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Abstract i

Abstract

In this thesis, we study supersymmetric models of tribrid inflation and new inflation, both
of which can be realized with a tribrid superpotential.

In the first part, we focus on tribrid inflation, deriving relations between cosmological
observables and model parameters as well as providing guidelines for embedding tribrid
inflation in realistic particle physics models. As an example application, we show how
tribrid inflation can be realized in an explicit model of the leptonic flavour structure based
on a discrete family symmetry, and how the production of topological defects after inflation
can be avoided in such a model. Finally, we consider the possibility of generating the non-
renormalizable operators of the tribrid superpotential at a sub-Planckian mass scale, which
extends the applicability of tribrid inflation to some models with intermediate energy scales.

In the second part, we study new inflation with tribrid superpotentials. We first calcu-
late the effects of the imaginary inflaton component on the primordial perturbations, which
are generic for supersymmetric realizations of new inflation and not specific to the tribrid
superpotential. Afterwards, we show how the tribrid superpotential coupling provides not
only a mechanism for dynamically generating the initial conditions for new inflation, but
also an effective inflaton decay channel for reheating after inflation. We also study the dif-
ferent preheating mechanisms in this setup and discuss under which conditions preheating
can affect the final reheating phase.

In the last part, we consider whether small-field models of slow-roll inflation would
remain viable if large primordial tensor perturbations were observed. In particular, we
explain why such an observation would imply a scale-dependent running of the spectral
index, and we derive a general slow-roll bound to prove that an observation of tensor
modes close to the current upper bound has the potential to rule out the entire framework
of small-field slow-roll inflation employed throughout this thesis.
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Fischer and Vinzenz Maurer for many useful physics discussions and for creating an enjoy-
able working atmosphere. I would also like to express my gratitude to Francesco Cefalà,
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Chapter 1

Introduction

Our current understanding of the universe is based on two complementary theories: the
Standard Model (SM) of particle physics which describes visible matter and all forces
excluding gravity, and the ΛCDM model of cosmology which describes the large-scale
evolution of the universe in terms of just six free parameters.

While the late-time cosmological evolution is rather well understood, there is greater
theoretical uncertainty about the earlier stages. The recent data from the Planck satellite
confirms the generic predictions of an initial phase of slow-roll inflation [8, 9]: the primordial
perturbations seem to be Gaussian, adiabatic and nearly scale invariant. However, these
predictions are shared by many models of inflation, and thus it is still unknown which
model of inflation is the correct one.

We also know that the SM is incomplete. At the very least, it must be extended by a
dark matter candidate and a mechanism for generating neutrino masses [10]. In addition,
the SM does not explain some of the apparent patterns within the theory, e.g. the fact
that all fermions come in three copies with hierarchically different masses. Though it is
possible to take these apparent patterns as given, they could be explained naturally by
extensions of the Standard Model like Grand Unified Theories (GUTs), which unify the
forces in a single gauge group and each family of fermions in representations of that group
[11–13], or family symmetries, which could explain the flavour structure including the
patterns of quark and lepton mixing [14–17]. Another noteworthy extension of the SM is
supersymmetry (SUSY), which can provide a dark matter candidate [18–20] and the gauge
coupling unification required for GUTs [21, 22].

Many of these extensions of particle physics beyond the Standard Model (BSM) pre-
dict new particles or processes at some high energy scales beyond the reach of collider
experiments, which makes these theories very difficult to test. However, the early uni-
verse had extremely high energy densities, particularly during inflation. Realizing inflation
within realistic particle physics models could therefore improve the predictivity both of
BSM particle physics and of inflation: the high energies during inflation mean that BSM
processes can affect the inflationary dynamics, and the particle physics embedding can fix
some of the inflaton couplings, leading to predictions for the primordial perturbations and
for reheating.

Supersymmetric tribrid inflation is a particularly promising candidate for connecting
inflation with particle physics [23–28]. The inflaton of tribrid inflation can be charged under
symmetries, including gauge symmetries [25]; it is therefore possible to identify the inflaton
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with some matter field, like a sneutrino or a slepton-Higgs direction, such that constraints
on the inflaton potential can be related to constraints on visible sector particle physics. In
addition, tribrid inflation ends with a rapid phase transition in which another scalar field
acquires a large vacuum expectation value. This phase transition can be naturally related
to the spontaneous breaking of a high energy particle physics symmetry like a GUT or
family symmetry.

Another interesting possibility is new inflation, in which the symmetry breaking field
itself is the inflaton candidate [29–36]. The phase transition is not rapid in this case,
and the universe expands as the inflaton field slowly rolls towards the symmetry breaking
minimum of its potential.

Tribrid inflation and new inflation can be interpreted as different regimes of the same
theory. Given a supersymmetric theory with a tribrid superpotential, the mass of the
symmetry breaking field determines whether the phase transition happens rapidly or slowly,
leading to tribrid inflation or new inflation, respectively.

The goal of this thesis is to explore both cases. Beyond calculating their predictions
for the primordial perturbations, we also study how they can be embedded in realistic
particle physics models, and how such an embedding relates cosmological and particle
physics observables.

We start with an introduction to inflation, reheating and supersymmetry in chapters
2–5, with particular focus on those aspects which are relevant for this thesis.

After these preliminaries, we introduce the tribrid superpotential and tribrid inflation
in chapter 6. We derive relations between the cosmological observable αs and various model
parameters, and we provide simple guidelines for embedding tribrid inflation in realistic
models. As an explicit example, we apply these results to a lepton flavour model based on
an A4 family symmetry in chapter 7, in which tribrid inflation can be realized using either
a slepton-Higgs combination or a right-handed sneutrino as the inflaton field. We also show
how the production of topological defects can be avoided for one specific inflaton direction.
Finally, in chapter 8, we consider the possibility of generating the non-renormalizable
operators in the tribrid superpotential from renormalizable couplings to messenger fields
at a sub-Planckian mass scale, which extends the applicability of our results on tribrid
inflation to some models with intermediate mass scales.

Afterwards, we turn to supersymmetric new inflation. We start in chapter 9 with calcu-
lating the effect of the inflaton field’s imaginary component on the primordial spectrum of
perturbations. In chapter 10, we consider the consequences of realizing new inflation with
a tribrid superpotential, which implies a coupling of the inflaton to another scalar field.
We show that such a coupling offers a mechanism for generating the initial conditions of
new inflation dynamically, and that it also provides an effective decay channel for reheating
after inflation. Finally, in chapter 11, we study the different stages of preheating in this
model, and we discuss under which conditions preheating can have significant effects on
the final reheating phase.

We close with chapter 12, where we consider the implications of a possible future
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observation of primordial gravity waves for small-field model building. We explain why in
small-field inflation, r & 10−2 requires a scale-dependent running of the spectral index, and
we derive a general slow-roll bound to prove that a measurement of r close to its current
upper bound has the potential to rule out the entire framework of small-field slow-roll
inflation employed throughout this thesis.



Part II

Theoretical foundations



Chapter 2

Slow-roll inflation

In these first chapters, we introduce the theoretical background for our later work on
inflation in supergravity.

We first discuss inflation, starting with the homogeneous background equations in chap-
ter 2. In chapter 3 we explain how to calculate the quantum fluctuations during inflation
for any given model of slow-roll inflation, from which we can derive testable predictions for
the primordial scalar and tensor perturbations. This is complemented by the introduction
to reheating in chapter 4, where we discuss how the inflaton field’s energy gets converted
into a hot bath of elementary particles, leading to additional predictions for e.g. the non-
thermally produced baryon asymmetry or dark matter abundance. Chapter 5 then provides
the final ingredients for our later analysis by introducing supersymmetry with special focus
on those aspects relevant to building supersymmetric models of inflation.

These chapters focus on the particular concepts and equations used in the main part
of this thesis. For a broader and more detailed introduction, we refer to textbook reviews
of cosmology [37–39], inflation [40–42], reheating [43, 44] and supersymmetry [45–48].

In this chapter, we will discuss slow-roll inflation at the level of the homogeneous field
equations. We briefly explain the basic idea of and observational evidence for cosmic
inflation, and then go on to introduce slow-roll inflation driven by a real scalar field, the
slow-roll approximation, and a selection of the most popular basic models of slow-roll
inflation on which most other models are based.

2.1 Motivation

2.1.1 The ΛCDM model

Over the last decades, a series of complementary observations has confirmed the ΛCDM
model as the current standard model of cosmology [49]. With only six free parameters, it
can fit all cosmological observations, including the cosmic microwave background (CMB)
with its temperature and polarization fluctuations [8, 9, 50, 51], the baryon acoustic os-
cillation (BAO) peak in the matter power spectrum [52–54], the abundance of primordial
elements from Big Bang nucleosynthesis (BBN) [55], and measurements of supernova red-
shifts [56, 57].

The ΛCDM model is very simple by construction. The ΛCDM universe is filled with
baryonic matter, dark matter, radiation, and a constant vacuum energy (or equivalently a
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cosmological constant). It is almost homogeneous and isotropic; the only initial inhomo-
geneities are Gaussian fluctuations of the total energy density with a power spectrum that
is determined by an amplitude As and a spectral index ns. The base ΛCDM universe is
also flat, i.e. the total energy density is equal to the critical density.

The assumption of approximate isotropy is motivated by observations of the CMB and
large scale structure. If we also assume that, in line with the cosmological principle, our
planet does not have a special position in the universe, this implies homogeneity. The
other assumptions are justified mostly by a desire for minimality: the resulting model has
only six free parameters which are fitted to the observations.

In the ΛCDM model without inflation, the universe has a finite age of 13.7 billion years,
and it starts with extremely high energy densities, i.e. a thermal bath of extremely high
temperature which behaves like radiation.1

2.1.2 Initial conditions of the ΛCDM model

Horizon problem

The initial conditions of the ΛCDM model are very peculiar: the universe at very early
times is almost homogeneous, and the tiny density perturbations have the same statistical
properties everywhere. We know that this must have been the case at the time when the
CMB decoupled at about t ∼ 300,000 years, because we observe that the CMB is sta-
tistically isotropic. However, there is no causal mechanism by which all of the different
points in the sky from which we observe CMB photons could have interacted before de-
coupling, because even at decoupling (when the universe was still smaller) most of them
were separated by a far greater distance than a photon emitted at any time t > 0 could
have travelled within 300,000 years in a radiation-dominated universe [37, 39].

The initial conditions must therefore be tuned by hand to be simultaneously identical
in many causally disconnected patches to explain the isotropy of the CMB. This is known
as the horizon problem.

Flatness problem

The base ΛCDM model arbitrarily assumes that the universe is flat, because all observa-
tions are perfectly consistent with Ωk = 0, and if one allows for any deviation from the
critical energy density, parametrized by Ωk 6= 0, the observations constrain |Ωk| . 10−2 at
a 95% confidence level (CL).

However, in the Big Bang cosmology without inflation, Ωk ≃ 0 might be considered
fine-tuning, because Ωk = 0 is an unstable fixed point for radiation or matter dominated
universes. If one assumes some initial non-zero |Ωk| at early times, it quickly grows to

1Naively extrapolating back the Friedmann equations, one finds a singularity with infinite energy density
at an early time 13.7 billion years ago. This singularity is usually called the Big Bang and defines the
cosmic time t = 0. However, General Relativity is not expected to be valid at energies above the Planck
scale, and the extrapolation can only be trusted for times for which the energy density is sub-Planckian.
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much larger values. To be consistent with |Ωk| < 10−2 today, the initial Ωk must be really
tiny, e.g. |Ωk(tPl)| . 10−60 at the time when energy densities were close to the Planck scale
[37, 42]. This apparent fine-tuning is historically known as the flatness problem.2

Monopole problem

Many popular Grand Unified Theories (GUTs), which provide a unified description of the
fundamental forces and elementary particles in terms of some unified gauge symmetry,
predict that the spontaneous breaking of these GUT symmetries in the early universe
would produce magnetic monopoles [59, 60]. However, there are strong observational upper
bounds on the abundance of such monopoles in our universe, in conflict with those GUTs’
predictions. Similar problems appear in other high-energy extensions of particle physics
beyond the Standard Model, since any stable particle species with very high mass tends
to be overproduced in the early universe [37].

2.1.3 Generating the initial conditions by cosmic inflation

All of the above issues can be naturally solved by cosmic inflation, which is a period of
rapid accelerated expansion of the universe at very early times [60].

As all distances are stretched enormously, any pre-existing matter and radiation gets
diluted. After a sufficiently long period of inflation, this dilution means that any given
volume, including our observable universe, is filled with nothing but vacuum energy, making
the universe everywhere homogeneous and isotropic up to vacuum quantum fluctuations.
This solves both the horizon problem and the monopole problem. One can also show that
inflation exponentially suppresses Ωk, solving the flatness problem.

In addition to solving the above problems, the vacuum quantum fluctuations during
inflation generate the small inhomogeneities we observe in the CMB and large scale struc-
ture, and their statistical properties can be predicted for any given model of inflation. This
will be discussed in more detail in chapter 3.

To solve the horizon and flatness problems, the universe should expand at least by a
factor of about a & e60. If the total expansion is close to this bound, the observable universe
might retain some residual imprint from the pre-inflationary initial conditions which might
be observable in cosmological experiments. However, in most models of inflation, the total
amount of expansion is much greater. In that case, any pre-existing initial conditions are
totally diluted away, and for all practical purposes we can assume that the universe starts
out exactly in its vacuum state. In that sense, inflation “predicts” the initial conditions of
the observable universe.

2Whether or not Ωk = 0 constitutes fine-tuning depends on the probability measure that one applies.
For example, using the canonical Liouville measure on the space of FRW universes, the probability to have
Ωk = 0 is equal to 100% [58]. Using this measure, there is no flatness problem – almost all Friedmann
universes are perfectly flat.
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2.2 Scalar field in FRW spacetime

The most popular mechanism for realizing an early period of cosmological inflation is “slow-
roll inflation” where spacetime expands exponentially due to the potential energy of a scalar
field, the so-called “inflaton”. In this section, we briefly introduce the equations of motion of
a Friedmann-Robertson-Walker (FRW) spacetime coupled to n homogeneous scalar fields,
which describe the dynamics of slow-roll inflation at the homogeneous background level.

2.2.1 Friedmann equations for ideal fluid

According to general relativity, the evolution of the spacetime metric gµν can be calculated
from the Einstein equations [40]:

Rµν −
R

2
gµν − Λgµν = Tµν , (2.1)

where Tµν is the energy-momentum tensor describing the matter content of the universe,
and

Rµν = ∂αΓ
α
µν − ∂νΓ

α
µα + ΓαβαΓ

β
µν − ΓαβνΓ

β
αµ,

R = gµνRµν ,

Γµαβ =
gµν

2

[
∂αgβν + ∂βgαν − ∂νgαβ

]
.

The Einstein equations (2.1) are a set of 10 partial differential equations which usually
cannot be solved exactly. However, in cosmology we can solve them approximately using
perturbation theory. Observations indicate that the universe is homogeneous and isotropic
on large scales, so we solve the Einstein equations for a perfectly homogeneous and isotropic
universe and later add any inhomogeneities as perturbations.

For a universe which is homogeneous and isotropic, gµν takes the form of the Friedmann-
Robertson-Walker (FRW) metric [37]:

ds2 = dt2 − a2(t)

(
dr2

1− kcr2
+ r2

(
dθ2 + sin2(θ)dφ2

)
)
. (2.2)

Eq. (2.2) uses comoving coordinates, which means that free-falling observers keep fixed
coordinates r, θ and φ, while the physical distance between them scales with a(t). Due
to our strong symmetry assumptions, the metric is completely characterized by a single
dynamical variable a(t), the so-called “scale factor”.

The constant kc parametrizes the curvature. Throughout this thesis, we will use kc = 0
which corresponds to a perfectly flat universe: even if kc 6= 0 at some initial time, the effect
of kc will quickly become negligible due to inflation [42], so we can set kc = 0 for simplicity
if inflation lasts long enough. The Friedmann metric is then identical to the Minkowski
metric except for the scale factor a(t) describing the uniform expansion of the universe:

ds2 = dt2 − a2(t)
(
dx2 + dy2 + dz2

)
. (2.3)
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To derive the equations of motion for a(t) from eq. (2.1), we have to make some as-
sumptions about Tµν . In cosmology, Tµν often takes the form of a perfect fluid described
by an energy density ρ(t) and a pressure p(t) [40]:

Tµν = (ρ+ p)uµuν − p gµν , (2.4)

where u is the fluid velocity vector. In the fluid’s local rest frame, we have:

T µν =




ρ 0 0 0
0 −p 0 0
0 0 −p 0
0 0 0 −p


 . (2.5)

To derive the equations of motion for a(t) for a flat universe (kc = 0), we can insert the
FRW metric from eq. (2.3) and Tµν from eq. (2.5) into the Einstein equations (2.1). This
yields the famous Friedmann equations [40]:

H2 ≡
(
ȧ

a

)2

=
ρ

3
, (2.6)

Ḣ +H2 =
ä

a
= −ρ+ 3p

6
, (2.7)

where we introduced H(t) ≡ ȧ/a which is often called the “Hubble constant” even though
it is generally time-dependent.

The Friedmann eqs. (2.6)–(2.7) are two equations for three dynamical variables a(t),
ρ(t) and p(t). To complete the system of equations, we also need the equation of state for
the fluid:

w(t) ≡ p(t)

ρ(t)
. (2.8)

Some important cases for cosmology have a constant equation of state parameter w(t):
ultra-relativistic matter (also called “radiation”) has w = 1/3, non-relativistic matter (also
called “dust”) has w = 0, and a cosmological constant or vacuum energy has w = −1. For
such a constant w, the Friedmann equations can be solved analytically [40]:

ρ(t) ∝ a(t)−3(w+1), (2.9)

a(t) ∝
{

t
2

3(w+1) w 6= −1,
exp(H0t) w = −1.

(2.10)

Note that inflation, which is defined as a period of accelerated expansion (ä > 0),
requires w < −1/3. This cannot be realized with ordinary matter or radiation, as these
have 0 ≤ w ≤ 1/3, but it can be realized with vacuum energy, e.g. the potential energy of
a homogeneous scalar field.
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It is also useful to note that in an expanding universe with w > −1, a(t) and ρ(t)
are both monotonous functions of cosmic time t. We can therefore use a, ρ and t inter-
changeably, using whichever is most convenient as a time variable and treating the others
as functions of that variable. For example, we will often specify times in terms of a, with
ρ(a) and t(a) as dependent variables.

Another important convention is that a is often rewritten in terms of “e-folds” which
are defined as

N := ln

(
a

a0

)
, (2.11)

where a0 is the scale factor at some given time t0. This is used particularly in the context
of (quasi-)exponential expansion, where each e-fold corresponds to a time interval of one
Hubble time tH = 1/H.

2.2.2 Homogeneous scalar fields in FRW spacetime

The action of n scalar fields φi minimally coupled to gravity is given by [41]

S =

∫
d4x

√−g


−R

2
− V (φ1, . . . , φn) +

1

2

n∑

i=1

(∂µφi)(∂
µφi)


 , (2.12)

where
√−g = √− det gµν .

The equations of motion can be derived from δS = 0, varying this action with respect to
the metric gµν and the scalar fields φi. To find the equations of motion at the homogeneous
background level, we restrict gµν to the flat FRW metric of eq. (2.3) and φi(x

µ) = φi(t) to
spatially homogeneous fields. This results in the Friedmann equations for a(t) and for the
scalar fields φi(t) [41]:

H2 =
1

3


V +

1

2

n∑

i=1

φ̇2
i


 , (2.13)

φ̈i + 3Hφ̇i +
∂V

∂φi
= 0. (2.14)

Note that for a constant scalar field φ with potential energy V (φ) = V0, eq. (2.13) implies
a constant (ȧ/a) ≡ H =

√
V0/3. Solving this for a(t), one finds that the universe expands

exponentially with a(t) = a0 exp(Ht).
For realizing inflation, we cannot use a truly constant scalar field, because inflation must

eventually end and the inflaton field’s energy must be converted to the matter particles
we see today. To realize inflation from a scalar field, we instead use a nearly constant
scalar field which has a very flat scalar potential and therefore moves very slowly, leading
to quasi-exponential expansion a(t) ≃ a0 exp(Ht). This mechanism is called “slow-roll
inflation”.
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Figure 2.1: Schematic dynamics of slow-roll inflation: inflation starts for some homo-
geneous inflaton field value φinit in a nearly flat region of its scalar potential V (φ). The
universe expands exponentially due to the nearly constant vacuum energy V ≃ V0 while φ
very slowly rolls down the small gradient of its potential. Inflation ends when the inflaton
field reaches the end of the flat plateau at φe, and the inflaton quickly rolls down the steep
part of its potential towards its true minimum.

2.2.3 Slow-roll inflation with a single scalar field

The dynamics of slow-roll inflation is depicted in fig. 2.1. Inflation starts for some homoge-
neous inflaton field value φinit in a nearly flat region of its scalar potential V (φ). Because
the potential is close to flat, the inflaton field moves very slowly: it has very little kinetic
energy, and its potential energy is nearly constant because the field changes so slowly. The
energy density is therefore dominated by a nearly constant potential energy V (φ) ≃ V0,
which leads to quasi-exponential expansion.

Inflation eventually ends when the inflaton leaves the nearly flat plateau at φe after
which it quickly rolls down the steep gradient towards the minimum of the potential.3

The inflaton field then performs damped oscillations around the minimum and its energy
gets converted into a hot plasma of elementary particles in a process called reheating (see
chapter 4 for details). After reheating, the universe is dominated by radiation, and the
cosmological evolution continues as in conventional ΛCDM Big Bang cosmology.

The solution to the horizon problem requires that the universe expands by at least N∗ ∼
60 e-folds. The dynamics during the last N∗ e-folds leave some imprint on cosmological
scales due to the inflaton field’s quantum fluctuations during that time, which will be
discussed in chapter 3.

The earlier phases of inflation, more than N∗ e-folds before the end of inflation, only
affect scales much larger than the observable universe. For this reason, we do not need to

3For the purpose of inflation, that minimum is usually assumed to have V (φmin) = 0. In principle,
it could have a tiny non-zero value corresponding to the cosmological constant of the ΛCDM model,
thus explaining the cosmological constant in terms of the vacuum energy of a scalar field. However, the
cosmological constant is many orders of magnitude smaller than all energy scales relevant for the inflation
models considered in this thesis, so we can neglect it and set V (φmin) = 0.
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know anything about the initial conditions near φinit to calculate predictions.4

2.3 Slow-roll approximation

So far, our assumption of homogeneity and isotropy has allowed us to simplify the Einstein
eqs. (2.1) to the much simpler eqs. (2.13)–(2.14). However, even the simpler eq. (2.14)
is a second-order non-linear differential equation which makes analytic calculations very
difficult. The slow-roll approximation makes use of the fact that the inflaton is rolling
very slowly, and therefore the highest time derivatives of the inflaton field are generally
subdominant. Neglecting them, we can derive approximate first-order differential equations
of motion which turn out to be supremely useful for analytic studies of the inflationary
background dynamics.

2.3.1 Slow-roll equations of motion to leading order

To leading order, the slow-roll approximation [62] corresponds to neglecting the highest-
order time derivative of φ in eqs. (2.13)–(2.14):

H ≃
√
V/3, (2.15)

φ̇i ≃ − 1

3H
∂V

∂φi
. (2.16)

Note that eq. (2.16) is a first-order ordinary differential equation (ODE), in contrast
to the original eq. (2.13) which was a second-order ODE. This may seem puzzling at
first, because the solution of a first-order ODE is uniquely specified from the initial field
values φi(tinit) whereas a second-order ODE’s solution also depends on the initial velocities
φ̇i(tinit). What happens to the dependence on the initial velocities?

The answer is inflation: the initial velocity is damped away by the “Hubble damping”
term 3Hφ̇ in eq. (2.14). This is known as the “slow-roll attractor” [62]: during inflation, the
inflaton field’s velocity asymptotically approaches that of the slow-roll attractor eq. (2.16).

If inflation lasts long enough, we can therefore just use eqs. (2.15)–(2.16) during infla-
tion, because during the final N∗ e-folds (and only those have observable consequences) all
inflationary solutions of the exact eqs. (2.13)–(2.14) will approximately match the result
of the much simpler eqs. (2.15)–(2.16), independently of the initial φ̇ at the beginning of
inflation.

Eqs. (2.15)–(2.16) can be combined to derive a formula for the number of e-folds of

4If inflation lasts only the minimum required number of e-folds, there may be some effect of pre-
inflationary initial conditions on the largest observable scales [61]. In this thesis, we always assume that
inflation lasts long enough for such effects to be negligible.
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expansion realized while the inflaton field rolls from φ1 to φ2:

∆N ≃
φ1∫

φ2

dφ
V (φ)

V ′(φ)
. (2.17)

This expression is also valid in multi-field models if the integration is performed along the
inflaton trajectory and V ′(φ) is replaced by |(∂V/∂φ1, ∂V/∂φ2, ..., ∂V/∂φn)|.

2.3.2 Slow-roll parameters

The slow-roll approximation can be formally derived as a series expansion in small “slow-
roll parameters” [62], in which case eqs. (2.15)–(2.17) are the leading-order expressions.
One can either expand in derivatives of the scalar potential with respect to the inflaton
field(s) or in terms of time derivatives of the Hubble parameter. In this thesis, we choose
the first approach.

Assuming a single inflaton field φ with potential V (φ), the first four slow-roll parameters
are then defined as [62]

ε(φ) =
1

2

(
V ′

V

)2

, (2.18a)

η(φ) =
V ′′

V
, (2.18b)

ξ2(φ) =
V ′V ′′′

V 2
, (2.18c)

σ3(φ) =
(V ′)2V ′′′′

V 3
, (2.18d)

where primes denote derivatives with respect to φ. One can also define slow-roll parameters
involving even higher derivatives, but those will not be used explicitly in this thesis.

ξ2 is often treated as second-order and σ3 as third-order in the slow-roll expansion,
assuming that they are suppressed like η2 and η3 respectively. Though this is true in
many popular models, it is not actually required for slow-roll inflation, and one can easily
construct models in which ξ2 and σ3 can be as large as the first two slow-roll parameters.
For this reason, we will generally include ξ2 and σ3 in our first-order slow-roll calculations.

Note that ε < 1 and |η| < 1 are necessary but not sufficient conditions for slow-roll
inflation. In addition to the smallness of these two parameters, we must also assume that
φ̇ is close to the slow-roll attractor solution from eq. (2.16). This extra condition is usually
easy to fulfil because the attractor solution is quickly reached during inflation. However,
we still have to assume that the initial conditions allow for inflation to start.5

5This is less restrictive than it may seem. The initial conditions for inflation just have to be satisfied
in a single patch of the pre-inflationary universe. This small patch then inflates to a volume larger than
the observable universe, and we can never observe the many patches where the initial conditions were not
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For models with multiple inflaton fields, the first two slow-roll parameters can be gen-
eralized as

ε(~φ) =
1

2V 2

∑

i

(
∂V

∂φi

)2

, (2.19a)

ηij(~φ) =
1

V

∂2V

∂φi∂φj
, (2.19b)

with a square matrix ηij instead of a single slow-roll parameter η.
The condition that η must be small is more tricky in multi-field models. Slow-roll

inflation is still possible if ηij has a large positive eigenvalue orthogonal to the inflaton
trajectory. A simple example is inflation with an inflaton field φ in the presence of a
decoupled second field χ which is very heavy during inflation. In that case, inflation would
just happen due to the slow-roll of φ, and χ would be stabilized due to its large mass. In
such a case, ηχχ ≫ 1 only indicates that χ does not participate in the dynamics during
inflation, and the model can be treated as a single-field model with φ as the only dynamical
degree of freedom.

A large negative eigenvalue of ηij generally spoils slow-roll inflation: such a negative
eigenvalue indicates a tachyonic mass, which makes any small fluctuations grow exponen-
tially (see section 4.2.2). With an eigenvalue η . −1, even tiny quantum fluctuations
quickly grow to values large enough to disrupt the classical slow-roll dynamics and termi-
nate inflation.

2.3.3 Calculating φe and φ∗ from slow-roll parameters

Since ε and η must be small for slow-roll inflation, we can estimate the end-of-inflation
inflaton field value φe from either ε(φe) = 1 or |η(φe)| = 1, whichever happens earlier.6

Models of hybrid inflation are an exception to this rule, see section 2.4.3.
We will often need to determine the inflaton field value φ∗ at the time when the pri-

mordial perturbations on CMB scales are generated, N∗ ≃ 50–60 e-folds before the end of
inflation. This can be done using eq. (2.17):

N∗ ≃
φ∗∫

φe

dφ
V (φ)

V ′(φ)
(2.20)

and then solving for φ∗, plugging in the φe that one calculates as discussed above.

suitable for inflation. This is very different from the ΛCDM model without inflation, where the initial
conditions have to be finely tuned everywhere in the universe at once, over many causally disconnected
regions.

6Close to the end of inflation, the slow-roll approximation is already getting inaccurate; however, this
is normally not an issue because the cosmological predictions mostly depend on the behaviour around φ∗,
not around φe.
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Figure 2.2: Potentials for chaotic inflation with ℓ = 2 (left) and for new inflation with
ℓ = 4 (right). Inflation happens as the inflaton rolls down the potential gradient through
φ∗ to φe. For chaotic inflation, the inflaton rolls from large φ≫ 1 towards φ = 0, and for
new inflation, the field rolls from φ ≃ 0 towards φ = v.
We see that chaotic inflation is a large-field model: the inflaton field moves over super-
Planckian distances ∆φ > 1 during inflation. The vacuum energy also changes dramati-
cally during chaotic inflation, with V (φe) ≃ 10−2V (φ∗).
In new inflation, the inflaton field moves only by ∆φ ≪ v during inflation and settles
at φ ≃ v after inflation. For v ≪ 1, the model is therefore clearly a small-field model
in which the field travels sub-Planckian distances. As usual in small-field models, the
vacuum energy is nearly constant during inflation: V∗ ≃ Ve ≃ V0. In this plot, φe and φ∗
are marked for v = 1 so that they can be distinguished from φ = 0 on the scale of the
plot; for v < 1, φ∗ and φe are a factor of v2 closer to φ = 0.

2.4 Popular models of slow-roll inflation

In this section, we want to introduce three of the most popular benchmark models of
slow-roll inflation: chaotic inflation, new inflation and hybrid inflation. Many of the more
complicated models in the literature are variations of these three basic templates, and they
can be used as simple examples to illustrate the qualitative features of slow-roll inflation.

2.4.1 Chaotic inflation

Consider the inflaton potential of chaotic inflation [63]

Vchaotic = λφℓ, (2.21)

with ℓ ≥ 2, depicted in the left plot of fig. 2.2. The slow-roll parameters can be calculated
from eqs. (2.18a)–(2.18b):

ε =
ℓ2

2φ2
, η =

ℓ(ℓ− 1)

φ2
. (2.22)
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Inflation is possible for small slow-roll parameters, which corresponds to large φ. The end
of inflation can be estimated from ε(φe) = 1 or |η(φe)| = 1, whichever happens earlier. For
ℓ ≥ 2, this leads to

φe =
√
ℓ(ℓ− 1). (2.23)

The inflaton field value φ∗ atN∗ ≃ 50–60 e-folds before the end of inflation can be calculated
from eq. (2.20):

N∗ =

φ∗∫

φe

dφ
φ

ℓ
=

1

2ℓ
(φ2

∗ − φ2
e), (2.24)

which leads to

φ∗ =
√

2ℓN∗ + ℓ(ℓ− 1) & 10
√
ℓ. (2.25)

Note that chaotic inflation requires field values way above the Planck scale: φ∗ ≫ 1.
In addition, the inflaton field also moves by more than a Planck scale during inflation:
∆φ = φ∗ − φe ≫ 1, so one cannot get sub-Planckian fields by a field redefinition φ(t) =
φ̃(t)+const. For this reason, chaotic inflation is known as a “large-field” model of inflation.

Large-field models of inflation can predict observable gravity waves to a degree that is
not possible in small-field models (see chapter 12 for an extended discussion). However,
they are theoretically challenging because the inflaton potential V (φ) cannot be derived
as a power series in an effective field theory (EFT) approach. Instead, one needs to know
the precise form of V (φ) including all non-renormalizable terms, because even Planck-
suppressed terms affect the dynamics if ∆φ & 1. For this reason, chaotic inflation models
generally require some assumption concerning the UV completion of the theory, e.g. by
postulating some symmetries that forbid non-renormalizable contributions to V (φ).

2.4.2 New inflation

In new inflation [64], also called hilltop inflation, the inflaton field rolls down from a local
maximum of the inflaton potential as depicted in the right plot of fig. 2.2. We will consider
hilltop inflaton potentials of the form

Vhilltop = V0

(
1− φℓ

vℓ

)2

, (2.26)

with ℓ ≥ 3 and v ≪ 1. Hilltop inflation occurs for φ ≪ v. The slow-roll parameters can
be calculated from eqs. (2.18a)–(2.18b):

ε =
2ℓ2

v2ℓ
φ2ℓ−2 + ..., η = −2ℓ(ℓ− 1)

vℓ
φℓ−2 + ..., (2.27)



18 Slow-roll inflation

where the dots denote terms suppressed by higher powers of (φ/v)ℓ. For φ ≪ v
ℓ

ℓ−2 , the
slow-roll parameters are small and slow-roll inflation is possible. The end of slow-roll
inflation happens due to |η(φe)| = 1 which happens much earlier than ε = 1. Taking only
the leading term in eq. (2.27) for η, we get

φℓ−2
e =

vℓ

2ℓ(ℓ− 1)
. (2.28)

To find φ∗ to leading order in the slow-roll parameters, we use eq. (2.20):

N∗ =

φ∗∫

φe

dφ
−vℓ
2ℓ

φ1−ℓ =
vℓ

2ℓ(ℓ− 2)

(
φ2−ℓ
∗ − φ2−ℓ

e

)
≃ vℓ

2ℓ(ℓ− 2)
φ2−ℓ
∗ − ℓ− 1

ℓ− 2
, (2.29)

which we can solve for φ∗:

φℓ−2
∗ =

vℓ

2ℓ[(ℓ− 2)(N∗ + 1) + 1]
≃ vℓ

2ℓ(ℓ− 2)N∗
. (2.30)

For sub-Planckian v ≪ 1, we find |φ∗| < |φe| ≪ v, so slow-roll inflation occurs very close
to the hilltop. In fig. 2.2, φe and φ∗ have been marked for v = 1 so that they can be

distinguished from φ = 0 on the scale of the plot. For v < 1, φ∗ and φe are a factor of v
ℓ

ℓ−2

closer to φ = 0.
With ∆φ≪ v ≪ 1, models of new inflation are small-field models. As we will discuss in

chapter 12, small-field models generally produce very low amplitudes of primordial gravity
waves compared to large-field models. A distinct advantage of small-field models is that
the inflaton potential can be derived in an EFT series expansion, because terms with
sufficiently high powers of φ/mPl are naturally suppressed by small field values and can
therefore be neglected. This makes small-field models relatively insensitive to the details
of the UV completion compared to large-field models.

2.4.3 Hybrid inflation

Hybrid inflation is based on a scalar inflaton field φ and a scalar “waterfall field” χ with
the potential [65]

Vhybrid(φ, χ) = V0

(
1− χ2

v2

)2

+
λ

2
φnχ2 + Ṽ (φ). (2.31)

Fig. 2.3 shows Vhybrid for n = 2. Inflation can happen in a flat valley with χ = 0 where
the effective mass of χ is positive, with

m2
χ(φ) = λφn − 4V0

v2
. (2.32)
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Figure 2.3: Potential for hybrid inflation with n = 2. Inflation happens while φ rolls
along the nearly flat valley with χ = 0 and φ > φc marked by the thick green line. When
φ drops below the critical value φc, the mass of χ becomes tachyonic: it becomes unstable
and quickly goes along the red dashed line to χ = ±v, terminating inflation.

Along this valley, which is marked with a green line in fig. 2.3, χ is stabilized at zero and
we effectively have single-field inflation in φ with the scalar potential (V0 + Ṽ ).

However, when φ becomes so small that m2
χ(φ) < 0, then χ terminates inflation in a

“waterfall transition”: its quantum fluctuations grow exponentially and the fields quickly
move towards the minima at χ = ±v, φ = 0. If the tachyonic mass |mχ| is large enough,
this transition happens very quickly. In that case, the critical inflaton value φc where mχ

becomes tachyonic marks the end of inflation, with

m2
χ(φc) = 0. (2.33)

The inflaton value φ∗ at N∗ e-folds before the end of inflation can then be calculated as
usual by plugging φe = φc into eq. (2.20) and solving for φ∗. The result strongly depends
on Ṽ , and models of hybrid inflation can be large-field or small-field models depending on
the shape of Ṽ .

After the waterfall transition, χ ends up either at +v or at −v. Which of the degenerate
vacua is reached depends on the random quantum fluctuations in χ around the critical
point, and different patches of the observable universe can end up in different vacua,
potentially producing topological defects like domain walls if the transition breaks e.g. a
Zn symmetry as for the potential of eq. (2.31), or cosmic strings if it breaks e.g. a U(1)
symmetry. Since these defects are produced at the end of inflation, they are not diluted
away, and their non-detection can strongly constrain models of hybrid inflation which
predict the production of such defects.



Chapter 3

Quantum fluctuations during inflation

In the last chapter, we have discussed how a homogeneous scalar field can drive a period
of rapid exponential expansion. This process dilutes away all pre-existing inhomogeneities,
so that the only remaining source of inhomogeneities are vacuum quantum fluctuations.
In models of inflation, these quantum fluctuations are the seeds of all inhomogeneities
we observe in our universe, like the CMB anisotropies and matter overdensities (planets,
galaxies and superclusters).

Their statistical properties can be predicted for any given model of inflation, and com-
paring these predictions with cosmological observations can rule out many models of slow-
roll inflation or constrain the model parameters.

In this chapter, we discuss several methods for calculating the spectrum of primordial
inhomogeneities in slow-roll inflation. We start with a brief discussion of how the inflaton
perturbations can be quantized and how their quantum fluctuations can be calculated.
In order to calculate observable quantities, we also introduce gauge-invariant measures
of scalar and tensor perturbations. We then continue with approximate solutions: for
single-field inflation, we provide simple formulas based on the slow-roll parameters, and
for multi-field inflation, we introduce the δN formalism.

This entire chapter will be based on leading order perturbation theory. We know
from observations that the early universe is nearly homogeneous and isotropic, e.g. from
the smallness of the CMB temperature anisotropies which have ∆T/T ∼ 10−5. For this
reason, we can generally assume that during inflation, the inflaton fluctuations δφ can be
treated as small perturbations around the homogeneous background characterized by φ(t)
and H(t).

3.1 Quantum fluctuations of scalar fields in de Sitter

space

In this section, we introduce the formalism for calculating quantum fluctuations of the
inflaton field and of the metric. We start with the quantum fluctuations δφ of a single
inflaton field in FRW spacetime and then explain how to convert them into the gauge-
invariant curvature perturbation ζ. We also briefly discuss tensor perturbations, and we
introduce the notion of power spectra which allow for easy comparison of the calculated
scalar and tensor perturbations with experimental bounds. This section is based mostly
on [40, 41].
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3.1.1 Inflaton perturbations

Classical equation of motion

Consider the equation of motion of a scalar field φ(t, ~x) with comoving coordinates ~x and
scalar potential V (φ) in unperturbed FRW spacetime [41]:

φ̈ − 1

a2
~∇2φ + 3Hφ̇ +

∂V

∂φ
= 0. (3.1)

We are interested in small quantum fluctuations δφ around a homogeneous background
solution φ, so we define

φ(~x, t) = φ(t) + δφ(~x, t). (3.2)

The homogeneous background solution φ(t) can be calculated from eqs. (2.13)–(2.14) or
eqs. (2.15)–(2.16) as discussed in chapter 2. For small perturbations δφ, we can expand
eq. (3.1) to linear order in δφ:

δφ̈ + 3Hδφ̇ +

(
V ′′(φ)− 1

a2
~∇2

)
δφ = 0. (3.3)

The advantage of this linearisation in δφ is that eq. (3.3) can be converted to ordinary
differential equations by a Fourier transformation:

δφ̈~k + 3Hδφ̇~k +

(
V ′′(φ) +

k2

a2

)
δφ~k = 0, (3.4)

where δφ~k(t) is the Fourier component of δφ(t, ~x) to the comoving wavevector ~k.

Quantization of δφ

When δφ is quantized, the equation of motion applies to the field operator δφ̂. Its Fourier
transform can be expressed in terms of complex mode functions φ~k(t) and annihilation
operators â~k [41]:

δφ̂~k(t) = φ~k(t)â~k + φ∗
~k
(t)â†

−~k, (3.5)

where the mode functions φ~k satisfy eq. (3.4).
The initial conditions for the mode functions can be determined if we assume that

at early times, δφ̂ is in its vacuum state, because any particles (i.e. excitations of the
lowest-energy state) are diluted away by the earlier period of inflation.1 Then the initial

1In this thesis, we assume that inflation lasts long enough to erase the traces of anything that happens
much more than N∗ e-folds before the end of inflation. In principle, it is also possible that inflation
only lasts the minimum of N∗ ∼ 50–60 e-folds required to solve the horizon problem. In that case, the
predictions on the largest observable scales retain some imprint of the pre-inflationary dynamics [61].
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conditions for the mode functions are given by the Minkowski vacuum [41]:

φ
(vac)
~k

(t) =
H√
2k3

(
i+

k

aH

)
eik/(aH). (3.6)

The derivation of eq. (3.6) assumes a constant H which is a good approximation during
slow-roll inflation. Eq. (3.6) is independent of the potential because at early times the
term k2/a2 ∝ e−2Ht always dominates over V ′′(φ).

With the mode eqs. (3.4) and the initial conditions from eq. (3.6), the quantum fluc-
tuations δφ̂ are in principle fully determined up to non-linear corrections of O(δφ2).

Including backreaction from metric perturbations

So far, we have assumed that the background metric is that of an unperturbed FRW
universe. However, since the metric is coupled to φ via the Einstein eqs. (2.1), any inho-
mogeneities δφ can source inhomogeneous perturbations of the FRW metric which then
backreact on the evolution of δφ. Using spatially-flat gauge, backreaction can be accounted
for by using the Mukhanov-Sasaki equation [41]

∂2v~k
∂τ 2

+

(
k2 − 1

z

∂2z

∂τ 2

)
v~k = 0, (3.7)

with conformal time τ defined by dt = a(t)dτ and

v~k ≡ a φ~k, z ≡ aφ̇

H , (3.8)

where φ(t) andH(t) are the homogeneous background quantities calculated from eqs. (2.13)–
(2.14).

However, during slow-roll inflation backreaction is usually small until well after horizon
exit (the time at which k/a ∼ H) [41], so it is often sufficient to use eq. (3.4).

3.1.2 Curvature perturbation

In general relativity, general coordinate transformations can transform inflaton perturba-
tions into metric perturbations and vice versa. Since observables cannot depend on the
choice of a coordinate system, it is generally useful to use gauge-invariant quantities to
compare the theoretical predictions with experimental data.

For inflation, a gauge-invariant measure of the linear scalar perturbations is the curva-
ture perturbation ζ [40, 41]:

ζ = Ψ−Hδρ

ρ̇
, (3.9)
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where Ψ is the spatial scalar metric perturbation. To leading order in the slow-roll ap-
proximation and using the spatially-flat gauge Ψ = 0, this can be expressed in terms of
the inflaton field as [41]

ζ = −Hδφ

φ̇
. (3.10)

An important property of ζ is that it is constant on super-horizon scales (k/a ≪ H)
if the perturbations are adiabatic, which is guaranteed in single-field models of inflation
[40, 66]. To calculate the perturbations generated during single-field inflation, it is therefore
sufficient to calculate the perturbations for each mode k briefly after (k/a) becomes small
compared to H, since it remains constant afterwards.2

Another common gauge invariant measure of the scalar perturbations is the comoving
curvature perturbation R [40]. However, since R = ζ during slow-roll inflation and on
superhorizon scales, we will not need to distinguish between R and ζ in this thesis.

3.1.3 Tensor perturbations

Since the metric gµν is a tensor, it can also have tensor perturbations. Expanding the
Einstein-Hilbert action to second order in the tensor perturbations, one finds that the two
polarization modes h+ and h× each have the action of a scalar field up to a normalization
factor [41]. The tensor perturbations can therefore be calculated just like the perturbations
of scalar fields, using eq. (3.7) with [40]

v =
ah+,×
2

. (3.11)

Since they obey the same equations up to a rescaling, tensor and scalar perturbations are
tightly related to each other. Their only difference arises from their different normalization

proportional to z/a = φ̇/H which is determined by the background dynamics of the inflaton
field.

Note that the tensor fluctuations are already gauge-invariant [40], so we can directly
compare the perturbations calculated for h+,× with observations.

3.1.4 Power spectra

To compare the statistical properties of scalar and tensor perturbations with observations,
we introduce the power spectrum Pϕ(k, t) for the quantum field ϕ̂(t, ~x) with mode functions
ϕk(t):

Pϕ(k, t) ≡ k3

2π2
|ϕk(t)|2. (3.12)

2In fast-roll inflation, the freeze-out of curvature perturbations can be delayed [67], and special care
must be taken to evaluate ζ at a later time after it has become constant.
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In inflationary cosmology, the power spectrum only depends on k = |~k| because the universe
is statistically isotropic.

The power spectrum is related to the variance by [41]

〈ϕ2(t, ~x)〉 =

∫
(log k)Pϕ(k, t). (3.13)

In cosmology, this integral is usually divergent both in the infrared (IR) and ultraviolet
(UV), so it must be regularized using cutoffs kIR and kUV. The IR divergence is physically
harmless since we are not really interested in the entire coordinate space, which may extend
over many event horizons, so we can regularize the IR divergence by considering a finite box
e.g. of the size of the observable universe or of a single Hubble patch during inflation. The
UV divergence is more similar to the usual quantum field theory (QFT) UV divergences,
since it arises from summing over contributions with arbitrarily high momenta beyond the
validity of our QFT, particularly above the energy scale of quantum gravity. We therefore
apply a UV cutoff by hand in order to integrate only over k for which our QFT can be
trusted.

Inflaton power spectrum

The power spectrum for the inflaton perturbations can be calculated from the mode func-
tions:

Pδφ(k, t) =
k3

2π2
|φk(t)|2. (3.14)

An important special case is the vacuum spectrum from eq. (3.6) which applies during
inflation as long as V ′′(φ) ≪ k2/a2 and assuming that H remains approximately constant:

P (vac)
δφ (k, t) =

H2 + (k/a)2

4π2
. (3.15)

Power spectra of curvature and tensor perturbations

During single-field slow-roll inflation and using spatially-flat gauge, we can easily calculate
the spectrum of curvature perturbations from Pδφ using eq. (3.10):

Pζ(k, t) =

(
H
φ̇

)2

Pδφ(k, t). (3.16)

Since the curvature perturbation freezes out after the horizon crossing time tk given by

k = a(tk)H(tk), (3.17)
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we can calculate the spectrum of curvature perturbations after inflation by evaluating
eq. (3.16) at the time t̃k briefly after horizon exit [41]:

Pζ(k, t≫ tk) ≃ H4(t̃k)

4π2φ̇2(t̃k)
. (3.18)

In practice, since H and φ̇ vary slowly during slow-roll inflation, one usually sets t̃k = tk.
Since the tensor modes have the same equations of motion as the inflaton perturba-

tions, the tensor spectrum is given by the inflaton spectrum except for a numerical factor
accounting for canonical normalization and for the two polarization modes [41]:

Pt(k, t≫ tk) ≃ 2H2(t̃k)

π2
. (3.19)

Expansion of Pζ and Pt for nearly scale-invariant spectrum

During inflation, the background inflaton field and the Hubble parameter change very
slowly. For this reason, the power spectra in eqs. (3.18)–(3.19) depend very weakly on k.
This motivates the parametrization of the primordial power spectra in the following way:

Pζ(k) = As

(
k

k∗

)ns−1+ αs
2

ln(k/k∗)+ κs
6

ln2(k/k∗)+ ...

, (3.20a)

Pt(k) = r · As

(
k

k∗

)nt +
αt
2

ln(k/k∗)+ κt
6

ln2(k/k∗)+ ...

