NUMERICAL SOLUTION OF THE POISSON EQUATION ON
DOMAINS WITH A THIN LAYER OF RANDOM THICKNESS
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Abstract. The present article is dedicated to the numerical solution of the Poisson equation
on domains with a thin layer of different conductivity and of random thickness. By changing the
boundary condition, the boundary value problem given on a random domain is transformed into a
boundary value problem on a fixed domain. The randomness is then contained in the coefficients
of the new boundary condition. This thin coating can be expressed by a random Robin boundary
condition which yields a third order accurate solution in the scale parameter € of the layer’s thickness.
With the help of the Karhunen-Loéve expansion, we transform this random boundary value problem
into a deterministic parametric one with a possibly high-dimensional parameter y. Based on the
decay of the random fluctuations of the layer’s thickness, we prove rates of decay of the derivatives
of the random solution with respect to this parameter y which are robust in the scale parameter ¢.
Numerical results validate our theoretical findings.
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1. Introduction.

1.1. Motivation and background. Many practical problems in engineering
lead to boundary value problems for an unknown function. In this article, we consider
uncertainties in the geometric definition of the domain motivated by tolerances in the
manufacturing processes or in a damaged boundary during the life of a mechanical
device. Manufactured or damaged devices are close to a nominal geometry but differ
of course from its mathematical definition. Since we are motivated by tolerances,
we can make the crucial assumption that the random perturbations are small. By
identifying domains with their boundary, domains close to the nominal domain D can
be seen as a perturbation in the normal direction of the nominal boundary 9D.

The most common approach to study boundary value problems with stochastic
inputs is the Monte-Carlo method, see e.g. [5, 13|, 22] and the references therein. In
many situations, this approach is easy to implement since it only requires a sufficiently
large number of samples. However, for boundary value problems on random domains,
each sample means a new domain and thus a new mesh, the building of new mass
and stiffness matrices, etc. All these steps are mandatory to compute the quantity
of interest. Therefore, the Monte-Carlo method is extremely costly and not so easy
to implement in our context. This article is a contribution to the development of a
method for solving boundary value problems in random domains that requires only a
single, fixed mesh.

The treatment of boundary value problems on random domains is of high interest.
There are several approaches for dealing with boundary value problems on random
domains. Besides the fictitious domain approach considered in [7], one might essen-
tially distinguish two approaches: the domain mapping method, cf. [8, 19} 16, (28] 27],
and the perturbation method, cf. [I4} [I7], which is based on shape derivatives. They
result from a description of the random domain either in Lagrangian coordinates or
in Eulerian coordinates, see e.g. [24]. In this article, we consider Eulerian coordinates
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and propose a perturbation method based on approximate boundary conditions. This
is especially motivated by the fact that shape derivatives are in general hard to com-
pute.

1.2. Geometrical setting. Let us make precise the geometrical situation as
illustrated in Figure |[L.1} a given smooth domain D is surrounded by a thin coating
layer L.. The precise regularity will specified later in Remark The thickness h
of the layer is a smooth, real-valued function which is defined on dD. We make the
assumptions that the layer coats D everywhere and that its characteristic size is a
small parameter € > 0 so that the layer L. is described as:

L. ={x+tn(x):0<t<eh(x), x € dD}.
Moreover, there exist nonnegative real numbers hpi, and hpax such that

0 < hmin < h(x) < hApax for all x € 9D.

Fia. 1.1. The geometrical setting — the domain D and the layer L..

Now, we are interested in the numerical solution of the following model boundary
value problem posed in D, = D U L.: for a given function f € L?(D.), find the
function wu. such that

(1.1)
ue = 0 on 9D,,

{ —div(eVu.) = fin D,,
where the conductivity ¢ is piecewise constant, taking the value g in D and 1 in the
layer L.. The presented theory extends to spatially varying conductivities ¢ in D but
not to general variations in the layer. The change in the conductivity is motivated by
the possibility to take into account surface treatments or surface damage. Notice that
when the conductivity takes a constant value in the body and the layer, we recover
Poisson’s equation in a random domain with small fluctuations of the boundary.

1.3. Approximate boundary conditions. In order to efficiently compute a
numerical approximation of the restriction to D of the solution u. to ([L.1)), a classical
idea is to introduce impedance boundary conditions (see [4, [T1] and derived works) to
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avoid the meshing of the thin layer. The strategy is thus the following: work only in D
and search for a boundary condition on 9D so that the solution of the new boundary
value problem defined in D (that is without the thin layer) is a good approximation
of the restriction to D of the solution of the real boundary value problem set in D..

