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CHAPTER

ONE

INTRODUCTION

1.1 Context

In physics, we use fundamental theories to describe and explain phenomena occurring in nature.
Two of the most prominent theories are classical mechanics, pioneered in the 17th century by Sir
Isaac Newton, and quantum mechanics which arose in the beginning of the 20th century. While
classical and quantum mechanics dissent in various aspects, the most pronounced difference is
called entanglement.

Entanglement is a purely quantum mechanical phenomenon and hence does not have a
classical counterpart. We characterise it by defining what it means for a state to be separable:
A state collectively describing two or more subsystems is called separable if all the information
is encoded in the subsystems individually. Mathematically this means that a state ρ acting
on a Hilbert space H =

⊗
k Hk is denoted separable if and only if one can write the state as

ρ =
∑

i pi
⊗

k ρ
i
k, where ρik acts on Hk and

∑
i pi = 1. If the state is not separable we refer to

it as being entangled. This means that if two systems, e.g. two photons, are entangled their
state is more than the product of individual states; we have to describe their state as a whole.
This implies that the measurement outcomes for experiments on the two entangled systems -
irrespective of their spatial separation - can be correlated with potentially stronger correlations
than the ones observed with separable states.

One might think entanglement is a weak point because it complicates the description, but
on the contrary, entanglement provides us with powerful tools that allow us to perform tasks
which are not possible by classical means [1]. Quantum computing studies the possible use of
quantum principles for computational tasks. For example the factorisation of large numbers is
infeasible with classical computers but can be done efficiently with Shor’s algorithm [2]. The
power of quantum computers can be intuitively understood by realizing that its basic unit -
called qubit (quantum bit) and being a state in C2 - can encode infinitely many states via the

7



8 Chapter 1. Introduction

superposition principle.
Another significant application of quantum mechanics is quantum key distribution (QKD) [3,

4, 5]. The goal is to create two identical strings of random bits, called a key, at two spatially-
separated locations. This key is then used to encrypt a message allowing for secret communic-
ation. Secret communication is essential in our modern society, in which we use the internet
to manage our bank account, buy products in online stores and send personal messages to
friends. We communicate over great distances and desire that this communication be secure.
The current classical cryptographic protocols use complex mathematical problems such as fac-
torization to create secure keys. The downside of this procedure is that the security is based on
the complexity of mathematical problems and relies on assumptions about the computational
power of the person who wants to break the cryptographic system. Hence there is every chance
that a potential eavesdropper hacks the key - especially if he has access to quantum computers.
On the other hand, a key can be obtained by performing appropriate measurements on an
entangled state. This provides the means to actually create secret keys with provable security.

In order to achieve long-distance QKD, we envision quantum networks whose purpose is to
transmit entanglement between two arbitrary parties on earth. A network consists of various
quantum mechanical devices, including sources for creating quantum information, memories
which allow for the storage of it, as well as quantum gates and projective measurements for
processing the information.

Quantum networks and quantum computers sound very appealing. However, with the
benefits of quantum mechanics there also come great challenges. A central challenge we want
to tackle in this thesis is how to certify that one indeed works with quantum mechanical devices.
The subtlety here lies in the fact that we humans are classical and thus cannot directly observe
quantum features such as entanglement. As a consequence, we desire to employ certification
schemes which do not overburden our classical competences. The need for such certifications
becomes apparent when considering the following scenario: Basic quantum machines are already
available commercially, for example true random number generators [6, 7]. If we purchase such
a device that promises to prepare entangled states or act as a quantum gate, we aim at verifying
that the promise actually holds. We want to do this without breaking or opening the device
since we would lose the warranty or anyway be overstrained by the complexity of the physics
involved. At best, the certification should be such that even an unqualified user can conduct
it. In this thesis we will discuss how this can be achieved.

Every certification requires assumptions. Therefore we dedicate a small paragraph to the
role assumptions play in every scientific work. First of all, we would like to emphasise that
assumptions are crucial and necessary, for a lack of presumptions may result in the problem
being infeasible. On the other hand, this might lead to one being tempted to circumnavigate
theoretical and/or experimental issues by simply adding presumptions that handle these issues.
In this sense, an excess of assumptions reduces the significance of the results. What is more, in
case of invalid assumptions, this might even lead to false-positive results. It is thus advisable
to aim for a minimal set of assumptions.

Complex System and Untrusted Device Certification from Bell’s Inequality S. WagnerComplex System and Untrusted Device Certification from Bell’s Inequality S. WagnerComplex System and Untrusted Device Certification from Bell’s Inequality S. Wagner



Chapter 1. Introduction 9

Following the previous discussion, there are multiple ways to approach the challenge of
certification. One way is - as is the case in many device-dependent certification schemes - to
simply trust the measurements by assuming one has full knowledge about them. This assumes
that the measurements are perfectly calibrated. Trusting the measurements then allows one
to do tomography on the state. But what happens if the measurements are not perfectly
calibrated? Rosset et al. showed that even slight misconfigurations in the settings can result in
false-positive results when one wants to witness entanglement [8]. Another device-dependent
approach is to include assumptions about the dimensions of the tested state. While this might
seem a reasonable and harmless presumption, Acín et al. showed how carelessly utilizing a
witness for state certifications may lead to false-positive certification outcomes [9]: In the space
of two-qubit states and measurements, the inequality

〈σA
x ⊗ σB

x 〉+ 〈σA
z ⊗ σB

z 〉 ≤ 1 (1.1)

holds for any separable state and is maximally violated uniquely by the maximally-entangled
state |φ+〉 = 1√

2
(|00〉+ |11〉). If one cannot ensure the Hilbert space dimension, however, then

the measurements could be σA
x = σA1

x ⊗ 1A2
2 , σA

z = 1A1
2 ⊗ σA2

z , and analogously for the second
party. But then the product state |+, 0〉A ⊗ |+, 0〉B also achieves a maximal witness value of
2. What is more, with a separable state one can also achieve a value of 2 and even reproduce
the marginal probabilities [10]. The correlations measured in Eq. (1.1) are the ones relevant
for the BB84 QKD protocol [3] and the example before was used to show that it is secure only
under the assumption that qubits are used. This is because a separable state allows a potential
eavesdropper to create a copy of the state shared by Alice and Bob. The eavesdropper thus
also shares their information. These two examples related to calibration of the measurements
and dimension of the tested state emphasise the importance of a careful choice and handling
of assumptions.

In our opinion, the preferred path to certification therefore must be a device-independent one
not involving assumptions on the proper calibration of the measurements or on the dimension
of the tested state. We only want to trust our capabilities to collect and process statistics.
Based on these statistics, the aim is to be able to make qualitative as well as quantitative
statements about states and measurements. For certain entangled states and measurements
this is indeed possible. We demonstrate in section 1.4 how to certify device-independently a
two-qubit maximally-entangled state.

All our certification schemes are based on Bell’s Theorem. The next section is dedicated to
this cornerstone of modern quantum physics.
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10 Chapter 1. Introduction

1.2 Bell’s Inequality

Einstein, Podolsky and Rosen (EPR) found the correlations in the outcomes of measurements on
entangled states not to be compatible with their understanding and expectations of a reasonable
physical theory. They concluded that quantum mechanics must be incomplete and proposed
a refined theory of local hidden variables [11]. In this theory, the assumption is that the
individual subsystems share locally hidden parameters which cannot be accessed experimentally
but which determine the measurement results deterministically. However, the local hidden
variable approach proved itself to be wrong.

1.2.1 Local Models
The cornerstone for the insight that some phenomena can only be described non-locally was
set by the famous physicist John Bell. In his reply to the theory proposed by EPR, he derived
an inequality which sets a constraint on scenarios that allow for a local description [12]. From
this point on in the thesis, every inequality of this form is denoted a Bell inequality. There
is experimental evidence that nature violates such inequalities [13, 14, 15, 16] implying that it
indeed requires non-local theories to describe our world - at least on an atomic scale.

Let us briefly introduce the concept of locality by considering the following scenario. Two
parties share a pair of particles which they measure using the settingsX and Y to get outcomes a
and b, respectively. In the hidden-variable picture, the particles share a program that determines
the measurement results prior to the separation of the particles. This program is represented
by the classical variable λ. In this description, the observed correlations are determined locally
in the sense that joint probabilities are expressed in terms of marginal probabilities via

P (a, b|X,Y ) =

∫
dλ p(λ)p(a|X,λ)p(b|Y, λ) , (1.2)

where p(λ) is the (unknown) probability distribution of the classical variable. This means that
on Alice’s side, the outcome a depends on the choice of setting X and the shared program λ
but it does not depend on Bob’s measurement choices. This type of correlations is called local
in the sense of Bell. When testing whether certain observed correlations can be explained by a
local program λ, we test if they admit a decomposition of the form (1.2). If no decomposition
of this form exists, we say that the correlations are non-local.

Rather than explaining relevant features of nonlocality with the help of the original inequal-
ity by Bell, we will now introduce the very well-known Clauser-Horne-Shimony-Holt inequality.

1.2.2 The Clauser-Horne-Shimony-Holt Inequality
The most relevant Bell inequality to this date clearly is the one derived by Clauser, Horne,
Shimony and Holt (CHSH) [17]. Because of its relevance in quantum science, we will quickly
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Chapter 1. Introduction 11

summarise the result. This also serves the purpose of introducing the notation that is used
throughout this thesis.

Two parties denoted Alice and Bob individually perform measurements on a joint system.
In the CHSH scenario, Alice can choose between the measurements X0 and X1 with binary
outcomes a0, a1 = ±1. An analogous statement holds for Bob. Under these conditions, it then
follows that any model allowing for a local program has to fulfil the CHSH inequality

β = 〈X0Y0〉+ 〈X0Y1〉+ 〈X1Y0〉 − 〈X1Y1〉 ≤ βL = 2 , (1.3)

where 〈·〉 is the expectation value of outcomes, that is the difference between the probabilities of
correlated and anti-correlated results, i.e. 〈XiYj〉 = p(a=b|Xi, Yj) − p(a 6=b|Xi, Yj). We denote
βL = 2 the local bound, that is, the maximum obtained with correlations of the form (1.2). We
will not go through the proof in detail (we direct an interested reader to Ref. [18]). However,
there is an important fact when dealing with local theories that is worth mentioning. Since the
set of local strategies is a convex polytope in the space of probability distributions, the extrema
correspond to deterministic strategies. A deterministic strategy is characterised by the fact
that each measurement setting only allows for one outcome, that is the outcome appears with
probability one. The local bound can thus be obtained by computing the value of β for these
24 = 16 different strategies.

In the quantum formalism, the violation of a Bell inequality highlights the presence of
entanglement. The reason for this is that separability provides a local model and consequently
separable states can at best achieve the local bound. But we can conclude even more:

A violation of a Bell inequality indicates the presence of a non-local state, also referred
to as a Bell-correlated state. Bell correlation is a stronger form of quantum correlation than
entanglement in the sense that the set of Bell-correlated states is a subset of entangled states.
This means that any non-local state is entangled, but that there are certain states which are
entangled but do not violate any Bell-type inequality [19].

In case of a maximal violation, we can conclude even more than just entanglement and Bell
correlation. Perfect statistics allow us to identify the state and the corresponding measurements.
This is discussed in detail in section 1.4. Before we will define remaining terminology that is
used in the thesis.

For a joint system of two quantum bits, i.e. in the Hilbert space C2⊗C2, there are four
commonly used states which achieve a maximal CHSH-violation. We thus refer to them as
being maximally entangled, and denote them Bell states. They are

|φ±〉 = 1√
2
(|00〉 ± |11〉), |ψ±〉 = 1√

2
(|01〉 ± |10〉), (1.4)

where we used the Dirac notation of states and the convention |ab〉 = |a〉A⊗|b〉B. Additionally,
the states |0〉 and |1〉 are the (+1)- and (−1)-eigenstates of the Pauli matrix σz, the three Pauli
matrices being defined as

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
, 1 =

(
1 0
0 1

)
. (1.5)

Complex System and Untrusted Device Certification from Bell’s Inequality S. WagnerComplex System and Untrusted Device Certification from Bell’s Inequality S. WagnerComplex System and Untrusted Device Certification from Bell’s Inequality S. Wagner



12 Chapter 1. Introduction

The identity matrix was added for completeness. The corresponding eigenbases are {|+〉, |−〉},
{|R〉, |L〉} and {|0〉, |1〉}. The z-basis is also called the computational basis because of its
resemblance to the classical bits 0 and 1. At this point we would also like to introduce the
term Bell operator. A Bell operator is the quantum mechanical equivalent of a Bell inequality.
One arrives at it by identifying the measurement variables with operators such as the ones of
Eq. (1.5). The two-qubit CHSH operator can be written as

BCHSH = X̂0 ⊗ (Ŷ0 + Ŷ1) + X̂1 ⊗ (Ŷ0 − Ŷ1) , (1.6)

with X̂i = xi ·σ and Ŷi = yi ·σ, where σ = (σx, σy, σz) is the vector of Pauli matrices. A state
ρ then achieves the Bell value β = Tr (BCHSHρ).

The Bell states of Eq. (1.4) together with the appropriate measurements achieve a maximal
CHSH-value of 2

√
2, denoted the quantum bound [20]. As hinted at earlier, an experimental

observation of the quantum bound allows us to conclude that the state at hand is one of the Bell
states. This is referred to as self-testing and introduced in section 1.4. Also, in the imperfect
case quantitative statements about the state and measurement fidelities can be made.

1.3 Finding Bell Inequalities

Once we have a Bell inequality we can use it for many interesting things such as state certi-
fication or the detection of nonlocality. However, we often meet the problem of first having
to derive new Bell inequalities. In case one wants to certify a state which does not maximally
violate any known Bell inequality, one has to tailor a new Bell inequality to this state. A
method serving this purpose is introduced in chapter 3. Also in other branches the derivation
of new Bell inequalities is a relevant issue - for example when aiming at detecting quantum
features in large systems (chapter 2) for which only few inequalities are known.

Once one has a promising candidate for a Bell inequality, there are different tasks to conduct.
The most difficult part is computing the local bound. This can be done in multiple ways, one
path being the brute-force method of simply trying out all deterministic strategies. This ap-
proach, however, is not suitable for systems involving many parties and/or many measurement
settings per party and/or many possible measurement outcomes. This is because the number
of deterministic strategies for a system of N parties, m measurement settings and ` possible
outcomes per measurement is `mN , which in the simplest many-body scenario for m = ` = 2
is larger than 1030 for N ≥ 100. Computing Bell values for such a number of strategies is
infeasible. In cases like this, one computes the local bound for small values of N that do not
overburden our computational competences. Then one tries to find a pattern and generalize
the findings to the arbitrary-N case. Often, we also simplify our task of finding Bell inequalities
for example by restricting the search to those inequalities that are symmetric under exchange
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of parties or by only considering few-body correlators. A suitable approach for multipartite
scenarios is discussed in chapter 2.

1.4 Self-Testing

1.4.1 Definition
As was already mentioned in chapter 1, assumptions play a crucial part in every scientific study.
An excess of assumptions (for example on the dimension of the state and measurements) is
detrimental for the significance of the result. We therefore strive to minimize the number of
assumptions. Self-testing [21] allows us to certify states and measurements from the statistics
only and without assumptions on the dimension of the Hilbert space or the calibration of the
measurements.

Note that with self-testing, we can only certify states and measurements up to local isomet-
ries [22]: Firstly, it is impossible to deduce from the statistics the dimension of the actual state
and measurements, because in principle there can always be dimensions of the state on which
the measurements act trivially:

Tr [(MA ⊗MB)ρAB] = Tr [(MA⊗1A′ ⊗MB⊗1B′)ρAB⊗ρA′B′ ] , (1.7)

where MA and MB are the local measurements of Alice and Bob. In addition to this dimensional
equivalence class, local unitaries cannot be detected:

Tr [(MA ⊗MB)ρAB] = Tr [(M ′
A ⊗M ′

B)ρ
′
AB] , where (1.8)

M ′
A = UAMAU

†
A , M ′

B = UBMBU
†
B , ρ′AB = (UA ⊗ UB)ρdAB(U

†
A ⊗ U †

B) ,

with UA and UB local unitaries.
The fact that we can only certify states and measurements up to these local isometries is not

an issue. The two classes of isometries do not affect the feature we are interested in - nonlocality.
The first class implies that Alice and Bob share the state ρAB in some subsystems; where exactly
we do not know, but we also do not care since we can be sure that also the measurements act
in these subsystems as modelled by MA and MB. The second class of isometries simply refers
to a local change of frame. This leads us to the formal definition of self-testing.

Definition 1 Self-Testing – We say that a Bell violation β self-tests the N-partite state ρ if
the violation implies the existence of local extraction channels Φi, i = 1, . . . , N extracting the
target state ρ from the experimental state ρ:

∃Φi :
N⊗
i=1

Φi[ρ] = ρ⊗ ρext ,

Complex System and Untrusted Device Certification from Bell’s Inequality S. WagnerComplex System and Untrusted Device Certification from Bell’s Inequality S. WagnerComplex System and Untrusted Device Certification from Bell’s Inequality S. Wagner



14 Chapter 1. Introduction

where ρext is an irrelevant state also denoted junk or extra state.
Analogously we say that a Bell violation self-tests the measurements M i, i = 1, . . . , N if the

same extraction channels Φ :=
⊗N

i=1 Φi achieve

Φ

[
(

N⊗
i=1

Mi)ρ(
N⊗
i=1

Mi)

]
= (

N⊗
i=1

M i)ρ(
N⊗
i=1

M i)⊗ ρext.

This is remarkable. It means that a single number allows for conclusions about the state
and the measurements. Of course, in practice this single number needs many experimental
runs to assess and what is more, we would like to emphasise that perfect statistics can never be
observed. Hence the above definition is not useful in practice, implying the need for a measure
for the distance of the experimental state ρ to our target state ρ̄.

Definition 2 Overlap of States – The overlap of an N-party state ρ extracted by the channels
Λi, i = 1, . . . , N with a target state ρ is

O(
⊗
i

Λi[ρ], ρ) = Tr

(⊗
i

Λi[ρ]ρ

)
.

The extraction channels are completely positive trace-preserving (CPTP) maps also tracing out
irrelevant subsystems, that is Λ[ρ] = Trext(Φ[ρ]).

The overlap can be directly interpreted as the self-testing fidelity of the experimental state
ρ with the target state ρ̄ [23]. In this thesis, we also use a different definition of the fidelity
between states, namely the Uhlmann fidelity.

Definition 3 Uhlmann fidelity – The Uhlmann fidelity of two states ρ and σ is given by

F (ρ, σ) =

[
Tr

(√√
σρ

√
σ

)]
. (1.9)

Lemma 1 For pure states the Uhlmann and self-testing fidelities are related via F (ρ, σ) =√
O(ρ, σ).

This is shown in the appendix of our paper on the certification of building blocks of quantum
computers (chapter 4).

We would like to emphasise that, in the generic case, self-testing is an immensely difficult
problem because the dimensional freedom allows for an infinite set of parameters to optimize
over. The task of self-testing hence is not straightforward and may not be executable in general.
There is, however, a scenario in which we can reduce the dimensional complexity. Because of its
importance to the approach we follow, we will briefly introduce it here. If the Bell test involves
at most two binary measurements per party, we can make use of Jordan’s lemma [22]:

Complex System and Untrusted Device Certification from Bell’s Inequality S. WagnerComplex System and Untrusted Device Certification from Bell’s Inequality S. WagnerComplex System and Untrusted Device Certification from Bell’s Inequality S. Wagner



Chapter 1. Introduction 15

Lemma 2 Jordan’s Lemma – Let X and Z be two Hermitian operators with eigenvalues −1
and +1. Then there exists a basis in which both operators are block-diagonal, with blocks of
dimension 2× 2 at most.

This directly implies that if a Bell operator B corresponding to the Bell test consists of at most
two binary observables per party then it can be written as

B =
⊕
α1

⊕
α2

. . .
⊕
αN

Bα1...αN
. (1.10)

In this expression, Bα1...αN
is an N -qubit Bell operator, and the indices α1, . . . , αN denote

the block of parties 1, . . . , N , respectively. This allows one to reduce the device-independent
certification of N -qubit states to an N -qubit problem.

Apart from the dimensionality, a difficult problem is related to the extraction channels.
These are also unknown, so in order to achieve the best fidelity, we would have to optimize over

all possible CPTP maps, that is we would like to get
[
max
Λi

min
ρ
F (
⊗

i Λi[ρ], ρ̄)

]
. However, most

of the time we content ourselves with lower bounds on the state fidelity. In this way, we can
simply fix the extraction channels beforehand and interpret the resulting fidelities as relevant
lower bounds.

1.4.2 Example: Self-Testing of a Bell State
A prominent example for the self-testing of states and measurements is provided by the CHSH-
test. The maximal CHSH-violation self-tests the maximally-entangled two-qubit state |φ+〉 =
1√
2
(|00〉+ |11〉) up to local isometries. As a reminder, the CHSH inequality is given as 〈X0(Y0+

Y1) + X1(Y0 − Y1)〉 ≤ 2 (see also Eq. (1.3)). Quantum mechanics allows for the violation of
the inequality and the maximal quantum violation of 2

√
2 can be achieved by the Bell states

of Eq. (1.4). |φ+〉 achieves the quantum bound when choosing the measurements

X̂0 = σx , X̂1 = σz , Ŷ0 =
σx + σz√

2
, Ŷ1 =

σx − σz√
2

.

As is nicely explained in Ref. [22], a perfect violation implies the existence of extraction channels
filtering out the target state |φ+〉 as well as identifying the subspaces in which the experimental
measurements act on |φ+〉 as modelled by the observables listed above. This can also be seen
by conducting the following semi-definite program (SDP):

min
ρ,a,b

{O[(Λa ⊗ Λb)[ρ], |φ+〉〈φ+|]} s.t. Tr (BCHSHρ) = 2
√
2 ,

ρ ≥ 0 ,

Tr (ρ) = 1 ,

ρ† = ρ , (1.11)
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where the extraction channels Λa and Λb are the ones of Ref. [23]. Only the state ρ = |φ+〉〈φ+|
satisfies all constraints and hence the target state is certified. Note that we only certify states
up to local isometries. Since the four Bell states are LU-equivalent, this means a CHSH-value of
2
√
2 "only" certifies that the state is maximally entangled. Also, in case of imperfect statistics,

i.e. Tr (BCHSHρ) = β < 2
√
2, one can conclude about the fidelity of the tested state with respect

to the Bell state. Indeed, one observes that the certification is very robust to noise in the sense
that even for small violations β & 2.11, the resulting lower bound on the fidelity is larger than
the trivial fidelity of 0.5 [23].

The self-testing of states is the essential ingredient in our works on the device-independent
certification of building blocks of quantum computers (chapter 4) and the self-testing of quantum
measurements (chapter 5).

1.5 Outline

The aim of this thesis is to show device-independent certifications beyond two-qubit maximally-
entangled states and projective qubit measurements.

In chapter 2 we derive a new class of Bell inequalities involving an arbitrary number of
parties and measurement settings. These inequalities are symmetric under exchange of parties
and only involve one- and two-body correlators. From these inequalities we derive witnesses
whose purpose is to detect Bell correlation in large systems of spin-1

2
particles. We use the

data of previous experiments to conclude about Bell correlation in a Bose-Einstein condensate
of about 500 Rubidium atoms. We also study the effect finite statistics have on the significance
of the results and provide quantitative bounds on the number of experimental runs needed as
a function of the number of parties to reach conclusive results.

In chapter 3 we introduce a new method for designing Bell inequalities that are tailored to
given target states. The starting point for the approach are stabilising operators of the state of
interest. We then shape a Bell operator such that its maximal eigenvalue drops rapidly when
departing from the perfect settings and the target state. Our method is designed specifically
for the rough conditions present in self-testing. We show that even in the well-studied case
of partially-entangled two-qubit states, this approach results in new inequalities that provide
unprecedented robustness to noise.

In chapter 4 the goal is to device-independently certify basic building blocks of quantum
computers. These building blocks among others are quantum memories and two-qubit gates.
We achieve this goal by combining state fidelities: One first certifies a maximally-entangled
input state (prior to implementing the gate) and then the state in case the building block is
present. This is possible because the action of a quantum gate is fully determined by its action
on half a maximally-entangled state. Our certification schemes are very robust to noise.

In chapter 5 we study the device-independent certification of non-projective quantum meas-
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urements. We first characterise a measurement by giving the corresponding Kraus operators.
Then we look at the action of this measurement on a maximally-entangled state and attribute
the possible outcomes to a register. Alongside each outcome, there is also a post-measurement
state. We self-test the maximally-entangled input state as well as each of the possible output
states. This allows us to bound the fidelity of each Kraus operator. Eventually we lower-bound
the measurement fidelity by combining the individual Kraus operator fidelities.

Globally, our results represent essential steps towards the device-independent certification
of complex systems and untrusted devices.
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CHAPTER

TWO

BELL-CORRELATIONS IN LARGE SYSTEMS

2.1 Multipartite Bell Inequalities

While there exist well-studied Bell inequalities for states involving multiple parties [24, 25], the
study of Bell correlations in many-body systems is still in its infancy. This is mostly due to the
inadequacy of known multipartite Bell inequalities which rely on expectation values involving
many parties and require an individual addressing of each party. Tura et al. were the first to
derive Bell inequalities for systems of arbitrary size with only one- and two-body correlation
functions [26]. In this chapter we will add a new class of two-body correlator Bell inequalities.
This class is also suitable for systems of arbitrary size and is symmetric under exchange of
parties. Additionally it allows for an arbitrary number of settings per party. We will show how
they can be used to witness strong quantum correlations in many-body systems.

2.2 Bell Witness

A Bell inequality is a device-independent test to detect quantum correlations. It does not rely on
assumptions neither on the underlying state nor on the measurements performed. On the other
hand, the purpose of a Bell correlation witness, just as in the case of an entanglement witness,
is a device-dependent one: It serves to detect strong quantum correlations with assumptions
on the Hilbert space dimension and/or the functioning of the measurement device. Here we
assume that our Bell inequalities are tested using projective measurements performed on a
system of spin-1

2
particles. Our Bell inequalities then reduce to witnesses revealing a stronger

form of correlation than entanglement, namely Bell correlation. Bell correlated states are those

19
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violating a Bell inequality which is not a property shared by all entangled states. The Bell
correlation witnesses we derive from our class of Bell inequalities allow for the detection of a
larger set of states compared to previously-known witnesses.

