat-
egy activations sum up to 1. The strategy selectivity
γ modulates the degree to which contextual knowl-
edge preferably activates one strategy and ignores
global strategy preferences or —on the contrary —the
contextual knowledge is ignored and global strategy
preferences dominate, eventually causing strategy-
shifting or strategy-blending (see subsection A.2).

A.1 Adjusting the strategies’ impor-
tance in response to feedback

If multiple strategies can be applied to one problem
but only a few yield adequate problem solutions, it is
essential to learn which strategy is the most appro-
priate one. BASICS learns to identify which strat-
egy best solves the problem at hand by minimizing
in each trial the summed error E across all strate-
gies Es, weighted by their strategy activation as,
E =

∑
s
asEs. Each strategy commits a higher error

if the strategy predicts the correct solution with a
lower probability, Es = −∑

c
tc ∗ lnPc,s, where lnPc,s

is the probability of predicting solution c for strategy
s and tc is the teacher in each trial. The teacher takes
on the value 1 for the correct solution, 0 otherwise.

This feedback is used to learn across trials which
strategy fares best at predicting the outcome by up-
dating the general preference βs for a strategy and
the context weights ws,h, the associations between
each context and a strategy, in the opposite direction
of the error using gradient descent.

∆E

∆βs
= −

[
∆a1E1

∆βs
+ ...+

∆asEs
∆βs

]
(3)

The general strategy preference for each strategy
βs is adjusted more, if the strategy initially con-
tributed to a higher extant to the final solution with-
out being majorly responsible for the error on this
trial, ∆βs = λsas(E − Es) with λs denoting the

strategy learning rate. The context weights are ad-
justed in a similar fashion, but the magnitude of
the update is larger within the activated context ah,
∆ws,h = λsγahas(E − Es). In addition to learning
strategy preferences, BASICS learns and adjusts each
single strategy across trials by updating how much
weight each strategy assigns to different problem di-
mensions or any combination thereof.

A.2 Blending or shifting? The impli-
cations of varying strategy selec-
tivity

Within BASICS, the strategy selectivity γ alters to
what degree people predominantly blend the out-
put of all strategies or shift between strategies de-
pending upon the context. If strategy-blending is
defined as integrating the solutions of all strate-
gies, but ignoring any context-dependent knowledge,
then a strategy selectivity approaching 0 introduces
strategy-blending within each trial (cf. Equation 1):
lim
γ→0

as = eβs/
∑
s
eβs .

In each trial, the strategies are activated relative to
the person’s preference for this strategy without con-
sidering contextual knowledge. In a single trial, the
probability of choosing a solution is then the average
probability of choosing this solution across all strate-
gies, weighted by the strategies’ activation. Learning
from feedback finally updates the general preference
for each strategy βs without updating any context-
dependent knowledge in the form of context weights
ws,h.

At the opposite end of this spectrum, strategy-
shifting emphasizes that people follow only a single
strategy in each trial, but shift depending upon con-
textual knowledge. This strategy-shifting can be im-
plemented by assuming an infinitely high strategy se-
lectivity, lim

γ→∞
as. This implies that any general strat-

egy preference does not influence strategy activation
and only the context activation determines strategy
choice,

∑
h

ah ∗ ws,h. In particular, only the strategy

is activated, as = 1, that shares the strongest associ-
ation with the current context, maxs{

∑
k

ah ∗ ws,h}.
In each trial, the probability of choosing one solution
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thus depends how likely each solution is chosen by
the activated strategy. Yet, this high strategy selec-
tivity has consequences beyond strategy activation in
a single trial and affects how individuals learn from
feedback. Importantly, if only one strategy is acti-
vated in this trial, the total error E reflects only a
single strategy and is thus equivalent to the strategy-
specific error Es. Learning from feedback thus does
no longer allow to attribute the error to different
strategies, making it impossible to learn which strat-
egy to use in a particular context in strategy-shifting.

B BASICS applied to human
judgment

To model human judgment, BASICS assumes that
people base their judgment at any point in time on
two strategies: a rule-based and a memory-based
strategy. Over trials, BASICS develops a prefer-
ence for a memory-based over a rule-based strategy,
thereby distinguishing between global and contextual
strategy preferences.

B.1 Rule-based judgment

Rule-based strategies assume that people consider
different aspects, or cues, that could influence their
judgment, weight these cues by their importance, and
sum up the weighted cue values. This idea has been
formalized by portraying a rule-based judgment ĵRL

for the object p as a linear, additive function of the
cue values xk,p (with cue dimensions 1, ..., k) weighted
by their importance wk, which can be mathematically
modeled by a linear regression.

