PHYSICAL REVIEW D 94, 103008 (2016)

Towards generating a new supernova equation of state: A systematic
analysis of cold hybrid stars
Oliver Heinimann,* Matthias Hempel, and Friedrich-Karl Thielemann
Department of Physics, University of Basel, Klingelbergstrasse 82, 4056 Basel, Switzerland
(Received 31 August 2016; published 18 November 2016)
The hadron-quark phase transition in core-collapse supernovae (CCSNe) has the potential to trigger
explosions in otherwise nonexploding models. However, those hybrid supernova equations of state (EOS)
shown to trigger an explosion do not support the observational 2 M⊙ neutron star maximum mass
constraint. In this work, we analyze cold hybrid stars by the means of a systematic parameter scan for the
phase transition properties, with the aim to develop a new hybrid supernova EOS. The hadronic phase is
described with the state-of-the-art supernova EOS HS(DD2), and quark matter by an EOS with a constant
speed of sound (CSS) of c2QM ¼ 1=3. We find promising cases which meet the 2 M⊙ criterion and are
interesting for CCSN explosions. We show that the very simple CSS EOS is transferable into the wellknown thermodynamic bag model, important for future application in CCSN simulations. In the second
part, the occurrence of reconfinement and multiple phase transitions is discussed. In the last part, the
influence of hyperons in our parameter scan is studied. Including hyperons no change in the general
behavior is found, except for overall lower maximum masses. In both cases (with and without hyperons) we
find that quark matter with c2QM ¼ 1=3 can increase the maximum mass only if reconfinement is suppressed
or if quark matter is absolutely stable.
DOI: 10.1103/PhysRevD.94.103008

I. INTRODUCTION
Extremely high densities and neutron-rich conditions,
which are not directly accessible in terrestrial experiments,
are reached in neutron stars. With increasing densities the
description of matter becomes more uncertain. New degrees
of freedom besides nucleons as hyperons and/or quark
matter can appear. As an extreme scenario there exists even
the possibility of absolutely stable strange quark matter and
pure quark stars within Witten’s hypothesis [1] (see also
earlier works, e.g. [2,3]). The recent discoveries of neutron
stars with masses around 2 M⊙ [4–6] represent a strong
constraint on the appearance and impact of the additional
degrees of freedom on the equation of state (EOS).
In this work, we focus on hybrid stars whose outer parts
contain hadronic matter and the inner part quark matter
with a first-order phase transition in between. In order to
systematically analyze hybrid stars in regards to the
maximum mass constraint we use the scheme proposed
by Alford et al. [7], applying a simplified, but representative quark EOS. Four different subclasses of hybrid stars
were introduced in [7] according to the stability of hybrid
stars at the onset of quark matter and/or the existence of a
third family.1 In a subsequent work [10], a more detailed
*

oliver.heinimann@unibas.ch
In the mass-radius (M-R) relation, first family stars are white
dwarfs while second family stars are neutron stars. After a phase
of instability a third stable branch can build up, which consists of
hybrid stars [8,9].
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analysis was presented and different hadronic EOSs were
applied. Zacchi et al. [11,12] used the approach of Alford
et al. for comparison of the results obtained with a newly
developed SU(3) quark EOS. A special emphasis was put
on the occurrence of twin stars, which are pairs of compact
stars at equal masses. For the hadronic EOS, they used the
relativistic mean-field model DD2 [13] as we do in the
present study. Alford’s classification was also applied in a
number of other works [14–17], varying the hadronic and/or
quark EOSs. Similar parameter scans for quark matter
properties were done in [18,19], where, however, only the
maximum mass but not the type of hybrid star was investigated. One of the main motivations of the present paper is to
gather more insights about the parameter space describing the
quark matter EOS and the resulting QCD phase transition in
the context of core-collapse supernovae (CCSN).
The CCSN explosion mechanism is not yet completely
understood. The delayed neutrino-driven (or neutrino-heating)
mechanism is the most established and well-investigated one.
In one-dimensional simulations no explosions can be obtained
except for special low-mass progenitors with an O-Ne-Mg
core [20]. It has been shown that multidimensional effects
such as convection, nonradial matter flows, or the standing
accretion shock instability can trigger a successful explosion.
One remaining problem is that the resulting explosion
energies are typically smaller than the observed values.
Alternative mechanisms such as the acoustic mechanism or
the magnetorotational mechanism were also proposed. For
more details of the mentioned mechanisms see, e.g., [21–24].
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Another mechanism showing successful explosions,
even in one-dimensional simulations, is the QCDphase-transition mechanism (see Sagert et al. [25]). The
appearance of quark matter can cause a collapse of the
protoneutron star to a more compact configuration, which
results in a second shock wave that travels outwards. This
second shock wave can revive the stalled first shock and
induce the explosion. High explosion energies around and
above 1051 erg [25] make this scenario especially interesting for further investigation. However, the hybrid EOSs
applied in [25] have maximum masses much below 2 M⊙.
In the subsequent works exploring this scenario [25–31],
explosions could not be obtained if the maximum mass was
sufficiently high.
On the other hand, only a few SN EOSs that consider
quark matter exist ([25,27,29,31,32]), only a few progenitors have been tested, and no systematic evaluation has
been done yet. Furthermore, recently it was pointed out that
the collapse of the protoneutron star, which was found in
the aforementioned works, can be related to the existence of
a special third family [33]: for the particular EOSs
considered, the third family is only marginal at zero
temperature, but increases significantly when going to
finite entropies as they are found in protoneutron stars.
While this points to the importance of the thermal properties of the hybrid EOS, it also implies that a pronounced
third family of cold compact stars is favorable for triggering
explosions. To which extent this is still possible while being
compatible with the 2 M⊙ constraint is one of the main
subjects of the present study.
In this paper, we systematically analyze possible parameter configurations of quark matter EOSs. The final aim is
to generate a new hybrid SN EOS in the near future that is
favorable for explosions and has a “realistic” description of
the hadronic EOS with good nuclear matter properties. We
repeat a similar parameter scan as the one of Alford et al.
[7,10]. For the hadronic phase, we use the supernova EOS
named HS(DD2) [29,34], which is available at finite
temperatures and electron fractions and can directly be
used in CCSN simulations, and for the quark phase the socalled constant speed of sound (CSS) EOS of Alford et al.
As a result, we find configurations that support a maximum
mass of 2 M⊙ and show a third-family feature in their
mass-radius relation.
The generic CSS EOS is not a very commonly used EOS
for quark matter and is not suitable for applications in
CCSN simulations, as it does not provide a temperature
dependence or information about the composition.
However, we show that it is possible to transform the
CSS parameters into parameters of the widely used
thermodynamic bag model, which does not have these
deficits.
From the transformation of the CSS to the bag model
EOS we identify that for certain quark matter parameters
the problem of reconfinement can occur, where after a first