2.3 Finite Statistics

One of the problems arising with every Bell inequality (e.g. Ineq. (1.3)) is the issue of finite
statistics. The subtlety lies in the fact that statements are made about expectation values and
not about outcomes of individual experimental runs. In practice it is of course infeasible to
perform the infinite number of experiments required to assess the average value. Therefore it
is necessary to study the consequences finite statistics have on the significance of the results.
We would like to emphasise that the study of finite statistics must not be confused with error
bars and/or standard deviations. Latter quantities only shed light on the accuracy of the
measurements performed but not on the probability that the observed Bell violation can be
reproduce by classical events.

While in few-party scenarios such as CHSH, the role of finite statistics can be secondary in
some experiments, its importance increases as the size of the system grows. For the number
of parties considered in this chapter, it is one of the key factors when deciding how many runs
are necessary for a sufficiently-small p-value. Here, we will derive quantitative bounds lower-
bounding the number of experimental runs needed for a small probability that classical events
reproduce the observed violation of a Bell correlation witness. We show in particular that the
bounds increase linearly with the number of parties.
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A recent experiment reported the first violation of a Bell correlation witness in a many-body system
[Science 352, 441 (2016)]. Following discussions in this Letter, we address here the question of the
statistics required to witness Bell correlated states, i.e., states violating a Bell inequality, in such
experiments. We start by deriving multipartite Bell inequalities involving an arbitrary number of
measurement settings, two outcomes per party and one- and two-body correlators only. Based on these
inequalities, we then build up improved witnesses able to detect Bell correlated states in many-body
systems using two collective measurements only. These witnesses can potentially detect Bell correlations in
states with an arbitrarily low amount of spin squeezing. We then establish an upper bound on the statistics
needed to convincingly conclude that a measured state is Bell correlated.

DOI: 10.1103/PhysRevLett.119.170403

Introduction.—Bell nonlocality, as revealed by the vio-
lation of a Bell inequality, constitutes one of the strongest
forms of nonclassicality [1,2]. However, its demonstration
has long been restricted to systems involving few particles
[3–7]. Recently, the discovery of multipartite Bell inequal-
ities that only rely on one- and two-body correlators opened
up newpossibilities [8]. Although these inequalities have not
yet lead to the realization of amultipartite Bell test, they have
been used to derive witnesses able to detect Bell correlated
states, i.e., states capable of violating aBell inequality [9,10].
These witnesses have triggered two experiments [9,11]

which successfully detect the presence of Bell correlations
in a many-body system under the assumption of Gaussian
statistics [12,13]. The witness used in Refs. [9,11] involves
one- and two-body correlation functions and takes the form
W ≥ 0, where the inequality is satisfied by measurements
on states that are not Bell correlated. Observation of a
negative value for W then leads to the conclusion that the
measured system is Bell correlated. However, reaching
such a conclusion in the presence of finite statistics requires
special care [14,15]. In particular, an assessment of the
probability with which a non-Bell-correlated state could be
responsible for the observed data is required before con-
cluding about the presence of Bell correlations without
further assumptions.
Concretely, the witness of Refs. [9] has the property of

admitting a quantum violation lower bounded by a constant
Wopt < 0, while the largest possible value Wmax > 0 is
achievable by a product state and increases linearly with the
size of the system N. These properties imply that a small
number of measurement rounds on a state of the form

ρ ¼ ð1 − qÞjψihψ j þ qðj↑ih↑jÞ⊗N; ð1Þ
whereWðjψiÞ ¼ Wopt,Wðj↑i⊗NÞ ¼ Wmax and q is small,
is likely to produce a negative estimate of W, even though

the state is not detected by the witness in the limit of
infinitely many measurement rounds [9]. This state thus
imposes a lower bound on the number of measurement
rounds required to exclude, through such witnesses, all
non-Bell-correlated states with high confidence. Contrary
to other assessments, this lower bound increases with the
number of particles involved in the many-body system.
Therefore, it is not captured by the standard deviation of
one- and two-body correlation functions (which on the
contrary decreases as the number of particles increases).
For small systems, this dependence of the number of

measurement rounds on the size of the measured system
merely represents a technical overhead: a conclusion may
still be obtained at the price of performing few more
measurements. For large systems, however, any bound on
the number of measurements that can be performed
imposes a hard limit on the maximal size of systems on
which a reliable conclusion can be drawn. The question
of statistical significance thus constitutes a fundamental
question for many-body systems.
It is worth noting that states of the form (1) put similar

bounds on the number of measurement rounds required to
perform any hypothesis tests in a many-body system
satisfying the conditions above. This includes in particular
tests of entanglement [16–19] based on the entanglement
witnesses of Ref. [20–22].
In this Letter, we address this statistical problem in the

case of Bell correlation detection by providing a number
of measurement rounds sufficient to exclude non-Bell-
correlated states from an observed witness violation. Let us
mention that in Refs. [9,11], this finite statistics issue is
circumvented by the addition of an assumption on the set of
local states being tested. This has the effect of reducing the
scope of the conclusion: the data reported in Refs. [9,11],
are only able to exclude a subset of all non-Bell-correlated
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states (as pointed out in the references). Here, we show that
such additional assumptions are not required in experi-
ments on many-body systems, and thus argue that they
should be avoided in the future.
In order to minimize the amount of statistics required to

reach our conclusion, we start by investigating improved
Bell correlation witnesses. For this, we first derive Bell
inequalities with two-body correlators and an arbitrary
number of settings. This allows us to obtain Bell correlation
witnesses that are more resistant to noise compared to the
one known to date [9]. We then analyse the statistical
properties of these witnesses and provide an upper bound
on the number of measurement rounds needed to rule out
all local states in a many-body system. We show that this
upper bound is linear in the number of particles, hence
demonstrating the possibility of reliable detection of Bell
correlations in systems with a large number of particles.
Symmetric two-body correlator Bell inequalities with an

arbitrary number of settings.—Multipartite Bell inequal-
ities that are symmetric under exchange of parties and
which involve only one- and two-body correlators have
been proposed in scenarios where each party uses two
measurement settings and receives an outcome among two
possible results [8]. Similar inequalities were also obtained
for translationally invariant systems [23], or based on
Hamiltonians [24]. Here, we derive a similar family of
Bell inequalities that is invariant under arbitrary permuta-
tions of parties but allows for an arbitrary number of
measurement settings per party.
Let us consider a scenario in which N parties can

each perform one of m possible measurements MðiÞ
k

(k ¼ 0;…; m − 1; i ¼ 1;…; N) with binary outcomes
�1. We write the following inequality:

IN;m ¼
Xm−1

k¼0

αkSk þ
1

2

X
k;l

Skl ≥ −βc; ð2Þ

where αk ¼ m − 2k − 1, βc is the local bound, and the
symmetrized correlators are defined as

Sk ≔
XN
i¼1

hMðiÞ
k i; Skl ≔

X
i≠j

hMðiÞ
k MðjÞ

l i: ð3Þ

Let us show that Eq. (2) is a valid Bell inequality for
βc ¼ bðm2N=2Þc, where bxc is the largest integer smaller or
equal to x. Below, we assume thatm is even; see Appendix A
in the Supplemental Material [25] for the case of odd m.
Since IN;m is linear in the probabilities and local

behaviors can be decomposed as a convex combination
of deterministic local strategies, the local bound of Eq. (2)
can be reached by a deterministic local strategy [1]. We thus
restrict our attention to these strategies and write

hMðiÞ
k i ¼ xik ¼ �1 ⇒ Skl ¼ SkSl −

XN
i¼1

xikx
i
l; ð4Þ

where xik is the (deterministic) outcome party i produces
when asked question k. This directly leads to the following
decomposition:

IN;m ¼
Xm2−1
k¼0

αkðSk − Sm−k−1Þ þ
1

2
B2 −

1

2
C ≥ −βc; ð5Þ

with B ≔
P

m−1
k¼0 Sk and C ≔

P
N
i¼1 ð

P
m−1
k¼0 x

i
kÞ2. Because of

the symmetry under exchange of parties of this Bell
expression, it is convenient to introduce, following
Ref. [8], variables counting the number of parties that
use a specific deterministic strategy:

aj1<…<jn ≔ #fi ∈ f1;…; Ngjxik ¼ −1iffk ∈ fj1;…; jngg;
āj1<…<jn ≔ #fi ∈ f1;…; Ngjxik ¼ þ1iffk ∈ fj1;…; jngg;

n ≤
m
2
; āj1;…;jm

2

≡ 0; ð6Þ
where # denotes the set cardinality. Since each party has to
choose a strategy, the variables sum up to N:

X
all variables

¼
Xm

2

n¼0

X
j1<…<jn

ðaj1…jn þ āj1…jnÞ ¼ N: ð7Þ

The correlators can now be expressed as

Sk ¼
Xm

2

n¼0

X
j1<…<jn

ðaj1…jn − āj1…jnÞyj1…jn
k ; ð8Þ

with yj1…jn
k ¼ −1 if k ∈ fj1;…; jng, and þ1 otherwise.

The first term of (5) concerns the difference between two
correlators. Let us see how this term decomposes as a
function of the number of indices present in its variables.
From Eq. (8), it is clear that a variable with n indices only
appears in the difference Sk − Sl if y

j1:::jn
k ≠ yj1:::jnl . But the

corresponding strategy only has n differing outcomes
and each correlator in this term only appears once, so a
variable with n indices appears in at most n of these
differences. Moreover, if it appears, it does so with a factor
�2. The coefficient in front of a variable with n indices in
the first sum of Eq. (5) thus cannot be smaller than
−2

P
n−1
k¼0 αk ¼ 2nðn −mÞ.

The second term of Eq. (5) can be bounded as B2 ≥ 0,
while the third one can be expressed as

C ¼
Xm

2

n¼0

X
j1<…<jn

ðaj1…jn þ āj1…jnÞðm − 2nÞ2: ð9Þ

Putting everything together and using property (7), we
arrive at

IN;m ≥
Xm2−1
k¼0

αkðSk − Sm−k−1Þ −
1

2
C

≥ −
m2

2

X
all variables

¼ −
m2N
2

¼ −βc; ð10Þ

which concludes the proof.
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Note that this bound is achieved for a01…ðm=2Þ−1 ¼ N,
i.e., when for each party exactly the first half of the m
measurements yields the result −1. Note also that the Bell
inequality (2) does not reduce to Eq. (6) of Ref. [8] when
m ¼ 2. Indeed, while none of these inequalities is a facet of
the local polytope, the latter one is a facet of the
symmetrized 2-body correlator local polytope [8,30].
From Bell inequalities to Bell-correlation witnesses.—

Let us now derive a set of Bell-correlation witnesses
assuming a certain form for the measurement operators.
Here, no assumptions are made on the measured state.
Following Ref. [9], we start from inequality (2)

and introduce spin measurements along the axes d⃗k,
k¼0;…;m−1, as well as the collective spin observables Ŝk:

MðiÞ
k ¼ d⃗k · σ⃗ðiÞ; Ŝk ¼

1

2

XN
i¼1

MðiÞ
k ; ð11Þ

where σ⃗ is the Pauli vector acting on a spin-1
2
system. The

correlators can be expressed in terms of these total spin
observables and the measurement directions [8]:

Sk¼2hŜki; Skl¼2½hŜkŜliþhŜlŜki�−Nd⃗k · d⃗l: ð12Þ
This defines the Bell operators

ŴN;m ≔ 2
Xm−1

k¼0

αkŜk þ 2
X
k;l

ŜkŜl −
N
2

X
k;l

d⃗k · d⃗l þ
�
m2N
2

�
;

ð13Þ
whose expectation values are positive for states that are not
Bell correlated. Note that the expectation value of these
operators need not be negative for all Bell correlated states
and every choice of measurement directions, though.
A negative value may only be achieved for specific choices
of states and measurement settings.
We now consider measurement directions d⃗k ¼

a⃗ cosðϑkÞ þ b⃗ sinðϑkÞ lying in a plane spanned by two
orthonormal vectors a⃗ and b⃗, with the antisymmetric
angle distribution ϑm−k−1 ¼ −ϑk. Note that the coefficients
αk share the same antisymmetry. Defining Wm ≔
hŴN;m=ð2N̂Þi for even m, we arrive at the following family
of witnesses:

Wm ¼ Cb
Xm2−1
k¼0

αk sinðϑkÞ − ð1 − ζ2aÞ
�Xm2−1

k¼0

cosðϑkÞ
�2

þm2

4
;

ð14Þ
with Wm ≥ 0 for states that are not Bell correlated. These
Bell correlation witnesses depend on m=2 angles ϑk and
involve just two quantities to be measured: the scaled
collective spin Cb ≔ hŜb⃗=ðN̂=2Þi and the scaled second

moment ζ2a ≔ hŜ2a⃗=ðN̂=4Þi.
The tightest constraints on Cb and ζ2a that allow for a

violation of Wm ≥ 0 are obtained by minimizing Wm over

the angles ϑk. Solving ∂Wm=∂ϑk ¼ 0 yields (see
Appendix B in the Supplemental Material [25]):

ϑk ¼ − arctan½λmðm − 2k − 1Þ�; ð15Þ
Cb

2λmð1 − ζ2aÞ
¼

Xm2−1
k¼0

cosðϑkÞ: ð16Þ

Equation (16) is a self-consistency equation for λm that has
to be satisfied in order to minimize Wm.
Using these parameters, we can rewrite our witness in

terms of the physical parameters Cb and ζ2a only. For two
measurement directions (m ¼ 2), we find that states which
are not Bell correlated satisfy

ζ2a ≥ Z2ðCbÞ ¼
1

2

�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − C2b

q �
: ð17Þ

This recovers the bound obtained from a different inequal-
ity in Ref. [9]. Note that in the present case, the argument is
more direct since it does not involve Ca, the first moment of
the spin operator in the a direction.
Increasing the number of measurement directions allows

for the detection of Bell correlations in additional states.
In the limit m → ∞, we find (see Appendix B in the
Supplemental Material [25])

ζ2a ≥ Z∞ðCbÞ ¼ 1 −
Cb

artanhðCbÞ
: ð18Þ

Figure 1 shows the two witnesses (17) and (18) together
with the one obtained similarly for m ¼ 4 settings in the
Cb − ζ2a plane. The curve Z∞ reaches the point Cb¼ζ2a¼1,
therefore allowing, in principle, for the detection of Bell
correlations in presence of arbitrarily low squeezing. It is
known, however, that some values of Cb and ζ2a can only be
reached in the limit of a large number of spins [31]. For any
fixed N, a finite amount of squeezing is thus necessary in

FIG. 1. Plots of the critical lines Z2, Z4, and Z∞. The witness
obtained from the Bell inequality with 4 settings already provides
a significant improvement over the case of 2 settings. The black
point in the inset shows the data point from Ref. [9], with
N ¼ 476� 21.
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order to allow for the violation of our witness (see
Appendix C in the Supplemental Material [25]). The
corresponding upper bound on ζ2a is shown in Fig. 2.
Points below the curve Zm in Fig. 1 indicate a violation

of the witnessWm ≥ 0 obtained from the correspondingm-
settings Bell inequality. Violation of any such bound
reveals the presence of a Bell correlated state. However,
as discussed in the introduction, conclusions in the pres-
ence of finite statistics have to be examined carefully, since
in practice, one can never conclude from the violation of a
witness that the measured state is Bell correlated with 100%
confidence. The point shown in the inset of Fig. 1
corresponds to the data reported in Ref. [9] from measure-
ments on a spin-squeezed Bose-Einstein condensate. This
point clearly violates the witnesses for m ¼ 2; 4;∞ by
several standard deviations, although the number of meas-
urement rounds is too small to guarantee that the measured
state is Bell correlated without further assumptions [9].
Finite statistics.—In this section, we put a bound on the

number of experimental runs needed to exclude with a
given confidence that a measured state is not Bell corre-
lated. Note that such a conclusion does not follow
straightforwardly from the violation of the witness by a
fixed number of standard deviations. Indeed, standard
deviations inform on the precision of a violation, but fail
at excluding arbitrary local models [15], including, e.g.,
models which may show non-Gaussian statistics with rare
events. We thus look here for a number of experimental
runs which is sufficient to guarantee a p value lower than a
given threshold for the null hypothesis “The measured state
is not Bell correlated.” Since we are concerned with the
characterization of physical systems in the absence of an
adversary, we assume that the same state is prepared in each
round (i.i.d. assumption).
For this statistical analysis, let us consider a different

Bell correlation witness than Eq. (18). Indeed, we derived
this inequality in order to maximize the amount of violation
for given data, but here we rather wish to maximize the
statistical evidence of a violation. For this, we take Eq. (14)
and consider the representation of the angles given in

Eq. (15), but without taking Eq. (16) into account. In the
limit of infinitely many measurement settings, we find (see
Appendix B in the Supplemental Material [25])

Wstat ¼ −CbΔν − ð1 − ζ2aÞΛ2
ν þ

1

4
≥ 0; with ð19Þ

Δν ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ ν2

p

4ν
−
arsinhðνÞ

4ν2
; Λν ¼

arsinhðνÞ
2ν

; ð20Þ

where ν ¼ limm→∞λmm is a free parameter that fully
specifies the set of measurement angles.
In order to model the experimental evaluation of Wstat,

we introduce the following estimator:

T ¼ χðZ ¼ 0Þ
q

X þ χðZ ¼ 1Þ
1 − q

Y þ
�
1

4
− Δν − Λ2

ν

�
: ð21Þ

Here, χ denotes the indicator function and the binary
random variable Z accounts for the choice between the
measurement of either Cb or ζa. Each measurement round
thus allows for the evaluation of the corresponding random
variables X ¼ Δνð1 − CbÞ or Y ¼ Λ2

νζ
2
a. Assuming that Z is

independent of X and Y and choosing q ¼ P½Z ¼ 0�
guarantees that T is a proper estimator of Wstat, i.e.,
hT i ¼ W. q then corresponds to the probability of
performing a measurement along the b axis. We choose
q ¼ ð1þ ðΛ2

νN=2ΔνÞÞ−1 so that the contributions of both
measurement choices to T have the same magnitude; i.e.,
the maximum values of X=q and Y=ð1 − qÞ are equal
within the domain jCbj ≤ 1 and ζ2a ∈ ½0; N�. This also
guarantees that the spectrum of T matches that of Wstat.
Suppose the measured state is non-Bell correlated, i.e.,

that its mean value μ ¼ hT i ¼ Wstat ≥ 0. We are now
interested in the probability that after M experimental runs
the estimated value T ¼ ð1=MÞPM

i¼1 T i of the witness
Wstat falls below a certain value t0 < 0, with T i being the
value of the estimator in the ith run.
In statistics, concentration inequalities deal with exactly

this issue. In Appendix D in the Supplemental Material
[25], we compare four of these inequalities, namely, the
Chernoff, Bernstein, Uspensky, and Berry-Esseen ones [25]
and show explicitly that in the regime of interest the tightest
and, therefore, preferred bound results from the Bernstein
inequality:

P½T ≤ t0� ≤ exp

�
−

ðμ − t0Þ2M
2σ20 þ 2

3
ðtu − tlÞðμ − t0Þ

�
≤ ε: ð22Þ

Here, t0 is the experimentally observed value of T after M
measurement rounds, tl ¼ 1

4
− Δν − Λ2

ν and tu ¼ 1
4
þ Δν þ

Λ2
νðN þ 1Þ are lower and upper bounds on the random

variable T , respectively, and σ20 is its variance for a
local state.
We show in Appendix D in the Supplemental Material

[25] that the largest p value is obtained by setting μ ¼ 0

and σ20 ¼ −tltu. A number of measurement rounds

a
2

FIG. 2. Upper bound on the value of ζ2a required to see a
violation of the Bell correlation witness (18). The bound depends
on the number of particles N.
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sufficient to exclude the null hypothesis with a probability
larger than 1 − ε is then given by

M ≥
−2tltu − 2

3
ðtu − tlÞt0
t20

ln

�
1

ε

�
: ð23Þ

This quantity can be minimized by choosing the free
parameter ν appropriately. As shown in Appendix D in
the Supplemental Material [25], optimizing ν at this stage
allows us to reduce the number of measurement rounds by
∼30%. It is thus clearly advantageous not to consider the
witness (18) when evaluating statistical significance.
The number of runs in Eq. (23) depends linearly on tl

and, therefore, also linearly on N. The ratio ðM=NÞ thus
tends to a constant for large N (see Appendix D in the
Supplemental Material [25] for more details). This implies
that a number of measurement rounds growing linearly
with the system size is both necessary and sufficient to
reliably conclude that the measured state is Bell corre-
lated [9].
Figure 3 depicts the required number of measurement

rounds per spin as a function of the scaled collective spin Cb
and the scaled second moment ζ2a. For a confidence level of
1 − ϵ ¼ 99%, between 20 and 500 measurement rounds per
spin are required in the considered parameter region.
Conclusion.—In this Letter, we started by introducing a

class of multipartite Bell inequalities involving two-body
correlators and an arbitrary number of measurement set-
tings. Assuming collective spin measurements, these
inequalities give rise to the witness (18), which can be
used to determine whether Bell correlations can be detected
in a many-body system. This criterion detects states that
were not detected by the previously known witness [9].
We then discussed the role of finite statistics in experi-

ments involving many-body systems.We provided a bound,
Eq. (23), on the number of measurement rounds that
allows one to detect Bell correlated states without further
assumptions. This bound shows that all non-Bell-correlated

states can be convincingly ruled out at the cost of performing
a number of measurement rounds that grows linearly with
the system size. This puts the detection of quantum
correlations in many-body systems on firm grounds and
opens the way for a possible use of many-body systems in
the context of device-independent quantum information
processing.
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SM I. PROOF OF THE BELL INEQUALITIES

In this appendix, we expand on the proof of Ineq. (2) given in the main text, and cover the case of odd numbers of
measurement choices.

A. Symmetric Bell inequality for m measurement settings

We consider local measurements on N parties. For each party, one can choose between m measurement settings

M
(i)
k , where k ∈ {0, 1, ...,m − 1} and i ∈ {1, ..., N}. Each measurement has the two possible outcomes ±1. We are

interested in Bell inequalities, i.e. inequalities every local theory has to obey [1]. We only consider one- and two-body
mean values, so the general form of such an inequality is

IN,m =

m−1∑
k=0

N∑
i=1

αi
k〈M

(i)
k 〉+

∑
k,l

∑
i<j

βij
kl〈M

(i)
k M

(j)
l 〉 ≥ −βc , (SM 1)

where 〈M (i)
k 〉 =

∑
a∈{−1,1} aProb(M

(i)
k = a) and 〈M (i)

k M
(j)
l 〉 =

∑
a,b∈{−1,1} abProb(M

(i)
k = a,M

(j)
l = b).

We now restrict ourselves to Bell inequalities which are symmetric under exchange of parties, i.e. αi
k = αk and

βij
kl = βkl. After defining the symmetrized correlators

Sk =

N∑
i=1

〈M (i)
k 〉 , Skl =

∑
i 6=j

〈M (i)
k M

(j)
l 〉 , (SM 2)

symmetric inequalities can be expressed as

IN,m =
m−1∑
k=0

αkSk +
1

2

m−1∑
k,l

βklSkl ≥ −βc . (SM 3)

We are interested in cases for which the coefficients are αk = m − 2k − 1 (k = 0, ...,m − 1) and βkl = 1. We note
that αm−k−1 = −αk and claim that local theories have to fulfill the Bell inequalities

IN,m =
m−1∑
k=0

(m− 2k − 1)Sk +
1

2

m−1∑
k,l

Skl ≥ −
⌊
m2N

2

⌋
= −βc , (SM 4)

where bxc is the largest integer smaller or equal to x.

B. Computation of the local bound

In this section we prove the above claim, i.e. the validity of Ineq. (SM 4). One of the most important properties
of a local theory is its equivalence to a mixture of deterministic local theory. That is why, by considering only

deterministic theories, there is no loss of generality. We can therefore assume that a measurement M
(i)
k will lead to



2

an outcome xi
k = ±1 with probability 1, i.e. 〈M (i)

k 〉 = xi
k. The two-body correlators Skl can thus be expressed as

Skl = SkSl −
∑N

i=1 x
i
kx

i
l. By also taking the antisymmetry of αk into account, and introducing the quantities

A =

⌊
m
2

⌋
−1∑

k=0

(m− 2k − 1)(Sk − Sm−k−1) , B =

m−1∑
k=0

Sk , C =

N∑
i=1

[
m−1∑
k=0

xi
k

]2
. (SM 5)

we arrive at

IN,m = A+
1

2
B2 − 1

2
C . (SM 6)

1. Strategy variables

We want to rewrite IN,m further. Therefore we introduce variables counting the strategies chosen by the parties.
Because there are m measurements with binary outcomes, the number of possible strategies per party is 2m. We
define the following 2m variables:

aj1<...<jn : = #{i ∈ {1, ..., N}|xi
k = −1 iff k ∈ {j1, ..., jn}} for n ≤

⌊m
2

⌋
,

āj1<...<jn : = #{i ∈ {1, ..., N}|xi
k = +1 iff k ∈ {j1, ..., jn}} for n ≤

⌊
m− 1

2

⌋
,

āj1,...,j⌈m
2

⌉ ≡ 0 , (SM 7)

where # denotes the set cardinality. For example, aj counts the parties k whose outcomes are xj′

k = 1 − 2δjj′ . āj
is the number of parties following the opposite strategy. Variables with n indices thus correspond to a strategy for
which either exactly n of the m outcomes are +1 or exactly n of the outcomes are −1, i.e. n outcomes differ from
the rest. Note that the conjugate variables in the case of m

2 indices are set to zero for the case of even m in order to
prevent strategies from being counted twice. Since every party has to choose one strategy, the variables sum up to
N , i.e.

a+ ā+

m−1∑
j=0

(aj + āj) + ... =

⌊
m
2

⌋∑
n=0

∑
j1<...<jn

(aj1...jn + āj1...jn) = N . (SM 8)

Note that Sk can be expressed in terms of the strategy variables as follows:

Sk =

⌊
m
2

⌋∑
n=0

∑
j1<...<jn

(aj1...jn − āj1...jn) y
j1...jn
k , with (SM 9)

yj1...jnk =

{
−1 if k ∈ {j1, ..., jn}
+1 else

. (SM 10)

2. Decomposition of A and C in terms of the strategy variables

Equation (SM 9) results in the following representation of Sk − Sl:

Sk − Sl =

⌊
m
2

⌋∑
n=0

∑
j1<...<jn

(aj1...jn − āj1...jn)
(
yj1...jnk − yj1...jnl

)
. (SM 11)

Clearly, a variable only appears in this expression if yk 6= yl, i.e. if the strategy is such that the outcome of the kth

measurement differs from the lth. This, for example, cannot be the case if the number of indices is zero, i.e. if all
measurement outcomes are the same. So a and ā do not show up in Sk − Sl.
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With the help of the introduced strategy variables, we can express A as

A =

⌊
m
2

⌋
−1∑

k=0

(m− 2k − 1)

⌊
m
2

⌋∑
n=0

∑
j1<...<jn

(aj1...jn − āj1...jn)
(
yj1...jnk − yj1...jnm−k−1

)
. (SM 12)

and C as

C = m2(a+ ā) + (m− 2)2
m−1∑
j=0

(aj + āj) + (m− 4)2
∑
j1<j2

(aj1j2 + āj1j2) + ...

