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Abstract
Modern computational quantum chemistry methods have become an invaluable tool
in chemistry, to help direct compound and materials design as well as provide atomistic detail on interesting chemical phenomena. The utility of these methods rests on
the fact that some can reach “chemical accuracy” of sub 1 kcal/mol error with respect
to experimentally observed values. Unfortunately, most of these highly-accurate
methods suﬀer from exponentially increasing computational cost with system size
and are therefore limited to relatively small systems. Consequently, varying amounts
of approximation must be applied to extend quantum mechanical treatments of
atoms and molecules to larger systems. The reliability of these approximations,
however, is often significantly dependent upon the property being calculated as well
as the subset of chemical compound space within which they are designed to be used.
Indeed many of these methods produce excellent results when tested on one part
of chemical space but entirely fail in another. Therefore, a thorough and rigorous
assessment of these methods is an intrinsically crucial task. Such an assessment,
however, requires the availability of a diverse and highly accurate benchmark set
with minimum bias in data selection. Although a large amount of high-quality reference data has already been produced through the years, much of this data explores
a relatively narrow scope of chemical space, and as research interest shifts towards
more exotic chemical species, the available quantum chemistry data becomes more
sparse.
This thesis focuses on the design of more diverse and less biased chemical data
sets, which are then used to derive insight on structure-property relationships as
well as to improve the accuracy and scope of standard computational chemistry
methods. In the first part of the thesis, the torsional potential energy surfaces of a
set of halogenated thiocarbonyl derivatives were investigated. The richness of the
data set with respect to halogen diversity helped reveal a clear correlation between
the shape of the torsional profile and the halogen type(s) contained in the query
molecule. However, a rather worrisome observation was made on the performance
of some of the most popular quantum chemistry methods for the prediction of these
torsional potential energy surfaces. A comparison of Hartree-Fock (HF) and sixteen
density functional theory (DFT) approximations with reference CCSD(T) results
revealed that the majority of the methods predict qualitatively and quantitatively
incorrect torsional profiles for molecules containing at least one heavy halogen. It
was further determined that the presence of ∼50% exact exchange in the DFT
i

methods is a crucial ingredient for the appropriate description of torsional profiles.
Moreover, a new torsion-corrected atom centered potential (TCACP) was proposed
as a remedy for the method performance for DFT applications in a plane wave basis.
The second part of this thesis presents an automatized multi-reference study of
the singlet-triplet energy splittings of eight thousand machine-generated carbenes,
encompassing a large carbene chemical space with wide spin gap ranges. Analysis
of the carbene compositional and electronic structure determined the presence of
strong hyperconjugation across tetravalent carbon. Furthermore, a remarkable universal upper limit of the vertical spin gap was established, and it was further verified
by a detailed derivation based on the underlying physics of the electronic structure
of this carbene chemical space.
The richness of this chemical data set was subsequently used in the third part
of this thesis, where the interplay between quantum chemistry and machine learning methods was investigated for the prediction of spin energy splittings. At first,
the performance of popular methods was assessed by comparing their results to a
high-order multi-reference level of theory (MRCISD+Q). It was demonstrated that
all methods but the state-averaged complete active space self-consistent field (SACASSCF) method are unreliable for the prediction of singlet-triplet energy gaps of
triplet state carbenes. Thereafter, diﬀerent combinations of quantum chemistry and
machine learning methods were compared as possible strategies for the screening of
carbene chemical space. Subsequently, the strategy that oﬀered the best compromise
between computational eﬃciency and accuracy was used to predict approximately
one hundred thousand singlet-triplet energy splittings. While obtaining accurate
multi-reference energies induces a significant computational overhead, we show that
a suitable quantum machine learning strategy oﬀers the perspective of compound
exploration across a vast chemical space.
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Chapter 1
Introduction
The study of matter, i.e collections of atoms, through a theoretical understanding of
chemistry has the potential to yield experimentally useful insight for a given process
which may either be expensive, technologically challenging or hazardous to observe
from a macroscopic viewpoint. Among others, the pivotal work of Erwin Schrödinger
in the 1920s 123 provided the mathematical formalism in which to study these collections of atoms, most notably via the renowned time-independent Schrödinger
equation (TISE). The pioneering work of John Pople 124 and Walter Kohn 125,126 in
the 1970s significantly extended the reach of this theoretical framework such that
computational approaches can be readily applied to understanding important and
complex chemical phenomena. 127–131 Indeed, with the advent of massively-parallel
high-performance computing, computational chemistry now sits as the conjoining
factor between experimental chemistry and chemical design, 132,133 and plays a particularly important role in drug and materials discovery. 134–137
Modern computational chemistry presents a huge range of possible tools available
to chemists with which to study a given problem, and are roughly organized into
three groups: I) wavefunction methods, II) density functional methods and III)
semi-empirical methods. Within each of these main groups, there is a plethora of
methods available, all presenting diﬀerent accuracy vs. computational cost tradeoﬀs. Often, there is no clear reasoning about which method is most accurate for a
given problem and significant benchmarking must be done with respect to known
experimentally observed quantities. Moreover, the time-eﬃciency of each method
is tightly bound to the choice of approximation used to solve the time-independent
Schrödinger equation, and many of these methods suﬀer from exponentially increasing computational cost with system size (a schematic overview is illustrated in Fig.
1.1). Consequently, a very careful choice must be made on which method is bestsuited for the problem at hand.
One of the earliest ab initio methods, Hartree-Fock (HF) theory, approaches the
solution to the time-independent Schrödinger equation via introducing an antisymmetrized single-particle wavefunction as an approximation to the many-body
wavefunction and consequently treats many-electron interactions in an averaged
1
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way. However, this approach does not produce reliable results for properties and
chemical phenomena where electronic correlation (a many-body eﬀect) plays an important role. The second-order Møller-Plesset perturbation theory (MP2) method
improves upon HF by adding electronic correlation eﬀects in a perturbative manner, albeit with a reasonable increase in computational cost. The MP2 method
shows good performance in the prediction of internal-conformational energies and
non-bonding interactions, 138,139 however, the method can produce erroneous results
for systems with near-degenerate electronic configurations as in the case for bond
breaking. 140 One of the most reliable approaches, often referred to as the “gold
standard“ of computational chemistry, is the coupled-cluster singles doubles and
perturbative triples [CCSD(T)] method. 123,141 This method shows highly accurate
performance for a number of properties, including atomization and interaction energies, as well as reactivity and equilibrium geometries for a wide range of molecular systems. However, the excellent performance of CCSD(T) comes with a high
computational cost, which increases with the number of electrons in the system
as (Ne7 , Ne - number of electrons), limiting its applicability to relatively small-sized
molecules. Despite the steady progress in more powerful computer architecture and
advanced numerical algorithms which allows the above wavefunction-based methods to be applicable to larger systems, this unfavorable scaling with system size
remains a notable drawback. An alternative and revolutionary approach was realized in the 1960s by Hohenberg and Kohn 142 by noting that the electronic density
of a system captures all of the relevant physics in the system and should, therefore, be the key object of study, rather than the full many-electron wavefunction
itself. This approach, known as Density Functional Theory (DFT), as well as its
single-particle determinant ansatz extension known as Kohn-Sham DFT (KS-DFT),
is extensively used in computational chemistry and physics, with particular emphasis in condensed-matter physics. 143 The eﬃciency of DFT stems primarily from a
reduction in the number of free variables under study, i.e from 3Ne electronic coordinates to only 3 spatial coordinates used in the electronic density ρ(r). A significant
drawback of this approach, however, is that the exact form of the Hamiltonian is
unknown and must be constructed via various approximations. This has resulted
in a “zoo” of DFT functionals, typically designed for diﬀerent systems with varying accuracy fluctuating over the type of query property. Finally, even more coarse
approximations can be made by using (semi-)empirical methods to obtain higher
computational eﬃciency, facilitating the calculation of large scale systems, such as
protein complexes. However, these approaches typically work only for the systems
and properties they have been optimized for and may produce erroneous results for
others.
More recently, the application of machine learning (ML) techniques to chemical
systems has seen significant success. 144–148 Here, the ML model attempts to learn
the mapping from a chemical structure and composition to a calculated property directly, thereby circumventing the need for repetitive calculations of electronic structure. Much of this success is owed to the considerable progress that has been made
in the way atomic and molecular environments are represented numerically, 149–152
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Figure 1.1: Schematic representation of the performance of computational chemistry
methods with respect to the computational cost and accuracy. Machine learning
methods (ML) can provide property predictions at high accuracy and negligible
computational cost.
with modern methods capable of reaching chemical accuracy with relatively few
training points. 144,153–155 Nevertheless, the accuracy of the ML model is confined to
the accuracy and diversity of the data on which it is trained, where a lack of chemical diversity in the set in particular results in a low transferability of the model.
There have been numerous studies highlighting the failures of popular computational methods in describing molecular properties as well as various approaches for
correcting these method-based limitations. 156–158 It has been a general assumption
that if a method is capable of representing a smaller subset of a given chemical
space it should also produce reliable results for the rest. However, when testing
the reliability of these computational chemistry methods to a new set of molecules
many of them show questionable accuracy. 159 It is not uncommon that a method (in
particular DFT-based methods) perform well in one case 160 and fail in another 161
just by testing on a new set of compounds. Only an assessment on a wide chemical space can provide a comprehensive, statistically reliable, and a (less) biased
view on the performance of both quantum chemistry and machine learning methods. Furthermore, when looking at new systems one may find a diﬀerent conceptual
understanding of molecular interactions or properties. 162
This thesis focuses on the design of highly accurate and diverse data sets which not
only oﬀer the possibility of finding new chemical insights and structure-property
relationships as they emerge but can also be used for the assessment of popular
quantum chemistry methods. Particular attention to the assessment of quantum

4
chemistry and machine learning methods is given, with respect to the prediction
of torsional potential energy surfaces of halogenated thiol carbonyl derivatives, as
well as the singlet-triplet energy splittings of an automatically generated carbene
chemical space. The qualitatively wrong results shown by the majority of popular
quantum chemistry methods, when tested on a data set with extended chemical diversity, highlights a significant risk in making an incorrect conclusion when studying
a process with an ill-chosen method. For example, a correct description of torsional
profiles is an especially relevant problem when studying reactive events, as an erroneous method likely leads to incorrect reaction pathways and inevitably leads to
misinterpretation.
The thesis is organized as follows:
Chapter 2 provides an overview of the most relevant theoretical methods to this
thesis, as well as a discussion of their advantages and disadvantages in the context
of molecular property prediction.
Chapter 3 discusses the performance of some of the most popular DFT methods
with respect to the prediction of torsional profiles of halogen-dicarbonyl derivatives.
Moreover, torsion-corrected atom-centered pseudopotentials are oﬀered as an alternative approach for improving these methods when used specifically in a plane-wave
environment.
Chapter 4 introduces previously unobserved fundamental chemistry rules in the
magnitude of the singlet-triplet splitting of a carbene chemical space. Numerical
evidence is provided based on thousands of carbene structures designed automatically with minimal human bias and calculated at a higher-order-reference level of
theory.
Chapter 5 discusses the performance of some of the most-used quantum chemistry
methods applied to systems with near-degenerate electronic configuration. Furthermore, we outline the importance of the chosen method as a base-line in machine
learning by comparing various alternative ML predictions, oﬀering several strategies
for carbenes screening across chemical space with root mean square deviation within
chemical accuracy (< 1 kcal/mol).
Chapter 6 oﬀers a summary and a conclusion to the thesis.

Chapter 2
Theory
2.1

The Schrödinger Equation

A significant landmark in the development of quantum mechanics is the derivation of
the Schrödinger equation, which allowed for the quantum-mechanical description of
the behavior of a system on an atomistic scale. The Time-Independent Schrödinger
Equation (TISE) has the form,
ĤΨ(R, r) = EΨ(R, r),

(2.1)

where ri and RI are the position vectors of the electrons and nuclei, respectively. Ψ
is a wavefunction, E is the energy and Ĥ is the Hamiltonian operator, representing
the physical interactions in a system. The Hamiltonian corresponds to the sum of
kinetic and potential energy terms, which for a system of N electrons and NM nuclei
can be expressed as,
N
∑
1
∇2i
2mi
| i {z
}

NM
∑
1
∇2I
2MI
| I {z
}

−

Ĥ = −

nuclear kinetic energy electronic kinetic energy

+

N ∑
N
∑

|

i

NM ∑
NM
∑

1
+
|r
−
r
|
i
j
i<j
I
|
{z
}

electron-electron repulsion

(

2

2

2

)

I<J

−

NM
N ∑
∑

|i

I

ZI
|ri − RI |
{z
}

electron-nuclear attraction

(2.2)

ZI ZJ
,
|RI − RJ |
{z
}

nuclear-nuclear repulsion

∂
∂
∂
The symbol mi is the mass of an electron i, MI is
where ∇2 = ∂x
2 , ∂y 2 , ∂z 2 .
the mass of nuclei I and Z denotes the nuclear charge. Analytical solutions to the
Schrödinger equation, however, are only possible for one-electron systems. As a
result, various simplifications have been proposed as a way to find an approximate
solution to the many-body Schrödinger equation.

2.1.1

Born-Oppenheimer Approximation

The Born-Oppenheimer (BO) approximation is one of the most fundamental concepts central to the description of molecular quantum states. The BO approximation
5
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to the Schrödinger equation is, in simple terms, based on the approximation that
the nuclei are significantly heavier than the electrons, and therefore can be considered as static with respect to the electronic degrees of freedom. This assumption
allows one to decouple the total wavefunction, consisting of both nuclear and electronic degrees of freedom, into their respective nuclear and electronic wavefunctions.
The electron-nuclear interactions are still considered in the electronic Hamiltonian,
however the quantum nature of the nuclei is removed and this interaction is given
by a simple attractive Coulomb potential. While this approximation significantly
simplifies finding solutions to the TISE, the remaining electronic wavefunction is
still a many-electron object and further approximations must be made in order to
make calculations possible.

2.1.2

The Variational Method

The variational method allows one to find an approximate ground state energy of a
system starting from some trial wavefunction and to systematically improve it. The
functionality of the method relies on the expansion of the wavefunction (Ψ) as a
linear combination of orthonormal configuration states ({Φn (r)}),
|Ψtrial ⟩ =

N
∑

ci |Φi (r)⟩,

(2.3)

i

where {|Φi (r)⟩} is a fixed set of N basis functions and ci are linearly independent
expansion coeﬃcients. Since the |Ψtrial ⟩ is normalized, its expectation value is a
function of the expansion coeﬃcients. Thus, by introducing the trial wavefunction
in
{
}
the expression for the TISE and optimizing the set of coeﬃcients for which E Ψtrial
is a minimum, one can find an approximate energy that is an upper bound to the
ground state energy by,
e trial ] = ⟨Ψtrial | Ĥ |Ψtrial ⟩ =
E[Ψ
⟨Ψtrial |Ψtrial ⟩

∑N ∑N

∗
m cn cm ⟨Φn | Ĥ |Φm ⟩
∑N ∑
N ∗
n
m cn cm ⟨Φn |Φm ⟩
n

∑N

2
n |cn | En
= ∑
≥ E0 .
N
2
n |cn |
(2.4)

The variational method is one of the conceptually most convenient methods for
solving the TISE, as a result of which is commonly applied in quantum chemistry
methods.

2.2

Ab Initio Methods

The direct translation of ab initio from Latin is “from the beginning”, which indicates
that the theoretical principle behind the ab initio methods is based solely on the
Schrödinger equation containing natural constants as “parameters”, rather than
being based on experimental or empirical data. Instead, approximate solutions to
the many-body problem are found through various simplifications in how the total

Chapter 2. Theory

7

wavefunction is approximated, or the form of the Hamiltonian. In the following the
most popular ab initio methods are summarized, as well as a discussion regarding
their functionality and performance.

2.2.1

Hartree-Fock Method

Hartree-Fock (HF) theory is one of the simplest approaches that oﬀers a solution
to the many-electron problem by treating the electron-electron repulsion in a mean
field way. The wavefunction (Ψ {xi }) in the HF method is approximated by a single
Slater determinant 163 Φ constructed from one-electron spin orbitals (χi (xi ), xi =
(ri , σi ) with r spacial coordinates and σ ∈ {α, β}) spin coordinates, where the
interchange of two electrons and two orbitals causes the determinant to change
sign. This permutational antisymmetry of the wavefunction has its root in the
fermionic nature of electrons and the Pauli exclusion principle. As a consequence,
if two electrons occupy the same orbital, the wavefunction is zero (χi = χj then
|Ψ(. . . , xi , xj , . . .)|2 = 0). For an N -electron system the Slater determinant (SD)
has the following form,
χ1 (x1 ) χ2 (x1 ) · · · χN (x1 )
1 χ1 (x2 ) χ2 (x2 ) · · · χN (x2 )
.
Ψ(x1 , x2 , · · · , xN ) ≡ Φ = √
..
..
..
.
.
.
N!
χ1 (xN ) χ2 (xN ) · · · χN (xN )

(2.5)

The above expression can be introduced to the TISE and the expectation value of the
electronic Hamiltonian can be minimized variationally. This can be accomplished
by means of a Lagrange multipliers {ϵi }, which accounts for the constraint that the
orbitals χ are orthonormal. By using the Lagrangian L one obtains the following
expression,
L[{χi }] = EHF [⟨χi ⟩] −

∑

ϵij (⟨i|j⟩ − δij ),

(2.6)

ij

where ⟨i|j⟩ gives the overlap between orbitals
delta,
{
1, if i = j,
δij =
0, if i ̸= j.

∫

dxχ∗i (x)χj (x) and δ is the Kronecker

(2.7)
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∂L
By setting ∂χ
= 0, we can derive the one-particle HF equation and find an eigenvalue
i
εi associated with orbital χi .
(
)
NM
N ∫
∑
∑
1
Z
I
EHF =
dx χ∗i (x) − ∇2i +
χi (x)
2
|r
i − RI |
i
I
N ∫
∑
1
dx′ χ∗i (x)χi (x)
+
χ∗ (x′ )χj (x′ )
(2.8)
′| j
|r
−
r
i<j
N ∫
∑
1
dx′ χ∗i (x)χ∗j (x)
−
χ (x′ )χi (x′ ).
′| j
|r
−
r
i<j

The first parenthesis is a one-electron operator, which will be denoted as ĥ in the
following, while the second and third are the Coulomb and the exchange potentials,
respectively, which will be denoted from now on as Jˆ and K̂. Taking into account
that [Ji (x) − Ki (x)] χi (x) = 0, one can rewrite the HF equation where the restriction
j ̸= i can be lifted, allowing for the Fock operator to be introduced,
fˆ(x) = ĥ(x) +

N [
]
∑
Jˆj (x) − K̂j (x) .

(2.9)

j

By inserting the Fock operator into eq. 2.6, the HF equation takes the form,
fˆ(x)χi (x) = εi χi (x).

(2.10)

Since the eigenvalues of the Fock operator depends on the orbitals {χi }, the HF equation must be solved iteratively. This procedure is referred to as a self-consistent field
method (SCF). Within the SCF process, one optimizes the wavefunction by starting from an initial guess of the spin-orbitals for which we solve the HF equation.
After that eq. 2.6 is solved for a new set of orbitals and the procedure is repeated
until the value of the solutions does not change (subject to some threshold) and
the spin-orbitals constructing the Fock operator are equivalent to its eigenfunctions.
Although Hartree-Fock gives reasonable qualitative results for the total energies of
many small and medium size molecules, the method is not able to describe sufficiently accurately properties where electron correlation beyond this mean field
approximation plays a major role.

2.2.2

Post-Hartree-Fock Methods

Post-Hartree-Fock methods correct upon the limitations of Hartree-Fock by including electron correlation eﬀects in their functional form.
Møller-Plesset Methods
Møller and Plesset (MP) proposed a simple approach of dealing with multi-electron
interactions through using perturbation theory. MP methods use the one-electron
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Fock operator (fˆ) to form an unperturbed Hamiltonian (Ĥ (0) ) and the HF ground
state function as the zeroth-order wavefunction (Ψ(0) ). According to perturbation
theory the Hamiltonian of a perturbed system is expressed as the sum of the unperturbed Hamiltonian (Ĥ (0) ) with some perturbation (V̂ ),
Ĥ = Ĥ (0) + λV̂ ,

(2.11)

where λ is dimensionless parameter which takes a value from 0 (no perturbation)
to 1 (full perturbation). In an analogous way one can express the wavefunction and
the energy with power series up to k orders of perturbation,
Ψ = Ψ(0) + λΨ(1) + λ2 Ψ(2) + . . . + λk Ψ(k)
E = E (0) + λE (1) + λ2 E (2) + . . . + λk E (k) .

(2.12)

By inserting eq. 2.11 and 2.12 into the Schrödinger equation we obtain,
[
]
Ĥ (0) + λV̂ (Ψ(0) + λΨ(1) + . . .) = (E (0) + λE (1) + . . .)(Ψ(0) + λΨ(1) + . . .)
[
]
(2.13)
(Ĥ (0) − E (0) ) + λ(V̂ − E (1) ) − E (2) + . . . (Ψ(0) + λΨ(1) + . . .) = 0.
We can sort the expanded Schrödinger equation (eq. 2.13) by the orders of λ, which
results in a system of equations,
λ0 : (Ĥ (0) − E (0) )Ψ(0) = 0

(2.14)

λ1 : (Ĥ (0) − E (0) )Ψ(1) + (V̂ − E (1) )Ψ(0) = 0

(2.15)

λ2 : (Ĥ (0) − E (0) )Ψ(2) + (V̂ − E (1) )Ψ(1) − E (2) Ψ(0) = 0.

(2.16)

The order parameter λ of the power series expansion can be formally absorbed into
the order of E and Ψ, as its only requirement is λ << 1, ensuring a clear hierarchy
in the expansion. Within MP perturbation theory the non-perturbed Hamiltonian
is given by the one-electron Fock operator (Ĥ (0) ≡ fˆ, V̂ = Ĥ − fˆ) and Ψ is expanded
in the SD of the one-electron basis of HF,
ab
abc abc
Ψ = cai Φai + cab
ij Φij + cijk Φijk + . . . .

(2.17)

Hence, all perturbed determinants are eigenfunctions of Ĥ (0) ,
Ĥ (0) Ψ(k) = Ek Ψ(k)

ab...
with Ĥ (0) Φab...
ij... = εij... ,

(2.18)

where,
εab...
ij... = εa + εb + . . . − εi − εj − . . . .

(2.19)

This also implies the intermediate normalization,
⟨Ψ(0) |Ψ(0) ⟩ = 1

(2.20)
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⟨Ψ(k) |Ψ(0) ⟩ = 0, k ̸= 0.

(2.21)

From this, at zeroth order perturbation, the energy is the sum of orbital energies,
⟨Ψ |Ĥ
(0)

(0)

|Ψ ⟩ = E
(0)

(0)

= E0 =

N
∑

εi .

(2.22)

i

In analogous manner we can rewrite the first order perturbation energy expression
(eq. 2.15), multiplying with ⟨Ψ(0) | from the left,
⟨Ψ(0) |Ĥ (0) − E (0) |Ψ(1) ⟩ + ⟨Ψ(0) |V̂ − E (1) |Ψ(0) ⟩ = 0.

(2.23)

From eq. 2.18 , 2.20, and 2.21 the first perturbed energy results in,
E (1) = ⟨Ψ(0) |V̂ |Ψ(0) ⟩.

(2.24)

Hence, to obtain the first order perturbation (according to eq. 2.15), we need to add
the zeroth and first order perturbed energy, which following from eq. 2.11 results in
the HF energy,
E (0) + E (1) = ⟨Ψ(0) |Ĥ (0) |Ψ(0) ⟩ + ⟨Ψ(0) |V̂ |Ψ(0) ⟩ = ⟨Ψ(0) |Ĥ|Ψ(0) ⟩ = EHF . (2.25)
Therefore, the first meaningful perturbation is of second order. Similarly to the first
order perturbation we can find E (2) by multiplying with ⟨Ψ(0) | from the left in eq.
2.16,
E (2) = ⟨Ψ(0) |V̂ |Ψ(1) ⟩.

(2.26)

From eq. 2.17 it follows that Ψ(1) must have the form,
(1)a

Ψ(1) = ci

(1)ab

Φai + cij

(1)abc

abc
Φab
ij + cijk Φijk + . . . .

(2.27)

When inserting Ψ(1) into the expression of E (2) it becomes clear that the excited
determinants higher than doubles do not contribute when following Slater-Condon
rules. 163,164 Using eq. 2.11 E (2) can be written as,
E (2) = ⟨Ψ(0) |Ĥ|Ψ(1) ⟩ − ⟨Ψ(0) |Ĥ (0) |Ψ(1) ⟩.

(2.28)

Taking into account the Brillouin theorem ⟨Ψ(0) |Ĥ|Φai ⟩ = 0 and applying eq. 2.22
leads to,
(1)ab

E (2) = ⟨Ψ(0) |Ĥ|cij

(1)ab

ab
⟩ = cij
Φij

(⟨ij||ab⟩),

(2.29)

(2)
with ⟨ij||ab⟩ ≡ (⟨ij|ab⟩ − ⟨ij|ba⟩).
⟨ (1) An alternative expression for E can be found
by left-multiplication with Ψ
to eq. 2.15.