deconfinement a spurious reconfinement and another
deconfinement phase transition happen. We find that some
other parameter regions actually correspond to absolutely
stable strange quark matter. The problem of reconfinement
is known in the literature (e.g. [35–37]), but in the
parameter scans of Alford et al. and subsequent works it
was not addressed. If one does not consider reconfinement,
and by doing so ignores thermodynamic stability in a strict
sense, this leads to extremely high neutron star masses of
over 3 M⊙ at low transition pressures. In this work, we
show the effects of reconfinement on the maximum mass
in our parameter scan and that such high masses cannot
be obtained any more if reconfinement is taken into
account. Furthermore, for the first time we give a systematic analysis for which conditions the problem of reconfinement occurs.
Hyperons represent an additional degree of freedom
which can be considered in the hadronic EOS. Their
appearance generally leads to a softening of the EOS
and therefore to a lower maximum mass. Often it is hard
to even meet the 2 M⊙ constraint. This problem is known
under the name “hyperon puzzle”; see, e.g., [38,39].
However, several hyperonic neutron star EOSs exist which
have sufficiently high maximum masses by including
repulsive hyperon interactions. An alternative solution to
this puzzle is a phase transition to quark matter at low
densities, which takes place before the appearance of
hyperons; see [19,39,40]. Regarding SN EOSs, there is
only one model (the EOS of Ref. [41] named BHBΛϕ)
which is directly compatible with the measurement of [5]. It
represents an extension of HS(DD2) where lambda hyperons have been added. We use this EOS in the present work
to investigate the impact of hyperons on our parameter scan
and the problem of reconfinement. We find that the overall
results do not change qualitatively, besides the general
reduction of the maximum mass.
The paper is structured as follows: In Secs. II, III, and IV,
we repeat some hybrid star theory, present the models used
and give detailed information on the performed parameter
scan with Alford’s classification. In Sec. V, we show how to
transfer the CSS EOS into a thermodynamic bag EOS. In
Sec. VI, we repeat our parameter scan using an extended
parameter space. We identify interesting configurations for
future SN EOS, while also comparing them with the
already existing ones. Section VII deals with reconfinement, where we identify regions with one, two and three
phase transitions. Another parameter scan is presented
which shows the consequences of reconfinement on the
maximum mass. In the last section, Sec. VIII, the detailed
analysis of Secs. VI and VII is repeated while applying the
BHBΛϕ EOS for the hadronic part which additionally
considers hyperons. The results are discussed in detail and
compared with the nonhyperon EOS HS(DD2). In Sec. IX
we summarize and draw conclusions. Throughout the paper
we use units where kB ¼ ℏ ¼ c ¼ 1.
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FIG. 1. This illustration was published in [7] and shows the
classification of hybrid stars by means of their M-R curve. The
two important criteria are the presence of a third family branch
and the stability of hybrid stars at the onset of quark matter.

II. CLASSIFICATION OF HYBRID STARS
Alford et al. introduced in Ref. [7] four different cases to
classify hybrid stars by their M-R relation as shown in
Fig. 1. The classification is based on two criteria: the
presence of a third family branch and the stability of hybrid
stars at the onset of quark matter. Cases A and C have no
third family branch and therefore only one maximum mass
configuration. Case A (“absent”) consists of only a hadronic branch. The point where quark matter sets in
coincides with the maximum mass configuration. Case C
(“connected”) is similar to case A with the difference that
there are stable hybrid star configurations which include
quark matter up to the maximum mass. Cases B and D both
have a third family branch in their M-R curve. Case B is
identical to case C up to the first maximum. There is an
unstable branch to the left of this point, followed by a third
family branch ending in a second maximum. Case D is
identical to case A up to the first maximum, but also has a
third family branch in addition. For the supernova mechanism triggered by the hadron-quark phase transition, cases
B and D are interesting. They both have the potential to
induce a second collapse in a SN and a subsequent
explosion as described in the Introduction.
III. HYBRID STAR MODELING
Alford et al. introduced in Ref. [7] a simple model to
describe hybrid stars in a systematic way. We closely follow
this modeling except one difference: Alford et al. used the
rather soft HLPS and the rather stiff NL3 EOS in [7] for the
hadronic part (respectively BHF and DBHF in [10]), to
illustrate its impact on the hybrid star configurations.
Instead we apply HS(DD2), which has a “stiffness” somewhere in between the EOSs used by Alford et al. The quark
phase is still described by the constant speed of sound
(CSS) EOS as in Ref. [7]. Both phases are connected by the
means of a Maxwell construction [7]. In Sec. VIII we study
the effect of hyperons by using the BHBΛϕ EOS. In the
following a brief summary about the used EOSs is given.
A. Hadronic matter: HS(DD2) and BHBΛϕ
The HS(DD2) EOS [29,34] is a supernova EOS available
at finite temperature and variable proton fraction and
density in the form of a table. Nucleons and nuclei are
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considered as baryonic particle degrees of freedom. For the
interactions of the nucleons density-dependent relativistic
mean-field theory is used (DD2) [13]. The formation of
nuclei at subsaturation densities is considered in a statistical
description employing experimentally measured binding
energies and excluded-volume corrections [34]. The HS
(DD2) EOS is in good agreement with experimental
constraints for the symmetry energy [42], theoretical
constraints for the neutron matter EOS [29], and cluster
formation in low-energy heavy-ion collisions [43].
Conversely, the EOS of Refs. [44–46] named STOS in
the following, which is employed for the hadronic part in
the currently existing quark-hadron hybrid SN EOSs (listed
and further discussed in Sec. VI), is in contradiction with
these constraints. HS(DD2) has a high maximum mass for
cold neutron stars of 2.42 M⊙ .
The only existing SN EOS that considers hyperons and
strictly fulfills the 2.01 M⊙ neutron star constraint of [5] is
the BHBΛϕ EOS [41]. It represents an extension of HS
(DD2) where the Λ hyperon has been added as a particle
degree of freedom within the density-dependent relativistic
mean-field framework. Otherwise, the underlying models
of HS(DD2) and BHBΛϕ are identical, e.g., regarding the
nucleon interactions or the description of nuclei. Other
hyperons than the Λ are not considered in BHBΛϕ. The
justification of this simplification is that the experimental
data for the interactions of the other hyperons are even
more uncertain than they are for the Λ, and that often the
Λ is found to be the most important hyperon regarding
the neutron star EOS. To reach the 2 M⊙ constraint
repulsive hyperon-hyperon interactions have been included
in the BHBΛϕ EOS via the strange ϕ meson. The resulting
maximum mass for cold, β-equilibrated matter is 2.11 M⊙ ,
and thus directly compatible with the measurement of [5].
This means BHBΛϕ does not show a hyperon puzzle.
In this work, we use the HS(DD2) and BHBΛϕ EOSs
in beta equilibrium and at T ¼ 0.1 MeV. A temperature
of 0.1 MeV is negligibly small in comparison to typical
Fermi energies in neutron stars, and thus a sufficient
approximation for T ¼ 0. Note that the inner and outer
crust is included self-consistently in HS(DD2) and
BHBΛϕ; i.e., we have a unified EOS description for the
entire neutron star.
B. Quark matter: CSS
The quark phase is described by the CSS EOS of Alford
et al. [7]:
ϵCSS ðpÞ ¼ c−2
QM ðp − p0 Þ;