=

⌊
m
2

⌋∑
n=0

(m− 2n)2
∑

j1<...<jn

(aj1...jn + āj1...jn) . (SM 13)

In other words, we notice that if a variable has n indices it contributes to C with a factor (m− 2n)2.

3. A bound independent of the number of indices

In this section, we study the contributions of A and C to IN,m. For this, we make use of the following theorem:

Theorem 1. A strategy with n equal outcomes satisfies the inequality

⌊
m
2

⌋
−1∑

k=0

∣∣∣yj1...jnk − yj1...jnm−k−1

∣∣∣ ≤ 2n .

Proof. First we note that the summation is such that no yj1...jnk appears twice. Also, we know that since we consider
binary outcomes, |yk − ym−k−1| is either 0 or 2. We thus have

⌊
m
2

⌋
−1∑

k=0

∣∣∣yj1...jnk − yj1...jnm−k−1

∣∣∣ = 2l , l ∈ N .

Assume now that the above inequality is violated, i.e. l > n.
⇔ yj1...jnk 6= yj1...jnm−k−1 for l > n values of k.
⇔ The strategy (j1, ..., jn) has l differing outcomes.
This is a contradiction to the definition of the strategy. Therefore the assumption must be wrong and the inequality

holds for all strategies.

Corollary 1.1. A function f(k) which is monotonically decreasing with k satisfies

⌊
m
2

⌋
−1∑

k=0

f(k)
∣∣∣yj1...jnk − yj1...jnm−k−1

∣∣∣ ≤ 2

n−1∑
k=0

f(k) .

Proof. Theorem 1 implies that yk 6= ym−k−1 for at most n values of k. Taking into account that f(k) is monotonically
decreasing, we find that

⌊
m
2

⌋
−1∑

k=0

f(k)
∣∣∣yj1...jnk − yj1...jnm−k−1

∣∣∣ ≤ ∑
n values

of k

f(k) · 2 ≤ 2

n−1∑
k=0

f(k) .
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With the help of Corollary 1.1, we rewrite the quantity A as

A =

⌊
m
2

⌋∑
n=0

∑
j1<...<jn

(aj1...jn − āj1...jn)

⌊
m
2

⌋
−1∑

k=0

αk

(
yj1...jnk − yj1...jnm−k−1

)

≥

⌊
m
2

⌋∑
n=0

∑
j1<...<jn

(aj1...jn − āj1...jn) (−2)

n−1∑
k=0

αk = −2

⌊
m
2

⌋∑
n=0

n(m− n)
∑

j1<...<jn

(aj1...jn − āj1...jn) . (SM 14)

Making use of Eq. (SM 13) and (7), we then find that

A− 1

2
C ≥

⌊
m
2

⌋∑
n=0

[
−2n(m− n)− (m− 2n)2

2

] ∑
j1<...<jn

(aj1...jn − āj1...jn)

= −m2

2

⌊
m
2

⌋∑
n=0

∑
j1<...<jn

(aj1...jn − āj1...jn) = −m2

2
N (SM 15)

4. Putting the pieces together

In order to conclude the proof, we now only miss the contribution of the term B. For this, we look at the case of
even and odd m separately. When m is even, B =

∑
k Sk is also even. We thus find that B2 ≥ 0. This means that

IN,m ≥ A− 1

2
C ≥ −m2N

2
. (SM 16)

If m is odd, B shares the parity of N . That is why we have B2 ≥ 0 for even N , and B2 ≥ 1 for odd N , resulting in

IN,m ≥

{
−m2N

2 for even N

−m2N
2 + 1

2 for odd N
. (SM 17)

In general, the classical bound is thus βc =
⌊
m2N

2

⌋
.

SM II. OPTIMIZATION OF THE WITNESSES

In this appendix, we optimize the witnesses Wm as given in Eq. (14) of the main text over the measurement angles.
Let us remind the form of Wm:

Wm = Cb

m
2 −1∑
k=0

αk sin(ϑk)−
(
1− ζ2a

)m
2 −1∑
k=0

cos(ϑk)

2

+
m2

4
. (SM 18)

We do this optimization by searching for those angles leading to the minimum of Wm. This is equivalent to solving
the system of equations arising from ∂Wm

∂ϑk
= 0:

∂Wm

∂ϑk
= (m− 2k − 1)Cb cos(ϑk) + 2 sin(ϑk)

(
1− ζ2a

) m
2 −1∑
l=0

cos(ϑl) = 0 . (SM 19)

We eventually want to find angles such that Wm is negative. To achieve this, the last term of Eq. (SM 18) must be

compensated. Since ζ2a ≥ 0, the second term of Eq. (SM 18) is bounded by −m2

4 and thus cannot be sufficient for a

negative Wm. On the other hand, the first term is bounded by −m2

4 +1 due to the fact that |Cb| ≤ 1. So we find that

in order to reach Wm < 0, we need sin(ϑk), cos(ϑk) and Cb to differ from zero and ζ2a < 1. In the following studies,
we assume these necessary constraints, allowing us to rewrite Eq. (SM 19) as

2(1− ζ2a)

Cb

m
2 −1∑
l=0

cos(ϑl) = −(m− 2k − 1)
cos(ϑk)

sin(ϑk)
∀k . (SM 20)
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Since the left side of Eq. (SM 20) does not explicitly depend on k, this can only be achieved if both sides are equal
to a constant. The assumptions about ζ2a , Cb and the angles, as reasoned above, allow us to write

2(1− ζ2a)

Cb

m
2 −1∑
l=0

cos(ϑl) =
1

λm
= −(m− 2k − 1)

cos(ϑk)

sin(ϑk)
, (SM 21)

where λm is a constant depending for given Cb and ζ2a only on m. We find the optimal angles

ϑk = − arctan (λm(m− 2k − 1)) . (SM 22)

For a minimal Wm, the constants λm have to fulfill the self-consistency equations

Cb
2λm(1− ζ2a)

=

m
2 −1∑
l=0

cos(ϑl) =

m
2 −1∑
l=0

1√
1 + λ2

m(m− 2l − 1)2
. (SM 23)

Here, we used the fact that cos(arctan(x)) = 1√
1+x2

. For further steps, we note that sin(arctan(x)) = x√
1+x2

and

define the following functions:

Λm(λm) : =

m
2 −1∑
k=0

1√
1 + λ2

m(m− 2k − 1)2
=

m
2∑

k=1

1√
1 + λ2

m(2k − 1)2
, (SM 24)

∆m(λm) : =

m
2 −1∑
k=0

λm(m− 2k − 1)2√
1 + λ2

m(m− 2k − 1)2
=

m
2∑

k=1

λm(2k − 1)2√
1 + λ2

m(2k − 1)2
. (SM 25)

If we assume the representation of the angles given in Eq. (SM 22), the witnesses can be expressed as

Wm = −Cb∆m(λm)−
(
1− ζ2a

)
Λ2
m(λm) +

m2

4
≥ 0 , (SM 26)

which holds for non-Bell-correlated states. Note that in this expression, we only assume the arctan-angle-distribution,
without taking the self-consistency equations into account, i.e. without optimizing the actual differences between
angles.

For the case of m → ∞, we need to rewrite the above witnesses, since Wm diverges in this limit. We define

W ′
m :=

Wm

m2
= −Cb

∆m(λm)

m2
−
(
1− ζ2a

)(Λm(λm)

m

)2

+
1

4
≥ 0 . (SM 27)

We also have to rewrite the constant λm. We define λm = νm

m and rewrite Eq. (SM 23) as

Cb
2νm(1− ζ2a)

=
Λm

(
νm

m

)
m

. (SM 28)

If we define sk = 2k−1
m , we see that 1

m can be expressed as sk+1−sk
2 . Note that for m → ∞, s1 → 0 and sm/2 → 1.

Using the convention ν∞ = ν, we find

Λν := lim
m→∞

Λm(νm/m)

m
= lim

m→∞

m
2∑

k=1

1√
1 + ν2m

(2k−1)2

m2

· 1

m
= lim

m→∞

m
2∑

k=1

1√
1 + ν2ms2k

sk+1 − sk
2

=
1

2

∫ 1

0

1√
1 + ν2s2

ds =
arsinh(ν)

2ν
(SM 29)

∆ν := lim
m→∞

∆m(νm/m)

m2
= lim

m→∞

m
2∑

k=1

νm
(2k−1)2

m2√
1 + ν2m

(2k−1)2

m2

· 1

m
= lim

m→∞

m
2∑

k=1

νms2k√
1 + ν2ms2k

sk+1 − sk
2

=
1

2

∫ 1

0

νs2√
1 + ν2s2

ds =

√
1 + ν2

4ν
− arsinh(ν)

4ν2
. (SM 30)
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This yields the witness

W ′
∞ = −Cb∆ν − (1− ζ2a)Λν +

1

4
(SM 31)

= −Cb

(√
1 + ν2

4ν
− arsinh(ν)

4ν2

)
− (1− ζ2a)

arsinh2(ν)

4ν2
+

1

4
≥ 0 . (SM 32)

We now search for those points in the Cb-ζ2a-plane that allow for a violation of the correlation witnesses of
Ineq. (SM 26) and (SM 32). For this purpose, we assume the optimal angles given in Eq. (SM 23) and (SM 28)
respectively. We define Zm(Cb) to be the scaled second moment, as a function of the scaled collective spin, such that
Wm vanishes.

1. m = 2

In the case of m = 2 measurement settings, we have to solve the following system of equations in order to find Z2:

0 = W2 = −Cb
λ2√
1 + λ2

2

− (1− ζ2a)
1

1 + λ2
2

+ 1 , (SM 33)

Cb
2λ2(1− ζ2a)

=
1√

1 + λ2
2

. (SM 34)

From these, we find the critical line Z2 and therefore the following condition, satisfied by every non-Bell-correlated
state:

ζ2a ≥ Z2(Cb) =
1

2

(
1−

√
1− C2

b

)
. (SM 35)

2. Limit m → ∞

The critical line Z∞ is determined by solving the following equation for ζ2a

0 = W ′
∞ = −Cb

(√
1 + ν2

4ν
− arsinh(ν)

4ν2

)
− (1− ζ2a)

arsinh2(ν)

4ν2
+

1

4
, where ν = sinh

(
Cb

1− ζ2a

)
. (SM 36)

We find that any non-Bell-correlated state satisfies

ζ2a ≥ Z∞(Cb) = 1− Cb
artanh(Cb)

. (SM 37)

SM III. SQUEEZING REQUIREMENT

Here, we find a bound on the amount of squeezing that is needed as a function of the number of spins N in order
to violate the Bell correlation witness (18) described in the main text. Due to the structure of spin systems, the first
moment Cb, the second moment ζ2a and the number of spins N satisfy the following constraints [2]:

ζ2a ≥ 1− N

2


√√√√(1− C2

b )

[(
1 +

2

N

)2

− C2
b

]
+ C2

b − 1

 (SM 38)

(notice that there is an error in the expression given in the reference). For any number of spins N , equating the
right-hand side of this constraint with the right-hand side of Eq. (18) gives the maximum value of Cb under which
a violation of the witness (18) is possible. The corresponding maximum value of ζ2a is plotted as a function of the
number of spins N in Fig. 2 of the main text. For large N , this function can be expanded as

Z∗
N = 1− 1

ω
− 1

2ω3
− 3

4ω4
−O(ω−5) (SM 39)

where ω = W−1

(
− 1

2
√
N+1

)
and W−1 is the lower branch of the Lambert W function.
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SM IV. FINITE STATISTICS

In this appendix, we introduce four concentration inequalities and determine their bound on the p-value for generic
non-Bell-correlated states. We also compare these p-values and choose the optimal one to estimate a number of
experimental runs sufficient to exclude non-Bell-correlated states with a confidence 1 − ε. Eventually we minimize
this number of runs by optimizing the measurement angles.

A. Concentration inequalities

In statistics, concentration inequalities bound the probability that a random variable X exceeds or falls below a
certain value. In what follows, we recall the definitions of some of these inequalities. We then discuss some of their
properties in view of our problem in the following section.

1. Chernoff bound

The following version of the Chernoff bound was proven by Van Vu at the University of California, San Diego [3].
It was done for discrete, independent random variables. However, the bound also applies in the case of continuous
random variables.

Theorem 2. Let X1, ..., XM be independent random variables with |Xi| ≤ 1 and expectation values E[Xi] = 0 for all

i. Let X =
M∑
i=1

Xi and σ2 be the variance of X. Then

P [X ≤ −λσ] ≤ exp

(
−λ2

4

)
, for 0 ≤ λ ≤ 2σ ,

P [X ≤ −x0] ≤ exp

(
− x2

0

4σ2

)
, for 0 ≤ x0 ≤ 2σ2 .

Corollary 2.1. Let X1, ..., XM be independent random variables with E[Xi] = µ and a ≤ Xi ≤ b for all i. Let

X = 1
M

M∑
i=1

Xi, σ
2
i = Var[Xi] and σ2

0 = max
i

{
σ2
i

}
. Then

P [X ≤ x0] ≤ exp

(
− (µ− x0)

2M

4σ2
0

)
, for µ ≥ x0 ≥ µ−

∑
i σ

2
i

M(b− a)
.

2. Bernstein inequality

The following expression known as Bernstein inequality, was proven by Bernstein in 1927, but we refer to the work
of George Bennett [4]. The inequality is valid under certain restrictions for the absolute moments. Since our random
variables are bounded, we can be sure these restrictions to be fulfilled.

Theorem 3. Let X1, ..., XM be independent random variables with E[Xi] = 0 and |Xi| ≤ ξ for all i. Also let

X = 1
M

M∑
i=1

Xi and σ2 = 1
M

M∑
i=1

Var[Xi]. Then

P [X ≥ x0] ≤ exp

(
− x2

0M

2σ2 + 2
3ξx0

)
, ∀x0 > 0 ,

P [X ≤ −x0] ≤ exp

(
− x2

0M

2σ2 + 2
3ξx0

)
, ∀x0 > 0 .
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Corollary 3.1. Let X1, ..., XM be independent random variables with E[Xi] = µ, σ2
i = Var[Xi] and a ≤ Xi ≤ b for

all i. Also let X = 1
M

M∑
i=1

Xi and σ2 = 1
M

M∑
i=1

σ2
i ≤ σ2

0 = max
i

{σ2
i }. Then

P [X ≤ x0] ≤ exp

(
− (µ− x0)

2M

2σ2 + 2
3 (b− a)(µ− x0)

)
≤ exp

(
− (µ− x0)

2M

2σ2
0 +

2
3 (b− a)(µ− x0)

)
, ∀x0 < µ .

3. Uspensky inequality

Uspensky stated in [5] an inequality for a stochastic variable:

Theorem 4. Let X be a random variable with mean value E[X] = 0 and a ≤ X ≤ b. Additionally b ≥ |a|. Let
σ2 = Var[X]. Then for x0 ≤ 0

P [X ≤ x0] ≤
σ2

σ2 + x2
0

.

Corollary 4.1. Let X1, ..., XM be independent random variables with mean values E[Xi] = µ and a ≤ Xi ≤ b for all i.

Additionally b ≥ |a|. Let σ2
i = Var[Xi] and σ2

0 = max
i

{
σ2
i

}
. Then σ2 = Var[X] = Var

[
1
M

M∑
i=1

Xi

]
= 1

M2

M∑
i=1

σ2
i ≤ 1

M σ2
0

so that for x0 ≤ µ

P [X ≤ x0] ≤
σ2
0

σ2
0 + (x0 − µ)2M

.

4. Berry-Esseen inequality

Andrew C. Berry and Carl-Gustav Esseen proved the following theorem [6]:

Theorem 5. Let X1, ..., XM be independent identically distributed random variables with E[Xi] = µ for all i and

with X = 1
M

M∑
i=1

Xi. Additionally, the variance σ2 = Var[Xi] = E[(Xi − µ)2] and the third absolute moment ρ =

E
[
|Xi − µ|3

]
are finite. Then there exists a constant C such that for all x

|FM (x)− Φ(x)| ≤ Cρ

σ3
√
M

, (SM 40)

where FM (x) = P
[√

M
σ2 (X − µ) ≤ x

]
and Φ(x) = 1

2 (1 + erf(x)).

Esseen also proved that the constant C has to fulfill C ≥
√
10+3

6
√
2π

. A good estimate for C follows from

|FM (x)− Φ(x)| ≤ 0.33554(ρ+ 0.415σ3)

σ3
√
M

. (SM 41)

Corollary 5.1. A direct consequence of Theorem 5 is

P [X ≤ x0] = P

[√
M

σ2
(X − µ) ≤

√
M

σ2
(x0 − µ)

]

≤ Φ

(√
M

σ2
(x0 − µ)

)
+

Cρ

σ3
√
M

.
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B. Largest p-value of the concentration inequalities

In this section we determine the largest p-value for the concentration inequalities listed above, under the assumption

that x0 < 0 and µ ≥ 0. We denote with X the random variable 1
M

∑M
i=1 Xi, with xl ≤ Xi ≤ xu and xl < 0.

The crucial point here is that we have no information about the random variable apart from its non-negative mean
value. This lack of information directly disqualifies the Berry-Esseen inequality of Corollary 5.1 as a potential tight
bound. Indeed, the Berry-Esseen bound does not result in a tighter restriction than the trivial bound P [X ≤ x0] ≤ 1.
To see this, we consider the following distribution with three peaks:

Consider the case, for which all Xi satisfy the following probability distribution:

P [Xi = x] =


pl for x = xl

pu for x = xu

1− pl − pu for x = 0

0 else

, (SM 42)

where pl, pu < 1. Additionally, we demand E[Xi] = 0 leading to the condition −plxl = puxu. We thus arrive at the
variance and third absolute moment:

σ2 = puxu(xu − xl) , (SM 43)

ρ = puxu(x
2
u + x2

l ) (SM 44)

⇒ ρ

σ3
=

x2
u + x2

l√
puxu(xu − xl)3

. (SM 45)

In this expression, pu remains as a parameter scaling the weight on the edges compared to the weight at x = 0.
Note that for pu → −xl

xu−xl
, we arrive at a binomial distribution while for pu → 0 we have a delta distribution. From

Eq. (SM 45), we see that in the limit pu → 0, ρ
σ3 → ∞. Thus, we can write for the Berry-Esseen bound

P [X ≤ x0] ≤ Φ

(√
M

σ2
(x0 − µ)

)
+

Cρ

σ3
√
M

≤ Cρ

σ3
√
M

=
C√
M

x2
u + x2

l√
puxu(xu − xl)3

−−−−→
pu→0

∞ . (SM 46)

Since we have no information on the actual probability distribution, the largest p-value of the Berry-Esseen bound is
1. We thus restrict our interests to the Chernoff, Bernstein and Uspensky bounds.

The inequalities of Corollaries 2.1, 3.1 and 4.1 have certain properties in common: They all depend on the variance
σ2
0 and the mean value µ. More explicitly, the dependence on σ2

0 in all three cases is such that if one increases the
variance, the bounds are also increased. We therefore use the following strategy to determine the largest p-values: We
increase the variance of an arbitrary random variable in a way leaving the mean value unaffected. We eventually arrive
at an easy-to-handle probability distribution with a maximal variance. The bounds resulting from this distribution
then serve as upper bounds for all distributions of the same mean value. The bounds given by the concentration
inequalities will then only depend on the mean value, so that we can optimize over µ.

Eventually, we show that the largest p-value results from the binomial distribution centered around µ = 0.

Theorem 6. Let X be a random variable in the interval [a, b] with an arbitrary probability distribution and with
E[X] = µ. Let Xbi be a binomially distributed random variable with peaks at the edges a and b. Furthermore, Xbi has

the same mean value as X, i.e. P [Xbi = a] = µ−b
a−b , P [Xbi = b] = a−µ

a−b and P [Xbi = x] = 0 otherwise. Additionally,
let a ≤ 0. Then

Var[Xbi] ≥ Var[X] .

Proof. We define a third random variable Y satisfying

P [Y = x] =


P [X = x] if x /∈ dx0 ∪ {a, b}
0 if x ∈ dx0

P [X = a] + qP [X ∈ dx0] if x = a

P [X = b] + (1− q)P [X ∈ dx0] if x = b

. (SM 47)
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FIG. 1: Sketch of the probability distribution function of Y in Theorem 6.

Here, dx0 is an infinitesimal set around x0 ∈]a, b[. So in other words, the probability distribution function of Y is
almost the same as the one of X. The only difference is that the set dx0 is ”cut out” and the probabilities at a and b
are increased (see Fig. 1). They are increased in a way which leaves the mean value unaffected, i.e. q is chosen such
that E[Y ] = E[X] = µ:

E[Y ] = E[X]− P [X ∈ dx0]x0 + qP [X ∈ dx0]a+ (1− q)P [X ∈ dx0]b

= µ+ P [X ∈ dx0][−x0 + q(a− b) + b] = µ

⇔ q =
x0 − b

a− b
. (SM 48)

With this and a ≤ 0, we show that Var[Y ] ≥ Var[X]:

Var[Y ] = Var[X] + P [X ∈ dx0]
[
−x2

0 + q(a2 − b2) + b2
]
= Var[X] + P [X ∈ dx0]

[
−x2

0 + x0(a+ b)− ab
]

≥ Var[X] + P [X ∈ dx0]
[
−x2

0 + x0(a+ x0)− ax0

]
≥ Var[X] + P [X ∈ dx0]

[
−x2

0 + x2
0

]
= Var[X] . (SM 49)

So we find that Var[Y ] ≥ Var[X], with the equal sign only if P [X ∈ dx0] = 0. By induction, one can gradually
”cut out” all the other points in ]a, b[. During this process, the variance is constantly increased while the mean value
remains unchanged. Eventually, one arrives at the random variable Xbi with its binomial distribution.

By applying the different bounds and using Theorem 6, we find

P [X ≤ x0] ≤



exp
(
− (µ−x0)

2M
4σ2

bi(µ)

)
=: pC(µ,M) Chernoff

exp
(
− (µ−x0)

2M

2σ2
bi(µ)+

2
3 (xu−xl)(µ−x0)

)
=: pB(µ,M) Bernstein

σ2
bi(µ)

σ2
bi(µ)+(x0−µ)2M

=: pU (µ,M) Uspensky

, (SM 50)

where σ2
bi(µ) = (xu − µ)(µ− xl). As stated above, µ ∈ [0, xu]. Restricted to this interval, the three functions pC , pB

and pU are strictly monotonous decreasing with µ and therefore take their maximal values at µ = 0. This allows us
to write

P [X ≤ x0] ≤



exp
(
−x2

0M

4σ2
bi

)
=: pC(M) Chernoff

exp
(
− x2

0M

2σ2
bi−

2
3 (xu−xl)x0

)
=: pB(M) Bernstein

σ2
bi

σ2
bi+x2

0M
=: pU (M) Uspensky

, (SM 51)

with σ2
bi := σ2

bi(0) = −xlxu.
We identify M with the number of experimental runs, and determine the minimum number of runs required to
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have P [X ≤ x0] ≤ ε. This corresponds to solving pi(M) ≤ ε to M , where i = C,B,U . We find

M ≥



MC :=
4σ2

bi

x2
0

ln
(
1
ε

)
Chernoff

MB :=
2σ2

bi− 2
3 (xu−xl)x0

x2
0

ln
(
1
ε

)
Bernstein

MC :=
σ2
bi(1−ε)

εx2
0

Uspensky

. (SM 52)

C. Comparison of the bounds

We now compare the three bounds stated in Ineq. (SM 52) and show that in the regime of interest, the Bernstein
bound is the tightest bound. By comparing MB to MC , one finds

MB · x2
0

ln(1/ε)
= 2σ2

bi −
2

3
(xu − xl)x0 < 2σ2

bi − (xu − xl)x0

< −2xlxu − xuxl − xlxu = −4xlxu = 4σ2
bi = MC · x2

0

ln(1/ε)

⇒ MB < MC . (SM 53)

This means the bound resulting from Bernstein’s inequality is tighter than the Chernoff bound for all values of xl, xu

and x0.
Now we compare pB to pU . Plotting both functions reveals that Uspensky’s inequality is better for small numbers

of experimental runs, whereas Bernstein’s is better for larger numbers of runs. We now want to estimate for which ε
both approximations require the same number of runs M . We therefore set MB = MU :

2σ2
bi − 2

3 (xu − xl)x0

x2
0

ln

(
1

ε

)
=

σ2
bi(1− ε)

εx2
0

⇔ 2 +
2

3

(xu − xl)(−x0)

σ2
bi

=
1− ε

ε ln
(
1
ε

) . (SM 54)

The function on the right side of Eq. (SM 54) is strictly monotonous decreasing with ε. The left side is just a number.
So the minimal ε possible is achieved if the left side is maximized. We thus make the following estimation:

(xu − xl)|x0|
σ2
bi

=
(xu + |xl|)|x0|

|xl|xu
≤ xu|xl|+ |xl|xu

|xl|xu
= 2 .