⟨Ψ(1) |(Ĥ (0) − E (0) )|Ψ(1) ⟩ + ⟨Ψ(1) |(V̂ − E (1) )|Ψ(0) ⟩ = 0

(2.30)
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Identifying the expression E (2) from eq. 2.26 within eq. 2.30 and after simplification
yields,
E (2) = ⟨Ψ(1) |(Ĥ (0) − E (0) )|Ψ(1) ⟩.
(1)ab

Inserting Ψ(1) = cij

(2.31)

ab
Φij
and simplifying yields,

(1)ab 2

E (2) = εab
ij |cij

|,

(2.32)
(1)ab

and after comparison to eq. 2.29 yields cij
relatively simple expression,
1 ∑ ∑ |⟨ij||ab⟩|2
.
4 i,j a,b
εab
ij
N

E (2) =

=

⟨ij||ab⟩
.
εab
ij

Finally, this gives the

N

(2.33)

Higher order perturbations can be derived in a similar way to improve the description
of electron correlation eﬀects over HF, however, their computational complexity and
memory requirements increase rapidly.
Coupled Cluster Methods
Coupled cluster (CC) methods are one of the most successful approaches for the description of electron correlation and are commonly chosen as a benchmark reference.
Within the CC ansatz the wavefunction is written through an exponential form of
the cluster operator T̂ ,
ΨCC = eT̂ |Φ0 ⟩,

(2.34)

where |Φ0 ⟩ is a HF wavefunction and the cluster operator
T̂ is given by the sum of
∑
T̂
).
The expressions of the
cluster operators for diﬀerent excitation levels (T̂ = N
i
i
electronic excitations can be conveniently expressed using the second-quantization
creation (â†i |j, k, . . . , n⟩ = |i, j, k, . . . , n⟩) and annihilation (âi |i, j, k, . . . , n⟩ = |j, k, . . . , n⟩)
operators as in the following,
N
1 2 ∑ abs... † † †
t
â â â . . . âi âj âk . . . ,
T̂n = ( )
n! ijk... ijk... a b c

(2.35)

abc...

where n is the number of excitations. We can now expand the exponent eT̂ as a
Taylor series,
1 2
1
T̂1 + T̂1 T̂2 + T̂13 + . . .
2!
3!
= 1 + Ĉ1 + Ĉ2 + Ĉ3 + . . . ,

eT̂ = 1 + T̂1 + T̂2 +

(2.36)
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where the operators Ĉi generate excitations,
single excitation : Ĉ1 = T̂1
1 2
double excitation : Ĉ2 = T̂1 + T̂2
2!
1 3
triple excitation : Ĉ3 = T̂1 + T̂1 T̂2 + T̂3 ,
3!
etc.

(2.37)

By applying the Taylor-expansion of eT̂ to the HF wavefunction we can express the
CC wavefunction as,
|ΦCC ⟩ = |Φ0 ⟩ +

virt.
N
occ. N∑
∑

cai |Φai ⟩

+

N
occ. N∑
virt.
∑

a

i

i<j

rs
cab
ij |Φab ⟩ + · · · .

(2.38)

a<b

A convenient way of obtaining the CC energy is by a projection method, in which
the ΨCC is required to satisfy the Schrödinger equation,
(Ĥ − E)|ΨCC ⟩ = 0.

(2.39)

Inserting the CC wavefunction expansion from eq. 2.38 into eq. 2.39 and leftmultiplying with Ψ0 yields the CC total energy, which has the form,
ECC = ⟨Φ0 |Ĥ|Φ0 ⟩ +

N
∑

cai ⟨Φ0 |Ĥ|Φai ⟩ +

i,a

N
∑

ab
ab
ab
a b
cab
ij ⟨Φ0 |Ĥ|Φij ⟩, cij = tij + 2ti tj , (2.40)

i<j
a<b

in which, following Slater-Condon rules, third and higher excited determinants do
not contribute. Considering again the Brillouin theorem, the CC energy reads in
terms of the amplitudes,
ECC = EHF +

N
occ. N∑
virt.
∑
i<j

a b
(tab
ij + 2ti tj )⟨ij||ab⟩.

(2.41)

a<b

The amplitudes can be computed from a system of non-linear equations obtained
by multiplying eq. 2.39 with excited configurations from the left,
⟨Φai |(Ĥ − E)eT̂ |Φ0 ⟩ = 0
T̂
⟨Φab
ij |(Ĥ − E)e |Φ0 ⟩ = 0

etc.

(2.42)
(2.43)

In the case of CCSD, only projections up to Φab
ij need to be considered. The amplitudes are then found by an iterative solution of eq. 2.42 and eq. 2.43, where
the Taylor expansion of eT̂ stops after Ĉ3 for eq. 2.42 and after Ĉ4 for eq. 2.43
according to the Slater-Condon rules. The CCSD method includes only single and
double excitations. The triples amplitudes contribution to the CC energy can be
computed perturbatively, leading to the very popular CCSD(T) method, which for
small systems has an excellent compromise between high accuracy and computational aﬀordability.
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Configuration Interaction
The conceptually simplest variational post-Hartree-Fock method is the configuration
interaction (CI) method. In order to account for the electron correlation interactions,
the wavefunction is expanded as a linear combination of Slater determinants,

Ψ=

∑

cI |ΦI ⟩ = c0 |Φ0 ⟩ +

N
∑

cai

|Φia ⟩ +

cab
ij

i<j
a<b

i,a

I

N
∑

Φab
ij

N
⟩ ∑
⟩
rst
+
crst
abc Φabc + . . . . (2.44)
j<k
b<c

where Φabc···
ijk··· are Slater determinants and cI are expansion coeﬃcients. The determinant that contains the energetically lowest spin orbitals is Φ0 . Φai and Φab
ij denote
singly and doubly excited determinants, respectively, in which the spin-orbital χi has
been replaced by the spin-orbital χa , and χj has been replaced by χb . Analogously,
higher-order excitations can be defined defined. A CI calculation which includes all
possible SDs for a system (full CI) solves the Schrödinger equation exactly within the
given one-electron orbital basis. Following the variational principle, a Hamiltonian
matrix of all included configurations is build and its lowest eigenvalue is the ground
state energy. Unfortunately, the full-CI method is exponentially computationally
demanding and due to the required number of SDs (the size of the CI space), is only
feasible for very small systems of at most a few light atoms. A common approach to
overcome this limitation is to truncate the CI space to a certain level of excitation,
most often to double excitations. The most relevant excited configurations are generally the singles and doubles, which typically account for ∼95% of the correlation
energy for small molecules. 165 The wavefunction constrained up to double excitations
is referred to as singles and doubles CI (CISD). Since the single excited wavefunction
does not couple with the zeroth order wavefunction (⟨Ψ0 |Ĥ|Φai ⟩ = 0, Brillouin theorem), they are only included via the double excited wavefunction (⟨Φai |Ĥ|Φab
ij ⟩ ̸= 0),
making the doubles the most important correlation contribution, similarly to MP2.
The single excitations, nevertheless, play an important role in directly correcting for
the HF reference wavefunction. This can be seen when considering a rotation of the
HF occupied orbitals with respect to virtual orbitals by a matrix U (N occ × N virt)
and the operator Ûia = Uia a†a ai .

χ′i

= Uia χa + χi ,

⟨χ′i |χ′i ⟩

=

χ′j = Ujb χb + χj , ⟨χ′j |χ′j ⟩ =

N
virt
∑

a
N
virt
∑

χ′k = Ukc χc + χk , ⟨χ′k |χ′k ⟩ =

|Ujb |2 + 1

b
N
virt
∑
c

etc.

|Uia |2 + 1

|Ukc |2 + 1

(2.45)
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⥮
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⥮
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(unoccupied)
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⥮ ...
⥮

...

Figure 2.1: Schematic representation of the CASSCF orbital space partitioning,
where the occupied and unoccupied orbital occupation numbers are kept constant,
while the coeﬃcients of the electronic configurations of the active orbitals are variationally optimized.
Note that for being a proper rotation, the orbitals {χ′ } need to be renormalized
afterwards. The SD of the rotated set of orbitals χ′ is then given by,
⟩
. . . χ′i χ′j χ′k . . . = |. . . χi χj χk . . .⟩ + Uia |. . . χa χj χk . . .⟩ +Ujb |. . . χi χb χk . . .⟩
|
{z
}
|
{z
}
Φa
i

Φbj

1
1 ac
+ Ukc |. . . χi χj χc . . .⟩ + . . . + Uijab |. . . χa χb χk . . .⟩ + Uik
|. . . χa χj χc . . .⟩ +
|
{z
} 2
|
{z
}
{z
}
|
2
Φck

Φab
ij

Φac
ik

1 bc
1 abc
+ Ujk
|. . . χi χb χc . . .⟩ + . . . + Uijk
|. . . χa χb χc . . .⟩ + . . . = eÛ |. . . χi χj χk . . .⟩ .
|
{z
}
|
{z
}
2
6
Φbc
jk

Φabc
ijk

(2.46)
While single excitations are the most important contributions to the rotation U , it
becomes clear that in CISD the singles contribution is not fully accounted for as
they are truncated after doubles. The exponential ansatz of CC, on the other hand,
can account for the full rotations of the HF orbitals in the wavefunction.
Multi-Configuration Self-Consistent Field Method
When the HF single configuration wavefunction fails to provide a good zerothorder approximation to the wavefunction, the multi-configuration self-consistent field
method (MCSCF) oﬀers a solution by applying higher excitation levels only on a
selected subset of orbitals. The wavefunction in the MCSCF method is written as
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a linear combination of Slater determinants configurations,

ΨMCSCF = min

{χi },{cI }

∑

cI |ΦI ⟩, |ΦI ⟩ = | . . . , χi , . . .⟩.

(2.47)

I

where {cI } is an expansion coeﬃcient of the configurations and {χi } are the oneelectron spin orbitals. Orbital relaxation is of significant importance for systems
with several important configurations, as it allows for adjusting the orbitals to the
CI model. By variationally optimizing both the orbitals and expansion coeﬃcients
the method ensures that the wavefunction is constructed from orbitals which are
optimal for the query system.
A general problem in MCSCF calculations is the appropriate choice of the configuration space. A popular partitioning approach of the CI space is the complete
active space (CAS) method, in which the molecular orbitals in the CI wavefunction
are grouped into sets of inactive, active, and external orbitals (Fig. 2.1). In the
CASSCF wavefunction the inactive orbitals are all doubly occupied orbitals and
have an occupation number equal exactly to two in all configurations. Molecular
orbitals which have no restriction on their occupation number are part of the active
orbital space. The external (or virtual) orbitals span the rest of the orbital space
defined by the atomic orbital basis set. An advantage of CASSCF is that it can account for static correlation (also called strong correlation) among the configurations
within the active space. These are configurations with large coupling elements in
the Hamiltonian matrix. The MCSCF wavefunction is completely specified once the
active and inactive space is defined. The variational minimization of configurations
is limited by the set of combinations occupying the active orbitals, while the inactive
and external orbitals are kept with constant occupation number (outlined in Fig.
2.1).
Although the configuration interaction methods provide highly accurate results for
multiple molecular properties when HF fails as a proper zeroth-order wavefunction,
they are not suﬃcient for cases where dynamic correlation has large contributions
outside the active orbitals. In the latter case, the MCSCF method can be used as a
reference wavefunction in conjunction with other methods which more appropriately
describe dynamic correlation eﬀects. The multi-reference configuration interaction
(MRCI) method is a suitable complementary approach, as it adds excitations into
the virtual space for the MCSCF wavefunction (most commonly singles and doubles
excitations). Hence, MRCI combines a static correlation treatment within some
selected orbitals with dynamic electron correlation treatment for all orbitals. An
advantage of MRCI is that it can be formulated conveniently with the MCSCF
reference wavefunction, something that is more complicated for non-variational approaches such as CC.
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Density Functional Theory Methods

High-level wavefunction-based approaches, such as MP2 and CCSD(T) methods,
generally give reliable results. However, they are computationally expensive, which
limits their application to relatively small systems. On the other hand, density
functional theory (DFT) methods can provide comparable accuracy with reasonable
computational eﬀort, making it a popular choice for various physical and chemical
problems. In DFT, the energy is expressed as a functional of the electron density,
which for a given normalized wavefunction (Ψ) is given by,
∫
ρ(r) = N |Ψ(r1 , . . . , rN )|2 dr2 . . . drN .
(2.48)
Here, the density represents the electronic distribution as a function of 3 Cartesian components only. An important contribution to the development of DFT was
provided by Hohenberg and Kohn (HK) 142 who showed that the external potential
Vext (r) and the total energy are uniquely determined from the electron density alone
and that the ground state energy can be found variationally,
(
)
∫
E[ρ] = min min ( ⟨Ψ| (T̂ + V̂ee |Ψ⟩ ) + drρ0 (r)Vext (r) ,
(2.49)
ρ→N

Ψ→ρ

where T̂ and V̂ee are the kinetic energy and electron-electron Coulomb operators
respectively, while the Vext term is the external potential. The computational eﬃciency of DFT comes from the fact that this electron density, a function of 3 spatial
coordinates only, can be used as a variable instead of the N -electron wavefunction,
an object dependent upon 4N spatial and spin coordinates.
Unfortunately, an a priori definition of the electronic density is unavailable except
for over-simplified systems. In 1965 Kohn and Sham (KS) 125 proposed a revolutionary solution to this, enabling one to calculate a large part E[ρ] for atomic and
molecular systems, giving rise to modern DFT methods. Within the KS formalism,
the many-body problem of interacting electrons is replaced by a non-interacting system, experiencing an eﬀective (fictitious) potential. This fictitious potential models
the contributions of the exchange and correlation interactions. Within this formalism, the total energy can be expressed as,
E[ρ] = Ts [ρ] + Eext [ρ] + EH [ρ] + Exc [ρ]
∫
∫
ρ(r′ )
1 2
+ Exc [ρ],
= − ∇ + drρ(r)Vext (r) + dr′
2
|r − r′ |

(2.50)

where Ts is the kinetic energy of a non-interacting system, Eext is the electronnuclear interaction energy, EH is the (classical) Coulomb repulsion and Exc is the
exchange-correlation energy. However, a significant limitation of this formalism is
that the exact functional form for the exchange-correlation term Exc [ρ] is unknown.
This has led to the development of a series of approximations to Exc , resulting
in a family of functionals with increasing complexity and performance. Typically,
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the Exc approximations separate the exchange Ex and correlation Ec contributions,
suggesting a form for each term individually. A general description for some of these
approximations is given in the following.

2.3.1

Local Density Approximation

The functionally simplest approximation is the local-density approximation (LDA)
which is based on the homogeneous electron gas (HEG). In 1920s Bloch 166 and
Dirac 167 introduced the form of the exchange energy also known as Slater exchange
in the following way,
ExLDA [ρ(r)]

1
=−
2

(

3
4π

)1/3 ∫
drρ(r)4/3 .

(2.51)

An approximate form of the correlation density has been found by quantum Monte
Carlo (QMC) calculations 168 and by Møller-Plesset perturbation theory. 169 There
are various parametrization schemes based on QMC calculations, the most popular
of which is the fitted EcLDA from Volsko, Wilk, and Nusair 170 (VWN). This gave
rise to one of the most used LDA functionals, termed S-VWN (Slater-exchange,
Volsko-Wilk-Nusair-correlation).

2.3.2

General Gradient Approximation

One of the limitations of the LDA model is the rapid variations of the electron
density within small regions of space. The Generalized Gradient Approximation
(GGA) methods improve energy estimations for non-homogeneous electron densities
by including the gradient of the charge density ∇ρ(r) in the energy expression. The
general form of the exchange-correlation energy of these functionals can be written
as,
∫
GGA
Exc [ρ(r)] = dr f (ρ(r), ∇ρ(r)).
(2.52)
In practice, Exc is split into its exchange and correlation contributions, and the
generic form of the GGA exchange energy is,
∑∫
GGA
LDA
Ex
= Ex −
F (sσ )ρ4/3 (r)dr,
(2.53)
σ

where
sσ (r) =

|∇ρσ (r)|
4/3

.

(2.54)

ρσ (r)

The functional F has, as an argument, the inhomogeneity parameter sσ , which is
expressed as the reduced density gradient for spin σ. Contrary to the homogeneous
electron gas, where sσ = 0 everywhere, the value of sσ changes for atomic and
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molecular systems. It is typically large for regions with low densities, far from the
nuclei, while the value of sσ is small for regions with high density, such as bonding
regions. One of the most popular functional forms for F are developed by Becke 171
and Perdew. 172 The Becke’s exchange functional F B is expressed in terms of the
parameter sσ and an empirical parameter β such that,
FB =

βs2σ
, sinh−1 = −1.1752.
1 + 6βsσ sinh−1 sσ

(2.55)

The value of parameter β = 0.0042 was obtained by a least squares fit to the energies of the rare gas atoms He through Rn. One of the most used F B -related GGA
functionals is Becke-Lee-Yang-Parr functional (B-LYP). 171,173 The LYP-correlation
functional is not derived from the assumption of the HEG but rather based on the
correlated wavefunction expression of the Helium atom, initially presented by Colle
and Salvetti. 174
An alternative exchange functional developed by Perdew (F P86 ) is based on an
expansion of the exchange hole where the parameters have been found analytically.
F P86 has the following form,
(
F P86 =

(
1+1.296

sσ
(24π 2 )1/3

)2

(

sσ
+14
(24π 2 )1/3

)4

(
+0.2

sσ
(24π 2 )1/3

)6 )1/15
. (2.56)

A popular type of a GGA method, which includes F P86 is the Perdew, Burke, and
Ernzerhof functional (PBE). 175 In principle, the exchange and the correlation functionals can freely be combined, with those presented here being specific examples.
Each combination of exchange and correlation terms may, however, result in varying
accuracy for a given problem.

2.3.3

Meta-General Gradient Approximations

Further improvement on the DFT
can be achieved by the addition of the
∑Nfunctionals
1
2
kinetic energy density(τ (r) = 2 i |∇ϕi | ) or the Laplacian of the density (∇2 ρ(r)),
both capture information of the second derivative of the density. Functionals including either one of these terms are called meta-General Gradient Approximations
(mGGA), which can be expressed as,
∫
mGGA
Exc
[ρ(r)] = dr f (ρ(r), ∇ρ(r), τ (r)).
(2.57)
Most of the mGGAs include the kinetic energy density instead of the Laplacian as
τ (r) is more numerically stable with respect to least-squares fitting or constraint
optimization. Additionally, the inclusion of τ in the functional form can contribute
to the detection of molecular electron delocalization, which is useful in chemical
analysis. 176 The mGGAs are semi-local functionals and have shown significant improvement over GGA for atoms, molecules, solids, and surfaces calculated at their
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equilibrium geometries.
Although GGA and meta-GGA improve upon LDA, these methods are still not
suﬃciently accurate for many systems, largely due to the self-interaction error (the
interaction of electrons with themselves).

2.3.4

Hybrid General Gradient Approximations

The hybrid-GGA (hGGA) methods contain a percentage of Hartree-Fock exact exchange energy. In the hGGA formalism, the exact exchange is derived through the
adiabatic connection formula, which interpolates between the real interacting system and the non-interacting system by smoothly increasing a coupling parameter
λ ∈ [0, 1],
Ĥλ = T̂ +

λ
V̂ext

+λ

N
N ∑
∑
i

i<j

1
.
|ri − rj |

(2.58)

A non-interacting or interacting system is considered when λ changes from 0 to 1,
respectively. For interaction-free systems there is no electronic correlation, therefore
the Exc contains only the exchange contribution induced by using an antisymmetrizedSD. The general form of the hGGA exchange-correlation energy is given as follows,
hGGA
Exc
= αx Exexact + (1 − αx )ExDFT + αc EcDFT ,

(2.59)

where αx and αc are semi-empirical coeﬃcients and the “exact” exchange energy
(Exexact ) is calculated in terms of the KS spin orbitals ({Φi }),
1∑
=−
2 i,j
occ

Exexact

∫ ∫

drdr′

Φi (r)Φj (r)Φi (r′ )Φj (r′ )
.
|r − r′ |

(2.60)

A popular hGGA is based on the PBE functional and includes 25% of exact exchange. This hGGA functional, known as PBE0, has one of the most simple functional forms with only one empirical parameter (α = 0.25),
PBE
PBE0
+ αExexact + (1 − α)ExPBE .
= Exc
Exc

(2.61)

Although, more complex DFT methods with varying accuracies have been constantly
developed through the years, hGGA functionals remain among the most commonly
used methods for chemical applications, thanks to their reasonable performance and
relatively few empirical parameters. Nevertheless, they do not completely rectify
the self-interaction error (SIE).

2.3.5

Range-Separated Gradient Approximations

Although local and semi-local density functionals may give reasonable results for
short-range interactions, they are less accurate at long-range. A possible solution to
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this problem is to decompose the Coulomb electron-electron interaction into shortrange (SR) and long-range regimes. This would allow treating one part of the exchange energy using local DFT exchange and the other part by the exact exchange.
Functionals constructed in this way give rise to another DFT family of approximations, termed the “Range-Separated General Gradient Approximations” (rsGGA),
for which the exchange-correlation energy has the following general functional form,
DFT
exact
rsGGA
+ (1 − α)Ex,SR
= ExDFT + αSR Ex,SR
Exc

(2.62)

DFT
exact
+ βEcDFT ,
+ (1 − α)Ex,LR
+ αLR Ex,LR

where α and β are mixing coeﬃcients that determine the amount of long- and
exact
short-range exchange energy contributions included in the functional. Ex,SR
and
exact
DFT
DFT
Ex,LR are exact exchange energies, while Ex,SR and Ex,LR are the short- and longrange exchange energies calculated at a given DFT functional. In rsGGAs, the
electron-electron Coulomb interaction is partitioned into short- and long-range in
the following way,
ωee =

erf(µ|r − r′ |) 1 − erf(µ|r − r′ |)
1
LR
SR
=
ω
+
ω
=
+
,
ee
ee
|r − r′ |
|r − r′ |
|r − r′ |
|
{z
} |
{z
}
LR

(2.63)

SR

∫x
2
where erf is an error function defined as (erf = √2π 0 dt e−t ) and 0 < µ < ∞ is
a parameter controlling the range of the separation. When µ is close to zero the
long-range interactions vanish and vice versa. The definition of the SR and LR interactions through using an error function is not compulsory, however, but it allows
for a computationally convenient solution.
There are various rsGGA functionals proposing diﬀerent mixtures of short and long
range exact exchange energies. For example, the popular CAM-B3LYP 177 funcexact
exact
and 19% Ex,SR
. On the other hand, functionals such as
tional includes 65% Ex,LR
178
exact
HSE06 , contains 0% Ex,LR . This is done to reduce the computational time for
calculating the non-local exchange integrals, which can significantly increase computational cost in larger systems.

2.4
2.4.1

Numerical Approaches
Basis Sets

The exact analytical expression for molecular orbitals, other than for hydrogen-like
systems, is unknown a priori. Molecular orbitals are, therefore, expressed as a linear
combination of basis functions, here denoted as ϕ. There are two main types of basis
sets depending on if they are constructed from atomic centered functions or plane
waves.
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Atomic Orbitals
Atomic basis sets are centered on the nuclei and are typically used for the calculation
of molecular systems. Numerous types of basis functions ϕn can be used. Only two
of them have been used widely: the Slater and Gaussian type basis functions. They
both have an exponential form, which for a 1s-orbital has the form,
ϕSlater
1s

Function

ϕGaussian
1s

(ζ, r, RI ) = (ζ 3 /π) 2 e−ζ|r−RI |

Function

1

(2.64)

(α, r, RI ) = (2α/π) 4 e−α|r−RI | ,
3

2

(2.65)

where ζ is the Slater orbital exponent, α is the Gaussian orbital exponent, r expresses
the position of an electron and RI is the position of nuclei I. For a large value of ζ /α
the basis set is of smaller spatial extent (dense function) and for small values of the
orbital exponents, the basis function has a larger spatial extent (diﬀuse function).
Distinct diﬀerences between the behaviour of these two functions can be observed
at r → ∞ and at r → 0. At large value of r the Slater function (SF) decays
much slower than the Gaussian function (GF), while at r → 0 the SF shows a
cusp, whereas the slope of the GF is zero. Hence, SF gives a more appropriate
description of the features of the molecular orbitals than the GF. A way to improve
the accuracy of the GF is through using a fixed linear combination of contractions
(primitive Gaussian functions) forming a contracted Gaussian function (CGF),
CGF

ϕ

(r − RI ) =

L
∑

dpn ϕGF
p (αpn,r−RI ).