ð1Þ

where cQM is the density-independent speed of sound, p the
pressure, and p0 the pressure where ϵCSS ¼ 0. Two values
for cQM are of special interest: c2QM ¼ 1=3 which corresponds to non- or weakly interacting, massless quarks and
c2QM ¼ 1 which is the maximum value to be still consistent
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with special relativity. In this paper, c2QM ¼ 1=3 is used,
which is typical for many quark EOSs and also in agreement with other, more sophisticated models (e.g., [16,47]).
C. Hybrid EOS
The phase transition from the hadronic phase described
by the HS(DD2) or BHBΛϕ EOS to the quark phase
described by the CSS EOS is done by a Maxwell
construction. This means that local charge neutrality is
assumed implicitly. It implies pressure, temperature and
baryon chemical equilibrium at the transition point and that
no phase coexistence region is present in compact stars. In
fact, previous parameter scans did not consider chemical
equilibrium explicitly, which we will discuss further in
Sec. VII. Pressure equilibrium at the transition pressure
ptrans can be formulated as phadronic ¼ pquark ¼ ptrans . A
direct consequence of the Maxwell construction is the
appearance of a discontinuity in the energy density Δϵ ¼
ϵquark − ϵhadronic at ptrans . For a deconfinement transition
from hadronic to quark matter one has nquark
> nhadronic
B
B
(with the baryon number density nB ) and therefore
also ϵquark > ϵhadronic .
The phase transition and the quark EOS depend on three
variables: the transition pressure ptrans , the speed of sound
in quark matter cQM and the value of the discontinuity in the
energy density Δϵ. In the present work c2QM ¼ 1=3 is fixed
and ptrans and Δϵ are varied systematically. The final form
of the EOS is written as
8
hadronic
>
p ≤ ptrans
>
<ϵ
hadronic
ðptrans Þþ
ð2Þ
ϵðpÞ ¼ ϵ
>
>
: Δϵ þ c−2 ðp − ptrans Þ p > ptrans :

dm
¼ 4πr2 ϵðrÞ;
dr

with the enclosed mass m at radius r and the gravitational
constant G. The maximum mass configuration with fixed
ptrans and Δϵ is obtained from the M-R relation, where the
central density of the hybrid stars is systematically varied.
If ptrans and Δϵ are systematically varied as well, a threedimensional surface plot of the maximum mass as a
function of these two parameters is obtained. 80 variations
of each ptrans and Δϵ are considered here, varying ptrans
from 1 MeV=fm3 (nB ≈ 0.1 fm−3 ) to 800 MeV=fm3
(nB ≈ 1.02 fm−3 ) while using HS(DD2) EOS. ptrans also
fixes ϵtrans , resulting in values ptrans =ϵtrans ¼ ½0.01; 0.55.
Δϵ=ϵtrans is varied within the range [0, 1.3]. In Sec. VI we
will also present an extended parameter scan for HS(DD2),
covering the range of ptrans =ϵtrans ¼ ½0.01; 0.55 and
Δϵ=ϵtrans ¼ ½0; 3. For BHBΛϕ, ptrans is varied from
1 MeV=fm3 to 640 MeV=fm3 , while Δϵ=ϵtrans is varied
from [0, 1.3].
Figure 2 shows contour lines of the maximum mass for
our considered range of parameters. The most important
contour line is the 2 M⊙ mass line, since all EOSs have to
be able to support this mass. Such heavy compact stars can
be reached at ptrans =ϵtrans ≳ 0.22 (case 1) and ptrans =ϵtrans ≲
0.02 (case 2) for any Δϵ=ϵtrans. For 0.02 ≲ ptrans =
ϵtrans ≲ 0.22, Δϵ=ϵtrans (case 3) is limited to low values
to be compatible with the observational constraint. In case
1, the hadronic phase is dominant and a mass of 2 M⊙ is
reached already in the hadronic branch. The higher
ptrans =ϵtrans gets, the later the quark phase sets in. At high
nB/nB0

QM

1.0

1.0
trans

2.2

/

ð3Þ

2.0

1.2 1.8 1.4

This means that p0 in Eq. (1) is fixed by the pressure and
energy density of quark matter at the transition point, ptrans
and ϵCSS ðptrans Þ ¼ ϵtrans þ Δϵ, with ϵtrans ¼ ϵhadronic ðptrans Þ,
leading to
p0 ¼ ptrans − c2QM ðϵtrans þ ΔϵÞ:

ð5Þ
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IV. PARAMETER SCAN
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Two pieces of information are especially relevant when
modeling a hybrid star: its maximum mass and the type of
hybrid star. To calculate a single compact star, the TolmanOppenheimer-Volkoff equations have to be solved for a
given central density:


dp
GϵðrÞmðrÞ
pðrÞ
1
þ
¼−
dr
ϵðrÞ
r2



3
4πr pðrÞ
2GmðrÞ −1
× 1þ
;
ð4Þ
1−
mðrÞ
r

2.4
0.0 2.8
0.0
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ptrans/
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FIG. 2. Calculated hybrid star configurations, colored to distinguish the four cases A (absent), B (both), C (connected) and D
(disconnected). The lines in blue show the maximum mass
contours for 1.4, 1.6, 1.8, 2.0, 2.2, 2.4, 2.6, and 2.8 M⊙ . The
thick black dashed line shows the analytic criterion from Seidov
[48], above which neutron stars are unstable at the onset of quark
matter.
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values of ptrans =ϵtrans , hybrid stars consist almost only of
hadronic matter. For ptrans =ϵtrans > 0.47, eventually the
transition pressure is above the central pressure of the
heaviest stable hadronic star. For low ptrans =ϵtrans (case 2),
one obtains an almost pure quark star with only a thin
hadronic layer on top. At the lowest ptrans and Δϵ,
extremely high maximum masses of over 3 M⊙ can be
reached, well above the maximum mass of HS(DD2).
The dots in Fig. 2 represent all the parameter configurations that have been calculated. The color coding classifies the resulting M-R relations according to the four
cases of Alford et al. The straight black diagonal line
represents the analytical constraint derived by Seidov in
1971 [48]: Δϵcrit =ϵtrans ¼ 1=2 þ 3=2 · ptrans =ϵtrans . If Δϵ is
below Δϵcrit, hybrid stars are stable at the onset of quark
matter. Above the Seidov line, cases A (green) and D
(magenta) are found, below cases C (yellow) and B (blue).
Apparently, ptrans has to be chosen low enough, to obtain a
disconnected third family branch. Interesting cases for SN
simulations are in the small region on the left side of the
two solar mass line and above the Seidov line. There,
hybrid stars with a third family branch and maximum
masses above 2 M⊙ are found. Furthermore, they correspond to low onset densities of the phase transition between
1 and 2 n0B (with n0B denoting the nuclear saturation density)
which is required to reach quark matter in a CCSN, at least
for low- and intermediate-mass progenitors; see [28]. Note
that such low transition densities are compatible with
heavy-ion collision experiments, where matter is more
symmetric and strangeness is not in equilibrium, which
shifts the phase transition to much higher densities [27].
In [10], Alford and Han showed results of a similar
parameter scan done also for the CSS EOS with c2s ¼ 1=3,
but with the stiff DBHF EOS and the soft BHF EOS for the
hadronic phase, and in [7] for the HLPS and NL3 hadronic
EOSs. The general distribution of the cases found here is
the same as in [7] and [10]. The 2 M⊙ curve from Fig. 2
behaves in a similar way as the 1.95 M⊙ line of DBHF in
Fig. 5 of [10]. Considering these two references, our results
seem to be consistent with Alford et al. We can also state
here, that for c2QM ¼ 1=3, the hadronic phase has little
impact on the distribution of the hybrid stars in the
ptrans =ϵtrans vs Δϵ=ϵtrans plot.