For this value, Eq. (SM 54) yields ε ≈ 0.127. This means that the Uspensky bound can only be better than the
Bernstein bound for ε ≥ 0.127. Since we are interested in probabilities ε ≤ 0.1, the Bernstein bound remains the
preferred one.

D. Statistical optimization

Let us now present the result of numerical studies on the number of measurement runs allowing one to rule out
non-Bell-correlated states. Here we rely on the Bernstein bound presented in Ineq. (SM 52).

1. Choice of settings

First, we study the choice of measurement settings, i.e. the choice of ν in Eq. (SM 32), which allow for the strongest
statistical claim. For this, we minimize the number of experimental runs sufficient to conclude about the presence of a
Bell-correlated state with given confidence 1− ε over the choices of ν. We then compare this number of measurement

rounds M to the one obtained when choosing ν = sinh
(

Cb

1−ζ2
a

)
, i.e. for the settings which maximize the witness value

(see Eq. (SM 36)).
The result of this comparison is presented in Figure 2 for a particular choice of Cb and ζ2a . Clearly, it is advantageous

to reoptimize the measurement setting in order to maximize the statistical evidence, and thus a different witness should
be considerd in this case. In the rest of this appendix, measurement settings are optimized in order to maximize
statistical evidence.
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FIG. 2: Plot of the required number of runs as a function of
the number of atoms, with Cb = 0.98 and ζ2a. The blue dash-
dotted line results from the ν which maximizes the violation
of witness (19) whereas the solid black line corresponds to the
ν minimizing the number of runs. As one can see, the opti-
mization of ν in terms of statistics reduces the number of runs
by a factor of approximately 2

3
.

FIG. 3: Plots of the required number of experimental runs M
per spin for a confidence of ε in units of ln( 1

ε
), as a function

of the number of spins N . The plots are for m = 2, 4,∞, with
ζ2a = 0.272 and Cb = 0.98. The ratios tend to constants for
larger systems.

FIG. 4: Plots of the required scaled second moment ζ2a as a function of the number of atoms N , with Cb = 0.98 and ε = 0.1.
The different curves represent different numbers of experimental runs (M = 104, 105, 106).

2. Linear relation between the number of measurement runs and the number of spins

Figure 3 depicts the number of measurement runs per spin needed in order to reach a confidence of 1− ε. The plots
are for the values of Cb and ζ2a stated in [7], and for m = 2, 4,∞ settings. As explained in the main text, we observe
that the ratio M

N tends to a constant as N increases. This plot also illustrates the gain obtained in using the newly
derived Bell inequality with m settings.

3. Minimum squeezing requirement for finite M

As discussed in the main text, violation of our witness requires a finite amount of squeezing for systems of finite
size N . Here we study this requirement when finite number of measurement runs are taken into account. In Fig. 4
we show the upper bound on ζ2a as a function of the number of spins N and the number of measurement runs M for
the case Cb = 0.98, ε = 0.1. Although Fig. 2 in the main text shows that a violation with N = 1000 spins is possible
when ζ2a . 0.8, we see here that a squeezing of ζ2a . 0.5 is needed if the number of measurement rounds is limited to
106.
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CHAPTER

THREE

VARIATIONAL METHOD FOR TAILORING BELL
INEQUALITIES

In this chapter, we want to introduce a variational method which is very convenient for finding
new Bell inequalities tailored to the certification of specific target states. We will do this in
two steps; first we will introduce basic concepts and then we will explain our approach directly
by applying it to partially-entangled two-qubit states. Our approach is an essential part in
the works on the self-testing of quantum channels (chapter 4) and quantum measurements
(chapter 5). A manuscript on the variational method is in preparation [27].

3.1 Eigenvalue Perturbation

Suppose we have an operator B(~δ) depending on a parameter ~δ. We denote with B0 the operator
B(~δ = 0) and we know that this operator has a maximal eigenstate |φ0〉. Maximal eigenstate
means that |φ0〉 is an eigenstate of B0 and that the corresponding eigenvalue λ0 is the largest
in the spectrum of B0. Now consider small perturbations to the operator, the state and the

41
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eigenvalues. Including second order terms, this can be written as

B(~δ) = B0 +
d−1∑
i=0

δiB′
i +

1
2

d−1∑
i,j=0

δiB′′
ijδj = B0 + ~δᵀ ~B′ + 1

2
~δᵀB′′~δ, (3.1)

|φ〉~δ = |φ0〉+
d−1∑
i=0

δi|φ′
i〉+ 1

2

d−1∑
i,j=0

δi|φ′′
ij〉δj = |φ0〉+ ~δᵀ~φ′ + 1

2
~δᵀφ′′~δ, (3.2)

λ(~δ) = λ0 +
d−1∑
i=0

δiλ
′
i +

1
2

d−1∑
i,j=0

δiλ
′′
ijδj = λ0 + ~δᵀ~λ′ + 1

2
~δᵀλ′′~δ, (3.3)

where ~B′ (B′′) is a vector (matrix) of operators, and analogously for ~φ′, φ′′, ~λ′ and λ′′. We recall
that B0|φ0〉 = λ0|φ0〉 and force B(~δ)|φ〉~δ = λ(δ)|φ〉~δ, resulting in

(B0 + ~δᵀ ~B′ + 1
2
~δᵀB′′~δ)(|φ0〉+ ~δᵀ~φ′ + 1

2
~δᵀφ′′~δ) = (λ0 + ~δᵀ~λ′ + 1

2
~δᵀλ′′~δ)(|φ0〉+ ~δᵀ~φ′ + 1

2
~δᵀφ′′~δ).

(3.4)

To first order in the perturbation parameter ~δ, Eq. (3.4) can be expressed as

B0
~δᵀ~φ′ + ~δᵀ ~B′|φ0〉 = λ0~δ

ᵀ~φ′ + ~δᵀ~λ′|φ0〉,
or equivalently: δi(B0|φ′

i〉+ B′
i|φ0〉) = δi(λ0|φ′

i〉+ λ′i|φ0〉) ∀i. (3.5)

We can express the primed states in the basis of the unperturbed operator ({|φk〉}) by writing
|φ′

i〉 =
∑d−1

k=0 Eik|φk〉. Multiplying Eq. (3.5) from the left with 〈φk| leads to:

λ′i = 〈φ0|B′
i|φ0〉 = 〈φ0|

∂B
∂δi

|φ0〉, E ′
i,k =

〈φk|B′
i|φ0〉

λ0 − λk
∀k > 0. (3.6)

The second order terms in Eq. (3.4) result in

δiδj(B0|φ′′
ij〉+ 2B′

i|φ′
j〉+ B′′

ij|φ0〉) = δiδj(λ0|φ′′
ij〉+ 2λ′i|φ′

j〉+ λ′′ij|φ0〉). (3.7)

Again, we express the doubly-primed states in terms of the unperturbed states. We write
|φ′′

ij〉 =
∑d−1

`=0 α
(`)
ij |φ`〉 and find by multiplying Eq. (3.7) with 〈φ0|, and making use of Eqs. (3.6)

that

λ′′ij = 〈φ0|B′′
ij|φ0〉+ 2

d−1∑
`=1

〈φ`|B′
i|φ0〉〈φ0|B′

j|φ`〉
λ0 − λ`

=: µij + νij, (3.8)

with B′
i =

∂B
∂δi

and B′′
ij =

∂2B
∂δi∂δj

. As a reminder, the eigenvalues are λ` = 〈φ`|B0|φ`〉.
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3.2 A New Self-testing Inequality for Partially-Entangled States

A partially-entangled two-qubit state can always be represented in the following way:

|φθ〉 = cos(θ)|00〉+ sin(θ)|11〉, (3.9)

where θ ∈ (0, π
4
] quantifies the degree of entanglement, with θ = π

4
corresponding to the case of a

maximally-entangled state. In the following studies we will use the short notation cx := cos(x),
sx := sin(x).

An inequality suitable for self-testing |φθ〉 is given by the so-called tilted-CHSH Bell in-
equality [28]:

〈α(θ)A0 + A0(B0 +B1) + A1(B0 −B1)〉 ≤ βL(θ), (3.10)

where α(θ) = 2/
√

1 + 2 tan(2θ)2 and the local bound is βL(θ) = 2 + α(θ). The operators
achieving the quantum bound of βQ(θ) =

√
8 + 2α(θ)2 (together with |φθ〉) are

A0 = σz, B0(θ) = cµ(θ)σz + sµ(θ)σx , (3.11)
A1 = σx, B1(θ) = cµ(θ)σz − sµ(θ)σx , (3.12)

where tan(µ) = s2θ.
In this section we will derive a new inequality which is symmetric under exchange of parties

and which allows for more noise-tolerant self-testing. Let us start by introducing the notion
of stabilising operators. In group theory, a stabilizer is a subgroup of transformations that
leave a certain element fixed. One such transformation from the set we will denote a stabilising
operator:

Definition 4 Stabilising Operator – An operator S is called a stabilising operator of the state
|ϕ〉 if it fulfils the condition:

S|ϕ〉 = |ϕ〉. (3.13)

With this definition, we find two stabilising operators of |φθ〉:

S1 = σz ⊗ σz, (3.14)
S2 =

1
2
c2θ(σz ⊗ 1 + 1 ⊗ σz) + s2θσx ⊗ σx. (3.15)

Their eigenvalues are {1, 1,−1,−1} and {1, s2θ,−s2θ,−1}, respectively. Note that there are
also other stabilising operators. The crucial feature, however, is the fact that one can find a
common eigenbasis since [S1, S2] = 0. If one includes other operators, this is no longer the case.
By constructing the operator

BS = (1− p)S1 + pS2, (3.16)
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Figure 3.1: Scheme illustrating how XA, ZA, XB, ZB are constructed from the observables of
the stabilising operators.

we can be sure that for any p ∈ (0, 1), the maximal eigenvalue is 1 and exclusively achieved by
the state |φθ〉. Therefore BS is a good starting point for our search for a self-testing inequality.
The difficult part is constructing a Bell inequality from the operator Eq. (3.16). In order to do
so, we introduce the following operators:

XA = cos(ω1 + a)σz + sin(ω1 + a)σx, (3.17)
ZA = cos(ω1 − a)σz + sin(ω1 − a)σx, (3.18)
XB = cos(ω1 + ω2 + b)σz + sin(ω1 + ω2 + b)σx, (3.19)
ZB = cos(ω1 + ω2 − b)σz + sin(ω1 + ω2 − b)σx. (3.20)

Here, ω1, ω2 ∈ [0, 2π) , ω1 +ω2 < 2π and a, b ∈ (0, π
2
). These operators are depicted in Fig. 3.1.

By introducing them, we now have five parameters (p, ω1, ω2, a, b) to optimize over, in order to
find a suitable Bell operator BS(p, ω1, ω2, a, b). To simplify our life, we fix the reference direction
on Alice’s side by choosing ω1 = π

4
. The question now arises what the optimal choice for the

remaining variables is and how to characterize "optimality". We do this by making use of the
variational method introduced earlier.

Applying Eigenvalue Perturbation

Our variational method relies on the following idea: One introduces small perturbations to
the operators XA(B) and ZA(B) and studies how the maximal eigenvalue of the Bell operator
BS changes as one departs from the perfect settings. In case of a Bell operator unsuitable
for self-testing, the maximal eigenvalue of the perturbed Bell operator would not change or
at least not significantly. This would imply that unintended settings and non-target states
can reproduce the Bell violation of the perfect scenario. Hence one could not certify the state
device-independently. What we aim for is that the maximal eigenvalue drops virtually equally
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fast in every perturbation direction. Then Bell violations close to the quantum bound can only
be achieved by states and measurements close to the desired ones; hence the state fidelity is
high.

The perturbations are introduced as follows:

XA(B) → XA(B) + δ1(3)X
⊥
A(B) − 1

2
δ21(3)XA(B) , (3.21)

ZA(B) → ZA(B) + δ2(4)Z
⊥
A(B) − 1

2
δ22(4)ZA(B) , (3.22)

where X⊥
B = cos(π

4
+ω2+b)σx−sin(π

4
+ω2+b)σz, Z⊥

B = cos(π
4
+ω2−b)σx−sin(π

4
+ω2−b)σz, and

analogously for X⊥
A , Z⊥

A . δ = (δ1, δ2, δ3, δ4) is the vector of infinitesimal perturbation strengths.
In order for the desired settings and |φθ〉 to achieve a local maximum with respect to the

maximal eigenvalue of BS, the following conditions must be fulfilled (compare to Eqs (3.6) and
(3.8)):

0
!
= 〈φθ|

∂BS

∂δi

∣∣∣∣
δ→0

|φθ〉 , i = 1, 2, 3, 4, (3.23)

0
!

� γ := µ+ ν , (3.24)

µij = 〈φθ|
∂2B
∂δi∂δj

∣∣∣∣
δ→0

|φθ〉 , (3.25)

νij = 2
3∑

k=1

〈φθ|B(1)
i |φk〉〈φk|B(1)

j |φθ〉
1− λk

, (3.26)

where |φ1〉 = sθ|00〉 − cθ|11〉, |φ2〉 = 1√
2
(|01〉 + |10〉) and |φ3〉 = 1√

2
(|01〉 − |10〉). To be more

precise, two of the perturbation directions are trivial and hence always two eigenvalues are zero.
Thus for a true maximum, two of the four eigenvalues of γ must be negative.

The first order perturbations (3.23) for the observables of Alice (i = 1, 2) thus result in the
condition

0 = sin(π
4
− a)[1− p(1− sin(2θ)2 − 1

2
cos(2θ)2)]. (3.27)

Since we require the weighting to satisfy 0 < p < 1, the condition can only be satisfied if a = π
4
.

Taking this into account, the first order perturbations on Bob’s observables (i = 3, 4) result in
the condition

0 = (c2b + s2ω2)[1− p+ p
2
c22θ] + (c2b − s2ω2)ps

2
2θ. (3.28)

We know that in the limit θ → π
4
, a perfect choice for ω2 is π

4
. Therefore we assume ω2 = π

4
,

which together with the constraint b < π
2

results in the equation:

0 = (1− p+ p
2
c22θ)− tan2(b)ps22θ (3.29)

⇐⇒
θ,p,b>0

b = arctan

√
1− p+ p

2
c22θ

ps22θ
. (3.30)
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With these results, γ takes the following form:

γ =
1

2


γ1 γ1 0 0
γ1 γ1 0 0
0 0 γ2 −γ2
0 0 −γ2 γ2

 , (3.31)

where γ1 and γ2 are lengthy expressions in p and θ. The eigenvalues of γ are thus {0, 0, γ1, γ2}.
Our studies show that if we choose p = 1

2
, i.e. an equal mixing of the two stabilising operators,

then

γ1 =
(−7 + c4θ)s

2
2θ

17 + c4θ
, (3.32)

γ2 = −(17 + c4θ)s
2
2θ

8(5 + c4θ)
. (3.33)

This is a good result since |γ1 − γ2| < 0.01 (see Fig. 3.2), meaning that the maximal eigenvalue
drops in every non-trivial perturbation direction virtually equally fast. Also, importantly,
γ2 ≤ γ1 < 0 for 0 < θ ≤ π

4
implying that BS has a local maximum for the desired settings

together with |φθ〉 for all partially-entangled states. Therefore we found a new Bell operator
which is highly suitable for the task of device-independent state certification. It is given as

BS =
1

4

[
A0(B0 −B1)

sin(bθ)
+

sin(2θ)

cos(bθ)
A1(B0 +B1) + cos(2θ)

(
A0 +

B0 −B1

2 sin(bθ)

)]
, (3.34)

where bθ = arctan

√
1+

1
2
c22θ

s22θ
and the quantum bound of 1 is achieved only when choosing the

operators

A0 = σz , B0 = cos(bθ)σx + sin(bθ)σz, (3.35)
A1 = σx , B1 = cos(bθ)σx − sin(bθ)σz. (3.36)

The Bell inequality corresponding to Eq. (3.34) is denoted Iθ and we find that its local bound
is achieved by the deterministic local strategy {A0 = A1 = B0 = 1, B1 = −1} and given as

β
(S)
L =

1

4

[
c2θ + (2 + c2θ)

√
7− c4θ
5 + c4θ

]
. (3.37)

The local bound of Eq. (3.37) is compared to the (normalized) local bound of the tilted-CHSH
operator in Fig. 3.2. The plot reveals that β(T )

L ≤ β
(S)
L . However, our later studies in chapter 5

will show that the symmetric Bell operator allows for a more noise-tolerant state certification.
For completeness, the individual state overlaps resulting from violations of the tilted-CHSH
and our newly-derived symmetric inequality are compared in Fig. 3.3. The reason for the
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Figure 3.2: Plot of the eigenvalues of γ and of the local bounds βL of BS and BT .

Figure 3.3: The overlap resulting from a violation of the tilted-CHSH inequality is compared
to the overlap resulting from a violation of our new inequality. Despite the larger local bound
(see Fig. 3.2), the symmetric inequality nevertheless achieves a larger overlap.
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counter-intuitive result is the following: Local bounds only provide information on the distance
between the target state (in our case |φθ〉) and deterministic strategies (parallel measurement
settings and product states). In self-testing, on the other hand, we need to bound the distance
of the target state to arbitrary states for arbitrary measurements. Therefore it is crucial that
the performance worsens drastically when departing from the perfect scenario. This essential
condition can be imposed by following the perturbative approach described above.

Hence our method of eigenvalue perturbation is an ideal tool for the shaping of self-testing
inequalities. It is easily generalized to more complex systems and it was a constitutive ingredient
in our works on channel and measurement certification (chapters 4 and 5).
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CHAPTER

FOUR

SELF-TESTING OF QUANTUM CHANNELS

Quantum channels are inevitable in all quantum computational operations. They are present
whenever information is transferred, stored or processed. Hence their certification is crucial for
any computation.

In this chapter we demonstrate how this certification can be conducted device-independently.
The central idea is formulated as follows: The action of a quantum channel is completely
determined by its action on half a maximally-entangled state. Hence one can compare an
experimental channel E to a target channel Ē by comparing the two output states that result
when applying the channels to such a maximally-entangled state. If these output states are the
same, we can be sure the experimental channel works as modelled by the target channel.

However, there is an important detail we neglected so far. In order to certify the channel
device-independently, we are not allowed to assume that we start with a maximally-entangled
state but we have to self-test this state as well. We will show how two state certifications,
namely of the maximally-entangled input state and the output state in case the channel is
applied, can be combined to provide a lower bound on the fidelity of the channel. The lower
bound is robust to noise - in the input as well as the output state.

We will illustrate our scheme by studying two relevant cases. The first one is the identity
qubit-channel that is used to model quantum memories and transmission lines. The second
one is a two-qubit controlled-unitary channel which is important for entangling operations. For
both scenarios, we will provide robust lower bounds on the channel fidelity.
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Bell’s theorem has been proposed to certify, in a device-independent and robust way, blocks either
producing or measuring quantum states. In this Letter, we provide a method based on Bell’s theorem
to certify coherent operations for the storage, processing, and transfer of quantum information. This
completes the set of tools needed to certify all building blocks of a quantum computer. Our method
distinguishes itself by its robustness to experimental imperfections, and so could be used to certify that
today’s quantum devices are qualified for usage in future quantum computers.

DOI: 10.1103/PhysRevLett.121.180505

Experimental research on quantum computing is pro-
gressing at an unprecedented rate [1]. Five-qubit quantum
computations combining around a dozen of quantum
logical gates can nowadays be performed with a mean
gate fidelity of ∼98% using trapped ions [2] or super-
conducting circuits [3]. However, for implementing large-
scale quantum computation, it is crucial to proceed in a
scalable way and certify that each new component is
qualified for use in a quantum computer, independently
of the purpose for which that larger device is used.
Such a certification must be device independent, that

is, it cannot rely on a physical description of the actual
implementation. Indeed, an exhaustive model of the setup
is challenging, if not impossible, to establish. Relying on
any particular model therefore amounts to making assump-
tions about the functioning of blocks. But seemingly
harmless assumptions can have dramatic consequences
when they are not perfectly satisfied. An assumption on
the Hilbert space dimension, for example, can completely
corrupt the security guarantees of a network of small
quantum computers used to communicate securely [4,5].
Blocks certified in a device-dependent way thus cannot be
used safely for arbitrary purposes.
Bell’s theorem [6] has lead to device-independent

certification schemes for components either producing
quantum states or performing quantum measurements
[7–18]. But these are just some of the elementary blocks
needed to build a quantum computer (see Fig. 1). In
particular, a device-independent method that can be used
in present-day experiments for assessing the quality of
components in charge of the transfer, processing, and
storage of quantum information is still missing. Together
with existing techniques, such a method would, in princi-
ple, allow for the certification of all kinds of elementary
building blocks needed in a quantum computer.
Here, we show how to certify a trace preserving quantum

channel acting on one or several systems, that is, a general

transformation taking quantum states and returning other
quantum states. Our approach involves no description of
the internal functioning of either the tested channel or the
certification setup, but relies on the device-independent
characterization of two entangled states, the first one
serving as input to the channel, the second one being
the output state. Interestingly, we can use state certifications
that are robust to experimental imperfections to certify
channels robustly.
Our goal is in sharp contrast with a line of research

aiming to certify quantum computations [21–25]. Our work
addresses elementary blocks of a quantum computer and
certifies that they are qualified for use in future larger
quantum devices. It builds on the work of Magniez et al.
[26], but differs (i) in its formulation, (ii) methodology, and
(iii) robustness. In particular, (i) we show how to use the
device to be certified to perform the desired operation
between well-identified subspaces and subsystems with

FIG. 1. Possible architecture of a future universal quantum
computer (see also Refs. [19,20]). Elements in yellow are
classical, and thus well characterized. Blue elements already
admit device-independent certification schemes. Here, we dem-
onstrate how to certify the components in red. In practice, several
blocks may be merged into a single physical unit.
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predefined Hilbert space dimensions, (ii) our recipe does
not require two copies of the box to be certified and (iii) the
robustness of our results is compatible with current
technological capabilities. In opposition to Ref. [27], we
provide lower bounds on the quality of the blocks. Detailed
recipes are given to certify the unitarity of one-qubit
channels as well as two-qubit entangling operations.
These recipes could be used in present-day experiments
to certify transmission lines between processing and
storage areas, storage devices, converters between various
information carriers, and arbitrary two-qubit controlled-
unitary gates independently of the details and imperfections
of the actual implementation.
Device-independent certification of a quantum channel.—

We start by providing a definition of the device-independent
certification of quantum channels. For this, we consider a
scenario with two sides A and ℬ, each side containing
potentially several parties depending on the channel to be
certified. Each party performs measurements on one part of a
shared state ρ ∈ LðHA ⊗ HℬÞ and records the result of
each experimental run. In addition, the parties on side A
have the freedom to decide whether or not to apply the
channel to be certified E, an endomorphism on states inHA,
before performing the measurements [see Figs. 3(a) and
3(c)]. The sources preparing the initial state, the measure-
ment devices, and the channel are treated as black boxes
and the parties do not communicate with each other. The
partial state prepared by the source at side A is
denoted ρA ¼ Trℬρ.
We say that the channel E is certified device independ-

ently if the sole knowledge of the results given the
measurement choices implies the existence of local iso-
metries Φi∶HA ⊗ Hi → HA ⊗ Hext

i and Φo∶HA →
Ho ⊗ Hext

o , such that

ðΦo ∘ E ∘Φi ⊗ 1Þ½ρA ⊗ jϕþihϕþj�
¼ ðĒ ⊗ 1Þ½jϕþihϕþj� ⊗ ρði;oÞext ;

where Ē is the reference channel mapping states fromHilbert
spaceHi to the Hilbert spaceHo. Here, jϕþi is a maximally

entangled state in Hi ⊗ Hi, and ρði;oÞext is some irrelevant
residual state onHext

i ⊗ Hext
o . We emphasize that in device-

independent certification, assumptions are made neither on
the system’s state on which E operates, nor on the dimension
of the underlying Hilbert space. The local isometries Φi and
Φo identify subspaces and subsystems in which the channel
E acts exactly as the reference channel Ē.
When the above equality does not hold exactly we

quantify the relation between the channels E and Ē through
the following fidelity

F ðE; ĒÞ ¼ max
Λi;Λo

FððΛo ∘ E ∘Λi ⊗ 1Þ½ρA ⊗ jϕþihϕþj�; ρ̄Þ:

ð1Þ

Here, Fðρ; σÞ ¼ Trð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ1=2ρσ1=2

p
Þ is the Uhlmann fidelity. 1

acts on the second half of jϕþi. Λi½·� ¼ TrHext
i
ðΦi½·�Þ traces

out all degrees of freedom which are not in the preimage
of E while Λo½·� ¼ TrHext

o
ðΦo½·�Þ traces out all degrees

of freedom which are not in the image of Ē:ρ̄ ¼
ðĒ ⊗ 1Þ½jϕþihϕþj�. (See Fig. 2 and Supplemental
Material A.1 for details [28].)
This fidelity, which is optimized over all maps, can be

understood as an extension of the Choi fidelity to device-
independent scenarios. It guarantees that the channel E can
be used to play the role of Ē in any circumstance with
fidelity F. The maps achieving this fidelity describe the
recipe for how to do that. Furthermore, the fidelity F of
Eq. (1) can be used to bound the distance between the two
channels through the diamond norm, which informs us on
the highest probability to distinguish the two channels in a
single shot upon acting on arbitrary states [31]; see the
Supplemental Material A.3 [28].
In the case where the target channel Ē acts on several

parties, we distinguish these parties fAðkÞg on the side A.
The input and output Hilbert spaces then have a tensor

structure Hi=o ¼⊗n
k¼1 H

ðkÞ
i=o and the same is required from

the maps Λi and Λo, as spelled out in Supplemental
Material A.2 [28].
A practical device-independent bound on the channel

fidelity.—We show that a channel certificate can be obtained
by combining two certifications, one for the state serving as
input of the channel and one for the output state, that is,