(2.66)

p=1

By varying the length of the contraction (L), the contraction coeﬃcient dpn , and the
contraction exponent (αpn ) the CGF can be made to take a functional form that is
in practice consistent with the primitive functions used.
Plane Waves
Plane wave basis sets (PW) are more commonly used in the context of solid state
physics, where periodic systems are described by an infinite number of interacting
electrons located in a periodic potential. By using Bloch theorem one can express
the energy eigenstates for an electron in a periodic system with periodicity l using
Bloch waves, which have the following form,
Ψ(r) = eik·r u(r),

(2.67)

where k is a propagation constant and u(r) is a periodic function which has the same
periodicity as the studied system. The periodic function can be expand in PWs in
the following way,
∑
u(r) =
ci,G eiG·r ,
(2.68)
G
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where ci,G are expansion coeﬃcients and G are reciprocal lattice vectors. Thus, the
electronic wavefunction can be expressed as a linear combination of PWs, expanded
in a Fourier series,
ψi,k (r) =

∑

ci,k+(G) ei(k+G)·r .

(2.69)

G

Using Bloch theorem the problem of calculating an approximate solution to the
Schrödinger equation over an infinite number of electrons is now reduced to discrete
PW based k-point sampling over unit cells. Note that for an exact representation
of Ψi,k an infinite number of G is needed. Therefore, one must truncate the number
of PWs used as in the basis set, which is typically done through a kinetic energy
cutoﬀ defined as,
1
Ecut ≥ |k + G|2 .
2

(2.70)

Naturally, by varying the value of Ecut the accuracy of the calculation will change,
hence, cutoﬀ convergence tests needs to be performed.

2.4.2

Pseudopotentials

It is well established that most of the interacting properties of molecules and solids
are determined by the valence electrons. On the other hand, the core electrons are
rather inert to changes in chemical environment, while also requiring a considerable
amount of basis functions to be properly described. A successful remedy to this
problem is the use of pseudopotentials (PP) in which the behavior of the core electrons can be approximated, such that only valence electrons are explicitly treated in
the wavefunction. Thus, the number of electrons for which the system is calculated
is reduced to only valence electrons, and with it the computational time significantly
reduces. The use of PP in conjunction with PWs has become an inseparable part of
solid state calculations. 179–182

2.5

Quantum Machine Learning in Chemistry

Research interest in applying machine learning (ML) techniques to predict molecular
properties, or to enhance compound screening and design has significantly increased
in recent years. In computational chemistry specifically, this is mostly motivated by
the fact that QM calculations are often repetitious and computationally demanding,
therefore statistical models built on QM training data are highly appealing. The
success of this approach lies in the fact that, provided one can explicitly or implicitly
define a suitable feature mapping, then the function mapping between geometry and
chemical composition to a property of interest can be regressed with relatively few
training points as input.
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Basic Theory

One of the most widely used and successful ML methods, Kernel Ridge Regression
(KRR), has been commonly used in computational chemistry, 144,155,183,184 and is the
primary ML method used in this work. In general one wishes to find a function,
f (x) = wT x,

(2.71)

where the weights w ∈ RP have been trained on a set of training points {xi ∈
RP , yi ∈ R}N
i , where the xi are the input features and yi is the corresponding label
of the i-th feature in the training set. Typically, the features of the data are extended
with additional descriptive functions to better fit the data such that P >> N . The
weights can be obtained by minimizing the following least-squares loss function,
L(w) =

1∑
1
(yi − wT xi )2 + λ ∥w∥2 ,
2 i
2

(2.72)

where an additional λ ∥w∥2 term has been introduced, which corresponds to the
ridge regularizer. This has the eﬀect of penalizing over-weighting certain training
samples, where the λ term is a free hyperparameter controlling the strength of the
regularization. The solution to equation 2.72 has the following form,
w = (λI + XXT )−1 (XT y),

(2.73)

where X ∈ RP ×N is the feature matrix of all training data and I is the identity
matrix. Alternatively, the weights w can be written as a linear combination of the
training data 185 as follows,
w=

N
∑

αi xi .

(2.74)

i

Inserting this into equation 2.71, one can see that the function estimate now depends
on a set of inner products,
f (x) =

N
∑

αi ⟨x, xi ⟩

(2.75)

i

which yields the following loss function,
N
∑
1 ∑
1∑
2
α i xi
(yi −
αj ⟨x, xi ⟩) + λ
L(α) =
2 i
2
i
j

2

,

(2.76)

with the final closed-form solution to equation 2.76 being the following,
α = (λI + XT X)−1 y.

(2.77)

This substitution has transformed the learning problem from dealing with vectors
living in RP , to those living in RN . In addition, the inner product structure allows
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more general inner products to be used in-place, with the only requirement being
that they are positive semi-definite functions. 186 This technique is commonly known
as “the kernel trick” and essentially states,
k(x, x′ ) = ⟨ϕ(x), ϕ(x′ )⟩ ,

(2.78)

where ϕ(x) is a function which maps x to a higher dimensional space. In other words,
the inner product ⟨xi , xj ⟩ can be replaced by k(xi , xj ) where k(·, ·) is a positive semidefinite kernel function, which represents an inner product in a potentially infinitely
dimensional feature space. Substituting this kernel function into the above equations
yield the following function estimates and least-squares solution,
∑
f (x) =
αi k(x, xi ),
(2.79)
i

where the coeﬃcients {αi }N
i are obtained from,
α = (λI + K)−1 y,

(2.80)

where K is the kernel matrix of all training pairs Kij = k(xi , xj ). There are numerous types of kernel functions that satisfy the positive semi-definite condition, from
||xi −xj ||2

||xi −xj ||

which the Laplacian (e− σ ) and the Gaussian (e− 2σ ) are some of the most
frequently used in the quantum machine learning. Here σ is an additional hyperparameter which controls the influence of each training point xi has on contributing
to a final function estimate.

2.5.2

Numerically Representing Chemical Environments

In order to apply the above to chemical systems, the environments surrounding
atoms and molecules must be represented numerically to encode the relevant interand intra-molecular interactions in a system. These numerical representations correspond to the xi feature vectors introduced previously, while the regression labels
yi might be any atomic or molecular property of interest (energies, dipole moments,
etc). The atomic spectrum of London-Axilrod Teller Muto (aSLATM) representation was employed within this thesis, and is based on an atomic density expansion,
where the charge density distribution ρ of a system with P number of electrons is
partitioned into its N number of atoms,

ρ(r) =

N
∑
I

ρI (r) =

N
∑
I

[

)]
1
,
δ(r − RI ) + 0.5
ZJ δ(r − RJ ) 6 (r − RI )
R
J̸=I

(
ZI

N
∑

(2.81)
where δ(·) is a normalized Gaussian function of the form δ(x) = σ√12π e−x . The
rotational and translational invariance of the representation is achieved by the separation of ρ(r) into one, two and three body terms. The one body terms is expressed
2
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(2)

(3)

by the nuclear charge ZI , while the two (MI ) and three (MI ) body terms are
expressed as,
1∑
1
ZJ ∂(r − RIJ ) 6
2 J̸=I
r
N

(2)

MI (r) = ZI

(2.82)

∑
1
(3)
MI (Θ) = ZI ZI
ZJ ZK ∂(Θ − ΘIJK )h(Θ, RIJ , RJK )
3 J̸=K̸=I
=

N
∑
I

1 ∑
1 + cos(Θ)cos(ΘJKI )cos(ΘKIJ )
ZI
ZJ ZK ∂(ΘIJK − ΘIJK )
,
3 J̸=K̸=I
(RIJ RIK RKJ )3

(2.83)

where ΘIJK is the angle between atoms I, J and K. The term h(Θ, RIJ , RJK )
expresses the three-body contribution as described by Axilrod-Teller-Muto van der
Waals potential. 187,188
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Chapter 3
Torsional potentials of glyoxal,
oxalyl halides and their
thiocarbonyl derivatives:
Challenges for popular density
functional approximations.
3.1

Abstract

The reliability of popular density functionals was studied for the description of
torsional profiles of 36 molecules: glyoxal, oxalyl halides and their thiocarbonyl
derivatives. HF and eighteen functionals of varying complexity, from local density
to range-separated hybrid approximations and double-hybrid, have been considered
and benchmarked against CCSD(T)-level rotational profiles. For molecules containing heavy halogens, all functionals except M05-2X and M06-2X fail to reproduce
barrier heights accurately and a number of functionals introduce spurious minima.
Dispersion corrections show no improvement. Calibrated torsion-corrected atomcentered potentials rectify the shortcomings of PBE and also improve on σ-hole
based intermolecular binding in dimers and crystals.

3.2

Introduction

Rotational barriers play a crucial role in the mechanism of chemical reactions and
processes, and influence a plethora of molecular properties and phenomena including
fluorescence emission intensity 189 , intersystem crossing 190 and protein folding 191 . A
quantitative description of torsional profiles in conjugated systems is often diﬃcult
to achieve in an experiment, but high-level ab-initio methods can provide significant
insight 28,36,80,192–194 . It is particularly important that these numerical approaches
yield accurate inter-atomic potentials, as chemical reactions often exhibit complex
transition pathways with multiple local minima; notable examples being Diels-Alder
27

28
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Figure 3.1: Chemical diversity of torsional potentials in molecules studied in the
literature 1–120 (blue) and in this work (red). Vertical and horizontal axes correspond
to averaged atomic charges and inter-atomic distances, respectively. Select examples
are shown as insets.
reactions, which are often highly regio- and stereoselective 195 .
Coupled-cluster theory has emerged as a highly accurate method and is often used
as a reference for benchmarking more approximate approaches. However, its computational complexity limits its use to relatively small molecules. Density functional
theory (DFT), on the other hand, often oﬀers good computational eﬃciency and
reliability. Various DFT functionals have in fact shown promising performance for
torsional profiles, but the inclusion of exact exchange appears to be important for
π-conjugated systems 44,192 .
An overview of the existing literature indicates a severe lack of chemical diversity
in systems studied so far (Fig. 3.1). Most research thus far has been limited to
first and second row elements in the periodic table 1–110,112–120 and only a few studies
considered molecules with other atom types, such as Br 68,94 , Ge 62 , As 62 , Se 108 and
Te 111 (see Figure 3.1).
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In this work, we assess the accuracy of a large range of popular density functionals
for the description of single bond torsions in glyoxal, oxalyl and thiocarbonyl halides.
Our focus is on extending compositional diversity, including heavier halogens (up to
Br) in a conjugated carbonyl and thiocarbonyl scaﬀold (Fig. 3.1 in red). The eﬀect
of dispersion corrections on torsional profiles is studied as well as custom-tailored
atom centered potentials. The latter are shown to also improve the description of
σ-hole based intermolecular binding.

3.3

Computational details

Torsional energy profiles E(Θ) were obtained through restricted geometry optimizations in which the torsional angle Θ = ΘXCCY = ΘACCB (A, B: oxygen or sulfur,
X, Y : hydrogen or halogen) is kept constant and carbon atoms remain in the plane
of their three bonded neighbors. The entire range of 0◦ < Θ < 180◦ was scanned
in steps of ∆Θ = 20◦ . Note that E(360◦ − Θ) = E(Θ), follows from the applied
constraints. Calculations were carried out with Gaussian09 196 , using Hartree-Fock
as well as the following density functional approximations: LDA (SVWN5 170,197 ),
GGA (PW91 198 , PBE 175 , BLYP 171,173 , BP86 171,199 ), mGGA (TPSS 200 , M06L 201 ),
hGGA (PBE0 202 , B3LYP 171,173,203 ), mhGGA (M05 204 , M06 205 , M05-2X 206 , M062X 205 , M06-HF 205 ), RS (CAM-B3LYP 177 , M11 207 ), double hybrid (B2PLYP 208 ,
DSD-PBEP86(B3BJ) 209 ). Note that the DSD-PBEP86 functional has been parameterized for use with D3BJ correction and the expected accuracy of the double
hybrid for non-bonding interactions cannot be obtained without the dispersion addon 209 . The def2QZVPP 210 basis set was used throughout and parametric dispersion
corrections (D3 211 ) were used in some cases.
Additional plane-wave (PW) calculations were carried out for the PBE and BLYP
functionals, using VASP 212,213 and CPMD 214 , respectively. MBD (Many Body Dispersion 215 , for PBE) and DCACP 216,217 (Dispersion Corrected Atom-Centered Potential, for BLYP) corrections were used as indicated in Section 3. MBD calculations
were carried out using VASP in a box with size 14×14×10 Å3 (1×1×1 Γ-centered
k-point grid) and a cutoﬀ of 600 eV. DCACP energies were calculated using a unit
cell of (14 Å)3 and a cutoﬀ of 200 Ry with isolated boundary conditions.
Torsion corrected atom-centered potentials (TCACP) were constructed for PBE in
analogy to other ACPs, following previously introduced optimization procedures 218,219 .
The TCACP is added to Goedecker’s norm-conserving potentials 220 and shares the
analytical form of its non-local part (Eq. 3.1).
VITCACP (r, r′ )

=

+l
∑

∗
Ylm (r̂)pl (r)hl11 pl (r′ )Ylm
(r̂′ ),

(3.1)

m=−l

]. l denotes angular momentum (here
with normalized projector pl (r) ∝ rl exp[ −r
2r2l
l = 3), r̂ is the unit vector in the direction of r, r=|r− RI | is the distance from the
position of the nuclus I and Ylm is a spherical harmonic. The parameters hl=3
11 and
rl are generated by minimizing a penalty function P , which has the following form:
2
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N
1 ∑ CCSD(T)
P =
|Ei
− EiPBE+TCACP |,
N i

(3.2)

where i runs over all N = 90 conformations used in the training set. The penalty is
minimized using the Nelder-Mead simplex-downhill algorithm 216,219,221 , optimizing
parameters corresponding to distance 220 rl=3 from the position of the nuclei and
amplitude 220 hl=3
11 . Parameterization of TCACPs was carried out with CPMD using
a box size of (14 Å)3 and a 150 Ry cutoﬀ with isolated boundary conditions.
Binding energies with TCACPs were calculated using a cutoﬀ of 150 Ry and cell
dimensions of 24×17×14 Å3 for oxalyl bromide-water and of 26×19×14 Å3 for the
oxalyl bromide dimer. Cohesive energies as a function of a lattice scan were calculated for the oxalyl bromide crystal structure (2 molecules/unit cell) using Quantum Espresso 222 (PBE, PBE+TCACP) and VASP (PBE+MBD) with a 3 × 3 × 3
Γ-centered k-point grid and a cutoﬀ of 200 Ry and 600 eV, respectively. Experimental data was used for the crystal structure geometry and the initial unit cell
dimensions, which was subsequently multiplied by a scaling factor f , ranging from
0.85 to 1.5.
CCSD(T) 223,224 energies were calculated using Molpro 225 and correlation-consistent
basis sets 226,227 for M05-2X optimized geometries. CCSD(T)-F12 228 energies using
cc-pVTZ-F12 229 basis sets (including eﬀective core potentials (ECP) for Br 230 ) were
calculated with Molpro 231 for the same M05-2X geometries.

3.4

Results and Discussion

3.4.1

CCSD(T) convergence test

CCSD(T), often considered to be the gold standard of quantum chemistry, has been
chosen as a reference level to judge the quality of density functional calculations.
A basis set convergence analysis has been performed for a few representative cases
with diﬀerent shapes of torsional potentials (O2 C2 Br2 , OSC2 HBr and S2 C2 Br2 ).
The choice of molecules limits our test to valence-only correlation as there are
no core-valence polarized basis sets (cc-pCVXZ 232 or cc-pwCVXZ 233 ) available for
Br, which would recover core-valence correlation eﬀects reliably. We have still
considered two diﬀerent valence-correlation schemes, one (A) correlating only valence s and p electrons (default in Molpro), the other (B) additionally considering 3d-electrons of Br (default in Gaussian09 196 ). Results obtained with standard
correlation-consistent basis sets 226,227,234 are collected in Table 3.1 for the energy
diﬀerence E(80◦ ) − E(180◦ ).
Regular cc-pVXZ basis sets obviously show erratic results for X=D, but fairly
smooth convergence from X=T onwards, towards extrapolated 235 values listed in
the table for both correlation schemes (A) and (B). Diﬀuse-augmentation generally leads to improved results for small basis but to very similar complete basis set
(CBS) estimates. Explicitly correlated calculations at the CCSD(T)-F12 level with
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Table 3.1: CCSD(T) basis set convergence: Potential energy diﬀerence of oxalyl
bromide between dihedral angles Θ = 80◦ and Θ = 180◦ (in kcal/mol). Yellow
colouring shows the reference method used in this study.
Scheme A
Valence sp electrons correlated
X

Scheme B
Valence sp and 3d (Br) electrons correlated

cc-pVXZ aug-cc-pVXZ

X

cc-pVXZ aug-cc-pVXZ

4.30
3.62
3.56
3.53
3.57
3.52

OSC2HBr (class I)
3.46
D
3.58
T
3.55
Q
3.46
5
3.63
CBS (Q5)
CCSD(T)-F12
-

4.34
3.68
3.56
3.60
3.60
3.51

3.46
3.72
3.86
3.74
3.63
-

D
T
Q
5
CBS (Q5)
CCSD(T)-F12
(VTZ-F12); Ansatz 3C(FIX)

1.86
0.61
0.49
0.47
0.51
0.47

O2C2Br2 (class II)
0.41
D
0.53
T
0.54
Q
0.55
5
0.56
CBS (Q5)
CCSD(T)-F12
-

1.73
0.61
0.52
0.47
0.47
0.46

0.41
0.62
0.81
0.71
0.58
-

D
T
Q
5
CBS (Q5)
CCSD(T)-F12
(VTZ-F12); Ansatz 3C(FIX)

-3.05
-3.13
-2.57
-2.40
-2.19
-2.34

S2C2Br2 (class III)
-3.23
D
-2.62
T
-2.32
Q
-2.26
5
-2.18
CBS (Q5)
CCSD(T)-F12
-

-2.98
-3.11
-2.48
-2.36
-2.21
-2.35

-3.19
-2.55
-2.09
-2.11
-2.11
-

D
T
Q
5
CBS (Q5)
CCSD(T)-F12
(VTZ-F12); Ansatz 3C(FIX)

(VTZ-F12); Ansatz 3C(FIX)

(VTZ-F12); Ansatz 3C(FIX)

(VTZ-F12); Ansatz 3C(FIX)

a triple-zeta basis set finally confirm large basis set and CBS values.
The fairly smooth convergence of aug-cc-pVXZ 234 for correlation scheme (A) has
prompted us to employ valence-sp-correlated CCSD(T) with the relatively small
aug-cc-pVTZ basis set (also referred to as AVTZ below) as a reference standard for
all molecules included in this study (See Fig. 3.2).

3.4.2

DFT results

Overall performance
The reliability of HF and popular DFT functionals was benchmarked against CCSD(T)
results for the description of torsional potentials of 36 glyoxal, thiocarbonyl and
(methanethioyl)-formaldehyde halides (Fig. 3.2). Torsional potentials at the CCSD(T)
level may be grouped into three classes (Figs. 3.2 and 3.3). Systems with light halogens or hydrogen exhibit the conventional minima for cis and trans conformations
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Figure 3.2: Overview of all molecules. Top, middle and bottom panels correspond
to torsional profile classes displayed in Figure 3.3. Three representative molecules
from each class were used to parametrize torsion corrected atom-centered potentials
(TCACP) shown in right column.

that are stabilized by π-conjugation (class I). Substitution with heavier halogens
with larger atomic radii introduces steric repulsion 75 , which can only be relieved in
non-planar conformations. We observe cases with only one minimum for orthogonal
conformations (class III) and intermediate cases where only the cis conformation becomes a transition state (class II). Here the trans conformation remains the global
minimum and it is typically augmented by a very shallow minimum for nearly orthogonal conformations. Class III compounds always contain at least one sulfur
atom as well as chlorine and/or bromine. The very common GGA (PBE, BLYP)
and hybrid (B3LYP, PBE0) density functionals are in qualitative agreement with
CCSD(T) for classes I and III, but fail to reproduce the shape of class II torsional
profiles (Fig. 3.3).
Before scrutinizing diﬀerences between DFT and CCSD(T) one should note that
any form of statistical analysis will crucially depend on the choice of reference point
for the energy. One may shift DFT and CCSD(T) torsional profiles relative to each
other such that the root mean squared deviation between DFT and CCSD(T) energies, sampled along the complete reaction coordinate, is minimized. This would
allow for a ranking of functionals in terms of their overall accuracy.
Here we have deliberately chosen a diﬀerent approach, namely to take that geometry
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Figure 3.3: Classification of torsional potentials based on their shape as predicted
by CCSD(T). Specific CCSD(T) and DFT results are given for one representative
molecule per class.

of a molecule as a reference that turns out to be the global minimum at the CCSD(T)
level. ∆E is then defined to be 0 for that geometry, not only at the CCSD(T) level
but also at all DFT levels. This choice highlights problems of density functionals
to account for the shape of a torsional profile and emphasizes errors in recovering
torsional barriers.
Following this choice of reference, Figure 3.4 shows scatter plots of nine functionals
vs. CCSD(T) for all molecules and angles (ten per molecule), as well as corresponding error distributions. Clearly most functionals overestimate the barriers of class III
potentials (red) and underestimate them for class I potentials (blue). Their strong
bias towards lower energies for class II potentials (green) indicates their tendency to
overstabilize orthogonal geometries to the extent that these often become the global
minimum (compare with Fig. 3.3). Particularly serious problems are spotted for
GGAs (PBE, BLYP), while the highly parametrized M05-2X performs well.
For the same choice of reference point, Figure 3.5 provides a statistical analysis of
HF and DFT energies compared to CCSD(T). Solid color bars illustrate the error
averaged over all conformations of all molecules within the corresponding class of
torsional profile (MAE, mean absolute error). Shaded color bars indicate the maximum error, found for any conformation of a molecule and averaged over all molecules
within a class (MaxAE).