A heuristic way to derive such a condition is as follows. Consider a point x on
0D. The thickness eh being small, Taylor’s formula provides

ue (X + eh(x)n(x)) = ue(x) + eh(x)0F ue (x) + O(£?),

where

Since the point x+eh(x)n(x) lies on the boundary dD., we get u. (x+ch(x)n(x)) = 0.
Hence, a natural choice is to solve the Robin boundary value problem:

(1.2)

—ooAull = fin D,
ulll + ehogduul!l = 0 on OD.
Notice that ul!! is defined only in D where the diffusion coefficient is . In addition,
oo appears in the boundary condition as a consequence of the flux continuity at
the interface 9D. We will rigorously derive (L.2) in Section It is well-known in

the literature [IL [6, 2T, 23] that indeed (1.2) is pertinent. There is a constant C,
independent of €, such that

Jue — ulM|g1(py < Ce2. (1.3)
A more precise but less intuitive approximate boundary value problem is
—ooAul = f in D,

27,2 1.4
(1 + sgh>u[2] + 60’0h6nu[2] 82h f on 0D, (1.4)

where x stands for the curvature of D. Of course, this approximation obviously needs
additional regularity of the right hand side f to be well defined. This will be specified
later in Subsection Then, for the solution of this boundary value problem, there
is another constant C', independent of €, such that

Jue — u®||g1(py < Ce>. (1.5)

Proving the error estimates and requires a careful asymptotic analysis
of problem as already performed in [4] [I1]. Note that the method has also been
used for other boundary conditions and other differential operators, see [T}, [T1].

Since we will consider families of random layers, a crucial point for our work is
the dependency of the constant C on the thickness h. In fact, we are interested in
knowing if this constant is uniform in A or not since uniformity will later on be needed
when randomness comes into play. This point has not been specified in [4, [I1], so
that we shall present it in Section [2| Our result is that the constants C appearing in
and depend only on the C!(9D)-norm of h (see Remark . The proof of
this crucial point is based on asymptotic expansions of the solution to in De.
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1.4. Layers of random thickness. Once the uniform error estimates
and are obtained, we shall consider the situation where the layer’s thickness h is
random. To that end, let (€2, 3,P) be a complete probability space and assume that
h: 90D x Q — R is a stochastic process which satisfies the following assumptions:

(UB) Uniform boundedness: there exist two nonnegative real numbers hpyin < Amax
and ¢ < 1 such that the stochastic process

h(x,w) = h(x) + h(x,w) with %(x) = E(h(x,w))

satisfies

0 < hmin < h(x) < hmax  and  |h(x,w)| < g|h(x)] (1.6)
for all x € 9D and for P-almost all w € Q.
(UR) Uniform regularity: the function x +— h(x,w) is uniformly bounded in C! for
all w in Q, that is, the stochastic process h belongs to the Bochner space
Lo (Q,CL(8D)).
Let us recall for the reader’s convenience the definition of Bochner spaces. Consider a
real number p > 1. Then, for a Banach space X, the Bochner space LE(2, X) consists
of all functions v : Q — X whose norm

([ ottt dmm)l/p, p <o,

esssup ||v(-,w)]x, p = 00,
weN

||UHLH€(Q,X) =

is finite. If p = 2 and X is a Hilbert space, then the Bochner space is isomorphic to
the tensor product space LZ(Q) @ X.

In the sequel, we tacitly assume that the right hand side f is defined in a suffi-
ciently large hold-all D such that f € L?(D.(w)) holds for P-almost all w € Q. We
then continue with the second order approximation of the solution to the thin layer
equation. The reason for this is that it is more accurate (the committed error is of
third order instead of second order) without being computationally much more de-
manding. Rewriting the deterministic problem obtained for each realization w,
we shall thus finally consider the following elliptic partial differential equation with
random Robin boundary condition:

—O'OA'U/[z](UJ) = f in D
272 P-a.e. w € Q.
(1 + W) ul?! (w) + eaoh(w)anu[Z] (w) = wf on 9D e
(1.7)

1.5. Organization of the article. The rest of this article is organized as fol-
lows. As mentioned above, the asymptotic analysis for the thin layer is performed in
Section [2} Then, in Section [3] we investigate the existence of solutions to the Robin
boundary value problem obtained to approximate the solution of the original
boundary value problem in the case of a layer with random thickness and estimate the
systematic error made in the expectation and the variance by this solution. In order
to solve the random Robin problem, we assume in Section 4] that the random fluctua-
tions are given in the form of a Karhunen-Loéve expansion. Then, for a special model
of the stochastic process h, we transform the problem into a deterministic parametric
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problem. Note that the parameter y that takes the place of the event w in lives
in a high-dimensional space. Our main result is then Theorem [£.2] which gives precise
estimates on the derivatives of the random solution with respect to the variable y.
These estimates allow the use of quasi Monte-Carlo methods and anisotropic collo-
cation schemes with convergence rates that are independent of the number of terms
of Karhunen-Loéve expansion provided that the individual terms satisfy a certain
summability condition. Numerical experiments are performed in Section [5| to show
the feasibility of our approach and to validate the theoretical findings. We present
conclusions in Section [6l

2. Approximate boundary conditions for layers of variable thickness.
In this section, we consider a deterministic layer. Let us introduce the notations
and the objects needed to derive the approximate boundary conditions. For ease of
notation, we deal with the bidimensional case and assume that D is simply connected
so that its boundary has a parametrization by the arclength s — 9(s) defined on the
segment [0, |0D|] where |0D| is the perimeter of D. At the point ¥(s), the unit tangent
vector t(s) is 9¥'(s) and the curvature x(s) is defined by the equality t'(s) = x(s)n(s).

With the help of the above notation, the boundary of D, is parametrized by
s+ Ip(s) = 9(s)+eh(s)n(s). Of course, this parametrization is not by the arclength
and the unit tangential and outward normal field are

(14 ehk)t(s) + eh/n(s)
V(14 chr)? + (eh')?