, (3.20b)

with the amplitude of scalar perturbations As, the spectral index ns, the running αs, the
running of the running κs, and the analogous quantities for the tensor spectrum. Note
that for historical reasons, a scale-invariant spectrum corresponds to ns = 1 and nt = 0
due to their different definitions. Also, the tensor amplitude At is usually substituted by
the tensor-to-scalar ratio r = Pt(k∗)/Pζ(k∗).

k∗ is an arbitrary pivot scale. For easy comparison with CMB experiments, k∗ should
be chosen around k∗ ∼ 0.05 Mpc−1 if today’s scale factor is set to a0 = 1.

The constraints on the primordial power spectra depend on the assumed cosmological
model, see appendix B. In the base ΛCDM model, the recent constraints at 68% CL are
[8]

As = (2.21± 0.08)× 10−9, (3.21a)

ns = 0.965± 0.005, (3.21b)

with the tensor spectrum and all runnings set to zero by assumption. Allowing for non-zero
αs and κs, the bounds at 68% CL are [9]:

αs = 0.009± 0.010, (3.22a)

κs = 0.025± 0.013. (3.22b)

If we extend ΛCDM by r > 0, the bound on r at 95% CL is [51]

r < 0.09. (3.23)
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Comment on non-Gaussianity

To leading order in perturbation theory, the perturbations generated from inflation obey
a Gaussian distribution. For such Gaussian distributions, the power spectrum contains all
information.

However, the corrections from higher orders in perturbation theory can have a non-
Gaussian distribution. Since δφ is small, such non-Gaussianity is strongly suppressed. In
single-field slow-roll inflation, non-Gaussianity is generally predicted to be too small to be
observed with the current experimental precision. However, in multi-field models, some
observable degree of non-Gaussianity can be generated.

Since the models discussed in this thesis do not predict observable non-Gaussianity, we
do not discuss it here in further detail and instead refer to e.g. [40, 68] for an introduction
and further references.

3.2 Primordial perturbations in single-field slow-roll

inflation

In single-field inflation, the curvature perturbation ζ is conserved on superhorizon scales
(k/a) ≪ H, so it is sufficient to calculate the power spectrum around the time of horizon
crossing at which k/a ∼ H. In principle, this can be achieved in three steps:

• Calculate the background evolution φ(t) and H(t) from eqs. (2.13)–(2.14) or in the
slow-roll approximation from eqs. (2.15)–(2.16).

• Calculate the evolution of the Mukhanov variable vk from eq. (3.7), using the previ-
ously calculated background values for φ(t) and H(t) to determine z(τ).

• Convert the results for vk into Pζ(k) using eqs. (3.9) and (3.12), or using the simpler
eq. (3.10) for a result valid to leading order in slow-roll.

This procedure has the advantage that it does not require the slow-roll approximation,
so it is applicable very generally and it leads to precise results. However, except for a
few special cases, the Mukhanov-Sasaki equation cannot be solved analytically. To get an
analytical understanding of a model and its predictions, it is therefore often helpful to use
simple analytical approximations.

3.2.1 Power spectra from slow-roll parameters

A particularly useful and widespread method is the calculation of the power spectra directly
from the slow-roll parameters around the time of horizon exit. To leading order in the slow-
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roll parameters as defined in eqs. (2.18a)–(2.18d), this leads to the result [40, 69, 70]

As =
V∗

24π2ε∗
, (3.24a)

r = 16ε∗, (3.24b)

ns = 1− 6ε∗ + 2η∗ + 2q1ξ
2
∗ + 2q2σ

3
∗ + ..., (3.24c)

αs = −2ξ2∗ − 2q1σ
3
∗ + ..., (3.24d)

κs = 2σ3
∗ + ..., (3.24e)

where the stars indicate that a quantity should be evaluated at φ = φ∗, the dots denote
slow-roll parameters involving higher derivatives of V (φ) which we usually neglect, and
q1 ≃ 1.063 and q2 ≃ 0.209 are numerical constants.

φ∗ can be calculated from eq. (2.20) for a given value of N∗. N∗ should be chosen
such that modes at the pivot scale k∗ freeze out at the time t∗ at which φ = φ∗: k∗ =
a(t∗)H(t∗). The precise value of N∗ depends on the reheating period at the end of inflation,
see chapter 4, but it is usually in the range N∗ ∼ 50–60.

Eqs. (3.24a)–(3.24e) can constrain the derivatives of V (φ) around φ∗ from a measure-
ment of the observables As, r, ns, αs and κs. In principle, this allows a reconstruction of
the inflaton potential as a Taylor series if the observational constraints are tight enough.
This is discussed in more detail in section 12.2.

3.2.2 Energy scale of inflation

Using As to rescale the potential

It is important to note that the overall energy scale of inflation only affects the amplitude
of scalar perturbations As. In fact, it is more useful to write eq. (3.24a) in the form

V∗ = 24π2ε∗As. (3.25)

It is always possible to rescale the potential to achieve any value of As since the other
observables in eqs. (3.24b)–(3.24e) depend only on the slow-roll parameters, and the slow-
roll parameters consist of derivatives of V divided by powers of V such that any overall
prefactor in the potential drops out. Also, the value φ∗ at which the slow-roll parameters
are evaluated does not depend on the overall prefactor of the potential, because such a
prefactor also drops out in eq. (2.20).

Therefore, we can always to calculate the slow-roll predictions for a potential

V (φ) = γVoriginal(φ) (3.26)

with an arbitrary γ > 0, then calculate all the predictions, and then choose a different
γ using eq. (3.25) to achieve the correct value of As without changing any of the other
predictions for the primordial spectra. In this sense, As is not a prediction of any model
of inflation if the potential V contains an unspecified prefactor; instead the prefactor is
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predicted using eq. (3.25) by fitting the correct As.
3 For example, in the models discussed

in section 2.4, As is used to determine the coupling λ in chaotic inflation and the vacuum
energy V0 in small-field hilltop and hybrid inflation.

Using r to determine the absolute energy scale V∗

The energy scale of inflation depends not only on the well-measured As, but also on ε∗.
We can eliminate ε∗ in favour of r using eq. (3.24b) and plug in As = 2.2× 10−9 to find a
formula for the energy density in terms of r:

V∗ ≃
(
1016 GeV

)4
(

r

0.01

)
. (3.27)

If we were to observe primordial gravity waves and thus some specific value of r,
eq. (3.27) would fix the energy scale of inflation. However, so far observations can only put
an upper bound r < 0.09 at 95% CL, which corresponds to an upper bound on the energy
density of about (2× 1016 GeV)4. The only lower bound comes from the requirement that
reheating should finish at temperatures above those required for BBN, so inflation must
happen at energies above the MeV scale [71].

3.3 δN formalism for multi-field inflation

In multi-field inflation, the calculation of the curvature perturbations is more involved: it
is generally not sufficient to calculate Pζ at horizon crossing, and the simple eqs. (3.24a)–
(3.24c) are replaced by formulas based on the δN formalism. We now discuss these two
issues in turn.

3.3.1 Adiabatic condition for conservation of Pζ

In the calculations above, we have assumed that ζ is conserved after horizon crossing so that
we could compare its power spectrum Pζ(k, t∗) directly to the observational constraints on
the primordial power spectrum without considering its evolution after t∗.

4 However, ζ is
only conserved on superhorizon scales for adiabatic perturbations which satisfy [66]

p = p(ρ). (3.28)

This condition is satisfied for single-field slow-roll inflation, because in that case both p(φ)
and ρ(φ) are functions of the inflaton field φ, and ρ(φ) is monotonously decreasing along

3This procedure can only be applied when the one-loop corrections ∆Vloop(φ) to the inflaton potential
are negligible, because they scale like γ2(c+ log γ), see eq. (5.25). The full inflaton potential can only be
written in the required form (3.26) with a linear dependence on γ if ∆Vloop(φ) is negligible.

4The perturbations evolve again after horizon re-entry, but that later evolution is based on well-
understood post-inflationary physics and is already accounted for in the observational constraints on
Pζ(k).
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the slow-roll trajectory. We can therefore invert ρ(φ) during inflation to get φ(ρ), which
leads to p(φ(ρ)) which satisfies eq. (3.28).

In multi-field inflation, the adiabaticity condition is generally not satisfied. Consider
the simple example of two decoupled inflaton fields φ and χ with V = 1

2
m2
φφ

2 + 1
2
m2
χχ

2.
In this case, the energy density ρ(φ, χ) cannot be inverted to find functions φ(ρ) and χ(ρ),
because for any given ρ, the energy might be either in the χ or in the φ field or some
mixture of the two.

However, even in multi-field models, the adiabaticity condition is usually satisfied at
some later time:

• Sometimes the evolution of the fields makes all but one of the fields become irrelevant,
e.g. if χ moves towards its minimum χ = χmin and does not contribute significantly
to the energy density any more. After that has happened, the remaining field φ
dominates the energy density so that ρ(φ, χ) ≃ ρ(φ) which can be inverted to give
φ(ρ), and χ(ρ) ≃ χmin.

How small χmust be to be negligible depends on the reheating process. χ(t∗) ≪ φ(t∗)
is not a sufficient condition if χ is very long-lived compared to φ: χ can still come to
dominate the universe after φ has decayed into radiation, since the radiation redshifts
faster than the energy in the χ oscillations. In such cases, the adiabatic limit might
not be reached before the end of reheating.

• The adiabatic condition is always satisfied after reheating if the entire energy density
is converted into a thermal bath of particles with temperature T : in thermodynamic
equilibrium, eq. (3.28) is satisfied with p = p(T (ρ)). The only non-adiabatic pertur-
bations that can remain are non-thermal relics, e.g. dark matter that was produced
non-thermally and never gets into thermal equilibrium, but such cases are constrained
by the non-observation of cosmological isocurvature perturbations [9].

In multi-field models, we should calculate the spectrum Pζ at some late time at which the
adiabatic condition is satisfied. Then we know that the important superhorizon modes are
constant afterwards so that we can directly compare Pζ(k) to the experimental bounds.

3.3.2 δN formalism

A powerful tool for calculating the primordial perturbations in multi-field models of infla-
tion is the δN formalism [72–75]. It is based on the fact that the curvature perturbation
ζ(t, ~x) on a uniform-density hypersurface is given by the difference δN in the number of
e-folds between a spatially-flat initial hypersurface and the uniform-density final hypersur-
face:

ζ(t, ~x) = δN(t, ~x) = N(t, ~x)−N0(t). (3.29)

We choose the initial flat hypersurface at the time t∗ at which cosmological scales leave the
horizon. The final hypersurface with constant energy density ρfinal should ideally be chosen
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at some late time at which the perturbations are already adiabatic so that superhorizon
modes remain constant afterwards.

As the inflaton fields’ perturbations are very small, one can expand δN in powers of
the field perturbations δφi on the initial flat hypersurface5 (the index i denotes the i-th
inflaton field):

ζ = δN =
∑

i

Ni δφi +
∑

i,j

Nij δφi δφj + O(δφ3), (3.30)

where we introduced the notation

Ni =
∂N

∂(δφi)
, Nij =

∂2N

∂(δφi)∂(δφj)
. (3.31)

Inserting the de Sitter space field perturbations 〈δφi〉 = 0 and 〈δφ2
i 〉 = H2/(2π)2

in eq. (3.30), one can derive the leading-order expression for the amplitude As of the
primordial curvature perturbation power spectrum:

As =
H2

∗
4π2

∑

i

N2
i =

V∗
12π2

∑

i

N2
i , (3.32)

where a subscript star indicates that a quantity should be evaluated at the time of horizon
crossing, and we have used the slow-roll eq. (2.15) to replace H∗ with V∗.

With some extra work, one can also calculate the amplitude fNL of the reduced bispec-
trum [73] as a measure of non-Gaussianity:

fNL = −5

6

∑
ij NiNjNij
(∑

iN
2
i

)2 , (3.33)

and the spectral index ns of the curvature perturbation [74]

ns = 1− 2(εH)∗ −
2
∑

ij

(
∂V
∂φi

)
∗
NjNij

V∗
∑

iN
2
i

, (3.34)

with εH ≡ −Ḣ/H2 which is identical to ε to leading order in the slow-roll approximation
[62]:

εH = − Ḣ
H2

≃ 1

2V 2

∑

i

(
∂V

∂φi

)2

= ε. (3.35)

For an example of how to use the δN formalism in practical applications, we refer to
section 9.5 where we use it to calculate the primordial curvature perturbation in two-field
models of new inflation.

5The requirement that the initial hypersurface is spatially flat means that the δφi must be calculated
in spatially-flat gauge.



Chapter 4

Reheating

At the end of slow-roll inflation, the universe is filled with nothing but a nearly homoge-
neous scalar field and its quantum fluctuations. To successfully make the transition to the
radiation-dominated early universe after inflation, the potential energy of the scalar field
must be converted into a plasma of relativistic elementary particles. This process is called
“reheating”.

In this chapter, we will discuss the reheating phase and its implications for building
and testing realistic particle physics models of inflation. We start with an overview of
the different phases of reheating and the key observables which reheating can affect. We
then go on to discuss the linear and non-linear stages of preheating during which particles
coupled to the inflaton field can be produced non-perturbatively. Afterwards, we discuss
the final stage of reheating by perturbative decays and thermalization.

4.1 Overview

4.1.1 Phases of preheating and reheating

The different phases of preheating and reheating are schematically depicted in fig. 4.1.
Preheating starts at φe where the inflaton field leaves the flat region of its potential (i.e.
when ε & 1 or |η| & 1) and starts rolling towards its minimum. In the models relevant for
this thesis, we can identify several qualitatively different stages of (p)reheating:

1. Tachyonic preheating: When the homogeneous inflaton field rolls down a region
of the potential with large tachyonic mass V ′′(φ) . −H2, its long-wavelength per-
turbations with k2 < −V ′′(φ) grow exponentially.

Tachyonic preheating can also happen for non-inflaton fields χ if their mass turns
tachyonic. Most prominently, this happens at the end of hybrid inflation, where
the waterfall field’s vacuum fluctuations grow so rapidly that they quickly terminate
inflation [76, 77].

2. Parametric resonance: If tachyonic preheating has not made φ completely inho-
mogeneous, the homogeneous inflaton field performs oscillations around the minimum
which are damped by the Hubble friction term 3Hφ̇ in eq. (2.14). These oscillations
can drive resonant enhancement of the perturbations of φ and of any scalar field χ
which has some suitable coupling to the inflaton field [44].



32 Reheating
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Figure 4.1: Phases of preheating and reheating. After slow-roll inflation ends at φe,
the nearly homogeneous inflaton field quickly accelerates along the steep gradient of the
potential towards φmin, around which it performs damped oscillations due to Hubble
damping. If it has a large tachyonic mass while rolling down, inflaton perturbations grow
via “tachyonic preheating”, and when the inflaton later oscillates with large amplitude,
this often leads to production of particles coupled to the inflaton via “parametric reso-
nance”. Eventually, Hubble damping reduces the oscillation amplitude of the φ field so
much that it can be interpreted as a collection of individual φ particles which decay by
perturbative single-particle decays.

3. Wave scattering and turbulence: After resonant preheating, additional non-
exponential particle production can occur due to driven turbulence [78], and features
in the power spectra of perturbations are smeared out by rescattering.

4. Perturbative decay: Eventually, Hubble damping reduces the amplitude of all
fields so much that they perform small oscillations around the quadratic minimum of
the potential. These low-amplitude oscillations can be interpreted as a collection of
individual particles of the corresponding fields.1 If the oscillation amplitude (i.e. the
particle density) is small enough, these inflaton particles will decay predominantly
by perturbative single-particle decays.

5. Thermalization: The decay products are typically SM or MSSM particles which
have very strong interactions (e.g. gauge interactions), so they are often assumed to
thermalize very quickly [43]. However, thermalization can also be delayed, in which
case the evolution of the non-thermal bath of decay products constitutes an extra
stage of the reheating process [79, 80].

If preheating is very efficient, even tiny quantum fluctuations grow into perturbations
with amplitudes as large as the homogeneous background field. In this case, the pertur-
bative description as a homogeneous background and a small linear perturbation breaks
down and the evolution of the universe must be calculated using non-perturbative methods
as discussed in section 4.3.

1Recall that particles in quantum field theory are quantized excitations around the lowest energy state.
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In this thesis, we only consider the preheating of scalar fields. Preheating of fermions
is suppressed by Pauli blocking, so it might generically be expected to be subdominant.
However, under certain circumstances it is also possible to have sizeable production of
fermions during preheating [81, 82], particularly when preheating produces fermions with
a broad range of momenta so that Pauli blocking is less effective.

4.1.2 Reheat temperature

A central result of any reheating calculation is the “reheat temperature” TR at which the
universe starts to be well-described by a thermal bath of particles.

The reheat temperature determines which particles can be produced as thermal relics:
above some threshold temperatures, exotic particles can be produced thermally and later
freeze out, leading to a thermal relic abundance determined by their masses and cross
sections. For example, in supergravity models, high temperatures lead to an overproduction
of gravitinos, which puts an upper bound on the reheat temperature of about TR < 106–
1010 GeV, depending on the details of the SUSY model [83–85]. On the other hand, a
sufficiently high reheat temperature might allow for thermal production of the correct dark
matter abundance or of the baryon asymmetry, depending on the details of the particle
physics model [37, 41, 48].

The reheat temperature also affects the expansion history of the early universe and
thus N∗, which in turn affects the predictions for the primordial spectrum. The basic
idea is that between inflation and reheating, the universe is dominated by a condensate of
non-relativistic inflaton particles which redshift with w ≃ 0, whereas after reheating the
universe is dominated by radiation which redshifts faster with w ≃ 1/3. Therefore, the
reheat temperature determines the time (or equivalently the energy density) at which the
energy density starts to redshift faster, which affects the matching of inflationary to CMB
scales [44, 86]:

N∗ = 63.3 +
1

4
ln

(
V∗

(1016 GeV)4

)
+

1

4
ln

(
V∗
ρend

)
− 1

12
ln

(
ρend
ρR

)
, (4.1)

where ρend is the energy density at the end of inflation and ρR is the energy density at the
onset of radiation domination. ρR is related to the reheat temperature TR via [37]

ρR =
g∗π

2

30
T 4
R, (4.2)

where g∗ is the effective number of relativistic degrees of freedom with a weighting factor
of 7/8 for fermions due to their Fermi statistics, e.g. g∗ = 106.75 in the SM for T & 300
GeV and g∗ = 228.75 in the MSSM for temperatures above the mass of the heaviest visible
sector sparticle [48].
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4.2 Linear preheating

At the end of slow-roll inflation, the universe is nearly homogeneous, with small inhomo-
geneities given by vacuum fluctuations for the inflaton field φ and for any non-inflaton
scalar field χ. We can therefore treat the inhomogeneities δφ(~x, t) and δχ(~x, t) as small
perturbations around the classical background fields φ(t) and χ(t) analogously to chapter 3.

4.2.1 Mode equations

Repeating the steps leading to eq. (3.4) and quantizing the fields as in eq. (3.5), we again
find the mode equations for δφ and δχ:

φ̈~k + 3Hφ̇~k +

(
∂2V

∂φ2
(φ, χ) +

k2

a2

)
φ~k +

(
∂2V

∂φ∂χ
(φ, χ)

)
χ~k = 0, (4.3)

χ̈~k + 3Hχ̇~k +

(
∂2V

∂χ2
(φ, χ) +

k2

a2

)
χ~k +

(
∂2V

∂φ∂χ
(φ, χ)

)
φ~k = 0, (4.4)

with initial conditions given by eq. (3.6) at some early time during slow-roll inflation.
These first steps are identical to the calculation of the quantum fluctuations during

inflation. During slow-roll inflation, the solution is dominated by the de Sitter space
fluctuations due to the nearly constant H, while the potential is so flat that the time-
dependent mass term V ′′ is almost negligible in eqs. (4.3)–(4.4). During preheating, these
same equations can have a very different behaviour because V ′′ is large and changes rapidly.
In particular, they can exhibit instabilities which make some modes grow exponentially,
which can be interpreted as rapid particle production.

Solving the mode equations for linear preheating

In principle, the effects of linear preheating can always be calculated by solving eqs. (4.3)–
(4.4) with initial conditions matched to eq. (3.6) sufficiently early during inflation up to
some very late time tfinal = tR at which perturbative reheating is expected to occur.

In practice, it is usually neither possible nor necessary to solve the mode equations over
such long time intervals:

• The matching to early times can be performed at different times for each mode k
such that H is still roughly constant and (k/a)2 ≫ V ′′, in which case the de Sitter
space solution is a good approximation.

• It is usually also sufficient to solve the mode equations over just a few e-folds up to
tfinal ≪ tR. If preheating is very efficient, the perturbations quickly grow to large
values such that linear perturbation theory breaks down and the further evolution
must be calculated non-perturbatively (see section 4.3). On the other hand, if pre-
heating is inefficient early on, when oscillation amplitudes are large and V ′′ varies
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most strongly, it is typically even more inefficient later when Hubble damping has
reduced the oscillation amplitudes.

4.2.2 Tachyonic preheating

An important special case is “tachyonic preheating”, which happens when V ′′ < 0 in
eq. (4.3) or eq. (4.4). This occurs e.g. for the waterfall field χ at the end of hybrid inflation
[76, 77].

Consider for example a constant tachyonic mass ∂2V/∂χ2 = −m2
χ < 0 in eq. (4.4):

χ̈~k + 3Hχ̇~k +

(
m2
χ +

k2

a2

)
χ~k = 0. (4.5)

If we consider a time interval much shorter than a Hubble time, we can neglect the expan-
sion of the universe by setting H ≃ 0 and a ≃ 1 to find the simple solution for χ~k(t) over
such a short time interval:

χ~k(t) ≃ c~k e
ωkt + d~k e

−ωkt, with ωk =
√
m2
χ − k2. (4.6)

This is an oscillating solution for k2 > m2
χ and an exponentially growing (or decaying)

solution for k2 < m2
χ, with the fastest growth for infrared modes k2 ≪ m2

χ.
2

Formχ ≫ H, the growing solution will grow extremely large in much less than a Hubble
time, even starting from small vacuum fluctuations χ~k(t0) ∼ H/(2π). For this reason, in
hybrid inflation with mχ ≫ H the waterfall transition from χ = 0 to |χ| = v is practically
instantaneous.

Realistically, the mass mχ is usually not constant throughout preheating. However,
even if one includes a time-dependence for mχ(t), one still finds that tachyonic mass terms
V ′′ . −H2 lead to rapid growth of infrared modes [76].

4.2.3 Parametric resonance

Even for positive masses, large amplitude oscillations of the inflaton around its minimum
can lead to rapid growth of perturbations via parametric resonance, both for the inflaton
perturbations and for other fields coupled to the inflaton.

This is possible if the oscillation of the inflaton background field leads to strongly
oscillating mass terms which violate the “adiabatic condition” [44]:

adiabatic condition:
∣∣∣
ω̇k
ω2
k

∣∣∣≪ 1, with ωk(t) =
√
V ′′ + (k/a)2. (4.7)

2The decaying solution is usually discarded because it quickly becomes negligible compared to the
growing solution. However, care should be taken when the tachyonic region is crossed several times, e.g.
if the inflaton field performs large-amplitude oscillations in a hilltop inflation potential and rolls back up
the tachyonic region. In that case, the originally growing mode decays again, and the originally decaying
mode grows, such that the growth and decay of the infrared modes over a full oscillation mostly cancels,
see section 11.2.
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When this condition is violated, the mode equations often have instabilities for certain
wavenumbers k so that the spectrum of perturbations develops a peak around those un-
stable wavenumbers.

The instabilities can be calculated for quasi-periodic motion using a Floquet analysis
as explained in [44]. Since Floquet theory only applies to periodic motion, this is possible
only if Hubble damping is negligible over a single oscillation so that we can set H = 0.

4.2.4 End of linear preheating

Linear preheating ends in one of two ways:

• If the perturbations δφ or δχ are amplified so strongly that non-linear terms like δφ2

or δχ2 can no longer be neglected, linear perturbation theory breaks down. This
is particularly the case if the perturbation amplitude

√
〈δφ2〉 becomes comparable

to the background field’s oscillation amplitude. In this case, the subsequent stages
of preheating must be studied using non-linear methods like lattice simulations, see
section 4.3.

• If all perturbations δφ and δχ remain sufficiently small throughout linear preheat-
ing, the universe remains dominated by the homogeneous inflaton field (plus small
perturbations). The oscillation amplitudes continue to drop due to Hubble damp-
ing and preheating becomes increasingly ineffective. Eventually, the field amplitudes
drop to such low values that the oscillating fields can be interpreted as collections of
individual particles which decay via perturbative single-particle decays as explained
in section 4.4.

4.3 Non-linear preheating

If preheating is efficient, perturbations quickly grow to large values so that linear per-
turbation theory becomes inapplicable. In this sense, linear perturbation theory is only
useful to check whether or not preheating is efficient; to determine the outcome of efficient
preheating, we must use other methods.

Semiclassical approach

In principle, the evolution of the universe featuring inhomogeneous scalar fields φi in FRW
spacetime is given by the equation of motion for the field operators:

¨̂
φi −

1

a2
~∇2φ̂i + 3H ˙̂

φi +
∂V

∂φ̂i
= 0. (4.8)

A non-perturbative solution to the full quantum theory is generally not available. In the
case of efficient preheating, we can instead work with a semiclassical approach:
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• We work with classical fields φi which evolve according to the classical eq. (3.1).
Since the large amplification of perturbations ensures large occupation numbers, we
expect the classical limit to give a reasonably accurate description of the universe.

• The initial conditions are taken from the quantum theory: the fields φi are initialized
as Gaussian random fields with correlators as computed from linear perturbation
theory, at a sufficiently early time when the quantum fluctuations are still small and
Gaussian.

In principle, the inhomogeneous φi can source perturbations of the metric which then
backreact on the φi. This effect can be included by considering the metric perturbations as
additional dynamical fields, though it is usually very small even for totally inhomogeneous
and violent preheating [87]. For this reason, the metric backreaction is often neglected in
calculations of preheating.

Lattice simulations

The problem is then reduced to solving the partial differential eq. (3.1) for some given initial
conditions. In practice, this calculation is performed numerically using lattice simulations.
Instead of d continuous spatial dimensions, we consider a discrete lattice with Nd comoving
spatial grid points separated by a distance ∆x:

~xi1...id = (i1, ..., id)∆x, with i1, ..., id ∈ {1, N}, (4.9)

and we impose periodic boundary conditions at the edges of the lattice. Eq. (3.1) is thus
converted from a partial differential equation into a set of Nd coupled ordinary differential
equations (using a suitable discretization of the ~∇2 operator) which can be solved by
standard numerical techniques.

The discretization introduces infrared and ultraviolet cutoffs kIR and kUV due to the
maximum size L = N∆x and the minimum distance ∆x:

kIR =
2π

L
=

2π

N∆x
, kUV =

2π

∆x
. (4.10)

Therefore, ∆x and N must be chosen such that the most important perturbation modes
(i.e. those which are amplified most) are within the range of scales spanned by the two
cutoffs. In particular, if the largest and smallest relevant comoving scales are kmax and
kmin, then the minimum required number of lattice points is

Nd =

(
kUV

kIR

)d
≫
(
kmax

kmin

)d
, (4.11)

which makes lattice simulations feasible only for models with a sufficiently small range of
relevant comoving length scales.3

3The errors from discretization and imposing periodic boundary conditions are largest close to the
cutoffs, so the cutoffs should be sufficiently far away from the most important scales to allow for good
numerical precision in the relevant region.
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Lattice simulations can be performed using publicly available codes, e.g. LATTICEEASY
[88], DEFROST [87] or HLattice [89], of which HLattice also supports the inclusion of met-
ric perturbations which are always neglected in LATTICEEASY and DEFROST.

4.4 Perturbative reheating

Over time, Hubble damping reduces all fields’ oscillation amplitudes so that both the ho-
mogeneous background oscillations and the inhomogeneous perturbations eventually turn
into small excitations around the minimum of the potential. These might be interpreted
as a collection of individual particles which decay predominantly by single-particle decays
[90].

If there is no efficient preheating, the energy is completely given by the homogeneous
inflaton oscillations which have k = 0, so the inflaton particles are at rest with a particle
number density

nφ = ρφ/mφ, (4.12)

where mφ is the mass of φ at the minimum of the potential and ρφ =
1
2
φ̇2 + 1

2
m2
φφ

2.
In the case of efficient preheating, the energy density is usually transferred to the

inhomogeneous modes with some larger k either of the inflaton φ or of some other particles
χi or a combination of both. In this case, a detailed preheating calculation is required to
find the correct initial conditions for the subsequent perturbative reheating phase.

4.4.1 Evolution of energy densities with single-particle decays

If the field amplitudes and momenta for all oscillating fields φi have been sufficiently
redshifted at the start of perturbative reheating, we can work with evolution equations for
the energy densities ρi for the non-relativistic matter species and ρrad for radiation [37]:

ρ̇i + 3Hρi = −Γiρi, (4.13)

ρ̇rad + 4Hρrad =
∑

i

Γiρi, (4.14)

where the Γi are the decay rates for particle species i and we assume that all of the non-
relativistic components decay into radiation.4

Eqs. (4.13)–(4.14) have very intuitive explanations. The terms 3Hρi and 4Hρrad account
for the dilution and redshifting of matter and radiation in an expanding universe, the decay

4If decays of one non-relativistic component ρi into another non-relativistic component ρj are possible
and not negligible, the decay products of species j often have large momenta k & mj . In that case, j cannot
be consistently modelled as a non-relativistic matter species. If the mass ratios are such that species i can
decay into non-relativistic j, then these decays can be straightforwardly included in eq. (4.13) by adding
the decay term to species i and adding a corresponding source term to species j.
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Figure 4.2: Evolution of energy densities during perturbative reheating from eqs. (4.13)–
(4.14), assuming that a single inflaton field φ dominates the energy density after preheat-
ing. For Γφ < H (which corresponds to t < Γ−1

φ ), the effect of inflaton decays is negligible:
the produced radiation energy density ρrad remains subdominant due to rapid redshifting,
while ρφ ∝ a−3 due to the expansion of the universe. Only for Γφ & H (which corresponds
to t & Γ−1

φ ), the inflaton decay becomes effective and the energy is quickly converted to
radiation. The dashed horizontal line denotes the reheating energy density ρR from the
approximate eq. (4.15) which turns out to capture the numerical result very well.

rate term in eq. (4.13) describes the loss of particles due to single-particle decays, and the
decay rate term in eq. (4.14) describes the creation of decay products from these decays.

ρrad includes all particles whose mass is negligible compared to the energy densities
during reheating, e.g. SM or MSSM particles. We assume that they thermalize very quickly
due to their gauge interactions so that ρrad describes a thermal bath of radiation, and
reheating is complete when ρrad begins to dominate the universe.

With these simplifying assumptions, the late-time dynamics of reheating is determined
by the coupled eqs. (2.6), (4.13) and (4.14). In particular, we can find the reheat temper-
ature TR from the energy density ρR at the time at which ρrad starts to dominate and we
can track the abundance of non-thermal relics if we include them explicitly in eq. (4.13)
(see e.g. eq. (4.16) for how to track the non-thermally produced lepton number).

4.4.2 Reheat temperature from inflaton decay rate

If reheating starts with only a single non-relativistic component ρφ (e.g. if preheating is
not efficient and the energy density is dominated by the homogeneous oscillating inflaton
field), the behaviour of eqs. (4.13)–(4.14) becomes particularly simple, see fig. 4.2. While
H > Γφ, the effects of expansion dominate over the effects of the inflaton decay: redshifting
dilutes away the radiation generated from the decays, and ρφ ≫ ρrad. But eventually, the
energy density is diluted to H < Γφ, after which point the conversion of ρφ into radiation
is very rapid compared to the redshifting so that the universe quickly becomes dominated
by radiation.
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For a simple estimate, one can assume instantaneous decay of ρφ into radiation at the
time when Γφ = H so that ρR = 3H2

R ∼ 3Γ2
φ, which can be plugged into eq. (4.2) to find

the reheat temperature [44]. A more precise result can be obtained from an approximate
analytical solution to eqs. (4.13)–(4.14), which leads to the same functional form but a
slightly different prefactor [37]:

TR ≃ 1.2

g
1/4
∗

√
Γφ. (4.15)

As shown in fig. 4.2, eq. (4.15) approximates the numerical solution of eqs. (4.13)–(4.14)
very well.

4.4.3 Leptogenesis and dark matter abundance

Beyond the reheat temperature, which is important mostly for calculating N∗ and for deter-
mining which particles can be produced as thermal relics (see section 4.1.2), perturbative
reheating is also useful for calculating the non-thermal production of e.g. dark matter or
net baryon number. For this purpose, the relevant out-of-equilibrium quantity should be
added as an independent component to eq. (4.13) to keep track of its evolution during the
reheating period.

An important example is non-thermal leptogenesis [91–95], the creation of net lepton
number from inflaton decays, which happens naturally if the inflaton is identified with one
of the right-handed sneutrinos [26] or if it decays through them [96]. To keep track of the
lepton number density nL, we can integrate [26]

ṅL + 3HnL =
∑

i

ǫiΓi
ρi
mi

, (4.16)

where ǫi is the net lepton number produced per single-particle decay of particle species i.
Together with the entropy density s during radiation domination [37]

s =
2π2

45
g∗T

3, (4.17)

this allows us to calculate nL/s at the time of reheating. For an adiabatically expanding
universe, s ∝ a−3, thus nL/s is not diluted by the expansion.

The lepton asymmetry is later converted to a baryon asymmetry by sphaleron processes,
with

nB
nγ

= 7.04
nB
s

= 7.04
C

C − 1

nL
s
, (4.18)

where the conversion factor C depends on the particle content of the theory, with C ≃ 1/3
in the MSSM [91], and the relation of the entropy density s to today’s photon density nγ
is given by s = 7.04nγ [37].

The prediction from reheating can then be compared to the empirical value nB/nγ =
(6.11±0.04)×10−10 which follows from the ΛCDM bound on ΩBh

2 = (2.230±0.014)×10−2

[8] and nB/nγ = (2.74× 10−8)ΩBh
2 [91].



Chapter 5

Inflation in supergravity

In the past few chapters, we have discussed how to analyse inflation and preheating given
the scalar potential V (~φ) for all scalar fields ~φ = (φ1, ..., φn). We now explain how to
construct the scalar potential V in supersymmetric models.

We start with a brief introduction to supersymmetry (SUSY), supergravity (SUGRA),
the Minimal Supersymmetric Standard Model (MSSM), and their motivation from particle
physics. We then discuss how to construct the scalar potential for chiral superfields from
the superpotential W and the Kähler potential K. Finally, we introduce supersymmetric
models of inflation, in particular SUSY realizations of new inflation and hybrid inflation.

This chapter will be focused on those aspects of supersymmetric model building which
are relevant for inflation. For a more complete introduction to SUSY, we refer to e.g. [46,
47]. For an introduction to the MSSM, see e.g. [45, 48, 97].

5.1 Supersymmetry and supergravity

Supersymmetry is a postulated additional symmetry which relates bosons and fermions. In
supersymmetry, fermions and bosons always come in pairs with equal masses and identical
transformation properties under internal symmetries (e.g. gauge symmetries).

Since we do not observe these superpartners of equal mass in nature, supersymmetry
must be spontaneously broken at low energies so that the superpartners to the Standard
Model particles are out of reach of previous collider experiments. However, even spon-
taneously broken SUSY retains some properties which make it an attractive option for
particle physics beyond the Standard Model.

5.1.1 Motivation

Beyond the theoretical beauty of SUSY as the unique non-trivial extension of the Poincaré
group [98, 99], there are many phenomenologically attractive features of SUSY in general
and the MSSM in particular: it solves the hierarchy problem, improves gauge coupling
unification and provides a dark matter candidate.
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Hierarchy problem

The mass of the scalar electroweak Higgs particle receives large radiative corrections ∆m2
h

from new physics above the electroweak scale, e.g. for a heavy scalar field X [45]

∆m2
h ∼ λ

8π2
·m2

X ln(m2
X) + ..., (5.1)

where mX is the mass of X and λ is its coupling to the Higgs particle.1 Due to these large
corrections, the Higgs mass will naturally be of the order of the highest mass scale of the
theory unless the corrections and the tree-level contributions somehow cancel to the small
observed value of mh ≃ 125 GeV. If there is any new mass scale far above the electroweak
scale, as e.g. in most models of inflation, this requires extreme fine-tuning.

In unbroken SUSY, the masses and couplings of fermions and bosons are related such
that the corrections ∆m2

h due to heavy fermions and heavy bosons automatically cancel
each other, thus solving the hierarchy problem. For broken SUSY, some radiative correc-
tions proportional to the SUSY breaking masses mSUSY remain. To keep the fine-tuning
small, mSUSY should not be much greater than the electroweak scale, which is one of the
primary reasons for expecting to find superpartners at TeV energies.

Grand Unification

In Grand Unified Theories (GUTs), the SU(3)×SU(2)×U(1) product gauge group of the
Standard Model is unified in a simple Lie group, e.g. SU(5) or SO(10), which is sponta-
neously broken to the SM gauge group below some energy MGUT. Such an approach also
unifies the matter content of the SM. In SO(10), for example, the fermions are contained
in a single 16-plet per fermion family, with a right-handed neutrino automatically included
[11].

However, unification of the SM gauge groups requires that the gauge couplings meet
at some GUT symmetry breaking scale MGUT.

2 Unfortunately, the three gauge couplings
do not meet in a single point in the SM. In the MSSM, the added superpartners change
the running of the gauge couplings so that they approximately meet at the scale MGUT ≃
2× 1016 GeV [21, 22]. This makes the MSSM an attractive starting point for GUT model
building.

Dark matter

Supersymmetric theories generally need an extra symmetry called R-parity to suppress
exotic processes like proton decay [45]. One consequence of R-parity is that it makes the
lightest supersymmetric particle (LSP) stable. If the LSP is not electrically charged, e.g. if

1Even indirect couplings e.g. via gauge interactions lead to similar corrections due to two-loop diagrams;
the hierarchy problem is generic for heavy particles and does not depend on a particular type of coupling to
the Higgs. It also applies to most other new physics at high energy scales like condensates or compactified
extra dimensions. [45]

2This can be circumvented if the GUT symmetry is broken to the SM in multiple stages, see e.g. [12, 13].
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the LSP is a neutralino or a gravitino, it is therefore an attractive dark matter candidate
[18–20].

5.1.2 N = 1 supersymmetry

Since supersymmetry transforms bosons and fermions into each other, the supersymmetry
generator Q is an anticommuting Weyl spinor — it carries half-integer spin and changes
the commutation properties of the state it acts on. The N = 1 supersymmetry algebra3

for this generator is given by [46]

{Qα, Q̄β̇} = 2σµ
αβ̇
Pµ, (5.2)

{Qα, Qβ} = {Q̄α̇, Q̄β̇} = 0, (5.3)

where α and β are spinor indices, Q̄ = Q†, σµ = (1, ~σ) and Pµ is the four-momentum
operator.

Since fermions and bosons transform differently under Poincaré transformations, super-
symmetry does not commute with Poincaré symmetry. Instead, the generators of SUSY
and Poincaré transformations become part of a larger super-Poincaré algebra, with mixed
commutators given e.g. in [46].

In this thesis, we assume that supersymmetry is a local symmetry. Since supersymmetry
is a non-trivial extension of the Poincaré algebra, local supersymmetry implies general
coordinate transformations, and as such it is a theory of gravity. For this reason, local
supersymmetry is known as supergravity.

The representations of N = 1 supersymmetry are supermultiplets containing a boson
and a fermion which differ by spin 1

2
[46]. In this thesis, we only explicitly need chiral

supermultiplets which contain one Weyl fermion field and one complex scalar field. In
addition, a complete model also has vector supermultiplets which contain one gauge boson
and one Weyl fermion, and a gravity supermultiplet which contains one spin-2 graviton
and one spin-3

2
gravitino.

5.2 Supergravity Lagrangians for chiral superfields

In this section, we discuss how to construct the supergravity Lagrangian from a superpo-
tential W and a Kähler potential K.

To analyse supersymmetric models of inflation, we are particularly interested in the
scalar fields of the theory. We therefore focus on the case of chiral superfields Ŷi, each
of which consists of a complex scalar field Yi and a spin-1

2
Weyl fermion ψYi . For the

3It is possible to further extend the symmetry to N ≥ 2 supersymmetry involving multiple super-
symmetry generators. Such an extended symmetry implies a symmetry between left- and right-handed
particles [46], so it must be broken to allow for the parity violating gauge group of the Standard Model.
We only consider N = 1 supersymmetry in this thesis.
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construction of Lagrangians involving spin-1 gauge bosons and spin-1
2
gauginos or the

spin-2 graviton and spin-3
2
gravitino, see e.g. [45–47, 100].

We start with the scalar potential V = VF + VD, where VF applies to all scalar fields
and VD is an extra contribution for fields which are charged under a gauge symmetry. We
also provide formulas for the kinetic terms and for the fermion masses.

5.2.1 F -term scalar potential

The F -term scalar potential is determined by the superpotential W and the Kähler poten-
tial K [45–47]:

• The superpotential W (Y1, ..., Yn) is a holomorphic function of the complex scalar
fields Yi. It has dimension [mass]3, it must be invariant under gauge symmetry
transformations, and it has two units of U(1)R charge.

• The Kähler potential K(Y1, ..., Yn, Y
∗
1 , ..., Y

∗
n ) is a real function of the scalar fields

Yi and the complex conjugate fields Y ∗
i . It has dimension [mass]2 and it must be

invariant under both gauge symmetry and U(1)R symmetry transformations.

Then the F -term scalar potential is [46, 47]

VF = eK
(
DiK

ijD∗
j − 3|W |2

)
, (5.4)

where Kij is the matrix inverse of the Kähler metric Kij = ∂2K/(∂Y ∗
i ∂Yj), and

Di = Wi +WKi, (5.5)

with lower indices i on W and K denoting a partial derivative with respect to Yi.
The renormalizable part of VF only depends on W :

V
(ren)
F =

∑

i

|Wi|2. (5.6)

However, during slow-roll inflation, the Planck-suppressed corrections to the F -term infla-
ton potential are generically important (see section 5.4.3), so eq. (5.6) is mostly useful for
post-inflationary physics and for estimates of the dynamics of heavy non-inflaton fields.

5.2.2 D-term scalar potential

For fields which are charged under a gauge symmetry, the scalar potential has an additional
contribution, the so-called D-term potential VD:

V = VF + VD. (5.7)
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VD is related to the gauge transformation of the scalar fields [46]:

VD =
∑

a,b

gagb
2

(
Re f−1

ab

)
Gi(Ta)

ijYj Gk(Tb)
klYl, (5.8)

where the indices a and b run over the generators Ta of the gauge group, ga is the gauge
coupling for the generator a, fab(Yi) is the gauge kinetic function which is δab in the
renormalizable case, and

Gi = Ki +
Wi

W
. (5.9)

In the renormalizable SUSY case, the D-term potential has the simpler form [45]

V
(ren)
D =

1

2

∑

a

g2a

(
Y ∗
i (Ta)

ijYj

)2
. (5.10)

For MSSM gauge couplings gi, the D-term potential for gauge non-singlets is generically
extremely steep compared to the slow-roll inflaton potential. Throughout this thesis, we
therefore assume that inflation happens along a “D-flat” trajectory so that VD vanishes.
For this reason, we will rarely include VD explicitly, but interpret VD = 0 as an a priori
constraint on possible inflaton trajectories (see section C.1 for an example in Kähler-driven
tribrid inflation).

5.2.3 Kinetic terms

The Kähler metric also rescales the kinetic terms for both scalars and fermions [46]:

L(s)
kin = Kij(∂µYi)

∗(∂µYj), (5.11)

L(f)
kin = Kij Ψ

†
i iσ̄

µ∂µΨj. (5.12)

Canonical kinetic terms are generated from the canonical Kähler potential

Kcan =
∑

i

Y ∗
i Yi. (5.13)

A general Kähler potential can have further terms like κi|Yi|4/m2
Pl which can lead to more

complicated kinetic terms. Since the formulas in chapters 2–4 for inflation assume canonical
kinetic terms, the inflaton field must in principle be redefined as φ → φ̃ = f(φ) with a
function f(φ) chosen such that the inflaton is canonically normalized throughout slow-roll
inflation. However, if the additional terms in the Kähler potential are Planck-suppressed,
the corrections due to canonical normalization are usually negligible in small-field models
of single-field inflation (see appendix B of [28]).
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5.2.4 Fermion mass matrix

To calculate the one-loop quantum corrections to the effective potential, we also need the
mass matrix of the fermionic superpartners of the Yi [46]:

(mF )ij = eK/2
(
Wij +KijW +KiWj +KjWi +KiKjW −KklKijlDk

)
, (5.14)

with lower indices i on W and K denoting a partial derivative with respect to Yi and
lower indices i denoting a partial derivative with respect to Y ∗

i . This fermion mass matrix
consists of a simple renormalizable contribution Wij plus Planck-suppressed supergravity
corrections which are more complicated but often negligible.

5.3 The Minimal Supersymmetric Standard Model

The MSSM is the minimal supersymmetric extension of the Standard Model. Each of the
SM fermions gets a scalar superpartner with which it forms a chiral superfield. In addition,
the MSSM has chiral superfields for two separate Higgs doublets Hu and Hd, because the
masses for up-type quarks and for down-type quarks cannot be generated by the same
Higgs doublet in a supersymmetric theory [45, 46]. Finally, each of the SM vector fields
gets a spin-1

2
superpartner with which it forms a vector supermultiplet.

The superpotential of the MSSM is [45]

WMSSM = y
(u)
ij QiHuUj + y

(d)
ij QiHdDj + y

(e)
ij LiHdEj + µHuHd, (5.15)

with implied summation over the family indices i and j. Qi are the left-handed squark
doublets, Lj are the left-handed slepton doublets, Uj and Dj are the right-handed up-
and down-type squarks, Ej are the right-handed charged sleptons, the yij are the Yukawa
matrices and µ is a mass parameter.

Motivated by the observed neutrino masses, the MSSM can also be extended by chiral
multiplets made of right-handed neutrinos ψNj

and scalar sneutrinos Nj with the additional
superpotential terms (again with implied summation over i and j):

∆W
(ν)
MSSM = y

(ν)
ij LiHuNj +

1

2
(mN)iN

2
i , (5.16)

with mN = 0 for Dirac neutrinos and mN 6= 0 for Majorana neutrinos. Then the small
neutrino masses can be generated either by choosing very small neutrino Yukawa couplings
y(ν) or by choosing large mN to suppress the neutrino masses via the see-saw mechanism.

We know that SUSY must be broken spontaneously because we do not observe super-
partners of equal mass. There are many possible mechanisms for SUSY breaking and it
is not clear which of them might be realized in nature. However, in many cases SUSY
breaking can be accounted for by adding dimensionful “soft SUSY breaking” parameters
to the low-energy Lagrangian by hand, e.g. additional mass terms for the superpartners
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of the SM fields [45, 100]. These soft SUSY breaking terms are often assumed to be TeV
scale parameters: for smaller SUSY breaking masses, collider searches should have found
some of the superpartners already, whereas for much larger SUSY breaking masses, SUSY
can no longer solve the hierarchy problem.

For the purpose of this thesis, we assume that soft SUSY breaking is small enough to
be negligible during inflation. This is a very weak assumption, as the energy scales during
inflation in the models we consider are typically all above 1010 GeV, and the inflationary
vacuum energy V ≃ 3H2 breaks SUSY very strongly during inflation.

5.4 Supersymmetric models of inflation

In this section, we discuss supersymmetric realizations of the new inflation and hybrid
inflation models introduced in section 2.4. We will introduce the superpotentials that lead
to these models, the conditions under which they become single-field models, and the non-
renormalizable operators from the Kähler potential which generically generate Hubble-sized
mass terms for all fields.

5.4.1 SUSY new inflation

New inflation can be realized in SUSY starting from the superpotential [29–31]

Whilltop =
√
V0 S

(
1− Φℓ

µℓ

)
, (5.17)

with complex scalar fields S and Φ, dimensionful constants V0 > 0 and µ > 0 and an
integer ℓ ≥ 3.4 Up to higher-order terms ∆W ∝ SΦnℓ with n ≥ 2, this superpotential can
be fixed by a Zℓ and an U(1)R symmetry if the S field carries two units of U(1)R charge
and the Φ field carries one unit of Zℓ charge.