34

3.4. Results and Discussion

Figure 3.4: Scatter plots (DFT vs. CCSD(T)) of potential energies of all molecules in
Fig. 3.2 and for ten torsional angles, each relative to the energy for the conformation
predicted to be the absolute minimum at the CCSD(T) level. Class I, II, and III
profiles are shown in blue, green, and red, respectively. Correspondingly colored
error distributions (DFT-CCSD(T)) are shown in insets. See Sec. 3.3 for a discussion
of PBE+TCACP.
The small energy range of torsional potentials certainly requires an accuracy better
than 0.5 kcal/mol in order to ensure a correct description of torsion. LDA shows a
surprisingly small MAE of about 0.3 kcal/mol. One would hope for improvement
upon climbing “Jacob’s ladder 236 ”, however, the reverse is true. GGAs clearly perform worse than LDA, and the meta-hybrid M05 shows even larger errors. Large
MaxAE values are particularly worrisome for class II profiles, they indicate spurious
exaggeration of energy minima at orthogonal confirmation and thus a qualitatively
wrong description. The performance of some functionals is still quite satisfactory
for particular types of torsional profiles: M052-2X and M06-2X behave well for class
III, CAM-B3LYP and the double hybrids (B2PLYP and DSD-PBEP86(D3BJ)) are
particularly successful for class I and II. However there seems to be no functional
that is universally recommendable for all three types of torsional potential.
Tables B.2, B.3 and B.4 of Supporting Information B list individual energy dif-
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Figure 3.5: Mean absolute error (MAE, solid bars) and maximum absolute errors
per molecule, averaged over all molecules of a given class (MaxAE, shaded bars).
See caption of Fig. 3.4 further details. PBE+TCACP results (Sec. 3.3) are shown
in yellow. Solid lines at 0.5 kcal/mol indicate errors that we consider acceptable for
reasonable qualitative accuracy.
ferences (∆E) between angles that refer to minima and maxima of the reference
CCSD(T) profiles. Mean absolute errors with respect to CCSD(T) are listed as
well and largely confirm the main conclusions drawn above: M05-2X and M06-2X
reproduce barrier heights of class III molecules very well. CAM-B3LYP falls behind
for class III, but is the best performer for classes I and II.
Oxalyl bromide
Having assessed the general performance of DFT methods, we now scrutinize results
for oxalyl bromide (Fig. 3.6) as class II representative. CCSD(T) shows a very flat
surface between Θ = 80◦ and Θ = 140◦ . Close inspection indicates a very shallow minimum around Θ = 80◦ and an equally shallow transition state at around
Θ = 120◦ . Unconstrained optimization at M05-2X/def2QZVPP aﬀords a minimum
at Θ = 87.36◦ and a maximum at Θ = 112.93◦ . Subsequent force constant analysis
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Figure 3.6: Torsional profile of oxalyl bromide (class II) obtained with popular
density functionals and compared to CCSD(T) (in black).

confirms the stationary points to be a true minimum and a true transition state, respectively. The corresponding barrier is very small, however (0.153 kcal/mol), and
reduced further at the CCSD(T)/aug-cc-pVTZ//M05-2X/def2QZVPP level (0.04
kcal/mol). A definitive judgment on the existence of these intermediate points is
therefore not attainable 237 .
Hartree-Fock behaves reasonably for the overall shape of the potential, but overestimates the cis to trans barrier; it shows a very flat potential between Θ = 80◦
and 140◦ without extremal points. Many density functionals, however, predict deep
and often global minima for perpendicular geometries. This is observed for LDA as
well as for several popular density functionals of various rungs on Jacob’s ladder, including mGGAs (TPSS), hGGAs (PBE0, B3LYP), and mhGGAs (M06, M06-HF).
The GGAs (PBE, BLYP, PW91, BP86) and the meta-hybrid M05 functionals perform particularly poorly as they fail to reproduce the trans-minimum (Θ = 180◦ ).
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Figure 3.7: Torsional profile of oxalyl bromide calculated with GGA functionals
(PBE, BLYP), with and without TCACP or dispersion corrections (D3, DCACP
and MBD), CCSD and CCSD(T).
M06L is the best among the non-hybrid functionals, but only meta-hybrid (M052X, M06-2X), range-separated (CAM-B3LYP), and double hybrid (B2PLYP, DSDPBEP86(D3BJ)) functionals manage to reproduce the finer details of the CCSD(T)
reference. Similar remarks about relative performance hold for all molecules of class
II and III as well as some cases of class I (all torsional profiles are given in Supporting Information A).
One possible explanation for the failure of GGA functionals would be the presence
of a small HOMO-LUMO gap at Θ ∼ 80◦ , responsible for spurious charge transfer
into the lowest unoccupied molecular orbital. However, we calculated a sizable gap
of ∼ 3 eV ruling out this initial suspicion.
Table 3.2: TCACP parameters [a.u.] for use in PBE functional.
rl=3
hl=3
11

C
3.13
5.41 × 10−4

O
1.58
−8.06 × 10−3

S
1.82
−6.95 × 10−3

F
0.54
7.04 × 10−4

Cl
0.40
1.94 × 10−3

Br
2.41
−2.18 × 10−3

Considering that the interatomic separation between the two Br atoms in oxalyl bromide ranges from 3.3 Å to 4.7 Å in diﬀerent conformations, one may further suspect
a significant contribution of intramolecular dispersion interactions to the shape of

38

3.4. Results and Discussion

torsional profiles. Figure 3.7 shows torsional profiles calculated using popular dispersion corrections, namely: D3 211 , Many Body Dispersion (MBD) 215 and Dispersion
Corrected Atom Centered Potentials (DCACP) 216,217 . None of the corrections improve the results of standard GGAs. In fact, they all increase the deviation from
CCSD(T). (See also Table B.1 in Supporting Information B). Similar observations
have been reported for intramolecular eﬀects in a number of conformers and chemical
reactions 238 .
Furthermore, inspection of D3 dispersion corrections reveals maximal contributions
for 80◦ ≤ Θ ≤ 100◦ , for which the Br-Br distance approaches the typical van der
Waals minimum (rBr−Br ≈ 3.7Å). This explains the deepening of the spurious minimum. Consequently, lack of dispersion does not cause the observed problems, it
rather lessens them for the wrong reason.
The real culprit instead appears to be the delocalization error. A pragmatic approach to reduce it is to include exact or Hartree-Fock exchange (HFx). The optimal
admixture of exact exchange is ∼50% (also used in the best functionals M05-2X,
M06-2X, Figs. 3.4 - 3.6). This observation is in agreement with earlier reports for
conjugated double bonds 239,240 . Upon increasing the exact exchange further, the
accuracy for torsional barriers is impaired again (M06-HF, HF). We tested this further by defining a functional (PBE-2X) that adds 56% of exact exchange to standard
PBE. This functional uses the same amount of exact exchange as M05-2X does and
Fig. 3.6 shows that it is almost as accurate as the latter in reproducing the reference CCSD(T) torsional profile of oxalyl bromide. Additional tests indicate that
any reduction or increase of exact exchange worsens the results of PBE-2X (data
not shown).

3.4.3

TCACP corrections

While some hybrid density functionals (M05-2X, M06-2X, PBE-2X) can provide satisfactory descriptions of torsional profiles, the calculation of exact exchange makes
them computationally ineﬃcient for use with plane-wave basis sets. PWs are predominantly employed in condensed phase studies where functionals at the GGA
level are a common compromise between eﬃciency and accuracy. Improvements
for GGA based predictions on atom centered corrections (typically implemented in
the form of pseudo potentials) were found for various properties, such as London
dispersion 216–218,241,242 , vibrational frequencies 219 , band gaps 243–245 and relativistic
eﬀects 246,247 . Atom centered corrections have further been used to reduce basis set
incompleteness eﬀects 248 . Therefore, we have studied if one can improve the PBE
prediction of rotational profiles using custom generated torsion corrected atom centered potentials (TCACP).
Calibration
Torsion corrected eﬀective potentials are optimized for C, O, S, F, Cl and Br (Table
3.2). As a training set we used 10 energies each along the torsional profiles of nine
molecules, selected from all three classes (Fig. 3.2, right column). The optimized
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Figure 3.8: Density diﬀerence plots for oxalyl bromide at Θ = 80◦ : PBE versus
CCSD (top) and versus PBE+TCACP (bottom). The range at which the TCACPs
reach their maximum is illustrated by cyan circles. Isosurface density diﬀerences
(±0.0001 a.u.) are given as insets.
parameters (shown in Table 3.2) indicate distance rl and magnitude hl11 at which the
PBE+TCACP calculations reach maximum agreement with the reference. Note that
TCACPs centered on Cl and F peak at ∼ 0.5 Bohr from the nuclei, whereas for larger
atoms, such as Br, S and O, as well as C, rl is larger than 1.5 Bohr (Fig. 3.8, shown
for O, Br, and C in cyan circles). Further note that corrections centered on Br have
opposite sign compared to other halogens. A positive (negative) hl11 indicates that
the original PBE exchange-correlation underestimates (overestimates) the reference
energy.
Electron density
One might expect that TCACPs improve on density functional descriptions through
correction of electron densities. Analysis of density diﬀerences, however, disproves
this hypothesis, at least for the case examined. Although TCACPs successfully
eliminate the fairly large energy error for oxalyl bromide at Θ = 80◦ (Fig. 3.7), as
discussed below, the density diﬀerence generated (Fig. 3.8, right) is not only much
smaller but also largely of opposite sign compared to the one calculated with CCSD
as reference (Fig. 3.8, left). We assume that the use of CCSD instead of CCSD(T)
as reference is reasonable, as both methods produce very similar energy curves (Fig.
3.7). We must, therefore, conclude that TCACPs act directly through a change in
the external potential, rather than indirectly through a mediated change of electron
density.
Geometry and frequencies
For general use, it is important to show that TCACPs do not negatively aﬀect other
already well-described properties, such as equilibrium geometries and vibrational
frequencies. Tests were performed for oxalyl bromide in cis, gauche, and trans
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Figure 3.9: Interaction energy curves of oxalyl bromide with water a), dimer b),
and in crystal structure c) obtained using PBE with and without corrections and
compared to M05-2X and CCSD(T) (a, b). Experimental geometry 121,122 has been
used in c), and energies are shown as a function of f , the ratio between assumed
and experimental lattice constant.
conformations (results not shown in detail). Addition of TCACPs changes bond
lengths by less than 0.01 Å and angles by less than 0.3◦ . Vibrational frequencies
are aﬀected by 32 cm−1 at most and 23 cm−1 on average. Changes of this order are
insignificant for most applications, suggesting that the addition of TCACPs to PBE
does not lead to adverse side eﬀects.
Torsional profiles
Results obtained from PBE+TCACP are included in Figs. 3.4, 3.5 and 3.7. They all
show that TCACPs lead to the desired improvement in the description of rotational
profiles. Figure 3.7 illustrates for oxalyl bromide how TCACPs correct the qualitatively wrong profile and reach good agreement with CCSD(T). The eﬀect is most
pronounced for intermediate values of Θ. The corrected functional PBE+TCACP
still underestimates the barrier by about 1 kcal/mol, but it clearly shows the overall
best performance of all GGA functionals. Note that our test case, oxalyl bromide,
was not even included in the TCACP training set (Fig. 3.2). Figure 3.4, reporting

Chapter 3. Torsional potentials of glyoxal, oxalyl halides and their thiocarbonyl
derivatives: Challenges for popular density functional approximations.
41
correlations and error distributions, indicates that the corrections are transferable
to all molecules included.
Further evidence for the overall good performance of TCACP corrections is obtained
from Fig. 3.5: The relatively large PBE error is reduced to less than 0.5 kcal/mol
(black line), which is the threshold we used to identify qualitatively satisfying results. MaxAE is now within the range of 0.5 kcal/mol for all types of torsional
profile, which is below the MAE of any of the GGAs, and even lower than some
of the hybrid and meta-hybrid functionals. Likewise the MAE for barrier heights
(Supporting Information B, Tables B.2-B.4) is among the lowest of all functionals
for classes I and II and significantly smaller than PBE also for class III. The complete set of profiles given in the Supporting Information A corroborates the overall
good performance among all molecules studied here.
All these observations suggest that TCACP corrections are a suitable empirical way
to rectify some of PBE’s shortcomings in modeling torsional profiles.

Intermolecular interactions
After studying the performance of TCACPs for torsional potentials, we were curious
to assess their eﬀect on intermolecular interactions. To keep in line with our general
choice of test cases, we are again considering oxalyl bromide, now a) in complex
with water, b) as a dimer, and c) as a crystal (Fig. 3.9), which are all thought to
benefit from σ-hole-binding 249 . CCSD(T) was used as a binding energy reference in
the first two cases but is computationally prohibitive for studying the crystal. No
experimental data is available for the cohesive energy of the crystal, restricting us
to a qualitative discussion based on the experimental geometry 121,122 only.
PBE underestimates binding energies in all three cases (Fig. 3.9), and shows hardly
any minimum for the oxalyl bromide dimer or the crystal. M05-2X definitely performs better for the complex with water but still falls short of expectations for the
dimer. Crystal structure energy evaluation with M05-2X would be computationally
too demanding and have thus not been attempted. Dispersion corrections (MBD,
D3) remedy the shortcomings of PBE for the water complex and reach the good
performance of M05-2X. In the case of PBE, they also lead to an improved description of the dimer. They show little eﬀect for M05-2X. The crystal structure, finally,
benefits from dispersion corrections to PBE, as the PBE+MBD energy minimum is
now obtained for the experimental lattice constant.
Although parametrized for torsional potentials only, TCACPs also help to improve
binding energy curves. They correct the underbinding of the water complex observed with PBE and improve on the description of the dimer and the crystal.
Agreement with the CCSD(T) reference for the dimer is actually a little better for
PBE+TCACP than for dispersion-corrected PBE, where the crystal lattice constant may be slightly underestimated. Overall both types of correction perform
quite similarly. This might indicate that TCACP unintentionally picks up some of
the dispersion missing in PBE, at least for the few cases studied here.
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Conclusions

An extensive search in literature shows that the performance of density functional
approximations for the description of torsional profiles have been mostly tested for
systems with small average nuclear charges. Thus, the selection bias on how we test
the methods slips cases where the DFT methods fail.
The performance of popular density functional methods was assessed for the description of torsional profiles of 36 molecules: Glyoxal and oxalyl halides, and their
thiocarbonyl derivatives. Reference calculations at the CCSD(T) level show that
the choice of halogen determines the shape of the profile, and three distinct classes
of profile have been identified.
Most density functionals used in this study fail to reproduce barriers accurately and
even show qualitatively incorrect profiles for molecules belonging to class II. The
initial suspicion that spurious charge transfer might cause the problems could not
be substantiated. Lack of dispersion was also ruled out because the tested dispersion
corrections (D3 211 , MBD 215 , DCACP 216,217 ) only worsened the predictions.
Further analysis shows that GGA as well as the meta-hybrid M05 functionals perform worst and that addition of about 50% exact exchange cures most of the problems. Larger amounts of exact exchange tend to impair the accuracy again. The
treatment of exchange interactions is thus identified as the core problem of DFT in
reproducing torsional barriers of glyoxal derivatives substituted with sulfur and/or
heavier halogens. This explanation is consistent with the fact that PBE-2X results
in a vastly improved rotational profiles for oxalyl bromide.
Inclusion of exact exchange, unfortunately, precludes DFT calculations with plane
wave basis sets as they demand pure functionals for computational eﬃciency, particularly in large-scale materials applications. Torsion-corrected atom-centered potentials, TCACPs, have been found to provide a simple, empirical way out of this
dilemma. With only 2 parameters per element, they improve the accuracy of standard PBE to a level comparable to the best hybrid functional (M05-2X). TCACPs
work well also for molecules outside the training set, and they have little eﬀect on
other properties, such as optimized geometries, vibrational frequencies, and electron
density distributions. Although parametrized for torsional potentials, TCACPs also
improve intermolecular binding potentials, at least for the limited number of test
cases studied so far. Thus the design of atom centered potentials (ACP) correction
that target the correction of multiple flaws of GGAs may be a valuable future goal.
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Chapter 4
Large yet bounded: Spin gap
ranges in carbenes
4.1

Abstract

Despite its relevance for chemistry, the electronic structure of free carbenes throughout chemical space has not yet been studied in a systematic manner. We explore a
large and systematic carbene chemical space consisting of eight thousand diverse and
common carbene scaﬀolds in their singlet and triplet state computed at controlled
accuracy (higher order multireference level of theory) and with verified carbene character in the electronic structure. Originating in strong electron correlation, a hard
upper limit for the singlet-triplet gap is found to emerge at around 30 kcal/mol for
all the carbene classes in this chemical space. We also observe large vertical and
adiabatic spin gap ranges within many carbene classes (>100 and >60 kcal/mol,
respectively), and we report novel relationships between compositional, structural,
and electronic degrees of freedom. Our QMspin data base includes numerical results
for ≈13’000 MRCI calculations on randomly selected carbene scaﬀolds.

4.2

Introduction

For more than half a century carbenes have been known for their key role as transient intermediates in a variety of organic chemistry reactions. 250,251 Due to their
high reactivity, carbenes often have a short lifetime and are therefore most commonly
formed in situ. 252 Carbenes with a lifetime longer than typical reaction intermediates oﬀer the perspective of more versatile applications. Therefore, an important
step in carbene chemistry was the synthesis of stable and bottleable singlet state
carbenes. 253–255 Triplet carbenes, on the other hand, may have lifetimes of at most
few hours and even such “persistent” triplet carbenes are highly reactive. Highly
reactive carbenes may be experimentally accessible only via isolation in a rare gas
matrix at a few Kelvin 256 and carbene properties at such experimental conditions
can be directly compared to results from quantum chemistry calculations. As such,
the high reactivity of many carbenes makes experimental observations 257 challeng45
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ing and carbene characterization 258 has led to particular fruitful cooperations with
computational approaches. 259,260 Despite their experimental importance, only few
computational studies have covered diverse carbene classes. 261–264 More comprehensive carbene studies involving subspaces of chemical space with more than a hundred
compounds have not yet been published, indicating that our understanding of trends
in carbene chemistry are far from complete. Ultimately, electronic structure validation at controlled accuracy of combinatorically derived carbene structures can
enable the exploration of new relationships which could prove helpful for their use
in materials discovery and design eﬀorts.
Here, we report on discoveries made based on an extensive analysis of a large set of
newly computed accurate structures and spin splittings at higher order multireference level (MR) of theory [MR configuration interaction (MRCI)] for eight thousand
carbenes which we generated from a random subset of molecular scaﬀolds from supposedly stable and synthetizable organic molecules with up to nine heavy atoms of
the elements H, C, N, O, and F (QM9 data set). 265 Surprisingly, for almost 90% of
these initial carbene candidates we could confirm that the divalent carbon center
always has two well-localized non-bonding orbitals, thereby qualifying as “genuine”
carbenes. The obtained data set is named QMspin and contains numerous carbene
classes as they emerge from the chemical space of QM9. Our analysis elucidates the
combinatorial possibilities and limitations of electronic carbene spin state design.

4.3
4.3.1

Methods
Data set generation

A carbene chemical space of ≈8000 molecules was created from ≈4000 randomly
selected molecular geometries out of the ≈130k molecules of the QM9 265 data set.
The created data set is named “QMspin” here-within. Two hydrogen atoms were
abstracted from all applicable saturated carbon centers in the original molecules
using the OpenEye Toolkit. 266 The triplet state carbene geometry was optimized
using open-shell restricted Kohn-Sham B3LYP 171,173 with the def2-TZVP 210 molecular orbitals basis and the def2-TZVPP density fitting basis. The carbene singlet
state geometries were optimized with the complete active space self+consistent field
(CASSCF) method 267–269 implemented in Molpro 270 with a two electrons in two
orbitals [(2e,2o)] active space using the cc-pVDZ-F12 229 (“VDZ-F12”) molecular orbital basis and the aug-cc-pVTZ 271 density fitting basis. The singlet-state geometry
optimizations were started from the triplet state structures. Since the singlet state
geometry optimizations were considerably more expensive in terms of computational
cost, they were done for ≈60% of the triplet state structures. The data set therefore
contains ≈13k carbene structures of ≈8000 distinct scaﬀolds. Molecules that showed
bond breaking during the geometry optimizations have been sorted out (≈8%). 272
To verify that the geometries optimized at singlet and triplet state converged to
the same conformational local minima, we computed the RMSD of the changes in
atomic positions between them. For the few cases where RMSD > 1 Å it was verified
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that the large RMSD was due to changes in bond and torsion angle on the carbene
center itself. The latter arises solely as a direct consequence of the change in spin
state.
The multireference SCF spin gaps for the optimized geometries have been computed with the state-averaged (SA) CASSCF(2e,2o) method. Based on this reference wave function, internally contracted explicitly correlated multi-reference configuration interaction singles and doubles with the quadruples Davidson correction
(MRCISD+Q-F12) 273–277 singlet and triplet state energies were computed using the
same basis set as for the CASSCF computations. The application of the F12 correction generally enables obtaining results at MRCISD+Q/quadruple zeta basis quality
already at the MRCISD+Q-F12/VDZ-F12 level of theory. 276 The complementary
auxiliary basis set (CABS) singles correction 278 is included in the MRCISD+Q-F12
results. For the spin gap in methylene, the basis set convergence of MRCISD+QF12/VDZ-F12 was indeed found to be within chemical accuracy to the basis set
limit. 276 For further detailed discussion on the suitability of our methodological
approach see C. Orbital visualization has been realized with IboView. 279

4.3.2

Identification of the carbene character.

It was verified that the computed SA-CASSCF(2e,2o) wave function corresponds to
the electronic structure of a carbene. To this end, we localized the closed and active
orbital spaces by computing intrinsic bond orbitals (IBOs). 280 Subsequently, we used
these to derive bonding valencies based on the closed-shell orbitals for all carbon
atoms in the molecule. A closed shell orbital was attributed to all carbon atoms with
a contribution of ≥ 20% to the bond. The IBO orbital localization procedure was
chosen with exponent “4” such that non-polar aromatic compounds are described by
bonds mainly located at two centers. 280 In this way, moderate (hyper-)conjugation
eﬀects in the closed shell orbitals do not lead to an erroneous bond valency excess
for the carbon atoms. For active space orbitals, a contribution of ≥ 30% from
the carbene center was required and it was verified that no other carbon atom
bears a contribution of ≥ 30%. A correct carbene description is then given by the
presence of only one divalent carbon atom, all other carbon atoms being tetravalent
according to the connectivity established with IBOs. This was found for the vast
majority of the initial triplet state structures (≈ 95%) and almost all of the initial
singlet state structures (≈ 99.5%). Among the triplet state optimized structures
retracted from the QMspin data set (“non-genuine” carbenes), we investigated a
subset with a larger CASSCF active space (see 4.4 for details). For the molecules
retained in the QMspin data set it was also verified that the wave function of the
method used for geometry optimization [restricted open-shell B3LYP or singlet state
CASSCF(2e,2o)] corresponded to a carbene in the sense defined above. Furthermore,
it was verified that the weight of the reference configurations in the normalized
MRCI wave function was > 0.75. This left us with 8062 triplet and 5021 singlet
state optimized structures in the QMspin data set.

48

4.4
4.4.1

4.4. Results and Discussion

Results and Discussion
The versatility of adiabatic spin gaps.

A coarse classification of the carbenes in our QMspin data set can be made into carbenes with (a) σ-electron-withdrawing and π-electron-donating α-substituents, e. g.
oxo- and amino-carbenes (b) aliphatic and aromatic α-substituents, e. g. vinyl-, 281
alkynyl-, 282 alkyl-, 283 and aryl- 284 carbenes, and (c) α-substituents with moderate
σ-electron- and π-electron-withdrawing character, such as cyano- 285 and carbonylcarbenes. In general, group (a) strongly stabilizes the singlet state, 286,287 while group
(b) stabilizes the triplet state or has a near zero spin gap. 288 For carbonyl-carbenes,
which are part of group (c), strong conformational changes can arise between the
singlet and triplet state and especially high spin gaps may result. 289–291
ad
Figure 4.1 shows the distribution of the adiabatic spin gap ∆Es−t
for the diﬀerent
292
combinations of α-substituents, given in SMILES -like abbreviations, referred to
in typewriter font in the following. The carbenes are grouped into the categories (a)–
(c) for which the expected main trends are clearly reproduced: Group (a) carbenes
mostly have spin gaps between -50 and -20 kcal/mol, group (b) carbenes mostly
distribute within 10 kcal/mol around a zero spin gap, and group (c) carbenes can
reach one of the highest adiabatic spin gaps that are observed (around 10 kcal/mol).
Hence, the here represented chemical space, whose molecular scaﬀolds were constructed by purely combinatorial rules, elucidates the same main trends as observed
by experimental approaches or theoretical studies on manually selected representative carbenes. However, also extreme molecules in terms of spin gaps emerge from
the data set and some of them are shown as insets in the figure. We observe broadad
for cyclic carbenes [R-C̈1-R in Figure 4.1] mainly due to the
est spreads of ∆Es−t
geometrical constraints imposed by the ring structure. The most remarkable trends
and relationships can be grouped as follows (inset molecules in Fig. 4.1 are labeled
with the roman letter accordingly): I. Two oxy-substituents, occurring for cyclic carbenes [(O-C̈1-O) in the Figure], show the lowest average spin gap (≈-60 kcal/mol).
The spin gaps of cyclic carbenes with one oxy-substituent [O-C̈1-O in the Figure]
distribute around an average value that is ≈20 kcal/mol higher, providing statistical evidence for an “additivity” of this σ-withdrawing functional group in stabilizing
the singlet state. Acyclic hydroxy- (CC̈O, OC̈C1) and oxy-carbenes (CC̈OC, CC̈OC(=O))
show an average spin gap of ≈-30 kcal/mol. Carbenes with N-substituents in α,
to a large part comprised of cyclic alkyl aminocarbenes (cAAC) 293 [C-C̈1-N in Fig.
4.1], span a previously unreported wide range of adiabatic spin gaps. For examad
ple, a spiro-aziridine-derived carbene has ∆Es−t
=-60.6 kcal/mol while we also find
a cAAC with a positive spin gap (see inset in the Figure). The latter is the first
reported cAAC with an expected triplet ground state: The bicyclic structure imposes a quasi-planar conformation on the O=C-C̈-N axis and the resulting strong
π-interaction favours the triplet state.
II. Acyclic amino-carbenes constitute the groups CN[C̈H], CC̈N, NC̈C1, and part of the
compounds in CC̈N1, [C̈H]N1. They show mostly a singlet ground state in accordance with other computational results in the literature, 261 the lowest values reach
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Figure 4.1: Distribution of 5021 adiabatic singlet-triplet gaps computed with MRCI
for all functional groups with more than 0.5% occurrence in the QMspin data set.
Carbene classes are grouped according to their main characteristics (a)-(c) (see 4.3
ad
ad
for details). ∆Es−t
> 0 (blue) and ∆Es−t
< 0 (red) correspond to carbenes with a
singlet and triplet ground state, respectively. R’-C̈1-R and R’-C̈-R1 denote carbenes
in ring and ring in α position, respectively. A selection of extremal carbenes in terms
ad
are shown as insets with their triplet state structure. Roman numerals
of ∆Es−t
indicate examples of the eﬀect of the carbene environment described in the text. As
an inset plot is given the distribution of carbene angle for singlet (red) and triplet
(blue) state geometries (only acyclic carbenes).
ad
∆Es−t
≈-40 kcal/mol (see inset example). Acyclic alkyl amino carbenes (acAACs)
have gained considerable interest in catalysis in recent years, 294 here a wide range
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of adiabatic spin gaps for these compounds is reported for the first time.
ad
III. For alkyl- and aryl-carbenes exceptionally low spin gaps (∆Es−t
<-20 kcal/mol)
arise for π-donor substituents, such as furan derivatives, or in the presence of strong
ring strains, as shown in inset examples. These carbenes comprise the following
groups, distinguished by their functional groups in β-position: [C̈H]CC#C, CC[C̈H],
[C̈H]CC(=O), CC̈CO, CC̈CC, [C̈H]CO, CC̈COC, [C̈H]CN, CC̈CC(=O) and some of the systems
in [C̈H]C1 and CC̈C1.
IV. In accordance with previous results 261 the cyano (CC̈C#N) and alkynyl (C#CC̈C,
[C̈H]C#C) functional groups stabilize the triplet state (one inset example is given in
the Figure).
ad
V. One of the highest values for ∆Es−t
(≈ 14 kcal/mol) are obtained for carbonylcarbenes (CC̈C(=O) and [C̈H]C=O) when the carbonyl group is part of an electrophilic
π-system or steric constraints enforce a large bond angle at the carbene center (see
inset example). However, inspection of the spin gap distributions of “mixed” group
(a) and (c) carbenes [see e. g. C#CC̈O, C(=O)C̈OC, NC̈C(=O), and inset example] puts
into evidence that the oxy- or amino-group generally prevails in its influence on the
spin gap. We grouped these carbenes therefore in the class (a).

