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Abstract

In this article we study the nonlocal equation
(=A)iu=(n—1)e"™ inR", / e"dx < oo,

which arises in the conformal geometry. Inspired by the previous work of C. S. Lin and L.

Martinazzi in even dimension and T. Jin, A. Maalaoui, L. Martinazzi, J. Xiong in dimension

three we classify all solutions to the above equation in terms of their behavior at infinity.
1 Introduction to the problem and the main theorems
In this paper we consider the equation

(=A)zu = (n—1)le™ in R™ (1)

Here we assume that

V= / e™dr < oo, (2)

and we shall see both the left and right-hand side of (1) as tempered distributions. In order
to define the left-hand side of (1) as a tempered distribution, one possibility is to follow the

approach of [14], i.e. we see the operator (—A)2 as (—A)2 := (—A)% o (—A)W’Tf1 for n > 1 odd
integer with the convention that (—A)? is the identity, where (—A)% is defined as follows. First
for s > 0 consider the space

Ls(R™) := {v € L}, (R"): / Mdz < oo} : (3)

R” 1 + ‘$|n+25

Then for v € Ls(R™) we define (—A)®v as the tempered distribution defied by

(—A)ov, ) := / v(—A)’pdx for every ¢ € S(R"), (4)

n

*The author is supported by the Swiss National Science Foundation.



where

SR") := {u € C®°(R") : sup |z|V|D%(z)| < oo for all N € N and o € N”}
zeR™

is the Schwartz space, and

(—2)p(€) = [¢(¢), for p € S(R™).
Here the normalized Fourier transform is defined by

1

W o (l‘)eiiz.fdlﬁ, f S L1 (Rn)

FE) = f(&) =

Notice that the integral in (4) converges thanks to Proposition 2.1 below.
Then a possible definition of the equation

(-A)zu=f inR" (5)
is the following:
Definition 1.1 Given f € 8'(R™), we say that u is a solution of (5) if
we Wi M (RY), A" ue Ly (R,

and

[NIES

n—1 n
[ 8 T u@) A p(w)ds = (fp).for every o € SR (6)
While Definition 1.1 is general enough for our purposes, requiring a priori that a solution to
(1) belongs to I/Vlzgl’l(]R") might sound unnecessarily restrictive. In fact it is possible to relax
Definition 1.1 as follows.

Definition 1.2 Given f € S'(R"), a function u € Lz(R") is a solution of (5) if

[ w8 ea)ds = (f.g), - for every o € SEY). (7)

Notice again that the integral in (6) and (7) are converging by Proposition 2.1 below.

As we shall see, a function u solving (1)-(2) in the sense of Definition 1.2 also solves (1) in
the sense of Definition 1.1, and conversely, see Proposition 2.6 below. Therefore, from now on a
solution of (1)-(2) will be intended in the sense of Definition 1.1. In fact it turns out that such
solutions enjoy even more regularity:

Theorem 1.1 Let u be a solution of (1)-(2) (in the sense of Definition 1.1 or 1.2). Then w is
smooth.



Geometrically any solution u of (1)-(2) corresponds to a conformal metric g, := e?*|dz|? on
R" (|dz|? is the Euclidean metric on R") such that the Q-curvature of g, is constant (n — 1)!.
Moreover the volume and the total @)-curvature of the metric g, are V = fR” e™dxr < oo and
Jgn(n — 1)le™dx < co respectively. When n = 1 a geometric interpretation of (1) in terms of
holomorphic immersion of D2 into C was given in [[7], Theorem 1.3]. If u is a solution of (1)
then for any constant ¢, @ := u — ¢ satisfies

(=A)zd@ = (n— 1™ in R".

This shows that we could take any arbitrary positive constant instead of (n — 1)! in (1), but
we restrict ourselves to the fixed constant (n — 1)! because it is the constant @Q-curvature of the
round sphere S™.

Now we shall address the following question: What are the solutions to (1) and in particular
how do they behave at infinity?

It is well known that the equation (1) possess the following explicit solution

) =tox ().

obtained by pulling back the round metric on S™ via the stereographic projection.
By translating and rescaling this function u one can produce a class of solutions, namely

2\
Up g0 () 1= log () ,

14 A2z — xo?

for every A > 0 and xp € R™. Any such w4, is called spherical solution. W. Chen-C. Li [6]
showed that these are the only solutions in dimension two but in higher dimension nonspherical
solutions do exist as shown by A. Chang-W. Chen [4]. C. S. Lin [16] for n = 4 and L. Martinazzi
[17] for n > 4 even classified all solutions of (1)-(2) and they proved:

Theorem A ([16], [17]) Any solution u of (1)-(2) with n even has the asymptotic behavior
u(z) = —P(x) — alog |z| + o(log |x]) (8)

_ 2V o(log|z])
where o = [S°]7 log Ja]

degree at most n — 2.

— 0 as |x| — oo and P is a polynomial bounded from below and of

A partial converse of Theorem A holds true. For a given 0 < a < 2 and a given polynomial
P such that degree(P) < n — 2 and z- VP(z) — oo as |z| = oo, J. Wei-D. Ye [21] in dimension
four and A. Hyder-L. Martinazzi [13] in even dimension n > 4 proved the existence of solutions
of (1)-(2) with asymptotic behavior given in (8).

When 7 is odd things are more complex as the operator (—A)2 is nonlocal. In a recent work
T. Jin, A. Maalaoui, L. Martinazzi, J. Xiong have proven the following theorem in dimension
three:

Theorem B ([14]) Let u be a smooth solution of (1)-(2) withn = 3. Then u has the asymptotic
behavior given by (8), where P is a polynomial of degree 0 or 2 bounded from below, o € (0, 2]
and o = 2 if and only if degree(P) = 0. Moreover for every 0 < o < 2 there exist at least one
smooth solution of (1)-(2).



