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The endeavor to develop quantum networks gave rise to a rapidly developing field with far-reaching applications
such as secure communication and the realization of distributed computing tasks. This ultimately calls for the
creation of flexible multiuser structures that allow for quantum communication between arbitrary pairs of parties
in the network and facilitate also multiuser applications. To address this challenge, we propose a two-dimensional
quantum repeater architecture to establish long-distance entanglement shared between multiple communication
partners in the presence of channel noise and imperfect local control operations. The scheme is based on the
creation of self-similar multiqubit entanglement structures at growing scale, where variants of entanglement
swapping and multiparty entanglement purification are combined to create high-fidelity entangled states. We
show how such networks can be implemented using trapped ions in cavities.
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I. INTRODUCTION

Long-distance quantum communication is one of the most
appealing applications of quantum technology. It promises se-
cure classical communication via quantum key distribution and
is also essential for distributed quantum computation. High-
rate quantum communication over long distances is possible
using quantum repeaters, which either employ quantum error
correction [1–3] or create long-distance entanglement between
two parties from shorter-distance entanglement via swapping
and processing operations [4,5] (see also [6–15]), thereby
overcoming limitations due to noisy and lossy channels and
limited local control.

However, in a real-world application such as a quantum
internet [16], one deals with a multiuser communication
network. In such a network, the goal is not only to establish
long-distance entangled pairs between fixed communication
partners. One rather demands a flexible structure, where any
given pair of parties can share entanglement and communicate
and where multipartite entangled states can be established
between various communication partners to enable multiuser
applications [17]. The latter is of particular importance for
applications beyond two-party quantum cryptography, for
instance in distributed quantum computation [18], secret
voting and secret sharing [19], clock synchronization [20],
or remote sensing. Depending on the task, certain kinds of
entangled states need to be generated.

Here we address this inherently two-dimensional (2D)
problem with a 2D strategy. More specifically, we generalize
the idea of the quantum repeater to 2D networks and propose
an architecture that enables the direct generation of different
kinds of entangled multiparty states [21] that are required
for the applications mentioned above over large distances
and between arbitrary communication partners, including
Greenberger-Horne-Zeilinger (GHZ) states and 2D cluster
states [22]. As we show below, our direct 2D approach
offers—in certain parameter regimes—an advantage over a
combination of 1D networks, where multipartite entangled
states are established by appropriately combining bipartite
entangled pairs. It can tolerate more errors, reaches higher
fidelities and requires fewer local resources for storage.

More precisely, we show how to establish entangled states
of fixed kind and size on larger and larger scales. The procedure
combines several elementary (short-distance) states to obtain
an equivalent state, but at larger distance. Imperfections in
state preparation and local operations lead to a limited fidelity,
which can be resolved by using multiparty entanglement
purification (MEP) [23–27] to reestablish states with high
fidelity from several copies. This repeater cycle can be applied
in a nested way, similar to that seen in the 1D repeater [4]
leading to states of arbitrary distance on the 2D lattice. By
combining states of different scale, one obtains a multiuser
communication network where all parties can participate
and share entanglement. We illustrate this approach using
three-party GHZ states on a triangular lattice, and eight-party
2D cluster states on a rectangular lattice. Apart from the
standard operational mode described above (mode I), where
entangled states with a fixed number of parties are distributed
over long distances, we also consider a variant of the scheme
(mode II), where entangled states of growing size, i.e., with a
larger number of parties involved, are generated among the 2D
network. In this way one can, e.g., produce a distributed 2D
cluster state shared among all parties of the network. This state
can then be used to establish pairwise quantum communication
channels, but also for distributed measurement-based quantum
computation [28,29].

The proposed scheme can make use of existing or currently
developed platforms for 1D communication networks, as the
experimental requirements are essentially the same. Only at the
lowest level, the production of entangled pairs needs to be re-
placed by the preparation of GHZ states. For concreteness, we
analyze the performance of an implementation using trapped
ions in cavities for realistic noise parameters and show that
appealing entangled states can be distributed over a thousand
kilometers using present-day or near-future technologies.

The paper is organized as follows. In Sec. II we introduce
different schemes to distribute long-distance multipartite en-
tanglement using a 2D approach. We mainly discuss methods
based on GHZ states and 2D cluster states, but the approach
is not exclusive to these states. In the remaining sections we
focus on a particular protocol based on three-qubit GHZ states
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FIG. 1. 2D quantum repeater scheme based on three-party GHZ
states. Short-distance GHZ states are connected to form a long-
distance GHZ state with reduced fidelity, which is then repurified
to the initial fidelity via entanglement purification.

that allows one to establish a two-dimensional communica-
tion network. In Sec. III we analyze this 2D protocol and
determine the errors it can tolerate. In Sec. IV we consider
the measurement-based implementations of the scheme. In
Sec. V we give a comparison between our 2D approach and
networks based on 1D repeaters. In Sec. VI we discuss a
concrete physical implementation based on trapped ions of
our 2D repeater scheme without entanglement purification and
compare the performance to 1D strategies. We summarize our
findings and conclude in Sec. VII, while some technical details
and additional results regarding the use of different MEPs can
be found in the Appendixes.

II. 2D REPEATER ARCHITECTURE

We consider a regular 2D network, where the commu-
nication parties are located at the nodes of the lattice and
are connected by quantum channels. The goal is to establish
high-fidelity long-distance entangled states shared between
multiple communication partners. This is achieved by using
entangled states generated over short distances and connecting
and purifying them by means of local operations.