(14 ehr)n(s) —eh't(s)

bn(s) = VL ehr)? + (eh)?

and ny(s) =

Here and in the following, we drop the dependency on s for x and h for ease of
notation.

Fi1G. 2.1. The geometrical setting — the domain D, the layer Le (in blue) and a tubular neigh-
borhood V;-(0D) with r < p (in green).

Let x be the cut locus of dD. This is the maximum length p such that the
orthogonal projection on 9D is uniquely defined in the tubular neighborhood V,(0D)
of radius p of dD. An illustration of the tubular neighborhood is found in Figure
In such a neighborhood, the curvilinear coordinates (s,t) € [0,|0D|] x (—x, X)
are uniquely defined for all x in V,(0D) by x = 19(8) + tn(s). In particular, each
function v : V,(0D) — R can also be expressed in these curvilinear coordinates as
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0 :[0,]0D]] x (—x,x) — R so that v(x) = 0(s,t) for all x € V,(0D). The gradient
and the Laplace operator are expressed in the curvilinear coordinates by

1 0 0

=T 10 i gt(s) + En(s) (2.1)
and
1 0 1 0 Kk 0 0?
_1+m85(1+m63)+1+m8t+8t2' (22)

2.1. Asymptotic expansion in D and in the layer L.. The usual strategy
relies on an asymptotic expansion of u with respect to the scaling factor ¢ with a
double ansatz, one valid in D and the other in the layer L.. Namely, we postulate
that there are real-valued functions uin¢, ; defined on D and ucx,r defined for

(s,7) = (s, ;h) € [0,10D]] x [0, 1]

such that

Ue(X) = tint (X) = Y ¥uing 5(x) in D,
k50 (2.3)

Ue (X) = Uext (X) = Z akuext’k(s, 7)in L..
k=0

In contrast to the earlier work [6], the anisotropy in the second curvilinear coordinate
takes the variation of the thickness into account. With these ansétze at hand, we can
reformulate the boundary value problem (1.1]) as a transmission problem:

—00Auiyy = f in D,
—Alexy = f in L,
Uint = Uext on 9D, (2.4)
000nUing = OnlUext on 0D,
Uext = 0 on 0D..

In accordance with [6], we write the equation in the layer L. in the new coordinate
system by employing ([2.2)):

Luext = —(1+tk) f with £ =0;s (1—|—1t/£ 3s> + KO + (1 + tr)0?2. (2.5)

In order to rewrite equation (2.5) with respect to the anisotropic, curvilinear
coordinates (s,7) = (s,t/(ch)), corresponding to the ansétze (2.3)), we shall have the
following relations in mind:

K 1 KT
KOy ghaﬂ (1+tK)0; T 0z + EhaT

With the help of the decomposition of (1 + )1 into a power series and the product
rule, we moreover arrive at

0s ( ! 8s) =) (LR RO = Y (1) e T (kKT R 4 KRR,

1+ik n>0 n>1
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As a consequence of these computations, the operator £ from ([2.5) can be split in
powers of the small parameter ¢ according to L= . ,e"L, with

1

£_2 = ﬁ872—7 E—l = % (67' + 7—872—) ’ £0 = asza

and, for n > 1, with
En — (71)71 n [ nhn82 ( /ﬂnflhn 4 Rnh/hnfl)as] )

Hence, combining the ansatz for uext with this expansion of £, we obtain

o1 (1 K
Euext =& Qﬁaguext,O +e ! <h2872—uext,1 + - (8Tuext70 + Tazueme))

h

+ Z e’ ( a7—uext n+2 + — (a Uext,n+1 T 78 T+ Uext, n+1 + Z L —kUext k>
n>0 k=0
(2.6)
We expand next the inhomogeneity f of the boundary value problem by a
Taylor series:

N

(L+tr)f(-,t) = (L +ehrr)f(-,ehT) Z

T+ O0ENT. (2T)
— !

This, of course, requires that f is smooth in the layer. Since fy(s,7) = f(s,0), we
obtain from (2.5, (2.6) and (2.7) the following sequence of differential equations for

the functions u¥_, by matching the coefficients of terms with the same power of e:

2
87—uext,0 =0,

2 2
aq—uext,l = —rh (8Tuext,0 + Taq—uext,o) P

n
2 2 2 2
aTuext,n+2 = - ("Qh (afuext,n—i-l + Taruext,n+1) +h Zﬁn—kuext,k‘> —h fnv n > 0.
k=0

The boundary conditions on the outer boundary, that is for 7 = 1, are uex,r = 0.
Whereas, in view of the ansétze (2.3)), the boundary conditions on the interface, that
is for 7 = 0, are given by the transmission conditions on 9D stated in ([2.4)):

1
annuint = atuext = aaruext = annuint,kfl = Ea‘ruext,k:

Uint = Uext = Uint,k = Uext,k

They are obtained by matching the coefficients of terms with the same power of €.
The resolution of is then iterative with the following strategy. At step k, we
first compute uext, x: We consider the equation in the layer, we use the transmission
condition for the flux at the interface and the Dirichlet boundary condition on the
outer boundary. Then, we use the transmission condition uint x = Uext,x on 0D to
derive the boundary value problem solved by uint 5. In order to derive the equivalent
boundary conditions and , we need the first terms. Let us make these terms
explicit.