In analogy with Theorem A and B we study the asymptotic behavior of smooth solutions to
the problem (1)-(2) in odd dimension. In order to do that we define

o) i= U [ g () ey, o, = 5Dy, ©)

Tn |‘T - y|

where u is a smooth solution of (1)-(2) and we prove
Theorem 1.2 Let n > 3 be any odd integer and let u be a smooth solution of (1)-(2). Then
u=v+ P,

where P is a polynomial of degree at most n — 1 bounded from above, v is given by (9) and it
satisfies
v(z) = —alog|z| + o(log|z|), asl|z| — oo,

where o = % Moreover

lim DPv(z) =0 for every multi-index § € N™ with 0 < || <n — 1.

|x|—o00

Under certain assumptions on the polynomial P, a partial converse of Theorem 1.2 has been
proven by A. Hyder [12], namely

Theorem C ([12]) Let n > 3 be an odd integer. For any given V € (0,]|S™|) and any given
polynomial P of degree at most n — 1 such that

P(z) = 00 as |z| — oo, (10)

there exists u € C*°(R™) N Lz (R") solution of (1)-(2) having the asymptotic behavior given in

; — 2V
(8) with a = EGE

Using Theorem 1.2 one can obtain necessary and sufficient conditions under which any
solution of (1)-(2) is spherical. More precisely we have the following theorem.

Theorem 1.3 Let u be a smooth solution of (1)-(2). Then the following are equivalent:
(i) u is a spherical solution.
(ii) deg(P) =0, where P is the polynomial given by Theorem 1.2.
(iii) u(z) = o(|z|?) as |z| — oo.
(iv) limyg| oo Au(z) =0 for j =1,2,..., %51,
(v) liminfj, o Ry, > —00, where Ry, is the scalar curvature of gy.

(vi) T gy can be extended to a Riemannian metric on S™, where w is the stereographic projec-
tion.



Moreover, if u is not a spherical solution then there exists a j with 1 < j < "Tfl and a constant
¢ < 0 such that

lim Alu(z) =c. (11)

|z| =00

The equivalence (i) < (vi) was proven by Chang-Yang [5] for n > 3 odd or even using
moving plane technique.

In dimension 3 and 4 if  is a smooth solution of (1)-(2) then V' € (0, ]S™|] (see [16], [14]) but
V could be greater than |S™| in higher dimension. For instance in dimension 6, L. Martinazzi
[18] proved the existence of solution with large volume. In a recent work X. Huang-D. Ye [11] in
dimension n = 4k+2 with k£ > 1 have shown the existence of solution for any volume V' € (0, 00).
What would be the precise range of the volume V in dimension n > 5 odd or n is of the form
n =4k and k > 2 is an open question.

We also mention that using different techniques F. Da Lio, L. Martinazzi and T. Riviere [7]
have discussed the case in one dimension, proving that all solutions are spherical.

2 Definitions, regularity issues and proof of Theorem 1.1

Proposition 2.1 For any s > 0 and ¢ € S(R™) we have

C
—A)* <=
() 0(a)| < e

where (—A)*@ := (—=A)7 o (=A)Fp, where 0 €[0,1), k € N and s = k + 0.
In order to prove Proposition 2.1 let us introduce the spaces

Sk(R™) : ={p € S(R™) : D*$(0) =0, for |o| < k}

= {cp e S(R™) :/ y*o(y)dy =0, for |a| < k}, k=0,1,2,...
S_1(R™) : = S(R™)

Proposition 2.1 easily follows from the remark that A¥p € Spp_1(R™) for k € N and ¢ € S(R"),
and from Lemma 2.2 below.
Lemma 2.2 Let p € S(R"™) and o € (0,1). Then
g C n
[(=A)7p(x)] < || 2o R z € R".

Proof. Since (—A)%¢p € C*°(R™) for ¢ € S(R™), it suffices to prove the lemma for large x. For
a fix € R™ we split R” into
A1 Z:Bm andAQ ::Rn\Bm.
2 2

Then using (28) we have

(~A)p(2)| < 5Cne (h+ 1),



where
Ii =

dyl 1=1,2.

/ @ +y) +plx —y) — 2p(z)
A, ‘y‘n+2a

Noticing that on Ay
lo(a +y) + oz —y) = 20(x)| < [1D*¢| oo (B, () lyI*
2

we get

dy _
I < ||D2<P||Loo(3m(x))/ Tsara < CHDQSOHLOO(Bm(x))mP 20,
2 Ay |y| 2

On the other hand
B2 [ o Wdy‘gz/ Wdy\wwwr?"

Ao ly[nt2e Ay |yl P 7 ke
=:2I3 + C\(p(x)erQU.

Changing the variable y — x — y we have

¢) ()
Iy = / _ W) gl < / Pyl +
[e—yl> 13l [ =yl fomyl> 5L pyi> 5L [ =yl

/ ¢(y) dy
\y|<|12‘ |1‘ _ y|n+20'

+ Cll@ll oo (ag) 2>

2

o(y)
< —
- ’/ o=y

|—20'.

i+ Ol el oo ag) 2

Finally, to bound I we use the fact that ¢ € S. Setting f(z) = W and using

> Daj!(x) /n Yy e(y)dy =0, x#0,

o<k

we obtain

/ e(y) dy
\y|<|%‘ |$ _ y‘n+20

_ e(y) D> f(x) N D f(z) .
_/|y|<|;| Wdy— > ol /y|<';y ply)dy — > ] /y|>;y e(y)dy

|| <k lo| <k

D%f(x DY f(x
:/|y|<lzlso(y) fla—y) = > y* OJ:'( ) dy— " f( )/|y|>;ly%(y)dy

! o!
|| <K || <k

:/I| . PW) > VPRa(G)dy — > Dair'(x) /| vy,
vl< 1 Jyi

2 |Bl=k+1 la|<k

where Rg(&,) satisfies

fe—y)=> v
o<k

WS R bl < g € B

Def(
o 27 E2
1Bl=k+1
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and
C

|Rs(&y)| < C B D f(2)| < [Z[ 2ot
2

Therefore,
[ Df ()]
n< 3 [ el iR+ Y PIEL [ ey
Bl=k+1 W< N
c [ Df ()]
< |2 R /Rn leW)y"dy + V¢l s () Z o /R [yl ()| dy,
o<k :

and complete the proof. O
Lemma 2.3 Let f € LY(R"). We set

. 1 / 1+ |y|)

o(x) = — log( fly)dy, =z eR™ 12

@ =1 [ toe (00 ) f (12)

Then

(i) o€ W BHR") and

loc

1 1
DY = — Dg‘log< +|y|)f(y)dy, 0<|a|<n-—1
Tn JRn |z —y

(i) D*0 € L1 (R™) for every multi-index o € N™ with 0 < |a] <n — 1.
2

(#ii) For every ¢ € S(R™)

/ () () F pla)d = / (8)"T () () b = / (o) )i,

that is ¥ solves (5) in the sense of Definition 1.1 and 1.2.