We also include the leading terms in a power series expansion of the Kähler potential

K = |S|2 + |Φ|2 + (1 + β) |ΦS|2 − κS |S|4 + ... (5.18)

Assuming that inflation happens along a D-flat direction, the scalar potential can be
calculated from W and K using eq. (5.4):

V ≃ V0

∣∣∣1− Φℓ

µℓ

∣∣∣
2

+
ℓ2V0
µ2ℓ

∣∣∣SΦℓ−1
∣∣∣
2

+ V0(4κS |S|2 − β |Φ|2). (5.19)

We assume that κS ≫ 1
12

so that S has a mass above the Hubble scale H and is stabilized
at 0 during inflation. We can then neglect this field from now on. We can also write the
scalar component of Φ in terms of its modulus φ and phase θ:

Φ =
φ√
2
eiθ. (5.20)

4V0 > 0 and µ > 0 can always be realized by field redefinitions S → e−i arg(
√
V0)S and Φ → ei arg(µ)Φ.
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If θ = 2nπ/ℓ for some integer n, the model reduces to single-field hilltop inflation. In this
case, the inflaton potential is

V ≃ V0

∣∣∣1− φℓ

vℓ

∣∣∣
2

− βV0
2
φ2, (5.21)

with v =
√
2µ, which is identical to eq. (2.26) up to the additional supergravity mass term

∆m2
φ = −βV0.
In the more general case with arg(Φ) 6= 2nπ/ℓ, SUSY new inflation is actually a two-field

model, and the extra degree of freedom can have an impact on the observables, particularly
on ns. This is discussed in more detail in chapter 9.

5.4.2 SUSY hybrid inflation

The simplest SUSY hybrid model is given by the superpotential [101–103]

Whybrid =
√
V0 S

(
1− H2

µ2

)
, (5.22)

where S and H are complex scalar fields and V0 and µ are constants. Note that this
superpotential is identical to the new inflation superpotential of eq. (5.17) with ℓ = 2 and
H = Φ. Therefore, the scalar potential is given by eq. (5.19), provided that we again write
K as in eq. (5.18) (with Φ → H).

For hybrid inflation, we assume that κS ≪ 1
12

so that S has a potential flat enough for

slow-roll. With the definitions S ≡ eiθφ/
√
2, H ≡ (χ + iψ)/

√
2 and µ ≡ v/

√
2, eq. (5.19)

can be rewritten as

V = V0

(
1− χ2

v2

)2

+
4V0
v4

φ2χ2 + 2κSV0φ
2 − βV0

2
χ2

+
V0
v2

(
2 +

4φ2

v2
− βv2

2

)
ψ2 +

V0
v4
(
2χ2ψ2 + ψ4

)
. (5.23)

With sub-Planckian v ≪ 1 and β . O(1), ψ has a positive super-Hubble mass and is
stabilized at ψ = 0, so we can neglect it. Then the remaining scalar potential V (φ, χ) is
identical to the hybrid inflation potential of eq. (2.31) except for a Hubble-sized extra mass
for χ:

V (φ, χ) = V0

(
1− χ2

v2

)2

+
λ

2
φ2χ2 + Ṽtree(φ)−

1

2
βV0χ

2, (5.24)

with n = 2, λ = 8V0/v
4 and Ṽtree(φ) = 2κSV0φ

2.
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An important property of hybrid inflation is that the quantum corrections to the effec-
tive inflaton potential are often important. At one loop, they are given by [104–107]

∆Vloop =
1

64π2

∑

i

(−1)2si m4
i (φ)


ln

(
m2
i (φ)

Q2

)
− 3

2


 , (5.25)

where mi(φ) is the mass and si the spin of the i-th particle degree of freedom, and Q
is the MS renormalization scale. In unbroken SUSY, the bosonic and fermionic one-
loop corrections cancel. However, during hybrid inflation SUSY is strongly broken and the
cancellation between bosons and fermions becomes incomplete. This results in significantly
large quantum corrections ∆Vloop, and the effective inflaton potential to use is

Ṽ (φ) = Ṽtree(φ) + ∆Vloop(φ). (5.26)

Using this Ṽ (φ) and accounting for the extra mass ∆m2
χ = −βV0 for the waterfall field,

SUSY hybrid inflation can then be analysed analogously to section 2.4.3.5

5.4.3 Comment on the η problem

Note that the scalar potentials in eqs. (5.21) and (5.23) contain an additional Hubble-sized
mass term from the Kähler potential:

∆m2
φ = γV0, (5.27)

with γ = −β in hilltop inflation and γ = 4κS in hybrid inflation. Such a mass term
contributes to the slow-roll parameter η given by eq. (2.18b):

∆η =
∆V ′′(φ)

V (φ)
≃ γ. (5.28)

If the coefficients in the Kähler potential are generic Planck-suppressed parameters, we
might expect γ ∼ O(1), and therefore a contribution ∆η ∼ O(1). However, slow-roll
inflation requires η ≪ 1, and the observed spectral index implies that |η∗| ∼ 10−2 barring
finely tuned cancellations between different slow-roll parameters. The tension between the
large generic SUGRA corrections from eq. (5.28) and the small required value η ≪ 1 for
slow-roll inflation is generally known as the η problem.

5Note that the perturbative effective potential Ṽ can be non-convex, and it can even have an imaginary
component if the particle spectrum contains a tachyonic mass, whereas the non-perturbative full effective
potential Veff is always convex and real. It turns out [107] that the perturbative quantity Re Ṽ is relevant

for the evolution of semiclassical states with “well-defined” field values φi, and Im Ṽ is related to a quantum
decay rate of such semiclassical states. On the other hand, the non-perturbative Veff applies to quantum
superpositions of vacua with very different background fields φi. During inflation, it is therefore appropriate
to use Re Ṽ as the leading-order correction to the classical evolution of the background field, provided that
the quantum decay rate due to Im Ṽ is small compared to the Hubble rate.
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The η problem is generic for SUGRA models of inflation [101, 108, 109], not just for
the specific superpotentials of eqs. (5.17) and (5.22). It basically states that the relevant
Kähler potential couplings for the inflaton must be tuned at the percent level to allow for
slow-roll inflation.

Such tuning can be either accidental or due to some approximate symmetries. Many
authors assume that the Kähler potential possesses an approximate shift symmetry [24, 110,
111] or a Heisenberg symmetry [31, 112–115] which enforces ∆η = 0. But even without such
symmetries, a percent-level tuning is not unreasonable: many proposed particle physics
models have a large number of scalar fields, and therefore it is easily conceivable that some
of them will have small Kähler masses just by chance, making them potential inflaton
candidates.

In this thesis, we take an agnostic stance on the solution to the η problem. We will
generally work with an expansion of the Kähler potential and tune the relevant Kähler
potential coupling by hand, keeping in mind the possibility that such a tuning might
ultimately be explained by some symmetry. We believe that this approach is generally
useful, since the exact symmetry case can usually be recovered by choosing the Kähler
potential coupling such that the Kähler mass vanishes exactly.

On the upside, the mechanism responsible for the η problem provides a simple way of
stabilizing spectator fields Yi during inflation, since even generic Planck-suppressed Kähler
potential couplings will endow them with Hubble-sized extra mass terms during inflation.
Such large masses quickly force the spectator fields towards Yi → 0 and suppress their
quantum fluctuations during inflation.



Part III

Tribrid inflation in realistic particle
physics models



Chapter 6

Introduction to tribrid inflation

After these preliminaries, we are now ready to analyse models of inflation in supergravity.
In this thesis, we are interested in two related classes of small-field models which can
potentially have close connections to particle physics: tribrid inflation and new inflation.

Both of these options can be realized with a “tribrid” superpotential. It features a
symmetry breaking field H which acquires a vacuum expectation value after inflation,
spontaneously breaking some high-scale particle physics symmetry like a GUT symmetry
or a family symmetry. In addition, the symmetry breaking field H is coupled to another
scalar field X which can be identified with a right-handed sneutrino or a D-flat MSSM
direction.

With such a superpotential, either X or H can be the inflaton. As we will see, both
possibilities allow for interesting connections to particle physics. We start with analysing
tribrid inflation with X as the inflaton in chapters 6–8. New inflation with H as the
inflaton is discussed later in chapters 9–11.

This chapter provides a general introduction to tribrid inflation and more detailed
guidelines for building models of Kähler-driven tribrid inflation. We begin by introducing
the tribrid superpotential and the different regimes of tribrid inflation. We then focus on
Kähler-driven tribrid inflation for which we calculate the primordial spectrum and show
that one of the inflaton potential parameters can be expressed entirely by αs and ns. This
allows us to derive relations between αs and particle physics parameters like the symmetry
breaking scale 〈H〉 and the inflaton’s mass or Yukawa coupling after inflation.

As a next step towards a realistic model, we discuss how tribrid inflation can be realized
in explicit particle physics models by replacing H and X by D-flat combinations of fields,
e.g. D-flat MSSM directions, and the conditions under which the predictions of tribrid
inflation remain unchanged under such generalizations of the tribrid superpotential.

This chapter constitutes a blueprint for model building: the second part contains the
instructions on how to embed inflation in a given model, and the first part determines the
relations between cosmological observables and model parameters that follow from such
an embedding. This will be illustrated later in chapter 7 where we realize tribrid inflation
in an explicit model of the leptonic flavour structure based on a spontaneously broken A4

family symmetry.
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6.1 Inflation with a tribrid superpotential

In this thesis, we study inflation with the “tribrid” superpotential

Wtribrid =
√
V0 S

(
1− Hℓ

µℓ

)
+ λHmXn (6.1)

for the three complex scalar fields S, H and X. ℓ, m and n are integer numbers with
ℓ ≥ m ≥ 2 and n ≥ 2. V0, µ and λ are positive, real parameters, since a complex phase of
these parameters can be absorbed in S, H and X via field redefinitions.

We can also write the superpotential in a different way which emphasizes the suppres-
sion scales of the non-renormalizable operators:

Wtribrid = S

(
√
V0 −

Hℓ

Λℓ−2
H

)
+
HmXn

Λm+n−3
X

, (6.2)

with

µℓ = Λℓ−2
H

√
V0, λ = Λ3−m−n

X , (6.3)

where ΛH , ΛX & O(1) for Planck-suppressed operators.1

The tribrid superpotential can usually be enforced by an U(1)R symmetry and one or
more Zp symmetries, though the precise charge assignment depends on how tribrid inflation
is embedded in a realistic model. For example realizations of tribrid inflation with such
symmetries, see sections 7.1 and 8.1.

Possible inflaton trajectories

Depending on the model parameters, any of the three scalar fields can be the inflaton:

• For ℓ = 2, we can have hybrid inflation with S as the inflaton, since the first term in
eq. (6.1) is then identical to the hybrid superpotential of eq. (5.22).

• For ℓ > 2, we can have new inflation with H as the inflaton, since the first term in
eq. (6.1) is then identical to the hilltop superpotential of eq. (5.17).

• For ℓ ≥ m ≥ 2, we can have hybrid inflation with X as the inflaton; this case is
usually called “tribrid inflation” in the literature.

Each of these possibilities can lead to inflation in agreement with the present experi-
mental constraints, and they all allow for interesting connections to particle physics. In
particular, for all of these possibilities, the scalar field H gets a vacuum expectation value

1For generic Planck-suppressed operators, one expects Λsuppr ∼ O(1), but there might be additional
suppression mechanisms for any given operator beyond the mere energy scale suppression.
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〈H〉 = µ after inflation. Therefore, these models can naturally connect inflation to spon-
taneous symmetry breaking of some particle physics symmetry,2 e.g. of a GUT symmetry
[29, 116–121] or a family symmetry [30].

The case of hybrid inflation with S as the inflaton has been widely studied in the litera-
ture [101–103, 116–122]. In this thesis, we focus on the less explored possibilities of tribrid
inflation (chapters 6–8) and new inflation with a tribrid superpotential (chapters 9–11).

In addition to these single-inflaton cases, it is also possible to have multi-field inflation
with any combination of S, H and X as inflaton fields. This is discussed in chapter 9 with
the real and the imaginary components of H and in chapter 10 with H and X as inflaton
fields.

Kähler potential

In principle, the tribrid superpotential allows both for small-field and for large-field models
of inflation. An important theoretical difference between these options is that in small-
field models, inflation is most sensitive to renormalizable operators in the potential, with
operators of higher mass dimension being increasingly suppressed; in large-field models, the
situation is exactly reversed. Since the low energy physics is dominated by the operators
with low mass dimension, this makes small-field models particularly suitable for linking
inflation to low-energy particle physics.

We therefore focus on small-field models throughout most of this thesis. This has the
advantage that our models are insensitive to the details of the UV complete theory: we can
generally expand all quantities in powers of Yi/mPl and keep a limited number of terms,
since higher-order terms are suppressed by the small field values.

In particular, we are able to consider a generic Kähler potential K and write it as a
power series expansion. Throughout this thesis, we assume that the Kähler potential can
be approximated by a power series in the modulus squared of the fields:

K =
∑

i

|Yi|2 +
∑

ij

κij|Yi|2|Yj|2 +
∑

ijk

κijk|Yi|2|Yj|2|Yk|2 + ..., (6.4)

with Y = {S,H,X}. We also assume that the higher-order operators in K are Planck-
suppressed, i.e. κij, κijk . O(1). This guarantees that higher-order operators are sup-
pressed in small-field models, i.e. for Yi ≪ mPl.

The Kähler potential can generally include other terms like ∆K ∝ Re(Hℓ) which are
irrelevant during Kähler-driven tribrid inflation. For some symmetry choices, it might also
be possible to have operators linear in S, like ∆K ∝ Re(S†X2), which can in principle
disturb the inflationary dynamics. However, in all the models considered throughout this
thesis, the most important of these operators are forbidden by symmetries, and we will
generally assume that they are absent.

2All of these models require that H is charged under some symmetry, since otherwise the superpotential
would contain terms like ∆W ∝ SH which drastically change the dynamics.
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6.2 Tribrid inflation

With the superpotential of eq. (6.1), tribrid inflation is defined as single-field inflation
along φ :=

√
2|X| while H ≃ 0 and S ≃ 0. Inflation ends with a waterfall transition in H,

which is triggered when |X| drops below a critical value |Xc|. The singlet field S is merely
an auxiliary field which is approximately zero during and after inflation.3

The main difference between tribrid inflation and conventional SUSY hybrid inflation,
which uses the singlet S as the inflaton, is that the tribrid inflaton X can be charged
under symmetries, including gauge symmetries [25]. We can therefore use matter fields,
e.g. D-flat MSSM directions, as inflaton directions. This connects inflation and particle
physics more closely: inflation is most sensitive to the inflaton couplings, so if the inflaton
is composed of observable matter fields, then the particle theory can more easily constrain
inflationary predictions.

In tribrid inflation, the inflaton potential can be generated from three different sources:
from the Kähler potential, from a non-zero 〈H〉 during inflation, and from one-loop quan-
tum corrections. Depending on ℓ and m, the effective inflaton potential V (φ) is often
dominated by one of these different contributions, leading to qualitatively different regimes:

• ℓ = m = 2 (“loop-driven regime”) [24–26, 114]: In this case, V (φ) is usually domi-
nated by one-loop quantum corrections to the effective potential. The inflaton po-
tential can receive dangerously large contributions from the Kähler potential, but
these can be avoided either by symmetries in the Kähler potential [24, 114] or by a
percent-level tuning of one Kähler potential parameter.

• ℓ ≥ m = 2 (“Kähler-driven regime”) [23, 28]: In this case, V (φ) is generated mostly
from Planck-suppressed operators in the Kähler potential.4 For φ ≪ mPl, for which
the expansion of the Kähler potential in eq. (6.4) is valid, the resulting inflaton po-
tential usually has a hilltop-type shape with only three relevant parameters. Kähler-
driven tribrid inflation can produce an observably large αs > 0, which – if it should
be measured – could fix the most important model parameter and also rule out the
other regimes of tribrid inflation.

• ℓ ≥ m > 2 (“pseudosmooth regime”) [27]: In this case, V (φ) is generated from
the superpotential coupling λHmXn, with H 6= 0 already during inflation. Inflation
proceeds similar to smooth hybrid inflation [123] but ends with a waterfall. Note that
because H 6= 0 already during inflation, no topological defects are formed during the
waterfall transition. So far, the predictions have been calculated for ℓ = m only, so it

3S can get a super-Hubble mass from the Kähler potential during inflation. For m = 2, the auxiliary
field is then stabilized at S = 0. For m > 2, S 6= 0 along the inflationary trajectory, but as long as it is
heavy enough, we still have S ≪ X and Ṡ ≪ Ẋ, which can be roughly approximated by S ≃ 0. [27]

4For ℓ = 2, the loop potential is often dominant (loop-driven regime), except for some specific Kähler
potentials for which even ℓ = 2 can be Kähler-driven. For ℓ > 2, loop corrections are strongly suppressed,
and the Kähler-driven regime is the generic case.
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is not yet clear whether models with ℓ > m > 2 can generate primordial perturbations
consistent with observations.

The generic predictions for small-field tribrid inflation are r . 0.01, µ & O(1016 GeV)
and αs & 0. The small tensor-to-scalar ratio is typical for small-field models and the mass
scale µ ∼ MGUT is typical for hybrid inflation. Some of these are falsifiable predictions:
an observable αs > 0 would exclude both the loop-driven and the pseudosmooth regimes,
and an observable αs < 0 or r > 0.01 would exclude all three regimes of small-field tribrid
inflation.

In addition to these generic predictions, tribrid inflation provides relations between
CMB observables and model parameters, depending on the regime of tribrid inflation.
For example, the Kähler-driven regime links the running of the spectral index αs to the
superpotential coupling λ and the symmetry breaking scale 〈H〉. These relations can
connect cosmology and particle physics in explicit models.

In the following chapters, we focus on the Kähler-driven regime of tribrid inflation,
which is most easily applicable to a wide range of particle physics models. For loop-
driven tribrid inflation, the requirement that ℓ = m = 2 makes it more difficult to find
suitable symmetries which forbid troublesome extra terms: since both SH2 and H2Xn

must be allowed superpotential operators, it is not clear how to forbid an Xn term in the
superpotential. And in pseudosmooth tribrid inflation, due to S 6= 0 and H 6= 0, one must
carefully consider not only couplings of additional fields to the inflaton X but also to S
and H to check whether or not they affect the inflationary dynamics. As we will see, such
considerations are much simpler in Kähler-driven tribrid inflation, and we will find useful
model building guidelines for easily embedding Kähler-driven tribrid inflation in explicit
models.

6.3 Kähler-driven tribrid inflation

We now discuss Kähler-driven tribrid inflation in greater detail. In particular, we consider
inflation along φ =

√
2|X| with the superpotential of eq. (6.1), ℓ > m = 2, and negligible

one-loop corrections.5 We start by deriving the inflaton potential and the slow-roll pre-
dictions and then explain how Kähler-driven tribrid inflation can be realized in realistic
particle physics models, which allows us to relate particle physics couplings to the running
of the spectral index in such models.

This section constitutes an updated version of the calculation in [28]. We improve on
[28] by taking into account the leading order corrections due to ξ2∗ and σ3

∗, by calculating
κs, and by expressing the predictions in terms of αs to find relations between cosmological
and particle physics parameters.

5Though Kähler-driven tribrid inflation is possible for specific model parameters even for ℓ = 2, the
one-loop corrections to the inflaton potential are usually important in this case. For this reason, we only
consider ℓ ≥ 3 when calculating the predictions for Kähler-driven tribrid inflation.
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6.3.1 Inflaton potential

For a D-flat inflaton direction,6 the inflaton potential Vinf(φ) is the F -term potential cal-
culated from eq. (5.4). To find a simple expression for Vinf(φ), it is important to realize
that H = S = 0 during inflation: H has a large positive mass from its coupling λH2Xn in
the superpotential, and S gets a large mass from Kähler corrections due to the arguments
given in section 5.4.3, with [28]

∆m2
S = −4κSSV0, (6.5)

for which we assume (−κSS) ≫ 1
12

so that S = 0 is stabilized with a super-Hubble mass
term.

With l > m = 2 and H = S = 0, it follows that W = WX = WH = 0 and WS =
√
V0.

The F -term potential of eq. (5.4) then becomes quite simple:

Vinf = eK
(
WSK

SSW †
S

)
= V0 e

KKSS. (6.6)

The inverse Kähler metric can be expanded as a Neumann series:

(
Kij
)
=
(
Kij

)−1

=

(
13 −

[
13 −

(
Kij

)])−1

=
∞∑

k=0

[
13 −

(
Kij

)]k
. (6.7)

In this expression, (Kij) and (Kij) are 3×3 matrices, and powers of matrices are evaluated

via matrix multiplication. Only terms proportional to KSS contribute to KSS, as all other
terms in this matrix multiplication (likeKSYi

KY iS
) are proportional to S†S = 0. Therefore,

KSS has the very simple form

KSS =
∞∑

k=0

(
1−KSS

)k
=

1

KSS

. (6.8)

With φ =
√
2|X|, the inflaton potential is therefore

Vinf(φ) = V0

[
eK

KSS

]

S=H=0

= V0
(
1 + a φ2 + b φ4 + ...

)
, (6.9)

where the dots denote higher powers of φ/mPl.
The couplings a and b are given by sums and products of the κij and κijk. Their func-

tional form (including the small canonical normalization effects as discussed in appendix
B of [28]) is given by

a =
1

2
(1− κSX) , (6.10a)

b =
1

8
+ a2 − a

2
+ κXX

(
1

4
− 2a

3

)
− κSXX

4
. (6.10b)

6See appendix C.1 for an estimate of corrections due to deviations from D-flatness.
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To derive the predictions for Kähler-driven tribrid inflation, we assume that further
Planck-suppressed operators like cφ6 are negligible, which is automatic for generic Planck-
suppressed operators |c| ∼ |b| ∼ O(1) [28]. Then the only viable option for small-field
inflation is a > 0 and b < 0 [28] and we can derive the predictions using the simple inflaton
potential

Vinf ≃ V0(1 + a φ2 − |b|φ4), (6.11)

with a . O(1) and |b| . O(1) due to our assumption that the non-renormalizable operators
in the Kähler potential are suppressed by the Planck scale.

6.3.2 End of inflation by waterfall transition

As in all models of hybrid inflation, inflation ends when the waterfall field’s mass becomes
tachyonic, which happens at small inflaton field values φ < φc, with

m2
H(φc) = 0. (6.12)

The waterfall field’s mass can be calculated from the F -term potential if we keep terms
up to O(H2) in eq. (5.4). For ℓ > 2, this leads to [28]

m2
H(φ) ≃ V0(1− κSH) + 22−nλ2φ2n, (6.13)

from which we can calculate φc in terms of the model parameters:

φ2n
c ≃ V0(κSH − 1)

22−nλ2
. (6.14)

Note that with ℓ > 2, H gets no tachyonic mass term from the superpotential. Instead,
the tachyonic mass is generated entirely from the non-renormalizable Kähler potential term
K ⊃ κSH |S2H2|. If these terms are Planck-suppressed as we assume throughout this thesis,
i.e. κSH . O(1), then the tachyonic mass term in eq. (6.13) is not much larger than the
Hubble scale: |mH(φ→ 0)| . H.

It is known that waterfall transitions with a small tachyonic mass |mH | < H are likely
to overproduce primordial black holes [77], which could put a lower bound on the parameter
κSH . The estimate in [77] suggests that black hole overproduction is avoided for mH & H,
which implies an estimated lower bound (κSH − 1) & 1/

√
3.

6.3.3 Slow-roll predictions for primordial power spectra

We are now ready to calculate the slow-roll predictions for the inflaton potential Vinf(φ)
given by eq. (6.11), using eqs. (3.24b)–(3.24e) and (3.25). Our goal is to derive the following
results:

• Derive the generic predictions for the primordial spectra in Kähler-driven tribrid
inflation: a positive running αs > 0 up to higher-order slow-roll corrections, negligible
running of the running κs ≪ 10−2 and negligible tensor modes r ≪ 10−2.
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Figure 6.1: Inflaton potential Vinf(φ) during Kähler-driven tribrid inflation, with the
vertical axis zoomed in around V0 so that the potential shape is visible despite V∗ ≃ V0.
One can see that φ∗ is close to the inflection point to allow for (1 − ns) ≃ 2η∗ ≪ 1; the
precise location of φ∗ determines the value of ns. We can thus determine φ∗ by measuring
ns, and in turn determine φc as the inflaton value at N∗ e-folds after φ∗.

• Express the inflaton potential parameter a as a function of the observables: a =
a(αs, ns).

• Find expressions for the superpotential parameters V0 and λ in terms of αs, ns and |b|
to find relations between cosmological observables and the model’s particle physics
couplings.7

Like in other small-field models, we can use that Vinf(φ) ≃ V0 during inflation (see [28]).
Then the slow-roll parameters from eqs. (2.18a)–(2.18d) are

ε(φ) ≃ 1

2

(
V ′

V0

)2

= 2φ2
(
a− 2|b|φ2

)2
, (6.15a)

η(φ) ≃ V ′′

V0
= 2a− 12|b|φ2, (6.15b)

ξ2(φ) ≃ V ′V ′′′

V 2
0

= −48|b|φ2
(
a− 2|b|φ2

)
, (6.15c)

σ3(φ) ≃ (V ′)2V ′′′′

V 3
0

= −48|b| ε(φ). (6.15d)

Horizon crossing inflaton value φ∗

To calculate the primordial spectrum, we need to evaluate the slow-roll parameters at the
field value φ∗ at horizon crossing, which can in principle be calculated from eq. (2.20) as
the field value N∗ e-folds before inflation ends at φc as given by eq. (6.14).

7The range of the parameter |b| can later be constrained by the requirement of small-field inflation
φ∗ ≪ mPl, which imposes a lower bound on |b|, and by our assumption that the non-renormalizable
operators are Planck-suppressed so that |b| . O(1).
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However, since our tribrid model can account for any spectral index ns, it will be more
useful to reverse this logic: we can also consider ns as a free input parameter and derive
predictions for φ∗ and φc as functions of ns. We start by combining eqs. (3.24c) and (6.15b):

24|b|φ2
∗ − 4a ≃ −2η∗ = 1− ns − 6ε∗ + 2q1ξ

2
∗ + 2q2σ

3
∗

= 1− ns − q1αs − (q21 − q2)κs −
3r

8
, (6.16)

where we have replaced ε∗, ξ
2
∗ and σ3

∗ with the observables r, αs and κs using eqs. (3.24b)–
(3.24e). With the definition

qs := 1− ns − q1αs − (q21 − q2)κs −
3r

8
≃ 1− ns − 1.06αs − 0.92κs − 0.38 r, (6.17)

we can thus solve eq. (6.16) for φ∗:

φ2
∗ =

4a+ qs
24|b| , (6.18)

where a and b are the parameters of the inflaton potential and qs ∼ O(10−2) is determined
from the measured values of ns, αs, κs and r. (In fact, we will find that κs and r are
negligible, and thus qs only depends on ns and αs.)

This can be understood intuitively from the inflaton potential as shown in fig. 6.1. The
curvature V ′′(φ) determines the spectral index ns (or more precisely qs). To get the small
observed value of qs ≃ (1 − ns) ∼ 0.04, we need to choose φ∗ close to the inflection point
at φinflect = ( a

6|b|)
1/2, with a small displacement from the inflection point determined by qs.

Lower bound on a

Our approach so far hides the fact that we need a minimal a for reproducing the observed qs:
for very small a, the required φ∗ calculated from eq. (6.18) lies beyond the local maximum
of the potential at φmax = ( a

2|b|)
1/2, and thus φ rolls towards larger field values and never

reaches the critical inflaton field value φc. To have the inflaton field roll towards φc < φ∗,
we therefore require that φ2

∗ < φ2
max. This leads to a lower bound on a:

a >
qs
8
. (6.19)
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Slow-roll predictions for αs and κs

To calculate the predictions for the primordial spectrum, we need to evaluate the slow-roll
parameters at φ∗:

ε∗ =
4

27|b|

(
a+

qs
4

)(
a− qs

8

)2

, (6.20a)

ξ2∗ = −16

3

(
a+

qs
4

)(
a− qs

8

)
, (6.20b)

σ3
∗ = −64

9

(
a+

qs
4

)(
a− qs

8

)2

=
4

3

(
a− qs

8

)
ξ2∗ . (6.20c)

Note that for large a ≫ qs, we have κs ≃ 2σ3
∗ ∼ 128

9
a3, so we need a . 10−1 to get

|κs| . O(10−2) as required by CMB constraints [9]. This in turn implies that σ3
∗ ≪ ξ2∗ ,

and thus

αs ≃ −2ξ2∗ =
32

3

(
a2 +

qs
8
a− q2s

32

)
> 0, (6.21)

which is strictly positive due to a > qs/8. Kähler-driven tribrid inflation therefore predicts
a positive spectral index up to higher-order slow-roll corrections.

For large a, eq. (6.21) implies αs ∼ 32
3
a2, and thus an upper bound

a .

√
3

32
α
(max)
s ∼ 0.03 (6.22)

for αs < 0.01 as implied by the Planck data [9].8

With this small value of a and αs . O(10−2), we find that

|κs| = |2σ3
∗| =

4

3

(
a− qs

8

)
αs . O(10−4), (6.23)

which confirms that σ3
∗ and κs are negligible.

Note that eq. (6.21) allows us to eliminate the Kähler potential coupling a for the
observable αs, with

a(αs, qs) =
−qs +

√
9q2s + 24αs

16
, (6.24)

which can be combined with qs ≃ 1−ns+1.06αs into a function a(αs, ns) to express other
predictions in terms of αs and ns.

8Since tribrid inflation predicts small κs ≪ 10−2 and r ≪ 10−2 as we show in eqs. (6.23) and (6.25),
the appropriate bounds on αs are those for ΛCDM+αs with κs = r = 0, for which αs = −0.006 ± 0.007
at 68% CL for the Planck TT,TE,EE+lowP dataset [9]. Of course, it is possible to relax other model
assumptions to weaken the bounds on αs as discussed in appendix B. However, even in the 12-parameter
extension of ΛCDM introduced in [124], the upper bound on αs is only relaxed to αs < 0.02 at 95% CL,
which still implies an upper bound of a . 0.04.



62 Introduction to tribrid inflation

0 3 ´ 10- 3 6 ´ 10- 3 9 ´ 10- 3
10-16

10-14

10-12

10-10

Α s

V
0

0 3 ´ 10- 3 6 ´ 10- 3 9 ´ 10- 3
10- 6

10- 4

10- 2

100
1

Α s

Λ

{ ³ 3, n = 3, ΚSH = 2

Figure 6.2: Predicted values for the vacuum energy V0 and the superpotential coupling
λ, for ns = 0.955 (blue band) and ns = 0.974 (red band), with N∗ = 55. λ also depends
on the exponent n of the inflaton term in the superpotential and weakly on the Kähler
potential coupling κSH ; we use n = 3 and κSH = 2 in this plot. The width of the bands is
due to the Kähler potential coupling |b|, which we constrained from below by φ∗ ≤ 1/4 in
eq. (6.18) (to have small-field inflation) and from above by |b| ≤ 1 (since we assume that
non-renormalizable operators are suppressed by mPl).

Slow-roll predictions for r and V0

The tensor-to-scalar ratio r can be calculated from eq. (3.24b) as

r = 16ε∗ = − 4

9|b|

(
a− qs

8

)
ξ2∗ =

2

9|b|

(
a− qs

8

)
αs. (6.25)

With (a− qs/8) < (a+ qs/4) ≃ 6|b|φ2
∗, this implies a tiny tensor-to-scalar ratio

r <
4

3
φ2
∗ αs ≪ αs. (6.26)

As expected for small-field models, Kähler-driven tribrid inflation cannot produce a signif-
icant amount of primordial gravity waves.

The prediction for V0 then follows directly from eqs.(3.24b) and (3.25):

V0 ≃ V∗ =
3π2

2
As r ≃ 1

|b|
(
7.2× 10−9

)(
a− qs

8

)
αs, (6.27)

with the amplitude of scalar perturbations fixed at As ≃ 2.2 × 10−9. V0 is plotted as a
function of αs in fig. 6.2, where one can see that typical values are around V0 ∼ 10−12, with
smaller V0 only for tiny running αs . 10−3.

Critical inflaton value φc

As a next step, we can use eq. (2.20) to find the required value of φc at N∗ e-folds after
φ∗. With the approximation V (φ)/V ′(φ) ≃ V0/V

′(φ), eq. (2.20) can be solved analytically
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for φc [28]:

φ2
c ≃ φ2

∗

(
a

e4aN∗(a− 2|b|φ2
∗) + 2|b|φ2

∗

)

= φ2
∗

(
12a

(8a− qs)e4aN∗ + 4a+ qs

)
, (6.28)

where we have used eq. (6.18) in the second step.

Superpotential coupling λ

As a final step, we can also derive the superpotential coupling λ(αs, ns, |b|) by plugging the
results for φc and V0 into eq. (6.14):

λ2 =
V0(κSH − 1)

22−nφ2n
c

, (6.29)

with V0(αs, ns, |b|) and φc(αs, ns, |b|) given by eqs. (6.27) and (6.28), and (κSH − 1) ∼ 1 as
explained in section 6.3.2. λ is shown as a function of αs in fig. 6.2; one can see that there
is a strong correlation between λ and αs. When we discuss how tribrid inflation can be
embedded in realistic particle physics models in section 6.4, we will see how this allows us
to predict relations between αs and a particle physics coupling, e.g. a Yukawa coupling or
the seesaw mass scale.

6.4 Embedding Kähler-driven tribrid inflation in par-

ticle physics models

Now that we have analysed Kähler-driven tribrid inflation with the abstract fields S, H
and X, we want to address the issue of how to embed this general structure in explicit
particle physics models.

For this purpose, we discuss how to replace the abstract fields H and X with combi-
nations of Higgs or matter fields, how we can derive relations between the cosmological
observable αs and the mass or Yukawa coupling of the inflaton fields as well as the symme-
try breaking scale 〈H〉, and some conditions which guarantee that tribrid inflation is not
disturbed by other fields present in the full particle physics theory.

6.4.1 Composite waterfall and inflaton directions

Though we have so far analysed tribrid inflation with only three distinct fields S, H and
X to keep the notation simple, tribrid inflation works just as well if Hℓ, H2 and Xn are
D-flat combinations of different fields: Hℓ → H1H2 . . . Hℓ, X

n → X1X2 . . . Xn. We can,
for example, use some D-flat MSSM direction as the inflaton by replacing X3 → LHdE
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or X2 → LHu. Even for such composite D-flat inflaton directions, the inflaton potential
retains the simple quartic form of eq. (6.9) (see appendix C.1 for details).

The predictions of section 6.3.3 remain almost unchanged, with a single exception: for
λH2Xn → λH1H2X

n, the predicted λ is doubled to compensate for the difference between
|WH |2 = |2λHΦn|2 and |WH2 |2 = |λH1Φ

n|2.

Note that for ℓ ≥ 3, Hℓ and H2 can be partially composed of different fields as long as
at least one of the fields in Hℓ and H2 is the same. For example, one could have

Wexample =
√
V0 S(1− µ−3H1H2H3︸ ︷︷ ︸

=̂Hℓ

) + λH1N︸ ︷︷ ︸
=̂H2

Xn + ..., (6.30)

where H1 is the component of the waterfall field that appears both in Hℓ and H2. As long
asH2 andH3 get a large mass from the superpotential or the Kähler potential, the waterfall
can only start along the H1 direction which is stabilized by VF ⊃ |∂W/∂N |2 = |λXnH1|2
during inflation.9

The field N which appears only in H2 and not in Hℓ will not get a vacuum expectation
value after inflation. It should therefore not be identified with a Higgs field, but with a
matter field like a right-handed sneutrino.

After inflation, tribrid inflation predicts either a mass or a Yukawa coupling for the
inflaton direction, depending on n and on whether we use H2 → H2

1 or H2 → H1N :

Coupling term n generated quantity example application

λH2
1X

2 2 mX = 2λ〈H1〉2 neutrino Majorana mass term

λH2
1X

3 3 yX = λ〈H1〉2 quark or electron Yukawa coupling

λH1NX
2 2 yXN = λ〈H1〉 neutrino Yukawa coupling

The examples mentioned in the table are

• generating a neutrino Majorana mass term from λH2
1X

2, where the right-handed
sneutrino X is the inflaton direction,

• generating a quark or charged lepton Yukawa coupling from e.g. λH2
1LHdE, where

LHdE is the inflaton direction,

• generating a neutrino Yukawa coupling from λH1LHuN , where LHu is the inflaton
direction and N is zero during and after inflation.

The factor 2 in the table for the generated mass applies only if a Majorana mass is
generated. If one uses a composite inflaton direction X2 → X1X2, one instead generates a
Dirac mass term and the factor 2 is absent.

9The full theory can contain extra terms, which we denoted with “...” in eq. (6.30), that fix the ratios
of the Hi to avoid massless directions in the H1H2H3 hypersurface after inflation. An explicit example is
given in chapter 7.
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6.4.2 Relating particle physics couplings to αs

In section 6.3.3, we have calculated the slow-roll predictions for the superpotential param-
eters V0 and λ as functions of αs, ns and |b|, which can be translated into relations between
αs and the particle physics parameters that are derived from the superpotential.

Symmetry breaking scale 〈H〉

The prediction of V0 from eq. (6.27) can be translated into constraints on the symmetry
breaking scale 〈H〉 of the waterfall transition:

〈H〉 =
(
Λℓ−2
H

√
V0

)1/ℓ
. (6.31)

Note that ΛH is a free parameter of the model, though we have ΛH & O(1) if we assume
that non-renormalizable operators are Planck-suppressed. 〈H〉 is plotted in fig. 6.3 as a
function of αs for ΛH = 1 and ℓ = 3. For different ΛH and ℓ, the predicted masses and
Yukawa couplings scale according to eq. (6.31) with V0(αs) given in fig. 6.2.

Generated mass mX or Yukawa coupling yX after inflation

Together with the constraint on λ from eq. (6.29), the constraint on 〈H〉 can be translated
into predictions for the generated mass mX or Yukawa coupling yX after inflation. These
predictions are shown in fig. 6.3 for ℓ = 3.10

Note that the mX , yX and yXN scale with (κSH − 1)1/2 due to their dependence on λ.11

The Yukawa coupling yXN for H2 → H1N also scales with Λ
(ℓ−2)/ℓ
H , and the mass mX or

Yukawa coupling yX with Λ
2(ℓ−2)/ℓ
H due to their respective dependencies on 〈H〉.

For Hℓ → H1H2 . . . Hℓ, eq. (6.31) holds for the geometric average of 〈H1〉, ..., 〈Hℓ〉. If
〈H1〉 deviates from this average, the predictions for mX , yX and yXN must be adjusted
accordingly.

Knowing the inflaton’s mass or Yukawa coupling after inflation can be useful not just
for constraining the low-energy particle physics of the model, but especially for analysing
the reheating period. Both the initial preheating and the eventual perturbative decay are
determined by the inflaton’s mass and couplings which are related to αs via the above con-
siderations. Therefore, a study of the reheating phase after Kähler-driven tribrid inflation
might eventually lead to relations also between αs and reheating predictions like the reheat
temperature, the baryon asymmetry or the non-thermal dark matter abundance.

10Fig. 6.3 includes the doubling of λ from replacing λH2 → λH1N for yXN , but not for mX and yX . If
mX or yX are generated from λH1H2 instead of λH2

1 , their prediction in fig. 6.3 should be doubled.
11However, we need (κSH − 1) & O(1) to avoid overproduction of primordial black holes as discussed

in section 6.3.2, and κSH . O(1) since we assume Planck-suppressed Kähler potential couplings, so that
(κSH − 1) ∼ 1 cannot vary very much.
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Figure 6.3: Predicted values for the waterfall field’s vacuum expectation value 〈H〉 and
the predicted inflaton mass mX or Yukawa coupling yX after inflation, for ns = 0.955
(blue band) and ns = 0.974 (red band), N∗ = 55, ℓ = 3, ΛH = 1 and κSH = 2. For
other values of the suppression scale ΛH and of the Kähler potential coupling κSH , these

predictions scale with 〈H〉 ∝ Λ
1/3
H and λ ∝ (κSH − 1)1/2. The width of the bands is due

to the Kähler potential coupling |b|, which we constrained from below by φ∗ ≤ 1/4 in
eq. (6.18) (to have small-field inflation) and from above by |b| ≤ 1 (since we assume that
non-renormalizable operators are suppressed by mPl). The equivalent relations for ℓ > 3
can be inferred from eq. (6.31) and fig. 6.2.

6.4.3 Spectator fields

One important feature of realistic models is that they contain many fields. At the bare
minimum, a realistic supersymmetric model contains the MSSM fields plus a supersym-
metry breaking sector, and models based on GUT or family symmetries include additional
symmetry breaking sectors for these symmetries. It is therefore important to understand
how the presence of additional fields besides S, H and X affects the inflationary dynamics.

It turns out that Kähler-driven tribrid inflation is relatively robust against additional
fields, provided that those extra fields’ couplings satisfy a few simple conditions during
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inflation. To understand this, recall that the dynamics during tribrid inflation only de-
pends on three factors: the inflaton potential Vinf(φ), the inflaton-dependent waterfall mass
m2
H(φ) responsible for the waterfall transition, and the stabilization of other fields with

super-Hubble mass terms to ensure single-field inflation.

Inflaton potential

The tree-level inflaton potential in tribrid inflation is extremely robust since its calculation
only depends on WS =

√
V0 and Wi 6=S = W = 0. Therefore, Vinf(φ) is not affected by any

new field Yi which respects the simple condition Wi = W = 0.

In addition, quantum corrections to the inflaton potential are typically very small for
ℓ > 2,12 and even if they are not completely negligible, they often have approximately
polynomial form such that they can be absorbed in the inflaton potential couplings a and
b (see section 8.3 for details).

Waterfall transition and stabilization of additional fields

When embedding tribrid inflation in an explicit model, we have to check that the spectator
fields have positive masses and that they do not affect the mass terms of the waterfall field.
The second condition mostly means we have to avoid mixed mass terms ∆W ∝ HYi and
SUSY breaking mass splitting terms ∆W ∝ SHYi with the extra fields Yi during inflation;
otherwise the waterfall transition could be spoiled or the critical inflaton field value φc and
the related prediction for λ could be shifted.

To check the stabilization of the spectator fields, one has to calculate the scalar mass
eigenvalues (with φ =

√
2|X| > φc) to make sure they are all large and positive except

for the inflaton direction. Note that during inflation, every field gets a supergravity mass
term ∆m2

i = (1− κSi)V0 which can help with this stabilization.

The calculation of the scalar mass matrix can be simplified by appropriate power count-
ing. Since the mass matrix depends only on the quadratic terms in the scalar potential,
we can discard all terms which contain three or more powers of non-inflaton fields. This
implies that we can immediately discard all superpotential terms which contain three or
more fields except S or X, since such terms cannot generate quadratic terms in the F -term
potential.13 For example, terms like ∆W ∝ H3 or ∆W ∝ SaXbY 3

i (with Yi 6= S,X) cannot
generate mass terms and can thus be ignored during inflation.

12Large logarithmic corrections can be generated if some field simultaneously has large inflaton-
dependent mass terms (which typically occurs for couplings ∆W ∝ YiYjX

a with a ≥ 1) and large SUSY
breaking mass splittings (which typically occurs for couplings ∆W ∝ SYiYj). In SUSY hybrid and tribrid
inflation with ℓ = 2, these conditions are both satisfied for the waterfall field, which is why the one-loop
potential is generally important in those models.

13If there are more fields Si which have a linear superpotential term just like S, then the Si also do not
count towards the power counting, since superpotential couplings ∆W ∝ Si(Y

2 − Λ2) can generate mass
terms for Y . Superpotential operators including S or Si are only negligible if they contain at least three
non-inflaton fields, e.g. SH3 or SiXY

3.
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For fields which have a vacuum expectation value during inflation, it is necessary to
first do a shift δYi = Yi−〈Yi〉 and then use the δYi for the power counting. For example, a
term like ∆W = λY Z2 = (λ〈Y 〉Z2 + ...) contributes a mass term for Z if Y has a vacuum
expectation value.

6.5 Summary

In this chapter, we have introduced tribrid inflation with particular emphasis on Kähler-
driven tribrid inflation. We started with a review of the inflationary dynamics and an
updated calculation of the slow-roll predictions for the primordial spectrum. We confirmed
the predictions of a positive running of the spectral index αs > 0, a small tensor-to-scalar
ratio r ≪ αs and a symmetry breaking scale 〈H〉 & O(1016 GeV), and we found that
κs ≪ αs is negligible.

We have shown how the most important inflaton coupling can be eliminated for αs,
allowing us to derive relations between αs and the superpotential couplings V0 and λ as
shown in fig. 6.2 and the symmetry breaking scale 〈H〉 as shown in fig. 6.3. Furthermore,
depending on the superpotential coupling between inflaton and waterfall field, we find
relations between αs and either the inflaton’s mass or its Yukawa coupling after inflation,
which are also shown in fig. 6.3.

Beyond constraining the low-energy particle physics of the model, these relations can be
particularly useful for studies of the reheating period after inflation, since both preheating
and reheating strongly depend on the inflaton’s mass and couplings. In this way, αs could
eventually also be related to reheating observables like the baryon asymmetry or the non-
thermal dark matter abundance.

As a next step, we have discussed how Kähler-driven tribrid inflation can be embedded
in realistic models by identifying the abstract waterfall and inflaton fields with D-flat com-
binations of Higgs and matter fields. We have pointed out that the tribrid superpotential
can be generalized easily without affecting the predictions, in particular by replacing the
Hℓ, Hm and Xn terms with different combinations of fields, which greatly broadens the
scope of possible model applications.

Finally, we have pointed out that the inflaton potential is robust against the presence of
any additional fields Yi provided that W = Wi = 0, and thus predictions derived from the
simple tribrid superpotential can be retained when tribrid inflation is realized in a realistic
model with many additional fields. However, one must still check that the extra fields are
stabilized during inflation, and that they do not affect the waterfall field’s mass.

The considerations in this chapter provide a framework for realizing Kähler-driven
tribrid inflation in realistic models. We are now ready to construct a realistic example
model to demonstrate how these results can be applied in practice.



Chapter 7

Tribrid inflation in an A4 lepton flavour
model

After the general analysis of Kähler-driven tribrid inflation in the last chapter, we now
demonstrate in an explicit example how tribrid inflation can be realized in a realistic
particle physics model. For this purpose, we present a lepton flavour model based on [17]
which employs a discrete A4 family symmetry1 and a CP symmetry to predict the structure
of the leptonic Yukawa couplings and neutrino masses.

As we will see, one can easily realize Kähler-driven tribrid inflation in this model using
either the D-flat LHu direction or a right-handed sneutrino direction. The model then
predicts a relationship between the running of the spectral index αs and the neutrino
Yukawa coupling or the heavy neutrino mass as shown in fig. 6.3.

Interestingly, we find one particular inflaton direction for which the waterfall field is
slightly shifted already during inflation. This has the advantage that the production of
topological defects during the waterfall transition may be avoided. We analyse this tra-
jectory in greater detail to confirm that the shifts in the non-inflaton fields do not disturb
the inflationary dynamics, and we discuss the conditions on the waterfall field and its
alignment potential which can lead to such shifts.

7.1 Lepton flavour model with A4 family symmetry

We start by introducing the lepton flavour model in which we will eventually realize tribrid
inflation. We first discuss the representations of discrete A4 symmetries, and then we
introduce the superpotential and the symmetry breaking sector for the A4 family symmetry
which lead to predictions for two of the leptonic mixing angles and the leptonic Dirac CP
phase.