proposed the concept of absolutely stable strange quark
matter [1]. In the same year, Farhi and Jaffe investigated
Witten’s theory by using a Fermi-gas model to establish
conditions under which strange matter in bulk is absolutely
stable. They considered three-flavor (u, d, s) quark matter
in beta equilibrium at zero temperature with a negative
external bag pressure B acting on quark matter [49]. Matter
is assumed to be in equilibrium regarding the following
reactions:
d ↔ u þ e þ ν¯e ;
s ↔ u þ e þ ν¯e ;
s þ u ↔ u þ d:

ð6Þ

In cold neutron stars where no neutrinos are present the
chemical potentials thus fulfill the relation:
μd ¼ μs ¼ μu þ μe :

ð7Þ

The pressure pi depending on the chemical potential μi
for each species i ¼ u, d, s, e is easily calculated since they
are treated as noninteracting Fermi gases:



1 g
5 2
2
2 1=2
2
pi ¼
μ ðμ − mi Þ
μi − mi
6 4π 2 i i
2

 2
3
μ − m2i Þ1=2 þ μi
þ m4i ln i
:
2
mi

ð8Þ

The degeneracy factor g is g ¼ 2spin for electrons and g ¼
6 ¼ 2spin × 3color for quarks. The pressures for each species,
assuming that the masses for u and d quarks as well as
electrons are negligible, are
μ4u
;
4π 2
μ4
¼ d2 ;
4π
μ4
¼ e2 ;
12π



1
5
¼ 2 μs ðμ2s − m2s Þ1=2 μ2s − m2s
2
4π

 2
3
ðμs − m2s Þ1=2 þ μs
þ m4s ln
:
2
ms

pnon-int
¼
u
pnon-int
d
pnon-int
e
pnon-int
s

V. QUARK EOS MODELS
The CSS EOS is not a very common EOS for the
description of quark matter. Furthermore, as it only
represents a parametrization of thermodynamic quantities,
it does not contain any composition or temperature
dependence. Both aspects are important for the application
in CCSN simulations which we are aiming at. A commonly
used and easy-to-handle model which provides this information is the so-called thermodynamic bag model, which is
described in more detail in the following. In 1984, Witten
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ð9Þ

The total pressure is the sum of the particle pressures with
the bag constant subtracted:
X
ptot ¼
pnon-int
− B:
ð10Þ
i
i

By using the number density for each species ni , which can
be obtained from the thermodynamic relation
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ð11Þ

bag model of Eq. (16) in the limit of ms ¼ 0 and beta
equilibrium, Eq. (1) has to be reformulated. Together with
Eq. (13), Eq. (1) leads to

the charge neutrality condition can be expressed as
2
1
1
nu − nd − ns − ne ¼ 0:
3
3
3

p

ð12Þ

Equations (12) and (7) leave only one independent
chemical potential. Using the T ¼ 0 thermodynamic
relation
X
ϵtot ¼ −ptot þ
μi ni
ð13Þ

CSS

p

i

¼

X
ϵnon-int
þ B:
i

ð15Þ

i

X
X 2αs μ4j
pnon-int
−
B
−
;
i
π 4π 2
i
j¼u;d;s

ð16Þ

where αs accounts for strong interaction corrections. The
model presented in [27] is similar to the ones from Alford
et al. [35] and Weissenborn et al. [18]. Both use an
interaction correction proportional to μ4 (where μ denotes
the quark chemical potential) similar to the αs term in
Eq. (16). In fact, Weissenborn’s model is equivalent to
Eq. (16) for ms ¼ 0, and in this case the proportionality
factor a4 of the μ4 -term can be identified as
a4 ¼ 1 − 2αs =π. Alford’s quark EOS is a generic powerseries ansatz, which includes an additional a2 μ2 term. This
term can be interpreted to be related to color superconductivity by using the relation a2 ¼ m2s − 4Δ2 , where Δ
represents the pairing gap [35,50]. Another quark model
suitable for the astrophysical application is vBag, which
was introduced in [51,52]. It contains vector interactions
and a medium-dependent bag pressure, which is based on
the assumption of simultaneous deconfinement and chiral
symmetry restoration. It would be interesting to compare
vBag with the quark EOSs used in the present study in the
future.
An important case is where u, d, and s quarks are
massless. It follows μu ¼ μd ¼ μs ¼ μ, and μe ¼ 0, and
nu ¼ nd ¼ ns and ne ¼ 0; i.e., quarks maintain charge
neutrality by themselves and there are no electrons in the
quark phase. To be able to compare the CSS EOS with the

ð17Þ

c2QM
ðμÞ ¼
p0
1 þ c2QM

 1þc2QM

μ c2QM
1
þ 2 :
μ0
cQM

ð18Þ

It is interesting to note that another constant μ0 appears. The
reason is that the ϵðpÞ-relation of Eq. (1) does not represent
a thermodynamic potential. For given Δϵ and ptrans , which
fix p0 by Eq. (3), μ0 can be fixed as well by inverting
Eq. (18) and using the condition of chemical equilibrium at
the phase transition point,

To include interactions, often a phenomenological parametrization is used. Here, we apply the model of [27] for
T ¼ 0:
pQM ¼



c2QM
p0
¼
þ μn ;
1 þ c2QM c2QM

where n ¼ nu þ nd þ ns . n depends on μ due to the relation
n ¼ ∂p=∂μ, which can be implemented in Eq. (17).
Separating the variables and integrating over the respective
boundaries leads to

i

and Eq. (10), the total energy density can be written as
X
ð−pnon-int
þ μi ni Þ þ B
ð14Þ
ϵtot ¼
i

CSS

1
μCSS ðptrans Þ ¼ μhadronic
ðptrans Þ;
3 B

ð19Þ

which gives
2

 cQM

1 þ c2QM ptrans
1 hadronic
1 −1þc2QM
μ0 ¼ μB
ðptrans Þ
− 2
:
3
p0
cQM
c2QM
ð20Þ
The schematic form of Eq. (18) was already given in the
appendix of [7]. However, in [7] chemical equilibrium was
not considered explicitly, as it is done above. This will be
important in Sec. VII.
Comparing the bag model description of Eq. (16) with
the pðμÞ formulation of the CSS EOS [Eq. (18)], it is
obvious that these two formulations are equivalent when
c2QM ¼ 1=3. The identifications of the μ4 -dependent and
μ-independent terms in the CSS and bag EOSs lead to
π π 3 p0
−
2 6 μ40
3
B ¼ − p0 :
4

αs ¼

ð21Þ

Figure 3 shows a comparison of the two models. By
varying the bag constant B from lower to higher values
(left to right on the red curves) as well as the αs parameter
(increasing αs leads to a downward shift of the curves), the
whole parameter space of the CSS model can be
reproduced.
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of the strange quark mass is larger than 100 MeV, it shifts
the phase transition to higher densities, but for ms ¼
100 MeV the effect is still small. As a conclusion we
can state that with a finite ms the one-to-one correspondence between the CSS model and the bag model is not true
anymore, but nevertheless the models are still comparable.
We have checked that at least for ms ¼ 100 MeV the
induced differences in the M-R relation are small. Only for
detailed comparisons, the exact M-R relations have to be
calculated with the strange quark mass taken into account.
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FIG. 3. Similar to Fig. 2, but with red lines showing the
solutions of the bag model from Eq. (16) for varying B with
increasing values from left to right, different values of αs (as
indicated in the figure), and ms ¼ 0.