Proof. Proof of (i) is trivial.
To prove (it) first we consider 0 < |a| <n — 1 and we estimate

Do)
/Rn T ‘x‘n+1dfc
1

<o iy (/ dx) dy

e TN e T el — g

dx dz

=C | Ify / +/ w

- lf W)l ( Biw) (L+ [zt )]z —yllol * Jroy gy () (1 + |27 )] — y|lo]

dr dr
cofwn(f e ey,
R"| ( )| ( Bi(y) |mfy|‘o‘| R\ By (y) (1 + |$|n+1)

< 0.




The case when o = 0 follows from

|o(x)] 1 1 (/
————dx < — —_ log
/]R" L+ ||t Yo Jre L+ (2" \Jpn | |2 — ]
1 1 1+ |yl 1 1+ |y
= — |f ()] / log dx + log dz | dy
Trn JR? |z—y|>1 1+ |x‘n+1 lz—y|<1 1+ |x‘n+1 |z -y

|z —yl
1 log(2 + |z]) log(2 + |x])
< — |f(y / 7d96+/ ——————= +|log |z —y||dx ) | dy
o S TN o Tt & o \ Tt |

=L ) (/R 1Og(“'”ﬁ')dw1og<->||L1(Bl>)ozy

" v Jen w1+ [zt

1+ [yl

)l ) s

< 00,

where in the first inequality we used

1 1
<M 1ty <24 o for o —y] > 1.
L+ |z = |z —yl
(ti7) follows from integration by parts and Lemma A.2. O

Lemma 2.4 Let u be a solution of (5) with f € L'(R™) in the sense of Definition 1.2. Let v
be given by (12). Then p:=wu — ¥ is a polynomial of degree at most n — 1.
Proof. Let us consider a function ¢ € CS°(R™ \ {0}). We set
—1 ZZ n n n
p:=F e e S(R"), ¢Y(x):=v¢(—x), z € R™

Now the growth assumption to u in Definition 1.2 implies that u is a tempered distribution and
at the same time the function v is also a tempered distribution thanks to Lemma 2.3. Therefore
p € Lz(R") and p € S'(R"). Indeed,

0= [ phds= [ pla)(-8)3p(a)ds =0,
where the last equality follows from the Definition 1.2 and Lemma 2.3.

Thus p is a tempered distribution with support p C {0} which implies that p is a polynomial
and combining with p € L%(R") we conclude that degree of p is at most n — 1. 0

Lemma 2.5 Let u be a solution of (5) with f € L*(R™) in the sense of Definition 1.1 and let
¥ be given by (12). If u also satisfies

/ utdr = o(R*™) or / u~dzr = o(R™) as R — oo, (13)
Br Br

then p := u — ¥ is a polynomial of degree at most n — 1.



Proof. We have A p € L1(R") and it satisfies
2

/ (—A)nT_lp(—A)%cpdx =0, forevery p € S(R"), (14)

thanks to Lemma 2.3. Moreover, by Schauder’s estimate (see e.g. [14, Proposition 22]) for some
a>0

n—

n—1 n—1
(=)= pllcoes) < Cl(-A) 2 p”L%(R”)-

Adapting the arguments in [14, Lemma 15] one can get that (—A)nT_lp is constant in R™ and
hence (fA)nTHp = 0 in R™. Noticing that v € L%(R”) we conclude the proof by Lemma A.6

below. O
Proposition 2.6 Let f € L'(R"). Then the following are equivalent:

(i) w is a solution of (5) in the sense of Definition 1.2.

(ii) w is a solution of (5) in the sense of Definition 1.1 and u satisfies (13).
In particular, Definition 1.1 and Definition 1.2 are equivalent for the solutions of (1)-(2).

Proof. If p is a polynomial of degree at most n — 1 then p € L%(R”) and

n

| peaytpdn = [ p-8)F (-8 =G, [ (~A)hedo =0, pe SR,

where C), := (—A)%p is a constant and the second equality follows from integration by parts
(which can be justified thanks to Lemma 2.2). Now the equivalence of (i) and (i) follows
immediately from Lemmas 2.3, 2.4 and 2.5. To conclude the lemma notice that the condition

(2) implies
1 1 Vv
/ utde = —/ nutdr < —/ e"dx < —.
Br " JBgr " JBgr n

2.1 Proof of Theorem 1.1

First we write (n — 1)le™ = f; + fo where f; € L'(R") N L®(R") and fo € L'(R"). Let us
define the functions

1 1
wle) /'mg('ky)ﬁ@m% TER, =12

_7n R |x—y|




Then we have that u; € C" 1(R") and uy € VVIZCM(R”). Indeed, for p € (0, H}—;”) using

Jensen’s inequality

[, emlan= | exp ("o ([0 ) )
<[, Loew (0 (?—Z)) g vt

1 1+ 1yl\
ol [ ( dady
Al Jes |z —y|

< C(?’L,p, ||f2HvR)7 (15)
where ||- || denotes the L'(R™) norm. Moreover, by Lemma 2.3 (with & = u; and f = f;) we
have

/ (*A)%ui(fA>%g0dI = fiedz, for every p € S.
n R'ﬂ/

We set

uz = u—uyp — u.

We claim that the function ug is smooth in R™ whenever u is a solution of (1)-(2) in the sense
of Definition 1.1 or 1.2. Then taking (15) into account we have e™* € L (R") for every p < oo

loc
and hence fo € L (R™) . Therefore, for every x € Bgr by Holder’s inequality
ug(z)| < C

1+ 1+
log< 'y')‘ o)y + C log ( 'y'> ] Fa()dy
ly|<2R ly|>2R

|z
< C (log(1 + 2R) | f2ll 11(By) + 1108 ()| 2By ) 1 f2ll L2(Byr) ) + Clog(BR) | foll L1 (2,)

loc

and for every 0 < |a| < n — 1 again by Holder’s inequality

| D%up(z)| < C T 2W)ldy +C

e ‘a||f2( y)|dy
lyl<2R \x—yI ly|>2R I:v—y\
< I la‘||LP(BgR)||f2||Lp’(32R)+CR 1 fall g, )

where p € (1, -27). Thus ug € W, "*°(R") and by Sobolev embeddings we have uy € C"~2(R™),
which implies that u = u; + us +uz € C" 2(R"). Now to prove u € C®°(R") we proceed by
induction.