Order n = 0. Since 8Zuext70 = 0, the first function wueys o should be affine in the
variable 7, taking the value 0 for 7 = 1 and with derivative O;uext0 = 0 at 7 = 0.
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Hence, it follows that uext,0 = 0 and thus, in particular, wext,o = 0 on dD. The
transmission conditions on 0D then provide that win o solves —Au = f in H(l)(D).

Order n = 1. The equations for uexs,1 are

a72—uext,1 = —kh (8Tuext,O + Ta?—uext,O) = Oa
Ortlext,1(8,0) = 00hOnUint,0(s,0),
Uext,1(8,1) = 0.

Consequently, Uex 1 is the affine (in 7) function e 1(s,7) = (T — 1)00hOnUing,0 (S, 0)
so that

Uext,1 = _UOhanuint,O on 0D.
Thus, Uint,1 solves Auinm = 0 with Uint,1 = Uext,1 = —aohﬁnuim’o on OD.

Order n = 2. Since Uext,0 = 0 and ey 1 is affine in 7, the equations for u2,, are

DUyt = —KhOrUexs1 — h? fo = —Kkh?000nting0(s,0) — h? fo,
8Tuext,2(3; O) = UOhanuint,l(sa 0);
Uext,2(5,1) = 0.

These equations for u2,, can still be solved analytically. Indeed, since fo(s,.) = f(s,0),
it is independent of 7, the second order primitive integral of — fy(s,7) which vanishes
at 1 and which has a derivative that vanishes at 0 is f(s,0)(1 — 72)/2. Namely, it
holds

2 2

1—71
2 b

1—71
2

Iihgdoanuint’o(s, 0) + (’T — 1)00h8nuim,1(s, 0) =+ f(S, 0)

Uext,2 (87 T) =

which, for 7 = 0, leads to
_ Ll s /
Uext,2 = glﬁh UOanuint,O - JOhanuint,l + 5 on 0D.

Thus, Uint,2 solves Au = 0 in D with Uit 2 = Uext,2 on 0D.

2.2. Derivation of the approximate boundary conditions. Let us now
derive the first and second order approximate boundary conditions. To that end, we
(1] 2] _

introduce the partial sums u; ; = Uint,0 + €Uint,1 and U = Uint,0 + EWing,1 + 52uint,2.

int
By construction, we check that —UoAui[ﬂt =fin D fori=1,2.

Ordern = 1. On 8D, one has ul[rlllt = —£00hOnUint,0 = —€00h0n [ul[llj]t — EUing,1] and
it follows

)+ couuil) = b,

Neglecting the second order term, we introduce UE] as the solution of the following

Robin boundary value problem:

—ooAvl = fin D,

UE] + anh(?nvg] = O on 0D.
8



Notice that u[ ]t and v[ I solve two distinct boundary value problems differing from a

second order term (in €) in the boundary condition.

Order n = 2. On the boundary 9D, one has

1nt

1 h?
[2] = —e00hOnUint 0 + g <2f€h2003nuint,o — 00hOnUint,1 + 5 f>

h h
= —anh (1 — 6;) 8nuint,0 — E2O'Qh (1 — E;) 8nuint,1
2h2 3
+ £ 5 f- %f{thoanuinm.

Therefore, by using the Taylor expansion (14 x)~! = 1 — 2 + O(2?), we obtain

2 1 ) e2h? e
Uy = —€00h | ——7 + O(e) | On(Uin,0 + Eing,1) + [ — = Kh7000nUing 1
14 2% 2 2
2h2
= —EUOthan(uint,O + €uint,1) f + O( )
2
Since 0, umt = On(Uint,0 + EUint,1) + 2OnUint 2, We get
exh e2h?
<]. + 2) 1[n]t + Eoohanumt — 7]0 O( )

By neglecting the third order term, we introduce v[ I as the solution of the Robin
boundary value problem (1.4)) that we recall for convenience:

—opAvlH = f in D,

kh
(1 + €2> Rl 4 6aoh8nv[2] = f on 0D.

Notice that ul[n]t and v[ I solve two distinct boundary value problems differing from a

third order term in the boundary condition.

2.3. Error estimates and dependency on the layer thickness . We pro-
ceed in two steps: first, we obtain an error estimate for the remainders in the truncated
asymptotic expansions of the solutlon e of . Then, in a second step, we obtain
an asymptotic expansion of umt for i = 1,2. Both steps are adapted from the proofs
of [6] in the case of layers with constant thickness, i.e. h(x) takes a constant value.
We therefore explain the main lines of the proof without entering into the details.