7.1.1 A4 symmetry: representations and notation

Since the model is based on a discrete A4 symmetry, we first introduce the representations
of A4. There are four irreducible representations of A4, which we call 1, 1′, 1′′ for the
one-dimensional representations and 3 for the three-dimensional representation. The A4

transformations can then be characterized by the two generators S and T . We use the

1For early models with A4 family symmetry, see e.g. [14–16].
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Ma-Rajasekaran basis [16] for which the generators in the one-dimensional representations
are [125]

S1 = S1′ = S1′′ = T1 = 1, T1′ = ω, T1′′ = ω2, (7.1)

with ω = exp(2πi/3). In the 3 representation, S and T are [125]

S3 =



−1 0 0
0 1 0
0 0 −1


 , T3 =



0 1 0
0 0 1
1 0 0


 . (7.2)

To construct the A4 invariant superpotential, we need to contract these representations
such that their product is invariant, i.e. transforms as a 1. For products of one-dimensional
representations, the transformation properties in eq. (7.1) imply that

1′ × 1′′ = 1, (7.3)

1′ × 1′ = 1′′, (7.4)

1′′ × 1′′ = 1′, (7.5)

so we can form invariants as products of three 1′, three 1′′ or a product of 1′ with 1′′.
For products of three-dimensional representations, one finds the different contractions

[16]

3× 3 = 1+ 1′ + 1′′ + 3+ 3, (7.6)

with the contractions of two triplets x = (x1, x2, x3) and y = (y1, y2, y3) given by

(x y)1 = x1y1 + x2y2 + x3y3 =: x · y, (7.7a)

(x y)1′ = x1y1 + ω2x2y2 + ω x3y3, (7.7b)

(x y)1′′ = x1y1 + ω x2y2 + ω2x3y3, (7.7c)

(x y)+
3

=



x2y3 + x3y2
x3y1 + x1y3
x1y2 + x2y1


 =: x ⋆ y, (7.7d)

(x y)−
3

=



x2y3 − x3y2
x3y1 − x1y3
x1y2 − x2y1


 =: x× y. (7.7e)

We can then use eqs. (7.7a)–(7.7e) to form the cubic invariants (3× 3) · 3, (3 ⋆ 3) · 3,
(3 × 3)1′ × 1′′ and (3 × 3)1′′ × 1′, which implies that two A4 triplets plus any other field
always have an A4 invariant contraction.

We will also need the quartic invariants involving a single triplet field Θ = (x, y, z).
Since Θ×Θ = 0, the only possible combinations are

(Θ ·Θ)2 = x4 + y4 + z4 + 2(x2y2 + x2z2 + y2z2), (7.8a)

(Θ ⋆Θ) · (Θ ⋆Θ) = 4(x2y2 + x2z2 + y2z2), (7.8b)

(ΘΘ)1′(ΘΘ)1′′ = x4 + y4 + z4 − (x2y2 + x2z2 + y2z2), (7.8c)
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where we used ω+ω2 = −1 in eq. (7.8c). Note that we can express any of these by a linear
combination of the other two, so we will drop the first of these terms in the superpotential.

As a shorthand, we will also write [Θ]n for all possible A4 contractions with n powers of
Θ, and ΘiΘj := Θi ·Θj as well as Θ

2 := Θ ·Θ and Θ3 := 1
6
Θ · (Θ ⋆Θ) for the corresponding

unique invariant contractions.

7.1.2 Superpotential and field content

The model is based on the A4 invariant superpotential

W = λiΘi · LHuNi + γij(Θi ·Θj)ΘSNiNj

+ λ4Θ4 · LHdE1 + λ5Θ5 · LHdE2 + λ6Θ3 · LHdE3 +Wfl +Wmisc, (7.9)

where summation over i, j = 1, 2 is implied. The left-handed slepton doublets L and
the flavons Θn are A4 triplets, while the right-handed sleptons Ei and Ni, the electroweak
Higgs doublets Hu and Hd and the flavon ΘS are A4 singlets.

In this expression, the first terms are the lepton Yukawa couplings and the right-handed
neutrino masses. Wfl is the flavon alignment superpotential that enforces the correct break-
ing of the A4 and CP symmetries via vacuum expectation values 〈Θn〉. Wmisc contains the
quark Yukawa couplings and possibly additional interactions which are not relevant for our
purpose. How this model relates to the simple tribrid superpotential from eq. (6.1) will be
explained in section 7.2.

The flavon alignment superpotential of our model has the form2

Wfl =S1

(
[Θ1]

n1 − Λ2
1

)
+ κS2

(
Θ3

2 − Λ2
2

)
+ S3

(
[Θ3]

n3 − Λ2
3

)
+ S4

(
[Θ4]

n4 − Λ2
4

)

+ S5

(
[Θ5]

6 − Λ2
5

)
+ S6

(
[Θ6]

n6 − Λ2
6

)
+ S7

(
Θn7
S − Λ2

7

)

+ P12Θ1Θ2 + P16Θ1Θ6 + P34Θ3Θ4 + P35Θ3Θ5 + P36Θ3Θ6 + P46Θ4Θ6

+ A3Θ3 ⋆Θ3 + A4Θ4 ⋆Θ4 +D5

{
(Θ2

5)1′(Θ2
5)1′′ + k5(Θ5 ⋆Θ5)

2
}

+ α1D
′
2(Θ

2
2)1′′ + α2D

′′
2(Θ

2
2)1′ , (7.10)

where we introduced additional chiral fields Si, Pij, Ai, D5, D
′
2 and D

′′
2 which are expected

to be stabilized at zero during inflation just like S in the minimal tribrid superpotential of
eq. (6.1).

Prefactors which are not needed in the later calculations are dropped for brevity. κ,
Λ2, α1 and α2 are real in a suitable basis due to the assumed CP symmetry (before family
symmetry breaking). n1, n3, n4 and n6 can take even integer values and n7 any integer
value greater than two, and we assume k5 ≥ 3.3

The symmetries and charge assignments for the entire superpotential are discussed in
appendix C.2.

2The flavon alignment potential of eq. (6.1) is based on [17] for Θi with i = 1, ..., 5, extended by
alignment terms for Θ6 which enforce 〈Θ3〉 ⊥ 〈Θ6〉 ⊥ 〈Θ4〉.

3For a discussion of the case k5 < 3, see appendix A of [17].
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7.1.3 Flavon vacuum expectation values

The flavon alignment potential fixes the vacuum expectation values in the true vacuum to
[17]

〈Θ1〉 = c1




0
1
±1


 , 〈Θ2〉 = c2



±1
±1
1


 , 〈Θ3〉 = c3



0
0
1


 ,

〈Θ4〉 = c4



0
1
0


 , 〈Θ5〉 =



c5 sin(ϑ5)
i c5 cos(ϑ5)

0


 , 〈Θ6〉 = c6



1
0
0


 , 〈ΘS〉 = c7, (7.11)

where the ± can be chosen independently from each other with the constraint that 〈Θ1〉 ⊥
〈Θ2〉, and ci ∈ R, with global phases of the 〈Θi〉 absorbed by field redefinitions of the Θi

and the Pij, Ai, D5, D
′
2 and D′′

2 .
The phase difference of π/2 between the two components of 〈Θ5〉 is predicted for k5 ≥ 3,

and the value of ϑ5 is given by the precise value of k5.

7.1.4 Predictions for leptonic mixing parameters

Following [17], we choose the vacuum in which 〈Θ2〉 = c2(1, 1, 1)
T . In this vacuum, we get

leptonic Yukawa matrices of the form

yν =




0 ε2
ε1 ε2
−ε1 ε2


 , ye =




0 ε5 sin(ϑ5) 0
ε4 i ε5 cos(ϑ5) 0
0 0 ε6


 , (7.12)

and a diagonal right-handed neutrino mass matrix4

MR =

(
M1 0
0 M2

)
, Mi = 2γii〈Θ2

i 〉〈ΘS〉. (7.13)

yν and MR generate the light neutrino masses via the seesaw mechanism [126, 127]:

mν = 〈H2
u〉yνM−1

R yTν , (7.14)

which leads to a real symmetric mass matrix

mν = 〈H2
u〉



A A A
A A+B A− B
A A− B A+B


 , A =

ε22
M2

, B =
ε21
M1

. (7.15)

4The off-diagonal contribution from γ12〈ΘSΘ1Θ2〉N1N2 vanishes because 〈Θ1〉 ⊥ 〈Θ2〉.
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Diagonalizing the light neutrino mass matrix of eq. (7.15), we find that mixing in the
neutrino sector is “tri-bi-maximal” [128], with

θν13 = 0, θν12 = 35.3◦, θν23 = 45◦ (7.16)

in the notation of [129]. For the charged lepton mixing, we get

θe12 ≃ |ϑ5|, θe13 = θe23 = 0, (7.17)

to leading order in ϑ5 [130].
With θe23 = 0 in the charged lepton sector, the leptonic 2-3 mixing θPMNS

23 is [129]

θPMNS
23 = θν23 = 45◦. (7.18)

The leptonic 1-3 mixing receives a contribution from the 1-2 charged lepton mixing, induc-
ing a non-zero θPMNS

13 [129]:

θPMNS
13 ≃ θe12√

2
≃
∣∣∣∣
ϑ5√
2

∣∣∣∣ . (7.19)

The leptonic Dirac CP phase is almost maximal due to the phase difference in the two
components of 〈Θ5〉:5

δPMNS ≃ 270◦. (7.20)

Since the 1-3 mixings in both the neutrino and the charged lepton mass matrices are
zero in this model, we can also use the lepton mixing sum rule [129, 132, 133]

θPMNS
12 ≃ θPMNS

13 cos(δPMNS) + θν12 ≃ 35◦. (7.21)

Thus, for the vacuum with 〈Θ2〉 = c2(1, 1, 1)
T , the model predicts the leptonic mixings

θPMNS
12 ≃ 35◦, θPMNS

23 ≃ 45◦, and an almost maximal δPMNS ≃ 270◦. The value of θPMNS
13 can

be fitted by the choice of ϑ5.
6

7.2 Inflaton directions for tribrid inflation

The first step for implementing tribrid inflation in any model is to find suitable inflaton
and waterfall directions in the superpotential. In our A4 flavour model, possible waterfall
directions are given by the flavon directions Θi and possible inflaton directions are given
by D-flat combinations of matter fields.

As we have mentioned in section 6.4, Kähler-driven tribrid inflation requires a superpo-
tential term of the form λH2Xn or λHNXn, where H is the waterfall field, Xn is a D-flat
inflaton direction and N is some matter field with N ≃ 0 during and after inflation. In
the superpotential (7.9), the candidate terms are

5While there are some corrections due to the non-zero θPMNS
13 , we have numerically confirmed that these

are small using the publicly available MPT package [131].
6When a model of this type is embedded into a GUT, then the parameter ϑ5 is linked to the quark

sector, which can lead to a prediction also for θPMNS
13 [17].
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1. λj Θj · LHuNj, with H → Θj, X
2 → LHu and N → Nj,

2. γjj〈ΘS〉N2
jΘ

2
j , with H

2 → Θ2
j , X

2 → N2
j ,

for any j ∈ {1, 2}, without implied summation over j.
In the first case, Nj = 0 during inflation, and tribrid inflation predicts the Yukawa

coupling yνj = λj〈Θj〉 as a function of αs (fig. 6.3). In the second case, the right-handed
sneutrino Nj is the inflaton and tribrid inflation predicts its mass mNj

= 2γjj〈ΘSΘ
2
j〉 as a

function of αs (fig. 6.3).
We assume that ΘS and all Θi (i = 1, ..., 6) except Θj have already settled at their

minimum 60 e-folds before the end of inflation,7 so that only the dynamics of the inflaton
Xn and the chosen waterfall field Θj are important.

7.2.1 Sneutrino inflation

Using N2
j =: X2 as the inflaton direction is straightforward, as Nj does not have any A4

structure, and the superpotential operator 〈ΘS〉Θ2
jN

2
j stabilizes all components of the A4

triplet flavon Θj during inflation. The relevant terms during inflation exactly reduce to
the simple structure of eq. (6.1); the superpotential term γ12〈ΘSΘi〉 · ΘjN1N2 does not
generate an extra mass for Θj during inflation because Θ1 ⊥ Θ2 is enforced by the flavon
alignment potential (7.10). We thus expect that the usual results for Kähler-driven tribrid
inflation apply.

7.2.2 Lepton-Higgs inflation

Using LHu as the inflaton direction, we must account for the possibility that the 〈Θi〉,
i 6= j, can induce a large F -term potential for the inflaton:

∣∣∣∣
∂W

∂Ni

∣∣∣∣
2

= |λiΘi · LHu + 2γii〈ΘS〉Θ2
iNi + γij〈ΘS〉ΘiΘjNj|2. (7.22)

During inflation, these terms can generate a large inflaton potential except if L ⊥ 〈Θi〉.8
This means that the inflaton component with L ‖ 〈Θi〉 will be quickly driven to zero. If
inflation lasts more than the bare minimum of 60 e-folds, we can therefore assume that
L ⊥ 〈Θi〉 throughout the last 60 e-folds of inflation.

For j = 1, the model then again reduces to eq. (6.1), with LHu =: êφX
2, where

êφ ⊥ 〈Θi 6=j〉 is the inflaton direction in A4 space, normalized to |êφ|2 = 1. The case j = 2
is more complicated and will be discussed below.

7Otherwise, we would have multi-field inflation with several waterfalls. Only after the last waterfall will
the vacuum energy be zero, so we expect that inflation continues until the last flavon field moves towards
its minimum.

8The F -term in eq. (7.22) could also be minimised by Ni = λiΘi · LHu/(2γii〈ΘS〉Θ2
i ). This ambiguity

disappears if we include Hubble-scale mass terms for Ni which can be naturally generated from the Kähler
potential.
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7.2.3 Unique inflaton direction for preventing topological defects

Many models of hybrid inflation can produce dangerous topological defects at the end of
inflation, and the above model is no exception. In our case, the waterfall transition for
the Θj usually generates Znj

domain walls. The model therefore needs some mechanism
to either prevent their production or to remove the domain walls after they are formed.

In tribrid inflation, the problem is alleviated by the fact that the inflaton can be charged
under the symmetries of the waterfall field, and therefore those symmetries are usually al-
ready broken during inflation. If the symmetry breaking is transmitted to the waterfall
field, e.g. via additional inflaton-waterfall field couplings, the formation of topological de-
fects at the end of inflation may be avoided [25].

However, in this chapter’s A4 model there is one unique inflaton direction for which the
production of domain walls is avoided automatically: the LHu direction with Θ2 as the
waterfall field (j = 2). We want to discuss this case in more detail in the next section.

7.3 Inflationary trajectory without topological defects

As we have discussed in section 7.2.3, one can use different mechanisms to avoid the
overproduction of topological defects at the end of inflation. In this section, we discuss
a particular inflaton trajectory for which topological defects are avoided automatically,
because the waterfall field has a small shift during inflation. In our model, this naturally
occurs for inflation along the LHu direction with Θ2 as the waterfall field. We restrict our
analysis to that special case throughout this section.

We will need to keep track of the different A4 triplet components of both the inflaton
and the waterfall field, so it will be useful to introduce the notation

Θ2 =



x
y
z


 , LHu = Φ2



1
0
0


 , (7.23)

where we chose an inflaton direction which satisfies the condition LHu ⊥ 〈Θ1〉 which we
have explained in section 7.2.2.9

We should also note that during inflation Θ1 can have any value

Θ1 =



0
u
v


 , with u2 + v2 = Λ2

1. (7.24)

The flavon alignment potential (7.10) only fixes u and v when Θ2 has a sufficiently large
vacuum expectation value, i.e. after the waterfall transition. During inflation, u and v are
instead determined by their initial conditions.

9This inflaton direction is not unique, one can choose any direction perpendicular to 〈Θ1〉. We focus
on one specific direction, which suffices to demonstrate how the proposed mechanism works.
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7.3.1 Shift in Θ2

To see that Θ2 is non-zero during inflation, we need to minimize its scalar potential during
inflation. The relevant superpotential terms are

W ⊃ λ2 Θ2 · LHuN2 + γ22〈ΘS〉N2
2Θ

2
2 + κS2

(
Θ3

2 − Λ2
2

)

+ α1D
′
2(Θ

2
2)1′′ + α2D

′′
2(Θ

2
2)1′ + α3P12Θ1Θ2. (7.25)

We use the A4 contractions, with ω = e2πi/3:

(Θ2
2)1′ = x2 + ω2y2 + ωz2, Θ2

2 = x2 + y2 + z2,

(Θ2
2)1′′ = x2 + ωy2 + ω2z2, Θ3

2 = xyz. (7.26)

When calculating the F -term potential, we must include the Kähler potential coupling

∆K = (κΘ + 1)|Θ2
2S

2
2 |+ ... (7.27)

The F -term potential then becomes

V
(Θ2)
F =

∣∣∣∣
∂W

∂N2

∣∣∣∣
2

+

∣∣∣∣
∂W

∂S2

∣∣∣∣
2

+

∣∣∣∣
∂W

∂D′
2

∣∣∣∣
2

+

∣∣∣∣
∂W

∂D′′
2

∣∣∣∣
2

+

∣∣∣∣
∂W

∂P12

∣∣∣∣
2

− κΘV0|Θ2|2

=
∣∣λ2xΦ2 + 2γ22〈ΘS〉N2(x

2 + y2 + z2)
∣∣2 + κ2

∣∣xyz − Λ2
2

∣∣2 − κΘV0(|x|2 + |y|2 + |z|2)
+ α2

1

∣∣x2 + ωy2 + ω2z2
∣∣2 + α2

2

∣∣x2 + ω2y2 + ωz2
∣∣2 + α2

3 |Θ1 ·Θ2|2 . (7.28)

The last term enforces Θ1 ⊥ Θ2, which implies that

y = εv, z = −εu, (for some ε ∈ C) (7.29)

and which also guarantees that we can ignore the operator γ12〈ΘS〉Θ1Θ2N1N2 throughout
this calculation.

Shift in y and z

To find the shifts in y and z, we approximate x ≃ 0 and N2 ≃ 0. We will later see under
which conditions this approximation is valid. With this approximation and eq. (7.29), the
potential (7.28) simplifies to

V
(Θ2)
F ≃ V0 − κΘV0(|u|2 + |v|2)|ε|2 + (α2

1 + α2
2)(|u|4 + |v|4)|ε|4

+ 2 |uv|2
{
α2
1 cos

(
2 arg(u/v) +

2π

3

)
+ α2

2 cos

(
2 arg(u/v)− 2π

3

)}
|ε|4. (7.30)

Minimizing the potential with respect to |ε|2 gives

|ε|2 ≃ |u|2 + |v|2
2(α2

1 + α2
2)(|u|4 + |v|4) + 4γ|uv|2 κΘV0, (7.31)
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with

γ :=α2
1 cos

(
2 arg(u/v) +

2π

3

)
+ α2

2 cos

(
2 arg(u/v)− 2π

3

)
. (7.32)

For αi = O(1), one can show that eq. (7.31) implies max(|y|, |z|) = O(1)
√
κΘV0.

Note that the potential is not minimized with respect to Θ1 = (0, u, v). Instead, u and
v are constants given by the initial conditions, because in general their potential is very
flat compared to the inflaton potential, and therefore the fields can be treated as constant
during inflation.10

Shift in x

Using the shifts in y and z, but still assuming that S2 = N2 = 0, we can find the minimum
for x by minimizing eq. (7.28):

V
(x)
F = (λ22|Φ|4 − κΘV0)|x|2 − 2κ2Λ2

2 Re(xyz) + (α2
1 + α2

2)|x|4

+ 2α2
1 Re

{
(x∗)2(ωy2 + ω2z2)

}
+ 2α2

2 Re
{
(x∗)2(ω2y2 + ωz2)

}
. (7.33)

The two dominant terms are λ22|Φ|4 and the linear term in x. The other mass terms for x
are negligible during inflation because λ22|Φ|4 ≫ λ22|Φc|4 = κΘV0, and y

2, z2 . κΘV0. The
x4 term is also negligible, as we will find that x2 ≪ κΘV0.

We can therefore minimize the simple potential

V
(x)
F ≃ λ22|Φ|4|x|2 − 2κ2Λ2

2 Re(xyz) (7.34)

with respect to x. The result is

|x| ≃ κ|yz|
λ22|Φ|4

κΛ2
2︸︷︷︸√

V0

≤ κmax(|y|, |z|)2
λ22|Φ|4

√
V0 = O(1)κ

κΘV0
λ22|Φ|4

√
V0. (7.35)

During inflation, we have λ22Φ
4 ≫ λ22Φ

4
c = κΘV0, and therefore |x|2 ≪ V0, so x is suppressed

with respect to y, z ∼ √
κΘV0. This justifies our assumption in section 7.3.1, where we set

x ≃ 0 for the calculation of the shifts in y and z.
Near the critical point, we find that x is no longer suppressed with respect to y and z:

x ≃ O(1)
√
V0. In this case, y and z are no longer stabilized by |∂W/∂D′

2|2 and |∂W/∂D′′
2 |2,

and we expect Θ2 to roll down the potential along the direction x ≃ y ≃ z. Therefore,
near the critical inflaton value, we could have a smooth transition towards the minimum

10u and v initially minimize the F -term potential for Θ2 = 0, so the only term which induces a potential
for u and v is the interaction term α2

3|Θ1 · Θ2|2, which creates a potential for Θ1 and Θ2 when they are
not perpendicular to each other. However, this potential for each field is proportional to the vacuum
expectation value of the other field, and due to Θ1 ∼ Λ1 ≫ Θ2 ∼ H, the potential will generally be much
greater for Θ2 and thus be minimized by an adjustment in Θ2.
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of the waterfall field instead of a sudden waterfall at Φ = Φc. Anyway, as the waterfall
potential is steep, we expect inflation to end quickly near Φ ≃ Φc, so that the model still
approximately acts as a model of Kähler-driven tribrid inflation.

We expect that the slow-roll predictions for αs and 〈H〉 are not influenced by the shift in
Θ2, as they depend only on the inflaton potential far away from the critical point. However,
λ2 (and the derived yν2) might be changed by a factor of about exp(±δN/10), where δN is
the number of e-folds before the critical point at which the shift in Θ2 becomes relevant.11

Shifts in other fields

S2 and N2 also get small shifts due to the shift in x. However, these are completely
negligible if S2 and N2 also get positive Hubble-size masses from the Kähler potential: in
that case, one can easily show that S2 ≪ N2 ≪ |x|. We therefore set S2, N2 ≃ 0 in this
chapter.

7.3.2 Inflaton potential

The shift in Θ2 induces a small correction to the inflaton potential from

VF ⊃ |λ2Θ2 · LHu|2 = λ22|x|2 |Φ|4 . λ22κ
2V0

(
κΘV0
λ22|Φ|4

)2

|Φ|4

≪ O(1)V0 |Φ|4 . (for Φ ≫ Φc) (7.36)

For Φ ≫ Φc, the extra inflaton potential that is induced by Θ2 6= 0 is therefore much
smaller than the inflaton potential Vφ ≃ V0(1 + a φ2 + b φ4).

We conclude that despite the shift in Θ2, inflation is mostly Kähler-driven, except
possibly near Φ ≃ Φc around which we expect inflation to end anyway. Therefore we can
approximately use the predictions for yν2 =̂ yν and 〈Θ2〉 =̂ 〈H〉 from fig. 6.3, which have
been calculated for purely Kähler-driven tribrid inflation.

7.3.3 Possible variant: S2(Θ
5
2 − Λ2

2)

A simple variant of this model can be obtained by replacing the vacuum energy term for
Θ2 in the superpotential:

W ⊃ κS2(Θ
3
2 − Λ2

2) → κS2

(
Θ3

2 Θ
2
2 − Λ2

2

)
. (7.37)

The replacement suppresses the shift in x during inflation by another power of y2 + z2 ∼
V0 ∼ 10−12, which makes it completely negligible. This improves the quality of our approx-
imations and we expect that the model will behave more exactly like purely Kähler-driven

11This change in λ2 happens if the shift in Θ2 either accelerates or delays the phase transition, because
λ2 must be adjusted to get the correct number of e-folds between Φ∗ and the end of inflation. A precise
prediction of λ2 therefore requires an analysis of the complete multi-field model near Φ ≃ Φc including all
components of Θ2, and possibly a quantitative treatment of the tachyonic preheating phase.
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tribrid inflation, even very close to Φ ≃ Φc. Nevertheless, this setup may still remove
domain walls during the waterfall transition, as the potential still prefers a specific phase
for x when x, y and z grow during the waterfall transition.

However, it is not clear whether the preference is sufficiently large to either prevent the
production of domain walls or to efficiently remove them if they are produced. To answer
this question, the preheating phase must be studied in detail, which is beyond the scope
of this chapter.

7.4 Conditions for the shift in the waterfall field

We have seen that if the flavon Θ2 is identified with the waterfall field and LHu with the
inflaton, the waterfall field obtains a small shift during inflation, which can prevent the
formation of topological defects during the waterfall transition.12 However, if we had used
Θ1 as the waterfall field or N2 as the inflaton, no such shift would have occurred during
inflation.

In this section, we briefly want to sketch which characteristics of the superpotential
determine whether the waterfall field can obtain a shift during Kähler-driven tribrid infla-
tion:

1. The waterfall field H consists of several fields, e.g. it is a multiplet under some
symmetry.

2. At least one of the multiplet components of H does not receive a mass from the
inflaton.

3. The same multiplet component of H does not receive a mass term from the alignment
potential, but is instead stabilized by higher-order terms only.13

Let us apply these considerations to our example model: The first condition restricts
the range of waterfall fields for which this mechanism can work. In our model it is satisfied
because we use an A4 triplet flavon as the waterfall field.

The second condition explains why we do not get a shifted waterfall field when we useN2

as the inflaton: the superpotential term W (N) = γ22〈ΘS〉Θ2
2N

2
2 = γ22〈ΘS〉(x2 + y2 + z2)N2

2

provides masses for all three A4 components of Θ2 as long as N2 > Φc, so the waterfall
field is stabilized exactly at zero during inflation.

The third condition explains why using Θ1 does not lead to shifted waterfall trajectories.
Although an LHu inflaton only provides masses for one of the three A4 components of Θ1,
the other two components acquire mass terms from the flavon alignment potential via the

12Even if the production of domain walls is not totally prevented, it might be sufficient to bias the
occupation fraction such that domains of one vacuum are more abundant than those of other vacua, since
such biased initial conditions lead to an exponential decay of the domain wall network [134].

13There must be stabilizing terms, otherwise the waterfall will happen immediately along the unstabilized
direction.
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terms Wfl ⊃ P12Θ1Θ2 + P16Θ1Θ6. Therefore, all three A4 directions of the waterfall field
are stabilized at zero during inflation, and no shift can occur.

7.5 Summary

As an explicit example for tribrid inflation in a realistic particle physics model, we have
analysed a particular flavour model based on a spontaneously broken A4 family symmetry.
The inflaton can be either a right-handed sneutrino or a D-flat LHu direction, and tribrid
inflation predicts a relation between the running of the spectral index αs and either the
right-handed neutrino mass mN or the neutrino Yukawa coupling yν as shown in fig. 6.3.
For the considered range of parameters, the model also predicts leptonic mixing angles
θPMNS
12 ≃ 35◦ and θPMNS

23 ≃ 45◦, and an almost maximal leptonic Dirac CP phase δPMNS ≃
270◦.

For a particular inflaton trajectory along the LHu direction, the waterfall field gets
a slight shift already during inflation, which might prevent the formation of topological
defects at the end of inflation. We have calculated the shifts of the waterfall field’s compo-
nents and shown that their effect on the inflaton dynamics is small, so that the predictions
of Kähler-driven tribrid inflation should still apply with a possible small change in the
predicted value of the neutrino Yukawa coupling yν .

We also discussed the specific properties of our flavon alignment potential and of the
inflaton-waterfall coupling which are responsible for the waterfall field’s shift. These prop-
erties can be reproduced in other tribrid inflation models to identify alignment potentials
and inflaton directions for which the production of topological defects can be avoided.



Chapter 8

Tribrid inflation from renormalizable
couplings to messenger fields

In chapters 6 and 7, we have discussed small-field tribrid inflation with the assumption
that all non-renormalizable operators are suppressed by the Planck scale. This allowed us
not only to expand the scalar potential in powers of Yi/mPl, but also to use effective field
theory (EFT) without worrying about its validity since all the energy scales involved in
tribrid inflation were small compared to the Planck scale.

However, many realistic particle physics embeddings of tribrid inflation extend the
MSSM not only by the tribrid fields S, H, and X, but also by other new physics at a
scale ΛNP < mPl, e.g. some additional particles of mass mA ∼ ΛNP. In principle, we
can always account for such particles by analysing the inflationary dynamics in the full
model including all of the new particles explicitly in the superpotential W and the Kähler
potential K as we did for the A4 lepton flavour model in chapter 7. For energies below
ΛNP, we can also use a simpler approach: we can integrate out the messenger particles and
work with the resulting EFT which then includes various non-renormalizable operators
suppressed by powers of Yi/ΛNP.

In general, such an EFT is only valid for energies below the cutoff scale Λcutoff ∼ ΛNP.
However, it is not immediately clear how this translates into bounds on the inflaton field
displacement ∆φ during inflation. For ∆φ & Λcutoff , it is not possible to deduce the most
relevant operators by a truncated expansion in ∆φ/Λcutoff . However, if there are symmetry
arguments to limit the number and field content of non-renormalizable operators, the EFT
might still work for larger ∆φ as long as the relevant energy scale (e.g. the Hubble scale
H in inflation) is smaller than Λcutoff .

In tribrid inflation, this question is particularly relevant, as its waterfall phase transition
can naturally be related to some new physics at high but sub-Planckian scales ΛNP ≪ mPl.
At the same time, typical inflaton field displacements ∆φ during tribrid inflation are about
MGUT . ∆φ≪ mPl, and many potentially interesting tribrid models have ∆φ & ΛNP. It is
therefore important to understand whether tribrid inflation in such models can be studied
in the effective field theory framework with non-renormalizable operators suppressed by
Λcutoff ∼ ΛNP, or if one needs to explicitly include all relevant particles with masses up to
almost mPl.

In this chapter, we study this question for tribrid inflation by comparing the predictions
of a non-renormalizable Kähler-driven tribrid model to an explicit UV completion in which
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S H N X
U(1)R 2 0 1 1/2
Z4n 0 n n− 2 n+ 1

Table 8.1: One possible set of symmetries and charge assignments for the superpotential
in eq. (8.1), for any integer n ≥ 3.

the effective superpotential operators are replaced by renormalizable couplings to heavy
messenger fields. We discuss one particular case in detail and show that the tree-level
quantities match even for ∆φ > Λcutoff up to small corrections of order H/Λcutoff . We then
analyse the one-loop corrections which can be different between effective and renormalizable
superpotential, and finally discuss how one can generate different effective tribrid models
by different choices for the messenger sector, providing guidelines for tribrid inflation model
building in the presence of sub-Planckian new particles coupled to the S, H or X fields of
tribrid inflation.

Throughout this chapter, we generally keep the powers ofmPl instead of settingmPl = 1
to emphasize the relevant suppression scales.

8.1 Tribrid inflation with non-renormalizable super-

potential

Let us initially focus on the specific choice ℓ = 4, m = n = 2 for the tribrid superpotential
of eq. (6.1), i.e.

Weff = S

(
Λ2 − H4

Λ2
H

)
+

1

Λφ
HNX2 + ..., (8.1)

where we defined Λ := V
1/4
0 and the dots denote terms which are irrelevant for inflation.1

Our analysis can be extended to tribrid superpotentials with ℓ > 4 and/or n > 2 as we
will briefly discuss in section 8.4. However, the analysis will be much easier to follow
for a particular example, and therefore we will do most of our analysis for the explicit
superpotential in eq. (8.1). The given form of the superpotential can be enforced e.g.
by an U(1)R and a Z4n symmetry with charge assignments given in table 8.1. We also
assume that the Kähler potential can be expanded in the modulus squared of the fields as
in eq. (6.4).

1Such extra terms can give a mass to N after inflation, e.g. via ∆W ∝ H3N2 if one chooses a Z16

symmetry (n = 4) in table 8.1.
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The resulting scalar potential has the form

V = Λ4

∣∣∣∣∣
H4

Λ2
HΛ

2
− 1

∣∣∣∣∣

2

+

(
|X|4
Λ2
φ

+∆m2
H

)
|H|2 +∆Vinf(X)

+

(
|X|4
Λ2
φ

+∆m2
N

)
|N |2 + ∆m2

S|S|2 + ..., (8.2)

where Λ4 +∆Vinf(X) is the inflaton potential during inflation and ∆m2
H , ∆m

2
N and ∆m2

S

are additional squared masses for H, N and S due to Kähler potential operators for which
we assume ∆m2

H . −H2 and ∆m2
N , ∆m

2
S & H2.2

Inflation happens for |X| > |Xc| ≡ |∆mHΛφ|1/2 and H = N = S = 0, with the inflaton
slowly rolling towards smaller values while H = N = S = 0 due to their positive mass
terms, and the universe expands due the large false vacuum energy V ≃ Λ4. Eventually,
|X| drops below |Xc|, at which time H develops a tachyonic mass and quickly falls towards
its minimum, terminating inflation.

As explained in chapter 6, Kähler-driven tribrid inflation is equivalent to single-field
inflation with the canonically normalized3 real inflaton field φ ≃

√
2|X| with the inflaton

potential Vinf(φ) given by eq. (6.9):

Vinf(φ) = V0

(
1 +

a

m2
Pl

φ2 +
b

m4
Pl

φ4 + ...

)
. (8.3)

Inflation ends by a waterfall transition at

φc =
√

|2Λφ∆mH |, (8.4)

after which the waterfall field acquires a vacuum expectation value

〈H〉2 = ±ΛHΛ. (8.5)

The predictions of Kähler-driven tribrid inflation were calculated in chapter 6 based only
on the three eqs. (8.3)–(8.5). It is therefore sufficient to show that a model reproduces these
three equations to conclude that its predictions will be identical to those of Kähler-driven
tribrid inflation.

8.2 Generating W from renormalizable couplings

In the tribrid inflation model discussed above, the inflaton field traverses distances ∆φ ∼
O(mPl/10) during inflation. While this is sufficiently small to allow expanding the potential

2The sign of ∆m2
Yi

depends on κiS . We assume that κiS is chosen such that tribrid inflation is possible;
for ∆m2

S < 0, S = 0 would not be stable during inflation, and for ∆m2
H > 0, H would not develop a

tachyonic instability for any φ.
3The small difference between φ and

√
2|X| is due to canonical normalization, because X has a non-

canonical kinetic term KXX(∂µX)†(∂µX).
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S H N X A1 A2 B1 B2

U(1)R 2 0 1 1/2 2 0 3/2 1/2
Z4n 0 n n− 2 n+ 1 2n 2n 2n−1 2n+1

Table 8.2: One possible set of symmetries and charge assignments for the superpotential
in eq. (8.6), for any integer n ≥ 3.

in powers of φ2/m2
Pl, it is not clear whether the model remains valid for ΛH ≪ mPl or

Λφ ≪ mPl: this would lead to ∆φ & ΛH or ∆φ & Λφ, which suggests that the inflaton field
value might be above the cutoff scale of the EFT during inflation.

To study this question, we construct an explicit UV completion of the above model by
replacing the non-renormalizable superpotential operators with renormalizable couplings
to heavy messenger fields Ai and Bi which have masses much greater than the Hubble
scale.4 We then study inflation with the renormalizable superpotential and show that it
leads to the same tree-level predictions as the EFT even for ∆φ > ΛH and ∆φ > Λφ up
to small corrections. The one-loop quantum corrections to the inflaton potential and the
effects of different choices for the messenger sector will be discussed in sections 8.3 and 8.4,
respectively.

8.2.1 W and K with renormalizable couplings to messenger fields

We can generate the two non-renormalizable operators in eq. (8.1) from renormalizable
couplings to messengers A1, A2, B1 and B2 via the diagrams shown in fig. 8.1. The
superpotential for the theory including the heavy messengers is

W = g1H
2A1 +mAA1A2 + S

(
g2A

2
2 − Λ2

)
+ gHXHB1 + gNXNB2 +mBB1B2 + ...,

(8.6)

where the dots again denote terms which are irrelevant for inflation. A possible choice
of symmetries and charge assignments for all fields including the messengers is given in
table 8.2.

The Kähler potential is again expanded in powers of Yi/mPl, see eq. (6.4), with Y =
{S,H,N,X,A1, A2, B1, B2}.

We will now in turn calculate the inflaton potential Vinf , the critical inflaton field
value φc and the vacuum expectation value 〈H〉2 after inflation to compare this models’
predictions to the tribrid model of section 8.1.

8.2.2 Inflaton potential Vinf

The inflaton potential V = VF can be calculated from eq. (5.4) with VD = 0, because theD-
term potential enforces that the inflaton trajectory is D-flat as discussed in appendix C.1.

4If the messenger fields’ masses are below the Hubble scale, they need to be taken into account as
dynamical degrees of freedom. Their quantum fluctuations can affect the primordial spectrum of pertur-
bations and the predictions must be calculated using a multi-field formalism such as the δN formalism.
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H

H

A1 A2

H

H

g1 mA

A1A2

mAg2

S

g1

X

H

B1 B2

X

N

gH gNmB

Figure 8.1: Diagrams for generating the non-renormalizable operators of the superpo-
tential in eq. (8.1) from renormalizable superpotential couplings to heavy messenger fields
Ai and Bi.

During inflation, all non-inflaton fields are stabilized at zero, so the inflaton potential
is given by the scalar potential from eq. (5.4) with S = H = N = Ai = Bi = 0. As before,
we have W = 0, Wi = 0 for all i 6= S, and WS = Λ2, and therefore

Vinf = eK/m
2
Pl

(
WSK

SSW †
S

)
= Λ4eK/m

2
PlKSS. (8.7)

With the same arguments as in section 6.3.1 we arrive at the inflaton potential:

Vinf = Λ4

[
eK/m

2
Pl

KSS

]

S=H=...=0

≃ Λ4

(
1 +

a

m2
Pl

φ2 +
b

m4
Pl

φ4 + ...

)
. (8.8)

This tree-level inflaton potential is identical to that in eq. (6.9) for the non-renormalizable
superpotential. The underlying reason is that during inflation, both models have W = 0,
|WS| = Λ2, and Wi = 0 for all i 6= S. No matter how the superpotential is changed, as
long as it contains the term W ⊃ Λ2S and all other terms have at least two powers of
non-inflaton fields (which are stabilized at zero during inflation), the inflaton potential will
always reduce to eq. (6.9) during inflation.

8.2.3 Critical inflaton field value φc

We now want to find the critical inflaton field value φc, which is defined as the inflaton
field value below which the waterfall field develops a tachyonic mass:

m2
H(φc) = 0. (8.9)

The first step will be to find the waterfall fields’ mass matrix and the second step will be
to solve eq. (8.9) for φc.

Calculation of the waterfall fields’ mass terms

To determine the waterfall fields’ mass terms, we need to keep terms in the scalar potential
given by eq. (5.4) up to quadratic order in H. We also need to keep terms up to quadratic
order in B2 because we will find mixing between H and B2, and we keep terms up to
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leading order in X to find the correct dependence of the mass terms on the inflaton field
value.

The renormalizable contributions to the mass matrix can be calculated from V
(ren)
F =

|Wi|2. The relevant terms are:

|WN |2 = |gNXB2|2 , (8.10a)

|WB1 |2 = |gHXH +mBB2|2 = |mBB2|2 + |gHX|2|H|2 + 2Re
(
gHm

†
BXHB

†
2

)
. (8.10b)

The non-renormalizable corrections to these masses can be calculated starting with the full
formula from eq. (5.4), expanding K as in eq. (6.4) and keeping only terms up to quadratic
order in Yi/mPl. Their main effect is generating additional Hubble-sized diagonal mass
terms for all fields during inflation (see appendix C.3 for details):

VSUGRA ≃ ciΛ
4

m2
Pl

|Yi|2 ≡ ∆m2
i |Yi|2, (8.11)

where the ci are functions of the Kähler potential coupling constants κij.

Waterfall fields’ mass matrix

Due to the mixing term in eq. (8.10b), we must consider the entire H-B2 mass matrix to
determine for which φ the lowest mass eigenvalue becomes tachyonic.

To make the calculation less cumbersome, we choose gH , gN , mB and X to be real; their
phases can be absorbed into H, N , B1 and B2 by field redefinitions. We then decompose
the fields into real and imaginary parts:

B2 =
1√
2
(bR + ibI) , H =

1√
2
(hR + ihI) , X =

φ√
2
. (8.12)

The potential for H and B2 is now

VHB2 =
1

2

(
m2
B +∆m2

B2
+
g2Nφ

2

2

)
(
b2R + b2I

)
+

1

2

(
∆m2

H +
g2Hφ

2

2

)
(
h2R + h2I

)

+
gHφ√

2
mB (bRhR + bIhI) . (8.13)

The mass matrices for the field pairs (bR, hR) and (bI , hI) are

m2
HB2

=


 m2

B +∆m2
B2

+
g2Nφ

2

2
gHφ√

2
mB

gHφ√
2
mB ∆m2

H +
g2Hφ

2

2


 . (8.14)

For large inflaton field values, this mass matrix is dominated by the diagonal entries pro-
portional to φ2:

m2
HB2

φ→∞−−−−→
(

g2Nφ
2

2
0

0
g2Hφ

2

2

)
+ ..., (8.15)
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so that all mass eigenvalues are positive for very large inflaton field values.5

Solving for φc

For small inflaton field values below φc, one of the mass eigenvalues becomes negative. We
can determine φc from the condition m2

HB2,±(φc) = 0, where m2
HB2,± are the eigenvalues of

the waterfall fields’ mass matrix in eq. (8.14). To find a zero eigenvalue, we just have to
set the determinant of the matrix to zero:

0 = det


 m2

B +∆m2
B2

+
g2Nφ

2
c

2
gHφc√

2
mB

gHφc√
2
mB ∆m2

H +
g2Hφ

2
c

2




=

(
g2Nφ

2
c

2
+m2

B +∆m2
B2

)(
g2Hφ

2
c

2
+ ∆m2

H

)
− g2Hφ

2
c

2
m2
B. (8.16)

We can easily solve this for φ2
c. The exact result looks somewhat messy, but we find a

simple leading-order result by expanding in powers of ∆mi/mB ∼ H/mB:

φ2
c ≃ 2mB

gNgH
|∆mH |+ ... (8.17)

Up to corrections suppressed by powers of H/mB, which we denoted by “...”, eq. (8.17)
coincides with eq. (8.4) from the non-renormalizable theory if we identify

Λφ =
mB

gNgH
, (8.18)

just as one would expect from integrating out the heavy Bi fields in the renormalizable
theory.

8.2.4 Vacuum expectation values after inflation

The SUSY-preserving global minimum can be determined by setting all Wi to zero. A
straightforward calculation shows that this requires

〈A2〉2 =
Λ2

g2
, (8.19a)

〈H〉2 = −mA

g1
〈A2〉 = ± mAΛ

g1
√
g2
. (8.19b)

Eq. (8.19b) coincides with eq. (8.5) from the non-renormalizable tribrid model if

ΛH =
mA

g1
√
g2
, (8.20)

5One can also check that N∗ ∼ 50 e-folds before the end of inflation, when CMB scales cross the
horizon, the H-B2 mass eigenvalues are large compared to the Hubble scale, so that the waterfall field’s
perturbations can be neglected for computing the spectrum of primordial curvature perturbations.
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just as one would expect from integrating out the heavy Ai fields in the renormalizable
theory.

Most of the other fields are automatically stabilized at zero after inflation. Only two
directions do not gain a mass from the operators explicitly shown in eq. (8.6), but they
can easily be made massive by extra operators which are irrelevant during inflation, e.g.
∆W ∝ A2N

2 and ∆W ∝ DB2A2 with an extra chiral superfield D.6

8.2.5 Stabilization of messenger fields during inflation

We have shown that the renormalizable model reproduces the non-renormalizable model
as characterized by eqs. (6.9), (8.4) and (8.5), assuming that S = N = B1 = A1 = A2 = 0
during inflation. We should now check that this assumption is consistent. Note that we
have already shown that H = B2 = 0 for φ > φc, see eq. (8.15).

For N and B1, we find mixing just as for H and B2:

|WH |2 = |gHXB1 + 2g1HA1|2 = |gHXB1|2 + ..., (8.21a)

|WB2 |2 = |gNXN +mBB1|2 = |mBB1|2 + |gNX|2|N |2 + 2Re
(
gNm

†
BXNB

†
1

)
. (8.21b)

The calculation of the eigenvalues works analogously to the discussion for the H-B2 mass
matrix. For large φ, the mass matrix is nearly diagonal with very large masses m2

NB1
∝ φ2.

For smaller φ, a positive supergravity mass ∆m2
N & H2 is sufficient to stabilize all N -B1

directions even for φ ≤ φc.
The mass terms for S, A1 and A2 also take the form

∑
i(|Wi|2+∆m2

i ) during inflation,
where ∆m2

i ∼ O(H2) (see appendix C.3):

m2
S = ∆m2

S, (8.22a)

m2
A1

= m2
A +∆m2

A1
, (8.22b)

m2
A2

= m2
A ± 2g2Λ

2 +∆m2
A2
, (8.22c)

where the ± sign for A2 is “−” for the real and “+” for the imaginary component. We see
that A2 = 0 is stable if

mA >
√

2g2Λ, (8.23)

or if g2 . O(Λ2/m2
Pl) so that 2g2Λ

2 < ∆m2
A2

∼ O(Λ4/m2
Pl).

A1 is strictly heavier than the real component of A2, and S can always have a super-
Hubble mass depending on the Kähler potential (as usual in tribrid inflation).

In summary, we find that if eq. (8.23) is satisfied or if g2 is very small, all non-inflaton
fields can be stabilized at zero during inflation.

6As a general rule, such superpotential terms should contain at least three non-inflaton fields and no
power of S (which makes them negligible during inflation), and one should check that they do not generate
unwanted operators after inflation when H and A2 acquire vacuum expectation values.
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8.3 One-loop corrections to the inflaton potential

In section 8.2, we have shown that the renormalizable superpotential given by eq. (8.6)
including heavy messenger fields Ai and Bi leads to the same tree-level predictions for
inflation as the non-renormalizable tribrid superpotential defined in eq. (8.1), up to correc-
tions of order H/mA, H/mB. In particular, we demonstrated that both models reduce to
hybrid inflation with the same inflaton potential given by eq. (6.9), ending with a waterfall
at the same critical inflaton field value given by eq. (8.4), after which the waterfall field
acquires a vacuum expectation value given by eq. (8.5).

In this section, we want to compare the one-loop corrections to the effective inflaton
potential for the non-renormalizable and the renormalizable superpotential. In particular,
we want to show that for small inflaton field values φ2 ≪ ΛφmB, the loop corrections are
practically identical, up to small shifts that can be absorbed in the tree-level Kähler po-
tential couplings κXS and κXX or κSXX , whereas for larger field values the loop corrections
can take on a different functional form. However, for Kähler-driven tribrid inflation, they
turn out to be subdominant in both cases, so that our tree-level result remains valid and
the inflationary dynamics are identical for both cases even for large φ2 & ΛφmB.

8.3.1 One-loop potential in tribrid inflation

The loop effects can be studied using the one-loop effective potential as given in eq. (5.25).
In tribrid inflation, the one-loop contribution to the inflaton potential is suppressed by two
mechanisms:

1. Fermions contribute with a minus sign, so in unbroken SUSY, where one has equal
numbers of bosonic and fermionic degrees of freedom with identical masses, ∆Vloop =
0. During inflation, SUSY is broken by |WS|2 ≃ Λ4, which leads to some mass
splittings between scalars and fermions. The resulting loop potential is nevertheless
strongly suppressed by partial cancellations between bosonic and fermionic contribu-
tions.

2. Some fields have no φ-dependent mass terms from the superpotential, but only get
some Planck-suppressed φ-dependent mass terms from the Kähler potential. In this
case, the inflaton-dependent part of the one-loop potential must also be Planck-
suppressed.

For S and A1, both suppression mechanisms work simultaneously, and their contribution to
the inflaton potential is negligible. The contributions from the inflaton-dependent inflaton
mass can also generally be ignored, because the inflaton mass must be small throughout
slow-roll: m2

φ ≪ H2 ≃ Λ4/(3m2
Pl), and therefore ∆Vloop ≪ Λ8/m4

Pl.

For the non-renormalizable superpotential given by eq. (8.1), H and N have strongly φ-
dependent masses, so the second suppression mechanism does not apply, and the one-loop
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potential is

∆V
(EFT )
loop ≃ (∆m2

H +∆m2
N)

64π2

φ4

Λ2
φ

ln

(
φ4

4eQ2Λ2
φ

)
. (8.24)

For a large part of parameter space, these loop corrections are subdominant to the tree-level
inflaton potential of eq. (6.9) [28].

We now want to calculate the one-loop corrections for the renormalizable superpotential
of eq. (8.6). We discuss the corrections due to the A2 masses first, and those due to the
H-B2 and N -B1 mass eigenvalues afterwards. We do not discuss the contributions from S,
A1 and X, which are negligible for the reasons mentioned above.