A. Standard operational mode I

In the standard operational mode, mode I, a certain type of
entangled state, e.g., a m-qubit GHZ state,

|GHZm〉 = 1√
2

(|0〉⊗m + |1〉⊗m), (1)

is produced at larger and larger distances, in such a way that
the number of entangled parties (and type of state) is kept
constant. This corresponds to a coarse graining of the lattice
and the entanglement structure, where intermediate qubits are
projected out (similar to that seen in entanglement swapping).
For m = 3 qubit GHZ states, this is shown in Fig. 1. This
process is performed similarly to that seen in pairwise quantum
communication using quantum repeaters. Elementary (multi-
partite) states are generated via direct transmission of qubits
over noisy quantum channels. Several such short-distance
entangled states are then connected such that the resulting
state is the same as initially, but shared between parties at
longer distance. The distance (in all directions) is thereby at
least doubled. If the initial state or the local operations used for
connection are not perfect, the fidelity of the resulting state is
reduced. One can use MEP [23–27] to generate a state with the
same fidelity as the initial elementary ones from several copies
by means of local operations, thereby resulting in a situation

FIG. 2. On a triangular lattice the GHZ states at different
scales form a flexible communication network where all parties can
participate.

the same as the initial one, however with entangled states of
longer distance. This defines the 2D repeater cycle, which
is applied in a concatenated way to achieve long-distance
entanglement. As for the 1D repeaters, this approach leads
to a polynomial scaling in the overall resources in the covered
area and distance [4].

When using entanglement purification protocols with two-
way classical communication, or a probabilistic connection
procedure (see below), classical communication between the
involved parties in a purification or connection step is required
before states can be used at the next repeater level. This classi-
cal communication, together with gate times and preparation
times of elementary states, determines the achievable rates.
Notice that when using deterministic connection operations
and deterministic entanglement purification with one-way
classical communication, all steps of the protocol can be done
simultaneously, and only a final correction operation at the end
nodes (that can be done later) is required.

1. Flexible quantum communication network

A flexible quantum communication network where all
partners are able to participate (and not just the outermost,
far-distant ones) can be achieved by using states from different
scales, i.e., also the ones that are produced during earlier
repeater cycles on short scales. These states can be combined
such that GHZ states or pairs shared between any parties can
be generated; see Fig. 2. We remark that in such a flexible
network, additional purification steps might be required, in
particular when GHZ states of different scales are connected.

2. 2D cluster states on a rectangular lattice

The operational mode I is not restricted to the generation of
GHZ states, but is also applicable to other entangled states such
as graph states [30] |Gm〉 = ∏

(k,l)∈ECZ(kl)|+〉⊗m, where the
edge set E corresponds to the edges of a corresponding graph
and determines the entanglement features of the state, and
CZ(kl) = diag(1,1,1,−1) is the controlled-Z operation acting
on qubits k,l (see Appendix B). An example for such a
self-similar growing structure for a 2D-cluster-type state on
a rectangular lattice is shown in Fig. 3.

The procedure to generate more and more coarse grained
2D-cluster states is conceptually very appealing because the
states at every repeater level have the same structure and one
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FIG. 3. Repeater scheme based on eight-party 2D cluster states.
Multipartite entangled states are connected via Bell-type measure-
ments (light red), and some qubits are measured in the y or z basis.

can observe the growth of a self-similar structure. However,
from Fig. 3 it is apparent that many of the qubits are not
involved in the protocol at all and are only measured out to
disentangle them. As an alternative scheme not relying on so
many redundant qubits, the repeater scheme for three-qubit
GHZ states can be used on a quadratic lattice and four GHZ
states of an appropriate level can be combined to form the
same coarse-grained building block (see Fig. 4).

B. Alternative operational mode II

Operational mode II corresponds to the growth of entangled
states of similar type, but with increasing particle number. In
that case, all particles at a specific site are merged into one.
For the example of three-qubit GHZ states on a triangular
lattice, this means that starting from three |GHZ3〉 states, one
|GHZ6〉 state shared between all nodes that are included in the
larger triangle is generated (rather than a |GHZ3〉 state shared
between the nodes of the big triangle only). Similarly, the
basic 2D-cluster structure is merged into a larger 2D cluster
state with open links at the right and bottom (to connect it to
neighboring structures); see Fig. 3 (middle). Again, the fidelity
is reduced and repurification of the resulting states might be
required. Notice, however, that now states are not the same as
initially, and, in fact, MEP becomes less efficient for larger
particle numbers. The threshold value, i.e., the tolerable error
of local operations, becomes smaller for increasing system size
for GHZ states [31,32], essentially limiting the maximum size
m. The threshold for 2D cluster states, in turn, is independent
of system size [31,32]. This allows for the production of
2D cluster states of arbitrary size, which can, e.g., be used
as a resource for (distributed) measurement-based quantum
computation [28,29].

FIG. 4. The repeater scheme based on GHZ states implemented
on a quadratic lattice can be used to construct coarse grained 2D-
cluster states. The L-shaped three-qubit graph states are LU equivalent
to GHZ states.
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FIG. 5. Repeater scheme connecting three GHZ states to one
GHZ state on the next higher level.