4.4.2

Carbene bond angle.

The relationship between the bond angle at the carbene center (∠ R-C̈-R’) and the
spin gap has always been of strong scientific interest in carbene chemistry. 286,287
The basic reasoning is: the smaller the carbene angle, the higher the s-character
of the energetically low-lying non-bonding orbital, hence the higher the orbital energy splitting and the lower the singlet state energy. 295 The inset plot of Fig. 4.1
shows a surprisingly clear-cut relationship: Almost all acyclic carbene triplet state
structures have a carbene center bond angle above 120◦ while for the corresponding
singlet state structures this value is almost always below 120◦ . The angle distribution for the singlet state has a peak at around 105◦ , while the one for the triplet
state distributes around 130◦ .

4.4.3

Strong electron correlation.

Multi-reference methods allow for explicitly measuring the degree of resonance stabilization in the singlet state of the two electrons in the two carbene non-bonding
orbitals [(2e,2o)], in our case CASSCF averaged over the two spin states. Natural orbitals in the (2e,2o) active space describe the singlet ground state by two closed shell
configurations with their coeﬃcients cR and cS of the non-bonding carbene orbitals
( )
r and s, whose degree of “entanglement” can be given by an angle θ = arctan |c|cRS ||
with cR ≥ cS . The values of θ can then range from 0◦ to 45◦ , where an angle of a
few degrees indicates weak resonance stabilization and θ = 45◦ indicates maximum
resonance stabilization with two equivalently important configurations in the molecular wave function (see Fig. C.1) for an illustration of the carbene molecular orbital
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Figure 4.2: Normalized distribution of ∆Es−t//t (blue) and ∆Es−t//s (red) calculated
with MRCISD+Q-F12/cc-pVDZ-F12. Examples for extreme carbenes with lowest
singlet and highest triplet are given as inset figures.
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diagram and the entanglement angle θ). We find that natural orbitals as eigenfunctions of the one-particle state-averaged density matrix reproduce well the chemical
concepts of the carbene non-bonding orbitals’ hybridization (indeed mostly sp2 - and
p-orbitals) and are therefore also a useful qualitative tool for visual inspection. It
should be noted that the orbital entanglement can also be expressed as diradical
character of the singlet state by an appropriate pairwise rotation of the active space
orbitals and similar measures have been used to quantify the diradical character of
the singlet ground state in extended π systems. 296 The distribution of the entanglement angles for the singlet and triplet state optimized structures (depicted in Fig.
C.2) shows that this strong electron correlation generally plays a significant role in
singlet state stabilization (10◦ ≤ θ ≤ 20◦ in most cases). Interestingly, the large
values of θ do not directly correlate with large values of the carbene bond angle.
The latent presence of the strong orbital entanglement in the singlet state has been
discussed early on in computational carbene chemistry (see C) for a discussion of
additional details). 259

4.4.4

The versatility of vertical spin gaps.

The study of vertical spin gaps ∆Es−t plays a key role in analyzing carbene reactivity in the context of spin-flip processes. Furthermore, vertical spin gaps also have a
conceptual value in probing the limits in spin state design imposed by the carbene
electronic structure independently from structural relaxation. In the following, vertical spin gaps of the singlet and triplet optimized structures are named ∆Es−t//s
and ∆Es−t//t , respectively. Fig. 4.2 shows the vertical spin gap distributions along
with exemplary extreme vertical spin gap cases as inset structures. Further extreme
vertical spin gap cases are illustrated in Tables C.1 and C.2. For triplet state geometries, the lowest spin gaps occur at specific oxirane- and dioxane-derived cyclic
carbenes in the lines of our observations for adiabatic spin gaps. Unexpected and
previously unreported structure–property relationships on the vertical carbene spin
gaps are:
• The molecules with the highest vertical spin gaps of the triplet state structure
∆Es−t//t are all in a surprisingly narrow range of 28 to 30 kcal/mol (see Fig. 4.2
and Tab. C.1). These molecules are monosubstituted methylidenes, namely
amino-, amido-, cyano-, or carbonyl-carbenes. The bond angle at the carbene
center in these cases is around 130◦ and the singlet state shows a strong multireference character. Disubstitued methylidenes (e. g. cyano-, oxo-, methoxycarbenes) show a similar spin gap range of 20 ≤ ∆Es−t//t ≤ 30 kcal/mol and
also for acAACs we observe an unexpectedly large stabilization of the triplet
state structure with vertical spin gaps ∆Es−t//t >20 kcal/mol (see Tab. C.1).
• Fig. 4.2 and Tab. C.2 also show a selection of the most extreme values of
vertical spin gaps of the singlet state structure ∆Es−t//s . In the case of cyclic
carbenes, the steric constraint on the torsional angels can be the dominant
factor of singlet spin state destabilization, e. g. we find a vinyl-carbene in a
7-cycle with ∆Es−t//s >0 kcal/mol (see Table C.2). Similarly, an aryl carbene
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with a positive value of ∆Es−t//s (see inset structure in the Figure) illustrates
how a fluorine hydrogen bond enforces a torsional angle on the carbene and a
resulting π-interaction with an electrophilic aromatic system.
• Remarkably, a multitude of acyclic carbenes of group (c), namely amino-,
carbonyl-, imino-, and vinyl-carbenes, are found among both the negative and
positive extreme values of vertical spin gaps (see Tables C.1 and C.2). For
example, carbonyl-substituted methylidenes show negative spin gaps down
to ∆Es−t//s = -115.1 kcal/mol and positive spin gaps up to Es−t//t = 28.1
kcal/mol. This drastic change in the vertical spin gap is a showcase for how
sensitive the spin gap is to π-interactions mediated via the torsional angles at
the carbene center and has raised interest already for several decades. 291 Such
a drastic change in chemical characteristic for a wide range of carbene classes
and resulting vertical spin gaps has however not been reported before.
A scatter plot of the vertical spin gaps of the singlet and triplet state geometries is
shown in Fig. 4.3, illustrating the generally strong influence of the structural changes
on the vertical spin gap.
Carbene centers with sp carbons in both α positions can undergo maximum “fourfold” π-interactions by adopting themselves a sp hybridization. We find such a linear
configuration in both singlet and triplet state structures for the dialkyne carbene
HC6 N (see inset example in Fig. 4.3). A particularity is that the singlet state is
of 1 ∆ symmetry and therefore paramagnetic. The triplet state has been studied
experimentally 297 and computationally, 298 but only a stable 1 ∆ singlet state of the
related linear diethynyl carbene has been studied computationally (at Hartree-Fock
level of theory). 299 The largest change in the vertical spin gap for the spin state
specific geometries occurred in an amino-cyano-carbene (see inset Fig. 4.3). In the
singlet state, strong π donation from the geometrically constrained amino group
leads to a large splitting (∠ R-C̈-R’ = 111.5◦ ). In the triplet state the carbene center approaches more of a sp character, as two perpendicular π systems are available
for maximized “threefold” π-interaction (∠ R-C̈-R’ = 134.9◦ ). As another example
of drastic changes in the vertical spin gap emerges a foiled carbene (see inset of the
Figure) due to the strong through-space π-donation into the carbene p-orbital in
the singlet state structure. 300 A notably large amount of carbenes in the QMspin
data set are metastable with respect to inter-system-crossing by at least 10 kcal/mol, shown as the blue shaded area in Fig. 4.3. This means that in general a large
number of carbenes can be accessible as metastable intermediates in both spin states.

4.4.5

A hard upper limit for ∆Es−t .

A very striking observation in Fig. 4.3 is the emergence of a hard upper limit of
∆Es−t//t of ≈30 kcal/mol on this diverse carbene chemical space. This finding is
ad
consistent with the fact that only few computed adiabatic spin gaps of ∆Es−t
>20
261,264,301
kcal/mol are reported in the literature
and that, to the best of our knowlad
edge, accurate predictions of spin gaps of ∆Es−t >30 kcal/mol have not yet been
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Figure 4.3: Spread of the singlet-triplet energy splittings (in kcal/mol) calculated
with MRCISD-F12+Q/cc-pVDZ-F12 at the B3LYP geometry for the triplet state
(y-axis) and CASSCF(2e,2o) geometry for the singlet state (x-axis). Distribution of
the range of the singlet triplet gap energies among the carbene data set are given as
joined plots.

reported for non-metal α-substituents. CASSCF(2e,2o) yields a qualitatively correct description of the wave functions of both spin states with respect to MRCI
(RMSD: 5.3 kcal/mol, max. error: 5.5 kcal/mol for the CASSCF vertical spin gap
CASSCF
). An analysis of the CASSCF wave function is therefore well suited for
∆Es−t
identifying the significant physical interactions behind this phenomenon of a hard
upper limit for the singlet-triplet vertical spin gap ∆Es−t . The correlation between
the entanglement angle of the singlet state and ∆Es−t is depicted in the left inset
of Fig. 4.4 for the singlet state (red) and triplet state (blue) structures. Two different “regimes” can be clearly identified: (i) Regime of “moderate” carbene orbital
entanglement with θ ≤ 15◦ (resulting in −150 ≤ ∆Es−t ≤ 10 kcal/mol); (ii) Regime
of strong carbene orbital entanglement with θ > 15◦ (resulting in 5 ≤ ∆Es−t ≤ 30
kcal/mol).
The energy splitting ∆εrs on the carbene non-bonding orbitals r and s is a matter
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Figure 4.4: Correlation plot of the singlet-triplet energy gap Es−t (calculated using
MRCISD+Q-F12/cc-pVDZ-F12) and the energy diﬀerence between the HOMO(sp2 )
and the LUMO (p) orbitals at the carbene center ∆εNO
rs (calculated using SACASSCF/cc-pVDZ-F12) in kcal/mol. Correlation plots of the entanglement angle
θ and Es−t as well as θ and ∆εNO
rs are given as insets. Triplet and singlet state
geometries are given in blue and red colour, respectively.
of long-standing scientific interest. 300,302 Given that the active space of our stateaveraged CASSCF calculations is verified to reproduce the nonbonding carbene orbitals we define the associated orbital energies ε by borrowing the reasoning of
Koopmans’ Theorem 303 as the state averaged negative ionization energies of the
closed shell singlet electron configuration associated with the orbital r or s and the
triplet configuration. This orbital energy can be computed as:
)
1(
Jrr + Jrs − Krs
(4.1)
εr = ε(1)
r +
2
with ε(1) containing the mean-field interaction with closed shell orbitals, the kinetic
energy term, and electron–nuclei interaction. Jrs is the Coulomb repulsion of two
electrons in orbitals r and s, Krs the corresponding exchange interaction in the
triplet state. The spin gap at CASSCF level of theory can then be expressed in
terms of the entanglement angle θ as (see section 3 in the SI for a detailed derivation)
[
]
+
CASSCF
(4.2)
= cos(2θ) ∆εrs + 1 − sin(2θ) Krs + ∆Jrs
∆Es−t
+
where ∆Jrs
= 12 (Jrr + Jss ) − Jrs is the averaged diﬀerence of Coulomb interactions
between electrons in the non-bonding orbitals for the singlet and triplet state configurations. In eq. 4.2 it can be seen that a large energy splitting of the active space
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orbitals is a main driving force in the singlet state stabilization, whereas the mini+
mization in Coulomb interaction within the active space, expressed by ∆Jrs
> 0, is a
main driving force in the triplet state stabilization. The resonance energy stabilization via Krs is present in both states, but its magnitude has the prefactor sin(2θ) in
+
the singlet state. The average contributions of Krs and ∆Jrs
in our data set are ≈30
and ≈37 kcal/mol, respectively. Distribution plots of these quantities are shown in
+
Fig. C.4. ∆Jrs
is rather narrowly distributed within a few kcal/mol. The resonance
interaction Krs depends more sensitively on the spatial overlap of the orbitals and
therefore varies a bit stronger. Taylor expansions for the moderately and strongly
entangled regime can be obtained at the angles θ = 0◦ and θ = 45◦ , respectively.
s−t
= 0 of CASSCF, the second order Taylor
Using the variational condition ∂∆E
∂θ
expansions yield approximate direct relationships of the spin gap and the orbital
energy splitting as

for θ ≥ 25◦ :
CASSCF
∆Es−t
≈

−∆ε2rs
+
+ ∆Jrs
2Krs

,

for θ ≤ 15◦ :
CASSCF
∆Es−t

(
≈ ∆εrs +

+
∆Jrs

+ Krs

Krs
1+
2∆εrs

)
.

(4.3)

Hence, in the moderately entangled regime, a linear relationship of ∆Es−t and ∆εrs
+
+ Krs . In the strongly entangled
would be approached with an oﬀset given by ∆Jrs
regime ∆Es−t would depend quadratically on the vanishing value of ∆εrs , reaching
+
an upper limit given by ∆Jrs
. Similar relationships have been derived for valence
configuration interaction calculations on singlet-triplet spin gaps of polyacenes. 296
The relationships in eq. 4.3 can indeed be found for ∆Es−t in Fig. 4.3: The mean
signed deviation of CASSCF with respect to MRCI in our data set is -5.1 kcal/mol,
arising from stronger dynamic electron correlation stabilization of the singlet state
in comparison to the triplet state. Subtracting these higher-order electron correla+
can consistently explain the upper limit. In
tion eﬀects, the contribution of ∆Jrs
the moderately entangled regime the approximately linear relationship is also observed. Hence, carbene spin gaps over the whole chemical space can be explained
in an intuitive way. The upper limit for the vertical spin gap is inherent to the
carbene characteristic of a divalent carbon atom with two non-bonding orbitals of
mixed s and p character. Gleiter and Hoﬀmann computed with extended Hückel
calculations for a variety of carbenes in 1968 300 that an energy splitting of less than
about 35 kcal/mol would lead to a triplet ground state. In turn, values above about
50 kcal/mol would lead to a singlet ground state. In comparison, we find orbital
energy splitting values of about 45 and 60 kcal/mol as the limit values for a triplet
and singlet ground state, respectively.
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Figure 4.5: Molecular orbitals (MO) of the sp and p orbitals of the carbene center
and an the low lying HOMO and LUMO orbitals of the alpha-positioned electrophilic
group for two exemplary molecules. Hyperconjugation is indicated by curly arrows
in the 2D structure.

4.4.6

Strong conjugation to electrophilic π-systems

Among the molecules that have not been retained in the QMspin carbene data
set because of strong delocalization of the carbene non-bonding orbitals were a
significant number of carbenes conjugated to strongly electrophilic π-systems. Aryl
carbenes show stabilization of their triplet states by moderate delocalization of the
diradical character. 286 However, when coupled to π-systems with strong electrophilic
character, it is generally reasoned that a complete mixing of the carbene p-orbital
with the π-system occurs, 288 provoking the loss of the “genuine” carbene character.
In order to gain a qualitative insight, for a subset of such carbenes sorted out
from the QMspin data set, we performed state-averaged CASSCF(4e,4o) calculations
including the two lowest singlet and four lowest triplet states, followed by MRCI
calculations of the individual states. An example of such a molecular orbital diagram
for the CASSCF active space is given in Fig. C.3, 2D structures of a representative
set along with their vertical spin gaps are shown in Table C.3. The active space
natural orbitals yield in most cases a localized sp2 orbital, as well as delocalized
π-orbitals. Strong orbital entanglement in the lowest singlet state of this extended
active space then usually emerges in the form of diradical singlet configurations
which would justify the attribution of these systems to the class of “open shell
singlet” carbenes. 304

4.4.7

(Hyper)conjugation across saturated carbon.

Oxy- and amino-carbenes may show high energy splittings of the non-bonding carbene orbitals and hence low-lying singlet states, especially if the carbene center is mesomerically “isolated” by a saturated carbon (or the sp3 nitrogen of an amino-group).
Among systems that showed strong delocalization of the carbene non-bonding orbitals, we investigated some with a (4e,4o) active space, including the four lowest
triplet states and the lowest singlet state in the state-averaged CASSCF calculation.
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Figure 4.6: Sum of bond angles on the nitrogen atom in carbene molecules with an
alkyl amino-group at β-position to the carbon center calculated with CASSCF/augpVDZ-F12 for singlet state and B3LYP/def2-TZVPP for triplet state and the initial
QM9-structures. Hyperconjugation eﬀects with sp2 dimethyl amino-group in β is
illustrated with by KS-B3LYP orbitals at the carbene center (sp2 blue/purple) and
the nitrogen atom (p green).
For two representative molecules A and B, the four natural orbitals of the active
space are depicted in Figure 4.5. Each of them represents a typical scenario for the
breakdown of the carbene character:
• A: Strongly electrophilic π-systems with a rather low lying unoccupied orbital
(e. g. 1,2-diketones) may be close in energy to the carbene p-orbital. For several
molecules with low-lying singlet states, this leads to the loss of a clear carbene
character of the triplet state wave function in the sense that significant charge
transfer from the carbene p-orbital to the strongly electrophilic group occurs
in the triplet state structure. A localizes well the natural orbitals both on the
carbene center and the π-systems with the extended (4e,4o) active space, yet
the natural orbitals did not localize well with the (2e,2o) active space. The
reason is that the lowest triplet state in the extended active state shows nonnegligible contributions from a configuration that involves charge transfer from
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the carbene center to the strongly electrophilic π-system. Namely the charge
transfer occurs into the LUMO of the diketone functional group (rightmost
orbital of A in Fig. 4.5, see Table C.4 for details on the electron configurations
involved in the triplet state).
• B: The sp2 carbene non-bonding orbital may fall in the energy range of πorbitals of alkenyl groups. The triplet ground state wave function shows indeed a strong contribution (16%) from a configuration that expresses chargetransfer from the vinyl group to the sp2 carbene orbital. The sp2 carbene
orbital of the triplet state optimized structure of molecule B in Fig. 4.5 shows
significant contributions on the vinyl group (14 %) and the sp3 -carbon in
α-position to the carbene center (9 %). Hence, strong hyperconjugation involving the saturated “sp5 ” carbon center 305 of the 3-cycle is present in the
triplet state.

These examples illustrate the limits of up to how much the carbene non-bonding
orbitals can vary in energy in this chemical space before the clear carbene electronic
structure breaks down.
Finally, it is known that the carbene non-bonding orbitals can have interactions
with π-orbitals in β-position beyond conjugation. 306,307 In order to probe eventual
similar unconventional eﬀects of nitrogen containing groups in our data set, we
investigated structural changes of acyclic amino groups in β-position of the carbene
center, separated by a saturated carbon from the latter. In Fig. 4.6 the sum of
bond angles of such nitrogen centers in the triplet and singlet optimized carbene
structures is compared to the one of the corresponding closed-shell QM9 molecule.
Thereby, the initial QM9 structure was reoptimized at the same level of theory as
the triplet state structure (spin-restricted B3LYP/def2-TZVP). A significant gain in
planarity of the amine group in the triplet state structure is observed for carbenes
derived from small cycles. Three exemplary structures are shown as inset in the
Figure, where the eﬀect is strongest for cyclopropylidenes. 308 We indeed find that the
π ∗ -orbital of the N-Ccycle bond hyperconjugates with the carbene sp2 non-bonding
orbital and stabilizes the triplet state by spin density delocalization. This singly
occupied orbital, as well as the alkyl amine lone pair with mainly p-character, are
shown as an inset for two of these structures in the Figure, computed as Kohn-Sham
orbitals of the triplet state structure optimization method. The active space orbitals
of CASSCF(2e,2o) reproduce this picture. To our best knowledge, this is the first
reported example of such an amino-to-carbene interaction across a saturated carbon
center. The destabilization of the saturated carbon center by strong ring constraints
may strongly favor such hyperconjugation eﬀects.
From Fig. 4.6 it can also be seen that the singlet state structure of the carbenes,
on the other hand, shows rather lower planarity in the amino-group in β-position
as compared to the closed shell structures, possibly induced by polarization eﬀects
(see two example molecules as inset in Fig. 4.6).
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Conclusion

We present a higher-order multireference level of theory study of a large carbene
chemical space with more than eight thousand distinct machine-generated molecular
scaﬀolds. Accuracy of the data is ensured by a protocol that verifies the genuine
carbene character of the electronic structure. Unexpectedly, an overwhelmingly large
part of the combinatorially possible carbene chemical space (almost 90%) could be
classified as genuine carbenes with a stable structure in both spin states, indicating
the ubiquitous availability of carbenes as reaction intermediates in organic chemistry.
Chemical rules have been extracted as they emerge from the data, helping to reduce human selection bias based on preconceived assumptions and data-scarcity. An
inherent hard upper limit of about 30 kcal/mol in the singlet-triplet spin gap has
been observed and an explanation based on the underlying physics of the carbene
electronic structure along with numerical evidence has been provided. Further unexpected insights on the chemical space include large vertical and adiabatic spin gap
ranges for many carbene classes (>60 and >100 kcal/mol, respectively), as well as
the prediction of a linear singlet state carbene in the paramagnetic 1 ∆ state at the
multi-reference level of theory. The delicate role of conjugation and hyperconjugation over the chemical space has been elucidated, as these oﬀer energetic stabilization
but may ultimately lead to the breakdown of the carbene character if too dominant.
To the best of our knowledge, this is the first example of an approach that seeks to
probe the inherent compositional limitations of a large chemical space of machinegenerated scaﬀolds with the systematic application of higher-order multi-reference
level of theory.
Understanding and mapping composition and atomic configuration to electronic
structure for a chemical space of free carbenes opens the door towards libraries of energetically accessible intermediates which are crucial for the construction of organic
chemistry reaction networks. Furthermore, we provide the largest set published so
far for accurate spin gaps of molecules with strongly correlated electrons, ideal for
benchmarking computationally more eﬃcient but less accurate quantum chemical
methods. Finally, the data could also serve the training, testing, and application of
machine learning models.

Chapter 5
Machine learning and quantum
chemistry approaches in the
context of carbene spin-gap
predictions
5.1

Abstract

The interplay between quantum chemistry and machine learning (∆-QML) methods was investigated in the context of predicting singlet-triplet energy splittings of
carbenes. We classified various quantum chemistry methods based on their performance with respect to MRCISD+Q reference energies. We assessed several QML
strategies with respect to their suitability for screening a carbene chemical space.

5.2

Introduction

Carbenes are neutral organic molecules containing a divalent carbon atom. Persistent carbenes have been conjectured early on, 309,310 and after experimental evidence
for their existence could be provided 311 the seminal work of Bertrand 255 and Arduengo 254 led to stable and finally bottleable carbenes. Among other applications,
carbenes play an important role as intermediates in various organic and inorganic
synthesis. 312–314 The two electrons and the two non-bonding orbitals can combine to
a singlet or triplet electronic state. Magnetic properties, as well as their reactivity,
therefore changes substantially based on their electronic configuration. For example, the singlet state carbenes can undergo challenging organic reactions, such as
C[sp3 ]-H-activation with controlled stereochemistry. 315 Similarly, triplet state carbenes are known to play a role as reaction intermediates in hydrogen and halogen
abstraction. 316 Furthermore, triplet carbenes have attracted attention as building
blocks in materials design. 317
Experimental 283,318 and computational 261–264 studies have addressed the structureproperty relationships of carbenes in order to gain a more systematic insight into
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their spin state ordering and reactivity. We have recently introduced a large data set
of carbenes 319 with several thousand structures computed at higher order multireference theory (MRCI) dubbed QMspin. The structures had drawn at random from
more than 300k carbene candidates derived from QM9 data base. 265 The QMspin
data enabled new insights into general carbene chemistry, including an analysis of
the degrees of freedom in terms of structural composition and spin gaps. An exhaustive exploration of carbene chemical spaces, however, involves the consideration
of significantly more compounds. This challenge can be addressed with the help of
statistical learning methods, such as quantum machine-learning (QML) methods,
which have made tremendous progress over the last two decades, enabling the eﬃcient study of molecular properties throughout chemical space. 183
The QML based prediction of spin states in chemical spaces of organometallic compounds has been addressed recently 320–322 but one of the main open challenges remains how in this context is to obtain predictions with controlled accuracy. An
important error source in the computation of the singlet-triplet spin gap (∆Es−t )
stems from the potential presence of strong correlation in the singlet state. Very
good agreement with experimental results can be obtained by the use of multiconfigurational 259 and coupled cluster 323 methods, however, they come at a higher
computational cost. A generally good compromise between computational cost and
accuracy in the context of carbene chemistry is oﬀered by density functional theory (DFT). 301 The B3LYP 171,173 functional can be considered as the workhorse of
computational carbene chemistry, 260 TPSS is a popular functional in organometallic
(carbene) chemistry. 324
Alternative approaches that explicitely deal with the multi-reference character within
a single-reference KS-DFT framework are finite-temperature (ft) DFT 325–327 and
broken-symmetry (bs) DFT. 328–330 High-spin low-spin energy splittings are typical
use cases for bs-DFT, however, this method may suﬀer from a significant error linked
to spin contamination.
Another computationally even more aﬀordable approach is provided by the semiempirical methods. PM6 331 is an approximate HF method that contains additional
fitting parameters. Parametrizations with acceptable accuracy have also been developed for diradical organic systems, such as triplet state carbenes. 332
A powerful trait that QML shares with accurate ab initio methods is that the prediction error of properties can be systematically controlled by increase of training
set size. 183 Hence, a combination of both approaches may be particularly promising
on challenging chemical problems, such as carbene spin splittings. The QMspin data
base provides us with the necessary chemical space to explore QML model based for
the predictions of new 300k singlet-triplet splitting.