ĵRL =
∑

k

wk · xk,p (4)

with x∗,p=
[
x1,p ... xl,p 1

]
where l denotes the

number of cues and 1 denotes the constant inter-
cept. Here, we propose a capacity-constrained rule-
based learner by imposing a capacity restriction,∑
k

|wk| < r, on the cue weights [see 25, for a ra-

tionale of the restrictions]. The rule-based judgment
ĵRL finally activates the discrete response category c,

ac,RL = − 1
2σ (jc− ĵRL)2. Response activations, ac,RL,

are converted into response probabilities Pc,RL using
the Softmax function.

B.2 Memory-based judgment

Memory-based judgment strategies assume that peo-
ple compare the object under evaluation, the probe p,
to all previously encountered objects stored in mem-
ory, the exemplars, and retrieve the judgments as-
sociated with the stored exemplars to estimate the
final judgment ĵML. The more closely the probe’s
cue values xk,p (with cue dimensions 1, ..., k) match
the cue values of exemplar o xk,o, the more strongly
the corresponding exemplar is activated, ao.

ao = e
−ρ∑

k

wML,k·|xk,p−xk,o|
(5)

A higher attention weight wML,k for one cue k indi-
cates that people pay more attention to that cue and,
correspondingly, weigh this cue more heavily in the
activation process. The memory sensitivity ρ finally
modulates how specifically people activate single ex-
emplars. Exemplars then activate the discrete judg-
ment responses c, aML,c depending on their own acti-
vation and their previously learned association with
the judgment value, the association weights wo,c.

aML,c =
∑

j

ao · wo,c (6)

Activated exemplars also serve as a retrieval cue for
strategy preferences, that is, previously encountered
exemplars represent the task context, ah = ao. The
context weights, ws,h, store item-specific preferences
for exemplar retrieval. Depending on which exem-
plars are activated in memory, the context weights
facilitate or inhibit memory-based judgments. Re-
sponse activations, ac,EL, are converted into response
probabilities Pc,EL using the Softmax function.

B.3 Learning rule- and memory based
strategies

During learning, BASICS minimizes the log loss func-
tion, weighing the probabilities of the judgment re-
sponse Pc,s for each strategy s with the strategy ac-
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tivation, as. The context weights are adjusted using
back-propagation after each trial (see A). Learning
the rule-based strategy requires to learn over trials
which features should be considered as more relevant
for the judgment at hand, but also which features
should be completely ignored. Learning the memory-
based strategy requires to learn over trials which ex-
emplars are associated with a certain judgment re-
sponse and to shift attention towards more impor-
tant cues. Finally, LEARN updates as well the cue
weights, the association weights and the attention
weights from the rule-based and the memory-based
strategy, respectively.

C Experimental procedures

Ethical approval was provided by the University of
Konstanz where the experiments were conducted. All
participants provided informed consent before begin-
ning the study.

C.1 Experiment 1: High contextual
knowledge

C.1.1 Participants

103 participants were recruited from the participant
pool of the University of Konstanz (83 females, M Age

= 21.7, SDAge = 4.6). Participants received an
hourly fee (8.50 e) or course credit for their partic-
ipation in the experiment. In addition, they could
earn a performance-dependent bonus(M = 3.23 e,
SD = 0.38 e).

C.1.2 Design and material

The cover story in the multiple-cue judgment task
asked participants to judge how much power different
robots can use on a scale from 0 to 50. Participants
saw pictures of these robots that varied on four dif-
ferent quantitative cues, the power modules, with six
quantitative cue values, the power slots. Power mod-
ules were attached to the arms and legs of the robot
and varied in color (orange, green, violet, blue) and
shape (cross, rectangle, circle, triangle). Position,

color, and shape of each cue was determined ran-
domly. Higher cue values were always associated with
higher power slots for each cue (or module). These
pictorial cues could be used to predict the criterion
(the power level).

In the training phase of the rule-plus-exception
task, the power level of most robots followed a linear,
additive function of the cues, y = 4x1+3x2+2x3+x4.
However, two of the robots were exceptions and pos-
sessed a criterion value distinct from the linear, addi-
tive function. These exceptions were repeated either
5 times (low frequency) or 25 times (high frequency)
in training. Two rule-following items were repeated
with the same frequency, whereas the two new items
were never presented in training. We defined excep-
tions, rule-following items, and novel items as cen-
ters of one subarea within multi-dimensional space,
thus defining a prototype, and determined them ran-
domly for each participant. Prototypes at minimum
8 units apart in multi-dimensional space. All items
within the city-block distance d ≤ 4 were classified to
this prototype and not shown in training. Random
rule items were selected from the remaining items. A
normally distributed random error was added to all
judgment criteria (M = 0, SD = 1).