C. Connection of states to the next repeater level

The required connection operations for operational mode I
and II can be realized as follows. Two GHZ states |GHZm〉 ⊗
|GHZn〉 can be deterministically connected in such a way that
(i) two qubits are merged into one, or (ii) both systems are
projected out. In case (i) a projection PS = |00〉〈00| + |10〉〈11|
or P ⊥

S = |00〉〈01| + |10〉〈10| that acts on one qubit of the
first GHZ state and one qubit of the second GHZ state is
applied. The first qubit remains and the second is factored
out, resulting in |GHZm+n−1〉 or 1⊗m ⊗ σ⊗n−1

x |GHZm+n−1〉
depending on the measurement outcome. The local Pauli
operators can be corrected and a deterministic merging of
two GHZ states is achieved. In the case of (ii), one applies
in addition a projection in the X basis on the remaining
qubit. (Equivalently, a Bell measurement, i.e., a measurement
in the basis {|�±〉,|�±〉} with |�±〉 = (|0〉 ⊗ |0〉 ± |1〉 ⊗
|1〉)/√2,|�±〉 = (|0〉 ⊗ |1〉 ± |1〉 ⊗ |0〉)/√2, can be directly
applied to both qubits.) This leaves the remaining system in a
n + m − 2 particle GHZ state up to local Pauli operations that
can be corrected. Notice that the results of the measurements
can be used for error detection and the design of probabilistic
connection schemes. For general graph states with an open
link, i.e., a particle A that is only connected to a single
neighbor, a merging operation can be performed by first
connecting A via a CZ operation to particle B of the second
graph state, and then measuring A in the Y basis [30].

Merging all open links of the 2D-cluster-type state to the
neighboring ones as illustrated in Fig. 3 leaves us with a larger
2D cluster state. The coarse-grained 2D cluster state can be
obtained by additional Z and Y measurements.

The particular variant that connects three GHZ states to one
GHZ state at the next repeater level will be analyzed in detail in
the sections below. The protocol that does so deterministically
can be summarized as follows:

(i) Start with three copies of a (probably noisy) GHZ state.
(ii) Perform Bell measurements on qubits (2,6), (3,8), and

(5,9) (see Fig. 5).
(iii) Depending on the outcomes of the Bell measurement,

perform correction operations as outlined in Table I.
Notice that only two of the Bell measurements are necessary

to connect the three GHZ states. The seemingly redundant third
measurement does not only make the protocol symmetric but
can actually be used to detect some specific errors. While it
is not possible to correct the errors detected this way because
the error syndromes are not unique, it makes it possible to
discard the cases where an error is detected and therefore
obtain better error thresholds. However, this also means that
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TABLE I. The correction operations for the repeater protocol
connecting GHZ states (see Fig. 5).

Bell I Bell II Bell III Correction

�± �± �± 1
�± �± �±

�± �± �±

�± �± �±

�± �± �± X(1)

�± �± �± X(4)

�± �± �± X(7)

�± �± �± Randomly one of {X(1),X(4),X(7)}
No. of �− or �− outcomes Correction

0,2
1,3 Z on one of the remaining qubits

(does not matter which one)

the connection procedure only works probabilistically, and the
whole procedure has to restart from the beginning if errors are
detected. The cases discarded are those in Table I with one or
three |�±〉 outcomes.

Thus, one may either use a deterministic connection pro-
cedure with slightly worse error thresholds, or a probabilistic
procedure where error thresholds are better; however, the rates
may differ. Unless explicitly stated all results in this paper use
the probabilistic scheme. Notice that as entanglement purifica-
tion is already a probabilistic procedure, the performance and,
in particular, the scaling of the overall 2D repeater scheme
remain unchanged.

III. ANALYSIS OF 2D REPEATERS

We now analyze the performance of the 2D repeater
when taking noise and imperfections into account. There
are several relevant figures of merit for a repeater scheme.
Here we concentrate on error thresholds for local operations
and channels as well as reachable fidelities, as this provides
information on whether such a scheme is suitable in principle.
Another important quantity consists of achievable rates, which,
however, depend strongly on the specific MEP and details of
the implementation. We do not provide a full rate analysis for
the general scheme here. For a concrete implementation with
trapped ions, however, we also investigate distribution times
and reachable distance with limited resources (see Sec. VI).

We demonstrate that the usage of three-party entangled
states offers (in certain parameter regimes) an advantage over
bipartite schemes with respect to error tolerance and achievable
fidelity, but also for storage resources. This implies that there
exist parameter regimes for channel noise and noisy local
operations where a 2D approach allows one to generate GHZ
states with a certain fidelity, while this is not possible with
a 1D approach. Clearly, in this case also the achievable rates
using the 2D approach are higher. In other regimes where
both approaches are applicable, the achievable rates using
a 1D approach might be higher, as multipartite recurrence-
type entanglement purification protocols are rather inefficient
[26]. The situation of direct state distribution (without a

repeater scheme) using bipartite and multipartite strategies
was investigated in [33], where a similar behavior was found.

A. Error model

Quantum channels are considered to be lossy and noisy,
which prevents a direct transmission of quantum information
over longer distances. In addition, local operations at individ-
ual nodes of the network (parties) are considered to be noisy
as well. We model channel errors by a completely positive
map (CPM) of the form E (a)

q ρ = qρ + 1−q

4

∑
j σ

(a)
j ρσ

(a)
j , with

channel noise parameter q. We describe a noisy operation by
Û

∏
a E (a)

p ρ, i.e., single-qubit local depolarizing noise (LDN)
with error parameter p on all involved particles, followed by
the ideal operation described by the superoperator Û with
Ûρ = UρU †.