8.3.2 Weakly inflaton dependent mass: A2

For A2, the mass splitting between scalar and fermionic components is large, which makes
the first suppression mechanism less effective. The scalar and fermionic masses are approx-
imately:

m
(S) 2
A2

(φ) ≃ NA(φ)

(
m2
A ± 2g2Λ

2 +
cΛ4

m2
Pl

)
, (8.25a)

m
(F ) 2
A2

(φ) ≃ NA(φ)m
2
A, (8.25b)

where the ± sign is “−” for the real and “+” for the imaginary scalar component, and

NA(φ) =
eK/m

2
Pl

KA1A1
KA2A2

= 1 +O(φ2/m2
Pl) (8.26)

is a multiplicative mass rescaling from non-renormalizable Kähler potential contributions
(see appendix C.3 for details).

To understand the qualitative behaviour of ∆V
(A2)
loop for these masses, we observe that

1. ∆V
(A2)
loop = 0 for Λ = 0.

2. ∆V
(A2)
loop is an even function of Λ2: ∆V

(A2)
loop (Λ2) = ∆V

(A2)
loop (−Λ2).

This implies that ∆V
(A2)
loop can be expanded in powers of Λ4, with no term containing less

than one power of Λ4.
The only inflaton dependence arises from expanding N (φ) in powers of φ2/m2

Pl, so the
inflaton-dependent part of ∆Vloop generally has the form7

∆V
(A2)
loop = Λ4

(
ã
φ2

m2
Pl

+ b̃
φ4

m4
Pl

+ ...

)
, (8.27)

7Higher powers of Λ4, like Λ8/m4
A, can be absorbed in the coefficients ã and b̃.
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which has the same form as the tree-level expansion in eq. (6.9). The loop corrections
can therefore be absorbed in the tree-level couplings, replacing a → aeff = (a + ã) and
b→ beff = (b+ b̃), which is equivalent to small shifts in the Kähler potential couplings κXS
and κXX or κXXS in the tree-level calculation.

The numeric factors ã and b̃ are also suppressed by the loop factor log(...)/64π2. For
the one-loop approximation to be valid, this loop factor must be small (otherwise two and
more loops would be expected to give even larger corrections), and one generally finds
ã, b̃ ≪ 1. However, even small corrections ã ∼ 10−2 lead to measurable changes in the
predictions, as the predictions of tribrid inflation are very sensitive to the precise value of
a.

8.3.3 Strongly inflaton dependent mass: H, N and Bi

We now want to discuss the H-B2 and N -B1 directions whose masses are strongly φ-
dependent due to their renormalizable couplings involving the inflaton field. We can focus
on the H-B2 direction with the mass matrix given in eq. (8.14); the calculation for N -B1

is identical except for a substitution gH ↔ gN , ∆m
2
H ↔ ∆m2

N and ∆m2
B1

↔ ∆m2
B2
.

The masses take a form similar to eqs. (8.25a)–(8.25b), but without the large splitting
between the real and imaginary scalar components. We write

m
(F ) 2
i (φ) = M2

i (φ), (8.28a)

m
(S) 2
i (φ) = M2

i (φ) + δ2i , (8.28b)

where δ2i ∼ O(Λ4/m2
Pl) is the SUSY breaking mass splitting term. During inflation, the

masses are large compared to the Hubble scale8, so we can expand V
(i)
loop (the contribution

of the i-th superfield to Vloop) in powers of δ2i /M
2
i :

∆V
(i)
loop =

1

64π2

∑

s, f

(−1)2si m4
i (φ)


ln

(
m2
i (φ)

Q2

)
− 3

2




=
1

32π2




(
M2

i + δ2i
)2

ln

(
M2

i + δ2i
e3/2Q2

)
−M4

i ln

(
M2

i

e3/2Q2

)


=
M2

i δ
2
i

16π2
ln

(
M2

i

eQ2

)
+ O(δ4i ), (8.29)

8Very close to the critical point, φ ≃ φc, two of the masses become small just before the tachyonic
instability develops at φ = φc, but during most of inflation the masses are very large. In particular, at the
time when CMB scales leave the horizon, mHB2

≫ H is a very good approximation. This is important
because predictions for the primordial spectrum depend most strongly on the potential around the time
of horizon crossing, so that is the time when we want our calculation of the loop corrections to be most
accurate.
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where the sum in the first line goes over both scalar and fermionic degrees of freedom
corresponding to the i-th superfield.

We now want to evaluate eq. (8.29) for the H-B2 mass matrix. As the M2
i and δ2i

for the mass eigenvalues look quite complicated, we will consider the limits of small and
large inflaton field values, expanding M2

i and δ2i in powers of φ2/m2
B for small φ and in

powers of m2
B/φ

2 for large φ. For gN ∼ gH , these two cases correspond to φ2 ≪ ΛφmB and
φ2 ≫ ΛφmB.

Small field values: φ2 ≪ ΛφmB

For φ ≪ mB/gN and φ ≪ mB/gH , the mass eigenvalues can be expanded in powers of φ.
The leading order terms are

M2
1 ≃ φ4

4Λ2
φ

, δ21 ≃ ∆m2
H , (8.30a)

M2
2 ≃ m2

B +
g2H + g2N

2
φ2, δ22 ≃ ∆m2

B2
+
g2Hφ

2

2m2
B

(
∆m2

H −∆m2
B2

)
, (8.30b)

and eq. (8.29) becomes, to leading order in φ2/m2
B:

∆V
(1)
loop ≃ ∆m2

H

64π2

φ4

Λ2
φ

ln

(
φ4

4eQ2Λ2
φ

)
, (8.31a)

∆V
(2)
loop ≃ φ2

32π2


g2H

(
∆m2

B2
−∆m2

H

)
+
(
g2N∆m

2
B2

+ g2H∆m
2
H

)
ln

(
m2
B

Q2

)
 . (8.31b)

The smaller mass eigenvalue in this limit is identical to the mass of H for the non-
renormalizable superpotential from eq. (8.1), up to corrections suppressed by higher powers
of φ2/(mBΛφ). For this reason, eq. (8.31a) reproduces the loop potential for the non-
renormalizable tribrid superpotential as given in eq. (8.24).9

The corrections due to the heavy B2 field, given by eq. (8.31b), can be made small by
choosing a suitable renormalization scale Q ∼ mB. In principle, Q can be chosen such
that the entire bracket is zero (in that case, the leading term is O(φ4/m4

B)). Even if it
provides a contribution to the effective inflaton potential, it takes the same functional form
as eq. (8.27), and could therefore be absorbed in the inflaton potential terms aeff and beff
as discussed for ∆V

(A2)
loop in section 8.3.2.

9We also reproduce the term proportional to ∆m2
N when we consider the contribution of the N -B1

mass eigenvalues.



8.4 Generalisation to other superpotentials and messenger topologies 93

Large field values: φ2 ≫ ΛφmB

For very large φ, the mass eigenvalues asymptote to eq. (8.15), with δ2 given by ∆m2
H or

∆m2
B2
. This leads to a loop potential of the form

∆V
(1,2)
loop =

g2H,N∆m
2
i

32π2
φ2 ln

(
g2N,Hφ

2

2eQ2

)
, (8.32)

with a functional form ∆V ∝ φ2 ln(φ) which is qualitatively different from that of the EFT
loop potential in eq. (8.24), and which cannot be absorbed in the tree-level couplings a
and b due to the logarithmic dependence. Note that this loop potential is suppressed by
(m2

B/φ
2) ≪ 1 compared to the EFT loop potential in eq. (8.24), so it is negligible in cases

where even the EFT loop corrections are subdominant.

8.3.4 Conclusion on one-loop corrections

The above calculations indicate that for small inflaton field values φ2 ≪ ΛφmB, the one-
loop corrections are almost identical for the non-renormalizable EFT superpotential and
the renormalizable superpotential involving heavy messenger fields. Though the heavy
messenger fields can introduce some corrections to the effective inflaton potential, the
deviations have the same form as the tree-level potential and can be absorbed in the tree-
level couplings as small shifts in the Kähler potential couplings κXS and κXX or κXXS.

For large inflaton field values φ2 ≫ ΛφmB, the logarithmic one-loop corrections have
a different functional form for the renormalizable and non-renormalizable superpotentials,
with ∆Vloop for the renormalizable superpotential suppressed by O(m2

B/φ
2) ≪ 1 compared

to the EFT.

In general, this shows that the one-loop corrections for inflaton field values above the
cutoff scale can deviate between the renormalizable and the non-renormalizable super-
potential, which could be relevant when constructing explicit models. However, in the
many cases where even the (larger) EFT one-loop corrections are small compared to the
tree-level inflaton potential, our analysis indicates that the inflationary dynamics for both
superpotentials are determined by their tree-level predictions and therefore identical up to
O(H/mA).

8.4 Generalisation to other superpotentials and mes-

senger topologies

In the previous section, we have discussed how to generate the specific non-renormalizable
tribrid superpotential defined in eq. (8.1) using the renormalizable superpotential in eq. (8.6),
such that both superpotentials lead to the same inflationary dynamics even for large field
values φ above the suppression scales Λφ and ΛH of the non-renormalizable superpotential.
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Figure 8.2: Diagrams for generating the non-renormalizable operators of the superpoten-
tial in eq. (8.33) from renormalizable superpotential couplings to heavy messenger fields
Ai and Bi for ℓ = 5 (left) and n = 3 (right).

In this section, we briefly discuss how this explicit worked-out example can be gener-
alized to more general tribrid superpotentials and how different choices for the messenger
sector can affect the inflationary predictions.

8.4.1 More general superpotentials

It is possible to extend our analysis to more general Kähler-driven tribrid superpotentials
of the form

W = S

(
Hℓ

Λℓ−2
H

− Λ2

)
+

1

Λn−1
φ

HNXn, (8.33)

with ℓ ≥ 4 and n ≥ 2. The last term can also be replaced by H2Xn/Λn−1
φ without changing

the inflationary dynamics, except for a numerical factor of 2 in the waterfall mass. It is
also straightforward to replace Xn by a D-flat direction of multiple fields, e.g. X2 → LHu

or X3 → LHdE.
For these more general tribrid superpotentials, it is possible to proceed analogously to

the discussion in section 8.2 using diagrams like those shown in fig. 8.2 (with the caveat
discussed in section 8.4.3). From the diagrams, one can read off the messengers’ symmetry
charges, as the total charge of the fields connected to each vertex must be 2 for an U(1)R
symmetry, 0 for U(1) symmetries and some multiple of n for Zn symmetries.

Higher ℓ > 4 can generally be achieved by adding more external H legs to the left
diagram in fig. 8.2. For this kind of messenger topology, the inflationary dynamics is
unaffected except for the vacuum expectation value after inflation, which is 〈H〉ℓ ∼ cΛ2

with a constant c composed of the Ai fields’ masses and their couplings to S and H. The
basic reason is that such diagrams are based only on superpotential couplings mAiAj,
HAiAj and H2Ai, which have no effect during inflation, and SAiAj, which generates a
mass splitting for Ai and Aj only, but no mass terms for H which is the field responsible
for initiating the waterfall instability.

Larger n can be achieved by adding more external X legs to the right diagram in
fig. 8.2. This leads to more complicated mixing. In the example given in fig. 8.2, we find
mixing terms between H, B2 and B4, so that the calculation of the mass eigenvalues is
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Figure 8.3: Alternative diagrams for generating the non-renormalizable operators of the
superpotential defined in eq. (8.1) from different renormalizable couplings to heavy mes-
senger fields Ai and Bi. These choices introduce stronger deviations from the predictions
of the EFT superpotential in eq. (8.1). The left diagram introduces significant H-A1

mixing, which can change both φc and ∆Vloop. The right diagram changes the dynamics
even more drastically, as it destabilizes the B1 field during inflation, which would lead to
multi-field inflation involving X and B1.

more involved, and therefore both the calculation of φc and the estimation of the one-loop
corrections are more difficult.

8.4.2 Effect of different messenger topologies

In our analysis, we have focused on a particular choice for the messenger sector which
leads to matching predictions between the renormalizable and non-renormalizable super-
potential. One could also think of generating the non-renormalizable operators in eq. (8.1)
with different messenger sectors, e.g. using the diagrams shown in fig. 8.3. However, these
alternative messenger sectors introduce stronger deviations from the predictions of the
non-renormalizable superpotential defined in eq. (8.1).

The left diagram in fig. 8.3 depicts an alternative way to generate the coupling SH4/Λ2
H .

The main difference is that it contains a vertex SHA1, which introduces a large H-A1

mixing term in the scalar mass matrix. This mixing affects the mass eigenvalues of the
waterfall directions and thus changes both φc and ∆Vloop.

The right diagram in fig. 8.3, which one might expect to generate ∆W ⊃ HNX2/Λφ,
changes the dynamics even more drastically, as it destabilizes B1 during inflation (the F -
term |WB2 |2 is minimized only for B1 ∼ X2/mB). In general, this will lead to multi-field
inflation involving X and B1.

10

We do not want to discuss these models in detail, but we want to emphasize that for
messenger sectors like those in fig. 8.3, the predictions for inflation must be calculated
carefully for the model including all the messengers, and the results will generally differ
from those expected for the non-renormalizable tribrid superpotentials defined in eq. (8.33).

10Even if B1 is heavy during inflation, so that it tracks its minimum at B1 ∼ X2/mB , the effective
inflation potential is changed by canonical normalization of the adiabatic direction along the two-field
trajectory, which is a large effect at least for X & O(mB).
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8.4.3 Checking for additional operators allowed by the symme-
tries

When constructing explicit models including the messenger sector, it is necessary to check
that no unwanted additional operators are allowed by the symmetries. This puts some
constraints on the possibilities for building messenger sectors. As an example, consider
constructing a messenger sector for the superpotential

WEFT = S

(
H4

Λ2
H

− Λ2

)
+

1

Λφ
H2X2. (8.34)

This is the same superpotential as in eq. (8.1), apart from replacing HN → H2, so one
might try to construct a messenger sector using the diagrams in fig. 8.1 with N replaced
by H:

Wren = g1H
2A1 +mAA1A2 + S

(
g2A

2
2 − Λ2

)
+ gHXHB +

mB

2
B2 + ... (8.35)

However, any choice of U(1)R and Zn symmetries consistent with eq. (8.35) also allows the
troublesome operator

∆Wtrouble ∝ A2X
2, (8.36)

which destabilizes A1 during inflation and generates a tree-level contribution to the inflaton
potential.

To be safe, one should always check that the symmetries of the model including the
messenger sector do not allow for any additional superpotential operators with less than
three powers of non-inflaton, non-S fields. In that case, the extra operators cannot generate
any mass terms during inflation, so that no fields can be destabilized and φc is unchanged.

8.5 Summary

In this chapter, we have studied whether tribrid inflation can be successfully realized even
in the presence of superpotential operators with low cutoff scales ΛH ,Λφ . ∆φ≪ mPl, or
if inflation must be studied in a more UV complete model explicitly including all particles
with masses mi . ∆φ.

We started by constructing a particular UV extension in which the non-renormalizable
operators with sub-Planckian suppression scales Λcutoff are replaced by renormalizable cou-
plings to heavy messenger fields. We found that at tree level, the inflationary dynamics for
both superpotentials could be reduced to eqs. (6.9), (8.4) and (8.5), even for ∆φ > ΛH ,Λφ.
In particular, this implies that the tree-level predictions are identical regardless of whether
one uses the non-renormalizable superpotential (with messenger fields already integrated
out) or the renormalizable superpotential (explicitly including all messenger fields), apart
from small corrections of order H/mA.
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However, the one-loop quantum corrections to the effective inflaton potential are dif-
ferent when calculated with the renormalizable superpotential. Most importantly, the log-
arithmic corrections due to the waterfall field’s mass are suppressed by (m2

B/φ
2) for large

field values φ2 ≫ ΛφmB compared to the non-renormalizable superpotential. The heavy
messengers’ masses also generate small polynomial corrections to the inflaton potential, but
those can easily be accounted for by small shifts of the tree-level Kähler potential couplings
κXS and κXX or κXXS. Our results imply that in the cases in which one-loop corrections are
subdominant even for the non-renormalizable superpotential, they will generally be neg-
ligible for the renormalizable superpotential as well, so inflation is well-described by the
tree-level predictions which are identical for both superpotentials. However, for models in
which the one-loop corrections are important, e.g. loop-driven tribrid inflation [24–26, 114],
it is important to explicitly include all messengers with masses mi . ∆φ.

Finally, we also discussed how our analysis can be extended to more general tribrid
superpotentials given by eq. (8.33). We discussed how one can systematically construct a
messenger sector to generate the non-renormalizable superpotential operators analogously
to our explicit example. We also discussed which qualitative differences occur when using
the different messenger topologies given in fig. 8.3, and why it is important to check ex-
plicitly that the messenger sector does not generate additional unwanted operators which
might disturb the inflationary dynamics.

In summary, we have shown that it is possible to realize Kähler-driven tribrid infla-
tion in particle physics models even when the superpotential contains non-renormalizable
operators with suppression scales Λcutoff . ∆φ, and we have outlined how a messenger
sector can be constructed such that the full theory including the messenger sector leads
to the same predictions as the non-renormalizable superpotential. For loop-driven tribrid
inflation, our results suggest that the messenger sector must be included explicitly, and
that the inflaton potential generally depends on the details of the messenger fields’ cou-
plings. These results have important implications for embedding tribrid inflation within
realistic particle physics theories that sponsor some intermediate scale ΛNP ≪ mPl, and
they provide useful guidelines for whether it is sufficient to use the simpler effective theory
with cutoff scale ΛNP or whether it is necessary to include the messenger sector explicitly
to study tribrid inflation within any given model.
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Part IV

New inflation with a tribrid
superpotential



Chapter 9

New inflation in supergravity

In the next few chapters, we discuss new inflation with the tribrid superpotential of
eq. (6.1). As we will see, both the supergravity embedding of new inflation and the coupling
between H and X can have important consequences. The SUGRA embedding can turn
new inflation into a two-field model with possible effects on the primordial curvature per-
turbation. On the other hand, the coupling between H and X affects the dynamics before
and after new inflation: it allows for dynamically generating the initial conditions for new
inflation with a preceding period of “preinflation”, and it also opens up a decay channel
for reheating and preheating which can allow e.g. for successful non-thermal leptogenesis
if X is a right-handed sneutrino field.

In this chapter, we start with the effects of the SUGRA embedding. When models of
new inflation are implemented in supergravity [29–36], the inflaton is a complex and not a
real scalar field. As a complex scalar field has two independent components, supersymmet-
ric models of new inflation are naturally two-field models. In this chapter, we analyse how
this two-field behaviour modifies the usual single-field predictions. We discuss for which
model parameters the model reduces to the well-known single-field model, and how the
predictions are affected otherwise.

The chapter is structured as follows. First we introduce the inflaton potential of SUGRA
new inflation including both the real and the imaginary component of the inflaton field,
and we review the single-field predictions for the case that the imaginary component is
negligible. Afterwards, we analytically study the initial conditions and field trajectories to
understand under which conditions the model reduces to a single-field model, and under
which conditions we expect that the multi-field dynamics should influence the inflationary
predictions. Finally, we use the δN formalism to numerically calculate the primordial
spectrum in the two-field model.

9.1 Scalar potential of supersymmetric new inflation

Throughout this chapter, we work with the scalar potential of SUGRA new inflation:

V = V0

{∣∣∣1− (φ+ iψ)ℓ

vℓ

∣∣∣
2

− β

2

(
φ2 + ψ2

)
}

(9.1)
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Figure 9.1: Qualitative form of the potential (9.1) for ℓ = 4 on large scales (left) and
zoomed in near the origin (right). It is easy to see that the potential is symmetric and
that we can restrict our discussion to the half-quadrant φ ≥ ψ ≥ 0.

for the real components φ and ψ of the complex scalar field H = 1√
2
(φ+ iψ). We require

that ℓ ≥ 3, v ≪ 1 and β ≪ 1 so that small-field new inflation is possible, and β ≥ 0 so
that the inflaton can roll away from H = 0 without tunnelling.

Inflaton potentials of the form of eq. (9.1) can be constructed from different super-
potentials and Kähler potentials, e.g. from the new inflation superpotential of eq. (5.17),
proceeding analogously to section 5.4.1 without assuming that ψ = 0.

Throughout this chapter, we only use the inflaton potential (9.1) for the calculations,
so our results are also valid for other superpotentials and Kähler potentials which lead to
an effective inflaton potential of the form (9.1), e.g. for [32, 33, 36], and for [35] (in the
limit c→ 0 in the last cited paper).

Note that the inflaton potential (9.1) is invariant under transformations H → H∗ and
H → e2iπ/ℓH. These symmetries are also obvious in fig. 9.1 where the potential is plotted
for ℓ = 4. Due to these symmetries, we can assume that 0 ≤ ψ ≤ φ tan(π/ℓ) without loss
of generality, and we will do so throughout this chapter.1

9.2 Predictions in the single-field limit

As a first step, we calculate the predictions for φe, φ∗, ns and V0 in the single-field limit
ψ = 0. The predictions for ψ 6= 0 will be derived in later sections.

1For any φ and ψ, we can do a symmetry transformation H → e2iπ(n/ℓ)H to get φ > 0 and
−φ tan(π/ℓ) < ψ ≤ φ tan(π/ℓ). If ψ ≥ 0, our assumption is now valid. Otherwise, we can follow up
with a symmetry transformation H → H∗ to get ψ > 0.
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Since φ≪ v during inflation, we can neglect the term V0(φ/v)
2ℓ in the inflaton potential:

V (φ) ≃ V0

(
1− 2

vℓ
φℓ − 1

2
βφ2

)
. (9.2)

With V (φ) ≃ V0 during new inflation, the slow-roll parameters ε and η as defined in
eqs. (2.18a)–(2.18b) are

ε(φ) ≃ 1

2

(
2ℓ

vℓ
φℓ−1 + βφ

)2

, η(φ) ≃ −2ℓ(ℓ− 1)

vℓ
φℓ−2 − β. (9.3)

For reasonable values of ℓ, i.e. ℓ ≪ β−1, one can easily show that ξ2 ≪ η and σ3 ≪ η, so
we neglect ξ2 and σ3 in this chapter.

Inflaton field values φe and φ∗

Eq. (9.3) implies ε≪ |η|, and thus slow-roll inflation ends at η(φe) = −1:

φℓ−2
e ≃ (1− β)vℓ

2ℓ(ℓ− 1)
. (9.4)

Note that for sub-Planckian v ≪ 1, we find φe ≪ v, so our assumption that φ≪ v during
inflation is consistent.

To calculate the inflaton field value φ∗ at horizon crossing, we use eq. (2.20):

N∗ ≃
φe∫

φ∗

dφ
2ℓ
vℓ
φℓ−1 + βφ

=
1

β(ℓ− 2)
ln

(
2ℓ+ vℓβφ2−ℓ

∗
2ℓ+ vℓβφ2−ℓ

e

)
, (9.5)

which can be solved for

φℓ−2
∗ ≃ βvℓ

2ℓ

((
1+(ℓ−2)β

1−β

)
e(ℓ−2)βN∗ − 1

) . (9.6)

Predictions for ns and V0

The spectral index can be calculated from eq. (3.24c), using ξ2 ≪ η and σ3 ≪ η:

ns ≃ 1 + 2η∗ ≃ 1− 2β − 2(ℓ− 1)β
1+β(ℓ−2)

1−β e(ℓ−2)βN∗ − 1
. (9.7)

ns is shown in fig. 9.2 as a function of β for various ℓ ≥ 4. ℓ = 3 is not shown because
it predicts ns < 0.94 for any choice of β. As one can see in the plots, for ℓ ≥ 5 it
is always possible to get a spectral index in agreement within the Planck constraints of
ns = 0.965± 0.005 at a 68% CL [9].
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Figure 9.2: Spectral index ns and vacuum energy V0 in the single-field limit as functions
of β for various ℓ from ℓ = 4 (blue) to ℓ = 8 (red). The plots are done for N∗ = 55 and
v = 10−2. Changing v only introduces an overall factor in V0 but does not change its
β-dependence, and ns is completely independent of v.

The inflationary vacuum energy V0 can be calculated from eqs. (3.25), (9.3) and (9.6).
The result has the form

V0 = f(β, ℓ,N∗)× v2ℓ/(ℓ−2). (9.8)

f is a non-trivial function of β, ℓ and N∗, but the proportionality V0 ∝ v2ℓ/(ℓ−2) is inde-
pendent of β. V0 is plotted for various ℓ and v = 10−2 in fig. 9.2.

r can be deduced from V0 ≃ V∗ via eq. (3.27); for small-field new inflation, r is generally
negligible.

9.3 Initial conditions for real and imaginary inflaton

component

In a multi-field model of inflation, the predictions can depend on the initial conditions. In
this section, we discuss the initial conditions that we use for the analysis of the two-field
effects in SUGRA new inflation.

9.3.1 Quantum diffusion boundary

We start from the assumption that at some point in time, the field is very close to H = 0,
e.g. due to a previous phase of preinflation during which H is driven to zero by its coupling
to another scalar field (see chapter 10 for an extended discussion).

When H = 0, the classical equations of motion imply that the field does not move away
from H = 0 at all. However, the field H has quantum fluctuations which can be thought of
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as moving H randomly over time.2 Near H = 0, these quantum fluctuations dominate over
the classical evolution; we call this area the quantum diffusion region. After some time,
however, H has randomly moved into some region where the potential is steep enough
for the classical evolution to take over and the inflaton rolls away from H = 0, down the
potential gradient towards the nearest minimum. We therefore choose initial conditions on
the boundary where the classical evolution starts to dominate over the quantum diffusion,
and calculate the evolution with the classical field equations from there.

The boundary between the quantum diffusion region and the region of classical field
evolution can be estimated by comparing the classical evolution ∆Hcl per Hubble time
tH = H−1 to the growth of quantum fluctuations ∆Hqu per Hubble time. For this purpose,
|∆Hqu|2 = 1

2
〈δφ2 + δχ2〉 is estimated from the de Sitter space vacuum fluctuations of a

massless real scalar field ϕ [41]:

〈δϕ2〉 =
(H
2π

)2

N(t), (9.9)

where N = Ht grows by ∆N = 1 per Hubble time. With the classical slow-roll eqs. (2.15)–
(2.16) for φ, ψ and H, the quantum diffusion boundary can be estimated as

|∆Hcl|2 = |Ḣ|2 t2H =
1

2V 2

[(
∂V

∂φ

)2

+

(
∂V

∂ψ

)2
]

!
= |∆Hqu|2 =

(H
2π

)2

. (9.10)

To solve eq. (9.10), it is more useful to work in polar coordinates for H, with a radius
ϕ and an angle θ:

H =
1√
2
(φ+ iψ) =

ϕ√
2
eiθ. (9.11)

With these conventions, the scalar potential (9.1) is

V = V0

{
1− 2

vℓ
ϕℓ cos(ℓθ) +

ϕ2ℓ

v2ℓ
− β

2
ϕ2

}
. (9.12)

We must also be careful to note that
(
∂V

∂φ

)2

+

(
∂V

∂ψ

)2

=

(
∂V

∂ϕ

)2

+

(
1

ϕ

∂V

∂θ

)2

, (9.13)

where the factor 1/ϕ appears in front of the derivative with respect to θ because θ is not
a canonically normalized field. In these polar coordinates, and using the fact that V ≃ V0
during new inflation, eq. (9.10) can be written as

(
1

V0

∂V

∂ϕ

)2

+

(
1

V0

1

ϕ

∂V

∂θ

)2

=

( H√
2π

)2

. (9.14)

We want to solve this equation for the initial field values φi and ψi separately for the cases
β = 0 and β 6= 0.

2During inflation, perturbation modes continuously cross the horizon and freeze out, after which they
can be treated as part of the classical background field within the local Hubble patch [41].
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9.3.2 Diffusion boundary for β = 0

For β = 0, the relevant derivatives are3

1

V0

∂V

∂ϕ
= −2ℓ

vℓ
ϕℓ−1 cos(ℓθ), (9.15a)

1

V0

∂V

∂θ
=

2ℓ

vℓ
ϕℓ sin(ℓθ). (9.15b)

With these ingredients, eq. (9.14) becomes very simple

(
2ℓ

vℓ
ϕℓ−1
i

)2

=

( H√
2π

)2

, (9.16)

so the diffusion boundary is a circle in field space with the squared radius

(
φ2
i + ψ2

i

)
=

(
vℓH√
8πℓ

) 2
ℓ−1

. (9.17)

9.3.3 Diffusion boundary for β > 0

For sufficiently small H, the mass term from β dominates over the other inflaton poten-
tial terms which are of higher order in the fields. Therefore, we can neglect the other
interactions at the diffusion boundary,4 and eq. (9.14) simplifies to

(
φ2
i + ψ2

i

)
=

(
H√
2πβ

)2

. (9.18)

We find that the diffusion boundary is a circle around the origin with radius H/(
√
2πβ).

To find out how large β must be so that we can neglect the other inflaton interactions, we
can compare the size of the two interactions at the diffusion boundary given by eq. (9.18):

[(
∂V
∂ϕ

)2
+
(

1
ϕ
∂V
∂θ

)2]

β=0[(
∂V
∂ϕ

)2
+
(

1
ϕ
∂V
∂θ

)2]

β>0

=

(
2ℓ
vℓ
ϕℓ−1
i

)2

β2ϕ2
i

=
4ℓ2

β2v2ℓ

(
H√
2πβ

)2ℓ−4

≪ 1

⇔ β ≫
[
4ℓ2

v2ℓ

(
V0
6π2

)ℓ−2
] 1

2ℓ−2

. (9.19)

3We drop the term ϕ2ℓ/v2ℓ in the potential because it is negligible during inflation.
4If β is so small that it does not dominate even at the diffusion boundary, it can be neglected completely

for the purpose of inflation, and the results for β = 0 can be used.
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For an order-of-magnitude estimate, we can insert the vacuum energy for single-field new
inflation with β ≃ 0, which is

V0 ∼ 12π2As

(
vℓ

2ℓ

) 2
ℓ−2 [

(ℓ− 2)N∗
]−(2+ 2

ℓ−2) . (9.20)

Then the condition (9.19) becomes

β ≫ (2As)
ℓ−2
2ℓ−2

(ℓ− 2)N∗
, (9.21)

and we find that eq. (9.18) is valid for any β ≫ 10−5 if ℓ = 4. For larger ℓ, the threshold
for β is even lower.

9.4 Analytic estimate of two-field trajectory

In this section, we analyse the dynamics of the φ and ψ fields during inflation to estimate for
which parameters the model reduces to the well-known single-field model of new inflation.

We can rewrite the fields φ, ψ as ϕ, θ according to eq. (9.11). Using the partial
derivatives

∂ϕ

∂φ
= cos(θ),

∂ϕ

∂ψ
= sin(θ),

∂θ

∂φ
= −sin(θ)

ϕ
,

∂θ

∂ψ
=

cos(θ)

ϕ
, (9.22)

and ignoring the negligible term proportional to ϕ2ℓ in the potential, we can calculate the
partial derivatives of the scalar potential (9.12) during inflation:

∂φV = −V0
{
βφ+

2

vℓ
∂

∂φ
(ϕℓ cos(ℓθ))

}

= −V0 φ
{
β +

2ℓϕℓ−2

vℓ
(
cos(ℓθ) + sin(ℓθ) tan(θ)

)
}
, (9.23a)

∂ψV = −V0
{
βψ +

2

vℓ
∂

∂ψ
(ϕℓ cos(ℓθ))

}

= −V0 ψ
{
β +

2ℓϕℓ−2

vℓ
(
cos(ℓθ)− sin(ℓθ) cot(θ)

)
}
. (9.23b)

Using eq. (2.16), we can calculate the inflaton trajectory in field space:

∂ψ

∂φ
=

ψ̇

φ̇
=

−∂ψV
−∂φV

=

(
ψ

φ

)
βvℓ + 2ℓϕℓ−2

(
cos(ℓθ)− sin(ℓθ) cot(θ)

)

βvℓ + 2ℓϕℓ−2
(
cos(ℓθ) + sin(ℓθ) tan(θ)

) . (9.24)

We will discuss the behaviour of the field trajectory for two distinct cases: for a vanishing
mass term (β = 0), for which we will recover the single-field new inflation limit, and for
a large mass term (β & 10−2), for which we show that the imaginary inflaton component
cannot generally be neglected.
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9.4.1 Supergravity mass term vanishes (β = 0): single-field limit

If β = 0, the tachyonic mass term for H exactly vanishes.5 In this case, we can show that
the imaginary component ψ decays before the observable primordial fluctuations leave the
horizon, and inflation reduces to single-field new inflation.

With β = 0, eq. (9.24) simplifies to

∂(logψ)

∂(log φ)
=

cos(ℓθ)− sin(ℓθ) cot(θ)

cos(ℓθ) + sin(ℓθ) tan(θ)
. (9.25)

As explained in section 9.1, we can assume that 0 ≤ θ ≤ π/ℓ. Moreover, for large θ > θthr,
we have ∂φV > 0, so for such large θ, φ is rolling back towards 0 until the inflaton is so close
to φ = ψ = 0 that quantum diffusion dominates. Eventually, the inflaton will randomly
diffuse out of this diffusion region. Every time it leaves the diffusion region with θ > θthr,
it is pushed back, until it eventually leaves the diffusion region with θ < θthr.

Assuming 0 < θ < θthr, we find that

∂(logψ)

∂(log φ)
=

cos(ℓθ)− sin(ℓθ) cot(θ)

cos(ℓθ) + sin(ℓθ) tan(θ)
=

tan((1− ℓ)θ)

tan θ
< −(ℓ− 1). (9.26)

This implies that ψ drops off faster than 1/φℓ−1:

ψ(φ) < ψ0

(
φ0

φ

)ℓ−1

(9.27)

for any initial values ψ0 and φ0. If the initial displacement from ψ = φ = 0 is due to
quantum fluctuations as in eq. (9.17), then eq. (9.27) implies that ψ is always negligible
at horizon crossing. We can estimate this from the single-field results for new inflation,
where the normalization of Pζ(k∗) ensures that between the quantum diffusion boundary

and horizon crossing, φ grows by a factor of
(
φ∗/φi

)ℓ−1
= A

−1/2
s . Then eq. (9.27) implies

that (ψ∗/ψi) < A
1/2
s , and so (ψ∗/φ∗) < A

1
2
+ 1

2ℓ−2
s ∼ 10−5, so at horizon crossing ψ is already

negligible compared to φ.
We conclude that for β = 0, the model reduces to single-field new inflation in φ.

9.4.2 Supergravity mass term relevant (β & 10−3)

If β > 0, ψ grows during the early stages of inflation. For sufficiently large β, ψ can be
significantly large when the primordial fluctuations leave the horizon, and therefore the
dynamics of ψ is expected to have an effect on the primordial spectrum.

For small field values ϕℓ−2 ≪ βvℓ/(2ℓ), ψ grows proportionally with φ, as we can see
from eq. (9.24):

∂ψ

∂φ
→ ψ

φ
⇒ ψ ≃

(
ψ0

φ0

)
φ. (for 2ℓϕℓ−2 ≪ βvℓ) (9.28)

5This can naturally happen if such a mass term is forbidden by a symmetry of the Kähler potential,
e.g. a Heisenberg symmetry [31].
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Figure 9.3: Field trajectories ψ(φ) for β = 10−4 (blue), β = 10−3 (green), β = 10−2 (red)
and β = 10−1 (purple). The plots are shown for ℓ = 4, v = 10−2.5 and ψi = (tan 40◦)φi.
We can clearly see both the growing phase, where β dominates and ψ grows linearly with φ,
and the decaying phase, where β can be neglected and ψ falls off rapidly. Not surprisingly,
the size of β determines where the transition between the two phases takes place: for larger
β, the growing phase lasts longer. Therefore, we can expect that deviations from single-
field new inflation occur for large β, when the field ψ does not decay before cosmological
scales leave the horizon.

This linear growth of ψ with φ continues until the fields grow large enough to make the
higher-order interactions dominate over the tachyonic mass term from β. From that point
onwards, the dynamics are approximately given by eq. (9.27): ψ starts decaying faster than
φ−(ℓ−1) while φ rolls towards the minimum at φ = v. Both the growing and the decaying
phase for ψ can be clearly seen in fig. 9.3.

If ψ decays before cosmological scales leave the horizon, then we recover the single-field
inflation limit with φ as the inflaton. We can use this to estimate for which values of β
we can expect significant deviations from the single-field limit. The transition from the
growing to the decaying phase occurs at approximately φℓ−2

trans ∼ ϕℓ−2
trans ∼ βvℓ/(2ℓ), as can

be seen from eq. (9.24). Calculating the field value φ∗ at which cosmological scales leave
the horizon is more involved. For a rough estimate, we assume that it is given by its single-
field new inflation value as stated in eq. (9.6). Setting φ∗ . φtrans, we find that multi-field
effects are expected to become important for β above the threshold value

β &
ln(2)

(ℓ− 2)N∗
∼ 10−2

ℓ− 2
. (9.29)

We therefore recover the single-field limit for β ≪ 10−2/(ℓ−2), whereas for β & 10−2/(ℓ−2)
the predictions should be calculated in a multi-field formalism. This is done numerically
in section 9.5.
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9.4.3 Generalization to initial field values outside the diffusion
region

So far, we have assumed that inflation starts at Hi ≃ 0 inside the diffusion region given by
eq. (9.17) or (9.18). Due to the field dynamics, our results can be immediately generalized
to initial field values Hi outside the diffusion region, as long as Hi remains sufficiently
small.

For β > 0, we have ψ ∝ φ and therefore θ = const for small field values. This implies
that our results, which depend on θi, are valid even when the initial value Hi is outside of
the diffusion region, as long as Hi starts in the growing phase in which ψ ∝ φ. A sufficient

condition for the validity of our results is ϕℓ−2
i ≪ βvℓ

2ℓ
.

For β = 0, no growing phase exists. However, because ψ quickly decays according to
eq. (9.27), we recover the single-field limit even for larger initial field values. We expect
significant deviations from the single-field results only for initial values close to the horizon
crossing scale, such that ψ has very little time to decay between the start of inflation and
horizon crossing.

9.5 Numerical results for primordial spectrum

In the last section, we have discussed that the inflationary predictions can be changed
by the imaginary inflaton component for β & 10−2/(ℓ − 2). In this section, we present
a numerical calculation of the primordial curvature perturbation using the δN formalism
introduced in section 3.3.

9.5.1 Numerical approach

For calculating the predictions for any set of parameters and initial conditions (φi, ψi), we
took the following steps:

1. We integrated the slow-roll equations of motion starting from (φi, ψi) forward in
time until slow-roll inflation ends at |ηφφ| = 1. From this trajectory, we determined
the end-of-inflation energy density ρend and the background field values (φ∗, ψ∗) at
N∗ = 55 e-folds before the end of inflation.

2. For very small displacements ∆φ and ∆ψ, we integrated the equations of motion
without using the slow-roll approximation, starting from (φ∗ ± ∆φ, ψ∗ ± ∆ψ) and
ending on the final uniform-density hypersurface with ρ = ρend, to determine the
number N of e-folds along these trajectories.

3. We calculated the first and second derivatives of N from the difference quotients, e.g.
Nφ =

N(φ∗+∆φ,ψ∗)−N(φ∗−∆φ,ψ∗)
2∆φ

.

4. We used eqs. (3.32)–(3.34) to calculate the primordial spectrum from the Ni, Nij, φ∗
and ψ∗.
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Note that ρend is recalculated for each initial condition (φi, ψi) because for different initial
conditions inflation can end at slightly different energy densities.

This algorithm calculates Pζ at the end of inflation on the uniform-density hypersurface
with ρ = ρend. To compare this spectrum to the constraints on As, ns and fNL, we must
calculate Pζ at a sufficiently late time that the adiabaticity condition (3.28) is satisfied,
which is automatic in the single-field limit but not in a multi-field model. However, we
have checked for each data point that ψ ≪ φ at the end of inflation, so that at ρend we are
already close to a single-field (and thus adiabatic) limit and ζ is conserved on superhorizon
scales.6

9.5.2 Numerical results

Using the approach outlined in section 9.5.1, we have numerically calculated the spectral
index ns, the amplitude of the reduced bispectrum fNL and the vacuum energy V0 during
inflation. We assumed that inflation starts on the circle given by eq. (9.18) where the
classical evolution starts to dominate over the quantum diffusion of the inflaton fields.7

We calculated the predictions for various points on this initial surface, parametrized by
the angle

θ = arctan(ψi/φi), (9.30)

where the maximum angle is

θmax = π/ℓ (9.31)

because as we explained in section 9.1, larger angles are related to angles in the range
0 ≤ θ ≤ θmax by symmetry transformations, so we can restrict ourselves to angles between
0 and θmax.

The results for ns and V0 are shown in fig. 9.4 for N∗ = 55 and vℓ = 10−10. The
numerical results confirm that we recover the single-field limit for β → 0, while for larger
β the imaginary inflaton component reduces both ns and V0. Note that the green curve,
which is quite close to the black single-field result, corresponds to θ = 2

3
θmax. Therefore,

even though the deviations become large for maximal θ, most initial conditions give results
similar to the single-field limit.

fNL is shown in fig. 9.5. It is generally in the range −1 < fNL < 0 which is too small to
be observed, even for close-to-maximal θ.

We have checked that the β-dependence of our results is insensitive to changes in v.
As in the single-field case, different choices of v only give a constant factor for V0, while ns

does not depend on v at all.
Note that while the results depend sensitively on θi, they are valid for any initial

ϕi =
√
φ2
i + ψ2

i as long as it is sufficiently close to zero (see section 9.4.3).

6As explained in section 3.3.1, adiabaticity requires not only that ψ is small, but also that the decay
rate of ψ into radiation is not much smaller than that of φ. Since φ and ψ are both components of H, this
condition is also generally satisfied.

7Eq. (9.18) is valid only for β ≫ 10−5, which is satisfied for all points in figs. 9.4 and 9.5. For smaller
β, one recovers the single-field limit, and no numerical calculation is needed.
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Figure 9.4: Spectral index ns and vacuum energy V0 as functions of β for ℓ = 4 (upper
row), ℓ = 6 (middle row) and ℓ = 8 (bottom row). All plots are done for N∗ = 55 and
vℓ = 10−10; changing v only introduces an overall factor in V0 but does not change its
β-dependence, while ns is completely independent of v. The differently coloured curves
correspond to different initial angles θ in the φ-ψ-plane: black is the single-field limit
(θ = 0◦) and red is close to the maximum angle (θ = 180◦/ℓ). The angles shown are 0◦,
15◦, 30◦, 40◦ and 44◦ (for ℓ = 4), 0◦, 10◦, 20◦, 27◦ and 29◦ (for ℓ = 6) and 0◦, 7.5◦, 15◦,
20◦ and 22◦ (for ℓ = 8). We see that increasing θ reduces ns and V0, except for β ≃ 0
which always reproduces the single-field result. The effect is mild for most angles but
becomes very large close to the maximum angle.
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Figure 9.5: Reduced bispectrum fNL as a function of β for N∗ = 55, vℓ = 10−10 and
ℓ = 4 (left) or ℓ = 8 (right). The differently coloured curves correspond to different initial
angles θ in the φ-ψ-plane: black is the single-field limit (θ = 0◦) and red is close to the
maximum angle (θ = 180◦/ℓ). The angles shown are 0◦, 15◦, 30◦, 40◦ and 44◦ (for ℓ = 4)
and 0◦, 7.5◦, 15◦, 20◦ and 22◦ (for ℓ = 8). Independently of v, we generally find |fNL| < 1,
which makes it practically indistinguishable from zero.

9.6 Summary

In this chapter, we have studied the effects of the multi-field dynamics of the complex scalar
inflaton field in supersymmetric new inflation, presenting both analytical considerations
and numerical calculations. We have found that for most of the parameter space, the model
is well described by the usual single-field approximation, where only the real component
of the inflaton is considered and its imaginary component is set to zero. In particular, this
is the case if the mass term from the Kähler potential is very small or absent, in which
case the imaginary component is quickly driven to zero before cosmological scales leave the
horizon.

For a sufficiently large mass term, the results become sensitive to the initial conditions.
For these cases, we have numerically calculated the predictions using the δN formalism. For
most initial conditions, we find that the results are still similar to the single-field results,
but the deviations become significant for large initial values of the imaginary inflaton
component (see fig. 9.4). Those deviations generally reduce the spectral index ns and the
inflationary vacuum energy V0 compared to the single-field case. The reduced bispectrum
is within the range −1 < fNL < 0, which is in good agreement with the current constraints,
but probably too small to ever be observed.

Our conclusions are twofold. First, we want to emphasize that new inflation in super-
gravity is well-approximated by a single-field model if either

• the inflaton mass is very small compared to the Hubble scale, i.e. β ≪ 10−2/(ℓ− 2),
or
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• the initial displacement of the imaginary component is small (up to about 1/2 of its
maximum value).

Second, if both of these conditions are violated (if both the inflaton mass term and the
initial value of the imaginary inflaton component are sufficiently large), the spectral index
ns and the vacuum energy V0 depend sensitively on the initial conditions, and the single-
field results should be interpreted as upper limits on ns and V0 only.



Chapter 10

Preinflation and reheating from cou-
pling to matter field

In the previous chapter, we have discussed new inflation with H as the inflaton, assuming
the usual new inflation superpotential of eq. (5.17). In this chapter, we look at the effects of
embedding new inflation in the tribrid superpotential of eq. (6.1). With such an embedding,
the inflaton H has an additional superpotential coupling to Xn, where Xn can be a D-flat
MSSM direction like a right-handed sneutrino or an LHu direction as in chapter 7.

Such a coupling can have important effects especially before and after new inflation.
Before new inflation, it can lead to a period of “preinflation” during which H is driven
towards H = 0, dynamically generating the correct initial conditions for subsequent new
inflation. After inflation, the same H-X coupling can open up a decay channel for the
inflaton into MSSM fields which allows for efficient reheating of the universe.

We start with the discussion of preinflation. The basic idea is explained in section 10.1.
In section 10.2, we calculate the initial conditions arising from quantum fluctuations near
H = X = 0 and derive a simple condition for whether or not the last N∗ ∼ 60 e-folds are
well-described by new inflation with H as the inflaton. The different regimes of single- and
multi-field inflation in this model are discussed in section 10.3 along with a comparison of
our results to numerical calculations. We close with a discussion of reheating in this setup
in section 10.4. In particular, we study perturbative reheating for a specific example in
which X is identified with a right-handed sneutrino, and demonstrate that in this case the
model can generate the observed baryon asymmetry through non-thermal leptogenesis.

10.1 Initial conditions for new inflation from preinfla-

tion

New inflation starts with peculiar initial conditions: at early times, the inflaton field rests
very close to its local maximum at H = 0. One might wonder how the universe has reached
such a state.

One possibility for explaining these initial conditions is generating them dynamically
through a period of “preinflation” during which H has a large mass term and is driven to
zero. Usually, this involves adding a new sector of singlet fields which are decoupled from
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the visible sector (e.g. in [29, 33, 135]).1

When realizing new inflation with a tribrid superpotential, preinflation can be achieved
using the coupling of H to the matter field direction Xn, which can be identified e.g. with
a D-flat direction of MSSM scalar fields. The purpose of this section is to introduce the
scalar potential for such a model and qualitatively describe the dynamics of preinflation
leading to the right initial conditions for new inflation.

Throughout this chapter, we analyse preinflation and new inflation with the tribrid
superpotential of eq. (6.1) and m = n = 2:

W =
√
V0S

(
1− Hℓ

µℓ

)
+ λH2X2, (10.1)

and assuming a power series expansion of the Kähler potential as in eq. (6.4).
The F -term scalar potential for H and X can be calculated from eq. (5.4).2 The

calculation is analogous to that for tribrid inflation with the difference that we cannot set
H = 0 during inflation. We assume that κSS generates a sufficiently large mass term such
that S ≃ 0 during inflation. In that case, the scalar potential is approximately given by
eq. (5.6) plus supergravity induced mass terms, up to corrections suppressed by additional
powers of X2, H2 or (H/µ)ℓ:

V ≃ |WS|2 + |WH |2 + |WX |2 − βV0 |H|2 + αV0 |X|2

≃ V0

∣∣∣1− Hℓ

µℓ

∣∣∣
2

+ 4λ2|X2H2|
(
|X|2 + |H|2

)
− βV0 |H|2 + αV0 |X|2 , (10.2)

with α = 1−κSX and β = κSH−1. For new inflation, we need β ≪ 1 to allow for slow-roll
in H and β . 0.03 to get a correct prediction for the spectral index.