More realistic models of quark matter often employ
a finite strange quark mass. A typical value is ms ¼
100 MeV, which is, as mentioned by Fischer et al. in
[27], in accordance with the range ms ∼ 70–130 MeV and
the weighted average of 105þ1.5
−1.3 MeV of Amsler et al. [53].
Figure 4 shows the influence of a finite ms on the speed of
sound squared c2s . With increasing ms , the speed of sound
deviates significantly from the value of c2s ¼ 1=3, corresponding to ms ¼ 0 MeV. However, for ms ¼ 100 MeV
the deviations are still small. The energy densities ϵtrans þ
Δϵ at the phase transition from hadronic to quark matter are
indicated in Fig. 4 by triangles. For ms ¼ 200 and
300 MeV, the strongly deviating part at the beginning is
not of importance, since the phase transition happens at
higher energy densities. As visible in the figure, if the value
0.4
0.38
0.36

Sagert et al. and Fischer et al. [25,27,54] generated
several hybrid SN EOSs in their papers. Here we use the
same quark interactions as applied in some of these EOSs.
Similar quark-hadron hybrid SN EOSs have also been
generated by Nakazato et al. [30,32]. They did not consider
corrections from strong interactions, and therefore obtain
maximum masses only below 2 M⊙. Table I gives an
overview of the already published hybrid SN EOSs. In all
of them, STOS [44–46] was used for the hadronic part.
As summarized in Table I, so far only hybrid EOSs that
have maximum masses below 2 M⊙ were found to lead to
explosions in spherically symmetric CCSN simulations. In
particular, the models B139 and B145, which both have
QCD interaction terms and support maximum masses
around 2 M⊙ , did not lead to explosions. Currently, these
are the only two available SN EOSs that include quark
matter and support maximum neutron stars masses above
2 M⊙ . Note that so far only very few progenitors have been
tested in CCSN simulations of this scenario. A systematic
progenitor exploration is still missing, even for the few
existing hybrid SN EOSs.
In the following, we use the properties of the existing
hybrid SN EOSs listed in Table I to identify interesting
regions of the quark matter parameter space which could be
favorable for CCSN explosions. In these EOSs STOS is
used for the description of hadronic matter and Gibbs’
conditions for phase equilibrium are applied. For the

0.34

TABLE I. Overview of existing hybrid SN EOSs and their tests
in spherically symmetric CCSN simulations. All models employ
ms ¼ 100 MeV.

cs

2

0.32
0.3
0.28
0.26

ms = 100 MeV
ms = 200 MeV
ms = 300 MeV
Transition Points
2
ms = 0, cs = 1/3

0.24
0.22
0.2

0

500

1000

1500

2000

2500

3000

3

(MeV/fm )

FIG. 4. Dependency of the speed of sound on the energy
density for four different values of ms (0, 100, 200 and
300 MeV), B1=4 ¼ 155 MeV and αs ¼ 0.3. The phase-transition
points are indicated with triangles.

Name

B1=4
(MeV)

αs

M max
(M⊙ )

Explosion

Reference

B162
B165
B155
B139
B145
B209
B162
B184

162
165
155
139
145
209
162
184

0
0
0.3
0.7
0.7
0
0
0

1.56
1.50
1.67
2.04
1.97
1.80
1.54
1.36

Yes
Yes
Yes
No
No
No
Yes
No

[25,27]
[25,27]
[27]
[31,54]
[54]
[30,32]
[30]
[30]
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present parameter scan HS(DD2) and Maxwell’s conditions
are used instead, which complicates the comparison. For
the aspects we are mostly interested in the parameters
ptrans =ϵtrans and Δϵ=ϵtrans are more relevant than the bag
model parameters: the former have a physical meaning
independent on the particular hadronic EOS that is used, as,
for example, they determine whether or not hybrid stars are
stable at the onset of quark matter (cases A and D vs B
and C). Therefore we calculate these parameters for the
STOS EOS and the given bag model parameters ms , B and
αs . As the only difference to the original hybrid EOSs of
Table I, we have to assume local instead of global charge
neutrality to achieve the desired Maxwell transition at
constant pressure. The results are shown by green triangles
and yellow squares in Fig. 5. Four of the seven configurations did not lie in the original parameter space used in
Fig. 2. For this reason, we expanded the parameter space to
Δϵ=ϵtrans up to 3. Now only B162, with Δϵ=ϵtrans ≈ 6.1 and
ptrans =ϵtrans ≈ 0.005 lies outside the parameter range considered in the figure. We are also using a logarithmic scale
for ptrans =ϵtrans to achieve a clearer presentation of the data.
Note that the maximum mass contour lines and Alford
classification are still calculated for the HS(DD2) EOS (as
before) so that they are different from the values given in
Table I, due to the procedure described above.
The exploding EOSs B155 and B165 have values just
slightly above ptrans =ϵtrans ¼ 0.01. B139 has a comparable
value of ptrans =ϵtrans to the ones from B155 and B165, but
differs in the energy discontinuity Δϵ which is smaller.
nB/nB0
1.0

2.0

3.0

ms = 0 MeV, s = 0.7
ms = 100 MeV, s = 0.7
1/4
B = 138.5, s = 0.7
Seidov crit.
Mmax contour

B165

2.5
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trans

2.0

/

4.0
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A
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2.0

B184
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1.0
0.5

2.5

B

C
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B145

10

ptrans/

-1
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FIG. 5. Parameter scan extended to higher Δϵ=ϵtrans and
logarithmic scale for ptrans =ϵtrans. Additionally, the phase transition parameters of the hybrid EOSs of Table I are plotted with
yellow squares (explosions found) and green triangles (no
explosions found). Note that the hadronic part of these EOSs
is based on STOS, whereas the results in the figure (maximum
mass and classification) are based on HS(DD2), for details see the
main text. Marked with a yellow circle is an example case whose
M-R relation is shown in Fig. 6.