Clearly, in a physical realization errors may have different
form, or channel losses may be dominant. However, this simple
error model assuming depolarizing local noise covers the
essential features and allows us to illustrate the effect of noise
on the performance of such a 2D quantum communication
network, similar to that done in [4,26,34,35] for 1D repeaters.
Notice that loss errors can, in principle, be mapped to
depolarizing errors by replacing a lost qubit with a completely
mixed state, but there are more efficient or practical ways to
deal with loss, e.g., by just repeating the transmission as we
consider in the trapped ion implementation below.

B. Error thresholds

In the following, we will concentrate on operational mode
I. In order to analyze whether the repeater works despite
imperfections in channels and operations, it is useful to start
by identifying noise thresholds that indicate up to which noise
level states remain distillable.

1. Error thresholds for entanglement purification

For noisy entangled pairs and GHZ states, necessary and
sufficient conditions for distillability are known [31,32,36,37].
In the case of local depolarizing noise with error parameter q

that acts on each of the particles, one finds a threshold of
q = 1/

√
3 ≈ 0.5774 [q ≈ 0.5567] of local noise per particle

for entangled pairs and three-party GHZ states, respectively
[31,32,36,37] (see Appendix A). For GHZ states, the threshold
value for q increases with the size m of the state, while for 2D
cluster states the threshold for distillability is independent of
m [31,32]. A lower bound on q for distillability of 2D cluster
states is given by q = 0.8281 [31,32]. Notice that, perhaps
surprisingly, three-party GHZ states are more robust against
local noise than entangled pairs. This implies that the error
thresholds for MEP are more favorable than the ones for bipar-
tite entanglement purification, and the use of three-party states
offers an advantage compared to the use of entangled pairs.

2. Error thresholds for repeater cycle

We now consider a repeater cycle, where the connection
of three three-party GHZ states is followed by appropriate
MEP. All involved operations are considered to be noisy, where
we consider single-qubit and two-qubit CNOT operations as
elementary gates. To obtain a threshold for the repeater cycle
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FIG. 6. GHZ states are connected n times in a concatenated way,
i.e., 3n states are connected to form a three-party GHZ state of distance
2n. The thresholds before state becomes disentangled are shown.

in the gate-based model, a specific purification protocol has
to be considered. The threshold is determined by the amount
of acceptable noise per gate, such that after connection of
three elementary states followed by MEP, the resulting state
is still entangled and has at least the same fidelity as initially.
Notice that we make use of the fact that the connection of
three GHZ states offers an intrinsic error detection capability,
which allows one to obtain higher fidelities at the price where
also the connection procedure is nondeterministic. For the
alternating MEP protocol [23,24] we find pth ≈ 0.9581. With
more advanced MEP schemes [38] (see Appendix C), this can
be enhanced to pth ≈ 0.9490. Then the threshold for channel
noise qmin at the lowest level depends on p and also the specific
protocol used, where before the first connection an additional
MEP is applied. While the direct multipartite approach using
these MEPs may not be optimal, it should be noted that for p

close to 1 some of them already allow for a better qmin than
is fundamentally possible for a bipartite approach. Additional
explanations and results are provided in Appendix D.

3. Basic repeater without entanglement purification

Another interesting quantity to look at is the number of iter-
ations leading to the next repeater level that can be performed
before entanglement purification becomes necessary. This also
provides thresholds for repeater schemes that operate without
entanglement purification. Fig. 6 shows the thresholds for the
local noise parameters p and channel noise q for different
numbers of connection operations such that the state remains
distillable. The maximal reachable distance is shown in Fig. 7
for p = q.

IV. MEASUREMENT-BASED IMPLEMENTATION

One may also consider a measurement-based implementa-
tion of entanglement purification and connection [2,34,35,39].
In such an approach, task-specific entangled resource states are
used to perform the connection and the purification procedure.
Information processing takes place by coupling input particles
via Bell measurements to the particles of the (locally prepared)
resource state. Since all the operations used are Clifford
operations, the resource states are graph states and consist
only of input and output qubits [2,34,35,39].
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FIG. 7. GHZ states are connected n times in a concatenated way;
i.e., 3n states are connected to form a three-party GHZ state of distance
2n. The maximum distance 2n before the state becomes disentangled
is shown, where the given numbers correspond to multiples of
elementary distance L0 of the elementary GHZ states.

The sole source of noise is given by imperfect resource
states (and imperfect Bell measurements), which we model
by depolarizing noise with parameter p acting on each of
the particles of the resource state as described above. For
bipartite entanglement purification and 1D quantum repeaters
[34], it was shown that such an approach offers very high error
thresholds, more than 13% noise per particle for fault-tolerant
quantum computation [2] and more than 23% noise per particle
for bipartite entanglement distillation [39]. Noise can, in
fact, be moved from resource states to input states under
Bell measurements, which leaves us with perfect protocols
applied to slightly noisier input states, and noise only acts
on output particles [35,39]. Noisy resource states—which
are used to implement the desired connection or purification
operations—are considered to be of the form

∏
a E (a)

p |ψ〉〈ψ |,
i.e., local depolarizing noise acting on each of the particles
of the perfect resource state. This leads to an exponentially
decreasing fidelity with respect to number of qubits and
incorporates that multiqubit resource states are more difficult
to prepare.