Throughout most of this chapter, we neglect the imaginary component of H; we briefly
comment on its effects later in section 10.3.3. With S = Im(H) = 0, the potential V can
be expressed in terms of the real scalar fields φ =

√
2Re(H) and χ =

√
2|X|:

V (φ, χ) ≃ V0

(
1− φℓ

vℓ

)2

+
λ2

2
φ2χ2

(
φ2 + χ2

)
− βV0

2
φ2 +

αV0
2

χ2, (10.3)

with v =
√
2µ.

We assume that at some point in time, χ has a sufficiently large vacuum expectation
value.3 Then inflation happens in several stages:

• Preinflation: Due to the large value of χ, the inflaton φ gets a large mass m
(eff)
φ ∼

λχ2 which drives it towards zero. The preinflaton χ gets a smaller mass m
(eff)
χ ∼ λφ2,

1A similar function is performed by a coupling of the inflaton to the energy density as proposed in
[136]. Alternative approaches to the initial conditions problem include [137–139].

2We do not consider the D-term scalar potential because we assume that inflation happens along a
D-flat direction.

3χ must be large enough so that φ→ 0 faster than χ→ χc during preinflation.
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so it rolls towards zero more slowly. Eventually, φ ≃ 0 and we get single-field slow-roll
inflation in χ with the potential Vpre ≃ V0 +

1
2
αV0χ

2.

• Quantum diffusion: Eventually, χ drops below χc = (βV0/λ
2)1/4. At that time, φ

is no longer stabilized at zero by a positive mass term, and it starts growing due to
quantum fluctuations while χ continues to roll towards zero. This continues until φ
grows large enough for its classical motion to take over, such that φ starts to slow-roll
towards large values.

• New inflation: If the growth of φ during the quantum diffusion stage is slow enough,
χ has rolled close to zero before φ starts its classical slow-roll motion. In this case,
the last N∗ ∼ 60 e-folds of inflation are well-described by single-field new inflation
with χ ≃ 0 and V ≃ V0(1− φℓ/vℓ)2 − 1

2
βV0φ

2.

• Reheating: After single-field new inflation, φ decays into Standard Model particles
to reheat the universe.4 Depending on the model parameters, the coupling between
φ and χ can provide an efficient inflaton decay channel. If χ is identified with a
matter particle, e.g. a D-flat direction of MSSM scalars, this can lead to predictions
for reheating observables. In section 10.4, we illustrate this using an example model
of sneutrino preinflation, for which we derive predictions for the reheat temperature
and non-thermal leptogenesis.

The above description of the inflationary dynamics mentions an important condition:
single-field new inflation is reached only if the quantum fluctuations of φ grow sufficiently
slowly compared to the classical motion of χ. Otherwise, χ is still large during the final
N∗ e-folds and we get multi-field inflation with φ and χ as inflaton fields.

To clarify the situation, we study the quantum diffusion stage in section 10.2 to de-
rive the condition on the coupling constants which determines whether or not the single-
field new inflation limit is reached. Afterwards, we discuss the multi-field effects for non-
negligible χ in section 10.3.

10.2 On the initial conditions near the instability

During preinflation with χ ≫ χc, the inflaton field φ is driven to zero by its large mass
(m

(eff)
φ )2 ≃ (λ2χ4 − βV0). However, when χ approaches the instability at χ = χc, the

inflaton field φ becomes massless and 〈φ2〉 grows due to quantum fluctuations. As explained
in section 9.3.1, quantum diffusion dominates when the classical displacement δφcl of the
field per Hubble time is smaller than the growth of quantum fluctuations δφqu per Hubble
time H−1:

δφqu =
H
2π

!
> δφcl = H−1|φ̇| ≃

∣∣∣∣
∂φV

V

∣∣∣∣ . (10.4)

4This process often involves non-perturbative preheating effects, see chapter 11.
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Figure 10.1: Field trajectory (blue curve) for β = 0.03 through the diffusion region (red
area) for α = 10−2 (left) and α = 10−3 (right). The red curve is the diffusion boundary
φb(χ) given in eq. (10.8). The field trajectory enters the diffusion region at (φ0, χ0) and
leaves it at (φ1, χ1). The aim of this section is to calculate (φ1, χ1) which we identify as
the initial conditions for the observable part of inflation. The left plot is the generic result
for β2 ≪ α, in which case χ1 → 0 and inflation proceeds as single-field inflation in φ.
Only for β2 & α, χ1 can be significantly large, in which case inflation should be analysed
in a multi-field framework like the δN formalism.

In this section, we discuss how the fields evolve during this phase to find expressions for
the field values φ1 and χ1 at the end of the quantum diffusion regime. To do this, we take
the following steps (see fig. 10.1):

1. We find the boundary φb(χ) of the diffusion region inside which quantum diffusion
dominates over the classical slow-roll field evolution for φ.

2. Inside this boundary, we assume that φ grows due to quantum fluctuations. We
estimate the value of φ in this region via the expectation value φdiff ∼

√
〈φ2〉.5

Outside the boundary, we calculate the trajectory of φ from the slow-roll equations
of motion.

3. Assuming that initially we start from χ ≫ χc (which quickly drives φ → 0), we
find the values (φ0, χ0) at which φ enters the diffusion region and the values (φ1, χ1)
at which it leaves the diffusion region. φ1 and χ1 are then the initial condition for
inflation using the classical slow-roll equations of motion.

5Of course, quantum fluctuations are random, so the realized value of φ can be different for different
patches of the universe. We use the expectation value only for an estimate of the likely magnitude of φ.
This is sufficient because our conclusions will only depend on the order of magnitude of φ. The precise
initial conditions are less important as the trajectories exhibit an attractor behaviour towards single-field
new inflation.
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10.2.1 Approximate potential during quantum diffusion phase

To keep the calculation of the diffusion region simple, we only keep terms of lowest order
in φ, i.e.

∂φV ≃
(
−βV0 + λ2χ4

)
φ = −βV0

(
1− χ4

χ4
c

)
φ, (10.5a)

∂χV ≃ αV0 χ. (10.5b)

This approximation usually works well because φ is very small in this region, as it is
generated from quantum fluctuations only. Note that in this case, the initial conditions
from quantum diffusion become independent of ℓ, v and λ.

One must include the higher-order terms in the calculation only if α or β are very
small. In that case, the following calculation can be performed numerically using the exact
scalar potential. The exact values for α and β for which this is necessary depend on ℓ, v
and λ, but they are typically smaller than about 10−4. The exact threshold is determined
by the condition that eqs. (10.5a)–(10.5b) are the dominant contributions to the potential
gradients at the diffusion boundary given by eq. (10.4).

As we will discuss below, the single-field limit is generic for β2 ≪ α; this result can be
generalized if either α or β is significantly large, in which case β ≃ 0 leads to the single-
field limit and α ≃ 0 suggests non-trivial multi-field dynamics. Only if both α and β are
very small, the higher-order terms need to be considered explicitly and the result becomes
dependent on ℓ, v and λ. This is discussed in appendix D.2 for the example ℓ = 6 and
v = 10−2.

10.2.2 Boundary φb of the diffusion region

We find a formula for the boundary between the diffusion region and the classical region
by inserting the scalar potential ∂φV :

H
2π

!
=

∣∣∣∣
∂φV

V

∣∣∣∣
φb

= β

∣∣∣∣∣1−
χ4

χ4
c

∣∣∣∣∣φb. (10.6)

In the following, it will be useful to substitute the field χ with its quartic displacement
from χc:

∆(χ) ≡ χ4

χ4
c

− 1. (10.7)

Using this variable, the diffusion boundary can be written as

φb(∆) =

(H
2π

)
1

β|∆| . (10.8)
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10.2.3 Trajectory φdiff inside the diffusion region

After the fields enter the diffusion region at some ∆0 > 0, the expectation value for 〈φ2〉
grows linearly with N = Ht [41].6 Inside the diffusion region, 〈φ2〉 is thus given by

φ2
diff(∆) = φ2

b(∆0) +

(H
2π

)2

N(∆). (10.9)

The function N(∆) can be inferred from the slow-roll equation of motion for χ, which is
dominated by the term proportional to α:

0 ≃ 3H2χ′(N) + ∂χV ≃ V0
[
χ′(N) + αχ(N)

]
. (10.10)

This differential equation can be solved for χ(N):

χ(N) = χ0 e
−αN , (10.11)

which implies, using eq. (10.7):

N(∆) =
1

α
ln

(
χ0

χ

)
=

1

4α
ln

(
∆0 + 1

∆ + 1

)
. (10.12)

Combining eqs. (10.8), (10.9) and (10.12) we find

φ2
diff(∆) =

(H
2π

)2
[

1

β2∆2
0

+
1

4α
ln

(
∆0 + 1

∆ + 1

)]
. (10.13)

10.2.4 Diffusion region entry at ∆0 and exit at ∆1

Eq. (10.13) still depends on the point ∆0 where the diffusion region is entered. This is
determined from the condition that the diffusion region should not be exited immediately
(otherwise, the field will travel at the boundary between the two regions):

∣∣∣∣∣
∂φ2

b

∂∆

∣∣∣∣∣
∆0

=

(H
2π

)2
2

β2∆3
0

!

≥
∣∣∣∣∣
∂φ2

diff

∂∆

∣∣∣∣∣
∆0

=

(H
2π

)2
1

4α(∆0 + 1)
. (10.14)

The field stops travelling near the boundary when the inequality starts to be satisfied:7

∆3
0

1 + ∆0

=
8α

β2
. (10.15)

6We approximate 〈φ2〉 by the de Sitter space fluctuations of a massless field and neglect the small
corrections due to the non-zero mass of φ.

7For arbitrary initial conditions, the fields could enter the diffusion region for any value ∆ ≤ ∆0.
However, when we assume that the fields approach along a trajectory where χ≫ χc and φ ≃ 0, we know
it will move along the boundary until it enters the region at the largest possible value ∆ = ∆0.



120 Preinflation and reheating from coupling to matter field

The fields then travel along the trajectory φdiff(∆) until they exit the diffusion region at
∆1 where φdiff(∆) and the diffusion boundary φb(∆) intersect again:

φ2
b(∆1) =

(H
2π

)2
1

β2∆2
1

!
= φ2

diff(∆1) =

(H
2π

)2
[

1

β2∆2
0

+
1

4α
ln

(
∆0 + 1

∆1 + 1

)]
. (10.16)

We find an equation to determine ∆1 from ∆0:

1

∆2
1

− 1

∆2
0

+
β2

4α
ln

(
∆1 + 1

∆0 + 1

)
= 0. (10.17)

10.2.5 Single-field limit for β2/α ≪ 1

Let us now consider the special case β2/α ≪ 1. Eq. (10.15) then has the approximate
solution

∆2
0 ≃ 8α

β2
≫ 1, (10.18)

which we can plug into eq. (10.17) to find

1

∆2
1

≃ β2

4α

[
− ln (∆1 + 1) +

1

2
ln

(
8α

β2

)
+

1

2

]
. (10.19)

Since 0 < χ1 < χc, eq. (10.7) implies that −1 < ∆1 < 0, so the left-hand side of eq. (10.19)
is greater than 1. On the other hand, for β2/α → 0, the last terms in eq. (10.19) both go
to zero. Therefore, we know that − ln(1 + ∆1) & 4α/β2 ≫ 1, and therefore ∆1 ≃ −1. To
lowest order in α/β2, we thus find

χ1

χc

≡ (1 + ∆1)
1/4 ≃ exp(−α/β2), φ1 ≃ H

2πβ
. (10.20)

For β2/α ≪ 1, χ1 is exponentially suppressed, usually down to the level of quantum
fluctuations. The classical equations of motion only drive χ to smaller values, so it remains
small, while φ is growing over time. As a consequence, φ is the only relevant field at horizon
crossing, and we recover the single-field new inflation limit with φ as the inflaton.

10.2.6 Multi-field dynamics for β2/α & 1

For arbitrary β2/α, eqs. (10.15) and (10.17) can be solved numerically for ∆0 and ∆1. The
result for ∆1 can then be translated to χ1 and φ1 using eqs. (10.7) and (10.8).8 The results

8Note that χ1 also has a lower bound due to quantum fluctuations. The diffusion region for χ is given
by χ < χb = H

2πα . Below this value, χ is no longer decaying exponentially but instead behaves as a random
variable of order χb. However, χb is so small that it is negligible for the dynamics during inflation, so this
lower bound has no practical relevance in our model.
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Figure 10.2: Values for φ1 and χ1 as functions of β2/α. We see that for β2 ≪ α,
the value of the preinflaton χ1 after preinflation is exponentially suppressed in agreement
with eq. (10.20), down to the level of vacuum fluctuations for sufficiently small β2/α. This
implies that for β2 ≪ α, preinflation generally leads to single-field new inflation with φ
as the only inflaton. Only for β2 & α, the preinflaton can have an influence during the
observable last 60 e-folds, in which case inflation should be studied as a two-field model
using e.g. the δN formalism (see section 10.3).

for φ1 and χ1 are shown in fig. 10.2. As expected, we see an exponential suppression of χ1

for β2/α ≪ 1. However, for larger values of β2/α, we can initially have χ1 ∼ χc ≫ φ1. In
this case, the matter field χ can have an effect on the spectrum of primordial perturbations.
This case is discussed in the next section.

10.3 Single-field and multi-field regimes

As we have seen in the last section, whether or not χ ≃ 0 after preinflation depends on
β2/α. If χ is large, then it cannot be neglected during inflation, and we generically get
multi-field inflation in φ and χ. In this case, the dynamics also depend on the coupling λ
between φ and χ. Our model thus supports three different regimes of inflation which we
now discuss in turn.

10.3.1 Discussion of the different regimes

Depending on β2/α and λ, we find three qualitatively different regimes:

1. The limit of single-field new inflation (β2/α ≪ 1), where χ ∼ 0 and inflation
happens as single-field inflation in φ.

2. The limit of quasi-single-field new inflation (β2/α & 1, small λ), where χ ∼
constant and slow-roll inflation happens as single-field inflation in φ, with the inflaton
potential V (φ) modified by the nearly constant background field χ.
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3. Non-trivial multi-field inflation (β2/α & 1, large λ), where both χ and φ are
dynamic fields during slow-roll inflation.

Single-field inflation for β2/α ≪ 1

As we discussed in section 10.2, the initial conditions for β2/α ≪ 1 converge towards
φi → H/(2πβ), χi → 0. This means that inflation happens along the single-field new
inflation trajectory with χ ≃ 0. The predictions in this limit reproduce the results of
chapter 9, and they do not depend on the preinflaton couplings α and λ.

Quasi-single-field inflation for β2/α & 1 and small λ

When β2/α is not small, the initial preinflaton field value χi is large enough for χ to
have an impact during inflation. Therefore, the dynamics during inflation depends on the
preinflaton coupling λ.

For small λ, the preinflaton potential is extremely flat; note that α . β2 implies that
the preinflaton mass term is tiny, so that a sizeable potential for χ can only be generated
from the coupling λ. We therefore expect that for sufficiently small λ, χ is nearly constant
throughout slow-roll inflation: χ(t) ≃ χ∗ ≃ χe.

In this limit for small λ, the slow-roll dynamics are equivalent to single-field slow-roll
inflation in φ in the presence of a constant background field χ∗, which leads to an inflaton
potential

V (φ) ≃ V0

(
1− 2

φℓ

vℓ
− β

2
φ2

)
+

1

2
λ2χ2

∗φ
4 +

1

2
λ2χ4

∗φ
2

= V0

(
1− 2

φℓ

vℓ
− βeff

2
φ2

)
+

1

2
λ2χ2

∗φ
4, (10.21)

with

βeff = β

(
1− χ4

∗
χ4
c

)
. (10.22)

We therefore recover the single-field new inflation limit with a redefined parameter β → βeff
and an additional quartic term 1

2
λ2χ2

∗φ
4. This term is negligible for sufficiently small λ, in

which case we recover the predictions of chapter 9 with a rescaled βeff .
If λ is too large to neglect the extra quartic term, the predictions must be calculated

explicitly including the additional quartic term, leading to λ-dependent deviations from
the results of chapter 9.

However, the curvature perturbation in this quasi-single-field regime is not necessarily
constant at the end of inflation. Since the preinflaton field χ has not reached its minimum
at that time, the universe has not yet reached the adiabatic limit. Therefore, the spectrum
of primordial curvature perturbations could still be changed during the reheating period
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after inflation (see e.g. [140–142] for perturbative reheating and [143] for non-equilibrium
effects). As the reheating process is model dependent, these effects cannot be addressed in
our general framework and must be checked for each specific model.

Two-field inflation for β2/α & 1 and large λ

When λ is large, the preinflaton χ gets mass and self-coupling terms 1
2
λ2φ2χ2(φ2 + χ2).

As they are proportional to φ2 and φ4, these couplings start out small, so χ usually does
not roll to zero before horizon crossing (if it did, we would end up in the single-field new
inflation limit discussed above). However, when φ grows to larger values during inflation,
the potential for χ becomes increasingly steep, and χ→ 0.

In this regime, slow-roll inflation happens along a non-trivial multi-field trajectory and
the predictions depend on the model parameters v and λ. If λ is sufficiently large, the
preinflaton χ usually reaches the minimum before the end of inflation, so the evolution
at the end of inflation should already be adiabatic. Otherwise, the spectrum of curvature
perturbations could be affected by reheating in the same way as discussed for the small λ
regime above.

10.3.2 Comparison with numerical results

Our results are confirmed by the numerical results shown in figs. 10.3 and 10.4, which have
been calculated by Stefano Orani [3] using the δN formalism analogously to section 9.5.1.

For β2/α ≪ 1, we recover the single-field predictions which are independent of α. For
β2/α & 1, the predictions change depending on λ. For large λ as shown in fig. 10.3, we
are in the true multi-field regime and the predictions change non-trivially due to the two-
field dynamics. For small λ as shown in fig. 10.4, the numerical calculation confirms that
we indeed find a quasi-single-field regime for β2/α & 1, with β → βeff , where βeff scales
monotonously with α as expected from eq. (10.22) and fig. 10.2.

10.3.3 Effect of Im(H)

So far, we have ignored the imaginary inflaton component Im(H). It has been shown in
chapter 9 that the imaginary inflaton component can reduce the spectral index ns and
the vacuum energy V0 in supersymmetric new inflation, depending on the inflaton mass
parameter β. For small β ≪ 10−2/(2ℓ), this effect is negligible, whereas for larger β, the
magnitude of the reduction in ns and V0 depends on the initial ratio Im(H)/Re(H), which
is a random variable given by quantum fluctuations.

For the single-field and the quasi-single-field regimes (with sufficiently small λ in the
latter case), these results are directly applicable, as the last N∗ ∼ 60 e-folds of inflation
are well-described by supersymmetric new inflation with the complex inflaton field H.
Only for large λ, the effect of the imaginary inflaton component may be different. In this
case, it must generally be included in the numerical calculation, with the initial condition
Im(H)/Re(H) as an additional free parameter.
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Figure 10.3: Numerical result by Stefano Orani [3] for the spectral index ns as a function
of α and β with λ = 1, ℓ = 4 and v = 10−2.5, using the initial field values from eqs. (10.15)
and (10.17). The numerical result confirms our analytic arguments: for β2/α ≪ 1, the
predictions approach the single-field limit where χ ≃ 0 during inflation and the predictions
reproduce those of chapter 9 independently of α and λ. For β2/α & 1, we are in the multi-
field regime where predictions change non-trivially with α, β and λ. The two regimes are
separated by the black dashed line which corresponds to α/β2 = 1.4.
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Figure 10.4: This plot is the equivalent of fig. 10.3 for λ = 10−3. For β2/α ≪ 1, the
predictions again approach the single-field limit, whereas for β2/α & 1, we are in the
quasi-single-field limit where the predictions change according to eq. (10.22).
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10.4 Reheating and leptogenesis from coupling to mat-

ter field

Using matter fields for preinflation is not only economical, it also provides an interesting
decay channel for reheating. The inflaton-matter coupling used for preinflation allows
decays of the inflaton particle φ into the matter field χ. The matter field can then decay
further into Standard Model particles to reheat the universe. As the couplings within the
matter sector are related to particle physics observables, this can lead to relations between
particle physics and reheating observables.

To illustrate the benefits of using matter fields for preinflation, we discuss an explicit
example in which one of the right-handed sneutrinos takes the role of the preinflaton.9

For this example, we calculate the reheat temperature and the lepton asymmetry that is
generated from out-of-equilibrium decays during reheating. Demanding that the generated
baryon asymmetry from nonthermal leptogenesis matches the observed value, we can then
constrain the masses of both the inflaton and the lightest right-handed neutrino.

10.4.1 Example model: sneutrino preinflation

The superpotential for our example model is

W =
√
V0S

(
1− 4H4

v4

)
+
∑

i

λiH
2X2

i +
∑

i,j

yjiLjHuXi, (10.23)

which is a sum of the tribrid superpotential from eq. (6.1) and neutrino Yukawa couplings
including the left-handed slepton doublets Lj, the electroweak up-type Higgs doublet Hu

and the right-handed sneutrinos Xi. The right-handed neutrino masses are generated
from the vacuum expectation value of the inflaton H after inflation. We assume that
Lj = Hu = 0 during inflation, so the Yukawa couplings have no effect on inflation.10

With this superpotential, the inflaton can decay into right-handed sneutrinos and right-
handed neutrinos which then continue to decay into left-handed (s)leptons and electroweak
up-type Higgs(ino) particles.

A tree-level decay of the inflaton into right-handed (s)neutrinos requires mφ > 2mXi

for at least one of the Xi. In this example, we assume for simplicity that mφ > 2mXi
is

satisfied for exactly one of the right-handed sneutrinos. We drop the index i from now on
both on this right-handed sneutrino X and its superpotential coupling λ. The calculation
can be generalized easily to the more general case that the inflaton can decay into more
than one of the Xi.

9For a discussion of using the sneutrino as the inflaton, see e.g. [144, 145] for chaotic inflation or [23]
for hybrid inflation.

10The left-handed sleptons and the electroweak Higgs can get Hubble-sized mass terms from the Kähler
potential which stabilize them at zero.



126 Preinflation and reheating from coupling to matter field

10.4.2 Decay rates

To calculate the reheat temperature and baryon asymmetry, we need to calculate the
inflaton decay rate Γφ into right-handed (s)neutrinos. We also need the decay rates of
right-handed (s)neutrinos into (s)leptons and Higgs(ino) particles, which are assumed to
thermalize quickly due to their gauge interactions.

Assumingmφ > 2mX so that the inflaton can decay into pairs of right-handed (s)neutrinos,
we find the tree-level decay rate for the inflaton φ

Γφ =
λ

8π
mφmX

(
1 + 12

m2
X

m2
φ

)(
1− 4

m2
X

m2
φ

)1/2

(10.24)

and the tree-level decay rates for the right-handed neutrino ψX and the two sneutrino
components χ, χ

Γχ = Γχ = ΓψX
=

∑
j|yji|2
4π

mX . (10.25)

The calculation of these decay rates is discussed in appendix D.1.
As reheating happens through the decay chains φ → χ + χ → MSSM, φ → χ + χ →

MSSM and φ→ ψX +ψX → MSSM, the relevant decay rate for the entire decay chain will
be the minimum of Γφ and Γχ = Γχ = ΓψX

. In our model, we find the ratio

Γφ
Γχ

=
λmφ

2
∑
j

|yji|2

(
1 + 12

m2
X

m2
φ

)(
1− 4

m2
X

m2
φ

)1/2

∼ λmφ

2
∑
j

|yji|2
. (10.26)

For the following discussion, we will assume that Γφ ≪ Γχ, which is generally the case if
the neutrino Yukawa couplings are sufficiently large. We will later show that our results
are consistent with this assumption (see section 10.4.6).

If the Yukawa couplings were very small, so that Γφ ≫ Γχ, the calculation would be
identical to [26], where the φ field decays quickly and reheating can be studied by only
considering the sneutrino and neutrino decays via their Yukawa coupling. However, for
our model the case with Γφ ≪ Γχ is more generic because with our superpotential (10.23)
the mass mφ is smaller than in the model studied in [26]. We therefore focus on the case
Γφ ≪ Γχ for the rest of this chapter.

In the simplest case, reheating happens via perturbative inflaton decays and the decay
products thermalize quickly due to the efficient gauge interactions. In that case, the reheat
temperature and the produced lepton asymmetry can be estimated from the inflaton decay
rate Γφ and the inflaton and sneutrino masses mφ and mX as outlined below.

For a detailed analysis, one should also consider non-perturbative effects from tachyonic
preheating and parametric resonance. We will show in chapter 11 that, depending on the
model parameters, preheating can lead to early explosive production of φ and χ particles
such that the energy densities for both particle species are of the same order. However,
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since the decay rates in our model are very hierarchical with Γχ ≫ Γφ, χ particles produced
during preheating will decay much earlier than φ particles, at a time when Γχ ∼ H. The
radiation produced by these decays redshifts faster than the energy density in the (almost)
non-relativistic φ particles, so that the energy density is dominated by φ at the time when φ
decays at Γφ ∼ H. For this reason, we expect that our estimates for reheating derived from
perturbative φ decays are reasonable estimates even in the case of efficient preheating.11

Rapid thermalization of the decay products is also not guaranteed if some D-flat MSSM
directions develop large vacuum expectation values during inflation [146]. The calculations
in this section assume that thermalization happens fast compared to the inflaton decay rate.

10.4.3 Inflaton and (s)neutrino masses

The inflationary vacuum energy V0 is fixed by the amplitude As of scalar perturbations.
As V0 does not depend very much on α and β [3], we estimate V0 from the single-field new
inflation limit for β = 0 as given in eq. (9.20) with N∗ ≃ 60 and As ≃ 2.2× 10−9.

The inflaton mass mφ and the right-handed sneutrino mass mX at the global minimum
can be calculated in terms of the model parameters v and λ:

mφ = 16

√
V0〈H〉3
v4

= 25/2
√
V0
v

≃
(
6π2As

N3
∗

) 1
2

v ≃ (8× 10−7) v, (10.27a)

mX = 2λ〈H〉2 = λv2. (10.27b)

The right-handed neutrino fermion mass is equal to the sneutrino mass mX because the
global minimum of the inflaton potential does not break SUSY.12

We can invert eqs. (10.27a) and (10.27b) to express v and λ in terms of mφ and mX :

v =

(
N3

∗
6π2As

) 1
2

mφ ≃
(
1.3× 106

)
mφ, (10.28a)

λ =

(
6π2As

N3
∗

)
mX

m2
φ

≃
(
6× 10−13

) mX

m2
φ

. (10.28b)

We can use eqs. (10.28a) and (10.28b) to express all results in terms of the physical masses
mX and mφ or in terms of mX and v.

11Preheating might still have some effect on the generated lepton asymmetry, as the lepton number
density produced from χ decays is only diluted with nL ∝ a−3, just like the inflaton field’s energy density.

12We neglect soft SUSY breaking terms because these are expected to be much smaller than the energy
scales relevant for reheating.
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Figure 10.5: Reheat temperature TR and upper bound on the baryon asymmetry nB

nγ
as

functions of the right-handed neutrino mass mX and inflaton vacuum expectation value
v. We see that a sufficiently large baryon asymmetry can be generated for mX > 108GeV
if v ∼ 107mX .

10.4.4 Reheat temperature

Assuming that Γφ ≪ Γχ as discussed above, the reheat temperature can be estimated from
eq. (4.15):

TR =
1.2

g
1/4
∗

√
Γφ =

0.24

g
1/4
∗

(
λmφmX

) 1
2

(
1 + 12

m2
X

m2
φ

) 1
2
(
1− 4

m2
X

m2
φ

) 1
4

, (10.29)

with g∗ = 228.75 in the MSSM for temperatures above the mass of the heaviest visible
sector sparticle [48].

For a simpler estimate, we can set
(
1 + 12m2

X/m
2
φ

)1/2 (
1− 4m2

X/m
2
φ

)1/4
∼ 1; the

actual value is between 2/3 and 4/3 for mX/mφ < 0.497. With this approximation, the
reheat temperature is

TR ∼ 0.24

g
1/4
∗

(
6π2As

N3
∗

) 1
2
mX√
mφ

∼
(
104 GeV

mφ

) 1
2

mX . (10.30)

In particular, this result implies that the right-handed (s)neutrinos are out of equilibrium
during reheating (TR ≪ mX) for mφ ≫ 104 GeV.

The reheat temperature as a function of mX and v is shown in fig. 10.5 for the range of
parameters for which the baryon asymmetry can be produced by nonthermal leptogenesis
(see below) and v < 1. In this region, the reheat temperature is generally between 106 GeV
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Figure 10.6: Inflaton mass mφ after inflation and superpotential parameter λ as func-
tions of the right-handed neutrino mass mX and inflaton vacuum expectation value v.

and 108 GeV, which can be low enough to evade the bounds on thermal gravitino production
depending on the gravitino mass m3/2 [83–85].

10.4.5 Nonthermal leptogenesis

The inflaton particles decay into pairs of right-handed neutrinos and sneutrinos whose out-
of-equilibrium decay generates a lepton asymmetry. The generated lepton asymmetry can
be estimated analogously to [26] as

∣∣∣
nL
s

∣∣∣ ≃ 5

2

ǫTR
mφ

. (10.31)

ǫ quantifies the CP violation per (s)neutrino decay:

ǫ ≡ Γ− Γ(CP)

Γ + Γ(CP)
, (10.32)

where Γ denotes the neutrino or sneutrino decay process and Γ(CP) the CP conjugate of that
decay process. As an estimate for ǫ, we use its upper bound for the decay of right-handed
neutrinos with a hierarchical spectrum [147–149]:

ǫ <
3

8π

√
∆m2

atmmX

〈Hu〉2
. (10.33)

The lepton asymmetry is converted into a baryon asymmetry by sphaleron processes, which
introduce a conversion factor nB = C

C−1
nL with C ≃ 1/3 in the MSSM [91], and s = 7.04nγ
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[37]:

∣∣∣
nB
nγ

∣∣∣ = 7.04

∣∣∣∣
C

C − 1

nL
s

∣∣∣∣ ≃ 8.8
ǫTR
mφ

. (10.34)

Using the bound from eq. (10.33) with 〈Hu〉 ∼ 174GeV and ∆m2
atm ≃ 3 × 10−3 eV2, we

find an upper bound on the baryon asymmetry (fig. 10.5). For a simple estimate, we can
approximate TR with eq. (10.30):

∣∣∣
nB
nγ

∣∣∣ . 6× 10−10 (2mX)
2

√
(2× 108 GeV)m3

φ

. (10.35)

If we demand that nonthermal leptogenesis generates the observed baryon asymmetry
nB/nγ = 6 × 10−10, eq. (10.35) together with mφ > 2mX implies a lower bound on the
inflaton mass: mφ > 2× 108 GeV. Also, one can see in fig. 10.5 that this condition relates
the right-handed neutrino mass mX and the symmetry breaking scale v, which must be
related roughly by v ∼ 107mX .

10.4.6 Consistency of Γφ ≪ Γχ

For our calculations, we have assumed that Γφ ≪ Γχ, which according to eq. (10.26)
means that the Yukawa coupling must be sufficiently large. We can estimate the size of
the Yukawa coupling from the seesaw formula for the light neutrino mass mν :

mν ∼ y2〈Hu〉2
mX

, (10.36)

which implies that the Yukawa coupling is

y2 ∼
(

mν

1meV

)(
mX

3× 1016 GeV

)
. (10.37)

If we insert this in eq. (10.26) and use eq. (10.28b), we find

Γφ
Γχ

∼ λmφ

2y2
∼
(
10−4 meV

mν

)(
108 GeV

mφ

)
. (10.38)

With mφ > 2× 108 GeV, the assumed decay rate hierarchy holds if the light neutrino mass
generated by the seesaw mechanism is much bigger than about 10−4 meV, which is true
for at least two of the three light neutrinos.
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10.5 Summary

In this chapter, we have studied the effects of realizing supergravity new inflation with
a tribrid superpotential as given in eq. (6.1). In such a setup, the inflaton H is coupled
to another scalar field direction Xn, where Xn can be any D-flat combination of scalar
fields. Such a coupling has two main effects: it can generate the initial conditions for new
inflation dynamically during a period of preinflation, and it can provide an efficient decay
channel for reheating after inflation.

We first discussed the mechanism for preinflation. During preinflation, X has a large
vacuum expectation value which induces a mass for H, driving H → 0. Eventually, the
preinflaton rolls to small values |X| < |Xc|, where its stabilising effect on H ends and the
fields enter a “diffusion region” in which quantum fluctuations have to be included.

We have calculated the initial conditions after this phase in section 10.2 and found that
there are two cases depending on the ratio of Kähler potential couplings α and β for X and
H. If β2 ≪ α, then X → 0 during this quantum diffusion phase, and the subsequent final
phase of inflation is well-described by supergravity new inflation with H as the inflaton as
discussed in chapter 9.

For β2 & α, X can be non-negligible during the last N∗ e-folds of inflation. We have
shown in section 10.3 that depending on the coupling λ between H and X, this leads
either to a quasi-single-field regime where X acts as a constant background field, or to a
non-trivial two-field regime which has to be studied in a multi-field formalism like the δN
formalism. We also compared our analytical results to numerical computations and found
that they are in excellent agreement with each other.

Finally, we discussed reheating in this class of models in section 10.4. In particular, we
calculated the reheat temperature and non-thermally produced lepton asymmetry for an
example model where one of the right-handed sneutrinos acts as the preinflaton. We found
that successful nonthermal leptogenesis is indeed possible and imposes a relation between
the symmetry breaking scale v and the mass mX of the lightest right-handed neutrino after
inflation, as well as lower bounds on both quantities.



Chapter 11

Preheating in new inflation

As we have illustrated in section 10.4 for an example model of sneutrino preinflation,
reheating can provide additional constraints on the model parameters when inflation is
embedded in a realistic particle physics model. In that example model, the analysis is
simplified by the very hierarchical decay rates Γχ ≫ Γφ: χ particles are expected to decay
long before φ, and thus the final phase of reheating generically starts with an energy density
dominated by φ particles. Therefore, we could estimate the reheating observables just from
analysing the decay of φ particles.

In general, the decay rates can be less hierarchical. In that case, we must also con-
sider the effects of the preheating stage. During preheating, the oscillations of the inflaton
field can source explosive particle growth which affects the initial conditions for the sub-
sequent reheating phase. Understanding the preheating period is therefore a prerequisite
for calculating reheating observables in many models.

In this chapter, we discuss preheating in the new inflation model of chapter 10 which
was derived from the tribrid superpotential. We start with a brief overview, listing the
different phases of preheating and their qualitative effects. We then focus on preheating
of the inflaton φ, showing that preheating can quickly make φ very inhomogeneous within
a few oscillations of the inflaton condensate. Finally, we consider the effects of the cou-
pling between φ and χ, and show that χ can be resonantly amplified even by the already
inhomogeneous φ field such that the abundances of φ and χ particles become comparable.

The contents of this chapter were originally part of team projects involving numerical
lattice simulations by Stefano Orani and Francesco Cefalà [6, 150]. My own results are
complementary to the lattice simulations in that they motivate the choice of parameters
and initial conditions for the lattice simulations and help to interpret the lattice results.
This thesis focuses on my own work and only briefly summarizes the related lattice results
which are presented more completely in [6, 150].

11.1 Preheating in new inflation with coupling to mat-

ter field

In this chapter, we study preheating with the scalar potential

V (φ, χ) = V0

(
1− φℓ

vℓ

)2

+
λ2

2
φ2χ2(φ2 + χ2), (11.1)
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Figure 11.1: Phases of preheating in new inflation. After slow-roll inflation ends at φe,
the inflaton field rolls down a part of its potential with V ′′(φ) < −H2 which triggers a
phase of tachyonic preheating. Afterwards, the inflaton field oscillates around its minimum
with large amplitude which periodically brings it back into the tachyonic region. For
v . 10−2, φ becomes strongly inhomogeneous after a few of these tachyonic oscillations.
In that case, there can be a third stage of preheating during which χ grows exponentially
due to its coupling to the inhomogeneous φ field.

with the inflaton field φ and the preinflaton field χ. Throughout this chapter, we assume
that 〈χ〉 = 0 at the beginning of preheating; the effect of non-zero initial 〈χ〉 will be
discussed briefly in section 11.3.5.

This scalar potential is identical to the preinflation model of chapter 10; it is derived
from the tribrid superpotential of eq. (6.1) by neglecting Im(H) and S. The growth of S
during preheating in the full tribrid model is briefly discussed in appendix D.3. We also
set α = β = 0 throughout this chapter, as preheating happens in a much steeper region of
the potential compared to slow-roll inflation, and we expect the effects of α and β to be
negligible for preheating.

Preheating in this model happens in three qualitatively different stages (see fig. 11.1):

1. Tachyonic preheating: During the initial descent of φ towards its minimum, the
infrared modes of φ grow exponentially due to its large tachyonic mass V ′′(φ) < −H2.
For v . 10−6, this growth is strong enough to make φ very inhomogeneous with
〈δφ2〉 ∼ v2, so that linear preheating ends already during this stage [151].

2. Tachyonic oscillations: For v & 10−5, the perturbations of φ remain linear during
tachyonic preheating, and the inflaton field performs large amplitude oscillations
around the minimum which periodically bring it back into the tachyonic region of its
potential. During these oscillations, perturbations grow rapidly at a characteristic
peak scale kpeak [151]. For 10−5 . v . 10−2, the oscillations grow so fast that the
perturbations become non-linear after a few oscillations. Only for v & 10−1, the
growth is limited by Hubble damping and the perturbations always remain small.
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3. Parametric resonance of χ: If φ has become inhomogeneous during the tachyonic
oscillation stage, then the inhomogeneous φ can still trigger exponential amplification
of χ fluctuations similar to a parametric resonance.1

In this chapter, we discuss these different stages in turn. The first two stages are studied
in section 11.2. We review the analytic results of [151] and perform numerical calculations
of the linear perturbations for various model parameters, showing that φ indeed becomes
inhomogeneous with a sharply peaked spectrum within a few oscillations for 10−5 . v .

10−2, and we briefly discuss the subsequent stage of hill crossing and oscillon formation
in these cases. Afterwards, the resonant amplification of χ is studied in section 11.3.
We perform a generalized Floquet analysis which highlights the similarities between this
inhomogeneous resonance and a usual parametric resonance, and we comment on the lattice
results which confirm the existence and parametric dependence of this resonance.

11.2 Preheating and hill crossing of φ

In this section, we study the tachyonic preheating and tachyonic oscillations of φ, neglecting
the χ field for now. Since φ is homogeneous up to tiny vacuum fluctuations during inflation,
the initial phase of preheating can be studied using linear perturbation theory as discussed
in section 4.2.

We first summarize the analytic results from [151] for these two phases and then show
numerical results for the linear perturbation spectra produced by preheating. We then
discuss how these power spectra suggest that for 10−5 . v . 10−2, the perturbations could
push the inflaton field above the hilltop towards φ(x) < 0 and create bubbles of vacuum
with φ < 0 separated by a typical distance d ∼ 2π/kpeak.

11.2.1 Tachyonic preheating

When V ′′(φ) < 0, all modes with k/a <
√

−V ′′(φ) experience exponential growth. This
period of tachyonic growth lasts the longest for modes with k/a . H0, which are already
tachyonic at the end of inflation. Modes with larger k become tachyonic later. Therefore,
they grow for a shorter time and achieve a smaller final amplitude. Modes above km/a =
max
φ

√
−V ′′(φ) are not amplified at all.

After tachyonic preheating2, the power spectrum for small wavenumbers kIR . aH0 can
be estimated as [151]

Pφ(kIR) ∼ 10As

(
1

N2
∗

) ℓ−1
ℓ−2

, (11.2)

1Fields coupled to the inflaton such as χ generically exhibit some linear or power-law growth from
driven turbulence after preheating [78], but not exponential growth as during a parametric resonance.

2The value of the power spectrum in eq. (11.2) is evaluated at φ = v at which time the tachyonic peak
takes on its maximum.
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so for 50 . N∗ . 60 the infrared part of the tachyonic preheating spectrum is

10−13 . Pφ(kIR) . 10−11, (11.3)

with Pφ(kIR) ∼ 10−13 for ℓ = 4. For aH0 < k < km, the power spectrum falls off rapidly
with k, and for k > km, the spectrum is just the vacuum spectrum Pφ ≃ k2/(4π2a2).

The variance of the inflaton field is dominated by the large contribution from the
infrared modes:

〈δφ2(x)〉 =

∫
(d log k)Pφ(k) ∼ Pφ(kIR). (11.4)

For very small v . 10−6, this implies 〈δφ2(x)〉 & v2, so the perturbations become non-
linear during tachyonic preheating – the inflaton field becomes very inhomogeneous and
the description in terms of a background field plus perturbations breaks down. For larger
v & 10−5, eq. (11.4) implies 〈δφ2〉 ≪ v2 and the linear approximation should remain viable.

11.2.2 Tachyonic oscillations

For v & 10−5, tachyonic preheating is followed by a phase of tachyonic oscillations during
which the background field oscillates around the minimum. For v . 10−1, these oscillations
take the inflaton back into the tachyonic region. In this case, one can estimate the inflaton
field value after j complete oscillations as [151]

φj
v

∼ (jv)1/ℓ . (11.5)

These oscillations trigger strong growth of perturbations at a characteristic peak scale [151]

kpeak ∼ ℓ v−
ℓ+2
2ℓ aH0. (11.6)

For small v . 10−2, the perturbations grow by many orders of magnitude and become
non-linear within a few oscillations around the minimum. For large v & 10−1, however,
the oscillations are quickly damped due to Hubble damping (see fig. 11.2). After a few
oscillations, the amplitude decreases so much that the inflaton field never re-enters the
tachyonic region, which makes preheating much less efficient. In this case, the perturba-
tions remain so small that the linear approximation remains valid throughout the entire
preheating phase.3

Note that the perturbations with k ≪ kpeak, which are amplified most during tachyonic
preheating, do not continue to grow during the oscillation phase. Even though they are
amplified every time that the inflaton field rolls down the tachyonic part of the potential,
this amplification is exactly cancelled by an exponential damping every time the field rolls
back up. The infrared part of the spectrum therefore oscillates: it is very large near the
minimum at φ ∼ v, and it is negligible at φj (i.e. near the hilltop).

3There is some non-adiabatic growth of the inflaton perturbations during the subsequent non-tachyonic
oscillations around the minimum, but red-shifting and Hubble damping make the perturbations decay
before they can grow non-linear.
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Figure 11.2: Oscillations of the inflaton background field around the minimum as a
function of H0t, plotted for v = 10−5 and v = 10−1 with ℓ = 4. The dashed horizontal
line denotes the inflaton value φinflect ≃ 0.81v below which V ′′(φ) < 0. We see that for
small v ≪ 10−1, the oscillations continue to bring φ deeply into the tachyonic region
for several oscillations. For large v = 10−1, however, Hubble damping quickly dampens
the oscillation amplitude so that after a few oscillations, the inflaton field never re-enters
the tachyonic region. Preheating is much less efficient in this case: the perturbations
remain small and are eventually redshifted away as the inflaton field oscillates around the
quadratic part of its potential.

11.2.3 Numerical results for the power spectra

Integrating the mode equations (4.3) numerically, we can calculate the power spectrum
Pφ(k) of the inflaton perturbations. As initial conditions, we match φk and φ̇k for each
k to eq. (3.6) at a sufficiently early time such that H is still approximately constant and
(k/a)2 ≫ |V ′′(φ)|. This initial matching time is chosen differently for each k, since the
smallest k need much earlier matching than the largest k.

Fig. 11.3 shows Pφ/φ2 for ℓ = 4 and various values of v evaluated at the time when the

inflaton crosses the minimum (φ = v and φ̇ > 0), while fig. 11.4 shows the power spectra

closest to the hilltop at the end of each full oscillation, where φ̇ = 0.
All of the plots show the strong growth of power for modes with k ∼ kpeak with each

successive oscillation. For v ≤ 10−2, it only takes a few oscillations for the perturbations to
grow non-linear (i.e., Pφ(kpeak) & φ2). Only for large v = 10−1, the perturbations remain
small due to Hubble damping as explained above.

For the infrared modes, fig. 11.3 clearly shows the tachyonic preheating spectrum with
Pφ(aH0) ∼ 10−13. The infrared modes do not continue to grow during the tachyonic
oscillation phase: for v ≤ 10−2, the infrared parts of the spectra after the j-th oscillation
lie on top of each other. For v = 10−1, we even see that the infrared modes slowly
decay due to Hubble damping and redshifting. Near the hilltop, the tachyonic preheating
spectrum almost vanishes, as one can see in fig. 11.4. The infrared part of the spectrum
actually oscillates during the tachyonic oscillation phase, growing to maximum values at
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Figure 11.3: Linear power spectra evaluated at φ = v and φ̇ > 0 for the first few
oscillations (first to last oscillation: blue to red), for ℓ = 4. Tachyonic preheating most
strongly enhances the infrared modes (k . aH0), whereas the oscillations enhance modes
with much larger momenta around the peak scale kpeak ≃ 7v−3/4aH0, which is denoted
by a vertical dashed line. For v = 10−1, we do not show every oscillation, because linear
preheating lasts for very many oscillations; the dark red line in this case corresponds to
over 1000 oscillations.
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Figure 11.4: Linear power spectra normalized to the mean inflaton value φ = φj ,
evaluated at the end of each oscillation when the inflaton is closest to the hilltop (first
to last oscillation: blue to red), for ℓ = 4. We see that the infrared peak from tachyonic
preheating is negligible near the hilltop, whereas the perturbations around the peak scale
kpeak (vertical dashed line) can grow to amplitudes larger than φj , indicating that on these
scales, the perturbations can push the inflaton towards φ(x) < 0. For v = 10−1, we do
not show every oscillation, because linear preheating lasts for very many oscillations; the
dark red line in this case corresponds to over 1000 oscillations.
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φ ≃ v and shrinking to minimal values at φ ≃ φj, whereas Pφ(kpeak)/φ2 continuously grows
throughout each oscillation4 until the evolution becomes non-linear.

11.2.4 End of linear preheating and hill crossing

Linear preheating predicts that for 10−5 . v . 10−2, there is a rapid growth of perturba-
tions at the scale kpeak, producing a large fluctuation amplitude

〈δφ2(~x)〉 =

∫
(d ln k)Pφ(k) ∼ Pφ(kpeak) & φ2. (11.7)

This could indicate either that the fluctuations become large enough to push the inflaton
field over the hilltop towards φ(~x) < 0, or that linear perturbation theory breaks down and
non-linear interactions stop the growth of perturbations before this happens. To find out
which of these options is realized, we must perform a non-linear calculation, e.g. a lattice
simulation as discussed in section 4.3.

Such lattice simulations have been performed for our model by Stefano Orani in [6],
using the results from our numerical calculations of the linear preheating phase to set the
initial conditions and choose suitable lattice parameters. The key result of these simulations
is shown in fig. 11.5. It turns out that the fluctuations can really push φ(~x) to negative
values at some points in space, and the potential subsequently drives φ(~x) → −v in these
regions. Afterwards, these regions form localized, roughly spherical bubbles oscillating
between φ = ±v, which can be interpreted as oscillons [152].

As expected from the strongly peaked form of the linear power spectra in figs. 11.3
and 11.4, oscillon formation is dominated by fluctuations at the peak scale kpeak, which
leads to a typical distance between oscillons of about d ∼ 2π/kpeak [6]. The power spectra
during this phase remain peaked around kpeak, though the spectra gradually get flatter.
For details on the formation and subsequent evolution of the oscillons, see [6, 153].

4To be precise, Pφ(kpeak)/φ
2 temporarily drops when φ > v, but it grows both on its way up and down

the hilltop for φ < v.
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Figure 11.5: Numerical results by Stefano Orani [6] from (2+1)-dimensional lattice
simulations as described in section 4.3 for single-field new inflation with ℓ = 4 and v = 10−5

(above) or v = 10−2 (below).
The left plots show the variance and the mean of φ in units of v as functions of kpeakt.
We can clearly see how the mean performs two or six oscillations, respectively, before the
variance grows to values 〈δφ2〉 ∼ 〈φ − v〉2 and non-linearities become important, which
agrees with our results from linear preheating in figs. 11.3 and 11.4.
The right plots show the fraction of lattice points for which φ(x) < 0 as a function of
kpeakt. These plots clearly show that the perturbations push the inflaton field over the
hilltop towards the other vacuum at φ→ −v. These hilltop-crossing regions form localized
bubbles which oscillate between φ ∼ −v and φ ∼ v. The behaviour of these “oscillons”
has been studied further in [6, 153].
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11.3 Parametric resonance of χ from inhomogeneous

φ background

When a homogeneous inflaton field φ oscillates around the minimum of its potential, this
generates a nearly periodic variation in the masses of the fields coupled to the inflaton, e.g.
the χ field in our model. Such a time-dependent mass can lead to efficient non-perturbative
production of χ particles. This effect is called “parametric resonance” [43, 44, 90, 154].