Set @ = uj + uz. Then for 0 < |a] <n—1

—1)! 1
D%u(x) = (n—1) D log <—|—|y|> ") dy =: / Kq(x — y)e""(y)dy, x € R™
Tn Rn |z -yl R

Notice that the function K, is smooth in R™\ {0} and it also satisfies the estimate

Ca n n
|DBKa($)‘§Wa BeN zeR"\{0}.

10



We rewrite the function D%u(x) as

Do) = [ e = p)Kalo =) dy+ [ (1=l =) Kale —n)e™ Py

= [ nle = wEala =)Dy + [ (1= ) Kalp)em Dy,
n Rn
where n € C*°(R") satisfies
(2) = 0 if|z|<1
M=V 1 i |z] > 2.
If we assume u € C*(R™) for some integer k > 1 then observing that nK, € C®(R"), D?(nK,) €
L>*°(R™) and 1 — 7 is compactly supported, one has

D i(e) = | Din(e — y)Kolz — )iy + | =) KaDie ey, |3 <k

Thus « € C*"~1(R") thanks to the claim that uz € C°°(R™), which proves our induction
argument.

It remains to show that uz € C°°(R™) whenever u is a solution of (1)-(2) in the sense of
Definition 1.1 or 1.2.

In the case of Definition 1.2 from Lemma 2.4 we have that usz is a polynomial of degree at
most n — 1 and hence it is smooth. On the other hand, if we consider Definition 1.1 then by

Lemma 2.3 we get AT ug € L1 (R™) and it also satisfies (14) with p = ug. Therefore, by [20,
2
Proposition 2.22] we have Aanlu;g € C*°(R™) which implies that ug € C°(R"). O

3 Classification of solutions

3.1 A fractional version of a lemma of Brézis and Merle

Theorem 3.2 below is a fractional version of a lemma of Brézis and Merle [2, Theorem 1], compare
also [7, Theorem 5.1], which we shall later need in the proof of Lemma 3.8. Although, in our
case Theorem 3.2 will be used in a smooth setting, here we shall prove it with more generality
because of its independent interest. Before stating the theorem we need the following definition,
partially inspired by [1, Section 3.3].

Definition 3.1 Let Q be a smooth bounded domain in R™. Assume f € LY(Q) and g; € L*(0Q)
forj=0,1,.., "T_B We say that w € L%(R”) is a solution of
(AT (=AY zw=f inQ (16)
(—AY (=A)zw=yg; ondQ, j=0,1,.. %3
if w satisfies

|w(z)]

/d(z,@ﬂ)<2,a:€ﬂ°‘ o(x)

dx < o0, (17)

11



and there exists a function W € LY(Q2) such that (fA)%w =W inQ, ie

/ w(—A)%gpdx = / Weedz  for every ¢ € Ty, (18)
n Q
and the function W satisfies

(AT W=f inQ (19)
(AW =g, onaﬁ,j:O,l,...,"T’zg,

i.e.

n—

3
2
/ W(—A)%wdx = / fodx — Z/ gjag(—A)%_j¢do for every ¢ € Ty,
Q Q =0 /o "oV

where the spaces of test functions Ty and Ty are defined by

Ty = {<p € C™(Q) N C3 (R : { (-A)ip=v 0

) .0
o= 0 on QF for some p € C°(2), ¢,

and

2

Notice that the left hand side of (18) is well-defined thanks to the assumption (17) and Lemma
3.4 below.

T = {@60”1(9):AJ¢O onGQ,jO,l,...,n_g}.

Lemma 3.1 (Maximum Principle) Let w be a solution of (16) with f,g; > 0 in the sense
of Definition 3.1. If w > 0 on Q¢ then w > 0 in Q.

Proof. First notice that the conditions f > 0, g; > 0 implies that W > 0 in 2, where W € L' ()
is a solution of (19). Now consider a test function ¢ € C°(€2) such that ¢ > 0in 2. Let p € T}
be the solution of (—A)%ap =1 in Q. Then by classical maximum principle one has ¢ > 0 in .
Since the constant C, 1> 0 in Proposition A.1 we get

NI

(=A)2p(z) <0 for z € R™\ Q,
and from (18)
/ wipdx = / w(—A)%god:c = / Wpdx —/ w(—A)%goda: >0,
Q Q Q Qe

which completes the proof. O

Theorem 3.2 Let f € L'(Bgr). Letu € L*(Bg) be a solution of (16) (in the sense of Definition

8.1) with g; = 0 for j = 0,1, ..., "T_g and u =0 on Bg. Then for any p € <0, HJCHZ#R)

/ e"luldz < C(p, R).
Br

12



Proof. We set
W(a) = /B Y(z— )| f(y)ldy z <R,

where
(3 1

. )
U(x) = o 2|B1\F(%)(" 3) \I\

is a fundamental solution of (—A)HT_1 in R” (see [9, Section 2.6]). Then W € L!(Bg) satisfies

(-A)"2 W =|f| inBg
(=AW >0 ondBg, j =0,1,..., %52,

and by maximum principle W > |W| in Bg, where W € L!(Bg) is a solution of (19). Let us
define

W(y)xBg(y)dy, xeR",

n-3
a(e) = @« (Wsy)(x) = L2 [

o'z Jro lr—y[*!
where ® is given in Lemma A.2 below. Noticing
1 n—3
i _ | n—l‘ (5) (T)'
- — n+1
Tn n2n- Q‘Blw(%) (RTS) Qr 2

)

in view of Lemma 3.3 below one has

1 n
|a<x>\sc+f/ F@)llloglz —ylldy, = e€R",
Tn Jly|<R

which yields
we Ll (R")NL>®(R"\ Brys), ¢qe€[l,00),48>0.