Fi ¼ F(ðΛ̃A
i ⊗ ΛℬÞ½ρ�; jϕþihϕþj); ð2Þ

Fo¼F(ðΛA
o ⊗ΛℬÞ½ðE⊗1Þ½ρ��;ðĒ⊗1Þ½jϕþihϕþj�): ð3Þ

FIG. 2. Comparison between an unknown channel E and a
reference channel Ē operating on a Hilbert space Hi. Half a
maximally entangled state belonging to Hi ⊗ Hi is presented to
E by a local map Λi, which can also act on the initial quantum
state ρA. Degrees of freedom that are not transmitted to the
channel at this point are discarded. A local map Λo is then used at
the output of the channel E to remove extra systems and extract
the state of a subsystem to be compared with the Choi state ρ̄ ¼
ðĒ ⊗ 1Þ½jϕþihϕþj� of the reference channel. The channel fidelity
F ðE; ĒÞ is then obtained by maximizing the overlap between ρ̄
and the channel output over all possible input isometries and
output maps.
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Fi corresponds to the fidelity of the input state ρwith respect
to the maximally entangled state jϕþi. Fo is the fidelity of
the output state with respect to the image of jϕþi under the
reference channel. As before, the role of the maps Λ̃A

i , ΛA
o ,

and Λℬ is to identify subspaces where the system states and
the reference states can be compared, and the underlying
isometries are enforced to have a product structure with
respect to the partition of A into separate parties.
The triangle and processing inequalities for the fidelity

as well as properties of the isometries in Eqs. (2)–(3) allow
one to show that the device independent Choi fidelity given
in Eq. (1) can be bounded by

F ðE; ĒÞ ≥ cos ½arccosðFiÞ þ arccosðFoÞ�: ð4Þ

Importantly, the bound holds for channels acting on several
parties, in which case the states in Eqs. (2)–(3) are
multipartite and the maps Λ̃A

i and ΛA
o are products of local

maps for each party, see Supplemental Material B [28].
Formula (4) shows how two channels can be compared

even though they operate on Hilbert spaces with (possibly
unknown) different dimensions. This relation is made
possible by the fact that the map Λℬ is identical in both
equations Eqs. (2) and (3). One way to guarantee that the
map is the same is to obtain certificates for both states
with the same measurement boxes on side ℬ. If this is
fulfilled, a robust bound on the channel fidelity is obtained
as soon as the input and output states are certified robustly.
Interestingly, there are several known results and methods
for state certification that are robust to noise [11–16,18].
We show how Eq. (4) can be used for the robust

certification of (i) a one-qubit unitary and (ii) two-qubit
quantum logical gates.
Device-independent certification of a single-qubit unitary

channel.—Memories such as hard drives and RAM units,
transmission lines between different units of a computer, and
converters between different information carriers are ele-
ments mappings input to output qubits, either separated in
time or space or carried by different physical systems, which
are all ideally modeled by the identity channel. Applying the
formalism presented earlier to Ē ¼ 1 in dimension two,
involves ideally a maximally entangled two-qubit state as
input state [see Fig. 3(a)]. As the reference channel does not
alter the input, we assess the fidelities of both input and
output with the Clauser-Horne-Shimony-Holt (CHSH) test
[32]. The condition that Λℬ is identical in both situation is
then naturally satisfied. Given the CHSH values βi=o, it is
possible to bound the state fidelity as [14]

Fi=o ≥ FCHSH ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2

�
1þ βi=o − β�

2
ffiffiffi
2

p
− β�

�s
; ð5Þ

where β� ¼ ½2ð8þ 7
ffiffiffi
2

p Þ=17� ≈ 2.11. Inserting these fidel-
ities into Eq. (4), yields a robust device-independent

certification of one-qubit unitaries depicted in Fig. 3(b).
Examples confirming the robustness can be found in
Supplemental Material C.
Note that testing the input state is not necessary for the

certification of a unitary channel. Indeed one can see the
channel itself as part of the local isometry. Hence, it is
always possible to define Λ̃A

i such that the fidelity of the
input state is at least as large as the output fidelity, i.e.,
Fi ≥ Fo. This relation together with Eq. (4) give a bound
on the channel fidelity F ≥ 2ðFoÞ2 − 1 in terms of the
output fidelity alone.
Device-independent certification of two-qubit entangling

channels.—Entangling gates are necessary for any non-
trivial manipulation and sufficient to enable universal
quantum computation [33]. We present a setup that allows
for the certification of an arbitrary two-qubit controlled-
unitary gate. Such a gate can be put in the form

CUφ ¼ j0ih0j ⊗ 1þ j1ih1j ⊗ e−iφY: ð6Þ

CUðπ=2Þ is equivalent to the controlled-NOT gate while CU0

is the two-qubit identity channel.
In order to bound the fidelity of an actual gate with the

bipartite CUφ gate, we need to split sideA into two parties
Að1Þ and Að2Þ. Similarly, we also split side ℬ into Bð1Þ and
Bð2Þ so that sharing a maximally entangled state of
dimension 4 between A and ℬ amounts to sharing two-
qubit maximally entangled states jϕþ

2 i between Að1Þ and
Bð1Þ and between Að2Þ and Bð2Þ; cf. Fig. 3(c). As we show
now, four-partite statistics obtained after parties Að1Þ and
Að2Þ jointly decide to use the device which supposedly
performs the CUφ gate on their systems or not can lead to
the certification of this gate.
The first step consists of deriving a new family of Bell

inequalities suitable for the certification of the input jϕþ
2 i⊗2

and output state ðCUφ ⊗ 1ℬÞjϕþ
2 i⊗2, that is, for an

arbitrary state of the form jξφi ¼ ðCUφ ⊗ 1ℬÞjϕþ
2 i⊗2.

We consider the case where each party has a measure-
ment box with two inputs and two outcomes. Let Bφ be a
family of Bell expressions, i.e., a weighted sum of
expectation values of measurement outcomes whose coef-
ficients depend on φ. Let BQ

φ be the operator obtained by
replacing the inputs in Bφ by quantum observables corre-
sponding to projections into directions such that the
unique maxρTrðBQ

φ ρÞ is obtained for ρ ¼ jξφihξφj. To

construct BQ
φ , we consider a set of Hermitian operators

having the state jξφi for unique maximal eigenstate.
These operators are obtained by applying a gate LU
equivalent to ðCUφ ⊗ 1ℬÞ on convex sums of stabilizers
of the state jϕþ

2 i⊗2. We find Bφ, i.e., the proper corre-
spondence between the measurement inputs and the Pauli
matrices, by requesting the maximum eigenvalue of the
operator to be a local maximum with respect to small
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perturbations of the measurement inputs, see Supplemental
Material D.4 [28].
The resulting Bell expressions Bφ have two inputs and

two outputs per party. This allows us to make use of
Jordan’s Lemma in order to quantify their self-testing
property, that is, we look for bounds on the fidelity
assuming that qubit measurements are performed locally.
If the extraction isometries only depend on local measure-
ment settings and the square of the obtained fidelity bounds
are convex functions of the mean value of the Bell operator,
they automatically hold independently of the dimension
[34]; see the Supplemental Material D.2 [28].
We find such bounds by using the isometries proposed in

Ref. [14], which are known to provide very robust results
for the singlet state. To do so we look for the state and
measurement settings that minimize the fidelity of the
extracted four qubit state with respect to jξφi (jϕþ

2 i⊗2)
while keeping a fixed expectation value γo (γi) of the Bell
operator Bφ (B0), cf. Supplemental Material D.3 [28]. The
resulting bound on the fidelity is given by

Fi=o ≥

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2

�
1þ γi=o − γ�

1 − γ�

�s
; ð7Þ

where γ� is a constant that could, in principle, depend on
the gate to be tested. This constant is upper bounded by
0.85 for all φ, cf. Supplemental Material D.5 [28]. Note that
our approach to find Bell inequalities and deduce the
corresponding robust fidelity bounds is applicable to other
N-qubit states.
Given the bounds on the fidelity Fi of the initial state and

on the fidelity Fo of the output state, and checking that they
have been obtained with common measurements for parties
Bð1Þ and Bð2Þ, we get from Eq. (4) a bound on the fidelity
between the actual gate E and the reference gate Ē ¼ CUφ.
The result is shown in Fig. 3(d) as a function of the
observed Bell values. Examples illustrating the robustness
can be found in Supplemental Material C [28].
In analogy with the one-qubit identity certification,

it is possible to prove that the actual two-qubit gate acts

FIG. 3. Certification of the one-qubit identity channel [(a) and (b)] and two-qubit entangling operation [(c) and (d)]. (a) The
certification of the identity in dimension 2 uses a source (yellow box) producing ideally a maximally two-qubit entangled state.
The measurement devices (white boxes) A and B are used to perform two CHSH tests, with and without the tested device (black box).
The sole knowledge of two CHSH values βi and βo gives a bound on the fidelity F of the tested device with respect to the identity.
(b) Robustness of the qubit identity certification as a function of the two CHSH values (color is a guide for the eye). (c) The
certification of a two-qubit entangling operation uses a source (here represented with two yellow boxes) ideally producing two
maximally entangled two-qubit states. Four measurement devices are used to perform Bell tests with and without the gate to be
certified. The two Bell values βi1 and β

i
2 obtained to certify the two states produced by the source and the one obtained at the output of

the gate (black box) γo are used to bound the fidelity of any two-qubit controlled-unitary gates. (d) Robustness of the certification
of two-qubit controlled-unitary operations (color is a guide for the eye). The best robustness is obtained for a class of gates
including the controlled-NOT gate (CNOT). The gray lines show the worst case. The greenish area thus includes all two-qubit
controlled-unitary gates.
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as a global unitary on side A from Fo only using
F ≥ 2ðFoÞ2 − 1. This information alone is, however, not
sufficient to identify the gates CUφ up to local isometries
without additional assumptions, because the final state jξφi
could be directly prepared by the source and merely
transmitted by the device to be certified.
Discussions.—We have introduced a framework for the

device-independent certification of quantum channels. We
applied our methods to individual elements of quantum
computers, namely, single qubit identity channels and two
qubit controlled unitary operations. Our technique does not
certify the proper functioning of composite circuits but is
the first necessary verification step and the relevant one
given the status of on-going experiments. This is also
relevant in the long term as our technique could be used to
identify the elements causing the failure of a quantum
computation.

This work was supported by the Swiss National Science
Foundation (SNSF) through Grants No. PP00P2-179109,
No. P300P2-167749, and No. 200021-175527. We also
acknowledge the Army Research Laboratory Center for
Distributed Quantum Information via the project SciNet.

*P. S. and J.-D. B. contributed equally to this work.
[1] T. D. Ladd, F. Jelezko, R. Laflamme, Y. Nakamura, C.

Monroe, and J. L. O’Brien, Nature (London) 464, 45
(2010).

[2] S. Debnath, N. M. Linke, C. Figgatt, K. A. Landsman, K.
Wright, and C. Monroe, Nature (London) 536, 63 (2016).

[3] R. Barends et al. Nature (London) 508, 500 (2014).
[4] A. Acin, N. Gisin, and L. Masanes, Phys. Rev. Lett. 97,

120405 (2006).
[5] L. Lydersen, C. Wiechers, C. Wittmann, D. Elser, J. Skaar,

and V. Makarov, Nat. Photonics 4, 686 (2010).
[6] J. S. Bell, Physics 1, 195 (1964).
[7] S. Popescu and D. Rohrlich, Phys. Lett. A 169, 411 (1992).
[8] S. L. Braunstein, A. Mann, and M. Revzen, Phys. Rev. Lett.

68, 3259 (1992).
[9] D. Mayers and A. Yao, Quantum Inf. Comput. 4, 273

(2004).
[10] M. Tomamichel and E. Hänggi, J. Phys. A 46, 055301

(2013).
[11] C.-E. Bardyn, T. C. H. Liew, S. Massar, M. McKague, and

V. Scarani, Phys. Rev. A 80, 062327 (2009).
[12] C. Miller and Y. Shi, 8th Conference on the Theory of

Quantum Computation, Communication and Cryptography,
TQC 2013, Guelph, Ontario, Canada, Vol. 22 (Schloss
Dagstuhl- Leibniz-Zentrum fur Informatik GmbH, Dagstuhl
Publishing, 2013), p. 254.
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Appendix A Device-independent certification of quan-
tum channels– In this appendix we give a thorough
description of the device-independent channel certifi-
cation introduced in the main text. There are three
sections. Section A.1 provides a detailed definition of the
device-independent certification of quantum channels
and comments on Eq. (1) of the main text. Section A.2
addresses the extension to multi-party scenarios. Section
A.3 shows how the Choi fidelity bounds the diamond
norm between the two channels.

Appendix A.1 Formal definition of device-
independent channel certification– In full generality,
a quantum channel E is a completely positive trace
preserving map between linear operators on two Hilbert
spaces

E : L(H) → L(H′). (1)

It maps a quantum state ρ to

E [ρ] =
I∑

i=1

KiρK
†
i , (2)

where the Kraus operators {Ki}i=1...I are represented
by dim(H′) × dim(H) complex matrices satisfying the
relation

∑
iK

†
iKi = 1. In the following we will as-

sume that the input and output Hilbert spaces are the
same H = H′ = HA . However, all the results can be
straightforwardly generalized to the case where they do
not match. In a bi-partite Bell-type scenario with mea-
surement observables Ma|x and Mb|x corresponding to
input x on side A and y on side B and outcome a and
b respectively, we say that a behavior P certifies device-
independently a reference channel E : L(Hi) → L(Ho) if,
for every quantum realization (ρ, {Ma|x,Mb|y}, E) com-
patible with P , there exist two local isometries

Φi : HA ⊗Hi → HA ⊗Hext
i , (3)

Φo : HA → Ho ⊗Hext
o (4)

such that

Trext

(
(Φo◦ E ◦Φi ⊗ 1)

[
ρA ⊗

∣∣φ+〉〈φ+∣∣] )
= (E ⊗ 1)

[∣∣φ+〉〈φ+∣∣] , (5)

FIG. 1. The isometries Φi and Φo give a recipe of how the
channel E can be used in order to perform the desired opera-
tion E between Hi and Ho.

where the trace of over all the external subsystems, i.e.
on Hext

i ⊗ Hext
o . Here, |φ+〉 is the maximally entangled

state in Hi⊗Hi. The maps are applied on the first Hilbert
space and the identities on the second one. ρA = TrB ρ
is the unknown state prepared by the source on side A .
The role of the isometries is to identify a subspace for the
channel input and a subsystem for the channel output
between which the channel E acts as desired. To put it
differently, the isometries define a recipe

Ei-o :L(Hi) → L(Ho)

% 7→ Trext

((
Φo◦ E ◦Φi

)
[ρA ⊗ %]

)
(6)

of how the channel E can be used in order to perform the
desired operation, i.e. Ei-o = E , as depicted in Fig. 1.

When the equality presented before does not hold ex-
actly, we would naturally define the distance between the
actual channel and the reference one through

F(E , E) = max
Φo,Φi

F
((

Ei-o ⊗ 1
) [∣∣φ+〉〈φ+∣∣] , ρ) (7)

where F (ρ, σ) = Tr
(√

σ1/2ρ σ1/2
)

is the Uhlmann fi-
delity and ρ = (E ⊗1)[|φ+〉〈φ+|] is the target state. Note
that the fidelity is symmetric.

In Proposition .2 below, we prove that the fidelity (7)
can be related to a Uhlmann fidelity computed on the
full Hilbert space, including the external systems ρext ∈
L(Hext

i ⊗Hext
o ):

F(E , E) ≥

max
Φo,Φi,ρext

F
(
(Φo ◦ E ◦ Φi)⊗ 1

[
ρA ⊗

∣∣φ+〉〈φ+∣∣] , ρ⊗ ρext

)
,

(8)



2

with equality when the target channel E is unitary (i.e.
the target state ρ is pure). This last expression is closer to
the original definition of quantum state certification [1].
When the target channel E is not unitary, however, in-
equality (8) is not tight, and the expressions in (7) bet-
ter captures the relation between channels E and E . To
see this, consider the example where the reference chan-
nel E is a totally depolarizing single-qubit channel. The
channel to be certified E can implement this depolarizing
channel by entangling the system qubit with an external
qubit. While E and E operate identically on the system,
E outputs a pure global state. Moreover, the latter is
entangled and the maximal fidelity cannot be obtained
by optimizing it over a product state ρ⊗ ρext.

To shorten the notation we define the injection map

Λi :L(HA ⊗Hi) → L(HA ) (9)

% 7→ TrHext
i

(
Φi[%]

)
(10)

and extraction map

Λo :L(HA ) → L(Ho) (11)

% 7→ TrHext
o

(
Φo[%]

)
(12)

which allow to simply write Ei-o[•] = Λo ◦ E ◦Λi[ρA ⊗•].

Lemma .1. Given three quantum states ρ ∈ L(Hsys ⊗
Hext), ρ = |ψ〉〈ψ| ∈ L(Hsys) and σ ∈ L(Hext) the follow-
ing relation holds:

F
(
ρ, ρ⊗ σ

)
= F

(
ρsys, ρ

)
F
(
%ext, σ

)
, (13)

where ρsys = Trext(ρ) and %ext =
Trsys(ρ ρ⊗1)
Tr(ρ ρ⊗1) .

Proof. Let us first note that |ψ〉〈ψ|
1
2 = |ψ〉〈ψ| and expand

the fidelity:

F
(
ρ, ρ⊗ σ

)
= Tr

((
|ψ〉〈ψ| ⊗ σ

) 1
2 ρ
(
|ψ〉〈ψ| ⊗ σ

) 1
2

) 1
2

= Tr
((
1⊗

√
σ
)(

|ψ〉〈ψ| ⊗1
)
ρ
(
|ψ〉〈ψ| ⊗1

)(
1⊗

√
σ
)) 1

2

= Tr

((
1⊗

√
σ
)(

|ψ〉〈ψ| ⊗ Trsys(ρ |ψ〉〈ψ| ⊗1)
)(
1⊗

√
σ
)) 1

2

= Trsys
(
|ψ〉〈ψ|

) 1
2 Trext

(√
σTrsys(ρ |ψ〉〈ψ| ⊗1)

√
σ
) 1

2

=
√
Tr(ρ |ψ〉〈ψ| ⊗1)Trext

(√
σ

Trsys(ρ |ψ〉〈ψ| ⊗1)
Tr(ρ |ψ〉〈ψ| ⊗1)︸ ︷︷ ︸

%ext

√
σ
) 1

2

=

√
Trsys

(
Trext(ρ) |ψ〉〈ψ|

)
F (%ext, σ).

=

√
Trsys

(
ρsys |ψ〉〈ψ|

)
F (%ext, σ).

(14)

Finally, it is easy to see that the term with the square
root equals to F (ρsys, ρ). To this end expand

F (ρsys, ρ) = Tr
√

|ψ〉〈ψ| ρsys |ψ〉〈ψ| =

Tr (|ψ〉〈ψ|)
√

Tr (ρsys |ψ〉〈ψ|) =
√
Tr (ρsys |ψ〉〈ψ|)

which completes the proof.

Proposition .2. Given a target state ρ ∈ L(Hsys) and
any state Φ[ρ] ∈ L(Hsys⊗Hext) with Λ[ρ] = Trext (Φ[ρ]) ∈
L(Hsys), the following relation holds

F (Λ[ρ], ρ) ≥ max
ρext

F (Φ[ρ], ρ⊗ ρext).

Moreover, when the target state ρ = ρ2 is pure, the max-
imum is attained for the state ρext =

Trsys(Φ[ρ] ρ⊗1)
Tr(Φ[ρ] ρ⊗1) and

the inequality is saturated.

Proof. First note that the processing inequality implies
F (Φ[ρ], ρ ⊗ ρext) ≤ F (Λ[ρ], ρ) – tracing out subsystems
can only increase the fidelity. This implies the inequality.
Second, when ρ is pure, we can apply Lemma .1 to the
fidelity F (Φ[ρ], ρ⊗ ρext), which gives

F (Φ[ρ], ρ⊗ ρext) = F (Λ[ρ], ρ)F (%ext, ρext), (15)

with ρext =
Trsys(Φ[ρ] ρ⊗1)
Tr(Φ[ρ] ρ⊗1) . Hence, the equality

F (Λ[ρ], ρ) = F (Φ[ρ], ρ ⊗ ρext) is obtained for the choice
ρext = %ext.

Appendix A.2 Extension to multi-partite scenarios–
In the framework of the certification of channel with sev-
eral inputs, e.g. two-qubit gates, the channel E sup-
posedly implements an interaction between a number of
physically distinct subsystems, which can be clearly iden-
tified at the input and the output of the tested device. In
this case, the side A is composed of n parties1 {A(k)}nk=1

carrying one subsystem each, but also the reference chan-
nel E comes with a product structure for the Hilbert
spaces Hi/o =

⊗n
k=1 H

(k)
i/o. In this context, a certification

up to global isometries on side A is not sufficient, e.g.
this would not distinguish an entangling two-qubit gate
(a CNOT gate for example) with the identity. Hence, in
order to allow for the device-independent certification of
channels acting on several systems, the the maps Λi and
Λo must be local with respect to the partition of A , as
we now describe.

A channel E : L(HA ) → L(HA ) describing the tested
gate operates on an Hilbert space HA of unknown dimen-
sion. Nevertheless, the gate acts on several subsystems

1 Note that more generally the number of input and output sub-
systems can differ, but all the formalism straightforwardly gen-
eralizes to this case.
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FIG. 2. Device independent certification of multipartite chan-
nels: decomposition of the input and output of the channel
to be certified E into Hilbert spaces belonging to the different
parties A(k), and the role of injection/extraction maps. The
induced map from Hi to Ho can be compared to the target
channel E .

that can be unambiguously separated. Hence, HA comes
with a partition

HA = (
n⊗

k=1

HA(k))⊗H∗, (16)

where each HA(k) carries the state of the subsystem k on
which the device acts, and H∗ can carry external systems
that define the initial state of the tested device. For ex-
ample, the on/off button on the device can be such an ex-
ternal subsystem proper to the device. The Hilbert space
for each physical subsystem HA(k) has an unspecified di-
mension . We extend it with the input Hilbert space H(k)

i

of the specified dimension, which will carry part of the
maximally entangled state |φ+〉 ∈ Hi =

⊗n
k=1 H

(k)
i .

Then each local injection map sends state of this ex-
tended Hilbert space

Λ
(k)
i : L

(
HA(k) ⊗H(k)

i

)
→ L (HA(k)) (17)

into the physically relevant Hilbert space HA(k) on which
the gate E can act. With the overall map Λi =

(
⊗n

k=1 Λ
(k)
i ) ⊗ 1∗, where 1∗ simply says that the inter-

nal state of the device is untouched. Similarly, the local
extraction given by

Λ(k)
o : L(HA(k)) → L(H(k)

o ) (18)

maps the state of the physical output of the gate into the
output Hilbert space of the ideal channel E such that the
global map reads Λo = TrH∗(

⊗n
k=1 Λ

(k)
o )⊗ 1∗.

With these definitions, the channel composed with the
maps takes the form

Λo ◦ E ◦ Λi : L (HA ⊗Hi) → L(Ho). (19)

By setting the state of the subsystem HA to be the one
prepared by the source ρA , we finally get the desired

recipe

Ei-o :L(Hi) → L(Ho) (20)
% 7→ Λo ◦ E ◦ Λi[ρA ⊗ %] (21)

that allows to compare E to the target channel E , as
depicted in Fig. 2.

Note that the state ρA also contains the initial internal
state of the device itself. This allows to address eccentric
scenarios where the source can be entangled with the
device. In practice, one can often assume that the state
produced by the source is independent from the device,
in which case the state ρA decomposes as ρA ⊗ρ∗, where
A only refers to the source. Whenever this is possible,
we can forget about the internal state of the gate ρ∗ and
the Hilbert space H∗, absorbing it in the definition of the
channel E . We assume that this is the case for the rest
of this section.

As a particular application of the above definition, let
us now consider the case where the state in the experi-
ment is produced by n independent sources, each of which
distributes an entangled state to A(k) and B(k). Under
this assumption the marginal state of A takes the form

ρA =
n⊗

k=1

ρA(k) . (22)

Because each auxiliary state ρA(k) can be created locally,
one can absorb them in newly defined injection maps

Λ′(k)
i :L(H(k)

i ) → L(HA(k)) (23)

% 7→ Λ
(k)
i [ρA(k) ⊗ %]. (24)

With the maps defined this way, the explicit dependence
on the state of the source ρA disappears, that is

Ei-o =

(
n⊗

k=1

Λ(k)
o

)
◦ E ◦

(
n⊗

`=1

Λ′(`)
i

)
, (25)

as depicted in Fig. 3.
It is important to realize that if the sources are not in-

dependent such a formulation of the device-independent
certification of a gate is impossible because one can easily
imagine channels which can only perform the desired
operation when the source provides an entangled state in
some auxiliary degrees of freedom. For example, imagine
that the source distributes two auxiliary maximally
entangled states |φ+〉A(k)-A(`) to each pair of subsystems
A(k) and A(`), and that the channel E first teleports all
the inputs on one subsystem, say A(1), performs the
desired operation E locally at A(1), and then teleports
the resulting states back to the respective parties. This
sequence of operations would allow the channel to act
as desired, but only provided that these singlets are
actually distributed by the source. In other words, it
would fail to work when provided independent auxiliary
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FIG. 3. Device independent certification of multipartite chan-
nels with n independent sources. The local injection maps
Λ

′(k)
i can be optimized independently of the system’s state ρ.

states. The recipe defined in Eq. (25) would then fail
to act as the target channel E and only the procedure
defined in Eq. (21), which includes the partial state of
the source ρA produced in experiment, would perform
the desired operation.

Appendix A.3 Relation between the Uhlmann chan-
nel fidelity and the diamond norm– We show how the
Uhlmann fidelity between the Choi state of two channels
can be used to bound the diamond norm between these
two channels.