To estimate the truncation error for u., the first step is to write a precise error

estimate for the remainder rév in the asymptotic expansion of eyt and uj,. The

reminder rY is piecewise defined as
N
N _ N k : N
Te =Toing = Ue — E € Uint,; in D and 1 = Eext = g ek Uext,k i Le.
k=0
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These remainders satisfy the boundary value problems

UoArgint =0 in D,
Arllo = fn in Le,
O—Oaﬂré\,]int = allré\,’ext + 9N on 8Da (28)
ré\,]int = ré\,fext on 8D7
rij’ext =0 on 0D,

with fy = O(eV~1) and gy = O(eV) by construction. Precisely, the normal deriva-
tives satisfy:

N

1
O—Oal’lrévint - al’lrs{:\’ext = Z e” [aoanuint,n - —7 atfufext,n‘| = UOENanuint,N-
' ’ eh
n=0
The proof is similar for the Laplacian in the layer.
In order to derive the variational formulation of (2.8)), we define the bilinear form

a. on H}(D,) by

ac(u,v) = 00/ VuVvdx + VuVudx
D LE

and the linear form F on H}(D.) by

<F8N,U>=/ ngdo—/ fyuvdx.
oD L.

Here, do stands for the surface measure. Thus, has the variational formulation:
Vo € HY(D,), ac(rY,v) = FN(v).

For applying Lax Milgram’s theorem, we check the uniform coercivity and con-
tinuity of the bilinear forms a.. Notice that from now on, in this section, the term
“uniform” means uniform with respect to both € and h. Since, for ¢ < g9 and h
such that ||h||p@py < Co, the family D, is uniformly contained in a fixed domain,
a uniform Poincaré inequality holds in H}(D.) which provides the uniform coercivity
of a.. The uniform continuity of a. is clear.

Concerning the linear form FV | it follows for all v € H}(D,) that

(FY )] < llgnlltzopy Ivllzopy + I fxliz@olvllie.)-

Moreover, by the trace inequality, we find [|v||L2op) < cl|v|lmy(z.). Hence, there is a
constant k such that [(FN v)| < kllv|ly (.- Consequently, Lax Milgram’s theorem
can be applied and combining the uniform coercivity of a. with respect to € and the
continuity of FV, we check that there is a constant C, independent of ¢ < ¢y and of
h, such that

I 2.y < CeNT1 (2.9)

since fy = O(eVN1) and gy = O(eN).
Finally, we split the remainder of order N according to

N _ N+2 | N+l

N42
[ . te Ue, N+1 T € Ue N+2,
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where U i 1S Uing,p 0 D and ey, in the layer. The triangle inequality and (2.9)
applied to the reminder r¥*2 of order N + 2 give

I ey ooy < I8 ey, + &V Hlve vy, + V2 e 2l o, < CeV
We thus immediately get
7Yl oy < CeNT (2.10)

Of course, this constant C' depends of the truncation order N.
Let us now consider the Robin boundary problems for

compute asymptotic expansions of ui[i]t. Thanks to the ansatz

o0
(4] _2 : k, [i]
Uing = € uint,k’
k=0

i for i = 1,2. We

in

we obtain recursion formulae. For example, for i = 1, we get

e (2.11)

_UOAui[rl;]t,k = 50,kf in D,
= —aoanui[rlllt’ki1 on 0D.

Uing, k

We obtain the same 4 first order terms: ul[ﬁt & = Uing,k for & < 4. The previous error
estimate allows to conclude that

e = |51 py < C™1 for i =1,2. (2.12)

Notice that these error estimates are optimal since the next terms in the expansion
i[;]t differ from those in the expansion of uiys.

REMARK 2.1 (On the regularity of D and of h). When one checks the regularity
of 0D mneeded to validate the previous computations, one sees that it depends on the
order of the approzimate boundary condition. The local coordinates (s,T) exist if 0D
and h are of class C*. Moreover, the differential operators L,, involve the curvature x
of OD if n > —1 and its derivative if n > 1. Hence, the requirement for 0D is that it
is a curve of class C? to derive approzimate boundary conditions up to second order.
The error estimate is provided by the uniform boundedness of the family D.. Hence,
what we really need is that h is C* and with a uniform (in h) L>° bound depending
only on D. For sake of simplicity, we work with the stronger assumption that h is
bounded in the Ct-norm.

of u

3. Randomly varying thin layers and random Robin boundary con-
dition. From now on, we assume that h is a stochastic process which satisfies the
requirements from Subsection [1.4l Then, the elliptic partial differential equation
becomes the problem with random Robin boundary condition . To obtain
the variational formulation, we multiply with an arbitrary test function from
LE(Q,HY(D)): seek ul?l € LZ(Q, HY(D)) such that

/Q{UO/DVU[2](W)VU(W) dx + % /aD Lz(lw) + gm]up](w)v(w) do} dP(w)
/Q{/va(w) dx+/0D sggz)fv(w)do} dP(w)

11
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holds for all v € L3(2, H}(D)).
THEOREM 3.1. Under the conditions (1.6)), there exists a unique solution ul? in
L(Q,HY(D)) to the variational formulation (3.1)) provided that € is small enough that

ler(x)| < for all x € OD. (3.2)

(1 + Q)hmax

In particular, introducing the spatial energy norm

1
ol = foololEn ) + 1T sy (33)

where T : HY(D) — L2(dD) is the trace operator, we have the stability estimate

\//Q lul? ()2 dP(w) < C{llf -1 (py + IT(HllL2(o) } (3-4)

uniformly as € tends to 0, where ||'Hﬁ*1(D) denotes as usual the dual norm to ||-||lg1 (p).
Proof. By introducing the bilinear form

a:L3(Q,HY(D)) x L3(Q,H (D)) — R,

1 1 e
a(u,v) = o VuVovdx + — — + —k|uvdo p dP(w
(w,v) /Q{ O/D €00 Jop [h 2 ] } )

and the linear form

h
0:L2(Q,HY(D)) 5 R, ((v) = / U fodx +/ Efvdo} dP(w),
QLlJD oD 200
the variational formulation (3.1)) is equivalent to the problem:

seek ul? € L2(Q, HY(D)) such that

3.5
a(u?,v) = £(v) for all v € L2(Q, H'(D)). (3.5)

In view of (1.6)), it holds that

0 < (1= q)lmin < (1= @)h(x) < h(x,w) < (1+@)h(x) < (1 + @)hmax
and hence with (3.2) that
1 1 € 3
< — < ——m .