The error thresholds can be determined by considering
the thresholds of the ideal purification protocol and taking
local noise on the output particles into account, as we show
in detail below. Notice that the thresholds for MEP and the
full quantum repeater are, in fact, the same and are protocol
independent. This was shown in [35] for the 1D repeater, and
the same argument holds in the 2D case. This follows from
the fact that MEP and connection can be merged into a single
resource state of minimal size that consists of only input and no
output particles. As we have seen above, the threshold for MEP
for a three-party GHZ state is as large as pc = pq = 0.5567,
leading to a threshold for the 2D quantum repeater based on
tripartite GHZ states of pth � √

pc ≈ 0.7461. That is, local
noise of more than 25% per particle is acceptable for resource
states, which is even higher than for bipartite strategies.

A. Noise in the measurement-based implementation

In a measurement-based approach any completely positive
map M acting on n qubits can be probabilistically imple-
mented using the resource state ρM = 1 ⊗ M|�+〉〈�+|⊗n

and utilizing Bell measurements to read in the input state.
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All the maps we use, including connection and multiparty
entanglement purification, consist only of Clifford gates. This
implies that they can be deterministically realized in such a
measurement-based setup using resource states of minimal
size, involving only input and output particles [2,34,35,39].
Noise that affects this resource state naturally alters the
effective map that is implemented. In the case of a local
noise channel E acting on each qubit of the resource state, the
analysis is straightforward because local noise can be shifted
freely between the two qubits on which a Bell measurement is
performed [39],

P1,2
B E (1)ρ = P1,2

B E (2)ρ, (2)

with the superoperator PB describing the projection on a Bell
state. Therefore, the noise on the qubits functioning as the read
in of the resource state can be transferred directly to the input
state and it is easily checked that the effective map the noisy
resource state implements is given by E⊗mME⊗n for a map
M with n input and m output qubits.

Thus, we can simply consider local noise channels being
applied to all input qubits followed by perfect purification and
connection operations and finally noise on the output qubits
that still remain after the procedure. This makes the analysis
of error thresholds and performance of such a measurement-
based scheme particularly simple.

B. Finite purification steps in the measurement-based scenario

In principle, it is possible to perform several purification
rounds and all repeater steps at all scales with a single (large)
resource state at each node. This leads to the asymptotic
error threshold of 25% LDN per particle for a 3D repeater
based on three-party GHZ states announced above. However,
here we assume that we perform only one repeater step at
a time with a particular resource state, and only a limited
(small) number of purification steps. This is relevant for
a small-scale implementation with limited resources, as the
required resource state are small.

We consider m purification steps, where each step consists
of the application of protocols P1 and P2. This is followed by
the connection of the resulting GHZ states. Figure 8 shows the
parameter region where this approach leads to an increase in
fidelity after the first level, i.e., where a repeater cycle can be
maintained.

V. COMPARISON TO ARCHITECTURES BASED
ON 1D REPEATERS

We remark that one may also use an architecture based
on a combination of 1D repeater schemes that allows one
to establish Bell states between pairs of parties via bipartite
entanglement purification and connection. Depending on the
required task, this has to be done along a single connection line
in the network (on-demand generation of pairwise entangle-
ment), between several communication partners (generation of
pairwise entangled states that are in a final step connected to
form the desired multiparty state), or by establishing entangled
pairs of various distance and in different directions (network
with preprepared bipartite states where all parties of the
network can communicate).

FIG. 8. Parameter regions where implementing the repeater
connection and m purification steps using protocols P1 and P2 in
a measurement-based way leads to an increase in fidelity.

There are many (intermediate) strategies for how these tasks
can be achieved. In order to compare the new 2D approach
with 1D architectures, we consider the performance of both
schemes under nonideal conditions where state preparation,
channels, and gates are noisy, which we describe using the
error model from above. This takes into account that the
generation of elementary GHZ states is more difficult than
the generation of entangled pairs. We use the recurrence
entanglement-purification protocol of [40] in the 1D case,
which is usually used in repeater schemes due to its large
error thresholds and good performance [4,26].

We find that the direct generation of multiparty GHZ states
as proposed here has clear advantages compared to strategies
based on 1D repeaters with respect to several figures of merit.
First, as shown in [33], higher fidelities can be reached when
the goal is to establish entangled states shared between three or
more parties, e.g., three-party GHZ states. Second, the required
number of storage particles per node is smaller, as we discuss
below. Third, we have shown that MEP protocols and the
whole repeater for the three-party GHZ state admit higher
error thresholds per particle than bipartite protocols. Networks
based on 1D quantum repeaters may still be more efficient
in certain parameter regimes or for specific tasks, e.g., the
preparation of long-distance bipartite entanglement or certain
multipartite entangled states (see [33] for an analysis of direct
creation of multipartite states using bipartite and multipartite
strategies). While the optimal strategy for a given task may
well be a combination of bipartite and multipartite strategies,
we have shown that in certain parameter regimes a direct 2D
approach outperforms 1D strategies.

Storage requirements for multipartite and bipartite networks

In a full 2D triangular network, where three-party GHZ
states between all nodes are available as illustrated in Fig. 2,
the storage of final states requires three particles per node
and coarse-graining level. In contrast, a system based on 1D
repeaters on a triangular lattice requires either four or six
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particles, depending on whether one includes connection lines
in two or all three directions. In both cases, this does not take
into account that several copies might be needed to perform
entanglement purification.