Let us first recall that the diamond norm between two
channels Ei-o and E , acting between the same Hilbert
spaces L(Hi) → L(Ho), is defined as2

||Ei-o − E||� =

sup
|ζ〉∈Hi⊗Hi

||(Ei-o ⊗ 1)[|ζ〉〈ζ|]− (E ⊗ 1)[|ζ〉〈ζ|] ||1. (26)

This expression has an operational meaning: It directly
relates to the maximal probability to discriminate the
two channels in a single measurement, when comparing
the images of some state |ζ〉.

We are interested to compare the reference channel E
and the channel Ei-o = Λo ◦E ◦Φi. In particular, we show
that the fidelity F(E , E) of Eq. (1) of the main text can
be used to bound the diamond norm between Ei-o and E .

Proposition .3. The diamond norm ||Ei-o−E||� between
two quantum channels

Ei-o and E : L(Hi) → L(Ho) (27)

is upper bounded by

||Ei-o − E||� ≤ 2 dim(Hi)

√
1−F2(Ei-o, E), (28)

2 Remark that one can sometimes see the definition with the max-
imization running over states |ζ〉 on an arbitrarily extended
Hilbert space Hi ⊗ Hext. But because of the Schmidt decom-
position any such state only has support on a subspace of Hext

of dimension dim(Hi) at most. Hence it is sufficient to consider
states |ζ〉 ∈ Hi ⊗Hi.

where

F(Ei-o, E) = F
(
(Ei-o ⊗ 1)[|φ+〉〈φ+|], (E ⊗ 1)[|φ+〉〈φ+|]

)
(29)

is the Choi fidelity between the two channels defined with
the maximally entangled state |φ+〉 ∈ Hi ⊗Hi.
Proof. We start by showing that any state |ζ〉 ∈ Hi ⊗Hi

can be probabilistically prepared from the maximally en-
tangled state |φ+〉 by solely acting on the second Hilbert
space. Given the Schmidt decomposition of the state
|ζ〉 =

∑
i ζi |i〉 |i′〉 there exists a local unitary 1⊗U such

that∣∣∣φ+〉 = 1⊗ U
∣∣φ+〉 = 1√

dim(Hi)

∑
i

|i〉 |i′〉 . (30)

Furthermore, the operator K =
∑

i ζi |i′〉〈i′| applied on
this state results into

1⊗K
∣∣∣φ+〉 =

1√
dim(Hi)

|ζ〉 . (31)

K is a valid Kraus operator 0 ≤ K†K ≤ 1 and hence
together with the unitary U can be implemented as
one branch of some probabilistic announced two-branch
protocol P acting on the second Hilbert space (a two-
outcome POVM). From the initial state |φ+〉 this proto-
col prepares the state |ζ〉 with probability p = 1

dim(Hi)

(successful branch), and some other state % with proba-
bility (1− p) (failure branch).

Next recall that the Uhlmann fidelity between any two
states ρ and σ upper bounds the trace-distance between
the same states as

D(ρ, σ) =
1

2
||ρ− σ||1 ≤

√
1− F 2(ρ, σ). (32)

Hence, from Eq. (29) one gets

D
(
(Ei-o ⊗ 1)[|φ+〉〈φ+|], (E ⊗ 1)[|φ+〉〈φ+|]

)
≤
√

1−F2.

(33)
The trace distance D satisfies the processing inequality,
meaning that it cannot increase whatever common oper-
ation is performed on the two states. In particular, this
holds for the protocol P, which, in addition, commutes
with the channels and can therefore be applied before
them, leading to

D
(
(Ei-o ⊗ 1)[|φ+〉〈φ+|], (E ⊗ 1)[|φ+〉〈φ+|]

)
≥ (34)

pD
(
(Ei-o ⊗ 1)[|ζ〉〈ζ|], (E ⊗ 1)[|ζ〉〈ζ|]

)
+ (1− p)D′. (35)

D′ stands for the trace distance between the states pre-
pared in the failure branch and satisfies (1 − p)D′ ≥ 0.
Combining with the previous inequality yields

D
(
(Ei-o ⊗ 1)[|ζ〉〈ζ|], (E ⊗ 1)[|ζ〉〈ζ|]

)
≤ 1

p

√
1−F2. (36)

Since this holds for any state |ζ〉 and p = 1
dim(Hi)

, the
proposition is proven.
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Appendix B Bounding the channel fidelity with state
fidelities– In this Appendix, we prove Eq. (4) of the main
text.

Proposition .4. Let ρ be a quantum state shared between
the sides A and B, E and E two channels acting on side
A with E : L(Hi) → L(Ho) a reference channel, and
|φ+〉 ∈ Hi ⊗Hi a maximally entangled state. Given the
local maps Λ̃A

i [·] = Trẽxt(Φ̃
A
i [·]), ΛA

o [·] = Trext(Φ
A
o [·])

and ΛB[·] = Trext(Φ
B[·]) acting on A and B respectively

with the corresponding isometries Φ̃A
i , ΦA

o and ΦB, the
following two fidelities

F i = F
(
(Λ̃A

i ⊗ ΛB)[ρ],
∣∣φ+〉〈φ+∣∣)

F o = F
(
(ΛA

o ⊗ ΛB) [(E ⊗ 1B)[ρ]] , (E ⊗ 1)
[
|φ+〉〈φ+|

])
,

lead to the following bound

arccos(F(E , E)) ≤ arccos(F i) + arccos(F o).

Proof. First note that the same map ΛB appears in both
equations. Hence we get rid of all the external systems on
the side B and introduce the state ρ′ = (1A ⊗ ΛB)[ρ] ∈
L(HA ⊗ Hi) where the dimension of HA is unspecified
but the output subsystems on side B is already identified.
Expressing the two fidelities F i and F o with ρ′ gives

F i = F
(
(Λ̃A

i ⊗ 1)[ρ′],
∣∣φ+〉〈φ+∣∣) (37)

F o = F
(
(ΛA

o ◦ E ⊗ 1)[ρ′], (E ⊗ 1)
[
|φ+〉〈φ+|

])
. (38)

Using Proposition .2 for Hsys = Hi, we can express the
first fidelity as

F i = F
(
(Φ̃A

i ⊗ 1)[ρ′], |φ+〉〈φ+| ⊗ ρA
ext

)
, (39)

where the auxilliary state on Alice side ρA
ext is by defini-

tion given by

ρA
ext = Tr(HA

i ⊗HB
i )(Φ̃i ⊗ 1[ρ′]) = TrHA

i
Φ̃i[ρA ] (40)

with ρA = TrB ρ as defined in the main text.
An isometry Φ̃A

i is a unitary embedding of the state
into an Hilbert space of a larger dimension. As such,
it can be decomposed as (Φ̃A

i ⊗ 1)[ρ′] = (Ũi ⊗ 1)[ρ′ ⊗
|ẽxt〉〈ẽxt|

A

i ]. Plugging this into Eq. (39) gives

F i = F
(
(Ũi ⊗ 1)[ρ′ ⊗ |ẽxt〉〈ẽxt|

A

i ], |φ+〉〈φ+| ⊗ ρA
ext

)
=

F
(
ρ′ ⊗ |ẽxt〉〈ẽxt|

A

i , (Ũ†
i ⊗ 1)[|φ+〉〈φ+| ⊗ ρA

ext]
)
≤

F
(
ρ′,Trext(Ũ

†
i ⊗ 1)[|φ+〉〈φ+| ⊗ ρA

ext]
)

(41)

where we used the invariance of fidelity under unitary
transformations and the fact that it can only increase
when subsystems are traced out. Note that the right
term in the last fidelity can be simply written as

Trext(Ũ†
i ⊗ 1)[|φ+〉〈φ+| ⊗ TrHA

i
Φ̃i[ρA ]] =

ΛA
i ⊗ 1[|φ+〉〈φ+| ⊗ ρA ] (42)

defining the injection map ΛA
i . Hence, we have

F
(
ρ′,ΛA

i ⊗ 1[|φ+〉〈φ+| ⊗ ρA ]
)
≥ Fi. (43)

Now we apply the map (ΛA
o ◦ E ⊗ 1) on both states3

in the last equation. The processing inequality ensures
that the fidelity can only increase by doing so, therefore

F
(
(ΛA

o ◦ E ⊗ 1)[ρ′], (ΛA
o ◦ E ◦ ΛA

i ⊗ 1)[|φ+〉〈φ+| ⊗ ρA ]
)

≥ F i. (44)

Next, we use the equivalence of the triangle inequality
for the Unlmann fidelity

arccos(F (%1, %3)) ≤ arccos(F (%1, %2))+arccos(F (%2, %3))
(45)

for the states

%1 = (ΛA
o ◦ E ◦ ΛA

i ⊗ 1)[|φ+〉〈φ+| ⊗ ρA ] (46)
%2 = (ΛA

o ◦ E ⊗ 1)[ρ′] (47)
%3 = (E ⊗ 1)[|φ+〉〈φ+|]. (48)

Eq. (38) directly gives F (%2, %3) = F o while Eq. (44)
gives the bound F (%1, %2) ≥ Fi, which in turn implies
arccos(F (%1, %2)) ≤ arccos(Fi). This leads to

arccos(F (%1, %2)) ≤ arccos(F i) + arccos(F o).

Finally, noticing that

F(E , E) = F (%1, %2)

implies

arccos(F(E , E)) ≤ arccos(F i) + arccos(F o).

In the proof of the previous proposition, we have ex-
plicitly constructed the injection map ΛA

i identifying in-
put subspaces on which the channel Ei-o acts. This map
is constructed from the extraction map Λ̃A

i in the certifi-
cate of the input state Eq. (2) of the main text. We now
show that a similar result holds in the multipartite case
where the channel E implements an interaction between
several physical systems.

Proposition .5. Let ρ be a quantum state shared be-
tween the sides A and B, A consisting of several parties
{A(k)}nk=1. Let also E be a channel acting jointly on all the
parties on side A , E : L

(⊗n
k=1 H

(k)
i

)
→ L

(⊗n
k=1 H

(k)
o

)

3 Remark that both E and ΛA
o only act nontrivially on the ”physi-

cal” system ρ′, the additional subsystems added by the isometries
are traced out by the composed map ΛA

o ◦ E.
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a reference channel, and |φ+〉 ∈ Hi⊗Hi a maximally en-
tangled state. Given the maps Λ̃A(k)

i [·] = Trẽxtk(Φ̃
A(k)

i [·]),
ΛA(k)

o [·] = Trextk(ΦA(k)

o [·]) acting locally on the respective
parties A(k) and ΛB[·] = Trext(Φ

B[·]) acting on B, and
the product maps

Λ̃A
i = Λ̃A(1)

i ⊗. . .⊗Λ̃A(n)

i

ΛA
o = ΛA(1)

o ⊗. . .⊗ΛA(n)

o ,

the following two equations

F i = F
(
(Λ̃A

i ⊗ ΛB)[ρ],
∣∣φ+〉〈φ+∣∣)

F o = F
(
(ΛA

o ⊗ ΛB) [(E ⊗ 1B)[ρ]] , (E ⊗ 1)
[
|φ+〉〈φ+|

])
,

imply the following bound on the fidelity between the chan-
nels E and E

arccos(F(E , E)) ≤ arccos(F i) + arccos(F o). (49)

In addition, the injection and extraction maps Λi and Λo

in the definition of F(E , E) (see Eq. (4) of the main text)
also have a local structure

ΛA
i = Λ

(1)
i ⊗. . .⊗Λ

(n)
i (50)

ΛA
o = Λ(1)

o ⊗. . .⊗Λ(n)
o , (51)

as described in Appendix A.2.

Proof. The proof is a simple modification of the proof of
Proposition .4. It is similar until Eq. (39)

F i = F
(
(Φ̃A

i ⊗ 1)[ρ′], |φ+〉〈φ+| ⊗ ρA
ext

)
. (52)

At this point we use the product structure of the isom-
etry Φ̃A

i = Φ̃A(1)

i ⊗ · · · ⊗ Φ̃A(n)

i , where each isometry
acting on the party A(k) can be written as Φ̃A(k)

i [·] =

Ũ
(k)
i [(·)⊗|ẽxt〉〈ẽxt|

(k)

i ]. Hence the unitary in (41) also has
a product structure Ũi = Ũ

(1)
i ⊗ · · · ⊗ Ũ

(n)
i , which is in-

herited by the injection map ΛA
i defined in Eq. (42). The

map ΛA
o have a product structure by definition. The rest

simply follows the proof of proposition .4.

To conclude, we notice that in the case where the quan-
tum state ρ is produced by independent sources it has the
form

ρ = ρA(1)-B(1) ⊗ · · · ⊗ ρA(n)-B(n) ⊗ ρ∗, (53)

where each state ρA(k)-B(k) is shared between the parties
A(k) and B(k), and ρ∗ is the initial state of the device.
Consequently, the marginal state of Alice is product with
respect to all subsystems

ρA =
n⊗

k=1

ρA(k) , (54)

with ρA(k) = TrB(k)ρA(k)-B(k) . This allows to conve-
niently absorb each state into the local injection map
Λ
(i)
i performed locally by the corresponding subsystem

Λ′A(`)

i [·] = ΛA(`)

i [ · ⊗ ρA(`) ] ∀` = 1, . . . , n (55)

Hence, in the proof of the above proposition the state of
the source ρA can be absorbed in this novel definition of
the injection map Λ′A

i , except for the degrees of freedom
that describe the initial state of the measurement device
itself ρ∗ (which may specify, for example, that the device
is plugged in). Considering the initial internal state of
the device ρ∗ as part of the channel E , we can write the
following corollary

Corollary .5.1. Given all the condition of the proposi-
tion .5, if in addition the sources for each input subsystem
of Alice are independent, it follows that

arccos(F ′(E , E)) ≤ arccos(F i) + arccos(F o).

where

F ′(E , E) = F
(
(ΛA

o ◦E◦Λ′A
i )⊗1[|φ+〉〈φ+|], E⊗1[|φ+〉〈φ+|]

)
(56)

and the maps ΛA
o and Λ′A

i have a tensor product struc-
ture with respect to subsystems of A .

Proof. We just presented the proof.

As discussed in Appendix A.2, this result would not be
possible without the assumption of independent sources.
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Appendix C Robustness of channel certification in pres-
ence of white noise– Here we illustrate the robustness of
the bounds obtained for the fidelity of the single qubit
unitary channel and the two qubit CNOT gate. To this
end, we consider a simple model where each element suf-
fers from white noise. In particular, each source produces
the two qubit mixed state

ρ(εS) = (1− εS) |φ+2 〉〈φ
+
2 |+ εS

1

4
1, (57)

that is, with probability εS, it fails to output the max-
imally entangled two-qubit state

∣∣φ+2 〉 and produces a
totally depolarized two-qubit state 1

41 instead. The mea-
surement devices output a random result with proba-
bility εM, which corresponds to replacing each Pauli by
X(Z) → (1 − εM)X(Z) in the Bell operator. Similarly,
the channel E fails to perform the desired operation with
probability εC, in which case it outputs a totally depo-
larized state of the corresponding dimension.

Within such a model, the calculation of expected Bell
values is straightforward and gives

βi =2
√
2(1− εS)(1− εM)2 (58)

βo =2
√
2(1− εS)(1− εM)2(1− εC) (59)

γi =1− 2.4ε3M (1 − εS)
2 + εM (εS (5.6 − 2.4εS)− 3.2)

+ 0.6ε4M (1− εS)
2 + ε2M (εS (3.6εS − 7.6) + 4)

+ (0.6εS − 1.6) εS (60)
γo =1− 3.2εM + 3.9ε2M − 2.2ε3M + 0.5ε4M − 1.6εS

+ 5.5εMεS − 7.2ε2MεS + 4.3ε3MεS − ε4MεS + 0.6ε2S

− 2.3εMε
2
S + 3.3ε2Mε

2
S − 2.1ε3Mε

2
S + 0.5ε4Mε

2
S

+ εC
(
−0.5ε4Mε

2
S + 1.ε4MεS + 2.1ε3Mε

2
S − 4.3ε3MεS

− 3.3ε2Mε
2
S + 7.2ε2MεS + 2.3εMε

2
S − 5.5εMεS − 0.5ε4M

+2.2ε3M − 3.9ε2M + 3.2εM − 0.6ε2S + 1.6εS − 1
)
.
(61)

Fig. 4 shows the resulting bound on the fidelity of the
identity channel (left) and the CNOT gate (right) as
functions of the channel noise (εC = εIdC and εCNOT

C

respectively), assuming that εS = εM = εSetup.

Appendix D Systematic approach to robustly certify
N-qubit states device-independently– In this appendix,
we describe an approach for the device-independent,
robust state certification that allowed us to certify any
two-qubit controlled unitary gate. We provide a sys-
tematic recipe that can be applied to arbitrary N-qubit
states, even though its convergence is not guaranteed.
Appendix D.2 and D.3 exploits the Jordan lemma to
show how one can obtain device-independent bounds
on the fidelity of N-qubit states from a given Bell test.
Appendix D.4 shows how to devise Bell tests tailored to
the robust certification of N-qubit states. Appendix D.5
finally applies our approach to the maximally entangled
two-qubit state and the four-qubit states obtained
by applying CUϕ gates on two maximally entangled
two-qubit states. Before we start, we discuss a figure of
merit, the overlap, to compare two quantum states.

Appendix D.1 Hilbert-Schmidt inner product and re-
lation to the Uhlmann fidelity– The Hilbert-Schmidt in-
ner product (aka the overlap) between two states ρ and
ρ defined on the same Hilbert space is given by

O(ρ, ρ) = Tr(ρρ) . (62)

The overlap does not satisfy some nice properties of the
Uhlmann fidelity, but has the advantage to be a linear
function of the quantum states and thus allows one to
use efficient optimization techniques. There are several
known results and methods for robust state certifica-
tion [2–5], that provide bounds on the overlap between
the state to be certified and the target state. As we
now show, bounds on the Hilbert-Schmidt product can
be directly used to bound the Uhlmann fidelity needed
in Eq. (2)-(3) of the main text.

Lemma .6. Given two quantum states ρ, ρ, the following
relation holds:

F (ρ, ρ) ≥
√

Tr(ρρ), (63)

with equality when one of the two states is pure.

Proof. With ρ =
∑

i pi
∣∣ψi

〉〈
ψi

∣∣ we have

F (ρ, ρ)2 = F (ρ,
∑
i

pi
∣∣ψi

〉〈
ψi

∣∣)2
≥
∑
i

piF (ρ,
∣∣ψi

〉〈
ψi

∣∣)2
=
∑
i

piTr
(
ρ
∣∣ψi

〉〈
ψi

∣∣)
= Tr (ρρ).

(64)

Here we used the concavity of the square of the Uhlmann
fidelity with respect to its second argument [6]. The
corresponding inequality is saturated when ρ is pure.
By symmetry of the Uhlmann fidelity, equality is also
achieved when ρ is pure.
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FIG. 4. Device-independently certified fidelity F for the identity channel (left) and the CNOT gate (right) in presence of
white noise on the certified elements (ε

Id(CNOT)
C ) and on the other elements of the setup, i.e the sources and measurements

(εSetup).

The definition of the Hilbert-Schmidt product natu-
rally generalizes to the case with a state % of the global
system defined on Hsys ⊗Hext and a state ρ of a subsys-
tem on Hsys

O(%, ρ) = Trsys
(

Trext(%) ρ
)
, (65)

as it is commonly done. In such a case Lemma.6 ensures
that F (Trext(%), ρ) ≥ O(%, ρ) with equality when ρ is
pure.

Appendix D.2 Device independent certification of
states using Jordan’s lemma– In this subsection, we show
how the device-independent certification of an N -qubit
state can be reduced to an N -qubit problem. This reduc-
tion is only possible if certain requirements are fulfilled:
(i) The Bell test has to involve at most two different mea-
surements per party, and (ii) these measurements must
be binary. If these requirements are fulfilled we can use
Jordan’s lemma, which states the following [7]:
Lemma .7. Let X and Z be two Hermitian operators
with eigenvalues −1 and +1. Then there exists a basis
in which both operators are block-diagonal, with blocks of
dimension 2× 2 at most.

This directly implies that if a Bell operator B consists
of binary measurements then the operator B correspond-
ing to the Bell test can be written as

B =
⊕
α1

⊕
α2

. . .
⊕
αN

Bα1...αN
. (66)

In this expression, Bα1...αN
is a N -qubit Bell operator,

and the indices α1, . . . , αN denote the block of parties
1, . . . , N respectively. Therefore, the expectation value
of the Bell operator is given by

β =
∑

α1,...,αN

Tr (%α1...αN
Bα1...αN

) , (67)

where %α1...αN
is an unnormalized N -qubit state corre-

sponding to the projection of the global state ρ onto the
blocks (α1 . . . αN ). We can add the normalization by
writing

β =
∑

α1,...,αN

pα1...αN
Tr (ρα1...αN

Bα1...αN
)

=
∑

α1,...,αN

pα1...αN
βα1...αN

(ρα1...αN
) (68)

where ρα1...αN
= p−1

α1...αN
%α1...αN

.
This allows to reduce the device independent certifica-

tion of N -qubit states to a N -qubit problem, as we now
explain.

Proposition .8. Consider a Bell operator of the block-
diagonal form

B =
⊕
α1

⊕
α2

. . .
⊕
αN

Bα1...αN
(69)

with αi labeling the block of each party i = 1 . . . N , a
global state ρ yielding the Bell value β = Tr (ρB), and a
convex function f . If for each party and each subspace
(block) there exist a fixed local isometry Φαi

, such that
the overlap between any possible state τ supported on any
(α1 . . . αN )-block and the target state ρ is bounded by the
Bell value βα1...αN

(τ) = Tr (τBα1...αN
) via

O
(
(Φα1

⊗ . . .⊗ ΦαN
)[τ ], ρ

)
≥ f(βα1...αN

(τ)), (70)

then there is an isometry Φ = Φ1⊗Φ2⊗ . . .ΦN for which
the global state satisfies

O(Φ[ρ], ρ) ≥ f(β). (71)
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Proof. For each party, let us define the isometry Φi =⊕
αi

Φαi , which independently maps the state in each
block αi onto the output (qubit) subsystem. Under these
isometries the overlap of the global state ρ with the target
state ρ satisfies

O((Φ1 ⊗ Φ2 ⊗ . . .ΦN )[ρ], ρ)

= O
(
(
⊕

α1,...,αN

Φα1
⊗. . .⊗ ΦαN

)[ρ], ρ
)

=
∑

α1,...,αN

pα1...αN
O
(
(Φα1⊗. . .⊗ ΦαN

)[ρa1...aN
], ρ
)

≥
∑

α1,...,αN

pα1...αN
f
(
βα1...αN

(ρα1...αN
)
)

≥ f
( ∑

α1,...,αN

pα1...αN
βα1...αN

(ρα1...αN
)
)
= f(β) ,

(72)

where we used the linearity of the Hilbert-Schmidt prod-
uct and the convexity of f .

Hence, a solution of the N -qubit problem in the
form of a convex bound as in Eq. (70), can be directly
applied to device independently certify any state ρ from
the observed Bell value β. This problem can be solved
numerically, as we now show.

Appendix D.3 Convex bound on the N -qubit fidelity–
First let us fix the form of the local observable Xi and
Zi, i ∈ {1, 2, . . . , N}. After applying Jordan’s lemma and
choosing a suitable coordinate system (via a local basis
change for each block that is absorbed into the isometry),
we can express the two observables of party i in the block
αi as

{
Xi,aαi

= cos(aαi)σx + sin(aαi)σz

Zi,aαi
= cos(aαi)σx − sin(aαi)σz

(73)

where σx and σz are Pauli matrices, r ∈ {0, 1} and aαi
∈

[0, π2 ]. Each Bell operator Bα1...αN
= B(aα1 , . . . , aαN

)
only involves terms of the form (73) and is uniquely spec-
ified by the angles aαi

.
In order to apply the Proposition.8 we first fix the de-

pendence of the local isometries on the angles Φαi =

Φ(aαi). Then we lower bound the overlap O
(
(Φa1 ⊗ . . .⊗

ΦaN
)[τ ], ρ

)
between the target state ρ and all N -qubit

states τ whose Bell value Tr (τB(aα1
, . . . , aαN

)) exceeds a
certain value β′. This implies the following optimization:

Omin(β
′) = min

τ,a1,...,aN

O
((

Φ(a1)⊗ . . .⊗ Φ(aN )
)
[τ ], ρ

)
s.t. Tr (τ · B(a1, . . . , aN )) ≥ β′

τ ≥ 0

Tr (τ) = 1

τ † = τ . (74)

For simplicity, we dropped the box index αi → i in these
expressions.

If we fix the values of β′ and the angles a1, . . . , aN , the
problem reduces to a linear optimization, which can be
done very efficiently using semidefinite programming for
example. So, we use the following strategy: For every
β′, we fix a1, . . . , aN , we run the linear optimization
and then minimize the overlap over the angles. Finally,
the convex function f(β) of Eq. (71) is obtained as the
convex roof of Omin(β

′).

The optimization (74) is then directly formulated

O
((

Φ(a1)⊗ . . .⊗ Φ(aN )
)
[τ ], ρ

)
=

Tr
((

Λ(a1)⊗ . . .⊗ Λ(aN )
)
[τ ] · ρ

)
, (75)

in terms of the extraction maps Λ(ai)[·] = trextΦ(ai)[·]
induced by the isometries. The resulting Λ(ai) is some
completely positive trace preserving (CPTP) map on a
single qubit. Reciprocally any CPTP map can be dilated
to an isometry, hence choosing the dependence of the
local isometries Φ(ai) on the angle amounts to choose a
parametric family of extraction maps Λ(ai).

To run the optimization, it remains to chose the de-
pendence of the extraction maps Λ(ai) on the angles ai.
To do so, we follow the analytic studies presented in [3],
where single-qubit dephasing channels are used:

Λ(a)[ρ] :=
1 + g(a)

2
ρ+

1− g(a)

2
ΓaρΓa , (76)

where g(a) = (1 +
√
2)(cos(a) + sin(a)− 1) and

Γa =

{
σx for a ∈ [0, π4 ] ,

σz for a ∈ ]π4 ,
π
2 ] .