S0+ @ = Rmw) 2" S T g (3.6)

for all x € D and for P-almost all w € ©. The bound (3.6) ensures the uniform
ellipticity and boundedness of the bilinear form a(-, -):

min {1, 5 | [ )1 aP) < afu.u)

a(u,0) Sm{lmi})hm}\/ /| |||u<w>||2dﬂ»<w>\/ | 1wl ape).
12




In addition, the linear form £(-) satisfies

()] < |f||ﬁ_1(D>\/ 1@ ) aP)

3

+ 20’0

1+ q>hmaxllT<f>lle<aD>¢ PRLACEN

provided that f € L2(D) N L2(0D). Due to the Sobolev norm equivalence theorem,
there exist constants 0 < ¢ < ¢ such that

lollney <\ o) + 1T @) opy < ellollin (o)

for all v € HY(D), see e.g. [25]. This implies that the energy norm (3.3) is equivalent
to the HY(D)-norm with

1 1
cin { v, m}wwm) < fo(w)l < emax { v, m}””@)llm«n

Hence, we can set

1 1 e3/2
Cf = E max {\/%, \/EO’O}”fHI’jI_l(D) + %(1 + q)hmax||T(f)HL2(aD) < 0

to arrive at the continuity of the linear form £(-):

[£(v)] < Cf\//Q llo(@)[I> dP(w).

Herein, the constant ¢y does not depend on the layer’s thickness € any more provided
that € < gg. According to the Lax Milgram’s theorem, we conclude thus the desired
result. O

This theorem implies the well-posedness of the thin layer equation with
random thickness. In particular, as an immediate consequence of our analysis in

Subsection we conclude from that
[u(w) — ul? (W) || (py < Ce® P-ace. w € Q, (3.7)

where the constant C' > 0 is independent of w. Hence, the random solution u[? of
(3-1) is in the Bochner space LE(2, H (D)), satisfying the error estimate

lu — ul? Lzc,m (D)) < Ce®. (3-8)
Therefore, we derive the following proposition.

PROPOSITION 3.2. The random solution ul? € LZ(Q,H' (D)) satisfies the error
estimates

IE(w) = E(@®)|la1(py < Ce*, V() = V(ul)lwia(p) < Ce*.

13



Proof. The first assertion follows immediately from (3.8). For the second asser-
tion, one has to consider the difference of the covariances

Cov(u)(x,x’) = E([u(xw) — E(u(x,w))] [u(x',w) — E(u(x',w))]),

and

[ (@) ~ B ()] @ [u(w) - E@?(w))])

()
in the space HL; (D x D) := H'(D) ® H'(D). Due to

uPl(w) — E(ull () = [uP(w) — uw)] + [u(w) ~ E(u(w))] +E(u(w) - uP (),

using linearity and symmetry, we find

| Cov(u) — Cov(ul)||y

< (1) ~ uw)] © [1160) ~ u(o)])

(Dx D)

HL, (DxD)
+ 2H1E([u[21 (w) — u(w)] ® [u(w) - ]E(u(w))D ‘ -
+ 3B (@) - u(w)) @ Bl ) - u(w))| i (bep)

Here, in view of , the first term and the last term on the right hand side of this
estimate are of order O(g%). The second term is of order O(¢*) since we only know
that |lu(w) — E(u(w))|lar(py = O(e) which follows by a linearization in terms of the
local shape derivative, see [I7] for the details. Hence, we arrive at

| Cov(u) — COV(U[Q])HH;ix(DxD) < Ce'.

Taking the trace x = x’ gives finally the desired result. O

4. Regularity of the random solution. For ease of notation, we will drop
the suffix of the solution u[?, i.e., we will denote the solution to only by u.
Moreover, we shall assume that the random fluctuations (x,w) — h(x,w) are given
by a possibly infinite Karhunen-Loéve expansion, that is

h(x,w) =Y hi(x)Vi(w) (4.1)
k=1

where the coefficient functions {h(x)} are pairwise orthonormal in L2(D) and the
random variables {Yj(w)} are assumed to be independently and uniformly distributed
in [-1/2,1/2]. Although a finite Karhunen-Loéve expansion is assumed here, we shall
derive estimates which are independent of the number of terms m. This means, the
situation of m — oo shall be covered by the following theory. To that end, we have
to assume that

Ve = ||kl (py < oo forall ke {1,2,...,m} (4.2)
14



and that the sequence {v;} is always summable as m — oo, ie. Y po vk < ¢y
independently of m.