In our new inflation model, the situation is different. During the phase of tachyonic
oscillations, the homogeneous mode of φ decays into perturbations peaked around the
characteristic scale kpeak for 10−5 . v . 10−2. A priori, it is not clear whether parametric
resonance for χ can also work after this has occurred: the usual mode eqs. (4.4) do not
apply, because they assume a homogeneous background field φ(t), but the χ field gets a
locally time-dependent mass term due to the time evolution of φ(~x, t) and could therefore
be non-perturbatively amplified.5

In this section, we want to understand how χ might undergo a parametric resonance
even for a strongly inhomogeneous inflaton field. We start with a semi-analytical analysis
based on four simplifying assumptions:

1. We assume that δφ := (φ − v) ≪ v. This assumption becomes valid briefly af-
ter the end of tachyonic oscillations, as Hubble damping reduces the amplitude of
perturbations δφ.6

2. We assume δχ≪ δφ. This assumption is valid initially, as δχ is not strongly amplified
during the homogeneous oscillations of φ. It can be violated later if there is efficient
δχ production due to preheating. In that case, our formalism breaks down at the
time when δχ ∼ δφ.

3. We approximate δφ(~x, t) as a standing wave with wavenumber |~k| = kpeak, motivated
by the observation that the spectrum of φ is strongly peaked around kpeak.

4. We neglect the expansion of the universe because the timescales considered below
are much shorter than H−1.

These assumptions are based on the main qualitative features of our system, and they
allow us to derive simple equations that can be analysed using Floquet theory. We therefore
believe that they provide a useful starting point for discussing how we can have a parametric
resonance even with an inhomogeneous inflaton background field.

5In principle, χ can be amplified by a conventional parametric resonance before the tachyonic oscillations
make φ inhomogeneous. In this chapter, we are interested in the range of parameters for which this
conventional parametric resonance is not efficient, so that φ becomes inhomogeneous before χ is amplified
to significant abundances.

6This assumption makes our analysis inapplicable during the earlier stage of preheating, when δφ ∼ v.
To decide whether χ can grow non-perturbatively during this early phase, a non-linear calculation is
required, e.g. lattice simulations as discussed in section 11.3.4.
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11.3.1 Equations of motion

The equation of motion for χ(~x, t) is

χ̈ − ~∇2χ + 3Hχ̇ +
∂V

∂χ
= 0, (11.8)

with V given by eq. (11.1).
As discussed above, we can neglect H for the purposes of this section. For small

perturbations δχ and δφ = (φ − v), we can also expand eq. (11.8) to leading order in δχ
and δφ:

δχ̈ − ~∇2δχ +


 ∂

2V

∂χ2

∣∣∣∣∣
min

+
∂3V

∂χ2∂φ

∣∣∣∣∣
min

δφ


 δχ = 0, (11.9)

where the derivatives of V are evaluated at the global minimum φ = v, χ = 0:

δχ̈(~x, t) − ~∇2δχ(~x, t) +
[
λ2v4 + 4λ2v3 δφ(~x, t)

]
δχ(~x, t) = 0. (11.10)

We can Fourier transform this equation by multiplying with e−i
~k~x and integrating over d~x:

χ̈~k +
(
k2 + λ2v4

)
χ~k + 4λ2v3

∫
d~x e−i

~k~xδφ(~x, t)δχ(~x, t) = 0, (11.11)

where χ~k(t) is the Fourier transform of δχ(~x, t). To evaluate the last term, we approximate

δφ as a standing wave with wavenumber |~kp| = kpeak:

δφ(~x, t) = δφ0 cos
(
~kp~x
)
cos
(
ωφt
)
, with ωφ =

√
k2peak +m2

φ. (11.12)

Note that eq. (11.12) is a solution to the linearised equation of motion for δφ(~x, t), so
the approximation as a standing wave is consistent given our assumption that δφ ≪ v.
Assuming this form of δφ, eq. (11.11) can be simplified to

χ̈~k +
(
k2 + λ2v4

)
χ~k + 2λ2v3δφ0 cos(ωφt)

(
χ~k+~kp + χ~k−~kp

)
= 0. (11.13)

This is similar to the usual Mathieu equation for parametric resonance, with the important
difference that the time-dependent term couples modes with different ~k.7 For each ~k,
eq. (11.13) actually describes a ladder of differential equations involving all χ~k+n·~kp for
every integer number n.

We cannot solve these infinitely many equations simultaneously, so we have to apply a
cutoff, setting χ~k = 0 for all |~k| > kcutoff or equivalently for all |n| > N .8

7For another generalisation of the Mathieu equation with inhomogeneous background fields in the
context of colliding domain walls, see [155].

8Applying a cutoff is consistent with our lattice results, where we see that the spectrum of χ is peaked
at values k . kpeak, so we do not expect Fourier modes χk with k ≫ kpeak to be involved in preheating.
We have also checked that if we solve eq. (11.13) numerically using such a cutoff, the eigenfunctions of
eq. (11.13) are peaked around one or two neighbouring values of k and quickly fall off for larger k. In
addition, we reproduced fig. 11.6 with lower resolution for kcutoff = 6kpeak and found that the result does
not change significantly.
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11.3.2 Equations of motion in matrix form

Imposing such a cutoff, eq. (11.13) can be written in matrix form. We use the short
notation

χ
n
:= χ

~kn
, ~kn := ~k0 + n · ~kp, (11.14)

for any arbitrary momentum vector ~k0, and

f(t) := 2λ2v3δφ0 cos(ωφt). (11.15)

In this notation, eq. (11.13) becomes



χ̈
N

χ̈
N−1

...
χ̈
−(N−1)

χ̈
−N




= F




χN
χN−1

...
χ−(N−1)

χ−N



, (11.16)

with the matrix

F(t) = −λ2v41−




k2N f(t) 0 0 ... 0
f(t) k2N−1 f(t) 0 ... 0
0 f(t) k2N−2 f(t) ... 0
0 0 f(t) k2N−3 ... 0
... ... ... ... ... f(t)
0 0 0 0 f(t) k2−N




. (11.17)

As a last step, we transform eq. (11.16) into a first order differential equation, intro-
ducing extra variables

πn := χ̇n. (11.18)

Then, for the vector

y(t) := (χN , χN−1, ..., χ−N , πN , πN−1, ..., π−N)
T , (11.19)

eq. (11.16) can be written as

ẏ(t) = U(t)y(t), (11.20)

with

U(t) =

(
O 1

F(t) O

)
, (11.21)

where 1 and O are the unit matrix and the zero matrix with the same dimensions as F(t).
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11.3.3 Floquet analysis

Eq. (11.20) is formally equivalent to equations of parametric resonance in a multi-field
system, with different modes χ~k0+n·~kp in place of different fields ϕn. We can thus perform

a Floquet analysis analogously to multi-field parametric resonance [44].9

The Floquet theorem implies that we can find the growing solutions of eq. (11.20) using
the differential equation for the square matrix O(t):

Ȯ(t) = U(t)O(t), (11.22)

with U(t) from eq. (11.21).
The Floquet exponents can be determined using the following algorithm [44]:

1. Solve eq. (11.22) with the initial value O(0) = 1 up to time T = 2π/ωφ.

2. Find the eigenvalues σ of O(T ).

3. The Floquet exponents are µ = 1
T
log σ. Exponential growth happens for Re(µ) =

1
T
log|σ| > 0. Taking into account Hubble damping, effective growth is possible for

Re(µ) ≫ H.

The eigenvalues σ describe how much the corresponding eigenstates grow during each
oscillation of δφ. Fig. 11.6 shows the numerical results for the eigenvalues and eigenstates
assuming v = 10−2, ℓ = 6 and different mχ/mφ and δφ0. The left side of the plot shows the
maximum Floquet exponent (for the fastest growing eigenfunction), and the right-hand
side shows the average wavenumber 〈k〉 of the corresponding eigenfunction.

To generate the plots, we scanned over 41 different ~k0 with |~k0| ∈ [0, kpeak/2] and
~k0 ‖ ~kp.10 As eq. (11.13) couples each ~k0 to all other ~k0 + n ·~kp, and because the equations

are symmetrical under ~k0 → −~k0, this is equivalent to scanning over all |~k0| ≤ kcutoff for
~k0 ‖ ~kp.

Discussion of the results

For each of the k0, we find a series of thin resonance bands for specific mχ/mφ. Plotting
all of these thin resonance bands in one plot (plotting the maximum eigenvalue), we find
that they combine into very broad bands with strongest amplification close to mχ/mφ ∈
{0.5, 1, 1.5, 2}. These broad bands extend towards smaller mχ/mφ, with the exponentially
growing modes for smaller mχ/mφ having increasingly larger k, and the growth getting
weaker the further we go away from half-integer values of mχ/mφ. Also, the strongest
amplification happens for mχ/mφ . 0.5. The band at mχ/mφ ≃ 1 already has much

9Fundamentally, Floquet theory can be applied because the explicit time-dependence in U(t) is periodic.
10We have also performed the Floquet analysis with angles of 30◦ and 90◦ between ~k0 and ~kp, with

|~k0| ≤ 1.5kpeak. Such non-parallel ~k0 lead to a very similar band structure, just with slightly broader
bands.
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Figure 11.6: Results of Floquet analysis for v = 10−2 and ℓ = 6, using a cutoff kcutoff =
3.5kpeak. The left plot shows the largest Floquet exponent for a given mass ratio mχ/mφ

and inflaton perturbation amplitude δφ0, indicating how strongly the fastest-growing χ
perturbations are growing. Black regions indicate no growth (only oscillatory solutions),
while in the coloured regions χ perturbations grow exponentially. The right plot shows the
average wavenumber 〈k〉 of the fastest-growing linear combination of χk. The eigenvector
generally includes noticeable contributions from up to three neighbouring wavenumbers
separated by ∆k = kpeak, but the contributions to the eigenvector quickly fall off with
larger k, justifying the use of a cutoff for solving the coupled eqs. (11.13). Further faint
bands can be found at mχ/mφ ≃ 3/2 and mχ/mφ ≃ 2, but the Floquet exponents are
much smaller for those bands.
The presence of thin resonance bands is an artefact of our finite resolution in k-space, as
we have only scanned over 41 different k0, and the value of k0 determines the position
of the individual resonance bands. Including more k0, the individual resonance bands
combine into continuous broad bands.
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Figure 11.7: Lattice results for the variances of φ and χ by Francesco Cefalà [150]
for v = 10−2, ℓ = 6 and different mass ratios mχ/mφ. They confirm that χ grows
exponentially in the mass range 0.25 . mχ/mφ . 0.5 where the inhomogeneous Floquet
analysis predicts the strongest resonance band, see fig. 11.6. The growth starts after φ
perturbations have become non-linear, and as such it is not a usual parametric resonance
driven by a homogeneous background field.

smaller Floquet exponents, and the bands at mχ/mφ ≃ 1.5 and mχ/mφ ≃ 2 only exhibit
extremely weak amplification.

Note that our plane-wave approximation for δφ requires V (δφ) ≃ 1
2
m2
φδφ

2. For this
reason, the results of our Floquet analysis will be most trustworthy for small δφ0, i.e. on
the left side of the plots in fig. 11.6. The lower band at mχ/mφ . 0.5 extends to small δφ0,
with Re(µ)/H > 20 even for δφ0/v < 0.01 where the potential is very close to harmonic.
However, the band at mχ/mφ ≃ 1 becomes very faint already for δφ0/v ∼ 0.05 where our
actual potential (10.3) for δφ is still significantly skewed. For this reason, it is not clear
whether the conditions for our Floquet analysis are satisfied sufficiently well for this upper
band given the anharmonic hilltop potential of eq. (10.3).

Our Floquet analysis demonstrates that, in principle, exponential growth of χ due to
parametric resonance might happen even for a strongly inhomogeneous background field
φ with a sharp peak around some kpeak, and that such growth sensitively depends on the
coupling λ or equivalently the mass ratio mχ/mφ. However, since our analysis is based on
a harmonic approximation of the inflaton potential and on simpler initial conditions for
φ compared to the hilltop model of eq. (10.3), we need to resort to lattice simulations to
assess whether or not this mechanism is effective in our hilltop model.

11.3.4 Comparison to results from lattice simulations

To check the results of the semi-analytical Floquet analysis of section 11.3.3, we compare
them to lattice simulations of preheating in our model which were performed by Francesco
Cefalà in [150]. The lattice results for the variances of φ and χ for three different values of
mχ/mφ are shown in fig. 11.7. As the first two plots show, δχ indeed grows exponentially
in the mass range for which our inhomogeneous Floquet analysis predicts the strongest
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resonance band, and this growth starts well after the homogeneous mode of φ has decayed
into sub-Hubble perturbations. As such, the results of [150] confirm our prediction of a
parametric resonance of χ due to an inhomogeneous φ background. In fact, a scan over
lattice simulations for different mχ/mφ shows that resonant growth occurs in a band with
0.25 . mχ/mφ . 0.5 [150], which fits very well to the mass range of the strong resonance
band predicted by our Floquet analysis.

At larger mass ratios mχ/mφ > 0.5, the lattice simulations show no noticeable growth
of δχ. As we already mentioned in section 11.3.3, the resonances at those mass ratios
only show up in the Floquet analysis for large inflaton amplitudes δφ0/v & 0.05 where the
approximations leading to eq. (11.13) are not satisfied as well. We conclude that the faint
resonance bands at larger mass ratios are an artefact of our approximations and are absent
in the full non-linear model.

11.3.5 Possible effect of initial 〈χ〉
Throughout this chapter, we have assumed that 〈χ〉 = 0 at the end of inflation. However,
〈χ〉 can also be non-negligible throughout new inflation, especially if no mass term for χ
is generated from Kähler potential couplings. In that case, the energy in the initial 〈χ〉
can provide additional χ particles on top of those produced from δφ by preheating, and
the results of this chapter might be interpreted as a lower bound on the abundance of χ
particles after preheating.

A calculation of the possible initial values of 〈χ〉 is given in appendix D.2 for ℓ = 6,
v = 10−2 and α = β = 0, where we find that the maximal 〈χ〉 at the beginning of preheating
depends on the mass ratio mχ/mφ, see fig. D.4. For mχ/mφ & 0.5, the maximal initial 〈χ〉
is so small that the results of this chapter remain unchanged. For small mχ/mφ, the initial
〈χ〉 can extend the range of parameters for which δχ can be large after preheating towards
smaller mχ/mφ < 0.25.

11.4 Summary

In this chapter, we have studied preheating after new inflation, first focusing on the per-
turbations of the inflaton field φ itself and then on the perturbations of another scalar field
χ coupled to it with a tribrid superpotential coupling.

For the inflaton perturbations, we reviewed the phases of tachyonic preheating and
tachyonic oscillations and numerically calculated the spectra during the linear preheating
stage for various values of the inflaton field’s vacuum expectation value v. We confirmed
that for v ≥ 10−1, preheating is ineffective due to Hubble damping, whereas for 10−5 ≤ v ≤
10−2, the perturbations of φ quickly grow around a characteristic peak scale kpeak ≫ aH.
We explained how in this case, the large perturbations at sub-Hubble scales might indicate
that the inflaton field could be locally pushed over the maximum of the potential from
φ > 0 to φ < 0.
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Since the perturbations are already non-linear at that point, the study of this phase
requires numerical lattice simulations, which were performed by Stefano Orani [6] based
on the parameters given by my numerical calculations for the linear preheating phase.
Those lattice simulations show that φ indeed crosses the maximum of its potential, forming
localized bubbles oscillating between φ = ±v. The spectrum during this phase remains
peaked around kpeak, though the peak gets flatter during this stage as one expects for
non-linear evolution.

In the second part of this chapter, we considered preheating with an additional scalar
field χ, assuming the coupling to the inflaton field that would result from realizing new
inflation with a tribrid superpotential as in chapter 10.

In particular, we focused on the case 10−5 . v . 10−2 for which the inflaton field rapidly
becomes inhomogeneous with a power spectrum sharply peaked around kpeak. In this
case, we argued that a parametric resonance for χ might be driven by the inhomogeneous
inflaton field, in contrast to the usual parametric resonance driven by a homogeneous
inflaton background. To illustrate this idea, we performed a generalized Floquet analysis
for inhomogeneous backgrounds with ℓ = 6 and v = 10−2 for which we found a broad
resonance band at mχ/mφ . 0.5. We also saw some weaker indications for faint resonance
bands at other half-integer values of mχ/mφ, though only in regions where the assumptions
underlying the Floquet analysis are less well satisfied.

This semi-analytical analysis was complemented with lattice simulations by Francesco
Cefalà [150] based on parameters and initial conditions from my linear preheating calcu-
lations. They confirmed the existence of the resonance band at 0.25 . mχ/mφ . 0.5 for
which the χ fluctuations can be amplified to amplitudes even exceeding those of the in-
flaton field. This resonant growth of χ occurs when φ is already strongly inhomogeneous;
the precise time at which the amplification starts depends on mχ/mφ. The simulations did
not show any amplification around mχ/mφ ∼ 1, clarifying that the faint resonance which
is visible in the Floquet analysis at this mass ratio is not realized in the full non-linear
model.

These results have important implications for the calculation of reheating observables.
The oscillons produced after the tachyonic oscillation stage could have a significant effect
especially if they are very long-lived. This can depend on the specific particle physics
model embedding; for example, a tribrid coupling of the inflaton to another field can either
reduce or extend the oscillons’ lifetime depending on the model parameters [153].

The production of χ perturbations from an inhomogeneous inflaton background has
even more important consequences, as it directly affects the relative particle abundances at
the beginning of reheating. Therefore, a study of reheating which assumes that the energy
density is dominated by the inflaton field at the beginning of reheating will generally not
lead to correct results unless χ has a much greater decay rate than φ such that any χ
generated from preheating will decay early enough to be negligible.
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Chapter 12

Implications of large r for slow-roll model
building

In chapters 6–11, we studied small-field models of inflation within an effective field theory
framework. The assumption of small field values allowed us to expand the scalar potential
in powers of Yi/mPl and to keep only the leading terms in this expansion, such that the
predictions depend on a limited number of relevant coupling constants.

Small field values Yi ≪ mPl are required for getting predictive models from specifying
all fields’ charges under U(1)R and Zn symmetries. Since |Yi|2 is always invariant under
such symmetries, the Kähler potential K can be an arbitrary function of the |Yi|2. For
Yi & O(mPl), this leads to scalar potentials which are mostly determined by arbitrary
choices for K. Small field values are therefore a critical prerequisite for the framework
used throughout this thesis.

A well-known property of small-field models of inflation is that they generically pre-
dict tiny amplitudes of primordial gravity waves [156, 157]. When BICEP2 detected an
indication for large gravity waves with r ∼ 0.2 [158], this triggered lively discussions on
whether such large r would rule out the entire framework of small-field inflation or whether
small-field models could remain viable with suitable adjustments.

Though it has turned out that the original BICEP2 measurement was dominated by
foregrounds, a discovery of large r within the present bounds of r < 0.09 remains possible
[51]. In this chapter, we discuss how such a discovery could constrain or exclude small-field
models of inflation like those discussed in chapters 6–11.

We start with a review of the famous Lyth bound relating the inflaton field excursion
∆φ to the tensor-to-scalar ratio r, and revisit proposals for avoiding the Lyth bound using
suitable inflaton potentials. We then discuss how to reconstruct the inflaton potential from
the primordial power spectra to highlight the importance of higher-order runnings of the
spectral index for evading the Lyth bound. Finally, we derive a model-independent field
range bound for slow-roll models of inflation to clarify whether or not a large r could rule
out the small-field framework employed throughout this thesis.
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12.1 Lyth bound

The Lyth bound [156] provides a popular estimate for the length of the inflaton trajectory

∆φ ≡ |φ∗ − φe| (12.1)

depending on the tensor-to-scalar ratio r. In this section, we review the derivation of the
Lyth bound and proposals for how it might be evaded in specific models.

12.1.1 Derivation of the Lyth bound

The Lyth bound is based on the slow-roll eqs. (2.20) and (3.24b) together with the as-
sumption that ε remains constant or grows during inflation:

ε(φ) & ε∗. (12.2)

Eq. (12.2) corresponds to the typical shape of inflaton potentials, where slow-roll inflation
happens around a flat region of the potential with ε∗ ≪ 1 and ends when the potential
becomes too steep for slow-roll.

Eq. (12.2) can be combined with the slow-roll eqs. (2.18a), (2.20) and (3.24b):

N∗ ≃
φ∗∫

φe

dφ
1√
2ε(φ)

.
|φ∗ − φe|√

2ε∗
≃ ∆φ√

r/8
, (12.3)

where we assumed φ∗ > φe without loss of generality. Solving eq. (12.3) for ∆φ leads to
the Lyth bound:

∆φ & N∗

√
r

8
≃
(
N∗
60

)√
r

0.002
. (12.4)

According to the Lyth bound, tensor-to-scalar ratios r & 10−3 imply ∆φ & mPl.
The Lyth bound can be weakened if we assume that only the first ∆N = 8 e-folds

for which we observe a roughly scale-invariant spectrum happen due to slow-roll inflation.
However, even in this case ∆φ is estimated to be close to or above the Planck scale for
r > 10−2.

12.1.2 Evading the Lyth bound with non-monotonous ε(φ)

Though the assumption of a roughly monotonous ε(φ) ≥ ε∗ is realized in many explicit
models, it is not required for slow-roll inflation. It has thus been suggested that the Lyth
bound can be evaded by using an inflaton potential for which ε(φ) < ε∗ for some φ during
inflation [159–161].
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Figure 12.1: Schematic shape of the inflaton potential required to evade the Lyth bound.
A large r = 16ε∗ is generated around φ∗. The potential then becomes flat very quickly so
that ε≪ ε∗, and the N∗ e-folds of inflation are generated mostly around the flattest part
of the inflaton potential.

To understand how a non-monotonous ε helps to evade the Lyth bound, we rewrite
eqs. (2.20) and (3.24b) as

r = 8

[
V ′(φ∗)

V (φ∗)

]2
, ∆φ =

∫
dN

∣∣∣∣
V ′

V

∣∣∣∣ . (12.5)

For large r, these equations impose conflicting requirements on small-field models:

• The initial slope V ′/V at φ∗ must be large to generate large r ≃ 8(V ′
∗/V∗)

2.

• During inflation, the slope V ′/V must be small to have ∆φ≪ mPl within N∗ e-folds
of inflation.

To get large r in a small-field model, we must decouple these requirements by satisfying
them at different field values φ: V (φ) must start with a large slope V ′

∗/V∗ ∼
√
r/8, but

quickly become flat (V ′/V ≪
√
r/8). Since ε = (V ′/V )2/2, this is equivalent to demanding

a non-monotonous ε(φ) ≪ ε∗.

The qualitative shape of such a potential is depicted in fig. 12.1. The large r is generated
around φ∗ where ε is large, and the N∗ e-folds of inflation are generated in the flat region
around φmin. Afterwards, inflation ends at φe ≤ φmin either due to a waterfall transition
or because the potential becomes too steep for slow-roll.

Such potentials have been discussed, using the constraints available at that time, in
a number of insightful earlier papers [159, 160]. They find that a large tensor-to-scalar
ratio r > 0.01 with ∆φ . mPl requires a scale-dependent running of the spectral index,
and they generally do not find that ∆φ ≪ mPl is possible: their field values lie in the
range mPl/2 . ∆φ . mPl, which is already too large to reliably use expansions in powers
of φ/mPl. However, their analysis is limited to specific potentials, so they cannot exclude
small-field inflation with r > 0.01 in general.
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The goal of this chapter is to understand how much the Lyth bound can be evaded for
arbitrary inflaton potentials and what the conditions on the runnings of the spectral index
are. For this purpose, we first perform a reconstruction of the inflaton potential in terms
of the CMB observables in section 12.2 and then derive a very general field range bound
for slow-roll inflation in section 12.3.

12.2 Inflaton potential reconstruction

As a first step towards understanding the relation between ∆φ, r and the runnings of the
spectral index, we consider a reconstruction of the inflaton potential around φ∗ from the
constraints on the primordial spectrum [162]. This reconstruction will lead to estimates for
how much the Lyth bound can be evaded depending on αs, κs and higher order runnings.

12.2.1 Inflaton potential reconstruction from primordial power
spectrum

We start with a Taylor expansion of V (φ) around φ∗:

V (φ) = V (φ∗) + V ′(φ∗)δφ +
1

2
V ′′(φ∗)δφ

2 +
1

6
V ′′′(φ∗)δφ

3 +
1

24
V ′′′′(φ∗)δφ

4 + ...,

(12.6)

with δφ ≡ (φ − φ∗). Without loss of generality, we can assume that V ′(φ) > 0.1 We can
then rewrite eq. (12.6) in terms of the slow-roll parameters using eqs. (2.18a)–(2.18d):

V (φ)

V∗
= 1 +

√
2ε∗ δφ +

η∗
2
δφ2 +

ξ2∗
6
√
2ε∗

δφ3 +
σ3
∗

48ε∗
δφ4 + ... (12.7)

At leading order in the slow-roll approximation, the slow-roll parameters at φ∗ are related
to the observables via eqs. (3.24b)–(3.24e). We can thus express eq. (12.7) in terms of the
observables:

V

V∗
= 1 +

√
r

8
δφ +

1

4

(
ns − 1 +

3r

8
+ q1αs + (q21 − q2)κs

)
δφ2

−
(
αs + q1κs

3
√
2r

)
δφ3 +

κs
6r
δφ4 + ... (12.8)

Terms of O(δφ5) are proportional to even higher order slow-roll parameters, or equivalently
higher order runnings [69, 70]. For now, we assume that all runnings beyond αs and κs are
zero so that the potential is described by the 4th order polynomial given in eq. (12.8). We
comment on the effects of higher-order runnings later in section 12.2.3.

1We can always redefine the inflaton field as φ̃ = −φ so that the assumption is satisfied for the field φ̃,
which we then relabel as φ. With the opposite assumption V ′(φ) < 0, the calculation is identical except
for V ′/V = −

√
2ε which changes the sign in front of the odd powers in eqs. (12.7) and (12.8).
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Figure 12.2: Reconstructed inflaton potential for r = 0.02 in various cosmological mod-
els: ΛCDM+r (red), ΛCDM+r+αs (green) and ΛCDM+r+αs+κs (blue). The width of
the bands corresponds to twice the range of the 68% CL Planck constraints [9].
The dashed black line marks ε = ε∗ for which the Lyth bound is exact. To evade the
Lyth bound, the potential must be much flatter than this line. We find that a significant
flattening for |δφ| ≪ mPl is only possible if we allow for both αs and κs, in which case a
flat plateau can be reached at |δφ| & mPl/4.

12.2.2 Required running for evading the Lyth bound

The reconstructed potential from eq. (12.8) is shown in fig. 12.2 for the example case of
r = 0.02 and various cosmological models: ΛCDM is shown in red, ΛCDM+αs is shown in
green, and ΛCDM+αs+κs is shown in blue. The width of the bands corresponds to twice
the width of the 68% CL Planck constraints [9] quoted in table B.1.2

The black dashed line corresponds to ε(φ) = ε∗ for which the Lyth bound eq. (12.4)
becomes exact. Evading the Lyth bound requires that the potential becomes much flatter
than this black dashed line.

We see that for κs = 0, the potential shape of fig. 12.1 required to evade the Lyth
bound is excluded by the constraints on the observables. In fact, the ΛCDM curve with
αs = κs = 0 is always steeper than ε = ε∗, so that the field range bound in this case
is even stronger than the conventional Lyth bound. This result is consistent with the
calculations in [163, 164] which have shown that accounting for a constant spectral index
ns < 1 significantly tightens the Lyth bound.

Adding a running αs but keeping κs = 0, the Lyth bound is only slightly relaxed. The
main reason is that relaxing the Lyth bound requires a positive αs > 0 which is very
constrained for ΛCDM+αs, as αs = −0.006± 0.007 at 68% CL if κs = 0.

Only when we allow for a running of the running κs, a flat plateau can be generated for
δφ ≪ mPl, so that the Lyth bound might be weakened. This has two reasons: a positive

2The applicability of these bounds for r = 0.02 is discussed in appendix B.
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κs makes V (φ) flatter, and it relaxes the bounds on αs > 0 which also contributes to a
flatter potential.

These results also hold up for other values of r & 10−2. The main difference is that for
larger r, all of the curves in fig. 12.2 become steeper and the plateau for the ΛCDM+αs+κs
case is shifted towards larger |δφ|.

12.2.3 Effects of higher-order runnings

Our reconstruction of the inflaton potential in eq. (12.8) is based on the assumption that
higher-order runnings beyond κs, i.e. all

[
(d/d ln k)nPζ(k)

]
k=k∗

with n > 3, are negligible.

As such higher-order runnings are proportional to the (n+1)-th derivatives of the inflaton
potential V (φ), this assumption ensures that the inflaton potential can be approximated
by a fourth-order polynomial in δφ. If one allows for higher-order runnings beyond κs,
higher-order terms δφn+1 with n > 3 need to be taken into account.3

As we discussed in section 12.1.2, to evade the Lyth bound it is necessary that V ′

changes rapidly from its large value at horizon crossing to a small value at φmin. This change
must be driven by higher-order derivatives of the potential, be it the third and fourth only
as in (12.8) or higher-order derivatives also. Including higher than fourth-order terms and
choosing their value at horizon crossing to minimize ∆φ would presumably lead to weaker
constraints on ∆φ than those indicated by the analysis in section 12.2.2. However, as we
will show in section 12.3, the Lyth bound cannot be evaded to an arbitrary degree even if
we allow for any number of higher-order runnings.

Note that if the higher-order runnings of the spectral index are not negligible, one
cannot rely on cosmological parameter constraints that were derived under the assumption
that these runnings are zero (see appendix B). In the same way in which the upper bound
on αs is relaxed when allowing for κs 6= 0, adding large higher-order runnings will likely
change the bounds on αs and κs. Higher-order terms also give additional contributions to
eqs. (3.24c)–(3.24e), which change the prefactors of the δφ2, δφ3 and δφ4 terms in eq. (12.8)
by terms proportional to the additional higher-order runnings.

It may therefore be possible to evade the Lyth bound even for small κs, but with large
higher-order running parameters. In any case, it requires sizeable running of the spectral
index beyond αs, e.g. κs > 0 or some higher-order running.

12.3 General field range bound in slow-roll inflation

In sections 12.1.2 and 12.2, we have discussed how the Lyth bound can be weakened by
assuming a non-monotonous evolution of ε(φ) during inflation. We have explained how such
a non-monotonous ε can be achieved with potentials that have the qualitative form shown

3These arguments are only exact to leading order in the slow-roll parameters or equivalently in r,
(ns− 1), αs and κs. At higher order in the slow-roll expansion, higher order runnings are induced not only
by slow-roll parameters involving higher derivatives, but also by higher powers of the first few slow-roll
parameters.
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in fig. 12.1, and we have shown that such potentials can be consistent with observations if
we allow for a scale-dependent running of the spectral index (e.g. κs > 0).

While the potential shape is constrained by cosmological observations, these constraints
depend on the arbitrary choice of priors for the primordial spectrum Pζ(k), and they can
be relaxed if we allow for runnings αs, κs or even an arbitrary number of higher-order
runnings.

In this section, we derive a slow-roll bound on ∆φ that applies generally assuming
only the slow-roll eqs. (2.16) and (3.24b), to show that the Lyth bound cannot be evaded
arbitrarily strongly and that a large r ∼ 0.1 could indeed rule out the small-field slow-roll
framework employed in this thesis.

12.3.1 Field range bound for single-field slow-roll inflation

To evade the Lyth bound, we need a potential that is very steep at φ∗ and quickly becomes
flat. However, in slow-roll inflation, V ′(φ)/V (φ) cannot vary arbitrarily quickly. This
follows from the definition of the slow-roll parameters in eqs. (2.18a)–(2.18b):

d

dφ

V ′

V
=

V ′′

V
−
(
V ′

V

)2

= η − 2ε. (12.9)

During slow-roll, one has ε ≪ 1 and η ≪ 1. Therefore, eq. (12.9) tells us that V ′/V can
only change slowly during slow-roll inflation. We will show that this constraint makes it
impossible to have slow-roll inflation with large r ∼ 0.1 and ∆φ ≪ mPl, independently of
the form of the potential.

As in fig. 12.1, we define φ∗ as the field value at horizon crossing, φe as the field value
at the end of inflation, and φmin as the field value where ε has its minimum in the interval
between φ∗ and φe. We can assume that φe ≤ φmin ≤ φ∗.

4 According to the slow-roll
eq. (2.16), this implies V ′(φ) > 0 along the entire inflaton trajectory.

Integrating eq. (12.9) over φ from φmin to φ∗, we find

(
V ′

V

)

∗
−
(
V ′

V

)

min

=

φ∗∫

φmin

dφ
d

dφ

V ′

V
=

φ∗∫

φmin

dφ (η − 2ε) = (φ∗ − φmin) 〈η − 2ε〉, (12.10)

where 〈η − 2ε〉 is the mean of (η − 2ε) between φmin and φ∗.
As a next step, we find expressions for (V ′/V )∗ and (V ′/V )min from eq. (12.5). For

(V ′/V )∗, we get
(
V ′

V

)

∗
=

√
r

8
. (12.11)

4If this is not the case for some inflaton field φ̃, we can always perform a field redefinition φ̃ = −φ, so
that our assumption is correct for the field φ.
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We can also derive a bound on (V ′/V )min from eq. (12.5):

∆φ =

N∗∫

0

dN

∣∣∣∣
V ′

V

∣∣∣∣ > N∗

(
V ′

V

)

min

, (12.12)

where N∗ is the number of e-folds between φ∗ and φe.
Plugging eqs. (12.11) and (12.12) into eq. (12.10), we get

(φ∗ − φmin) 〈η − 2ε〉 >
√
r

8
− ∆φ

N∗
. (12.13)

With φe ≤ φmin, we also have

∆φ ≥ φ∗ − φmin, (12.14)

so that eq. (12.13) also holds for ∆φ instead of (φ∗ − φmin):

∆φ 〈η − 2ε〉 >
√
r

8
− ∆φ

N∗
. (12.15)

Solving this for ∆φ, we arrive at a general slow-roll bound for ∆φ:

∆φ >
0.11

〈η − 2ε〉+ 1
N∗

√
r

0.09
. (12.16)

Eq. (12.16) clearly shows that generating r ∼ 0.09 from single-field slow-roll inflation
requires inflaton field excursions close to or above the Planck scale (recall that both ε
and η must be small during slow-roll inflation). The derivation only relies on the slow-roll
eqs. (2.20) and (3.24b), so this field range bound cannot be circumvented by any particular
choice for the inflaton potential, even if the evolution of ε is not monotonous.

Note on canonical normalization

Our result applies to the canonically normalized inflaton field φ. When talking about
large- and small-field models, it is useful to use the canonically normalized inflaton field,
as this makes the categorization independent of arbitrary field redefinitions. Otherwise,
every model could be interpreted as a “small-field” model by e.g. replacing the inflaton
field φ with a rescaled inflaton field φ̃ = φ/α with α ≫ ∆φ. For models with non-canonical
kinetic terms, eq. (12.16) is applicable only after the inflaton field has been redefined to
have canonical kinetic terms.

Note on multi-stage inflation

The assumption of slow-roll inflation is usually motivated by the observation of a nearly
scale-invariant spectrum on CMB scales. In principle, one can require slow-roll inflation
only throughout the ∆N ∼ 8 e-folds of inflation for which the primordial spectrum has been
probed by CMB observations.5 In this case, N∗ must be replaced by ∆N in eq. (12.16),

5The remaining (N∗ − ∆N) e-folds must be generated by another mechanism, e.g. a second phase of
slow-roll inflation or thermal inflation.
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and the average 〈η − 2ε〉 must be evaluated only over these ∆N e-folds [165]. While this
weakens the bound noticeably, r ≃ 0.09 still requires either ∆φ & 0.4 or relatively large
slow-roll parameters 〈η − 2ε〉 > 1/6.

12.3.2 Implications of this bound for model building

Eq. (12.16) shows that a discovery of r close to its maximally allowed value r ≃ 0.09
would have dramatic implications for inflationary model building. In particular, it has the
potential to rule out the entire framework of small-field slow-roll inflation used throughout
chapters 6–11 of this thesis.

Even for smaller r & 10−2, eq. (12.16) implies relatively large ∆φ or 〈η − 2ε〉, which
means that it might be necessary to include higher orders in the small-field expansion or
in the slow-roll approximation.6

This conclusion can only be avoided by changing one of the three fundamental assump-
tions leading to eq. (12.16): the assumption of slow-roll inflation, the equation of motion
for φ, or the slow-roll prediction for the tensor amplitude. Each of these options would
require drastic changes to the usual paradigm of small-field slow-roll inflation beyond the
choice of specific inflaton potentials.

12.3.3 Generalization to multi-field slow-roll inflation

Note that the arguments leading to eq. (12.16) are also valid for multi-field models if V ′

and V ′′ are replaced by derivatives of V along the field trajectory and ∆φ by the length
of the trajectory in field space. Thus, the bound (12.16) is also applicable to multi-field
models of slow-roll inflation.

However, one can in principle avoid the conclusion that individual fields must have
super-Planckian excursions. There are two possibilities to realize this. The first one is to
have very curved field trajectories that spiral [166–168] or zig-zag within a small sphere
with radius φmax ≪ mPl, so that the length of the trajectory is much larger than the radius
φmax. As the slow-roll trajectory always moves along the gradient of the potential, this
requires very non-trivial scalar potentials. The other possibility is to use a large number
N of inflaton fields [169]; then by the Pythagorean theorem, each field only needs to travel
a shorter distance ∆φi ∼ ∆φ/

√
N ≪ ∆φ.

6In the case of larger slow-roll parameters, a more promising approach might be to drop the slow-roll
approximation altogether and calculate the predictions for Pζ(k) for each k from directly integrating the
Mukhanov-Sasaki eq. (3.7), using a numerical solution of eqs. (2.13) and (2.14) for the background field
φ(t) and the Hubble parameter H(t).
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12.4 Summary

In this chapter, we have studied the implications that a discovery of a large tensor-to-scalar
ratio r would have for building small-field models of slow-roll inflation.

We started with a discussion of the Lyth bound, which implies that small-field models
would be excluded for r & 10−2, and proposals for how the Lyth bound could be evaded
by choosing a suitable inflaton potential for which ε(φ) is not monotonous.

To understand the implications of such an approach to evading the Lyth bound, we
reconstructed the inflaton potential from the spectra of primordial perturbations. This
reconstruction proves that the required potential shape can only be realized with a large
scale-dependent running of the spectral index, i.e. if one allows for κs > 0 or even higher-
order runnings. The Lyth bound cannot be weakened very much in ΛCDM+r or in
ΛCDM+r+αs.

To determine how strongly the Lyth bound can be evaded independently of arbitrary
choices of the cosmological model, we derived a general slow-roll bound on ∆φ for any
given r, see eq. (12.16). This bound clearly demonstrates that a discovery of large r ∼ 0.09
has the potential to rule out slow-roll small-field inflation, and that even smaller r & 10−2

would imply that higher-order terms in Yi/mPl and in the slow-roll parameters are likely
to become relevant.

The derivation of the bound is based on only three basic assumptions: the validity
of the slow-roll approximation, the equation of motion for φ, and the slow-roll prediction
for the tensor amplitude. It is therefore valid very generally and does not depend on any
assumptions about the inflaton potential.

We also briefly discussed how this bound can be generalized to multi-field slow-roll
inflation. In this case, the bound applies to the length of the inflaton trajectory, and the
conclusion that any individual field takes large field values can be avoided even for large r.

We conclude that a discovery of any observable tensor-to-scalar ratio r would have
important implications for inflationary model building. For very large r ∼ 0.09, slow-roll
small-field models would be ruled out entirely. For smaller r & 10−2, they still generally
require a scale-dependent running of the spectral index, so that small-field models are
strongly constrained.
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Chapter 13

Summary and conclusions

In this thesis, we have studied supersymmetric models of tribrid inflation and new inflation
with tribrid superpotentials. We not only calculated their cosmological predictions, but
also discussed their possible connections to models of high energy particle physics, and
how such connections can relate cosmological and particle physics observables.

The thesis had three main parts: a first part on tribrid inflation, a second part on new
inflation, and a third part on primordial gravity waves in small-field inflation.

Tribrid inflation in realistic particle physics models

In the first part, we studied tribrid inflation, with particular focus on the Kähler-driven
regime which can most easily be embedded in realistic particle physics models. In chapter 6,
we calculated the predictions for the primordial spectrum. We found that κs ≪ αs, and we
confirmed that the model can account for any spectral index ns < 1 but predicts a positive
running αs > 0.

Most importantly, we derived relations between the cosmological observable αs and
the superpotential couplings V0 and λ as shown in fig. 6.2 and the symmetry breaking
scale 〈H〉 as shown in fig. 6.3. Furthermore, depending on the superpotential coupling
between the inflaton and the waterfall field, we found relations between αs and either the
inflaton’s mass or its Yukawa coupling after inflation, which are also shown in fig. 6.3.
Beyond constraining the low-energy particle physics of the model, these relations can be
particularly useful for studies of the reheating period after inflation, since both preheating
and reheating strongly depend on the inflaton’s mass and couplings. In this way, αs could
eventually also be related to reheating observables like the baryon asymmetry or the non-
thermally produced dark matter abundance.

We also provided simple guidelines for how Kähler-driven tribrid inflation can be em-
bedded in realistic models by identifying the abstract waterfall and inflaton fields with
D-flat combinations of Higgs and matter fields.

As an example application, we demonstrated how tribrid inflation can be realized in a
model of the leptonic flavour structure based on a spontaneously broken A4 family symme-
try in chapter 7. In this model, either a right-handed sneutrino or a D-flat LHu direction
can be used as the inflaton field, and tribrid inflation predicts a relation between the run-
ning of the spectral index αs and either the right-handed neutrino mass mN or the neutrino
Yukawa coupling yν as shown in fig. 6.3. For the considered range of parameters, the model
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also predicts leptonic mixing angles θPMNS
12 ≃ 35◦ and θPMNS

23 ≃ 45◦, and a leptonic Dirac
CP phase δPMNS ≃ 270◦.

When a particular LHu direction is chosen as the inflaton field, the waterfall field in
this model gets a slight shift already during inflation, which could prevent the formation of
topological defects at the end of inflation. We calculated this shift explicitly and showed
that its effect on the inflaton potential is small, such that the predictions of Kähler-driven
tribrid inflation should still approximately apply. We also discussed the specific properties
of our flavon alignment potential and of the inflaton-waterfall coupling which are respon-
sible for the waterfall field’s shift. These properties can be reproduced in other models
of tribrid inflation to identify alignment potentials and inflaton directions for which the
production of topological defects can be avoided.

Finally, in chapter 8, we considered the possibility of generating the non-renormalizable
operators of the tribrid superpotential with sub-Planckian suppression scales Λi ≪ mPl

from renormalizable couplings to messenger fields. We were particularly interested in
inflaton field excursions ∆φ & Λi, for which it is not clear whether the EFT that arises
from integrating out the messenger fields is applicable during inflation.

We have calculated the inflationary dynamics both for the renormalizable superpoten-
tial including messenger fields, and for the non-renormalizable superpotential where the
messenger fields have been integrated out. For messenger topologies that satisfy certain
criteria, the tree-level predictions are identical up to O(H/Λi) even when the inflaton field
takes values above the messenger scale, i.e. ∆φ & Λi.

The one-loop quantum corrections to the effective inflaton potential can be different
when calculated with the renormalizable superpotential. However, in those cases, the
quantum corrections are smaller than for the non-renormalizable superpotential. In Kähler-
driven tribrid inflation, where they are negligible even for the non-renormalizable super-
potential, inflation is thus well-described by the tree-level predictions which are identical
for both superpotentials.

For Kähler-driven tribrid inflation, these results extend the applicability of tribrid in-
flation to some models with intermediate mass scales H ≪ Λi ≪ mPl: if the particles with
mass Λi satisfy the conditions of our messenger topology, they can be integrated out during
inflation even if ∆φ > Λi.

New inflation with a tribrid superpotential

In the second part, we studied supersymmetric new inflation. In chapter 9, we have
calculated the effects of the multi-field dynamics of the complex scalar inflaton field in
supersymmetric new inflation. For most of the parameter space, the model is well described
by the usual single-field approximation, where only the real component of the inflaton is
considered and its imaginary component is set to zero. In particular, this approximation
is valid if the mass ∆m2

φ = −βV0 from the Kähler potential is very small or absent, i.e.
β ≪ 10−2/(ℓ− 2), in which case the imaginary component is quickly driven to zero before
cosmological scales leave the horizon.
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For sufficiently large ∆m2
φ, the results are sensitive to the initial conditions (see fig. 9.4).

Non-Gaussianities remain small with −1 < fNL < 0, but the multi-field effects generally
reduce the spectral index ns and the inflationary vacuum energy V0 compared to the single-
field case. Thus, for β & 10−2/(ℓ−2), the single-field results should be interpreted as upper
limits on ns and V0 only.

In chapter 10, we have studied the effects of realizing new inflation with a tribrid super-
potential, which implies a coupling of the inflaton to another scalar field, the “preinflaton”.
Such a coupling has two main effects: it can generate the initial conditions for new inflation
dynamically through a period of preinflation, and it can provide an efficient decay channel
for reheating after inflation.

During preinflation, the inflaton is quickly driven to zero by its coupling to the slow-
rolling preinflaton. Eventually, the preinflaton also rolls to very small values, and the
fields enter a “diffusion region” in which quantum fluctuations have to be included. The
qualitative behaviour in this region depends on the ratio of the Kähler potential couplings
α and β for the two fields. If β2 ≪ α, then the preinflaton rolls to zero, and the subsequent
final phase of inflation is well-described by supersymmetric new inflation as discussed in
chapter 9. Otherwise, the preinflaton can be non-negligible during the last N∗ e-folds of
inflation. Depending on the superpotential coupling between both fields, this leads either
to a quasi-single-field regime where the preinflaton acts as a constant background field, or
to a non-trivial two-field regime.

To demonstrate how the tribrid coupling can open up a suitable decay channel for
reheating, we considered an example model where one of the right-handed sneutrinos acts
as the preinflaton. By demanding that the correct baryon asymmetry is produced by non-
thermal leptogenesis, we find a relation between the symmetry breaking scale v and the
mass mX of the lightest right-handed neutrino after inflation, as well as lower bounds on
both quantities.

Finally, we studied the different stages of preheating in such models in chapter 11. We
confirmed that preheating is ineffective for v & 10−1 due to Hubble damping, whereas for
10−5 . v . 10−2, the inflaton field’s perturbations grow non-linear within a few oscillations
of the field around its minimum. In this case, the spectrum of perturbations is sharply
peaked around some peak scale kpeak/a ≫ H (see figs. 11.3 and 11.4), and the large
perturbations locally push the inflaton field over the maximum of the scalar potential from
φ > 0 to φ < 0, forming localized bubbles oscillating between φ = ±v.

We also considered resonant production of the scalar preinflaton field by the inflaton
oscillations, focusing on the case 10−5 . v . 10−2 for which the inflaton field rapidly
becomes inhomogeneous with a power spectrum sharply peaked around kpeak. In this case,
we explained how a parametric resonance for χ can be driven by the inhomogeneous inflaton
field, in contrast to the usual parametric resonance driven by a homogeneous inflaton
background. We performed a generalized Floquet analysis for inhomogeneous backgrounds
with ℓ = 6 and v = 10−2, and we found a broad resonance band at 0.25 . mχ/mφ . 0.5
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for which χ perturbations can grow approximately up to the level of φ fluctuations even
after the preheating of φ has been terminated by non-linear interactions.

These results have important implications for the calculation of reheating observables.
The oscillons produced after the tachyonic oscillation stage could have a significant effect
especially if they are very long-lived. More importantly, the production of χ perturbations
during preheating affects the relative particle abundances at the beginning of the final
reheating phase, which can affect the predictions for the reheat temperature and for the
non-thermal production of relics like baryon number or dark matter.