The multipartite approach offers an advantage concerning
storage, mainly because storing one qubit is enough to have
a connection to multiple parties. The specific advantage,
however, depends on which features one demands from the
network. If one wants to consider a full triangular network
for three-party GHZ states—that is, after constructing states
of any coarse-graining level the structure formed is again a
triangular lattice—it is necessary to use all the states depicted
in Fig. 2. That means all the holes in the Sierpinski triangle
structure that appears when looking at different repeater levels
have to be filled in with states up to the highest level possible.
For this particular setup a repeater station must be able to
store three qubits per coarse-graining level it participates in.
In contrast, with a bipartite strategy building up a full network
needs connections in all six directions at each node, which
means six qubits per coarse-graining level have to be stored at
a repeater station. Notice that this takes into account only the
resulting states, while several copies are required to perform
entanglement purification.

To guarantee that every party has access to the network in
some form, the full scheme described above is not necessary.
For example, in the bipartite case it suffices to build a network
in two directions to reach every node in the network. However,
if one requires the network to be structured in a way that each
repeater station is only one connection away from a repeater
station of the next higher level, some connections in the third
direction are required as well, so the overall scaling does
not change. Even when dropping this requirement, that still
necessitates four qubits per coarse-graining level to be stored at
repeater stations for a network based on 1D repeaters. Even the
nonoptimized multipartite network still scales better, so there
is definitely a storage advantage for the multipartite strategy.
A switch to a quadratic lattice does not change this, although
the third direction along the diagonals would probably not be
used for the bipartite approach as the longer base distance
for these connections would result in higher loss and error
rates.

VI. IMPLEMENTATION USING TRAPPED IONS

There are intense efforts gearing up all over the world to
build small-scale quantum networks and to connect multiple
nodes [5]. So far, it has been shown on different platforms
how two remote nodes can be entangled and the basic building
blocks of a 1D quantum repeater have been experimentally
demonstrated [41–44].

In principle, the 2D quantum repeater can be implemented
in any system with a quantum light-matter interface and with
the ability to perform quantum gates and measurements at
each node. While several approaches are very promising,
including atomic ensembles in microcells [45] or NV centers
in photonic crystal cavities [46,47], we concentrate here on a
setup with trapped ions, where all relevant building blocks have
already been realized [48,49]. While a scalable long-distance
implementation requires MEP, a limited approach based on the
generation and connection of elementary multipartite states

FIG. 9. Illustration of creating a three-qubit GHZ state. The box
denotes the linear optics setup and photon detectors; the red dots
represent the ions in the cavities.

without entanglement purification still makes it possible to
obtain networks over considerable distances. We analyze
such a quantum network below, which shows concretely
how an ion-based 1D repeater [50] can be extended to 2D
networks.

A. Distributing a GHZ state with the 2D quantum repeater

We concentrate on a scheme based on the generation
of three-party GHZ states using ion-photon entanglement
and a suitable linear optics setup for projecting the photons
[51]. An illustration is provided in Fig. 9. These elementary
GHZ states are connected via swap operations. The swap
operation is simply a (deterministic) Bell measurement, which
can be implemented with an entangling gate and single-
qubit measurements. As a simplified repeater scheme without
entanglement purification is considered, the number of states
that can be connected is limited.

We would like to mention that one can prepare arbitrary
graph states, e.g., the eight-qubit cluster state, by creating a
Bell pair for each edge in the graph and subsequent local
operations and/or projections at each node.

B. Parameters

We assume the following parameters: ion-photon entangle-
ment with 99.5% fidelity, single- (two-) qubit operations with
0.1 (0.5) LDN [52,53], 90% photon detector efficiency [54,55],
90% probability of ion emitting a single photon and successful
frequency conversion to telecom wavelength [52,56,57], and
standard telecom fibers with attenuation length of 22 km.
Notice that all these parameters have already been achieved
in experiments, except the probability of emitting a photon
which is, however, expected to be reachable with present-day
setups [49]. For the comparison of the 1D and 2D approaches,
we remark that this error model takes into account that the
generation of GHZ states is more difficult than the generation
of entangled pairs.

C. Fidelities

We compare our intrinsic 2D strategy with a 1D approach.
In this setting one prepares Bell pairs between nodes A and B
and between nodes A and C using a 1D quantum repeater. The
GHZ state between nodes A, B, and C can be created with an
additional ancilla qubit in state |+〉 at node A and CNOT gates
between this qubit, which serves as a control qubit, and the
two qubits, which are part of the shared Bell pairs, followed
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TABLE II. Fidelities for several numbers of links using the 1D
and the 2D approach.

4 Links 8 Links 16 Links

1D 86.44% 74.85% 57.18%
2D 90.96% 78.03% 58.77%

by a measurement of the target qubits in the computational
basis.

Surprisingly, the 2D approach allows one to obtain slightly
higher fidelities for the resulting long-distance GHZ state.
The numbers for various numbers of links are summarized in
Table II.

Notice that this holds for negligible memory errors. For ion
traps the dominant error source is collective dephasing [58],
so that one needs to either assume that the coherence time is
large compared to the distribution time or encode quantum
information into a decoherence-free subspace [59,60] (see
also [61]). We have performed an analysis of the influence of
memory errors and the usage of a decoherence-free subspace
encoding in [61] for a 1D repeater scheme. The techniques are
also applicable in the 2D approach presented here.

Note also that an all-optical implementation, generalizing
the work of [13], is conceivable, provided one uses a one-way
entanglement purification protocol.

D. Distribution times

The derivation of the distribution time of the GHZ states is
analogous to [61]. We use the parameters listed above.