5.3

Methodology

The QMspin data set provides B3LYP/def2-TZVP triplet and CASSCF(2e,2o)/augcc-pVDZ-F12 singlet state optimized geometries with spin splitting computed at the
MRCISD+Q-F12/aug-cc-pVDZ-F12 level of theory. 273–276 There are ∼8000k triplet
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state and ∼5000 singlet state optimized carbene molecules contained in QMspin
which have been generated via hydrogen abstraction from every possible CH2 functional group in a random subset of molecules taken from QM9. 265
Using the optimized B3LYP 171,173 triplet state geometries taken from QMspin data
set, single point energy calculations were carried out with: HF/VDZ-F12 in Molpro 270 ; PM6 [triplet state: restricted open-shell PM6; singlet state: CASCI(2e,2o)
PM6] in Mopac 333 ; approximately projected broken symmetry DFT/B3LYP 334 (APBS-DFT/def2-TZVP) in Orca 335 ; finite-temperature-TPSS (ft-TPSS/def2-TZVP,
T=5000K) in Orca; and TPSSh 336 /def2-TZVP in Molpro. Due to convergence failure at either singlet or triplet state self-consistent field calculations the available
singlet-triplet energy splittings are ∼8000 for SA-CASSCF, ∼7400 for HF, ∼7900
for PM6 and ft-TPSS, ∼7700 for B3LYP, ∼7800 for AP-BS-B3LYP, and ∼7200 for
TPSSh.

5.3.1

Quantum chemistry methods

For the sake of the discussion we now briefly review the quantum methods used.
For more details, we refer the reader to the original literature.
Single-determinant methods. Single-determinant (SD) self-consistent field (SCF)
methods oﬀer the advantage of fast computation when the system can be welldescribed by a single determinant MO configuration. Contrary to the mean-field
approach of Hartree-Fock (HF), KS-DFT approximates also static and dynamic
electron correlation. For our carbene systems we used the B3LYP (20% HFx) and
TPSSh (10% HFx) [hybrid Generalized Gradient Approximation (GGA)] as well as
the TPSS 200 (meta-GGA) functional.
In the semi-empirical PM6 method molecular heats of formation are computed by a
composite-like approach: Atomization energies are computed with a semi-empirical
Hartree-Fock method and atom-wise heat of formation corrections are added. The
Roothaan-Hall equations are solved for valence electrons and atom cores in a nearminimal basis. The Fock matrix elements are computed by considering simplified interaction types: atom-centered valence-core repulsion, approximate atomcenter based electron kinetic energies, one- and two-center electron atom-core interactions, one-center approximate Coulomb and exchange integrals, and multipoleparametrized two-center electron-electron repulsion. The atom-wise heat of formation corrections are obtained by a non-linear fit to a data base of several thousand
experimental and computational molecular heat of formations. 331,337
Explicit treatment of strong correlation. The two non-bonding orbitals on
the carbene center may have a small orbital energy diﬀerence, in which case strong
correlation eﬀects can be important. The state-averaged complete active space selfconsistent field (SA-CASSCF) with (2e,2o) active space method then provides a
more robust and qualitatively correct treatment of the spin states. Compared to
Hartree-Fock, CASSCF adds additional degrees of freedom to the wave function by
optimizing the CI vectors joint with the orbitals. The CASSCF wave function of
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the carbene spin states reads:
ΨCASSCF
= cT A|ϕi , ϕi , ϕj , ϕj , . . . , ϕt , ϕt |
S=0
+cU A|ϕi , ϕi , ϕj , ϕj , . . . , ϕu , ϕu |,
= A|ϕi , ϕi , ϕj , ϕj , . . . , ϕt , ϕu |
ΨCASSCF
S=1

(5.1)

(5.2)

The coeﬃcients cT and cU denote configuration interaction (CI) coeﬃcients, ϕi and
ϕj are spin-restricted closed-shell orbitals, whereas ϕr and ϕs are spin-restricted active orbitals. A| . . . | denote a Slater-Determinant, and ϕ denotes spin down orbitals.
One can give a measure of the strong correlation by the use of entanglement angle
“θ”, calculated via the (CI) coeﬃcients:
( )
cU
θ = arctan
, −45◦ ≤ θ ≤ 0◦
(5.3)
cT
In broken-symmetry (BS) DFT, 328–330 a low-spin multi-reference configuration is
approximated by unrestricted KS (UKS) wave functions. The BS functionality stems
from the assumption that the low-spin multi-reference wave function (i. e., eq. 5.1
for carbenes) can be recovered by pairwise orbital rotations within the active spin
orbitals obtained from a singlet UKS calculation (rotation angle θ of eq. 5.3 in this
case) while attemptiung to project out the triplet state contribution via a UKS
triplet stae reference wave function. This is an approximation whose error is very
hard to control since spin contamination aﬀects all valence orbitals. The projection
on the triplet state however only tries to correct for the open-shell orbitals. In
the approximated spin projection (AP) 338 variant of BS-DFT, the spin splitting is
then computed by introducing a Heisenberg Hamiltonian describing an eﬀective spin
coupling among the “orbital sites”.
Ft-DFT has recently regained popularity. 317,325,339 In ft-DFT fractional occupation
numbers are introduced via a Fermi distribution around the HOMO-LUMO gap (i.
e., the “Fermi level”), modulated by a finite “electron temperature”.
Finally, the CASCI-PM6 method 340 provides a multi-reference “flavour” of PM6:
In the case of carbenes, the CI vectors and CASCI energy are obtained by a singlet state CI computation within the (2e,2o) active space a posteriori to a single
reference closed shell PM6 calculation. Additionally, we used the reparametrized
PM6 (rPM6) method, 332,341 in which the Slater orbital exponents as well as the
one-electron one-center and the resonance integrals have been tuned to to improve
upon the PM6 description of energies and geometries of open-shell species.

Higher order dynamic correlation. The contribution of dynamic correlation
is computed with the multi-reference configuration interaction singles doubles with
Davidson correction 342 (MRCISD+Q) method with the CASSCF(2e,2o) wave function as a reference. MRCI with CASSCF as a reference wave function oﬀers a
robust approach to variationally adapt to the diverse electronic structures present
in QMspin.
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5.3.2

Machine learning methods

All QML predictions were performed with QMLcode. 343 The singlet-triplet energy
gaps have been predicted by direct and ∆ ML 344 methods, where a property pi
of a molecule i is estimated via a multi-dimensional regression of a set of input
representation vectors xi that are evaluated by a Laplacian kernel function k with
kernel width σ = 10:
k(xj , xi ) = −e

∥xi −xb ∥1
σ

(5.4)

The vector α of regression coeﬃcients that minimizes the training set error are found
by inversion of the regularized kernel matrix K in input space:
α = (K + λIn )−1 p

(5.5)

The regularization parameter λ is used to tune the variance of the regression parameters in order to avoid overfitting. The regularization strength λ of 10−7 was
found as optimal for our use-case.
The property p for a test molecule t is then predicted with the regression coeﬃcients
αi as:
p(xt ) =

N
∑

αi k(xt , xi )

(5.6)

i

Within the “direct” ML method, p is the target property pt , whereas in ∆-machine
learning p contains a baseline property pb = pt − p. Furthermore, the baseline may
optionally be computed at a diﬀerent geometry xb , which is then used in the evaluation of the kernel function, substituting xt in the right hand side of eq. 5.6. This
approached is names as approximate geometry QML (agQML).
We used the atomic Spectrum of London and Axilrod-Teller-Muto potential (aSLATM) 345
representation for the construction of x. In aSLATM, a molecule is expressed by an
atom-wise representation in terms of (i) a two-body expansion, in which a Gaussian
distribution centered on the interatomic distance RIJ is weighted by the London
dispersion term, and (ii) a three-body expansion, where a Gaussian distribution of
the angle between three atoms is weighted by the Axilrod-Teller-Muto dispersion
term.
The QML was performed with the geometries of the triplet state optimized structures as input data {xi } and the singlet triplet splittings calculated for the same
geometry Es−t /t as the property p(xi ). Analogously singlet state optimized structures were used as input data {xi } to study the singlet triplet splittings calculated
for the same geometry Es−t /s. The machine was trained on sets with sizes ranging
from 100 to 7000 molecules and a test set of 500 molecules at triplet state optimized structures. Training set sizes from 100 to 4500 and test of 500 molecules were
used for the ∆-ML CASSCF singlet state optimized structures. A training set of
4000 and test set of 1000 molecules was used for the delta-QML predictions. Multilevel combination machine learning (CQML) was performed at three-(PM6/DFT–
CASSCF–MRCI) and four-level (PM6–DFT–CASSCF–MRCI) schemes. The number of CASSCF and MRCI training data points in a three-level scheme is fixed to

66

5.4. Results and Discussion

4000 and 3000, respectively. In the four-level scheme the CASSCF number of points
were kept the same, while an additional intermediate level with 5000 DFT data
points is introduced.
A singlet state geometry optimization using geometries optimized at B3LYP, ftTPSS, TPSSh or CASCI-PM6 level of theory were used to predict the MRCI Es−t /s.
Due to the large number of non-converged singlet state geometry optimizations at
the DFT levels of theory the training set sizes vary. A training set size of 4000
molecules was used for PM6 and ft-TPSS geometries, when learning the MRCI
energy directly. A training set sizes of 3000 and 2500 molecules were used at the
direct and delta learning of TPSSh and B3LYP, respectively. When learning the
energy diﬀerences of Es−t /s calculated with MRCI and the DFT methods, a training
set size of 4000 molecules was used for PM6 and 2500 for B3LYP, ft-TPSS, and
TPSS, respectively. Failed calculations of ft-TPSS triplet state at the ft-TPSS singlet
state geometries led to the further prediction of the available molecules. In all cases
a test set size of 500 molecules was used.

5.4
5.4.1

Results and Discussion
Methods assessment

We examine the performance of the methods presented in section 5.3.1 for the computation of singlet-triplet splittings of carbenes at the triplet state optimized geometries. Figure 5.1 shows the results for (from left to right, top to bottom) SACASSCF, HF, PM6, B3LYP, AP-BS-B3LYP, FT-TPSS, TPSSh compared to the
MRCISD+Q-F12/VDZ-F12 reference energy as scatter plots. Some of the most extreme outliers for each method, as well as the error distributions, are given as insets.
SCF methods
CASSCF(2e,2o) performs well in qualitatively reproducing the spin gap with a maximum error of only 5.3 kcal/mol compared to the MRCISD+Q-F12 reference and
systematically overestimates ∆E(s−t)//t with an RMSD of 5.4 kcal/mol. The error
distribution is however very sharp, manifesting at a very low unsystematic error in
spin gap prediction over the chemical space. The spin gap diﬀerence from CASSCF
to MRCISD+Q-F12 mainly arises from intramolecular dispersion interaction of the
carbene center with the rest of the molecule. Dispersion stabilization of the singlet
state is in general higher than that of the triplet state, indicating a higher polarizability at the carbene atom for the singlet state. The same trends are observed for
the CASSCF computation of ∆Es−t//s (see top leftmost panel in Figure 5.1).
As in HF only one singlet state configuration is taken into account, lack of electron
correlation description in the singlet state is much more pronounced. For negative values of ∆E(s−t)//t we observe a systematic overestimation of HF by about 10
kcal/mol with mean absolute and root-mean-squared error (MAE, RMSD) of 16.2
and 18.0 kcal/mol. Moreover, a significant amount of calculations did not converge
for the triplet state (∼ 13%) and the method shows heavy outliers over the whole

Figure 5.1: Correlation plots of SA-CASSCF, HF, PM6 and DFT (B3LYP, AP-BS-B3LYP, ft-TPSS) methods vs. MRCISD+QF12 singlet-triplet gap energies. Corresponding error distributions are shown as an inset plot.
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range of ∆E(s−t)//t . Finally, with increasing triplet state stabilization in the reference energy, the HF spin gap is severely overestimated by up to 115 kcal/mol for
a large number of compounds. These severe shortcomings of HF in a qualitatively
correct prediction of ∆E(s−t)//t stem from the strong correlation in the singlet state
when the orbital energy splitting of the carbene non-bonding orbitals is low. 319 It
should however be noted that, if convergence is successful, HF has a quite narrow
error distribution, i.e. the error is highly systematic, nevertheless with pathological
outliers. These findings underline that Hartree-Fock based single reference methods,
such as MP2 or CCSD(T), have to be applied with care on the singlet state of free
carbenes.
The semi-empirical SCF approach of PM6 leads to a rather large unsystematic error
with a clear trend to underestimate ∆E(s−t)//t . Although the rPM6 method has
been designed for the energetic and geometrical description of open-shell systems,
its MAE (12.3 kcal/mol) and RMSD (16.3 kcal/mol) are closer to those of HF and
significantly higher than the one of CASCI-PM6 (MAE: 7.5 kcal/mol and RMSD:
9.7 kcal/mol).
DFT methods B3LYP predicts ∆E(s−t)//t relatively reliably for carbenes when
the spin gap does not a have a dominant contribution from strong correlation,
i.e. for values of ∆E(s−t)//t < 0. 319 TPSSh and BS-B3LYP also yield fairly good
results in the absence of strong correlation in the singlet state. Nevertheless, the results worsen significantly for carbenes with lower triplet state energy, indicating the
challenge for single-determinant Kohn-Sham DFT to accurately describe strongly
correlated systems. Consequently, the maximum error of B3LYP, TPSSh, and APBS-B3LYP are 16.55, 33.73, and 18.71 kcal/mol, respectively, and much higher than
for CASSCF(2e,2o).
B3LYP shows no systematic error on the vertical spin gaps: The error distribution
is centered around zero and the large majority of molecules lie within ±7 kcal/mol
deviation with clearly the lowest values for MAE and RMSD of all tested methods
(1.4 kcal/mol and 2.0 kcal/mol, respectively). B3LYP calculations did not converge
in ∼ 2% of the cases. These results, the by far largest B3LYP benchmark for carbene spin gaps presented in the literature up to now, outline the eﬃciency of B3LYP
regarding the quality obtained compared to its computational cost. It should however be emphasized that systematically improvable methods, such as MRCI with an
enlarged active space, possess the capability to control the accuracy systematically,
and consequently also serve better to probe “edge cases” of the chemical space,
where other electronic states compete with the “carbenic state” of the molecular
wave function. 319
TPSSh systematically overestimates the MRCISD+Q-F12 spin gap by a few kcal/mol which reflects the relatively higher MAE (4.5 kcal/mol) and RMSD (4.9 kcal/mol) compared to B3LYP. AP-BS-B3LYP shows a much broader error distribution
than B3LYP with especially large deviations for high values of ∆E(s−t)//t (MAE: 4.9
kcal/mol and RMSD: 6.6 kcal/mol). We would like to emphasize that the various
approximations made within the ansatz of AP-BS-B3LYP (as outlined Section 5.3.1)
lead to drastic errors for many data points, making the method rather untrustwor-
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Figure 5.2: Root mean square error for QML prediction of singlet-triplet energy
diﬀerences of carbenes as a function of training set size. Subscript “s” and “t”
display the spin state (singlet and triplet, respectively) at which the structures have
been relaxed.
thy in our use case. Furthermore, ∼10% of the singlet state calculations failed to
converged, indicating for the instability of the method. In accordance with its formalism to recover strong correlation, BS-DFT reproduces an upper limit for the spin
gap 319 when degeneracy is approached for the carbene non-bonding orbitals. The
limit is however significantly lower than for MRCI, illustrating the error introduced
by the its approximation formalism.
Finite temperature DFT has shown remarkable stability in cases of strong correlation 327 and we indeed observed a stable convergence of ft-TPSS. Contrary to that,
conventional TPSSh failed to converge in a significant number of cases (∼15%).
Nevertheless, ft-TPSS shows unsatisfactory results in our use case with large unsystematic error and heavy outliers (MAE: 9.3 kcal/mol and RMSD: 11.2 kcal/mol).

5.4.2

Quantum Machine Learning predictions

Direct QML
In a first step we performed direct learning of the ∆E(s−t)//t for all methods considered herein. Figure 5.2 shows the error on the test set as a function of the training
set size on a log-log scale. It is a well-established observation that in case of a
well-posed statistical learning problem (perfectly random subsampling, smoothness
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of the output property across the input data space, no overfitting) the prediction
error e depends on the training set size N as:
log(e) = log(a) − b log(N )

(5.7)

in the lowest order expansion where the fixed oﬀset a mainly depends on the spread
of the output values. In all cases, we observe this linear relationship with steady
learning rate on the log-log scale. This important finding confirms that the physical
description of the used methods are transferable across the carbene space. Furthermore, it approves that the input geometries define a well-behaved chemical space
of carbene structures with a local energy minimum. In terms of a chemical interpretation, this means that such carbenes are reasonable candidates for reaction
intermediates. The initial mean absolute error (MAE) for the direct learning of
ft-TPSS is noticeably lower than that of the other methods, which stems from the
(erroneously) small range of the spin gaps for ft-TPSS (cf. Fig. 5.1).
The direct learning curve of the MRCI reference for triplet state geometries shows
that with a few thousand training points a RMSD of less than 4 kcal/mol can be
obtain, which is in the order of the expected reference intrinsic accuracy. Therefore, by using ML, one may be able to predict accurate singlet triplet splittings at
moderate cost.
The learning curves at singlet state geometries are noticeably higher for both CASSCF
and MRCI in comparison to the learning curves at triplet state structures. One possible reason for this is that at the range of energies of singlet state structures is
significantly larger (|Ē| = 23.8 kcal/mol) than the one of the triplet state geometries (|Ē| = 3.6 kcal/mol).
∆-QML
In this section we introduce the measure of “well-behaveness” of the methods as
a “baseline” towards MRCISD+Q reference energies in ∆ machine learning. 344 In
Figure 5.3 we compare the performance of the quantum chemistry methods the predictions of vertical ∆Es−t considering as an input for the aSLATM representation.
Therefore, we obtained ∆-QML learning curves for SA-CASSCF, B3LYP, PM6,
AP-BS-B3LYP and ft-TPSS using the B3LYP triplet state geometries and for SACASSCF using the singlet state geometry at the same level. We see that SACASSCF clearly outperforms all methods for both singlet and triplet state carbene
geometries (slope m = −0.29). Already training on ∼200 molecules the method
reaches chemical accuracy (RMSD ≤ 1 kcal/mol). The steep learning curves of
CASSCF underline that the error of the method is highly systematic over our chemical space, making it clearly the best candidate for ∆-QML. Contrary to the learning
rate observed before, now the ∆-QML learning curves at singlet state geometries
illustrates better performance, which speaks for the smaller energy diﬀerences between CASSCF and MRCI for the case of singlet state geometries.
The higher RMSD of CASSCF in comparison to B3LYP lead to a higher oﬀset of the
CASSCF learning curve only at very small training set sizes. B3LYP, TPSSh, and
AP-BS-B3LYP show similarly slow learning rates dismissing them as useful candidates for ∆-QML, as the machine can hardly improve upon the MAE of the method
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Figure 5.3: Root mean square error for ∆-ML prediction of singlet-triplet energy
diﬀerences of carbenes as a function of training set size. B3LYP, TPSSh, PM6,
AP-BS-B3LYP and CASSCF methods were used as a base line for the prediction of
MRCISD+Q-F12 spin splitting energies using triplet-state B3LYP relaxed geometries. SA-CASSCF(2e,2o) was used as a base-line for the prediction of MRCISD+QF12 spin splitting energies. The subscripts “s” and “t” denote the spin state (singlet
and triplet, respectively) at which the geometry was relaxed.
(cf Fig. 5.1). Furthermore, their slope is noticeably smaller than the CASSCF one
(m(B3LYP)= −0.1, m(AP-BS-B3LYP)= −0.06, and m(TPSSh)= −0.08). PM6
and ft-TPSS show surprisingly steep learning curves reaching significant improvement upon the initial RMSD of the methods with already 1000 training points
(m(PM6)= −0.16, m(ft-TPSS)= −0.23). However, due to their high initial error,
the methods suﬀer from a large oﬀset. Thus, an extensive training set size would be
required so that the QML method may eventually reach chemical accuracy.
CQML
The muti-level combined ∆ machine learning (CQML) 346 technique was also applied to investigate if we can make use of the conceptual hierarchy of the methods
to improve upon the conventional ∆-QML scheme. To this end, we selected the
hierarchy PM6/DFT–CASSCF–MRCI (continuous lines Fig. 5.4) for the three-level
and PM6–DFT–CASSCF–MRCI for the four-level CQML (discontinuous lines Fig.
5.4). In our approach, we take PM6 spin splittings as a baseline and probe how
many MRCI data points need to be included at the highest level in the training in
order to reach chemical accuracy. Meanwhile, the training points at the intermedi-
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//t
//t
//t
//t
//t
//t

h //t

Figure 5.4: Root mean square error for CQML prediction of singlet-triplet energy
diﬀerences of carbenes as a function of training set size. CASSCF-method implies
three level machine learning, whereas a four level machine learning (dashed lines) is
denoted as CASSCF-method 1-method 2.
ate DFT (B3LYP,TPSSh, ft-TPSS) and CASSCF levels of accuracy are kept fix. In
the such constructed scheme, only calculations at the lowest level (PM6) would be
required for the whole data set (regardless its size).
Although the learning rates of the three- and four-level CQML method are better
than the conventional ∆QML, no improvement of the RMSD was obtained. The
slope of the learning curves is highest for B3LYP and TPSSh (m =-0.17), while the
slope deteriorated slightly for PM6 (m =-0.1) and ft-TPSS (m =-0.09). Furthermore, B3LYP and TPSSh show similar performance for CQML, indicating that the
systematic error of TPSSh can be compensated with QML. The four-level CQML
does not show any noticeable diﬀerence to the PM6–CASSCF–MRCI results. The
error of CQML is solely determined by the baseline method, illustrating the critical
aspect of error propagation accross levels in CQML.
Low-level geometry optimization
When considering the practical benefit of QML, the computational bottleneck for
obtaining accurate target data shifts from obtaining MRCI single point energies to
CASSCF geometry optimizations. Therefore, we investigated ∆-QML approaches
that bypass the costly CASSCF singlet state geometry optimization by performing
the singlet state geometry optimization at B3LYP, ft-TPSS, TPSSh or CASCI-PM6
level of theory. Approximately 30% of the singlet state geometry optimization per-
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Figure 5.5: Root mean square error for QML prediction across geometry of singlettriplet energy diﬀerences of carbenes as a function of training set size. B3LYP,
PM6, TPSSh, and ft-TPSS methods were used as a low level geometry methods for
the prediction MRCISD+Q-F12 spin splitting energies at singlet state geometries
(subscript “s”). Reparametrized PM6 geometries were used as low level method in
delta- and direct-ML predictions of MRCISD+Q-F12 pin splitting energies at triplet
state geometries (subscript “t”).
formed with B3LYP and TPSSh resulted in hydrogen migration to a neighbouring
carbon atom or other types of bond breaking. Interestingly, only ∼2% of the geometries optimized with CASCI-PM6 lead to bond breaking. QML of ∆E(s−t)//s
MRCI//CASSCF energies from the geometries obtained at the lower level method
(B3LYP, ft-TPSS, TPSSh, or CASCI-PM6) are shown in Fig. 5.5. All methods show
equivalent performance reaching RMSD of 6-7 kcal/mol with a few thousand training points. The relatively steep learning rate of the methods (m ≈ −0.2) promises a
successful employment of the lower level methods in the across geometries learning.
Nevertheless, the RMSD is still too high to be applied at the available MRCI data
points and would require an extension of the data set to reach reasonable accuracy.
Similar result were obtained with ∆agQML, where the machine was trained on the
energy diﬀerences between the MRCI and the lower level method. In addition, due
to the noise introduced by the base-line method, the slope of the learning curves
deteriorated.
Although B3LYP is an eﬃcient method for obtaining accurate geometry optimization, one would still look for a computationally less expensive method in the context
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of high-throughput screening. We observed that in some cases the PM6 geometry
optimization lead to “linear carbenes” (carbene angle R-C̈-R’ of 180◦ ). Such deviation would naturally aﬀect the across geometry machine learning prediction, making
PM6 not a suitable choice. On the other hand, rPM6 has been reported to give
geometries close to those obtained at B3LYP level. 332 Indeed, the RMSD of the geometry diﬀerences between the latter methods is 0.37Å. Furthermore, only 0.04% of
the geometries were discarded due to bond breaking or hydrogen migration, pointing
at a satisfactory stability of the method. Both direct and ∆-ML with rPM6 indeed
showed good learning rates (m=-0.24 in both cases). However, due to the low correlation of the ∆E(s−t)//t between MRCI and rPM6 the ∆-QML prediction did not
reach satisfactory accuracy reaching RMSD of ∼8 kcal/mol when training at 6000
points. On the other hand the direct learning across geometries reaches RMSD of
4 kcal/mol with a few thousand training points. Hence, direct rPM6-MRCI across
geometry learning is a suitable approach for high-throughput screening.