Implications of large r for small-field inflation

In chapter 12, we considered the implications that a discovery of a large tensor-to-scalar
ratio r would have for small-field models of slow-roll inflation like those studied in chap-
ters 6–11.

While the Lyth bound implies that small-field models would be disfavoured or excluded
for r & 10−2, there have been proposals for how the Lyth bound could be evaded by
choosing a suitable inflaton potential for which ε(φ) is not monotonous. To understand
the implications of such an approach to evading the Lyth bound, we reconstructed the
inflaton potential from the spectra of primordial perturbations. This reconstruction proves
that the required potential shape can only be realized with a large scale-dependent running
of the spectral index, i.e. if one allows for κs > 0 or even higher-order runnings.

To determine how strongly the Lyth bound can be evaded, we derived a general slow-
roll bound on ∆φ for any given r, see eq. (12.16), which is based on only three basic
assumptions: the validity of the slow-roll approximation, the equation of motion for φ, and
the slow-roll prediction for the tensor amplitude. Our bound clearly demonstrates that
a discovery of large r ∼ 0.09 has the potential to rule out slow-roll small-field inflation,
and that even smaller r & 10−2 would imply that higher-order terms in Yi/mPl or in the
slow-roll parameters become non-negligible during inflation.

Conclusions and outlook

The results of this thesis confirm that tribrid superpotentials offer exciting possibilities
for realizing inflation in close connection with high energy particle physics, particularly
for theories in which masses or Yukawa couplings are generated by spontaneous symmetry
breaking at a high energy scale.

Tribrid inflation is particularly interesting as it can predict relations between αs and
particle physics couplings. However, even in new inflation, a tribrid coupling to right-
handed sneutrinos or visible sector fields can lead to useful constraints from reheating.

In the future, more predictions and constraints could be derived from a more detailed
study of the preheating and reheating periods of both tribrid inflation and new inflation,
e.g. concerning the production of primordial black holes, gravitino dark matter or topo-
logical defects. Since these processes depend particularly strongly on the particle physics
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embedding, such studies could eventually offer further insights into both cosmology and
particle physics.
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Appendix A

Notations and conventions

This appendix lists the conventions used throughout this thesis.

We use natural units
c = ~ = mPl = (8πG)−1/2 = 1, (A.1)

where c is the speed of light in vacuum, ~ is the reduced Planck constant, mPl = 2.4× 1018

GeV is the reduced Planck mass and G is the gravitational constant.
The metric signature is (+,−,−,−). Four-vector indices are denoted by lowercase

Greek letters and take the values 0, 1, 2, 3. Other numeric indices are denoted by lowercase
Latin letters. If an index appears as an upper and lower index in the same expression,
summation over that index is implied.

Derivatives with respect to physical time are denoted by an overdot: ȧ = d
dt
a. Other

derivatives are sometimes denoted by a prime; in that case, the argument is either given
explicitly, e.g. V ′(φ) = d

dφ
V , or it is mentioned in the text.

Complex scalar fields are denoted by uppercase letters, real scalar fields are denoted by
lowercase letters, and the fermionic superpartner of a complex scalar field X is denoted by
ψX .

In some cases, the full notation is used if it helps clarity, e.g. summation over repeated
indices is made explicit in some formulas, and the reduced Planck mass mPl is sometimes
reinserted to emphasize the mass scales.

A list of the abbreviations used in this thesis is given in table A.1.
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BAO Baryon acoustic oscillations

BBN Big Bang nucleosynthesis

BSM Beyond the Standard Model (of particle physics)

CL Confidence level

CMB Cosmic microwave background

EFT Effective field theory

FRW Friedmann-Robertson-Walker

GUT Grand Unified Theory

IR Infrared

LSP Lightest supersymmetric particle

MSSM Minimal Supersymmetric Standard Model

ODE Ordinary differential equation

QFT Quantum field theory

SM Standard Model (of particle physics)

SUGRA Supergravity

SUSY Supersymmetry, supersymmetric

UV Ultraviolet

Table A.1: List of abbreviations used in this thesis.



Appendix B

Experimental constraints on primor-
dial perturbations

Every model of slow-roll inflation predicts a specific spectrum of primordial curvature and
tensor perturbations from inflaton quantum fluctuations. Since these primordial perturba-
tions are the seeds for both the CMB anisotropies and the matter density inhomogeneities,
they can be constrained from observations of the CMB [8, 9, 50, 51] and of the large
scale structure of the observable universe, particularly the BAO peak in the matter power
spectrum [52–54].

However, to extract information about the primordial perturbations from observations
of the current universe, one has to account for the evolution of the primordial perturbations.
This time evolution depends on the cosmological model (e.g. on the expansion history of
the universe), and for this reason the inferred constraints on the primordial quantities
depend on which cosmological model is assumed.

Constraints on primordial perturbations in ΛCDM

The conventional baseline scenario is the 6-parameter ΛCDM model [49], which assumes
that the universe is filled with cold dark matter, baryonic matter, photons and a cosmo-
logical constant Λ, with Λ chosen such that the total energy density is exactly equal to the
critical density (i.e. the universe is flat). Reionization is parametrized by a single param-
eter τ . Apart from these assumptions on the post-inflationary universe, the spectrum of
the primordial curvature perturbation from eq. (3.20a) is assumed to have the simple form

Pζ(k) = As

(
k

k∗

)ns−1

, (B.1)

with the runnings αs = κs = ... = 0 by assumption, and the tensor power spectrum is
assumed to be completely negligible (r = 0). Given these assumptions, CMB temperature
and polarization data strongly constrain the six free model parameters, with As = (2.13±
0.05)× 10−9 and ns = 0.965± 0.005 at 68% CL [9].

Primordial perturbations in extensions of ΛCDM

There are many ways to relax the assumptions, introducing more parameters which can
be constrained by observations. However, introducing more parameters typically leads
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ns αs κs
ΛCDM 0.965± 0.005 - -
ΛCDM + αs ∼ 0.965± 0.005 −0.006± 0.007 -
ΛCDM + αs + κs 0.959± 0.006 0.009± 0.010 0.025± 0.013

Table B.1: 68% CL constraints for ΛCDM and for extended models allowing for a
running αs and a running of the running κs, using Planck’s TT,TE,EE+lowP dataset [9].
The spectral index ns for ΛCDM+αs is not given in [9], but [170] shows that ns is virtually
identical in ΛCDM and ΛCDM+αs, so we use ns = 0.965± 0.005 in both cases.

to weaker constraints for all parameters, including the usual six ΛCDM parameters.1 In
this sense, the usually-quoted experimental bounds on cosmological parameters are model-
dependent: a 95% confidence interval only means that if all the model assumptions were
known to be certainly and exactly true, the parameter would have a 95% chance to lie
within the cited interval.

The ΛCDM model can be extended in two ways:

• Allow for more generic primordial spectra, e.g. for a non-zero primordial tensor-to-
scalar ratio r or for a running spectral index with αs, κs and possibly even further
runnings (see table B.1 for constraints on such models).

• Change the late-time cosmology, e.g. allowing for an equation-of-state parameter
wΛ 6= −1 for the dark energy (or assuming an even more complicated evolution of
dark energy as in quintessence models), assuming a non-standard number of neutrinos
Neff (or other light particles which have similar effects), allowing for deviations Ωk 6= 0
from the critical energy density, and many other possibilities.

In this thesis, we only explicitly consider the first kind of extension with non-zero r, αs

and κs. However, it is important to keep in mind that extensions of the second kind can
also considerably weaken the constraints on the primordial spectra. Though the current
data are consistent with ΛCDM, they do not rule out such extensions, and it might be
premature to rule out specific models of inflation just because they are in mild tension
with the restrictive 6-parameter ΛCDM constraints.

Which constraints should be applied to models of inflation?

Since constraints depend on the cosmological model, which cosmological model should be
assumed to constrain models of inflation?

Many models of inflation predict negligible r, αs and κs. In this case, the 6-parameter
ΛCDM constraints can be applied consistently. For other models that predict large values

1See e.g. the recent constraints on a 12-parameter extension of ΛCDM [124] for which ns = 0.972±0.024,

which is much less constraining than the n
(ΛCDM)
s = 0.966±0.008 of the 6-parameter ΛCDM model (using

the Planck+BAO dataset of [124] in both cases).
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for any of these parameters, it is necessary to use the constraints for a suitable extension
of the ΛCDM model.

The uncertainties about the correct cosmological model mean that the true model might
have more parameters in which case the ΛCDM constraints are overly tight. However, since
the ΛCDM model describes the current observations so well it is reasonable to assume that
it is at least a reasonably good approximation to the true cosmological model, so that
constraints derived for ΛCDM and its simple extensions might still provide useful guides
towards the correct model of inflation.

Constraints used in this thesis

In this thesis, we generally consider the constraints given in table B.1, assuming ΛCDM
for new inflation and ΛCDM+αs for Kähler-driven tribrid inflation. For the case of large
r discussed in chapter 12, we use the bounds quoted in table B.1 as an estimate.

The precise bounds for r > 0 can in principle be calculated using Bayesian parameter
estimation techniques. We have performed such calculations for Planck 2013 data using
the software packages Monte Python [171] and CLASS [172, 173], and we found that a
large r generally reduces αs and increases κs [5]. However, the effect is small for r ≤ 0.1.
Since the results of chapter 12 are not sensitive to the precise choice of the constraints, we
decide to use the bounds for r = 0 quoted in table B.1 as an estimate.



Appendix C

Tribrid inflation supplement

In this appendix, we present additional technical details related to our work on tribrid
inflation which were left out of the main text for brevity. In particular, we derive the
inflaton potential for multi-component inflaton directions, we show that deviations from
D-flatness are negligible for O(1) gauge couplings, and we discuss the choice of symmetries
for the A4 family symmetry based model of chapter 7. Finally, we show how to calculate the
mass terms for tribrid inflation including the non-renormalizable supergravity corrections
using appropriate power counting.

C.1 Multi-component inflaton directions

When we use a D-flat composite inflaton direction Xn = X1X2 · · ·Xn, e.g. X
2 := LHu,

the inflaton potential V (φ1, φ2, ..., φn) depends on all φi independently. In this section,
we show that, if the D-term potential fixes the ratios between all of the Xi, the inflaton
trajectory during Kähler-driven tribrid inflation has the same inflaton potential as if it
were a single scalar field. This ensures that the predictions for the single-field case still
apply even when we replace Xn → X1X2 · · ·Xn.

Multi-field inflaton potential from the Kähler potential

As in chapter 6, we assume that the Kähler potential depends only on the modulus squared
of the fields:

K = |H|2 + |S|2 +
∑

i

(
|Xi|2 + κiS|XiS|2

)
+
∑

i≤j

(
κij|XiXj|2 + κijS|XiXjS|2

)
+ ... (C.1)

The inflaton potential can then be calculated by expanding eq. (6.6) in powers of the
real scalar fields φi =

√
2|Xi|:

V (φ1, ..., φn) = V0


1 +

∑

i

aiφ
2
i +

∑

i≤j
bijφ

2
iφ

2
j + ...


 + VD, (C.2)
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with the coefficients1

ai =
1

2
(1− κiS) , (C.3a)

bii =
1

4

(
1

2
+ κii − κiiS + κ2iS − κiS

)
=: bi, (C.3b)

bij =
1

4

(
1 + κij − κijS + 2κiSκjS − κiS − κjS

)
. (for i < j) (C.3c)

These coefficients depend entirely on the Kähler potential, and if the cutoff scale is around
the Planck scale, we find that ai, bij . O(1).

Furthermore, if the D-term potential fixes the ratio between the different φi, we can
express them all by a single quantity φ. This leads to an effective single-field potential
V (φ) = V0(1 + a φ2 + b φ4 + ...) as in the non-composite inflaton case.

Deviation from D-flatness

In this section, we work with only two fields X1 = L and X2 = Hu and with the renormal-
izable VD from eq. (5.10) to keep the discussion simple:

V (φ1, φ2) = V0
(
1 + a1φ

2
1 + a2φ

2
2 + b1φ

4
1 + b2φ

4
2 + b12φ

2
1φ

2
2

)
+

1

2

∑

a

g2a

(
X†T aX

)2
. (C.4)

From this function, we want to derive the one-dimensional inflaton potential V (φ) along
the inflaton trajectory.

The D-term will generally depend on the gauge charges of the φi. In our example with
X1 = L and X2 = Hu:

VD =
g21
8



(
L†, H†

u

)(−1 0
0 1

)(
L
Hu

)


2

+
g22
8

3∑

i=1



(
L†, H†

u

)(σi 0
0 σi

)(
L
Hu

)


2

=
g21
8

(
|L|2 − |Hu|2

)2
+
g22
8

3∑

i=1

(
L†σiL+H†

uσ
iHu

)2
. (C.5)

The second term is minimized if L and Hu have opposite weak isospin. As the inflaton
potential does not otherwise depend on the SU(2)L structure of L and Hu, this condition
will be satisfied during inflation, and the two terms will be identical up to g1 ↔ g2.

We can plug VD into the inflaton potential V (φ1, φ2):

V (φ1, φ2) = V0
(
1 + a1 φ

2
1 + a2 φ

2
2 + b1 φ

4
1 + b2 φ

4
2 + b12 φ

2
1φ

2
2

)
+
g21 + g22

32

(
φ2
1 − φ2

2

)2

= V0
{
1 + a1 φ

2
1 + a2 φ

2
2 + (b1 + d)φ4

1 + (b2 + d)φ4
2 + (b12 − 2d)φ2

1φ
2
2

}
, (C.6)

1We neglect effects from canonical normalization. For tribrid inflation with a single inflaton field, it
has been shown explicitly that these effects can be interpreted as higher-order corrections to the potential,
which can be absorbed e.g. in the definition of b [28].
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where we defined d :=
g21+g

2
2

32V0
∼ O(1010). The terms with d dominate over the small

coefficients ai, bij . O(1). Therefore, we expect that the inflaton trajectory will be along
a nearly D-flat direction.

Looking at trajectories near the D-flat trajectory φ2
1 = φ2

2, we define

φ1 =
1√
2
(φ+ δ) , φ2 =

1√
2
(φ− δ) . (C.7)

If we insert this in eq. (C.6), we get

V (φ, δ) = Vφ + Vδ, (C.8)

with

Vφ = V0
{
1 + a φ2 + b φ4

}
(C.9)

and

Vδ(δ)

V0
= −

(
2∆aφ+ 4∆bφ3

)
δ +

(
a+ 6bφ2 − 2b12φ

2 + 4dφ2
)
δ2 − 4∆bφ δ3︸ ︷︷ ︸

≪ 4∆bφ3δ

+ b δ4︸︷︷︸
≪ 6bφ2δ2

≃ −2φ
(
∆a+ 2∆b φ2

)
δ +

[
a+ (6b− 2b12 + 4d)φ2

]
δ2, (C.10)

where a, b describe the averaged potential for φ1 and φ2, while ∆a, ∆b quantify the
asymmetries between the potentials for φ1 and φ2:

a =
a1 + a2

2
, b =

b1 + b2 + b12
4

, ∆a =
a2 − a1

2
, ∆b =

b2 − b1
4

. (C.11)

In these equations, Vφ contains the couplings along the perfectly D-flat direction, while Vδ
contains the potential due to the inflaton’s deviation from D-flatness.

The minimum of δ can be found by minimizing eq. (C.10):

δmin ≃ ∆a+ 2∆b φ2

a+ (4d+ 6b− 2b12)φ2
φ. (C.12)

If we assume that δ tracks its minimum perfectly, then the effective inflaton potential is
given by

Veff(φ) = V (φ, δmin) = V (φ) + Vδ(δmin). (C.13)

The inflaton potential is changed by

Vδ(δmin) =
−V0

(
∆a+ 2∆b φ2

)2
φ2

a+ (4d+ 6b− 2b12)φ2
+ O(δ3) ≃ −V0

(
∆a+ 2∆b φ2

)2

4d
. (C.14)

With d ∼ O(1010) and ∆a, ∆b . O(1), this correction is negligible compared to Vφ, so
assuming D-flatness is a very good approximation.
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We must still check that m2
δ ≫ H2 to justify our assumption that δ tracks its minimum:

m2
δ

H2
≃ 3

V0

∂2V

∂δ2
= (6a+ 36b φ2 − 12b12 φ

2

︸ ︷︷ ︸
≪ 1

+24d φ2)− 72∆b φ δ + 36b δ2︸ ︷︷ ︸
≪ 1

≃ 24d φ2.

(C.15)

For Kähler-driven tribrid inflation, the inflaton field value during inflation is bounded by
φ2 & 10−6, which we can insert in eq. (C.15) to find

m2
δ

H2
& 105. (C.16)

Therefore, mδ ≫ H, and our assumption that δ = δmin is warranted.

We conclude that any deviation from D-flatness during Kähler-driven tribrid inflation
is negligible, and the inflaton potential indeed reduces to the simple single-field form (C.9)
studied in chapter 6.
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C.2 Symmetries for the A4 lepton flavour model

The superpotential (7.9) can be fixed by a set of suitable shaping symmetries in addition
to the A4 family symmetry. In particular, we can use an U(1)R symmetry under which the
superpotential has charge 2, and one Zn symmetry for each flavon field.

A4 U(1)R Zn1 Z3 Zn3 Zn4 Z6 Zn6 Z2n7

Si 1 2 0 0 0 0 0 0 0
A3 3 2 0 0 n3 − 2 0 0 0 0
A4 3 2 0 0 0 n4 − 2 0 0 0
P34 1 2 0 0 n3 − 1 n4 − 1 0 0 0
P36 1 2 0 0 n3 − 1 0 0 n6 − 1 0
P46 1 2 0 0 0 n4 − 1 0 n6 − 1 0
P35 1 2 0 0 n3 − 1 0 5 0 0
P16 1 2 n1 − 1 0 0 0 0 n6 − 1 0
P12 1 2 n1 − 1 2 0 0 0 0 0
D5 1 2 0 0 0 0 2 0 0
D′

2 1’ 2 0 1 0 0 0 0 0
D′′

2 1” 2 0 1 0 0 0 0 0
Θ1 3 0 1 0 0 0 0 0 0
Θ2 3 0 0 1 0 0 0 0 0
Θ3 3 0 0 0 1 0 0 0 0
Θ4 3 0 0 0 0 1 0 0 0
Θ5 3 0 0 0 0 0 1 0 0
Θ6 3 0 0 0 0 0 0 1 0
ΘS 1 0 0 0 0 0 0 0 2
L 3 1 0 0 0 0 0 0 0
Hu 1 0 0 0 0 0 0 0 1
Hd 1 0 0 0 0 0 0 0 0
N1 1 1 n1 − 1 0 0 0 0 0 2n7 − 1
N2 1 1 0 2 0 0 0 0 2n7 − 1
E1 1 1 0 0 0 n4 − 1 0 0 0
E2 1 1 0 0 0 0 5 0 0
E3 1 1 0 0 n3 − 1 0 0 0 0

Table C.1: One possible set of symmetries and charge assignments for the superpotential
in eq. (7.9).

The U(1)R charge assignment is straightforward. The mass parameters Λi in the su-
perpotential cannot be charged, so the Si must have 2 units of U(1)R charge. Then the Θi

cannot have any U(1)R charge. Knowing this, we also find that the other auxiliary fields
Ai, Pij and Di need 2 units of U(1)R charge. The only freedom we have is in the lepton
sector, where we can distribute the U(1)R charge between the Higgs doublets Hu, Hd and
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the lepton fields L, Ni, Ei. We choose to keep the Higgs fields uncharged and give 1 unit
of U(1)R charge to each lepton.

To construct the Zn symmetries, we start with the observation that we want to keep
the different flavons separate in the Si(Θ

ni

i − Λ2
i ) terms. For this reason, we start with

one Zkini
symmetry for each flavon, with any set of positive integers ki, under which the

i-th flavon has charge ki. To simplify the notation, we can work with ki = 1 and allow
fractional charges for the other fields. However, to avoid fractional charges, we choose to
normalize the A4 singlet flavon ΘS to 2 units of charge instead.

With the flavon charges fixed, we can uniquely determine the Zn charge assignments
for the auxiliary fields Si, Ai, Pij and Di by demanding that all terms in the superpotential
must be allowed by the Zn symmetries.

The electron Yukawa couplings ΘLHdE can always be allowed by choosing suitable
charges for the Ei, which do not appear anywhere else. This fixes the Ei charges.

Now the only remaining task is to make sure that the neutrino Yukawa coupling and
mass terms are allowed by the Zn symmetries. There are several possible solutions, of
which we have chosen a particularly simple one for table C.1.

Comment on the couplings of the Si to Θi

Since the Si all have the same symmetry charges, each of them can couple to every Θni

i :

Wflavon = Si

(
CijΘ

nj

j + Λ2
i

)
, (C.17)

with implied summation over i and j. However, if the coupling constant matrix C is
invertible, we can consider linear combinations

S ′
j = CijSi (C.18)

such that each S ′
i only couples to a single Θni

i :

Wflavon = S ′
i

(
Θni

i + (C−1)ijΛ
2
j

)
, (C.19)

where C−1 is the matrix inverse of C.
In general, neither the Si nor the S ′

i will be canonically normalized since the Kähler
potential can contain mixing terms such as ∆K ∝ (S†

1S2 + S†
2S1). However, if we consider

the canonically normalized linear combinations S ′′
i of the Si, we find that these S ′′

i are
stabilized at zero if they get large mass terms from the Kähler potential as discussed in
section 5.4.3. If all S ′′

i are stabilized at zero during inflation, then it follows that the Si
and S ′

i are stabilized at zero as well.
In chapter 7, we generally work with the S ′

i so that we have no couplings between the
S ′
i and Θ

nj

j for i 6= j. Since we only need the S ′
i and not their linear combinations Si,

we can relabel the S ′
i as Si to simplify the notation again, which is how we arrive at the

superpotential of eq. (7.10).
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C.3 Supergravity corrections to the mass matrix dur-

ing inflation

In this appendix, we calculate the Planck-suppressed corrections to the mass matrices of
scalars and fermions for the model of chapter 8. The purpose of this appendix is to show
that during inflation, the corrections take the form given by eq. (8.11) for scalars and that
they are negligible for fermions. The calculations in this appendix can be easily generalized
to other messenger sectors if the new messenger fields satisfy W = Wi = 0 (for i 6= S)
during inflation and the Kähler potential has the form of eq. (6.4).

Though the calculation is performed for the specific model of chapter 8, it can eas-
ily be adapted to other models of tribrid inflation, and the resulting scalar mass shift
∆m2

SUGRA,i = (1− κSi)V0 + diV0φ
2 is generic for spectator fields Yi during tribrid inflation.

C.3.1 Supergravity potential for the scalar mass matrix

First we discuss the supergravity corrections VSUGRA to the scalar mass matrix as defined
in eq. (8.11).

Formally, we can find the relevant terms by a power series expansion in ξ, with Ai, Bi,
H, N , S = O(ξ), neglecting all terms of O(ξ3). We evaluate the individual building blocks
defined in eq. (5.5) for the superpotential in eq. (8.6) and the Kähler potential in eq. (6.4):

|W |2 = Λ4|S|2 + O(ξ3) = O(ξ2), (C.20a)

WS = −Λ2 + g2A
2
2 = O(ξ0), (C.20b)

WH = 2g1A1H + gHXB1 = O(ξ1), (C.20c)

WN = gNXB2 = O(ξ1), (C.20d)

WA1 = g1H
2 +mAA2 = O(ξ1), (C.20e)

WA2 = 2g2SA2 +mAA1 = O(ξ1), (C.20f)

WB1 = gHXH +mBB2 = O(ξ1), (C.20g)

WB2 = gNXN +mBB1 = O(ξ1), (C.20h)

WX = gHHB1 + gNNB2 = O(ξ2), (C.20i)

WKX = −Λ2SX†
(
1 + 2κXX |X|2 + ...

)
= O(ξ1), (C.20j)

WKi 6=X = −Λ2SY †
i

(
1 + κXi|X|2 + ...

)
+O(ξ3)= O(ξ2). (C.20k)

Note that this implies that Di = O(ξ1) for all i 6= S, and DS = O(ξ0).
The inverse Kähler metric Kij is always contracted with DiD†

j in eq. (5.4). For i 6= S 6=
j, for which DiD†

j = O(ξ2), we therefore only need Kij up to O(ξ0), for i 6= S = j up to

order O(ξ1), and only for the diagonal element i = j = S we need KSS up to O(ξ2).
With this in mind, we can use eq. (6.7) to expand Kij up to the required order in ξ.

The diagonal element for S to order O(ξ2) can be calculated as a Neumann series (defining
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∆Kij = Kij − δij):

KSS = 1−∆KSS +
∑

i

∆KSi∆KiS − ...

= 1−
∑

i

(
κSi + (κSXi − 2κSiκSX)|X|2

)
(1 + 3δSi)|Yi|2 + κ2SX |X|2|S|2 + ..., (C.21)

where the ... denote terms of O(ξ3) and O(X4) which we neglected. The diagonal element
for a 6= S to order O(ξ0) is:

Kaa = 1−∆Kaa +
∑

i

∆Kai∆Kia − ...

= 1− κXa(1 + 3δXa)|X|2 + ...+O(ξ2). (C.22)

For the off-diagonal elements a 6= b, we have:

Kab = −∆Kab +
∑

i

∆Kai∆Kib − ...

= −
(
κab + κXab (1 + δXa + δXb) |X|2

)
YaY

†
b + YaY

†
b

∑

i

κaiκbi(1 + δai + δbi)|Yi|2 − ...

= YaY
†
b

(
−κab + (κXaκXb − κXab)(1 + δXa + δXb)|X|2 + ...

)
+ O(ξ3). (C.23)

This is of order O(ξ1) if a = X or b = X, and order O(ξ2) otherwise. Due to Di = O(ξ1)
for all fields i 6= S, none of the off-diagonal elements contribute to the mass matrix except
DSK

SXD†
X + h.c., which generates a small inflaton-dependent mass for S:

DXK
XSD†

S = WKXK
XSWS +O(ξ3)

= −Λ2SX† (1 + ...)XS† (−κSX + ...)
(
−Λ2

)
+O(ξ3)

= −κSX Λ4|X|2|S|2 + ... (C.24)

We evaluate the diagonal terms in turn for X, S and other fields Yi. We start with X:

DXK
XXD†

X = |WKX |2 +O(ξ3)

= Λ4|X|2|S|2 + ... + O(ξ3). (C.25)

For S, we have

DSK
SSD†

S = |DS|2

1−

∑

i

(
κSi + κSXi|X|2

)
(1 + δSi)|Yi|2 +

(
κ2SX + ...

)
|X|2|S|2


+O(ξ3)

=
∣∣∣g2A2

2 − Λ2(1 + SX† + ...)
∣∣∣
2


1 +

∑

i

(ci + di|X|2 + ...)|Yi|2 + ...


+O(ξ3)

= Λ4 +
∑

i

∆m2
i |Yi|2 − 2g2Λ

2 Re
(
A2

2

)
+ O(ξ3), (C.26)
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with supergravity mass terms ∆m2
i = (ci + di |X|2 + ...)Λ4, where the coefficients ci and

di are functions of the κij and κijk. For the other fields Yi (i 6= X), we recover the simple
form

DiK
iiD†

i = |Wi|2
(
1− κXi|X|2 + ...

)
+ O(ξ3). (C.27)

Another two sources of SUGRA corrections are the |W |2 term in eq. (5.4), which introduces
another contribution to the mass term of S that can be absorbed in the constant cS, and
the exponential eK , which also contributes to the mass terms via

eK |DS|2 = (1 +K + ...)(Λ4 + ...). (C.28)

Correctly expanding the exponential, one finds additional contributions to the masses of
all fields, which are again of order ∆m2

i ∼ O(Λ4). These can also be absorbed in the
definition of the ci and di above.

To calculate the precise form of the di, one must also take into account the effect
of canonical normalization, which during inflation can be achieved by a redefinition Yi →
Yi/
√
Kii = (1− κiX

2
|X|2+...)Yi for the non-inflaton scalar fields Yi, which generates inflaton-

dependent mass terms from the non-inflaton-dependent mass terms, i.e. di → di − κiXci.
2

Collecting all the terms from above, we find that the scalar masses receive additional
Hubble-scale mass terms:

V
(additive)
SUGRA =

∑

i

(ci + di|X|2 + ...)Λ4|Yi|2 +O(ξ3), (C.29)

where ci, di . O(1) are functions of the κij and κijk. For X 6= i 6= S:

cS = −4κSS, (C.30a)

ci = 1− κiS, (C.30b)

dS = 1− 4κSS − 2κXS − 4κXSS + 12κSSκXS + κ2XS, (C.30c)

di = 1− κiS − κXS − κiXS + κiSκiX + 2κiSκXS. (C.30d)

The exponential, the bracket in eq. (C.27), and the canonical normalization Yi →
Yi/
√
Kii also have the effect of stretching the renormalizable masses m2

ren by a common
factor:

m2
i

m2
i,ren

=: Ni(φ) =





eK (Kii)
−2 ,

eK
(
KiiKjj

)−1

,

for W ∼ Y 2
i ,

for W ∼ YiYj, j 6= i fixed.
(C.31)

This multiplicative rescaling is mostly irrelevant (except for the one-loop correction due
to A2, where we keep it explicitly), so throughout most of chapter 8, we only include the
additive supergravity corrections from eq. (C.29).

2See [28] for details on canonical normalization during tribrid inflation.
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C.3.2 Supergravity corrections to fermion masses

The fermion masses in supergravity can be calculated from eq. (5.14). During inflation,
we can drop all terms proportional to Ai, Bi, H, N , S = O(ξ). This means that W = 0,

Ki 6=X = 0, Wi 6=S = 0, KSl = KSSδlS:

(mF )ij = eK/2
[
Wij +KXWS

(
δiXδjS + δjXδiS

)
−KSSKijSWS

]
. (C.32)

The only non-zero terms in KijS are the mixed X-S terms:

KXSS = KSXS = X†
(
κSX + 2κSXX |X|2 + ...

)
, (C.33)

and therefore the fermionic mass matrix including supergravity corrections is

(mF )ij = eK/2Wij + (∆mF )ij , (C.34)

where the supergravity correction has only one non-vanishing entry during inflation:

(∆mF )SX = (∆mF )XS = −eK/2WS

(
KSSKXSS −KX

)

= eK/2Λ2X† (κSX − 1) + O(X3). (C.35)

X and S do not have other mixing terms in the fermionic mass matrix, so we can diagonalize
the X-S block separately. Up to subdominant terms of O(φ3), it takes the simple form

mF = (κSX − 1) Λ2X†

(
0 1
1 0

)
, (C.36)

which leads to the eigenvalues

∣∣∣m(F )
SX

∣∣∣ = Λ2
∣∣(1− κSX)X

∣∣ . (C.37)

With X ≪ 1, this fermion mass is much smaller than the Hubble scale H = Λ2/
√
3, and

the S-X fermions remain light during inflation. In particular, their contribution to the
one-loop potential is negligible and can be safely ignored in section 8.3.

The fermion masses also receive a multiplicative stretching factor given by eq. (C.31)
from the eK/2 prefactor and canonical normalization. This rescaling is identical for the
scalars and fermions,3 and therefore does not affect the cancellation between scalar and
fermionic contributions to the one-loop potential in section 8.3.

3For Λ = 0, there is no SUSY breaking F -term. As we know that scalar and fermion masses are
identical in unbroken SUSY, the mass correction must be identical for scalars and fermions in the limit
Λ → 0. The rescaling in eq. (C.31), which does not depend on Λ, must therefore rescale fermions and
scalars in the same way.



Appendix D

New inflation supplement

This appendix contains additional calculations for supersymmetric new inflation. In par-
ticular, in appendix D.1 we elaborate on the decay rates for reheating in the sneutrino
preinflation model of section 10.4, appendix D.2 contains an estimate for the initial condi-
tions from preinflation in the absence of direct mass terms from the Kähler potential, and
in appendix D.3 we discuss whether S can experience resonant growth during preheating
after new inflation.

D.1 Decay rates for ℓ = 4

In this appendix, we calculate the perturbative inflaton decay rate for our example model
in section 10.4, where the matter field X is identified with the right-handed sneutrino.

In the rest frame of the decaying particle, the decay rate Γ of a particle with mass mi

into two particles of mass mf is given by [174]

Γi→ff =
1

16πmi

|M|2
√

1− 4m2
f

m2
i

, (D.1)

where M is the matrix element for the process.
To get the total decay rate, we must sum over the decay rates for each channel. This

includes summing over spin polarizations for final-state fermions and averaging over spin
polarizations for initial-state fermions.

D.1.1 Inflaton decay rate Γφ

For the decay of the inflaton φ, there are two tree-level diagrams for the decay into
scalar sneutrinos1 and one tree-level diagram for the decay into right-handed neutrinos,
see fig. D.1. The matrix elements for these decays are2

iMφ→ fermions = −i
√
λimX ū(p1, s1)v(p2, s2), (D.2a)

iMφ→ scalars = −4i
√
λim3

X , (D.2b)

1As a complex scalar field, the sneutrino consists of two real components, which we denote by χ and χ.
2The Feynman rules for Majorana fermions can be found e.g. in [175].
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Figure D.1: Decay channels for the inflaton φ into right-handed neutrinos ψX and
right-handed sneutrinos χ, χ.
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Figure D.2: Decay channels for the right-handed sneutrino χ and the right-handed
neutrino ψX into left-handed (s)leptons and Higgs(ino) particles.

with p1 = (
mφ

2
, ~p1) and p2 = (

mφ

2
,−~p1). We get the total decay rate by summing over

eq. (D.1) for each of these three decay channels:

Γφ =
λ

8π
mφmX

(
1 + 12

m2
X

m2
φ

)(
1− 4

m2
X

m2
φ

)1/2

. (D.3)

D.1.2 Sneutrino decay rate Γχ

For the decay of the right-handed sneutrino χ, we have 12 decay channels into scalars and
12 decay channels into fermions, see fig. D.2. Note that each of the diagrams in fig. D.2
stands for six separate processes due to the decay into two different SU(2) components
(index suppressed) and three generations (index j). The matrix elements for these decays
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are

iMχ→ fermions =
−i√
2
yji ū(p1, s1)

1 + γ5

2
v(p2, s2), (D.4a)

iMχ→ scalars =
−i√
2
yjimX , (D.4b)

with p1 = (mX

2
, ~p1) and p2 = (mX

2
,−~p1). We get the total decay rate by summing over

eq. (D.1) for each of these eight decay channels:

Γχ =

∑
j|yji|2
4π

mX , (D.5)

where we neglected mf ∼ mHu
∼ mLj

≪ mX . One can easily verify that the other scalar
sneutrino component χ has the same decay rate.

D.1.3 Neutrino decay rate ΓψX

The right-handed neutrino ψX can decay into left-handed (s)leptons and Higgs(ino) par-
ticles through the diagrams in fig. D.2. The four diagrams correspond to 16 different
processes for each j: one factor of two is due to the SU(2) contraction and another factor
of two is because the final state can contain each of the two real components of Lj or Hu.
The matrix elements are

∣∣MψX → scalar+fermion

∣∣ = 1√
8

∣∣∣yji ū(pf, sf)
(
1 + γ5

)
u(pi, si)

∣∣∣ (D.6)

for the decay into particles, with pf = (mX

2
, ~pf) and pi = (mX ,~0). The decay into antiparti-

cles is nearly the same, but the u-spinors are replaced by v-spinors and (1+γ5) is replaced
by (1− γ5), which still leads to the same squared matrix element.

The total decay rate is the sum over the decay rates for all processes. We must also
include a factor 1

2
for averaging over incoming spin polarizations. The result is

ΓψX
=

∑
j

∣∣yji
∣∣2

4π
mX , (D.7)

which is identical to the decay rate Γχ = Γχ of the two sneutrino components.
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D.2 Initial 〈χ〉 from preinflation with α = β = 0

In single-field new inflation, the inflaton is the only field that is displaced from the vacuum
during inflation, i.e. 〈χ〉 = 0 during inflation. In the context of preinflation with χ as the
preinflaton, this can occur naturally in the presence of small supergravity corrections to
the particle masses as discussed in section 10.2. However, if no mass terms for χ and φ
are generated from supergravity corrections, the analysis of section 10.2 must be repeated
taking into account the superpotential couplings. In this appendix, we want to discuss the
initial values of 〈χ〉 that arise from preinflation in the absence of supergravity corrections
for the example of ℓ = 6 and v = 10−2 (chosen such that the results can be applied to
chapter 11), and how these initial conditions depend on λ or equivalently the mass ratio
mχ/mφ.

Since the fields are very homogeneous during preinflation and inflation, we will only
deal with the homogeneous background fields φ = 〈φ〉 and χ = 〈χ〉 in this context, and
throughout this appendix we drop the brackets to keep the notation simple.

D.2.1 Quantum diffusion

During preinflation in χ, we have χ > φ, with φ → 0 due to the large effective mass
m

(eff)
φ = λχ2 for φ induced by the vacuum expectation value of χ, whereas χ moves more

slowly due to its shallower potential. Eventually, we end up close to the φ = 0 axis.
However, for φ = 0, the gradient of the potential vanishes, and the classical slow-roll
equations of motion predict static fields φ̇ = χ̇ = 0. In this region, quantum fluctuations
dominate over the classical field evolution, and we must include these fluctuations in the
time evolution of the fields.

Quantum fluctuations versus classical field evolution

For each light scalar field ϕ, we can estimate whether the classical evolution or the quantum
fluctuations dominate the time evolution by comparing the classical change of the field
value per Hubble time tH = 1/H to the growth of the quantum fluctuation amplitude as
explained in section 9.3.1:

|∆ϕcl| ≃
|V ′|
V

?
> |∆ϕqu| ≃

H
2π
. (D.8)

Note that eq. (D.8) assumes the quantum fluctuations for a massless scalar field in de Sitter
space, i.e. mϕ ≪ H and H = constant. This is a good approximation for flat regions of
the scalar potential, including the region around φ = χ = 0 that we want to study.

When eq. (D.8) is satisfied, the evolution of ϕ can be calculated from its classical
equation of motion. Otherwise, ϕ performs a random walk, moving around by ∆ϕqu ∼
H/2π per Hubble time.
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Figure D.3: Quantum diffusion region for |χ| and |φ| for mχ/mφ = 0.291 with ℓ = 6
and v = 10−2. In the brown region to the lower left, both fields’ evolution is dominated
by quantum fluctuations and the fields perform a random walk. In the green regions, the
field φ evolves according to its classical equation of motion whereas χ performs a random
walk, and in the red region φ performs a random walk and χ moves classically. The
dashed black line marks a boundary between different regimes of the classical evolution:

for |χ| > χ
(max)
diff ≃ 1.3× 10−5, the classical equations push the fields back into the brown

diffusion region when they randomly diffuse out of it, whereas for |χ| < χ
(max)
diff , the classical

equations push |φ| towards large values away from the diffusion region. Therefore, the

fields can only exit the brown diffusion region for small |χ| < χ
(max)
diff .

Diffusion region for φ and χ

We can now use the condition (D.8) to determine the “diffusion region” where φ and/or χ
perform a random walk due to quantum fluctuations.

The diffusion region is plotted in fig. D.3 for an example value mχ/mφ = 0.291. In
the brown region, both φ and χ perform a random walk. In the green regions, the field φ
evolves according to its classical equation of motion whereas χ performs a random walk,
and in the red region φ performs a random walk and χ is dominated by its classical equation
of motion.

To understand where we can leave the brown diffusion region, it is important to under-
stand the evolution in the red and green regions:

1. In the red region, χmoves classically and φ performs a random walk with ∆φ ∼ H/2π
per Hubble time. The dominant effect is the classical movement of χ, which drives χ
to smaller values; in the red region, we thus move nearly horizontally to the left.3 This

3We can approximate the movement as horizontal since for our choice of parameters the scales for φ
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Figure D.4: Maximum values of χ at the diffusion region boundary (left) and close to
the end of inflation when φ = 0.08v (right) as a function ofmχ/mφ for ℓ = 6 and v = 10−2.

means that when we exit from the brown to the red region, the field is immediately
pushed back into the brown diffusion region.

2. In the green regions, the dominant effect is the classical movement of φ. For |χ| >
χ
(max)
diff (to the right of the dashed black line), the mass of φ is positive, and we

move vertically downwards back into the brown diffusion region. For |χ| < χ
(max)
diff ,

the mass of φ is tachyonic, and we move vertically upwards away from the brown
diffusion region.

The combined effect is that the fields can only exit the brown diffusion region at |χ| <
χ
(max)
diff . Where exactly they exit the diffusion region is the result of a random walk through

the brown region starting at |χ| ≫ χ
(max)
diff .

For a diffusion region with the qualitative shape of fig. D.3, χ
(max)
diff can be calculated as

the intersection between the diffusion boundaries of φ and χ:

At (φ
(max)
diff , χ

(max)
diff ) :

1

V

∂V

∂χ
= − 1

V

∂V

∂φ
=

H
2π
. (D.9)

The minus sign selects the upper left boundary of the diffusion region of φ; this is the
boundary beyond which φ is growing, whereas beyond the lower right boundary, the clas-
sical motion drives φ→ 0.

and χ are similar. This is different from section 10.2 where we had χc ≫ φb ∼ H
2πβ : in that case, even

though the field moves most quickly along the χ direction, it might hit the diffusion boundary φb before
χ has dropped to small values.
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D.2.2 Dependence of initial 〈χ〉 on mχ/mφ

There are two effects that make χ dependent on the mass ratio mχ/mφ:

1. The shape of the diffusion region depends on the coupling λ ∝ mχ/mφ. For large λ,
the potential for χ gets steeper; this makes the classical region larger and pushes the
green and brown regions in fig. D.3 to the left, towards smaller χ, and thus reduces
χ
(max)
diff .

2. After the fields leave the diffusion region at some χdiff , χ rolls along the potential
gradient towards smaller χ, with χ̇ ∝ λ2 ∝ (mχ/mφ)

2. Therefore, a larger mass ratio
makes χ decay faster during inflation, reducing the value χe at the end of inflation.

These effects make χdiff and especially χe monotonously decreasing with mχ/mφ, see
fig. D.4. For this reason, a noticeable effect of χe on preheating is only possible for small
mass ratios mχ/mφ . 0.5. For larger mχ/mφ, χe is generally subdominant compared to
the vacuum quantum fluctuations δχ(vac).
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D.3 Parametric resonance of S

In the discussion of preheating in chapter 11, we only considered preheating with the real
scalar fields φ and χ. However, when the model is realized as a SUSY model with the
tribrid superpotential of eq. (6.1), it features several extra fields: one additional real scalar
component for X and H, and two real scalar components for S.

The additional real component of X is expected to behave exactly like χ since their
scalar potentials are identical. In this appendix, we briefly discuss the preheating of S.

Around the minimum of the potential, S = 0 is stabilized with a positive mass. How-
ever, the mass of S around φ ∼ v depends on φ:

VS = m2
φ

(
φ

v

)2ℓ−2

|S|2. (D.10)

Due to this inflaton-dependent mass, the quantum fluctuations of S can be amplified during
preheating. Note that around the minimum, m2

S = m2
φ holds independently of the model

parameters.
Some preheating already takes place during the tachyonic oscillation phase (during

which φ is mostly homogeneous), and the amplification during this phase can be calculated
using the standard techniques.

However, even after preheating has made φ inhomogeneous, parametric resonance for S
can still occur. Assuming, as in section 11.3, that φ(~x, t) can be approximated by a single

plane wave with wave vector ~kp, we find equations for the real and imaginary parts of S
analogous to eqs. (11.13)–(11.21), with the matrix F(t) replaced by

FS(t) = −m2
φ1−




k2N fS(t) 0 0 ... 0
fS(t) k2N−1 fS(t) 0 ... 0
0 fS(t) k2N−2 fS(t) ... 0
0 0 fS(t) k2N−3 ... 0
... ... ... ... ... fS(t)
0 0 0 0 fS(t) k2−N




, (D.11)

and

fS(t) :=
(ℓ− 1)m2

φδφ0

v
cos(ωφt). (D.12)

Performing the Floquet analysis for these equations with ℓ = 6 and a cutoff kcutoff =
5kpeak, we find the Floquet exponents shown in fig. D.5. The main result is that the
perturbations δS are strongly amplified, especially for momenta k ∼ kpeak. Note that these
Floquet exponents do not depend on λ, unlike those for δχ, and δS grows exponentially
even for parameters for which δχ remains small.

The lattice results of [150] indicate that there are some effects of δS on the preheating of
χ, but the main qualitative result is unchanged: δχ grows strongly in the broad resonance
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Figure D.5: Results of Floquet analysis for the perturbations of S for v = 10−2 and
ℓ = 6, using a cutoff kcutoff = 5kpeak. The left plot shows the largest Floquet exponent for
a given k0 and inflaton perturbation amplitude δφ0, indicating how strongly the fastest-
growing δS perturbations are growing. Black regions indicate no growth (only oscillatory
solutions), while in the coloured regions δS grows exponentially. The right plot shows the
wavenumber 〈k〉 of the fastest-growing linear combination of δSk. Strong growth occurs
especially around k ∼ kpeak.

band at 0.25 . mχ/mφ . 0.5, but not at larger mass ratios. In particular, even in the
presence of S, the lattice simulations of [150] do not show non-perturbative growth of δχ
at mχ = mφ.
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[5] S. Antusch, F. Cefalà, D. Nolde and S. Orani, False vacuum energy dominated infla-
tion with large r and the importance of κs, JCAP 1410 (2014) 015 [arXiv:1406.1424
[hep-ph]].

[6] S. Antusch, D. Nolde and S. Orani, Hill crossing during preheating after hilltop
inflation, JCAP 1506 (2015) 009 [arXiv:1503.06075 [hep-ph]].

[7] S. Antusch and D. Nolde, Realising effective theories of tribrid inflation: Are there
effects from messenger fields?, JCAP 1509 (2015) 055 [arXiv:1505.06910 [hep-ph]].

[8] N. Aghanim et al. [Planck Collaboration], Planck 2015 results. XI. CMB power spec-
tra, likelihoods, and robustness of parameters, arXiv:1507.02704 [astro-ph.CO].

[9] P. A. R. Ade et al. [Planck Collaboration], Planck 2015 results. XX. Constraints on
inflation, arXiv:1502.02114 [astro-ph.CO].

[10] M. C. Gonzalez-Garcia, M. Maltoni and T. Schwetz, Global Analyses of Neutrino
Oscillation Experiments, arXiv:1512.06856 [hep-ph].

[11] H. Fritzsch and P. Minkowski, Unified Interactions of Leptons and Hadrons, Annals
Phys. 93 (1975) 193.

[12] M. Lindner and M. Weiser, Gauge coupling unification in left-right symmetric models,
Phys. Lett. B 383 (1996) 405 [hep-ph/9605353].

[13] F. Hartmann, W. Kilian and K. Schnitter, Multiple Scales in Pati-Salam Unification
Models, JHEP 1405 (2014) 064 [arXiv:1401.7891 [hep-ph]].



BIBLIOGRAPHY 193

[14] K. S. Babu, E. Ma and J. W. F. Valle, Underlying A(4) symmetry for the neutrino
mass matrix and the quark mixing matrix, Phys. Lett. B 552 (2003) 207 [arXiv:hep-
ph/0206292].

[15] G. Altarelli and F. Feruglio, Tri-bimaximal neutrino mixing, A(4) and the modular
symmetry, Nucl. Phys. B 741 (2006) 215 [hep-ph/0512103].

[16] E. Ma and G. Rajasekaran, Softly broken A(4) symmetry for nearly degenerate neu-
trino masses, Phys. Rev. D 64 (2001) 113012 [hep-ph/0106291].

[17] S. Antusch, C. Gross, V. Maurer and C. Sluka, A flavour GUT model with θPMNS

13 =
θC/

√
2, Nucl. Phys. B 877 (2013) 772 [arXiv:1305.6612 [hep-ph]].

[18] J. R. Ellis, J. S. Hagelin, D. V. Nanopoulos, K. A. Olive and M. Srednicki, Super-
symmetric Relics from the Big Bang, Nucl. Phys. B 238 (1984) 453.

[19] W. Buchmüller, V. Domcke and K. Schmitz, WIMP Dark Matter from Gravitino
Decays and Leptogenesis, Phys. Lett. B 713 (2012) 63 [arXiv:1203.0285 [hep-ph]].

[20] L. Roszkowski, S. Trojanowski and K. Turzyński, Neutralino and gravitino dark mat-
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