B145 seems to be rather different: the phase transition
happens at very high ptrans =ϵtrans and low Δϵ=ϵtrans. B184
and B209 have similar ptrans =ϵtrans but higher Δϵ=ϵtrans.
These results indicate that a high Δϵ=ϵtrans and low
ptrans =ϵtrans are more favorable for obtaining explosions.
Interestingly, these are the conditions that result in a
disconnected third family. This confirms our expectations
presented in the Introduction and is in agreement with [33],
that SN explosions induced by a QCD phase transition are
related to the existence of a third family. Note that B139 has
a disconnected third family but did not explode, indicating
that a pronounced third family is favorable for explosions.
It has to be emphasized that the inclusion of the existing
hybrid EOS in Fig. 5 can only serve as a weak guideline
regarding the explodability, because in the simulations a
different hadronic EOS STOS is used, and global instead of
local charge neutrality is assumed.
As already discussed in Sec. IV, the 2 M⊙ line in Fig. 5
excludes a lot of potential parameter combinations for new
SN EOSs. Only the “disconnected” cases D in the lower left
corner, which have a sufficiently high maximum mass, are
left as interesting candidates. The other parameter regions
with Mmax > 2 M⊙ have either a very low Δϵ=ϵtrans or a
very high ptrans =ϵtrans , and in any case do not lead to a third
family of compact stars. These results nicely illustrate the
tension between high maximum masses and the possibility
of CCSN explosions induced by a strong phase transition,
but there is still an interesting parameter region remaining.
Next we discuss the implications for the bag model
formulation of the quark EOS. Choosing αs ¼ 0.7 leads to
configurations that lie almost on top of the 2 M⊙ line in the
lower left corner, as can be seen by the red dotted line in
Fig. 5. We consider this as a lower boundary for αs to
choose. Higher values of αs are allowed, too, but are
constrained to be above the Seidov line if one requires a
third family. Considering a finite strange quark mass of
ms ¼ 100 MeV shifts the αs ¼ 0.7 line slightly to lower
Δϵtrans values, as can be seen by comparing with the red
dashed line. However, cases with same bag constants B and
interaction parameters αs , but different strange quark
masses ms , can lead to big differences in Δϵ=ϵtrans and
ϵtrans =ptrans values, which is not visible in the figure.
As an example of what a possible hybrid star configuration might look like, we chose the configuration ms ¼
100 MeV, αs ¼ 0.7 and B1=4 ¼ 138.5 MeV. The phase
transition properties are shown in Fig. 5 by the yellow circle
and the mass-radius relation is shown in Fig. 6. The values
of the phase transition parameters are ptrans =ϵtrans ¼ 0.013
and Δϵ=ϵtrans ¼ 0.76. The maximum mass configuration
has M max ¼ 2.05 M⊙ with R ¼ 11.98 km. For 1.4 M⊙ the
hybrid EOS leads to a somewhat smaller radius of 12.64 km
than HS(DD2) with 13.22 km. The onset of quark matter in
the M-R curve takes place around 22 km, corresponding
to a density of 0.127 fm−3 . Note again, that such a low
onset density in neutron stars is not in disagreement with
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FIG. 6. M-R relation of an example hybrid EOS which might be
interesting for CCSNe. The quark matter parameters are
ms ¼ 100 MeV, αs ¼ 0.7, and B1=4 ¼ 138.5 MeV.

heavy-ion collision experiments. For the conditions in
heavy-ion collisions (isospin symmetric matter with zero
net strangeness), the onset density at T ¼ 0 shifts to much
higher values: for the example case to 0.962 fm−3 .
It is important to point out that the third-family feature of
the example case is so weak that it is almost not visible in
Fig. 6. Also for the other cases B and C with stable hybrid
stars we found that the characterizing features often are
very weak, and look very different than the prime examples
of Fig. 1. However, in [33] it was shown that finite
entropies as they occur in the protoneutron star in a
CCSN can significantly enhance the third-family features
so that they become very pronounced.

FIG. 7. Example case with three phase transitions. The inlay
shows a zoom-in of the first two phase transitions.

and 1844 MeV. Instead, at 987 MeV a reconfinement
transition from quark to hadronic matter takes place, and
another deconfinement transition around 1844 MeV. We
abbreviate such a series of phase transitions as HQHQ. The
original setup is forced to have only one phase transition
and the other(s) are ignored. Strictly speaking, this leads to
thermodynamically unstable solutions (violating the second law of thermodynamics), which, however, can be
justified by making additional assumptions. We give a
more elaborate assessment of reconfinement and multiple
phase transitions at the end of this section.
Considering the parameter range of Fig. 2, we find that
there are one, two, or three phase transitions possible, as
shown in Fig. 8. The yellow dots in Fig. 8 represent the
cases where only one phase transition happens. It occurs

VII. RECONFINEMENT AND STABILITY
OF QUARK MATTER
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In the model used in Sec. IV, by construction there is
always just one (deconfinement) phase transition, which
goes from hadronic to quark matter. Figure 2 shows that in
this case masses well above 2 M⊙ and even above the
maximum mass of the hadronic HS(DD2) EOS are possible. However, the pðμB Þ relation of the CSS EOS derived
in Eq. (18) reveals that more than a single phase transition
can happen. Multiple phase transitions were also found for
other hybrid EOSs; see, e.g., [19,36,37,55]. Figure 7 shows
an example where three phase transitions occur. The phase
transition in the original setup of the parameter scan, where
the pðμB Þ-relation is not considered, is the one most to the
left, with values ptrans =ϵtrans ≃ 0.014 and Δϵ=ϵtrans ¼ 0.2.
For higher chemical potentials, by construction the CSS
quark EOS is always used. From the selected values of
ptrans and Δϵ and the condition for chemical equilibrium at
the transition point [Eq. (19)], the pðμB Þ relation of the CSS
EOS is uniquely fixed. By using this relation as shown in
Fig. 7, it turns out that quark matter is not the true ground
state for chemical potentials between approximately 987
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FIG. 8. This figure shows the number of phase transitions that
occur for given Δϵ and ptrans . The yellow dots represent cases
with one phase transition (HQ), red dots with three phase
transitions (HQHQ), and grey dots with two phase transitions
(QHQ), where quark matter is absolutely stable. The black
dots represent QHQ cases, where even negative energy densities
occur.
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from hadronic to quark matter (HQ transition) and therefore
does not differ from the transition points chosen manually
in the original parameter scan. The red dots correspond to
cases with three phase transitions (HQHQ), as discussed for
Fig. 7. The grey dots describe cases with two phase
transitions (QHQ). They differ from the first two, since
quark matter exists also at the lowest densities. At intermediate densities reconfinement happens, a phase with
hadronic matter appears, which disappears again in a
deconfinement transition at higher densities. The resulting
compact stars of QHQ cannot be considered as hybrid stars
in a classical sense, but more as quark stars with a thin
hadronic shell somewhere in their interior. In fact, as quark
matter is the ground state at lowest densities, this case
corresponds to absolutely stable strange quark matter. The
black dots represent unphysical cases, where, on top of that,
quark matter even has negative energy densities. For these
reasons we will not consider the QHQ cases as viable
models for the SN EOS in our hybrid star analysis.
Figure 9 shows the parameter scan taking multiple phase
transitions into account. In addition to the color coding
used in Fig. 2, which distinguishes the type of hybrid star,
A, B, C, and D, red dots show cases with a reconfinement
transition (HQHQ), and the grey dots cases of QHQ where
strange quark matter is absolutely stable. For such cases
with multiple phase transitions, the hybrid-star classification of Alford cannot be applied.
The maximum mass contour lines up to 2 M⊙ and
slightly above lie completely in the HQ area. Therefore,
they correspond exactly to the ones shown in Fig. 2. This is
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FIG. 9. Results for the parameter scan taking into account the
occurrence of multiple phase transitions. Red dots show parameter combinations resulting in three phase transitions (HQHQ),
grey in two phase transitions (QHQ) and absolutely stable strange
quark matter. The other points have only one phase transition
(HQ), for which the Alford classification (A, B, C, or D) can be
done. The empty triangular region in the lower right corner
corresponds to unphysical EOSs with negative energy density, for
which the M-R relation has not been calculated.