5.5

Conclusion

The interplay between the quantum mechanical and machine learning methods in
the prediction of singlet-triplet energy gaps was investigated. Using MRCI+QF12 as a reference method we reviewed the performance of HF, rPM6, CASCIPM6, B3LYP, AP-BS-B3LYP, TPSSh, ft-TPSS, and SA-CASSCF methods for the
prediction of singlet-triplet energy splittings. CASSCF shows a great qualitatively
correct correlation to the reference. B3LYP and TPSSh show good performance
in the prediction of ∆E(s−t//t) for the lower singlet state carbenes. However, the
methods show rather unreliable results for the lower triplet carbenes. The ft-TPSS
and AP-BS-B3LYP methods, on the other hand, lead to large unsystematic errors.
Diﬀerent pathways in the prediction of thousands of singlet-triplet splittings of carbenes were compared to give the most appropriate approach for screening carbene
spin gaps across a chemical space. The smoothness of the QMspin carbene chemical
space is perceptible by the steep learning rate of E(s−t//t) using direct QML. Training
at only a few thousand points all methods except AP-BS-B3LYP reach RMSD of
<4 kcal/mol, while the AP-BS-B3LYP learning rate started to deteriorate already
at ∼1000 training points.
∆-QML showed general improvement of the RMSD. Chemical accuracy of < 1 kcal/mol was reached when trained at only a few hundred molecules using SA-CASSCF
as a base-line. B3LYP, TPSSh and AP-BS-B3LYP have rather slow learning rates
which hardly improved the out-of-sample RMSD with the increase of the training
set size. Steep learning rates were observed for base-line PM6 and ft-TPSS methods.
However, the methods suﬀer from a high initial error preventing the reach of errors
below 4 kcal/mol with a few thousand training points.
No improvement of the learning rates was observed when using multi-level combination quantum machine learning technique (CQML) with three and four levels
(PM6–CASSCF–MRCI, PM6–DFT–CASSCF–MRCI) due to the noise of unsystematic errors over the chemical space introduced by the base-line method.
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Approximate geometry QML was used as a way to bypass expensive geometry optimizations. The method did not show any improvement on the results when the
machine was trained on the diﬀerence of E(s−t) between the lower-level method and
MRCI, while the significant improvement of the learning rate is observed when the
machine learns directly the MRCI energies at the lower level geometries. The results
indicate that the geometry is a smoother property than the singlet-triplet energy gap
over the chemical space. Promising results with this ML approach were obtained
with CASSI-PM6, B3LYP, TPSSh, and ft-TPSS as low-level methods. However, the
high initial error would require extensive training set sizes of more than 10k data
points in order to reach acceptable accuracy. When using rPM6 triplet state geometries agQML showed reliable performance opening the possibility for predicting the
singlet-triplet energy splittings for a set of new carbenes with a acceptable accuracy
(<4 kcal/mol) and at negligible computational cost. This can enhance significantly
molecular design techniques for new carbenes with tunable spin gaps.
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Chapter 6
Conclusions and Outlook
In the present work, enriched chemical space data sets were generated and used to
assess the reliability of popular computational chemistry methods. It was demonstrated that when applied to a more diverse data set, most methods under investigation cannot reliably predict well-studied molecular properties. Herein this problem
was exposed in the case of torsional profiles of small thiocarbonyl derivatives and
singlet-triplet splittings of carbenes. After analyzing the source of the quantitative
and qualitative errors in popular quantum chemistry methods, computationally efficient remedies were proposed to overcome their limitations. In short summary,
torsion centered atom centered potentials (TCACP) were generated to improve the
description of torsional potential energy surfaces, while various quantum machine
learning techniques were proposed to correct singlet-triple energy splitting predictions in carbenes. Furthermore, previously unobserved structure-property relationships have been identified, which are attributed to the availability of accurate and
extended chemical space data sets developed in this thesis.
The torsional profiles of diene derivatives have been an active area of research,
due to their importance in stereo-selective reactions, such as Diels-Alder type reactions. However, despite the numerous studies on torsional potential energy surfaces,
a screen through the available literature of existing torsional profile molecular data
sets, exposed a clear bias towards systems with small average atomic charges. This
lack of diversity in the available data sets encouraged the development of a new
set of thirty-six halogenated carbonyl and thiocarbonyl derivatives in this work, for
which accurate CCSD(T) torsional profiles were obtained. From this heavy halogen
enriched data set of thiocarbonyl derivatives, it was identified that the type of halogen present in the molecule determines the shape of the torsional profile, based on a
grouping of this chemical space into three diﬀerent classes. Class I) Molecules with
light halogens or hydrogen show cis and trans minima, stabilized by π-conjugation.
Class II) Molecules with both light and heavy halogens show trans conformation as
the global minimum, as well as nearly a perpendicular conformation as a local shallow minimum. Class III) Molecules containing heavier halogens show a non-planar
conformation as the global minimum, caused by interatomic steric repulsion. These
structure-property relationship observations could be useful in the design of new
77

78
thiocarbonyl derivatives, targeting a certain type of torsional profile or energy range
of the conformational minima, typically required in stereoselective reactions.
The high popularity of DFT methods as an alternative to the computationally more
expensive wavefunction-based approaches naturally introduces the question of how
reliable they are for the prediction of torsional profiles for this halogen-enriched
data set. For this purpose, HF and sixteen popular DFT functionals were compared
to reference CCSD(T) results. It was then determined that the majority of DFT
methods fail to even qualitatively reproduce the second class of torsional profiles and
show significant quantitative deviations overall. This is particularly worrisome in
the context of, for example, rationalizing specific stereo-selective reaction pathways
with these methods, and therefore these qualitatively wrong predictions must be
improved. Here, the lack of dispersion in the functional or the presence of spurious
charge transfer was ruled out as possible reasons for the failure of these methods,
however, we found that the culprit was concealed in the treatment of exchange interactions. Consequently, a torsion corrected atom centered potential (TCACP) was
proposed as a way to correct these erroneous results for DFT calculations done in
a plane wave basis. Furthermore, TCACPs demonstrated reliable performance not
only for torsional potentials but also for properties outside the training set discussed
previously, including molecular and crystal structure interaction energies.
Nevertheless, TCACPs should be used with caution as it has not been extensively
probed for systems outside the set of thirty-six halogenated carbonyl and thiocarbonyl derivatives. Therefore, we suggest verification of the TCACPs performance
when applied to structures with significant diﬀerences in structural and chemical
composition. Also, for a more complete assessment of the performance of quantum
chemistry methods, we would need to explore the torsional profile of larger but still
chemically diverse molecules. Furthermore, it would be interesting to see if we can
still find a clear trend of classless of torsional profiles for those larger molecules, similar to the trends observed for the halogenated carbonyl and thiocarbonyl derivatives.
In the second part of this thesis, attention was turned to the exploration of carbene chemical space. The interest in carbene chemistry has grown significantly in
the past few decades as carbenes have shown to be important intermediates in various synthetic pathways. Although there are studies which cover a broad spectrum
of carbene classes, 261–263 systematic analysis of chemical spaces with more than a
few hundred compounds has not yet been proposed. Furthermore, the molecules
included in these sets are generally chosen to be analogous to the experimentally
available systems generating a strong human bias based on preconceived assumptions on the synthetic accessibility of this chemical space. With this in mind, an
automated generation of carbenes derived from a large set of supposedly synthetically accessible organic molecules can enable the exploration of new frontiers in
carbene chemistry. Therefore, in the second part of this thesis a new carbene data
set “QMspin” was designed. QMspin comprises of ∼8000 automatically generated
carbenes derived from ∼4000 randomly selected molecules contained in the QM9
data set. 265 Reliable singlet-triplet energy splittings (∆Es−t ) were obtained by using an accurate reference method, which makes the QMspin database amenable to
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an extensive assessment of many widely used electronic structure and state-of-theart statistical learning methods, such as kernel ridge regression. Moreover, the size
and versatility of the QMspin data set allowed for a more complete understanding
on the fundamental orbital interactions determining the sign and the magnitude of
∆Es−t , upon which various unexpected observations were discovered. Among these
were: I) the determination of a remarkable sensitivity of the spin-gap with respect
to conformational changes; II) strong hyperconjugation eﬀects across a tetravalent
carbon; III) a group of carbenes with an alkyl-amino group in β-position with increased planarity; IV) the presence of a universal upper limit for the ∆Es−t of ∼ 30
kcal/mol.
Despite the large range of new carbenes, the molecules in QMspin data set are still
restricted to up to nine heavy elements including only fluorine as a halogen element.
The addition of more diverse chemical elements in the study of carbenes would undoubtedly lead to the discovery of even more interesting observations and possibly
stable compounds. This could easily be done by using a mixture of molecular scaffolds acquired from other data sets, e.g. the Chemical Universe Databases. 347,348
Furthermore, it would be highly impactful to perform a carbene conformational
study. The magnitude and the sign of the ∆Es−t are highly sensitive to torsional
rotations at the carbene center. Therefore a conformational study would not only
allow us to find the most thermodynamically stable structures but also would let us
explore the dimensions in which the carbenes singlet-triplet energy splittings change.
In the third part of this thesis, the QMspin data set was further used to assess
popular quantum chemistry methods and their ability to predict the singlet-triplet
energy splittings. The majority of the methods tested are designed for open-shell calculations and have previously shown good performance for carbenes, however, when
examining them on a more diverse carbene set this picture changes. After comparing the results obtained from high-level MRCISD+Q with those from the methods
under investigation, the importance of appropriate electron correlation treatment
for the correct description of ∆Es−t became particularly apparent. HF and the
semi-empirical methods which either have a strongly approximated or no electron
correlation treatment in their formalism showed particularly bad performance with
large non-systematic errors. On the other hand, some of the DFT methods demonstrated rather close agreement with the reference for carbenes with an energetically
stabilized singlet state, while for carbenes with a high spin gap where strong electron
correlation is present, all density functionals showed a significant number of outliers.
The relatively small deviations of SA-CASSCF to MRCISD+Q were attributed to
the dispersion interaction of the carbene center to the rest of the molecule, which in
the CASSCF formalism is not accounted for.
Those observations prove that although there has been a significant advancement
in the reliability and accuracy of quantum chemistry methods, it is still diﬃcult
to accurately predict and characterize more challenging properties, such as excitation states. To appropriately describe excited states, it is essential that quantum
chemistry methods can accurately express electron correlation eﬀects. Despite that
some of the DFT approaches have shown significant advances in improving upon

80
the description of strongly correlated systems, they have shown limited reliability
and the presence of large unsystematic errors for many cases, as demonstrated in
this thesis. Conversely, wave function methods are able to provide very accurate
results. However, it is significantly important for the performance of these methods to choose an appropriate active space which typically varies for the individual
studied system. For the exploration of the carbene chemical space we designed a
protocol for the automated determination of the relevant active space, however an
approach that can be applied to more diverse systems would greatly aid exploring
excited-state chemical space. Even though, some of the existing schemes 280,349,350
for automated active space selection oﬀer a significant boost in the usability of the
multi-reference methods, more eﬀorts need to be made in this direction to ensure
reliable results in a wide scope of systems.
The limitations of common quantum chemistry methods once more emerged when
they were used as a base for machine learning (ML) predictions. The results obtained using ∆-ML showed that SA-CASSCF is the most suitable choice as a baseline method, reaching root-mean-squared-error of < 1kcal/mol with respect to an
MRCISD+Q reference, already at a few hundred training points. All other methods showed moderate performance with respect to ML learning rates, mainly as a
result of the noise in the data caused by non-systematic deviations with respect
to the MRCISD+Q energy. In addition, when employing more general multi-level
schemes, such as CQML, 346 it was observed that a systematic error introduced in
the base-line cannot be recovered, i. e., an inherent and general limitation imposed
by the degree of correlation among the diﬀerent levels of the theory was unveiled.
With the perspective of the future application of these ML models in the screening
of carbene chemical space, an assessment of the across-geometry ML predictions was
performed. For this purpose, a machine was trained on the lower level (rPM6) optimized geometries while learning the MRCISD+Q energies calculated at a higher
level of theory geometry (B3LYP). The remarkable improvement of the ML performance reaching a reasonable RMSD < 4 kcal/mol for a few thousand training
points substantiated the approach as appropriate in the context of screening chemical space. The ability of the QML method to predict carbenes’ singlet-triplet energy
splittings opens the door for extremely eﬃcient high-throughput carbene design. For
a negligible computational cost of semi-empirical geometry optimization, the work
conducted here demonstrates that one could screen through millions of candidates
in search of a targeted structural composition and spin gap. Furthermore, a clever
scheme between quantum chemistry and machine learning methods would allow us
to significantly reduce computational costs when performing thermodynamic screening not only of carbenes but for molecules in general. Reliable and computationally
economic quantum chemistry methods can be used to calculate a training set and
then a suitable QML model can be applied to predict the properties for the rest of
the systems in the desired chemical space.
A recent study 351 shows that using a suitable representation that includes relevant physical properties can give significantly improved results for both kernel ridge
regression and neural networks. The latter shows the necessity of further develop-
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ment of the ML representations by including relevant orbital configurations. Further
applications might also include the correlation angle as a measure of strong correlation. In all occasions, however, the correct description of the excited state properties
would require the selection of an appropriate set of orbitals, which bring us to the
necessity of a protocol for an automated selection of active space.
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Appendix A
Supporting Information 1 to
"Torsional potentials of glyoxal,
oxalyl halides and their
thiocarbonyl derivatives:
Challenges for popular density
functional approximations."
We provide torsional profiles for 36 molecules at CCSD(T), Hartree-Fock (HF) density functional level of theory. The sequence of molecules follows the arrangement
in Fig. 2 (main manuscript). This data has been used to generate Figs. 4 and 5
(main manuscript). Additional tables are included in Supporting Information 2.

A.0.1

Class I torsional profiles
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Figure A.1: Torsional profiles of O2 C2 H2 .

Figure A.2: Torsional profiles of O2 C2 ClH.

Appendix A. Supporting Information 1 to "Torsional potentials of glyoxal, oxalyl
halides and their thiocarbonyl derivatives: Challenges for popular density
functional approximations."
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Figure A.3: Torsional profiles of O2 C2 BrH.

Figure A.4: Torsional profiles of O2 C2 F2 .
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Figure A.5: Torsional profiles of OSC2 H2 .

Figure A.6: Torsional profiles of OSC2 HF.

Appendix A. Supporting Information 1 to "Torsional potentials of glyoxal, oxalyl
halides and their thiocarbonyl derivatives: Challenges for popular density
functional approximations."
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Figure A.7: Torsional profiles of OSC2 HCl.

Figure A.8: Torsional profiles of OSC2 HBr.
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Figure A.9: Torsional profiles of OSC2 FH.

Figure A.10: Torsional profiles of OSC2 ClH.

Appendix A. Supporting Information 1 to "Torsional potentials of glyoxal, oxalyl
halides and their thiocarbonyl derivatives: Challenges for popular density
functional approximations."
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Figure A.11: Torsional profiles of OSC2 BrH.

Figure A.12: Torsional profiles of OSC2 F2 .
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Figure A.13: Torsional profiles of S2 C2 H2 .

Figure A.14: Torsional profiles of S2 C2 ClH.

Appendix A. Supporting Information 1 to "Torsional potentials of glyoxal, oxalyl
halides and their thiocarbonyl derivatives: Challenges for popular density
functional approximations."
91

Figure A.15: Torsional profiles of S2 C2 BrH.

Figure A.16: Torsional profiles of O2 C2 FH.
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Figure A.17: Torsional profiles of S2 C2 FH.

Figure A.18: Torsional profiles of S2 C2 F2 .

Appendix A. Supporting Information 1 to "Torsional potentials of glyoxal, oxalyl
halides and their thiocarbonyl derivatives: Challenges for popular density
functional approximations."
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A.0.2

Class II torsional profiles

Figure A.19: Torsional profiles of O2 C2 Cl2 .

Figure A.20: Torsional profiles of O2 C2 ClF.
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Figure A.21: Torsional profiles of O2 C2 Br2 .

Figure A.22: Torsional profiles of O2 C2 BrF.
.
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Figure A.23: Torsional profiles of OSC2 ClF.

Figure A.24: Torsional profiles of OSC2 FCl.
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Figure A.25: Torsional profiles of S2 C2 BrF.

Figure A.26: Torsional profiles of S2 C2 ClF.

Appendix A. Supporting Information 1 to "Torsional potentials of glyoxal, oxalyl
halides and their thiocarbonyl derivatives: Challenges for popular density
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Figure A.27: Torsional profiles of O2 C2 BrCl.

Figure A.28: Torsional profiles of OSC2 BrF.
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Figure A.29: Torsional profiles of OSC2 FBr.

Appendix A. Supporting Information 1 to "Torsional potentials of glyoxal, oxalyl
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functional approximations."
99
.

A.0.3

Class III Torsional profiles

Figure A.30: Torsional profiles of S2 C2 Cl2 .

Figure A.31: Torsional profiles of OSC2 ClBr.
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Figure A.32: Torsional profiles of OSC2 Cl2 .

Figure A.33: Torsional profiles of OSC2 Br2 .
.

Appendix A. Supporting Information 1 to "Torsional potentials of glyoxal, oxalyl
halides and their thiocarbonyl derivatives: Challenges for popular density
functional approximations."
101

Figure A.34: Torsional profiles of OSC2 BrCl.

Figure A.35: Torsional profiles of S2 C2 Br2 .
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Figure A.36: Torsional profiles of S2 C2 BrCl.

Appendix B
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oxalyl halides and their
thiocarbonyl derivatives:
Challenges for popular density
functional approximations."

Table B.1: Energy diﬀerences (∆E = E(Θ) − E(180◦ )) for O2 C2 Br2 in kcal/mol
using CCSD(T)/AVTZ, PBE and BLYP and their dispersion and torsion corrected
variants (See Fig. 3.7 in the manuscript)
Θ
0◦
20◦
40◦
60◦
80◦
100◦
120◦
140◦
160◦
180◦

CCSD(T)
3.19
2.86
2.05
1.12
0.53
0.47
0.50
0.36
0.12
0.0

PBE PBE+D3
2.53
2.55
2.14
2.16
1.18
1.16
0.02
-0.06
-0.78
-0.92
-0.83
-0.98
-0.46
-0.57
-0.15
-0.21
-0.02
-0.04
0.0
0.0

PBE+MBD
2.21
1.58
0.71
-0.55
-1.36
-1.41
-0.89
-0.55
-0.48
0.0

PBE+TCACP BLYP BLYP+D3 BLYP+DCACP
2.02
2.85
2.86
2.67
1.80
2.44
2.42
2.15
1.32
1.39
1.28
1.31
0.75
0.09
-0.17
-0.07
0.38
-0.87
-1.30
-0.89
0.47
-1.05
-1.51
-1.08
0.69
-0.69
-1.02
-0.83
0.68
-0.29
-0.46
-0.51
0.48
-0.06
-0.11
-0.33
0.0
0.0
0.0
0.0
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O2 C2 H2
OSC2 H2
OSC2 HF
OSC2 HCl
OSC2 HBr
S2 C2 H2
O2 C2 FH
S2 C2 FH
MAE

Molecules

3.14
2.92
1.90
2.62
2.02
1.72
2.26
3.58
3.11
2.82
-

6.11
5.90
4.69
3.97
3.58
6.80
3.50
4.50
-

CCSD(T)

3.08
2.77
2.43
2.97
1.66
1.19
2.74
3.06
2.39
3.42
0.43
0.37

6.23
5.80
5.04
3.67
3.15
6.61
3.96
4.95
0.30

HF

2.68
2.29
1.30
2.25
1.83
1.41
1.68
3.26
2.79
2.02
0.46
0.40

5.79
6.21
4.55
3.87
3.23
7.84
3.04
4.58
0.35

LDA

2.10
1.72
0.66
1.92
1.28
0.84
0.97
2.78
2.22
1.34
1.03
0.86

5.53
6.04
4.05
3.15
2.49
7.89
2.55
4.27
0.69

PW91

2.08
1.71
0.64
1.86
1.24
0.80
0.93
2.73
2.17
1.29
1.06
0.88

5.50
6.00
4.03
3.14
2.48
7.83
2.53
4.21
0.70

PBE

2.96
2.62
1.69
2.42
2.11
1.80
1.93
3.41
3.09
2.19
0.22
0.24

5.83
6.19
4.67
4.03
3.39
7.77
3.26
4.55
0.26

PBE+TCACP

1.88
1.49
0.43
1.86
0.97
0.48
0.71
2.49
1.77
1.14
1.29
1.08

5.59
6.09
3.84
2.77
2.02
8.12
2.40
4.23
0.87

BLYP

2.06
1.67
0.58
1.85
1.21
0.78
0.85
2.72
2.14
1.17
1.11
0.91

5.55
6.06
4.02
3.12
2.44
7.89
2.51
4.18
0.72

BP86

2.30
1.92
0.86
2.18
1.57
1.13
1.25
3.23
2.65
1.78
0.72
0.65

5.76
6.29
4.32
3.43
2.76
8.13
2.73
4.61
0.58

TPSS

2.62
2.39
1.87
2.26
1.50
1.15
2.10
2.68
2.12
2.30
0.51
0.41

5.37
5.63
4.68
3.55
3.09
6.97
3.20
4.44
0.31

M06L

PBE0 B3LYP M05
E(80◦ ) − E(180◦ )
5.81
5.86
4.82
6.01
6.10
4.60
4.73
4.48
3.54
3.76
3.39
2.01
3.15
2.72
1.55
7.52
7.80
5.77
3.27
3.08
2.48
4.92
4.84
3.43
0.31
0.48
1.36
E(100◦ ) − E(180◦ )
2.49
1.58
2.09
1.37
1.29
0.95
2.45
1.37
1.50
0.27
1.00
-0.03
1.69
1.04
3.16
1.30
2.46
0.77
2.39
1.37
0.56
1.60
0.52
1.48
2.73
2.36
1.60
2.55
1.81
1.37
2.02
3.49
2.91
2.68
0.26
0.28

2.64
2.40
2.13
2.47
1.41
1.09
2.41
2.78
2.27
2.76
0.45
0.37

5.52
5.51
4.81
3.54
3.08
6.60
3.44
4.58
0.30

M06

3.42
2.93
2.30
3.19
2.46
1.91
2.85
4.07
3.40
3.64
0.41
0.42

6.30
6.34
5.21
4.46
3.73
7.42
3.77
5.30
0.43

M05-2X

3.52
3.18
2.61
3.18
2.37
1.93
3.03
3.72
3.08
3.75
0.43
0.35

6.20
5.99
5.14
4.24
3.67
6.85
3.96
5.11
0.26

M06-2X

4.37
3.88
2.83
3.82
3.44
2.99
3.46
4.80
4.25
4.34
1.21
1.02

7.12
6.65
5.51
5.03
4.36
7.13
4.43
5.45
0.83

M06-HF

2.91
2.60
1.72
2.58
1.77
1.36
2.14
3.20
2.58
2.83
0.24
0.20

5.94
5.84
4.6
3.70
3.16
6.83
3.34
4.57
0.16

CAM-B3LYP

3.50
3.09
2.52
2.97
2.34
1.87
3.02
3.64
2.96
3.69
0.38
0.34

5.97
5.69
5.04
4.35
3.69
6.15
3.75
4.76
0.29

M11

2.95
2.58
2.06
2.90
1.77
1.27
2.50
3.40
2.69
3.35
0.31
0.30

6.11
5.99
4.95
3.71
3.11
7.28
3.67
5.18
0.30

B2PLYP

3.13
2.79
2.37
3.0
1.98
1.47
2.78
3.48
2.84
3.57
0.29
0.27

6.16
5.91
5.14
3.90
3.34
6.91
3.90
5.15
0.25

DSD-PBEP86(D3BJ)

Table B.2: Energy diﬀerences (∆E = E(Θ1 ) − E(Θ2 )) and MAEs (relative to CCSD(T)) of class I molecules in kcal/mol.