Moreover, for every ¢ € S(R™)
Weds = / a(—A)2pdr = / U(—A)2pdw +/ u(—A)2pdz, (20)
Br " Br %

thanks to Lemma A.2 below.
We claim that (20) holds for ¢ € T;. Then for any ¢ € T1 with ¢ >0

/(ﬂiu)(fA)%apdx:/ (Wiwmd%/ a(—A)zpda >0,
BR BRH_/ B¢ N——

R <0

and by maximum principle one has @ > |u| in Bg and the lemma follows at once.
To prove the claim we consider a mollifying sequence ¢y := ¢ * pi, where pg(x) = k" p(kx).
Then (see [1, Section A])

[SIES

(—A)Zpp(z) = p * (~A)2py(z) = €R",

13



and

(~A)2pp(x) = pr * (D)2 (x), dist(z,0Bg) > . (21)

=

Then the uniform convergence of ¢y to ¢ imply

/ Word LN Wdz.
Bpr Bgr

Using the uniform convergence of (fA)%gok to (fA)%go on the compact sets in Bg and the fact

that supp(fA)%@\BR C Bpr we get

/ ﬂ(—A)%gpkdx LN ﬂ(—A)%apdx.
Br Br
It remains to verify that
_ 1 k—o0 _ 1
/ u(—A)2ppde —— u(—A)2pde,
By By

which follows immediately from

(—A)2gp 2% (—A)2¢ in L(Bry1 \ Br), for some ¢ > 1, (22)
and
(—A)2p, 272 (~A)2p in LY(BS,). (23)

With the help of Lemma 3.4 below and (21) one can get (23). To conclude (22) first notice
that (—A)%apk converges to (—A)%np point-wise and that (—A)%ap € LY(Bgs1 \ Br) for any
q € [1,2) thanks to Lemma 3.4 below. By [15, Theorem 1.9 (Missing term in Fatou’s lemma)]
it is sufficient to show that for some g > 1

/ (=)} o (o)) 9da < / (—A)} () [tdz + of1),
R<|z|<R+1 R<|z|<R+1

where o(1) — 0 as k — co. Now using the estimate (see for instance [1, Section A])
(~A)2pe(@)| < K™ e R,
and fixing ¢ and ¢ such that

2n
2n+1

. [14+nt 2nt+1 42
<t<l1l, 1<g<min ,

t+nt’ 2n+2

14



we bound

1 1 1
/ (&) pu(a)ftds = [ (&) puta)pide + (=AY () 7d
R<|z|<R+1 R<|z|<R+% Rt <|z|<R+1
1 1
-/ o (-2)bpu(o)ods + ok + (—A) 3 (@)
R<|z|<R++ Rt <|z|<R+1
_ 1
< el | [ 18 ) et - ldyds
R<|z|<R+% JR™
1
+ [ 18 ewlonte ~ y)dyds
Rt3<|z|<R+1 JR"
1 — 1
:/ |(*A)2<ﬁ(y)|q+\\wllill/ / [(=A)2pi(y)|*|p(z — y)|dyda
R<[|y|<R+1+% R<|z|<R+1 Jlyl> 3%
_ 1
+lelss [ (=) pu(w) Pl — )|y
R<\ac\<RJr,1c lz—y|<R,|y|< L
S/ (=A)2p(y)|7 + Cllp|l 47 KHatma=m=1 4 ||| 47" galntD—nt=5-1
R<|y|<R+1+%
1
-/ (~) b7 + o),
R<|y|<R+1
where in the last inequality we have used (for the second term)
[ esima= [ loppy. [ A0y,
jal> % o> & no |z =yl
q
< c/ / L)
jal> 2 Jlyl<1 |i'3—*\ a+q

<C’/ / dxdy
i<t Jal> 4 |93|"q+q

< th g+ng—n)

q

Lemma 3.3 Let 2 be a domain in R™. Let p and q be two positive real numbers. Then

dy |S*H 1 , .
< , if 6(x) :=dist(z,Q) >0
/Q\w—yI”“’ p O(x)P folz) k)

and

dz Cn.pa :
/Q|$—Z\p|y—z|‘1§|x—y|p+q’”’ fp+a>np<n,qg<n,zFy,

where the constant Cpp 4 s given by (an explicit formula can be found in [15, Section 5.10])

dz
C p— — .
o /R" |z[Pler — 29

15



In addition if we also assume that the domain € is bounded then

d
L/ Y < 10) + |57 | logd(x)] if 8(x) > 0,
Q\x—y|

and

dz _ .
/TSCJ&S’" 1\|log(|:vfy\)|7 ifp+qg=np<n,g<n,z#y.
o |z —zPly — 2|

Proof. Let us denote the set {y —z : y € Q} by Q@ — z. Using a change of variable z — 2z — x
and setting w = y — z we have

/ dz _/ dz _
alz—zPly—27  Jo_, [2Plw— 2|7

If p+ ¢ > n then changing the variable z — |w|z one has

B 1 / dz < 1 / dz _ Chpg
TRl S 1o P = S e fy [BPIE 2w

[w]
In the case when p + ¢ = n, we split the domain 2 — z into two disjoint domains:
91::(971’)031, QQZ(Q*.%)QBT.

Then
2

dz
I = L, I := .
2 bk /Q |2[P|lw — 2]

i=1
Since 9 is bounded and ¢ < n, we have

IQS/ 4 ¢
, lw— 2[4

Now using
1 1 2
w§<1+> for |z] > 2,
EEr TR
and
(14+2)<1+4+Cqx forze (0,1),
we bound

dz dz
L < _ = —_—
By |2[Plw — 27 lol< |2[P|rar — =1

St Lo 1)
< _ — — z
<2 2Pl = 217 Jacpica [27 ||

[w]

<C

1 C
< / T <1 + ) dz
2<zl< it 1] 2]

< C 418" log |w].