1. Distribution time using 2D quantum repeater

In this approach the photons are sent from the corners of
the triangle to the center, where the linear optics elements
and photon detectors [51] are placed (for concreteness we
assume an equilateral triangle). The distance to the center
is then given by L0√

3
, where L0 is the distance between the

nodes. The probability of creating the GHZ state between
three elementary nodes is then given by

Pelem = 1
4p3

ionη
3
dη

3
t , (3)

with ηt = exp[−L0/(
√

3Latt)]. The time for distributing the
GHZ state is then given by (see also [61])

T = L0

c

3n∑

i=1

1

1 − (1 − Pelem)i
(4)

for a repeater with 2n links. The resulting distribution times
are shown in Fig. 10.

2. Distribution time using 1D quantum repeater

Here the probability of establishing an elementary Bell pair
is given by

Pelem = 1
2p2

ionη
2
dηt , (5)

200 300 400 500 600 700 800 900 1000 1100
distance [km]

10-2

10-1
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e 

[s
]
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n=4

FIG. 10. Distribution time of using an ion-trap-based implemen-
tation with 2n links as a function of the distance for (top to bottom)
n = 2, n = 3, and n = 4.

with ηt = exp(−L0/Latt). The time for distributing the GHZ
state is then given by (see also [61])

T = 1

psuc

L0

c

2×2n∑

i=1

1

1 − (1 − Pelem)i
(6)

for a repeater with 2n links, where psuc is the total success
probability for appropriate Bell measurement outcomes in the
connection processes.

3. Comparison of 1D and 2D strategies

The distribution times for 4, 8, and 16 links are plotted in
Fig. 11, for both the 1D and the 2D approach. The times for the
1D approach are clearly smaller, and it should also be noted
that the 2D approach requires more resources (total number
of nodes and ions). However, with both approaches one can
distribute a GHZ state with fidelity that is large enough to
violate a Bell inequality [62–64] over a distance of 1000 km
in about 1 s.

200 400 600 800 1000 1200 1400
distance [km]

10-3

10-2

10-1

100

tim
e 

[s
]

n=2 (1D)
n=3 (1D)
n=4 (1D)
n=2 (2D)
n=3 (2D)
n=4 (2D)

FIG. 11. Distribution time for a three-qubit GHZ state using the
1D (dashed lines) and 2D (solid lines) repeater with 2n links as a
function of distance for (top to bottom) n = 2, n = 3, and n = 4.
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VII. SUMMARY AND OUTLOOK

We propose a 2D repeater architecture based on self-
similar growing structures of multipartite entangled states. The
favorable scaling and the high error thresholds of 1D repeater
architectures do not only carry over to the 2D approach; 2D
repeaters provide, in fact, higher error thresholds, while at
the same time the required resources for storage are reduced.
Furthermore, the design of quantum repeaters is not restricted
to GHZ or 2D cluster states on 2D lattices. In fact, different
lattice structures (including 3D arrays) and target graph states
are conceivable. Notice that MEP protocols for all graph
states exist [23–26], such that the procedure of connecting and
purifying states at different scales or growing size is universally
applicable.

The proposed approach is intrinsically two-dimensional and
seems thus ideally suited for real-world quantum networks. In
particular, such networks offer a high degree of flexibility,
with potential two-party and multiparty applications. As
outlined above, various platforms offer themselves for an
implementation in the near future, opening the way towards
real-world application of quantum technology in large-scale
quantum networks.
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APPENDIX A: DISTILLABILITY OF GHZ STATES

For GHZ states there exists a standard form (in which all
considered states are automatically due to the error models
used),

ρ = λ+
0 |�+

0 〉〈�+
0 | + λ−

0 |�−
0 〉〈�−

0 |
+

∑

k 	=0

λk(|�+
k 〉〈�+

k | + |�−
k 〉〈�−

k |), (A1)

with |�+
0 〉 = |GHZn〉, k = (k2,k3, . . . ,kn) and |�+

k 〉 =∏
i (σ (i)

x )
ki |�+

0 〉, as well as |�−
k 〉 = σ (1)

z |�+
k 〉. This state is

distillable to a n-partite GHZ state if and only if [36,37]

λ+
0 − λ−

0 > 2λk ∀ k 	= 0. (A2)

The distillation procedure proposed in [36,37] that makes
it possible to distill all states that fulfill these criteria has
an initial multiparty step where P = |0〉〈0|⊗N + |1〉〈1|⊗N is
applied on each party of N copies of the three-qubit GHZ
state, but then involves the purification of two-qubit pairs
that are recombined. The distillability of these qubit pairs
(i.e., fidelity greater than 0.5) is what sets the limit of the
whole procedure. An alternative approach, however, is to use
multipartite entanglement purification [23,24,26,38] directly.
These purification schemes come very close to the theoretical
limit, and two of these protocols already clearly surpass the
bipartite threshold (see Fig. 12).

FIG. 12. Thresholds for the repeater cycle when using different
purification protocols. The cutoff at low p indicates the threshold pth

for that particular purification scheme.

Using the criterion (A2) for a three-qubit GHZ state that has
been affected by local white noise with error parameter p on
every qubit the threshold turns out to be p ≈ 0.5567, which is
even better than the bipartite threshold of p = 1√

3
≈ 0.5774.

APPENDIX B: GRAPH STATES

The graph state |G〉 corresponding to the graph G with
vertices V = {1,2, . . . ,N} and edges E ⊆ [V ]2, where [V ]2

is the set of subsets of V containing 2 elements, is given by

|G〉 =
∏

{a,b}∈E

CZab|+〉⊗N, (B1)

where |+〉 is the eigenstate of σx with eigenvalue +1
and CZab = |0〉〈0| ⊗ 1 + |1〉〈1| ⊗ σz is the controlled-σz gate
acting on qubits a and b.