O2 C2 ClH
O2 C2 BrH
O2 C2 F2
OSC2 FH
OSC2 ClH
OSC2 BrH
OSC2 F2
S2 C2 ClH
S2 C2 BrH
S2 C2 F2
MAE
Total MAE

CCSD(T)

2.38
1.16
3.19
1.26
0.41
1.07
0.95
1.16
2.74
0.27
1.18
-

0.77
1.28
1.08
1.14
0.79
0.93
0.62
0.75
-

0.50
0.27
0.33
-

Molecules

O2 C2 Cl2
O2 C2 ClF
O2 C2 Br2
O2 C2 BrF
OSC2 ClF
OSC2 FCl
S2 C2 FBr
S2 C2 ClF
O2 C2 BrCl
OSC2 BrF
OSC2 FBr
MAE

O2 C2 Cl2
O2 C2 ClF
O2 C2 BrF
OSC2 ClF
OSC2 FCl
S2 C2 ClF
O2 C2 BrCl
OSC2 BrF
MAE

O2 C2 Br2
S2 C2 BrF
OSC2 FBr
MAE
Total MAE

0.30
0.66
0.18
0.25
0.37

0.56
1.40
1.11
0.88
0.67
0.47
0.40
0.35
0.23

3.20
1.61
4.31
1.66
0.60
1.61
2.21
1.74
3.67
0.31
1.69
0.62

HF

0.16
0.26
-0.06
0.21
0.37

0.42
0.81
0.48
0.64
0.31
0.16
0.13
0.12
0.54

1.81
0.86
2.45
0.86
0.32
1.02
1.58
1.36
2.07
0.04
1.05
0.36

LDA

-0.44
0.59
-0.73
0.27
0.40

-0.39
0.06
-0.23
-0.21
-0.56
-0.73
-0.61
-0.70
0.48

1.81
0.75
2.54
0.77
0.10
0.87
2.32
1.10
2.10
-0.19
0.90
0.46

PW91

-0.46
0.59
-0.76
0.27
0.40

-0.41
0.04
-0.25
-0.24
-0.59
-0.77
-0.63
-0.73
0.46

1.81
0.75
2.53
0.77
0.11
0.87
2.36
1.10
2.10
-0.18
0.90
0.47

PBE

0.70
0.09
0.23
0.15
0.21

1.09
1.27
1.02
1.13
0.65
0.40
0.64
0.79
0.14

2.11
1.07
2.02
1.01
0.61
1.08
1.23
1.19
1.91
0.68
1.07
0.33

PBE+TCACP

-0.69
0.88
-1.07
0.51
0.47

-0.73
-0.24
-0.53
-0.68
-0.96
-1.24
-0.92
-1.19
0.41

1.96
0.69
2.85
0.71
-0.19
0.77
2.75
0.90
2.32
-0.54
0.80
0.49

BLYP

-0.49
0.65
-0.81
0.29
0.40

-0.46
-0.02
-0.31
-0.31
-0.66
-0.88
-0.68
-0.79
0.43

1.80
0.77
2.52
0.79
0.11
0.85
2.42
1.02
2.10
-0.15
0.89
0.48

BP86

-0.15
0.49
-0.45
0.23
0.46

-0.05
0.31
0.03
0.19
-0.20
-0.17
-0.26
-0.28
0.73

1.81
0.77
2.52
0.80
0.19
0.89
1.81
1.07
2.10
-0.05
0.94
0.42

TPSS

0.32
0.31
-0.10
0.15
0.30

0.37
1.06
0.85
0.74
0.30
-0.14
0.23
0.32
0.42

1.84
0.85
2.72
0.95
0.24
0.96
1.77
1.0
2.21
0.13
1.08
0.33

M06L

PBE0 B3LYP M05
E(0◦ ) − E(180◦ )
2.17
2.25
2.02
1.03
0.93
0.83
2.93
3.16
2.91
1.06
0.95
0.86
0.37
0.05
-0.09
1.13
1.00
0.95
1.45
1.91
3.06
1.34
1.15
1.08
2.48
2.62
2.40
0.12
-0.28
-0.32
1.18
1.05
1.03
0.18
0.21
0.41
E(100◦ ) − E(180◦ )
0.38
-0.02
-0.93
0.91
0.54
-0.14
0.60
0.23
-0.36
0.76
0.24
-0.66
0.39
-0.05
-1.11
0.51
-0.07
-1.42
0.15
-0.23
-1.04
0.26
-0.30
-1.05
0.43
0.71
0.50
◦
E(120 ) − E(180◦ )
0.13
-0.18
-0.73
0.32
0.60
0.77
-0.04 -0.39
-1.14
0.24
0.24
0.51
0.28
0.39
0.48
0.16
0.29
-0.03
0.22
0.27

0.24
1.15
0.91
0.77
0.49
0.17
0.07
0.37
0.40

2.15
1.05
2.96
1.11
0.23
1.07
1.6
1.13
2.49
0.10
1.16
0.18

M06

0.67
0.22
0.62
0.17
0.23

1.24
1.75
1.37
1.65
1.34
1.47
0.90
1.05
0.43

2.46
1.26
3.19
1.28
0.52
1.21
0.73
1.41
2.74
0.24
1.25
0.09

M05-2X

0.91
0.27
0.75
0.28
0.31

1.37
1.96
1.66
1.74
1.42
1.45
1.13
1.21
0.57

2.32
1.14
3.11
1.20
0.39
1.18
0.72
1.35
2.66
0.16
1.25
0.09

M06-2X

1.49
0.3
1.47
0.72
0.83

2.25
2.55
2.21
2.67
2.27
2.73
1.92
2.16
1.43

2.41
1.36
2.88
1.40
0.88
1.36
-0.01
1.76
2.59
0.68
1.42
0.34

M06-HF

0.31
0.45
0.09
0.20
0.20

0.60
1.09
0.82
0.84
0.53
0.54
0.41
0.36
0.27

2.38
1.04
3.28
1.08
0.17
1.06
1.38
1.2
2.76
-0.09
1.13
0.12

CAM-B3LYP

1.06
0.15
0.85
0.40
0.47

1.76
2.12
1.77
2.04
1.63
1.68
1.43
1.49
0.82

2.18
1.07
2.83
1.14
0.4
1.01
0.29
1.06
2.47
0.19
1.11
0.18

M11

0.22
0.52
0.09
0.26
0.26

0.49
1.18
0.86
0.85
0.58
0.64
0.29
0.30
0.27

2.70
1.22
3.72
1.25
0.26
1.28
1.59
1.40
3.12
-0.06
1.33
0.26

B2PLYP

0.40
0.41
0.32
0.08
0.16

0.71
1.46
1.16
1.19
0.86
0.94
0.51
067
0.08

2.77
1.40
3.71
1.45
0.57
1.43
1.48
1.57
3.16
0.33
1.50
0.33

DSD-PBEP86(D3BJ)

Table B.3: Energy diﬀerences (∆E = E(Θ1 ) − E(Θ2 )) and MAEs (relative to CCSD(T)) of class II molecules in kcal/mol.
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S2 C2 Cl2
OSC2 ClBr
OSC2 Cl2
OSC2 Br2
OSC2 BrCl
S2 C2 Br2
S2 C2 BrCl
MAE

Molecules

1.44
0.88
0.52
1.15
0.82
2.62
2.06
-

3.40
3.14
2.27
3.74
2.75
5.26
4.25
-

CCSD(T)

3.08
1.71
1.36
2.03
1.77
4.50
3.85
1.26
1.58

5.62
4.65
3.65
5.38
4.25
7.86
6.65
1.90

HF

1.67
1.27
0.8
1.73
1.32
3.11
2.44
0.41
0.27

3.59
3.18
2.27
3.86
2.83
5.50
4.47
0.13

LDA

2.84
2.21
1.77
2.57
2.21
4.22
3.59
1.42
1.20

4.51
4.02
3.10
4.65
3.61
6.42
5.39
0.99

PW91

2.87
2.23
1.79
2.60
2.23
4.24
3.61
1.44
1.22

4.54
4.04
3.13
4.66
3.63
6.43
5.41
1.01

PBE

0.98
0.70
-0.01
1.05
0.56
2.29
1.84
0.30
0.40

3.02
2.47
1.86
3.11
2.43
4.49
3.92
0.50

PBE+TCACP

3.80
2.80
2.37
3.13
2.80
5.30
4.62
2.19
1.95

5.33
4.65
3.64
5.28
4.15
7.43
6.29
1.71

BLYP

2.98
2.28
1.85
2.64
2.28
4.35
3.72
1.52
1.29

4.59
4.10
3.18
4.72
3.69
6.51
5.48
1.07

BP86

2.21
1.74
1.30
2.09
1.72
3.55
2.93
0.86
0.68

3.9
3.62
2.70
4.24
3.21
5.82
4.78
0.49

TPSS

2.87
1.64
1.24
1.94
1.57
4.15
3.53
1.06
0.93

4.46
3.65
2.70
4.31
3.22
6.55
5.41
0.79

M06L

PBE0 B3LYP M05
E(0◦ ) − E(80◦ )
3.81
4.61
5.79
3.53
4.13
4.93
2.60
3.12
4.04
4.19
4.81
5.48
3.14
3.67
4.45
5.78
6.75
7.67
4.72
5.59
6.67
0.42
1.13
2.03
E(180◦ ) − E(80◦ )
2.78
4.24
1.99
3.05
1.56
2.71
2.35
3.25
2.02
2.99
4.27
5.43
3.59
4.88
1.29
2.44
1.21
2.23
1.83
1.36
0.93
1.73
1.37
3.18
2.55
0.49
0.46

2.69
1.71
1.34
1.98
1.67
3.88
3.33
1.02
0.92

4.43
3.76
2.87
4.40
3.39
6.36
5.31
0.82

M06

1.25
0.68
0.15
1.18
0.76
2.85
2.10
0.16
0.15

3.37
3.03
2.01
3.81
2.68
5.59
4.40
0.15

M05-2X

1.43
0.65
0.17
1.07
0.65
3.01
2.25
0.20
0.22

3.43
2.91
1.91
3.62
2.51
5.65
4.46
0.23

M06-2X

-0.43
-0.60
-1.15
-0.19
-0.63
1.01
0.33
0.92
1.11

2.03
1.81
0.89
2.46
1.47
4.03
2.96
1.31

M06-HF

2.20
1.32
0.92
1.65
1.33
3.59
2.95
0.64
0.60

4.11
3.55
2.58
4.21
3.12
6.18
5.06
0.57

CAM-B3LYP

0.90
0.23
-0.31
0.74
0.24
2.58
1.78
0.39
0.55

2.63
2.32
1.29
3.09
1.95
4.89
3.69
0.70

M11

2.51
1.58
1.18
1.93
1.62
3.99
3.31
0.95
1.04

4.65
4.09
3.07
4.81
3.65
6.86
5.67
1.14

B2PLYP

2.18
1.31
0.91
1.66
1.34
2.88
2.93
0.53
0.69

4.50
3.94
2.79
4.65
3.56
5.62
5.48
0.85

DSD-PBEP86(D3BJ)

Table B.4: Energy diﬀerences (∆E = E(Θ1 ) − E(Θ2 )) and MAEs (relative to CCSD(T)) of class III molecules in kcal/mol.

S2 C2 Cl2
OSC2 ClBr
OSC2 Cl2
OSC2 Br2
OSC2 BrCl
S2 C2 Br2
S2 C2 BrCl
MAE
Total MAE

Appendix C
Supporting Information to "Large
yet bounded: Spin gap ranges in
carbenes"
C.1

Additional results

Figure C.1: Left: Electronic configuration of carbenes for triplet and singlet state;
middle: Schematic illustration of the singlet state orbital entanglement angle formed
by the configurations state |20⟩ and |02⟩; right: CASSCF(2o,2e) active space orbitals
of an exemplary carbene molecule.
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C.1. Additional results

Figure C.2: Distribution of the range of entanglement angle in the carbene data set
for singlet-state CASSCF//aug-pVDZ-F12 optimized geometries (red) and tripletstate B3LYP optimized geometries (blue).

Figure C.3: A molecular orbital diagram of a carbene with carbene center coupled
to an electrophilic π-system.
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Extreme stable singlet carbenes
T3

T1

T2

∆Es−t = -58.3

∆Es−t = -53.9

T6

∆Es−t = 29.8

∆Es−t = -53.5

T4

T5

∆Es−t = -51.6

∆Es−t = -51.6

Extreme stable triplet carbenes (all terminal carbenes)
T7
T8
T9

∆Es−t = 29.5

∆Es−t = 29.4

∆Es−t = 29.3

T10

∆Es−t = 29.2

Representative non-terminal stable triplet carbenes with ∆Es−t > 20 kcal/mol
T11
T12
T13
T14
T15

∆Es−t = 27.6
T16

∆Es−t = 27.5
T17

∆Es−t = 26.2
T18

∆Es−t = 25.4
T19

∆Es−t = 25.0
T20

∆Es−t = 24.4

∆Es−t = 24.1

∆Es−t = 20.2

∆Es−t = 21.9

∆Es−t = 20.5

Table C.1: Extreme carbenes with lowest singlet (top) and triplet (bottom) state
energy ∆Es−t//t calculated with MRCISD+Q/cc-pvDZ-F12//B3LYP/def2-TZVP
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C.1. Additional results

Extreme stable singlet carbenes
S3

S1

S2

∆Es−t = −76.7

∆Es−t = −77.3

∆Es−t = −108.1

∆Es−t = 13.3

S4

S5

∆Es−t = −87.3

∆Es−t = −82.7

∆Es−t = −113.7
∆Es−t = −115.1
∆Es−t = −126.0
Extreme stable triplet carbenes

∆Es−t = −132.4

∆Es−t = 6.1

∆Es−t = −77.3

∆Es−t = 3.2

∆Es−t = 1.1

∆Es−t = 1.1

Table C.2: Extreme carbenes with lowest singlet (top) and triplet (bottom) state energy ∆Es−t//s calculated with MRCISD+Q/cc-pvDZ-F12//CASSCF/cc-pvDZ-F12

∆ES1−t = 31.3
∆ES0−t = 22.5

∆ES1−t = 31.1
∆ES0−t = 15.6

∆ES1−t = 7.6
∆ES0−t = 19.7

∆ES1−t = 41.1
∆ES0−t = 17.6

∆ES1−t = 35.6
∆ES0−t = 18.4

∆ES1−t = 39.1
∆ES0−t = 24.5

∆ES1−t = 8.7
∆ES0−t = 20.6

∆ES1−t = 2.9
∆ES0−t = 19.9

∆ES1−t = -3.0
∆ES0−t = 22.8

∆ES1−t = 21.5
∆ES0−t = 19.9

Table C.3: Example set of carbene centers coupled to an electophiloc π-system.
Singlet-triplet gap energies given with respect to the SA-CASSCF lowest triplet
state “t” and the carbene “’s0’ and “s1” singlet states are given in kcal/mol.

Appendix C. Supporting Information to "Large yet bounded: Spin gap ranges in
carbenes"
111

Types of triplet excitation

MRCISD+Q−F12
∆Es−t

76%

97%

97%

82%a

-

-

13%a

4%

3%

16%

-

-

-52.3

11.0

26.8

-96.1a

-

-

Table C.4: Most important triplet state configurations and their weight in the
CASSCF wave function for exemplary carbenes with orbitals on a neighbouring
functional group interacting with the carbene center non-bonding orbitals via strong
hyperconjugation. The contribution of each type of configuration within an SACASSCF(4e,4o) calculation including the four lowest triplet and the two lowest
singlet states is given in percentage. The singlet-triplet gap energies are given in
kcal/mol for the lowest states as calculated with MRCISD+Q-F12/cc-pVDZ-F12.
Superscript a indicates the first excited triplet state.
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C.2

C.2. The electronic structure of carbenes

The electronic structure of carbenes

Strong electron correlation can play an important role in the carbene singlet state
as the non-bonding orbitals on the carbene center may be close in energy and are
close in space by definition. Hence, the essential physical interactions relevant for
the spin gap may be described by treating the two non-bonding orbitals at the
carbene center within a complete active space (CAS) calculation. In fact, it is
known since the early 1980’s 352 that only the inclusion of both non-bonding orbital
closed shell configuration “|20⟩” and “|02⟩” in the SCF method yields qualitatively
correct singlet-triplet gaps (≈10 kcal/mol) for methylene with respect to experiment
(9.08 kcal/mol ± 0.18). The basis set converged HF spin gap is near 25 kcal/mol). 259
We advocate that this two-configuration character of the singlet state wave function
(WF) should reflect in the carbene MO diagram 353 whenever strong correlation is
significant. Figure C.1 depicts the corresponding carbene MO diagram.
A balanced and qualitatively correct treatment of both spin states may then in the
general case be obtained by a state-averaged (SA) CASSCF(2e,2o) calculation. For
the triplet (state of the carbene, the SA-CASSCF wave function has a single-reference
)
⟩ ,
|Ĥ|ΨCASSCF
= A|ϕαi , ϕβi , ϕαj , ϕβj ,. . . , ϕαr , ϕαs |, Es=1 = ⟨ΨCASSCF
character ΨCASSCF
S=1
S=1
S=1
where ϕi , ϕj , . . . are spin-restricted closed-shell orbitals with the corresponding spin
function, r, s are spin-restricted active orbitals, mainly located on the carbene center,
and A| . . . | denotes a Slater-Determinant.
For the singlet state (S = 0), the two closed-shell configurations R and S are the
ones obtained for natural orbitals:
ΨCASSCF
= cR A|ϕαi , ϕβi , ϕαj , ϕβj , . . . , ϕαr , ϕβr |
S=0
+cS A|ϕαi , ϕβi , ϕαj , ϕβj , . . . , ϕαs , ϕβs |,

(C.1)

where cT and cU are the complex-valued configuration interaction (CI) coeﬃcients.
The singlet state energy then reads:
CASSCF
ES=0
= |cR |2 ES=0,R + |cS |2 ES=0,S
+(c∗R cS + c∗S cR )Krs .

(C.2)

ES=0,R and ES=0,S are the mean field energy contributions of the configurations R
and S, respectively. Krs = (rs|rs) (Mulliken notation) is an exchange interaction
that arises from the strong correlation of the two electrons in the active orbitals
and that stabilizes the singlet state.
( The
) strength of the strong correlation can be
|cS |
expressed as an angle θ = arctan |cR | , 0◦ ≤ θ ≤ 45◦ . For θ larger than a few
degrees, the system is generally considered of significant multireference character.
Early computations at the MRCISD+Q level of theory with a two-configuration
SCF wave function were able to reproduce the methylene singlet-triplet spin gap up
to a few tenths of kcal/mol when approaching the basis set limit 259,354 .
The MRCISD method introduces dynamic correlation on top of the CASSCF reference wave function by including single and double excitations out of the CASSCF
configurations in the variational optimization of the wave function. Empirical quadruple excitations contributions (“+Q”) are included via the Davidson correction. 342
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Including singles and doubles excitations in the quasi-variational way of internally
contracted MRCI allows for a certain “flexibility” in the wave function to properly
describe the diverse carbene systems in our chemical space.
Methods based on the configuration interaction expansion may suﬀer from important size-consistency errors, even though the Davidson correction generally alleviates
this problem. This may for example lead to noticeable errors in the balanced description of eﬀective spin couplings in carbene systems along dissociation curves. 355
However, singlet-triplet gaps in carbene monomers can be viewed as a rather sizeintensive property and therefore the size-consistency defect of MRCISD+Q is much
less significant. Even though the coupled cluster (CC) methods are in general the
most reliable way to compute accurate dynamical correlation contributions, computationally aﬀordable single-reference CC methods do not perform systematically
better than MRCISD+Q in the case of carbenes. 323,356 Single-reference post-HF
methods depend strongly on the quality of HF as a zeroth-order approximation, we
therefore opted to use MRCISD+Q as our benchmark reference.

C.3

Qualitative assessment of ∆Es−t

Using the singlet and triplet state wave functions and energy expressions of SACASSCF
CASSCF(2e,2o), as described in Section C.2 in the SI, the vertical spin gap ∆Es−t
for a given carbene structure can be written as (assuming real-valued configuration
interaction coeﬃcients):
(
CASSCF
∆Es−t
= 1+

P̂ P̂
| rs{zRS}

)[[
][
2|cR |2 − 1

operators that permute r/R and s/S

∑
|i

(2Jir − Kir )
{z

]

krr + vrr
| {z }

+

1-electron interactions

}
)

(
Jrs − Krs
|
{z
}

active orbital Coulomb interaction S = 0

mean field interaction with the closed shell electrons

active orbital Coulomb and exchange interaction S = 1

]
−

|cR |2 Jrr
| {z }

+

−

[

]
2|cR cS |Krs
|
{z
}

active orbital resonance energy S = 0

(C.3)
where the index i runs over closed shell orbitals and indices r and s over active
orbitals of the carbene and krr and vrr are the kinetic and electron-nuclei attraction
energies, respectively. The Coulomb interaction Jrs term reads (rr|ss) in Mulliken
notation. For convenience, all eﬀective 1-electron ∑
interactions of an active orbital
(1)
can be grouped into one variable εr = krr + vrr + i (2Jir − Kir ). Introducing the
variable α = 2|cR |2 − 1 and using |cR |2 + |cS |2 = 1, eq. C.3 can be rewritten as:
(
)(
√
(
)
1 )
+
CASSCF
Jrr + Jrs
− Jrs + 1 − 1 − α2 Krs (C.4)
∆Es−t
= α 1 − P̂rs ε(1)
+
r
2
where the active orbital Coulomb repulsion
terms
(
) have been regrouped according to
1
+
their dependence on α with Jrs = 2 Jrr + Jss .
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Another instructive way of writing the SA-CASSCF(2e,2o) energy expression for the
singlet or triplet state is in terms of general one-particle and two-particle reduced
density matrices in the active space spinorbital basis:
∑
∑
(2)
(1)
c
(1)
Drs
+
Drs
[(rs|tu) − (ru|ts)] + O(Drs,tu ) (C.5)
E CASSCF = Ec + Enuc +
frs
rs

rstu

(1)

c
where frs
= δrs εr is the closed shell orbital Fock operator and Ec and Enuc are
the closed shell energy and nuclear interaction, respectively. The only contribution
that is essentially expressed in terms of the active space two-particle reduced density
(2)
matrix Drs,tu is the singlet state resonance energy from the strong correlation. All
other terms in eq. C.5 can be expressed as the CASSCF wave function expectation
values of a generalized Fock operator that takes into account that the mean field
density of active space orbital Coulomb and exchange interactions is expressed by
more than one reference configuration. 357 As we are using natural orbitals (NO) in
the active space, the state-averaged one-particle reduced density matrix take simple
diagonal forms and the generalized Fock operator representation in the NO active
orbital basis FNO is in general diagonal dominant. Given that we verify that the
natural orbitals active space reproduces well the concept of nonbonding carbene
orbitals, the natural orbital energies may be an intuitive way of quantifying the
concept of energy splitting of the carbene nonbonding orbitals. Since the active
space orbitals r and s are at least partially occupied in the CASSCF generalized
mean field, from the perspective of Koopmans’ theorem, 303 these orbital energies
may be seen as state-averaged formal negative ionization energies of the orbital
associated singlet and triplet state configurations cR and cS , i. e.

1
1
1
εr = ε(1)
r + Jrs − Krs + Jrr ,
2
2
2

εs = P̂rs εr

.

(C.6)

It should be noted that the diagonal elements of FNO would be a less suited choice
for the definition of orbital energies given that the singlet state contribution to the
state averaged generalized Fock operator will converge to the single-reference Fock
operator for θ → 0. In that case the orbital s would be treated as a virtual orbital
and the orbital energy would not be a meaningful approximation of the negative
ionization energy. The contributions linear in α in eq. C.4 can then be approximated
by the carbene orbital energy splitting ∆εrs = εr − εs .
Furthermore, from the definition of α it follows that the entanglement angle θ can
be written as θ = 21 arccos(α). Finally, expressing the spin gap in terms of θ then
yields:
[
]
CASSCF
+
(C.7)
∆Es−t
= cos(2θ) ∆εrs + 1 − sin(2θ) Krs + ∆Jrs
+
+
+
with ∆Jrs
= Jrs
− Jrs . Jrs
can be understood as the orbital-averaged Coulomb
interaction in the active space for the singlet state. Since the electrons occupy the
+
same active orbital in the singlet state configurations, Jrs
is in general significantly
larger in magnitude than the corresponding triplet state Coulomb repulsion Jrs and
+
> 0.
hence ∆Jrs
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+
Figure C.4: Distribution of the Coulomb ∆Jrs
and the exchange Krs integrals calculated using SA-CASSCF(2e,2o)/pVDZ-F12.

In the regime of strong orbital entanglement (θ ≥ 25◦ ) a second order Taylor expansion of eq. C.7 at θ = 45◦ yields:
CASSCF
+
∆Es−t
≈ 2∆θ∆εrs + 2∆θ2 Krs + ∆Jrs

(C.8)

where ∆θ = 45◦ − θ. In the regime of moderate orbital entanglement (θ ≤ 15◦ ) a
second order Taylor expansion of eq. C.7 at θ = 0◦ yields:
[
]
[
]
CASSCF
+
(C.9)
∆Es−t
≈ 1 − 2θ2 ∆εrs + 1 − 2θ Krs + ∆Jrs
s−t (θ)
CASSCF
= 0
with respect to θ and setting ∂∆E∂θ
Partial diﬀerentiation of ∆Es−t
yields expressions for θmin which can be inserted into eqs. C.8 and C.9, yielding the
equations given in the main text.
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