In test, participants judged all prototypes and dis-
tortions of the prototypes to test for distance ef-
fects (see Supplemental Information). Randomly se-
lected rule-following items and the two new proto-
types served as control items. All items were repeated
in familiarity-based decisions. To avoid repeating the
items too often, we constructed four matched sub-
sets of distortions for each prototype that were sub-
sequently paired with the exact prototype and distor-
tions from subsets of another prototype. This design
resulted in 120 familiarity-based decisions.

C.1.3 Procedure

The training phase consisted of 250 learning trials,
divided into 10 learning blocks with 25 trials each.
In each trial, participants saw one robot on the left
side of the screen and had to choose its criterion
value on a half-circular scale ranging from 0 to 50
on the right. Afterwards participants received feed-
back about their own answer, the correct outcome,
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and the points they earned. Random rule-following
items, repeated rule-following items, and exceptions
were randomly interspersed.

After 250 learning trials, participants moved on to
the test phase that consisted of two different tasks.
In the judgment task, participants made judgments
in the same fashion as in training, but did not receive
any feedback about the correct outcome or their per-
formance. In familiarity-based choice, participants
were repeatedly asked which of two presented robots
looked more familiar to them, that is, more similar to
the robots presented in training. Half of the partic-
ipants completed the judgment task first, the other
half completed the familiarity-based choice first.

To motivate participants to achieve a high judg-
ment accuracy, they could earn points in each judg-
ment trial depending on how much their judgment j
deviated from the correct criterion y:

Points = 20− (j − y)2

7.625
(7)

This function was truncated so that participants
could win at most 20 points in each trial and could
not lose any points. At the end of the experiment,
the points earned were converted into e(2000 points
= 1 e).

C.2 Experiment 2: Low contextual
knowledge

C.2.1 Participants

102 participants were recruited at the University of
Konstanz (79 females, M Age = 23.3, SDAge = 5.1, for
1 participant demographic information was missing).
Participants received an hourly fee (8.50 e) or course
credit for their participation in the experiment. In
addition, they could earn a performance-dependent
bonus(M = 2.98 e, SD = 0.44 e).

C.2.2 Design, material, and procedure

Design, procedure and material remained unchanged
in Experiment 2, except for the following adapta-
tions. Participants did not judge not the same excep-
tions in training, but exception items highly similar

to each other. For this reason, we never presented
the exception, the center of each prototype, in train-
ing, but only presented distortions, items close to the
center, and repeated each distortion only once dur-
ing training (see Supplemental Information). Thus
each single item should not elicit a high familiar-
ity. To facilitate the judgment task, we used only
three prototypes, one for exceptions, one for repeated
rule-following, and one for novel items. Repeated
rule-following and novel items were selected in the
same manner as exceptions. Participants judged 10
exceptions (and rule-following items) in the low fre-
quency condition and 50 in the high frequency con-
dition during training. In the test phase, partici-
pants judged new distortions from each prototype (51
items), among them the center of the prototype re-
peated six times, and 51 random rule-following items.
In total, this scheme resulted in 204 judgments and
102 familiarity-based paired comparisons.
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1 Training and validating BASICS in human judg-
ment

In a judgment task, BASICS should be able to learn to weigh the contributions
of a memory-based and a rule-based strategy while simultaneously acquiring
knowledge about each strategy. Model training served the purpose of identifying
learning parameters for both strategies with the prerequisite that a) BASICS
acquires both strategies at the same speed in training and b) predominantly
approaches classical rule-based tasks with a rule-based strategy after training,
and c) predominantly approaches classical memory-based tasks with a memory-
based strategy after training.

For this purpose, we trained BASICS simultaneously on four problems: two
linear functions best approached by the rule-based strategy and two prototype
tasks best approached by the memory-based strategy. We fixed the strategy
learning rate λs to a low learning rate λs = .05 and the strategy selectivity γ
to no preference for blending over shifting γ = 1. To estimate the parameter
values for each strategy, we generated for each problem 1000 different training
sets, each consisting of 250 randomly selected training objects with four cues

∗2Janina A. Hoffmann, Department of Psychology, University of Bath, BA2 7AY, Bath,
United Kingdom. E-mail: j.a.hoffmann@bath.ac.uk
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taking on cue values from 0 to 5. In one linear environment, the judgment
criterion was a linear function of two cues; in the second environment all four
cues predicted the judgment criterion. Training objects and cue weights were
randomly selected, but cue weights were restricted to the a scale from 0 to
50. In the prototype tasks, we selected 5 prototypes (or 10, respectively) that
were strongly dissimilar from one another. The training objects were selected as
random fluctuations from these prototypes adding normally distributed noise on
each cue value (M = 0, SD = .5). The judgment criterion for each prototype was
randomly assigned by dividing the scale into equally spaced intervals depending
on the number of prototypes, assigning one prototype to each interval and finally
selecting a random value from this interval for this prototype. A normally
distributed noise was added to all judgment criteria (M = 0, SD = .5). Initial
model validation was performed on 10000 newly generated validation sets, each
consisting of the four initial problems. Using randomly drawn parameter sets
from model training, we predicted judgment error and strategy activation on
these new validation sets.