The orthogonal graph state basis is defined by

|μ〉G =
∏

j∈V

(
σ j

z

)μj |G〉, (B2)

with μ = (μ1,μ2, . . . ,μN ) ∈ {0,1}N . The subscript G acts as
a reminder that these states are defined with respect to a
particular graph.

APPENDIX C: ADAPTIVE MEP PROTOCOLS

In [23,24] an entanglement purification protocol is intro-
duced for two-colorable graph states. This protocol is relevant
in the context of the repeater scheme because the GHZ state
is LU equivalent to a two-colorable graph state. A density
operator diagonal in the graph-state basis is considered,

ρ =
∑

μA,μB

λμA,μB
|μA,μB〉G〈μA,μB |, (C1)

with the binary vector index μ = (μ1, . . . ,μn) split in two parts
μA and μB to emphasize the two sets of qubits corresponding
to different colors. The graph state |0,0〉G is the desired
state in this case and therefore the fidelity is given by λ0,0.
The protocol consists of two subprotocols, P1 and P2, that
are applied in an alternating way. They consist of CNOT

operations applied on two copies of the graph state on every
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FIG. 13. Probability of success of the probabilistic connection
operation in the repeater scheme using resulting states of MEP
after multiple purification rounds (fixed point) with gate error
parameter p.

party followed by local measurements on the second copy.
The measurement outcomes indicate whether the purification
step was successful. In short, the effect of P1 is to amplify
coefficients with μA = 0, while P2 amplifies the coefficients
with μB = 0.

However, [38] shows that the alternating sequence is not
ideal for all states and analyzes two adaptive schemes.

In the maximum local fidelity (MLF) adaptive scheme
(which was mentioned in [24]) one simply uses the protocol,
P1 or P2, that leads to a higher fidelity. The premise of the λ

weight (LW) adaptive scheme is the observation that P1 and
P2 increase different coefficients. In this scheme the choice
between P1 and P2 is made by comparing the sum of the
coefficients associated with each protocol, that is, applying P1
if

∑

μA

λμA,0 >
∑

μB

λ0,μB
(C2)

and P2 otherwise. While these adaptive protocols can increase
the purification regime especially in the presence of noise,
both protocols cannot be directly applied in an experiment
since both require information about the state that is not
easily obtained. However, if the initial states are known,
computer simulations ahead of the experiment can find out
which particular sequence of subprotocols the schemes would
suggest for that particular setting.

TABLE III. Threshold values qth for the channel noise at the
lowest level in a 2D repeater setting such that the resulting state after
n connection steps is still distillable.

n p = 0.99 p = 0.995

1 0.7635 0.7612
2 0.8769 0.8735
3 0.9415 0.9376
4 0.9773 0.9733
5 0.9950 0.9910
6 0.9987

FIG. 14. Thresholds for different entanglement purification pro-
tocols, indicating that the state can still be purified after one initial
connection procedure.

We compare the performance of the different MEP proto-
cols in the context of the 2D repeater below.

APPENDIX D: REPEATER THRESHOLDS
FOR PARTICULAR PURIFICATION SCHEMES

We analyzed the repeater thresholds for specific MEP
schemes in the gate-based scenario. The error parameter p

for the Bell measurements and the CNOT operations used in the
MEP protocol are considered to be the same. The threshold
value pth is the lowest p for which the repeater cycle can
be maintained. While the purification protocols themselves
work for smaller p the states they output at their fixed point
can no longer be purified by the same protocol after the next
repeater step if p < pth. For the alternating scheme introduced
in [23] we find pth ≈ 0.9581. With the adaptive variants
of [38] this threshold can be improved. The MLF-adaptive
scheme produces pth ≈ 0.9554 and the LW-adaptive scheme
pth ≈ 0.9490. Then the threshold for the local noise qmin at the
lowest level depends on p and also the specific protocol used
(see Fig. 12). Note that the purification regimes are cut off
towards low p at the value pth corresponding to that particular
scheme. There might, however, be a multipartite entanglement
purification scheme that performs better than these. While
the adaptive schemes come close to the distillation limit for
p = 1 they do not quite reach it. The success probability of the
probabilistic connection operation used at each repeater level
(Fig. 13) is the same for the three protocols. As entanglement
purification is already a probabilistic procedure, the scaling

TABLE IV. Probability of success of the probabilistic connection
operation in a setup where n connection steps are performed prior to
purification, with gate error parameter p equal to channel noise q.

n p = q = 0.98 p = q = 0.99 p = q = 0.995

1 89.24% 94.32% 97.08%
2 88.48% 94.12% 97.02%
3 87.61% 93.87% 96.97%
4 93.63% 96.90%
5 96.84%
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behavior and principle performance of the repeater are not
affected.

In the main text we also discussed a setting where n

connection steps are performed; i.e., 3n elementary GHZ states
are connected in order to form a GHZ state at distance 2n. In
Table III some exemplary values for the noise threshold qth

such that the resulting state is still distillable are provided in
addition to Fig. 6.

Furthermore, we also analyze the performance of different
MEP protocols. We consider a situation where two states are
first connected and then purified using the specific MEP. The
analysis the case of performing one such operation is shown
in Fig. 14. Note, however, that this does not take into account
whether the resulting state after the purification is suitable for
further repeater levels. The probability of success at each such
step is shown in Table IV for some example values of p = q.
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