16



Finally, we conclude the lemma by showing that for x € R™\

/ dy </ dy  |S™Y 1 -0
02—y = Jssw FPP T p s@p P

d d dy
/ Yo |Q|+/ W m|+/ L 10 + 15" log 5(x)|.
olr—yl QNBi (x) |z — yl 8(x)<|z|<1 1% | |

and

O

Lemma 3.4 Let Q be a bounded domain in R™. Let p € C*(R") for some nonnegative integer
k and 0 <o <1 be such that ¢ =0 on R"\ Q. Then for 0 < s <1 and for z € R\ Q

min{max{1,§(z) 2k} §(2)"""2}  ifk+ o # 2s

[(=A)%p(x)] < C
min{|log d(x)|,6(z) 25} if k+0 =2s,

where d(x) := dist(z, Q).
Proof. We claim that B
o) < Clz —y**7, zeR"\Q,yeQ,

which can be verified using the Taylor’s expansion

1
o) = 3 D=0+ 3 S0 [0 0P Dtk oy - o
|a‘Sk_1 ’ =0 ‘ﬁ| k
and

IDp(a +t(y — )| = |Dp(z + t(y — ) — DPp(x)| < Clt(x —y)|” < Cla —y|”.

Therefore, by Proposition A.1

] o(y) dy n\Q
[(=A)%p(z)| = Cn,s/ﬂx_ngdy’ < C/QW, x e R"\ Q,
and
s lo(y C —
|(_A) (p(l‘)| <C Q |$ y|n+29 <C 5 n+2s’ - 5(1‘)"+25’ reR \Q
Now the proof follows at once from Lemma 3.3. (]
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3.2 Proof of Theorem 1.2

First we study the asymptotic behavior of v defined in (9).
Lemma 3.5 Let u be a smooth solution of (1)-(2) and let v be given by (9). Then there exists
a constant C' > 0 such that

v(z) > —aloglz| — C, |z| > 4.
Proof. The proof follows as in the proof of [16, Lemma 2.1]. O

A consequence of the above lemma is the following Proposition, compare Lemmas 2.4, 2.5.

Proposition 3.6 Let u be a smooth solution of (1)-(2) in the sense of Definition 1.1 or 1.2
and let v be defined by (9). Then the function

P(z) :=u(z) —v(z), zeR",
is a polynomial of degree at most n — 1 and P is bounded above.

Proof. Since (2) implies (13), by Lemmas 2.4 and 2.5 we have that P is a polynomial of degree
at most n — 1. On the other hand, using Lemma 3.5 one can get that P is bounded above (the
proof is very similar to [17, Lemma 11]. O

Lemma 3.7 Let n > 3 be an odd integer and let u be a smooth solution of (1)-(2) and v be
given by (9). Then

(i) ve C®(R") and D* € L1 (R"™) for every multi-index o € N™ with 0 < |a| <n — 1.
2
(i) There exists a constants C' > 0 such that

n—3
5

/ (—AY (=A)>v(y)|do(y) < C for cvery z € R", j = 0,1,2,...,
834(.’.8)

(#ii) v is a poitwise solution of
(—A)2(=A)"T v = (n—1)le"™ inR"
(iv) v solves (16) with f = (n —1)!e"™ and g; = (—A)j(—A)%v for every j =0,1,2,..., 253

Proof. We divide the proof into several steps.

Step 1. From Proposition 3.6 we have the smoothness of v and by Lemma 2.3 we get D% €
L%(R“) for every multi-index o € N™ with 0 < |o] <n — 1.

Step 2. In this step we use (i) to prove (i¢). In fact by Lemmas A.3, A.5, below we have

/ (A (~A)u(y)|do(y) = / (A} (~A)Yin(2)|do(z)
0B4(x)

834 (2?)

<c/ / Y (2)
< —dydo(z
0Ba(z) Jre [y — 2|21

1
:C/ e"“(y)/ ———do(2)dy
n oBy(x) [y — 211 (=)
<C

18



Step 3. We claim that for g € C*°(R") N L1 (R"™)

[N

/ (—A)%gcpdx = / g(—A)%godx for every ¢ € CZ°(R™).
To prove the claim we consider a approximating sequence

1 iffa] <1

gk(w) = g(x)w(%), Y €CPRY), Y(r) = { 0 if 2] > 2.

Then g, € S(R™) and hence
| 8igupds = [ gu(-)ipda.
n R’ll

Now the claim follows from the locally uniform convergence of (fA)% gk to (fA)% g and the
L1 (R™) convergence of g to g.
2

Step 4. Using Step 8 with g = (—A)%v we have

/ (—A)%(—A)%vapdx = / (—A)n;lv(—A)%wdﬂc =(n— 1)!/ e"pdz,

for every p € C°(R™), which implies (7).

To complete (iv) it suffices to show that W := (—A)%v € C*(R™) and it satisfies (17)-(19)
with w = v.

The smoothness of v implies W € C*°(R"™) and (17). Moreover, using integration by parts
(see [1, Proposition 1.2.1]) one can get (18).

One must notice that the function u in [1, Proposition 1.2.1] is in C1*2(Q) N L>(R™) but
still we can use it since our function v € C*(R"™) N L% (R™).

Finally, we prove (19) by showing that W is a classical solution of (19). Since W is smooth
in R™ clearly it satisfies the boundary conditions. Using step 8 (with ¢ = v) and Lemma 2.3
(with f = (n — 1)!e™) we have for every ¢ € C°(Q)

/Q(fA)"T’lepdx:/QW(fA)”T’lgpdx:/n(fA)%u(fA)”T’l@dx
_ /nv(—A)%(—A)%wdx —(n— 1)!/ne"“g0da:,

that is )
(=A) 2 W=(n-1)le™ inQ.
The following lemma is the crucial part in the proof of Theorem 1.2.