(77)

So far we have assumed that we know the Bell test
that is suitable for the robust certification of the target
state ρ. We will now give a hint on how, given a target
state, the research of such a Bell test can be tackled.

Appendix D.4 Devising Bell tests tailored to the ro-
bust certification of N -qubit states – In this appendix, we
briefly describe the approach that we used to devise Bell
tests tailored to the certification of 4-qubit state fam-
ily |ξϕ〉. While, in principle, this approach can be used
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for any N -qubit state, its convergence is not guaranteed.
In any case, it provides necessary conditions that have
to be fulfilled by a Bell test to be suitable for the cer-
tification of a given state, drastically limiting the set of
potential candidates. The full details will be described
elsewhere [8].

Since we want the extracted fidelity to be one in the
ideal case, the state ρ has to be the unique state that
attains the maximal quantum value of the Bell test for a
given realization of the observable. Hence, the simplest
necessary condition for a Bell test to be suitable for
the certification of a given state, is that this state gives
the maximal Bell value for a fixed realization of the
observables. As a first step, we thus consider a set of
Hermitian operators that have the state |ξϕ〉 for unique
maximal eigenstate. Such a set of operators can be
obtained by applying the gate CUϕ on the convex sums
of stabilizers of the initial Bell pairs

∣∣φ+2 〉 ∣∣φ+2 〉 . Trivially,
any such operator, except those for which the weights of
some stabilizers are identically zero, has the state |ξϕ〉 as
unique maximal eigenstate with eigenvalues 1. Since we
want to use the Jordan lemma, we furthermore restrict
ourselves to operators that can be expressed as a linear
combination of correlators that only contain identity
and two other Paulis per party. The Jordan lemma
ensures that any such Bell test attains its maximal value
for the case of qubits, i.e. when the boxes correspond

to some Pauli matrices and the state is a four-qubit
state. Note that different expansions of an operator
in correlators (related by local rotations of the Paulis)
correspond to different Bell tests. Similarly, a Bell test,
seen as a sum of correlators, can correspond to different
Bell operators, via different assignments of operators
to the measurement boxes. If the aim of this test is to
certify the target state, not only the state has to be the
maximal eigenstate for a fixed assignment (a fixed Bell
operator), but the corresponding eigenvalue, that we
conveniently set to λ = 1, has to be globally maximal.
Hence, as a second step, we discard the operators
among all the candidates to the Bell test whose maximal
eigenvalue is not a local maximum with respect to small
perturbations of the measurement boxes4. This can be
done by standard second order eigenvalue perturbation
methods: check that λ is not perturbed at first order
and all second order terms are negative. Moreover, the
sensitivity of maximal eigenvalue to small misalignments
of the measurement boxes (the negativity of the second
order derivatives of λ) is a good indication of the fact
that the Bell value is the most sensitive to a drop in
state’s fidelity. This is precisely what is required for a
robust certificate. Therefore, as a last step we look for
the Bell test for which the maximal eigenvalue is the
most sensitive to perturbations in all possible directions.

The resulting family of Bell tests for |ξϕ〉 reads

Bϕ =
1

20

〈
2
√
2B

(1)
1 (A

(1)
0 +A

(1)
1 ) + sϕ

(√
2B

(1)
1 +A

(1)
0 +A

(1)
1

)(
A

(2)
0 (B

(2)
0 +B

(2)
1 ) +A

(2)
1 (B

(2)
0 −B

(2)
1 )

)
+

(√
2cϕ + cϕB

(1)
1 (A

(1)
0 +A

(1)
1 ) + 2B

(1)
0 (A

(1)
0 −A

(1)
1 )

)(
A

(2)
0 (−B

(2)
0 +B

(2)
1 ) +A

(2)
1 (B

(2)
0 +B

(2)
1 )

)〉
, (78)

with cϕ = cos(ϕ), sϕ = sin(ϕ), and where 〈.〉 stands for the expectation value. In practice, one has to determine
multiple average values of the form〈

B(1)
m A(1)

n A(2)
p B(2)

q

〉
=

∑
b(1),a(1),a(2),b(2)

b(1)a(1)a(2)b(2)P
(
b(1), a(1), a(2), b(2)|B(1)

m A(1)
n A(2)

p B(2)
q

)
(79)

Here a(i), b(i) = ±1 label the measurement outcomes for each party, and m,n, p, q ∈ {0, 1}. If only three or two parties
are involved, the definition of the expectation value is adapted accordingly. For the assignments

B
(1)
0 = σx, B

(1)
1 = σz,

A
(1)
0 = 1√

2
(σx + σz), A

(1)
1 = 1√

2
(σz − σx),

A
(2)
0 = −cϕσx + sϕσz, A

(2)
1 = cϕσz + sϕσx,

B
(2)
0 = 1√

2
(σx + σz), B

(2)
1 = 1√

2
(σz − σx),

Bϕ attains the maximal quantum value Bϕ = 1 for the state |ξϕ〉 = CUϕ

∣∣φ+2 〉 ∣∣φ+2 〉. Recall that the gate CUϕ =

|0〉〈0|⊗1+ |1〉〈1|⊗e−iϕσy is applied on A(1) holding the control qubit and A(2) holding the target one. The maximally

4 In our case of complementary qubit measurements X and Z the perturbation is X → X(1− δ2

2
) + δZ and Z → Z(1− δ2

2
) + δX.
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entangled states
∣∣φ+2 〉 = 1√

2
(|00〉 + |11〉) are shared between A(1) with B(1) and A(2) with B(2). A curious reader

might also be interested to learn that the local bounds for the Bell tests Bϕ are given by

Bϕ ≤ (
√
2 + 1)(cϕ + sϕ) + 2

5
√
2

∈ [0.62, 0.77]. (80)

Let us take a closer look on the CNOT = |0〉〈0| ⊗ 1+ |1〉〈1| ⊗ σx gate, which only belongs to the CUϕ family up to
local unitaries:

CUπ
2
= e−iπ

4

(
ei

π
4 σz ⊗ e−iπ

4 σz
)
CNOT

(
1⊗ ei

π
4 σz
)
. (81)

Using 1 ⊗ ei
π
4 σz

∣∣φ+2 〉 = ei
π
4 σz ⊗ 1

∣∣φ+2 〉 it follows that the action of the CNOT on the qubits of the two Bell states
belonging to Alices yields the state |ξCNOT 〉 = CNOT

∣∣φ+2 〉 ∣∣φ+2 〉 satisfying∣∣ξπ
2

〉
=
(
1B(1) ⊗ (ei

π
4 σz )A(1) ⊗ (e−iπ

4 σz )A(2) ⊗ (ei
π
4 σz )B(2)

)
|ξCNOT 〉 (82)

up to an irrelevant global phase. Hence, |ξCNOT 〉 can be certified with the Bell test Bπ
2

in Eq. (78) with settings
rotated by the local unitaries, i.e. with

B
(1)
0 = σx, B

(1)
1 = σz,

A
(1)
0 = 1√

2
(σy + σz), A

(1)
1 = 1√

2
(σz − σy),

A
(2)
0 = σz, A

(2)
1 = −σy,

B
(2)
0 = 1√

2
(σy + σz), B

(2)
1 = 1√

2
(σz − σy).

Finally, recall that to obtain the certificate of the gate the initial state
∣∣φ+2 〉 ∣∣φ+2 〉 has to be certified with the

same measurement boxes on Bob’s side as for the final state. Since the measurement settings for B2 are different
for |ξCNOT 〉 compared to

∣∣ξπ
2

〉
, we cannot use the settings for B0 given after Eq. (78). However, this can be easily

resolved using the symmetry of the state∣∣φ+2 〉 ∣∣φ+2 〉 = (1B(1) ⊗ 1A(1) ⊗ (e−iπ
4 σz )A(2) ⊗ (ei

π
4 σz )B(2)

) ∣∣φ+2 〉 ∣∣φ+2 〉 . (83)

Hence, in the case of the CNOT gate, the initial state can be certified with B0 in Eq. (78) and the settings

B
(1)
0 = σx, B

(1)
1 = σz,

A
(1)
0 = 1√

2
(σx + σz), A

(1)
1 = 1√

2
(σz − σx),

A
(2)
0 = σy, A

(2)
1 = σz,

B
(2)
0 = 1√

2
(σy + σz), B

(2)
1 = 1√

2
(σz − σy).

Appendix D.5 Results– Below we present the results
of the optimization for the states discussed in the main
text.

Maximally entangled two-qubit state– The maximally
entangled two-qubit state

∣∣φ+2 〉 = 1√
2
(|00〉+ |11〉) has the

two following stabylizers σx ⊗ σx and σz ⊗ σz in the X-Z
plane. Any operator

B(p) = p σx ⊗ σx + (1− p)σz ⊗ σz, (84)

with 0 < p < 1, has
∣∣φ+2 〉 as the unique maximal eigen-

state with eigenvalue 1. Applying the approach of the
previous section to the operators B(p), we find that the

Bell test
1

2
√
2
〈A0(B0 +B1) +A1(B0 −B1)〉 , (85)

with 〈AmBn〉 =
∑

a,b=±1 a bP (a, b|Am, Bn), is the most
sensitive to the perturbation of the boxes. It corresponds
to the operator B( 12 ) for the assignments A0 = σx and
A1 = σz for Alice’s measurements, and B0 = 1√

2
(σx+σz)

and B1 = 1√
2
(σx − σz) for Bob’s measurements. This

Bell test is proportional to the well-known CHSH inequal-
ity [9].

Let us now illustrate our numerical optimization
method on the CHSH inequality. The results we find
match the already known analytical result of Ref. [3],
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FIG. 5. Application of our numerical approach to CHSH.
The blue line is the result of the 2-qubit optimization. The
red dashed line is the convex roof and therefore a valid device-
independent lower bound on the fidelity of a two-qubit max-
imally entangled state. The black dashed-dotted line is the
non-trivial bound of 1

2
.

highlighting the validity and applicability of our ap-
proach.

Eq. (73) ensures that Alice’s obsevables A0, A1 on her
k-block and Bob’s observables B0, B1 on his l-block can
be written as{

A0,k = cos(ak)σx + sin(ak)σz

A1,k = cos(ak)σx − sin(ak)σz
(86){

B0,l = cos(bl)σx + sin(bl)σz

B1,l = cos(bl)σx − sin(bl)σz.
(87)

The two-qubit CHSH operator on the (k, l)-block is thus
expressed as

B(ak, bl) = 2[(cos(ak)σx + sin(ak)σz)⊗ cos(bl)σx+

(cos(ak)σx − sin(ak)σz)⊗ sin(bl)σz] . (88)

Up to local unitaries,
∣∣φ+2 〉 is the eigenstate of B(π4 ,

π
4 )

corresponding to the largest eigenvalue of 2
√
2.

With the extraction maps of Eq. (76) we do the opti-
mization (74) for β′ ∈ [1.35, 2

√
2]. We chose this interval

to cover the whole range of fidelities [0, 1]. As depicted
in Fig. 5, the obtained bound Omin(β

′) is not a convex
function (solid line), but its convex roof (straight dashed
line) is easy to obtain and is given by

f(β) =
1

2

(
1 +

β − β∗

2
√
2− β∗

)
, (89)

with β∗ ≈ 2.11. Applying the Proposition .8 and the
Lemma .6, we conclude that a CHSH value β implies a
lower bound on the fidelity

F (Trext(Φ[ρ]), |φ+2 〉〈φ
+
2 |) ≥

√
1

2

(
1 +

β − β∗

2
√
2− β∗

)
. (90)

Four-qubit entangled states |ξϕ〉– We follow the same
steps for the states |ξϕ〉 and corresponding Bell tests Bϕ.
This allows us to conclude that a Bell value γ leads to
the lower bound

F (Trext(Φ[ρ]), |ξϕ〉〈ξϕ|) ≥

√
1

2

(
1 +

γ − γ∗ϕ
1− γ∗ϕ

)
, (91)

where the constant γ∗ϕ depends on the parameter ϕ. For
the ten values of ϕ that we analyzed, we find that
γ∗ϕ ∈ [0.795, 0.85], with the best case γ∗π

2
≤ 0.795 that

corresponds to the equivalent of a CNOT gate, and the
worst case γ∗π

4
≤ 0.85 corresponding to the gate CUπ

4

which is equivalent to the square root of a CNOT.
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CHAPTER

FIVE

SELF-TESTING OF QUANTUM MEASUREMENTS

In quantum communication we usually use projective measurements, e.g. when reading out
states after their transmission. These measurements are strong measurements in the sense
that they extract a maximum amount of information and also disturb the system maximally.
The unpleasant consequence is that interesting features such as entanglement are destroyed.
While in the previously mentioned scenario of state detection this consequence is irrelevant,
there are situations in which one wants to extract information while upholding the entangled
structure of the system. An example for such a case is the generation of random numbers in a
device-independent way [29]. Whereas with projective measurements one can extract at most
one certified random bit per maximally-entangled state, with successive quantum measurements
one can in principle extract an arbitrary number of certified bits. We denote measurements that
serve this purpose of non-maximal disturbance quantum measurements. They have a classical
as well as a quantum output, with the classical output being the measurement outcome (just as
in the projective case) while the quantum output is the post-measurement state (for projective
measurements the state after the measurement is always of product-form and hence classical).

In this chapter we explain how quantum measurements can be self-tested. The line of
argument follows closely the one of chapter 4: Again we use state certificates to lower-bound
the fidelity of a channel - in this case the measurement. We also discuss our technique by
studying the example of a qubit quantum measurement characterized by two Kraus operators.
For this we need the Bell inequalities tailored to partially-entangled two-qubit states that we
derived in section 3.2.
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Among certification techniques, those based on the violation of Bell inequalities are appealing
because they do not require assumptions on the underlying Hilbert space dimension and on the
accuracy of calibration methods. Such device-independent techniques have been proposed to
certify the quality of entangled states, unitary operations, projective measurements following von
Neumann’s model, and rank-one positive-operator-valued measures (POVM). Here, we show that
they can be extended to the characterization of generalized measurements with post-measurement
states that are not fully determined by the measurement result. We provide concrete recipes that
can be used in realistic scenarios where the certification devices are noisy.

Introduction — Experiments using either NV cen-
ters [1], photon pair sources [2, 3] or neutral atoms [4]
have recently been used to test Bell inequalities [5] in
a very convincing way. The observed Bell inequality
violations have brought new and fascinating insights
about nature by showing that some correlations can-
not be explained by locally causal models. These
experiments also revolutionize branches of applied
physics like randomness generation [6–12] by making it
device-independent, i.e. the randomness guarantees hold
without assumptions on the underlying Hilbert space
dimension and on the accuracy of calibration methods.

The possibility of randomness generation from Bell
inequalities is clear when one realizes that the only
situation allowing for a maximal quantum violation of
the simplest Bell inequality [13], within the quantum
formalism, consists in using complementary Pauli
measurements on a maximally-entangled two-qubit
state [14, 15]. This means that the violation of a Bell
inequality can certify quantum states and von Neumann
measurements directly, without resorting to tomography.
Mayers and Yao were among the very first ones to
highlight the usefulness of Bell tests as characterization
methods, a technique that they called self-testing [16].
Self-testing has been applied to many entangled
states [15–19], projective measurements [16, 20–24], and
unitary operations [25].

Efforts are being devoted to characterise measure-
ments not captured by the usual von Neumann model.
Refs. [26, 27] for example, showed how to characterise
rank-one POVMs that are not composed of orthogonal
projection. Less is known for measurements whose
post-measurement state is not fully determined by the
measurement result. In this case, the measurement
statistics and the post-measurement states have to be
considered together in order to verify that a measure-
ment achieves the ideal trade-off between disturbance
and information gain. Such generalized measurements,
also sometimes referred to as weak measurements or

quantum instruments, can be more efficient in practice
than projective or rank-one measurements e.g. for
generating randomness. Whereas randomness gen-
eration based on projective measurements requires
at least as many maximally-entangled states as the
number of certified random bits, an arbitrary number
of random bits can in principle be extracted from a
single maximally-entangled state by applying successive
generalized measurements [28–31]. The certification
of such measurements is thus not only of fundamental
interest but could be used in practice to characterise
the potential of an actual measurement for producing
large amounts of device-independent randomness with a
single entangled state.

In this manuscript, we provide a recipe to certify
generalized measurements by lower-bounding the fidelity
of the maps associated with each outcome of the mea-
surement. We also derive a new class of Bell inequalities
suitable for the robust self-testing of partially-entangled
two-qubit states. Our final recipe is realistically robust
to experimental noise.

Device-independent certification of generalized mea-
surements: Formulation– Consider an ideal noise-free
measurement M with k outcomes operating on qubits.
It is represented by a collection of k Kraus op-
erators {K`}k−1

`=0 satisfying the completeness relation∑
`K
†
`K` = 1. Each Kraus operator defines a completely

positive map ρ 7→ K`ρK
†
`. Given a state ρB ∈ L(C2),

the probability to observe the outcome ` is given by the

Born rule p` = Tr
(
K`ρBK

†
`

)
and the post-measurement

state for this outcome is %` = 1
p`
K`ρBK

†
`.

Von Neumann measurements and rank-one POVMs
correspond to the specific case where {K`} are pro-
portional to projectors onto pure states |ψ`〉, that is
K` = η` |ψ`〉〈ψ`|. In this case, the post-measurement
state corresponding to the outcome ` is |ψ`〉 inde-
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pendently of the pre-measured state of the system.
Performing such a measurement on a physical system
extracts full information about its state but also disturbs
it maximally, e.g. it breaks all entanglement the system
might have with the rest of the world.

Weak measurements on the other hand introduce less
disturbance in the system at the price of extracting less
information [32]. The corresponding Kraus operators

are not represented by rank-one matrices, i.e. K
2

` 6=
Tr
(
K`

)
K` in general. This has the benefit of preserv-

ing interesting and useful features such as entanglement
while nevertheless revealing information about the sys-
tem. As an example, the Kraus operators

K0(θ) = cos(θ)|0〉〈0|+ sin(θ)|1〉〈1|, (1)

K1(θ) = sin(θ)|0〉〈0|+ cos(θ)|1〉〈1| (2)

are generalized measurements which tend to be projec-
tive in the limit θ → 0, and the identity in the weak
limit when θ → π/4. Such a family of measurements is
sufficient to implement the scheme proposed in [29–31]
to produce more randomness than possible with von
Neumann measurements.

Whether the considered measurement is a von Neu-
mann measurement or not, it can be fully characterised
by the map

M : L(C2)→ L(C2 ⊗HR) , (3)

σ 7→
∑
`

(
K` σK

†
`

)
⊗ |`〉〈`|R ,

where we have introduced a register R indicating the out-
come. In comparison to the map generated by a single
Kraus operator K`, the map M is trace-preserving by
construction, hence defines a quantum channel. Simi-
larly, a possibly noisy measurement acting on a Hilbert
space HB can be described by the following map

M : L(HB)→ L(HB ⊗HR) , (4)

σ 7→
∑
`

M`[σ]⊗ |`〉〈`|R ,

where M` are the completely positive maps associated to
the outcomes `. In general, these maps may not be ex-
pressed in terms of a single Kraus operator, but as a com-
bination of several ones, i.e. M`[σ] =

∑
mK`,mσK

†
`,m,

with
∑
`,mK

†
`,mK`,m = 1. In order to show that a mea-

surement described byM acts like a target measurement
M, it is sufficient to identify a subspace of HB on which
the action of M is identical to M. Moreover, a map is
fully described by its action on half of a maximally en-
tangles state. Therefore, one can demonstrate that the
considered measurement is identical to the target one

FIG. 1: Scheme of the actual experiment that is used to char-
acterise the measurement boxM in a device-independent way.
The source which is represented by a box with a star, pro-
duces an unknown bipartite state ρ shared between A and
B. Party B performs the measurement. The pre- and post-
measurement states can be measured with additional mea-
surements named A0/1 for party A and B0/1/2/3 for party B
that are also unknown (not represented).

by showing that there exist completely positive trace-
preserving maps

ΛiB : L(C2)→ L(HB), ΛoB : L(HB)→ L(C2), (5)

such that

(1⊗ ΛoB◦M◦ΛiB)[|φ+〉〈φ+|] = (1⊗M)[|φ+〉〈φ+|]. (6)

The injection and output maps identify subspaces and
subsystems in which the measurement M acts as the
reference measurement M, see Fig. 2. Note that since
all possible outcomes appear in the definition of the
maps M and M, equality (6) guarantees at the same
time that the outcome states are as expected and that
each outcome appears with the desired probability.

The previous equality cannot be satisfied in an ac-
tual experiment due to unavoidable imperfections. We
thus propose an extension for quantifying the distance
F(M,M) between M and M using

F(M,M) = (7)

max
ΛiB,Λ

o
B

F
((

1⊗ ΛoB◦M◦ΛiB
)

[|φ+〉〈φ+|], (1⊗M)[|φ+〉〈φ+|]
)
,

where F (ρ, σ) = Tr
√√

ρ σ
√
ρ is the Uhlmann fidelity

between two states ρ and σ.

Device-independent certification of generalized mea-
surements: Recipe– The aim of this section is to show
how the quantity (7) can be lower bounded in the setup
presented in Fig. 3. In addition to the source produc-
ing the bipartite state ρ and the measurement M to be
characterised, each party has a measurement box. The
box of party A has two inputs A0 and A1 while the one
of party B has four inputs B0, B1, B2, B3. For each mea-
surement input, a binary outcome is obtained called a
for A and b for B, with a, b = ±1. The measurement
M can be applied by party B before the measurement
input is chosen. Although there is no assumption about
the Hilbert space dimension and on the proper calibra-
tion of the measurement devices,M can be characterised
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FIG. 2: To characterise an unknown measurement M, we
compare the action of this black box supplemented with in-
jection maps ΛiB and ΛoB with the action of a reference mea-
surement M on one half of a maximally entangled two-qubit
state |φ+〉.

in two steps: Step I identifies the quality of the state pro-
duced by the source while step II is used to characterise
the states after each outcome of the measurement to be
certified. The certifications associated to steps I and II
are then combined to bound F(M,M) as defined in Eq.
(7)

Let us first focus on step I. In this step, the measure-
ment settings A0/1 and B0/1 are chosen freely and ap-
plied directly on the state produced by the source ρ so
that party A and B can estimate the Clauser, Horne,
Shimony, and Holt (CHSH) value [13]

β =
1∑

k,j=0

(−1)k·j〈AkBj〉. (8)

Here, 〈AkBj〉 =
∑
a,b(−1)a+bP (a, b|Ak, Bj) is the expec-

tation value of measurements Ak and Bj . The CHSH
value allows one to bound the fidelity of ρ with a
maximally-entangled two-qubit state. In particular, the
results of Ref. [33] show that there exist local extraction
maps ΛA : L(HA ) → C2 and Λ̃iB : L(HB) → C2 such
that

F
(

(ΛA ⊗ Λ̃iB)[ρ], |φ+〉
)
≥ F i =

√
1

2
+

1

2
· β − β∗

2
√

2− β∗
,

(9)

where β∗ = 2(8+7
√

2)
17 ≈ 2.11. Whenever β = 2

√
2, the

formula (9) certifies that the source produces |φ+〉 up
to local maps, these maps being explicitly defined from
the quantum description of the measurement inputs
A0/1 and B0/1. In this case, one also knows that A ’s
inputs correspond (up to the same maps) to the Pauli
measurements A0 = σz and A1 = σx while B’s inputs
correspond to B0/1 = 1√

2
(σz ± σx).

In step II, party B appliesM. Let us first consider the

FIG. 3: Recipe for bounding the quality of the measurement
box M in 2 steps. Step I is used to characterize the state
of the source while Step II gives a certificate of the post-
measurement states. The statistics recorded in each step is
then used to certify the quality of measurement M device-
independently.

state conditioned on the outcome 0,

%0 =
M0[ρ]

Tr(M0[ρ])
, (10)

which is characterized using A0/1 and B2/3. In particular,
parties A and B are interested in the Bell inequality

Iθ =
1

4

[
〈A0(B2 −B3)〉

sin(bθ)
+

sin(2θ)

cos(bθ)
〈A1(B2 +B3)〉

+ cos(2θ)

(
〈A0〉+

〈B2 −B3〉
2 sin(bθ)

)]
≤ 1

4

[
cos(2θ) + (2 + cos(2θ))

√
7− cos(4θ)

5 + cos(4θ)

]
(11)

with bθ = arctan
√

(1 + 1
2 cos2(2θ))/ sin2(2θ), whose

maximal quantum value is one by construction. We de-
rived this Bell inequality using the variational method
presented in [25, 34] to self-test partially-entangled two-
qubit pure states in a particularly robust manner. Note
that for θ = π

4 , Ineq. (11) is the re-normalized CHSH
inequality. However, we emphasize that Ineq. (11) is not
equivalent to the tilted-CHSH inequality of Refs. [35, 36]
but was carefully constructed for the demands of self-
testing presented here. The knowledge of Iθ allows one
to bound the fidelity of the conditional state %0, that is, to
guarantee the existence of local maps ΛA : L(HA )→ C2

and Λ̃oB : L(HB)→ C2 such that

F ((ΛA ⊗Λo,θB )[%0], |φ0
θ〉) (12)

≥ F 0
θ =

√
cos2(θ) + (1− cos2(θ))

Iθ − I∗θ
1− I∗θ

. (13)

Here, I∗θ is a cutoff parameter corresponding
to the violation for which the fidelity matches
the square of the largest Schmidt coefficient of
|φ0
θ〉 = cos(θ)|00〉 + sin(θ)|11〉. Fig. 4 shows the

critical value I∗θ for both this inequality and the tilted
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FIG. 4: Plot of the cutoff parameter I∗θ as a function of θ.
The newly found Bell inequality provides tighter self-testing
bounds for partially entangled states.

CHSH inequality, as calculated in the Appendix. The
previous bound shows that whenever Iθ reaches its
maximal quantum value Iθ = 1, the state conditioned
on the outcome 0 corresponds to the state |φ0

θ〉 up to
local maps, these maps being explicitly defined from the
quantum description of the measurements performed
by A0/1 and B2/3 respectively. This also implies in
particular that when Iθ = 1, A ’s inputs correspond
(up to the same maps) to the Pauli measurements
A0 = σz and A1 = σx while B’s inputs correspond to
B2/3 = cos(bθ)σz ± sin(bθ)σx.