Figure 1 and ?? display how fast BASICS learns to solve each judgment
problem (judgment error in the left panels) and to what degree it preferably
activates the memory-based strategy (strategy activation in right panels) for the
training sets (Figure 1) and the validation sets (Figure 1). Changes in judgment
error (measured in RMSD in each training block) suggest that BASICS learns
linear rules and 5 prototypes at a similar speed, but learns a task with 10
prototypes more slowly. Considering how strongly BASICS draws upon the
memory- and the rule-based strategy in each problem suggests likewise that it
successfully adapts to different judgment problems. Finally, BASICS learns to
solve each problem in the validation sets with a slightly slower learning speed as
in the original training sets, but with a sufficient level of accuracy. Likewise, it
activates the same strategies in the new validation sets. In combination with its
ability to replicate classical results in judgment research (see main text), these
results indicate that BASICS provides a suitable tool to investigate strategy
coordination in human judgment.
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Figure 1: Learning performance in the training set for 250 training objects and
strategy activation of the memory-based strategy.
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Figure 2: Learning performance in the validation set for 250 training objects
and strategy activation of the memory-based strategy.

Initial simulations indicated, however, that varying strategy selectivity has
little consequences for how individuals should learn to solve classical judgment
tasks. BASICS learned to solve the four judgment problems [1] at the same
speed and developed the same preferences for memory-based and rule-based
strategies. Subsequent simulations identified rule-plus-exception tasks, tasks re-
quiring applying a rule and simultaneously memorizing exceptions to this rule,
as suitable to distinguish between varying levels of strategy selectivity. Figure
3 illustrates predictions for average judgment error and strategy preference in
different rule-plus-exception tasks varying the frequency of exceptions belong-
ing to one prototype during training (5 to 50 exceptions, different lines) and
strategy selectivity (columns). At the end of training, strategy-blending (left
graph) elicited a lower judgment error on rule-following items compared to items
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belonging to the prototype and preference for the memory-based strategy only
varied with the frequency of the exceptions, but not as a function of distance to
the prototype. Strategy-shifting in all simulations elicited a high activation of
the memory-based strategy (right graph). Selective activation (middle graphs)
preferred the memory-based strategy more strongly for items more closely re-
sembling the prototype, but predicted rule-based processing the more distant
the item was from the prototype.
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2 Presented items as a function of distance

Table 1: Number of items selected in training and test depending
on distance to the center of the prototype in Experiment 1.

Phase Distance Low frequency High frequency
Training 0 5 25

Test 0 6 6
1 4 4
2 4 4
3 8 8
4 8 8

Familiarity 0 0 0
(matched subsets) 1 1 1

2 1 1
3 2 2
4 2 2

2

Table 2: Number of items selected in training and test depending
on distance to the center of the prototype in Experiment 2.

Phase Distance Low frequency High frequency

Training 0 0 0
1 1 3
2 2 12
3 3 15
4 4 20

Test 0 6 6
1 3 3
2 12 12
3 15 15
4 15 15

Familiarity 0 2 2
(matched subsets) 1 1 1

2 4 4
3 5 5
4 5 5
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3 Additional result for experiment 2
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Figure 4: BASICS predictions for judgment error (upper panels) and familiarity-
based choices (lower panels) as well as participant’s judgment error (right upper
panel) and participants’ familiarity-based choices (right lower panel) for excep-
tions (Exc.), rule-following items (Rule), and new, unseen items (New). Partici-
pants (and the model) encountered 10 (black lines, or 50, white lines) similar ex-
ception items (and rule-following items) during training. Model predictions are
shown for strategy-blending (left panel, γ = 0.1), selective activation (γ = 1),
and strategy-shifting (γ = 10). In test, participants judged the prototype not
presented in training (Distance = 0), but also items closely resembling the pro-
totype (Distance = 1-4, distance 1 and 2 were collapsed to one data point).
Judgment error was measured as the RMSD between the correct criterion in
training and predicted judgments in test. Familiarity-based choices depict how
often participants chose one item type (e.g. the exception item) as more famil-
iar than another item type (e.g. rule following item. Error bars indicate 95 %
confidence intervals.
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