also true for the regions of hybrid star cases A and B.
Imposing strict thermodynamic stability has a strong effect
on the maximum masses in the other regions, which would
have been cases D or C otherwise. With strict thermodynamic stability masses above the maximum mass of the HS
(DD2) EOS are not possible anymore in the lower left
corner. For example, for the phase transition parameters
which are used in Fig. 7 (ptrans =ϵtrans ≃ 0.014 and
Δϵ=ϵtrans ¼ 0.2) and which are situated in the three phase
transition region, the maximum mass changes from
2.53 M⊙ (HQ) to 2.42 M⊙ (HQHQ). QHQ phase transitions, on the other hand, with the additional occurrence of
quark matter at low densities taken into account, lead to an
increased maximum mass above the one of HS(DD2). This
is due to the dominance of quark matter in these compact
stars, which in fact are almost pure quark stars. The
triangular region in the lower right without points represents the unphysical cases where negative energy densities
would occur, for which the M-R relations are not calculated. Finally we note that the phase transition parameters
extracted for the hybrid EOSs of Table I, and which are
shown in Fig. 5, do not lead to the problem of reconfinement, at least not for the HS(DD2) hadronic EOS employed
in the present study. The same is true for the phase
transition parameters belonging to the example of Fig. 6.
Chamel et al. also discussed the possibility of multiple
phase transitions for a few example EOSs [37]. They
observed the same behavior as discussed above in the
HQHQ case: a first phase transition to quark matter, then
another one back to hadronic matter, and finally a last one
to quark matter with increasing pressure is observed. It is
also mentioned that the appearance of quark deconfinement
in the strictly thermodynamically stable setup always leads
to a lowering of the maximum mass. In contrast, if only one
phase transition is enforced, the maximum mass can be
increased, as we observe too.
Similar results were obtained by Zdunik and Haensel
[19]. They showed that the reconversion of quark matter
back to hadronic matter limits the size of the quark core in
their hybrid stars. The resulting maximum mass of the
hybrid star has almost the same value as the neutron star
consisting of pure hadronic matter when thermodynamic
stability is taken into account. Only by ignoring reconfinement can an increased maximum mass be obtained.
The occurrence of reconfinement and multiple phase
transitions should probably not be taken as a physically
realistic scenario, but rather as artifacts of the EOS models.
The purpose of our investigation is just to show for which
phase transition parameters they occur. If several phase
transitions are present, this could be taken as an indication
that the quark EOS parameters are unrealistic. One can also
argue that the hadronic EOS is not appropriate at high
densities and neither is the quark EOS at low densities, if
one uses a two-phase approach as in the present study; see
also [19,55]. The hadronic EOS model does not account for
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chiral symmetry restoration and deconfinement, whereas
the quark EOS model usually does not account for confinement and the saturation properties of nuclear matter. In
[19,55] it was discussed that the problem of reconfinement
could be cured by taking into account the finite size of
baryons in the hadronic EOS. From this perspective it is
acceptable to enforce just one phase transition and ignore
the others as is done in the original parameter scans of
Fig. 2 and [7,11,11,12,14–16].
VIII. HYPERONS
With increasing density, hyperons such as Λ’s and Ξ− ’s
can appear. To investigate their effect on the maximum
mass of hybrid stars, Fig. 10 shows a parameter scan using
the BHBΛϕ EOS (see Sec. III) for the hadronic part. We
remind the reader that BHBΛϕ is an extension of HS(DD2)
where only Λ hyperons have been added. Thus it is
identical to HS(DD2) at low densities and temperatures.
For BHBΛϕ we calculate hybrid stars only up to
ptrans =ϵtrans ≈ 0.4, which is the highest value available in
this EOS table. Comparing Fig. 10 with the previous
parameter scan using the nucleonic HS(DD2) EOS shown
in Fig. 2, we find no qualitative difference in the distribution of the four different hybrid star cases. Since the Λ
hyperons appear at around p=ϵ ¼ 0.11 a slight kink in the
maximum mass contour lines is visible there. For phase
transitions at lower pressures, the results of Fig. 10 are
identical to those of Fig. 2 because hyperons are not yet
present. At higher phase transition pressures, the maximum
masses are generally reduced due to the presence of
hyperons in the hadronic part of the hybrid star. For
ptrans =ϵtrans > 0.34, the phase transition pressure is above
the central pressure of the heaviest stable hadronic star, so
that quark matter does not appear in stable compact stars
and the results are identical to the purely hadronic

PHYSICAL REVIEW D 94, 103008 (2016)