Lemma 3.8 Let u be a smooth solution of (1)-(2) and v be given by (9). Then for any e > 0
there exists R > 0 such that for |x| > R

v(z) < (—a+e¢)log|z|.
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Proof. Step 1. For any € > 0 there exists a R > 0 such that for |x| > R

(n—1)!

v(@) < (~a+ 5)log z| - [ togla = ylemay. (24)
2 Bi(z)

The proof of (24) is very similar to the proof of [16, Lemma 2.4 |. As a consequence of (24)
using Jensen’s inequality we have the following estimate

n—10 _.
0D o o iy 1<p <00 (25)

€
o™ o qeny <l = 5lllTog o) +

Step 2. We claim that there exists p > 1 and C' > 0 independent of zg such that |[€™ | 1 (5, () <
C'. Then using Holder inequality one can bound the second term on the right hand side of (24)
uniformly in x and that completes the proof of the lemma.
To prove the claim, first notice that it is sufficient to consider zg € R™ \ Bg for any fixed
R > 0. We choose R > 0 large enough such that
Tn

(n = Dlle™|| (g, < 5

Let w € C°(R™) be the solution of

(~A)"7 (~A)2w = (n— 1)le™ in By(zo) C R
SAY(-A)hw =0 on OBu(ao), forj = 0,1, .., "5
w=0 onR™ \ By(zo),

in the sense of Definition 3.1. Since w is smooth by Schauder’s estimates and bootstrap ar-
gument we have W = (fA)%w € C°(Bu(xp)) which solves (16) with f = (n — 1)le™ and
g; = (fA)j(fA)%v for every j = 0,1,2,..., ”7_3 Then using Green’s representation formula
(see [3, Theorem 3]) one can get w € CO(R™) (in fact w € ok (R™), see [19]), which is the
poitwise continuous unique solution of

(—A)%w =W in By(zg), w=0 on By(x)°.

Moreover, w satisfies (18) thanks to [1, Proposition 3.3.3].
We set h = v —w. Then we have that h € CO(R"), (—A)%h € C*°(Ba(xp)) and

(—=A)"T (=A)zh =0 in By(z)
(—A)Y(=A)2h = (=AY (=A)2v ondBu(xo), j = 0,1,..., %53 (26)
h=wv onR™\ By(zo),

thanks to Lemma 3.7. Indeed, by Lemma 3.9 below there exists a constant C' > 0 independent
of the choice of g € R"™ such that

h(z) < C for every x € By(xg).

Hence by Proposition 3.6
u=v+P<C+h+w<C+uw,

20



and by Theorem 3.2 we have the proof. (]

A simple consequence of Lemma 3.8 is that

lim wu(z) = —o0, (27)

|z|—o00
thanks to Proposition 3.6. Using (27) one can show that

lim DPv(z) = 0 for every B € N" with 0 < [8| <n—1.

|z|—o0

Now the proof of Theorem 1.2 follows at once from Lemmas 3.5, 3.8 and Proposition 3.6.

Lemma 3.9 Let h € C°(R") be given by (26). Then there exists a constant C > 0 (independent
of xg) such that
h(z) < C, for every x € By(xp)-

Proof. Let us write h = hy + ho where hy, ho € C°(R™) be such that
(—=A)2hy = (=A)zh in By(xo)
hi1=0 on By(xo)C,

and .
(—A)§h2 =0 iTLB4($0)
ho =h=wv on By(zo)°.

Let hg € C°(R™) be such that

{ (—A)%hg =0 inB4(a:0)
+ on By(xp)°.

Then by maximum principle
hg S h3 on R™.

Without loss of generality we can assume that g = 0. Then the Poisson formula gives (see [3,
Theorem 1])

hs(z) = / P(z,y)v* (y)dy, =€ Bu,
ly|>4

where

1
16 —|z2\2 1
P =Cy
(®9) (Iyl2 - 16)

Now for x € By by Holder’s inequality we get

lx —y|

1
1 2 1
hs(x)| < C > —ot(y)dy
[hatzl lyl>4 <|y|2—16 ly[™ )

; 1 1 s
<C </ v+(y)3dy> (/ 3 on dy)
ly[>4 ly>4 (Jy[* —16)4 y| 2

< Cllv* || gsgny < C,
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where the last inequality follows from (25). By Lemma 3.10 below we have
h < C, for every x € Bi(x),

where C' being independent of xg. O

Lemma 3.10 Let h € C°(R") solves (26). Let hy € CO(R™) be the solution of
{ (=A)2hy = (~A)2h in Ba(xo)
hi1 =0 on By(xo)°.
Then there ezists a constant C = C(n) such that
1]l Lo (81 () < C-

Proof. We assume that zo = 0. Using Green’s representation formula (see [3, Theorem 3]) the
solution is given by

ha(z) = /B Ga(e,y)(~A)}h(y)dy, = € By,

where
e i (16 — [[*) (16 — [y[*)
G x,y:C’nxfylfn/ —dr, ro(x,y) = .
Aoy =Calr =T s ol y) |z —yl?
Since )
L e LY(0,00))
= € , 00
(1+n)f
we have
|Ga(2,y)| < Cla —y|' "
For |z| <1 using (26), Lemma 3.7 and Lemma A.4 below we bound
1
M) < [ 1Galeall-2)5h()ldy
’Il;:
1 —71
<> [eenl( [ [careakm]|( Glo.))| do(o)) dy
0 /B dBy

oy, lz—w</4
= CZ/xl \ )%v(l‘)’ </|y<4|z—y|1”Ix—yl”%"dy) do(x)
Z /I| =8y 8w ot

O I ) I

| /\

| /\
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3.3 Proof of Theorem 1.3

One can verify easily that (i) = (4¢)-(vi). On the other hand, by Theorem 1.2 (i) to (iv) are
equivalent. Moreover, (ii) = (i) thanks to [22, Theorem 4.1]. To show that (v) = (i) and
(vi) = (i) one can follow the arguments in [17].

Finally to prove (11) we use [17, Theorem 6 and Lemma 3]. Since the polynomial P is
bounded from above, deg(P) must be even and let it be 2k. Then A¥P = Cy on R and
AFF1P =0 on R™. By [17, Lemma 3] we have

k
ZciRQiAiP |B | / x)dx < supP < C, for every R > 0,
i=0 R

where the constants c}s are positive and hence Cp = A¥P(0) < 0. We claim that Cy < 0. Oth-
erwise, by Theorem 1.2 and [17, Theorem 6] one gets deg(P) < 2k — 2, which is a contradiction.

A Appendix
Combining [20, Proposition 2.4] and [8, Lemma 3.2] we state the following proposition:

Proposition A.1 Let Q be an open set in R™. Let u € C?°+¢(Q) N Ly (R™) for some o € (0,1)
and € > 0. Then (—A)%u is continuous in Q0 and for every x € Q we have

(=A)u(x) = Cp o P.V. /R ) Wdy

u(@ +y) + ulr —y) = 2u(x)
|y|n+2a

1
= —5CnaPV. dy, (28)

R

where C?7F¢(Q) := CY27F€(Q) for 20 + € < 1 and C?°T¢(Q) = C127<=1(Q) for 20 + € > 1 and

the constant Cy, , is given by
o 1 — cos xld -1
n,o = . W X .