The assumption that the random variables {Y;(w)}x are stochastically indepen-
dent implies that the pushforward measure Py := P o Y ! with respect to the mea-
surable mapping

Y: QT :=[-1/2,1/2]", w—Y(Ww):=Y1(w),...,Vn(w))

is given by the joint density function 1. With this representation at hand, we can
reformulate the stochastic problem as a parametric, deterministic problem where,
for ease of notation, we take the same function names as before. To that end, we
replace the space L2(Q) by L%(T") and substitute the random variables Y by the
coordinates yy € [—1/2,1/2]. Then, we have to seek u € L?(T', H(D)) such that

/r {UO /D Vu(x,y)Vo(x,y) dx

% /aD [h(xl,y) + ;H(X):|U(Xa y)vu(x,y) dox} dy (4.3)
= [ souteyraxs [ S 0,y donf dy

holds for all v € L*(T', H!(D)). Herein, the function h(x,y) is affine in the stochastic
parameter y:

hix,y) = h(x) + h(x.y) = h(x) + Y _ hi(x)y. (4.4)
k=1

In particular, the solvability condition (|1.6)) is equivalent to

0 < hmin < h(x) < hmax  and  |h(x,y)| < gh(x) for some 0 < ¢ < 1 (4.5)

for all x € 9D and y € T
The next lemma is concerned with the decay of the derivatives of the function

1 €
hxy) + §K(X) (4.6)

9(x,y) =

with respect to the stochastic parameter y and stress that g(x,y) is well defined for
x € 0D and y € I" provided that (3.2) holds.

LEmMA 4.1. Let [£.2), (4), and (&5) hold. Then, the derivatives of g(x,y)
satisfy

o oo <
[ yg(XQ’)HL (0D) = (1 _q)hmin)\aHl’Y

for all a € N™ and for all y € T'. Here, ¥* has to be understood as the product

| JHERT
Proof. Due to (4.4]), we conclude

hi(x), ifm=1,
A" h(x,y) = 47
w0 y) {0, itm > 1. (4.7)

15



It thus follows by the chain rule that

a3g(x,y) = (~1)/*|a!

Hence, because of

[Ty (h ()
h(x, y)lel+t

for all a € N,
h(x,y) = (1 = @)h(x) = (1 = ¢)hmin > 0
for all x € 9D and for all y € T, cf. (4.5]), we derive the assertion (4.2)) for all & € N™:

[T, ||hk||g§c(6[)) |a|'
& oo < ! — =

0

With the help of this lemma, we can prove the main theorem in this section
which provides estimates on the derivatives of the random solution with respect to
the stochastic parameter. These estimates are robust in the scale parameter of the
layer’s thickness and show the analytic dependence of the random solution on the
stochastic parameter y. For the sake of readability, we drop the dependency in x in
next theorem.

THEOREM 4.2. Under the assumptions of Lemma the derivatives of the
solution u € L2(T,H' (D)) to satisfy the pointwise estimate

. o
Jocu(y)l < cf|a|!((1_q‘;hmm) e (4.8)

for ally € T' and o € N™. Herein, the constant cy depends only on Hf||ﬁ,1(D),
IT(f)llr2op) and oo, but not on the layer thickness e, while the constant c, is given
by

1 2(1 hmax
cu:2max{ (L+ )P }22.

(1 - Q)hmin’ (1 - q)hmin

Proof. For |a| = 0, the assertion follows by straightforward modification of the
proof to Theorem For |a| > 0, we shall have a look at the parametrized problem
(4.3) which, for given y € T, implies the identity

a(y)u( vdo—/fvdx o [ hi)sedo

oD

for all v € H(D), where the function g is given as in . Thus, in view of the
Leibniz rule, differentiation with respect to y on both sides of this equality leads to

UO/DV8y u(y)Vodx + o /aD ;a( )6y 9(y)9y u(y)vdo o)
€ o .
0y h(y) fvdo.

0'0/ Vu(y)Vudx +

50'0 oD

200 8D

Due to (4.7)), the term on the right hand side of (4.9) vanishes if |a| > 1. Hence,
we shall first consider the case |a| = 1 where we obtain

1
0'0/ Vo, u(y)Vudx + — 9(y)0y, u(y)vdo
D

€00 JoD

1
= —— Oy, vdo—i—f hy, fvdo.
o0 Jop e 9(Y)u(y) 500 Jon kf

16



In view of (3.3) and (3.6)), the special choice v = Jy, u(y) yields

. 1 2
win {1, 5 o)l
1

€
e . Oy, 9(¥)u(y) 0y, u(y) do + %0 - hi fOy, u(y) do

3/2
7kl @0y 1T (F)lIr200) 10y w(y)Il-

IN

g
2\/00

By possibly increasing cy, this leads to the assertion in the case |a| = 1:

IN

10y, 9(Y) Lo 0.0y (¥ 1Dy ()| +

Cu 63/2
0y, u(¥)Il < 0= g Yelluy)ll + SNeD max{1,2(1 + ¢)hmax T (f) L2 (00)
Cy
S e ke
/ (1 - Q)hmin

Next, we consider the case of arbitrary multiindices || > 1, where we rewrite
(4.9) in accordance with

a 1 o
oo /D VoZu(y) Vv dx + o /BD 9(y)05 u(y)vdo

1
il X

o' <a
o' #a

We use again (3.3)), (3.6) and the special choice v = d5*u(y) to conclude

(8} _a/ a/
(a’) oy g(y)é)y u(y)v do.