Note that the post-measurement state corresponding
to the outcome 1 can be characterized with the same mea-
surement boxes A0/1 and B2/3, as well as the same local

extraction maps ΛA and Λo,θB , see Appendix. Moreover,
by including the classical output of the measurement in
a global state including a register, as mentioned before,
the overall post-measurement state can be written in a
compact form

% =

1∑
`=0

p`%` ⊗ |`〉〈`|R , (14)

with %` = M`[ρ]
Tr(M`[ρ])

being the post-measurement state

associated to outcome `, and p` the probability of this
outcome. As the certificates for the two branches %0 and
%1 are obtained with the same isometries, they can be
combined into a single certificate for %. In particular,

FIG. 5: Lower bounds on the fidelity F(M,M) of an un-
known measurement M defined in Eq. (4) with respect to
a reference measurement M defined in Eq. (3) with the
Kraus operators given in Eqs. (1)-(2) for given CHSH vio-
lations β and violations Iθ of the Bell inequality (11); we
assume that the second output state appears with probabil-
ity p0 = p1 = 1

2
achieving the violation I0θ , I1θ ≥ Iθ. The plot

is for θ = (2π + 7)/22 ≈ 0.6.

using the orthogonality of the register states, we have

F ((ΛA ⊗ Λo,θB )[%],

1∑
`=0

1

2
|φ`θ〉〈φ`θ| ⊗ |`〉〈`|R)

≥ F oθ =
∑
`

√
p`
2
F `θ . (15)

Taking into account the fact that the fidelity cannot de-
crease under completely-positive trace-preserving maps
and using the triangular inequality, we can prove that the
fidelity of the state before and after the measurement can
be combined to bound the fidelity of the measurement it-
self, that is,

F(M,M) ≥ cos(arccos(F i) + arccos(F oθ )) , (16)

where we used the Proposition 5 of [25]. Whenever
β = 2

√
2 and Iθ = 1 for both output states, this bound

guarantees that F(M,M) = 1. In noisy scenarios, the
fidelity that can be certified is shown in Fig. 5.

Note that in case where the fidelity of the state
before the measurement cannot be assessed, the quality
of the measurement cannot be certified. Indeed, if
the source produces the state |φ0

θ〉|0〉B′ + |φ1
θ〉|1〉B′ ,

and the measurement simply reads out the auxiliary
B′ system, then all post-measurement statistics are
reproduced. Hence, it is necessary to be able to estimate
the quality of the pre-measurement state to give a certifi-
cate for the proper functioning of the measurement itself.
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Conclusion — We provided a family of Bell
inequalities that can be used to self-test non-maximally-
entangled two-qubit states with unprecedented resistance
to noise. These results allowed us to derive robust bounds
that can be used in practice to certify the quality of
measurements beyond the von Neumann model and
rank-one POVMs to generalized measurements. The
robustness of our certification techniques together with
the flexibility of our recipe make us confident that
self-testing of generalized measurements could soon be
demonstrated experimentally. A natural extension of
our result would be to self-test only one Kraus operator
within a family. This could be obtained by generalizing
the ’heralded’ fidelity defined in [37] to the current
setting.
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Appendix

In the supplemental material we will prove the inequal-
ity in Eq. (12) of the main text. To do so we have to lower
bound the fidelity of an unknown state ρ with respect to

|φ0
θ〉 = cos(θ)|00〉+ sin(θ)|11〉 (17)

as a function of the expected value of the following Bell
expression evaluated on the state ρ

Iθ = 〈1
4

[
A0(B0 −B1)

sin(bθ)
+

sin(2θ)

cos(bθ)
A1(B0 +B1)

+ cos(2θ)

(
A0 +

B0 −B1

2 sin(bθ)

)]
〉, (18)

where bθ = arctan

√
1+

1
2 c

2
2θ

s22θ
. Here and in the rest of

the appendix we use the short notation cθ = cos(θ) and
sθ = sin(θ). The Bell expression Eq. (18) has a quantum
bound of 1, achieved by measuring precisely the two-
qubit state |φ0

θ〉 with the observables

A0 = σz , B0 = cos(bθ)σx + sin(bθ)σz, (19)

A1 = σx , B1 = cos(bθ)σx − sin(bθ)σz. (20)

We find that the local bound of Eq. (18) achieved by the
deterministic local strategy {A0 = A1 = B0 = 1, B1 =
−1} is given by

IL =
1

4

[
c2θ + (2 + c2θ)

√
7− c4θ
5 + c4θ

]
. (21)

This value is to be compared with the local bound of the
well-known (normalized) tilted-CHSH

I(T )
θ =

〈
αθA0 +A0(B0 +B1) +A1(B0 −B1)√

8 + 2αθ

〉
(22)
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with αθ = 2√
1+2 tan2(2θ)

, also known to attain the quan-

tum bound of 1 for the partially entangled state of
Eq. (17) and well-chosen measurement settings [35, 36].
We find that the local bound of Eq. (21) is always higher

than the local bound of the tilted-CHSH IL ≥ I(T )
L =

2+αθ√
8+2α2

θ

, meaning that the violation of the tilted-CHSH

inequality is more robust to white noise than the viola-
tion of our new Bell inequality. Nevertheless, our later
studies will show that the new Bell operator allows for
a more noise-tolerant state certification. The reason for
this counter-intuitive result is the following: comparing
the observed violation to the local bound only provides
information on the distance between the target state (in
our case |φ0

θ〉) and deterministic strategies, given by par-
allel measurement setting A0 = ±A1 with B0 = ±B1

and product states |ψA〉|ψB〉 with A0|ψA〉 = ±|ψA〉 and
B0|ψB〉 = ±|ψB〉. In self-testing, on the other hand,
we need to bound the distance of the target state to ar-
bitrary states for arbitrary measurement settings. It is
then crucial that the violation worsens drastically when
departing from the perfect settings.

Fidelity Bounds

To derive lower bounds on the state fidelity from a
Bell violation Iθ we use the tools presented in Ref. [25].
There, it is shown that such a global lower bound can
be obtained by solving a two-qubit problem. More pre-
cisely, the state fidelity can be bounded by minimizing
the quantity

O((ΛA ⊗ Λo,θB )[ρ], |φθ〉〈φθ|) (23)

with O(ρ, σ) = Tr(σρ), over all possible two-qubit states
ρ and all possible qubit observables A0, A1, B0, B1 (with
eigenvalues ±1) that are compatible with the value Iθ of
the Bell operator. Here,

ΛA ,Λ
o,θ
B : L(C2)→ L(C2) (24)

are the local extraction channels that can depend on the
local observable A0 with A1 for ΛA and B0 with B1 for
Λo,θB . The first step, therefore, is to fix these extraction
channels.

Before we do so, let us fix some notation for the local
observables. Any qubit observable with eigenvalues +1
and −1 can be written as n·σ with |n| = 1. Furthermore,
without loss of generality, we can set the local bases such
that

A0(a) = cos(a)H + sin(a)V

A1(a) = cos(a)H − sin(a)V (25)

B0(b) = cos(b)σx + sin(b)σz

B1(b) = cos(b)σx − sin(b)σz (26)

where H = 1√
2
(σz + σx), V = 1√

2
(σz − σx). Hence, in

the minimization the pairs of observable A0, A1 and B1,
B2 as well as the extraction channels ΛA and Λo,θB only
depend on a single parameter a and b respectively.

Extraction Channels

The extraction channels we will use are adapted ver-
sions of the dephasing channels of Ref. [33]. On Alice’s
side, the observables are maximally dephased if they are
parallel or anti-parallel, and unchanged if they are or-
thogonal. More precisely, for a being half the angle be-
tween Alice’s observables in Eq. (25) the dephasing acts
according to

Λa[ρ] :=
1 + g(a)

2
ρ+

1− g(a)

2
ΓaρΓa , (27)

where g(a) = (1 +
√

2)(cos(a) + sin(a)− 1), and Γa = H
if a ∈ [0, π4 ] and Γa = V if a ∈]π4 ,

π
2 ]. Here and from now

on, Λa is the short notation of ΛA (a).
On Bob’s side, the observables are also maximally de-

phased if they are parallel or anti-parallel, but here they
are unchanged if half the angle between them equals

bθ, where bθ = arctan

√
1+

1
2 c

2
2θ

s22θ
for the new inequality

and bθ = arctan(sin(2θ)) for the tilted-CHSH one. For
b denoting half the angle between Bob’s observables in
Eq. (26) the dephasing channel on Bob’s side is

Λb[ρ] :=
1 + g(tθ(b))

2
ρ+

1− g(tθ(b))

2
ΩbρΩb , (28)

where

tθ(b) = γ−1
θ ln

(
b− δθ
δθ

)
, (29)

γθ =
4

π
ln

( π
2 − bθ
bθ

)
, (30)

δθ =
b2θ

π2 − 2bθ
. (31)

For the observables of Bob, the dephasing happens in
the direction Ωb = σx if b ∈ [0, bθ] and Ωb = σz if
b ∈]bθ,

π
2 ]. Again, we introduced the simplified notation

Λb = Λo,θB (b).

Using these extraction channels and applying the nu-
merical method presented Ref. [25], we find the values of
I∗θ such that the convex bound

O((ΛA ⊗ Λo,θB )[ρ], |φ0
θ〉〈φ0

θ|) ≥ (1− c2θ)
Iθ − I∗θ
1− I∗θ

+ c2θ

(32)

holds for our new inequality, as well as for the tilted-

CHSH one (using then I(T )
θ instead of Iθ). Here Iθ is
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the observed Bell violation and I∗θ is the non-trivial cut-
off corresponding to the violation for which the fidelity
matches the square of the largest Schmidt coefficient of
|φ0
θ〉. This means that I∗θ is the relevant quantity for

comparing the self-testing performance of Bell operators
in device-independent tasks. Figure 4 in the main text
depicts I∗θ for both the tilted-CHSH and the new inequal-
ity.

Extension to the other state

We have just shown how the observed violation of a
Bell inequalities Iθ gives a bound on the overlap of the
state ρ with the target state

|φ0
θ〉 = cθ|00〉+ sθ|11〉 (33)

upon applying the extraction maps Λa and Λb. We will
now show the violation of another inequality I ′θ, related
to Iθ by a mere relabeling of some of the inputs and
outputs, bounds the overlap of a state ρ′ with the other
target state

|φ1
θ〉 = cθ|11〉+ sθ|00〉. (34)

The proof follows the line of [37]. Before we start, note

that the two target states are related via |φ0
θ〉

σx⊗σx←→ |φ1
θ〉.

In the ideal case this transformation corresponds to a per-
mutation of the outputs of A1 ↔ −A1 and the exchange
of B0 and B1. We will now show that this observation
also holds in the non-ideal case.

Let us first have a closer look at Eq. (32). As it holds
for any state ρ, it can be expressed as the expectation
value of the operator

Λa⊗Λb
[
|φ0
θ〉〈φ0

θ|
]
− sB(a, b)− µ ≥ 0, (35)

where B(a, b) is the Bell operator obtained by choosing
the settings (25), (26) in the Bell expression (18). Here
we used the fact that the maps Λa(b) are self-adjoint and

s =
1−c2θ
1−I∗θ

and µ =
c2θ−I

∗
θ

1−I∗θ
. This operator inequality holds

for all measurement angles a and b.
Now consider a new Bell expression corresponding to

an operator B′, obtained by exchanging the outputs of A1

and exchanging the role of the measurements B0 and B1

in the previous expression. The operator B′(a, b) can be
obtained by applying the rotation R := Rx̂(π) = ei

π
2 σx :

B′(a, b) = (R⊗R)B′(π
2
− a, b)(R† ⊗R†) (36)

as illustrated in Figure 6.
Since Eq. (35) holds for all angles, it also holds for

a → π
2 − a. Then we act with (R ⊗ R) and (R† ⊗ R†)

from the left and right respectively. We arrive at

(R⊗R)(Λπ
2−a
⊗Λb)

[
|φ0
θ〉〈φ0

θ|
]
(R†⊗R†)− sB′(a, b)− µ ≥ 0.

(37)

FIG. 6: The first row shows the settings present in the ex-
periment, the left column belongs to Alice, the right one to
Bob. In case the outcome of the generalized measurement is
0, they just collect the data. If the outcome is 1, Bob rein-
terprets his inputs, i.e. if he chose B0 he saves the result as
the outcome of B1 and vice versa. Alice on the other hand
collects her data applying A0 → −A0. This transformation is
sketched in the second row. The effect of this post-processing
on the settings correspond to Alice applying a shift to her
measurement angle followed by a rotation around x̂ by π, i.e.
Rx̂(π)◦(a → π

2
− a), where Rx̂(π) = ei

π
2
σx . The observables

of Bob are simply rotated by Rx̂(π).

The rotation on Bob’s side commutes with the extrac-
tion channel Λb. This is easily verified by reminding our-
selves that Ωb ∈ {σx, σz} and therefore RΩbρΩbR

† =
ΩbRρR

†Ωb.
On Alice’s side, we realize that RHR† = V . Therefore

RΓπ
2−a

R† = Γa. By also recalling that g(π2 − a) = g(a),

we find that RΛπ
2−a

[ρ]R† = Λa[RρR†].

Combining everything and using R ⊗ R|φ0
θ〉 = |φ1

θ〉,
Eq. (37) is equivalent to

Λa⊗Λb
[
|φ1
θ〉〈φ1

θ|
]
− sB′(a, b)− µ ≥ 0, (38)

which implies that with the same extraction channels
and observables, and a new Bell test I ′θ, one can
device-independently self-test the second output state
|φ1
θ〉.
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CHAPTER

SIX

CONCLUSIONS AND PERSPECTIVES

6.1 Conclusions

In this thesis, we discussed many aspects of device-independent certification. We studied the
certification of multipartite systems, the self-testing of quantum channels as well as the certi-
fication of quantum measurements.

Bell-Correlations in Large Systems The first topic of interest was related to the charac-
terisation of complex systems. We derived a new class of Bell inequalities that applies to systems
of arbitrary size and involves an arbitrary number of dichotomic measurements per party. The
crucial feature of these inequalities is that they are symmetric under exchange of parties and
only consist of one- and two-body correlators. These inequalities are fully device-independent
in the sense that they imply possible Bell tests to be conducted on many-body systems. In our
work, however, we were interested in detecting non-classical features in such scenarios. There-
fore we devised Bell correlation witnesses assuming collective spin measurements are performed
on an ensemble of spin-1

2
particles. We showed that such a set-up allows one to record violations

of said Bell witnesses, highlighting the presence of Bell-correlated states. What is more, we
used experimental data of measurements performed on a Bose-Einstein condensate to report on
an actual experimental violation that is even more distinct than the violation achieved with a
previously-known witness. We analysed our results by studying the effect finite statistics have
on the significance of the results. We found that in order to exclude with a high probability
that local states were responsible for the violation, a number of experimental runs that scales
linearly with the number of spins is both required and sufficient.

79
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Variational Method for Tailoring Bell Inequalities In the first chapter related to self-
testing, we introduced a new method to tailor Bell inequalities to states. These inequalities
are modelled such that they permit one to achieve large self-testing fidelities: The approach
guarantees that if the observed violation deviates little from the quantum bound then also the
tested state is allowed to deviate only little from the target state. We explained our perturbative
approach by constructing a new class of Bell inequalities suitable for the self-testing of partially-
entangled two-qubit states. In comparison to the tilted-CHSH one, this new inequality allows for
higher self-testing fidelities. The approach is easily generalized to scenarios involving arbitrary
numbers of parties and is not restricted to the qubit case. The downside of the approach is that
it does not always necessarily provide a conclusive result. Also, since the number of parameters
is larger than the number of constraints, using the approach involves some intuition about how
to choose some of the parameters. Another possible source for issues is the parametrisation
of the observables. One can choose the parametrisation freely but depending on one’s choice,
further steps such as the diagonalisation of the second-order perturbation matrix (Eq. (3.8))
might be complicated. To give an example, in section 3.2 one could choose a parametrisation
that leaves all the observables independent from one another. While this might simplify the
notation, it complicates all the succeeding steps making an analytic treatment of the problem
infeasible. The parametrisation we chose is more complicated to read but easier to work with.
Despite the mentioned (minor) issues, we believe our technique to be very useful for device-
independent certification tasks; We used it in chapters 4 and 5 to derive new Bell inequalities
for two-qubit and four-qubit target states.

Self-Testing of Quantum Channels The second chapter related to self-testing was devoted
to the device-independent certification of quantum channels. The overarching objective of our
work was providing the tools for the characterisation of building blocks of quantum computers.
More specifically, the goal was to find quantitative lower-bounds on the fidelity of an experi-
mental channel with respect to a target channel. We showed that this aim can be achieved by
assessing state fidelities, more precisely by determining the fidelity of the state on which the
channel acts as well as the fidelity of the output state. We illustrated the power of our tech-
nique by lower-bounding the fidelities of a quantum memory and a controlled-unitary gate. In
both cases, the bounds are very robust to noise highlighting the applicability of the approach
for practical tasks where noise is always present. As a consequence, our work provides the
necessary tools to device-independently certify most of the building blocks of a circuit-based
quantum computer.

Self-Testing of Quantum Measurements After studying the device-independent certific-
ation of states and channels, the last work presented in this thesis deals with the certification of
measurements. More precisely, in chapter 5 we showed how to self-test quantum measurements,
i.e. non-projective measurements. Since these measurements can be interpreted as quantum
channels, the work was closely related to the self-testing of channels. A crucial difference is that
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the individual post-measurement states (corresponding to different outcomes) have to be certi-
fied individually but with common extraction channels. In this way one is able to lower-bound
Kraus operator fidelities which one then combines to get a robust lower-bound on the corres-
ponding measurement fidelity. Hence our work established a method for the device-independent
characterisation of quantum measurements.

Summing up the previous conclusions, in this thesis we provided new methods for the
device-independent certification of entangled quantum states, quantum channels and quantum
measurements.

6.2 Perspectives

Much effort has been spent on certifying quantum states, channels and measurements. While
this thesis provides many interesting and relevant results along this line, there are still aspects
that can be improved and subjects appealing for further studies.

Bell-Correlations in Large Systems The inequalities and witnesses we derived in chapter 2
consist of one- and two-body correlators. This is convenient when performing experiments
with indistinguishable particles, just as in the case of a Bose-Einstein condensate. In general,
however, it may be advantageous to include higher-order correlators as well. We derived classes
of Bell inequalities that, in addition to the correlators already in use, consider higher-order
correlators with the crucial feature that the highest correlation order is even. This step has
consequences for experimental realisations: In case of the BEC, one must also measure higher-
order moments, e.g. the scaled fourth moment ζ4a , which implies that more measurements
are needed. In terms of the finite statistics issue, this means that one has to optimise over
more parameters. Since each parameter adds uncertainties to the analysis, this suggests that
adding higher-order correlators requires enhancing the number of experimental runs. On the
other hand, these correlators also contribute information on the probability distribution of the
system which might be beneficial for the statistical analysis. From our intuition and experience,
however, we expect adding correlators not to be advantageous for the finite statistics analysis.

An aspect of our work that requires optimisation (or at least a check for optimality) are
the witnesses. In their derivation we assumed that the measurements are all situated in one
plane and that the angle between successive measurement directions is constant when fixing the
number of settings. The first assumption regarding the measurement plane is easily motivated:
The squeezed BEC we considered is prepared such that the second moment in one direction is
small while the first moment in an orthogonal direction is large. But then the second moment
of the third orthogonal direction is very large while the first moment in the same direction is
small. Hence it is advisable to construct a witness that does not include all three directions.
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The second assumption on the angle distribution can not be easily motivated. Therefore it
would be interesting to study the effect other distributions have on the violation spectrum.

Since certifications based on witnesses are device-dependent, a potential task following up
on our work could be the realisation of Bell tests based on our inequalities. For very large
systems, e.g. BECs of more than 500 atoms, this is a very demanding task since a Bell test
requires the individual addressing of the atoms and in order for it to be a true Bell test, the
spins must also be spatially separated. We thus propose to start with a comparably small
number of spins; already ten would be a great success.

With respect to the finite statistics analysis, we emphasise that our work is not limited
to the Bell witnesses presented, but can also be applied to other inequalities and witnesses
with second-order correlators - an important example being entanglement witnesses. For Bell
inequalities such as the CHSH inequality one could even improve the lower bounds by taking
into account the discreteness of the outcomes: In the scenarios considered by us, the first
and second moments can take values from a continuous set of outcomes while for the CHSH
inequality, the value of a correlator can only take discrete values. This puts restrictions on the
probability distributions. Another possible improvement to our bounds could be achieved by
taking into account the full statistics, i.e. the outcomes of the individual experimental runs.
These outcomes also provide information about the probability distribution.

Variational Method for Tailoring Bell Inequalities The method described in chapter 3
is very convenient for tailoring Bell inequalities to quantum states. However, we see a problem
regarding the applicability of the approach to multipartite states. The number of parameters
in the optimisation grows faster with the number of parties than the number of constraints. In
a scenario of n qubits, for example, the number of variables is 3n− 1 (n− 1 for the weightings
and 2n for the observables) while the number of non-trivial constraints is n. The second-order
terms in the perturbation method provide optimisations over all parameters, so in principle the
problem can still be solved. However, the more variables can be eliminated the easier it is to
diagonalise the matrix in the second-order perturbation step. Hence with a growing number of
parties, this diagonalisation becomes more difficult.

Self-Testing of Quantum Channels and Quantum Measurements Our technique for
channel certification is based on the self-testing of states and consists of two almost independent
steps - the self-testing of the input and output state. The only link between the two steps is
that one party chooses from a fixed set of measurements, irrespective of whether the channel
was applied or not. What is not taken into account so far is that the first state certification
already provides useful information about correlators that could be used in the second step.
By considering this information, one could potentially increase the output fidelity resulting in
the improvement of the channel fidelity as well. Our main reason for suggesting studies in this
direction, however, concerns the self-testing of states. If one uses the correlation information
of the first step, it might be possible to device-independently certify a product output state.
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This would be a great achievement since it would mean that self-testing is not restricted to
entangled states, but can also be achieved for states not violating a Bell inequality.

Another possible direction is the study of certification in case of composite systems. So far,
our method only applies to the individual blocks of a quantum computer. Hopefully we are
able to extend our work to self-test systems composed of many building blocks.

Self-Testing in General In all our studies on self-testing we always relied on Jordan’s
lemma. This lemma allowed us to reduce the complexity of the problem significantly by boiling
down the scenario to the qubit case. The benefits of the lemma come at a high cost: each party
is only allowed to choose from two dichotomic observables. This is of course a major limitation
since it prevents us to use our techniques in scenarios involving many settings and/or many
outcomes - for example the Bell inequalities of chapter 2. Hence a relevant future project is
the study of self-testing in scenarios not allowing the application of Jordan’s lemma.

Another point that is worth optimising is related to the extraction channels. In principle
in self-testing, we not only have to minimise state fidelities over all possible quantum states,
but we also have the freedom to maximise the fidelity over all extraction channels. So far, this
last point has not been addressed thoroughly. Instead, we simply fixed the extraction channels
and interpreted the observed fidelities as lower-bounds. Parametrising extraction channels and
studying their role in the self-testing of simple systems is a promising project on the path to
finding tight self-testing bounds. Since the extraction channels of Kaniewski already provide
a tight bound for the Mermin inequality [23], it might be that we are already aware of the
optimal channels. In any case, the study of optimality is highly interesting.
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EIGHT

APPENDIX

8.1 Dephasing Channels for "Non-Orthogonal Operators"

In this appendix we present how we adapted previously-known extraction channels in order for
them to be suitable for "non-orthogonal" operators such as the ones present when self-testing
partially-entangled states. Let us first recap the dephasing channels for the CHSH case as used
by Kaniewski [23]:

Standard Dephasing – There the observables of Bob (Alice accordingly) are maximally
dephased if they are parallel or anti-parallel, and unchanged if they are orthogonal. More
precisely, if b denotes half the angle between Bob’s observables (B0(b) = cos(b)σ̃x + sin(b)σ̃z,
B1(b) = cos(b)σ̃x − sin(b)σ̃z), then the dephasing acts according to

Λb[ρ] :=
1 + g(b)

2
ρ+

1− g(b)

2
ΓbρΓb , (8.1)

where g(b) = (1 +
√
2)(cos(b) + sin(b) − 1), and Γb = σ̃x if b ∈ [0, π

4
] and Γb = σ̃z if b ∈]π

4
, π
2
].

The dephasing function g(x) is depicted in Fig. 8.1 (right, blue dash-dotted line).

Change of Dephasing Channels – In the previous situation, we left the observables un-
changed in case they were orthogonal. In what follows, we want the observables to remain
unchanged if they differ by an angle 2µ < 2· π

4
.

The property we want to keep from the standard dephasing is the maximal dephasing of
parallel and anti-parallel observables, i.e. g(0) = g(π

2
) = 0. To achieve this we search for a

monotonous transformation tµ which fulfills the following conditions:

(i) tµ(0) = 0 , (ii) tµ

(π
2

)
=
π

2
, (iii) tµ(µ) =

π

4
. (8.2)
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Figure 8.1: Plots of the transformation function (left) and the dephasing function (right).
The blue dash-dotted lines are for the standard dephasing, which leaves orthogonal observ-
ables unchanged. The orange lines characterize the dephasing for the case where the intended
observables differ by an angle 2µ.

With the help of this transformation we then define the dephasing to be fµ(b) = g(tµ(b)).
For the transformation, we make the ansatz

tµ(x) = γ−1
µ ln

(
x− δµ
δµ

)
. (8.3)

Forcing the conditions Eq. (8.2), we find the parameters

γµ =
4

π
ln

( π
2
− µ

µ

)
, (8.4)

δµ =
µ2

π2 − 2µ
. (8.5)

The transformation function tµ(x) as well as the dephasing function fµ(x) are sketched in
Fig. 8.1.
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