The advantage of (28) is that the integral is not singular at the origin for a C? function.
Proof of the following lemma can be found in [12].

Lemma A.2 (Fundamental solution) For n > 3 odd integer the function

n=3)) 1 1 ne 1
o) = 2 = LAy s
oy " ||

s a fundamental solution of (fA)% in R™ in the sense that for all f € L*(R™) we have ® * f €
L%(Rn) and for all ¢ € S(R™)

[

[SIE

@+ Ppdsi= [ @ -A)kpdo = [ fods

n
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Lemma A.3 Let { be a nonnegative integer. Let v be a smooth function on R™ such that
D% € L1 (R™) for every multi-index o with |a| < {. Then
2

1

(=A)zD%(z) = Da(—A)%U({L‘), for every x € R”, |a| < L.

Proof. Tt suffices to show the case for |a| = 1. Let ¢ € C2°(B3) be such that ¢ =1 on B; and
0 < ¢ < 1. Let us define vi(z) := ©(%)v(z). Then we have
(—A)2 Dy (x) = D*(—A) 20y (x). (29)

We claim that

k—o0

(—A)2 D%y, £ (“A)2D%% in C2(R™), |a|=0,1.
To prove our claim first we fix a R > 0. Then for x € B and k > R+ 1 we get

D%y(x) = Dvp(y) — D (x) + D%(y)

1 1
—8)iDuy(w) — (~A):Du(x)| = C, 1 |PV. d
(=A)2D%y(z) — (—A)2D%(x) n,1 o z — y|n Y
2| D° k(Do) (4
<0, |Dv(y)| + |af |7E+1 @)(k)llv(y)\dy
ly|>k |z — yl
k—o00 0

Thus {D“(—A)%vk}lﬁl = {(—A)%Davk};“;l and {(—A) %vk}k , are Cauchy sequences in CP_(R™)
and consequently

DA (=) 2ui(a) “% D (=) (@),
and together with (29) complete the proof. O
Lemma A.4 Let h € C" Y(B,) be such that

(—A)"T'h=0 inDB, (30)

(=AYh=f; ondB, j=01,..7%3
Then for every x € B,

Z / 2 ((-8)"5" 6 (a.)) doty).
and
n—3
> 1
)| <C / fily)|—————do(y), 31
)l ; 8BT| ( )||x—y|"*1*21 ) (31)

where G is the Green’s function corresponding to the problem (30).
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Proof. Using integration by parts we have

0= G, y)(—A) T h(y)dy

—Z /8 (-ayhto) 5 ((-28)F 7 6(e) dotw) + [ (~8)"F Glary)hn)dy

Id

n=3_;,
) + Z ((—A) =G e,y) ) do(y)
To get (31) we only need to show that
0 ; 1 n—3
-AY < —s <j<—.
‘6%( A) G(x,y)’ S oyEm OV €B,0<j< —

In order to do that we use the following representation formula of G given by (see e.g. [10])

G(m,y)z/ /B G](%,Zl)Gl(Zl,ZQ)...Gl(ZnT—?;,y)d21d22...dZnT—37 x,y € By,

n—3 4.
-5 times

where

[ )

1 r

1
Gi(z,y) = — x,y € By,
1@, y) n(n — 2)|B;| <|oc—y|"—2 || (y — 21)|n2> y T

|
is the Green’s function for Laplacian on B,. Then for 0 < j < T?’

(=AY G(x,y) = /B e /B Gi(x,21)G1(z1,22) ... G](Zn—32—2j ,y)dzidze . .. dZn—SZ—2j,

# times

and

0

7(—A)jG(x7 y) = / e G1 (33, Z1)G1(21, ZQ) e iGl(Zn—B—Qj s y)d21d22 . dZn—B—Qj .
ayi - B, 2 2

dyi
% times

A repeated use of Lemma 3.3 and the estimate

0 < Gi(z,y) < and ’8G1(x,y)‘ <

|z —y[n=2 0x;

gives

1o} ; 1 1 1 n—3
—-A)’ < : dz < C—-——~ <j< —.
OV G| <€ [ e S O 0557
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Lemma A.5 We set

1
el

fol@) == loglal,  f;(x) forj=1,2,....,n—1.

Then for 0 < o < 1 we have

(A fi(x) = W%(—A)“mel), for 2] >0 and 0<j < n—1.

Proof. Since f; € C*°(R™\ {0}) N L1(R"™) using (28) we get

1
2

(A (@) = (~AY fy(laler) = e, Py, [ U0,

O
1 . _ .
=L ey [ )=,
||y t2e rr ler —y["t2o
1

= W(*A)Ufj(el)a

where in the first equality we used that the function (—A)? f; is radially symmetric.

The following lemma is a variant of [17, Theorem 6].

Lemma A.6 Letv € Ln(R") and let h =u—v be 2L _harmonic in R™ i.e.
A"Th=0, inR"
If u satisfies (13) then h is a polynomial of degree at most n — 1.

Proof. First notice that the condition v € L%(R”) implies that
/ |v|dz = o(R®™) as R — oc.
Br

For a fixed z € R™ by [17, Proposition 4] we have

. c c .

|Dh(z)| < —5- |h(y)|dy < =5 |h(y)|dy, o€ N" with |a| =n, as R — oco.
R Br(z) R Bar

Now using (13)

/ h+d g/ (ut + [v])dz = o(R2") o / hda g/ (™ + [v])dz = o(R2M).

Br Br Br Br

On the other hand, Pizzetti’s formula (see e.g. [17, Lemma 3]) implies that

/ hdz = O(R*™ 1), as R — oo.
Br
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Therefore,

|Dh(z)| < %min {/BQR(2h+ - h)dy,/Bm(zh— + h)dy} = % (O(R*1) 4 o(R?™))

R—o00
—_—

0,

and hence h is a polynomial of degree at most n — 1. O
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