calculations. We remark that the part of the parameter
space we are interested in (case D at low transition
pressures), and also our example hybrid EOS used in
Fig. 6, is not affected from the presence of hyperons.
As discussed in Sec. VII for HS(DD2), strict thermodynamic stability can lead to the appearance of multiple
phase transitions. In Fig. 11 we repeat the parameter scan
for BHBΛϕ but this time taking into account strict
thermodynamic stability. As in Fig. 9 one, two and three
phase transitions are possible. The red dots indicate again
the cases with three phase transitions (HQHQ). At low
Δϵ=ϵtrans , the region of three phase transitions expands up
to ptrans =ϵtrans ¼ 0.125 and appears again at around
ptrans =ϵtrans ¼ 0.22. Compared to Fig. 9, the region is
shifted to slightly higher values. The cases with two phase
transitions represented by grey dots appear in two regions:
at high ptrans =ϵtrans , these QHQ cases are the same as in
Fig. 9. These quark stars show again masses well above the
maximum mass of the BHBΛϕ EOS. When using the
BHBΛϕ EOS, an additional two phase transition region
appears at low ptrans =ϵtrans. Whereas with the HS(DD2)
EOS, this region was populated by HQHQ cases, now only
an HQH sequence of phase transitions happens. At high
densities, the hadronic EOS including hyperons remains
favored over quark matter. The maximum masses of these
cases are still below the maximum mass of the BHBΛϕ
EOS, as we observed for the strictly thermodynamically
stable parameter scan for the HS(DD2) EOS. This is similar
to the results of [19]. Without considering reconfinement, it
was found that the phase transition to quark matter can
resolve the hyperon puzzle; i.e., it can increase the too low
maximum mass of a hyperonic EOS to sufficiently high
values. If reconfinement is permitted, the maximum mass
of the hybrid EOS remains very similar or becomes lower
than the one of the hadronic EOS.
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FIG. 10. As in Fig. 2, but including hyperons by using the
BHBΛϕ EOS instead of HS(DD2).
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FIG. 11. As in Fig. 9, but including hyperons by using the
BHBΛϕ EOS instead of HS(DD2).
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IX. SUMMARY AND CONCLUSIONS
The main aim of the present study is to systematically
explore the quark matter parameter space for a state-of-theart hadronic EOS in order to generate a new hybrid SN EOS
in the future. All of the currently existing hybrid SN EOS
employ STOS for the hadronic part, which is known to
have an unrealistically high symmetry energy, and only two
of all of the models are compatible with the 2 M⊙
constraint. Here we chose HS(DD2), which has good
nuclear matter properties, for the hadronic part. Quark
matter is described by a constant speed of sound (CSS)
EOS with c2s ¼ 1=3. Using these two EOSs we perform a
parameter scan as introduced by Alford et al. [7], where the
phase transition density and energy density discontinuity
are systematically varied. In addition to analyzing the
maximum mass, we also apply Alford’s classification
scheme, resulting in four different types of hybrid stars.
Overall the results look similar as in [7] where different
hadronic EOSs were used: we find the same qualitative
distribution of the four hybrid star categories.
We showed that the simple CSS parametrization for
quark matter is equivalent to the thermodynamic bag model
with ms ¼ 0 and an additional term from strong interactions that scales with μ4 . This identification is quite
important for our purposes, as the CSS parametrization
does not provide a temperature and composition dependence required for CCSN simulations. ms ¼ 0 is not
considered as a realistic value and often ms ¼ 100 MeV
is used instead. A finite strange quark mass induces a
nonconstant speed of sound, and thus lifts the one-to-one
correspondence between the CSS and the thermodynamic
bag model EOSs. It also changes the resulting phase
transition properties ptrans =ϵtrans and Δϵ=ϵtrans . However,
we showed that for ms ¼ 100 MeV the speed of sound
shows only little deviation from the fixed value c2s ¼ 1=3.
In order to get insights about the quark matter parameter
regions which are favorable for CCSN explosions, we
calculated ptrans =ϵtrans and Δϵ=ϵtrans of the already existing
hybrid EOS from Sagert et al. and Nakazato et al., and
added this information to the parameter scan. The EOSs
that showed explosions in one-dimensional CCSN simulations are all situated in the parameter region that leads to a
disconnected third family of compact stars. This supports
our initial considerations that third-family features might
play an important role in the CCSN explosion mechanism
induced by the QCD phase transition; see also [33] for
further details.
Regarding the question of whether this mechanism can
still work despite the 2 M⊙ constraint the results do not
look very promising at first. To form a third family in cold
compact stars requires phase transition densities below 2.5
n0B . On the other hand, to reach sufficiently high maximum
masses, the energy density discontinuity has to be rather
low, meaning that the phase transition is rather weak and
the third family is not very pronounced. In consequence,

only a small parameter region remains where one has a
third family and a maximum mass above 2 M⊙ . From this
region we presented the M-R relation of one potential
future hybrid SN EOS, employing the bag model parameters αs ¼ 0.7 and B1=4 ¼ 138.5 MeV. The energy density
discontinuity of our example case is lower than the one of
B139 which was not (yet) found to explode. However, we
want to emphasize again that the existing hybrid EOSs have
been tested only for very few progenitor models. It is not
excluded that even a slightly more pessimistic EOS still
could trigger explosions for other progenitors. The effect of
the hadronic EOS and of local vs global charge neutrality
for the phase transition also remains to be studied.
Considering hyperons in the hadronic EOS using the
BHBΛϕ EOS did not show a qualitative difference in the
distribution of the four Alford cases. Again only a small
parameter region remained which might be interesting for
future SN EOS candidates. Since the transition pressures in
this region lie below the pressure where hyperons appear,
our proposed example case for a new hybrid SN EOS
would not be affected by the presence of hyperons.
The penultimate part of our paper dealt with the
reconfinement problem. Using the assumption of chemical
equilibrium at the transition point, the pressure-baryon
chemical potential relation of the CSS EOS can be derived.
The pðμB Þ relations revealed that multiple phase transitions
are possible in our considered range of the parameter scan.
Three cases were identified: one (hadron-quark, HQ); two
(quark-hadron-quark, QHQ); or three (hadron-quarkhadron-quark, HQHQ) phase transitions, where the second
case corresponds to a special form of absolutely stable
strange quark matter and in the third case a spurious
reconfinement and subsequent second deconfinement transitions occur. Low ptrans and small Δϵ (in regions which
otherwise belong to cases C and D) lead to HQHQ, whereas
high ptrans and low Δϵ (in regions which otherwise belong
to case C) lead to QHQ and corresponding strange quark
star configurations. For BHBΛϕ an additional two-phasetransition case (hadron-quark-hadron, HQH) at low transition pressures is present. In Sec. VII we discussed
different options for how to interpret and deal with
reconfinement. If it occurs in a density region where one
of the two EOSs is not reliable any more, it is justified to
ignore it. Otherwise it might point to a region of the quark
matter parameter space which is not realistic and should be
avoided.
Without considering multiple phase transitions, i.e.,
ignoring thermodynamic stability in a strict sense, we
found that the hybrid stars can have a maximum mass
above the ones of the purely hadronic EOSs HS(DD2) and
BHBΛϕ. Conversely, if strict thermodynamic stability is
taken into account, this is not possible, unless one has
absolutely stable quark matter. Masuda et al. [56,57]
constructed a crossover phase change by an interpolation
between the hadronic and the quark EOS instead of using
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the usual Maxwell or Gibbs construction. In this procedure,
which represents a “manual” manipulation of the EOS, the
maximum mass can be increased. One can conclude that
without further assumptions the inclusion of quark matter
(using c2s ¼ 1=3) generally leads to a reduction of the
maximum mass. Only by making use of additional assumptions (e.g., crossover or suppression of reconfinement) the
maximum mass can be increased. It would be interesting to
further explore the role of multiple phase transitions for
other hadronic EOSs in the context of the hyperon puzzle
(similarly as in [19]), especially as HS(DD2), and to a
smaller extent also BHBΛϕ, are particularly stiff EOSs at
high densities.
We conclude that suitable parameters for a new hybrid
SN EOS have to be searched for in a strongly restricted
region of Δϵ and ptrans , where a maximum mass of
2 M⊙ is obtained and a third-family feature is found.
Additionally, the possibility of multiple phase transitions
also has to be considered. In future work, the parameter
scan should be repeated with speed of sound values
above c2s ¼ 1=3. An increase of c2s leads to stronger
third-family features in the M-R relation and generally
higher maximum masses [7,10,15,58] and thus is favorable for realizing the CCSN explosion mechanism

induced by the QCD phase transition. A speed of sound
above c2s ¼ 1=3 can, e.g., be realized by introducing
vector interactions; see [12,15,51,52,59]. Additionally,
the influence of extra interaction parameters such as a2
might be analyzed. It would also be interesting to compare
with the high-density limit of perturbative QCD [60,61].
Currently we are calculating a new hybrid SN EOS using
the parameters from the example case shown in this paper.
Once ready, we will test it in one-dimensional CCSN
simulations for several progenitors and eventually in
multidimensional simulations to investigate the effects
of the hadron-quark phase transition in CCSNe and
whether it still can lead to explosions.
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