1
: 1 (o2 2
win {1, 5t gl

1 « a—a’ a el
= Z< (a’> apay 9(y)05 u(y)dy u(y) do
a’;ﬁa

« a—a' o’ fe"
< 5 ()10 ollmian 105 oGyl

o' <a

a';a_éa
which means that
(87 « (1—(1, a/
08 u(y)ll < max{1,2(1 + q)hmax} > o N0y ™% 93 L o) 195 ()l

a'<a
o' #a

Inserting the result of Lemma on the decay of the derivatives of g, we arrive at

o Cu o a—ao oo 1l ao
logul < 5 3 (2) o e 105 )l
o' <a

a/ 1- q)hmin)|a_
o 2o

By induction, we may further estimate this expression according to

x|
Yo7 Cu_ o 1 « a—a’
165 u(y)ll < Cfg’)’ <(1—q)hmm) §,< (a’) o — 0/|!|0/|!CL : (4.10)
o' #a
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We find that

o] —1
(a4 " . . i «
S (&)t el = 3 el X ().
o' <a j=0 oa'<a

o' #Za \a'|_:j

By employing the combinatorial identity

> (2)=(5)

la'[=j

we thus obtain

loe|—1
(8% ’ « .
S () erta - it = 3= el - (%)t
o' <a j=0 J
a'#a

lee|—1

il faleg _ (G = 1
= |af! Z e = ol ———.
= Cy — 1

Since ¢, > 2, it holds that

Inserting the latter two estimates into implies finally the desired assertion for
arbitrary | > 1. O

The decay estimate coincides with the one which is obtained in the case
of a diffusion problem with uniformly elliptic random coefficient, see e.g. [2, [@]. It is
sufficient to conclude that the solution v admits an analytic extension into the complex
plane with respect to each particular direction yj (see [2]). In fact, there exists
even an analytic extension with respect to the variable y to an appropriately chosen
Bernstein ellipse (see [3, [10]). As a consequence, several approaches are available to
deal with the possibly very high-dimensional stochastic parameter. For example, the
anisotropic stochastic collocation method [2] 20] can be applied. Moreover, besides
the Monte-Carlo method, also the quasi Monte-Carlo method produces convergence
rates which are essentially independent of the stochastic dimension m provided that
it holds v, < k=279 for some § > 0, see [I8, 26]. In our numerical examples, we will
employ a quasi Monte-Carlo method since it is easy to implement.

5. Numerical results.

5.1. The Poisson equation on a random domain. In our first example, we
consider the Poisson equation

— Au(w) =4 in D.(w), u(w)=0on dD.(w), (5.1)

on the randomly perturbed unit disc. To treat this problem within our framework,
we choose 0g = 1 and split the domain D, (w) according to

D.(w) =DUL.(w) where L¢(w)={x+tn(x):0<t<eh(x,w), x € dD}. (5.2)
18



We shall approximately solve problem (5.1]), (5.2) by employing the parametrized
problem (4.3)) derived in this article. To that end, we will compute the random
solution’s expectation

E(u[Q])(x) = /um (x,y)dy, xe€D, (5.3)
r
and variance
V(u[2])(x) = /F [um (x,y) — Il?l(u[Q])(xﬂ2 dy, x€D, (5.4)

by the quasi Monte-Carlo method using 10000 Halton points, see [12].

We consider the specific choices € = 0.02,0.04, . ..,0.2 of the perturbation param-
eter € to examine the asymptotic estimates given in Proposition |3.2 To that end,
we choose the reference domain D as the disc of radius 1 — & which leads to a layer
of constant thickness € in the mean. This means that i(x) = E(h(x,w)) = 1. The
random fluctuations are defined by the finite Karhunen-Loeve expansion

M) = 1+ 5 3 {an(w) cos(h) + by(w) sin(kp)}
k=0

where 0 < ¢ < 27 is the polar angle of a given point x € D and ag, b, € [-1/2,1/2]
are independent and uniformly distributed random variables. Notice that we have
0.5 < h(p,w) < 1.5 for all 0 < ¢ < 27 and w € .

In order to quantify the modelling error, we compare the mean and the
variance with the related quantities E(u) and V(u) for the original problem (5.1)),
(5.2)). This reference solution is also determined by a quasi Monte-Carlo method based
on 10000 Halton points, where each sample corresponds to a new domain and thus
to a new mesh. All samples are restricted onto the fized disc K of radius 0.8 (K
coincides with the domain D if & = 0.2) which is contained in the reference domain
D for all values of €. This is done by re-interpolating the sample onto a mesh on K
consisting of about 2000 triangles. Likewise, the approximations for and
are re-interpolated onto the mesh on the disc K.

Finally, for comparison reasons, we also apply the shape derivative approach
from [I7] which employs a linearization of (5.1, by means of a shape Taylor
expansion. The shape derivative approach approximates on the disc K the random
solution’s expectation with the order O(¢?) and its variance with the order O(g3), see
[17] for the details.

For all approaches under consideration, the spatial discretization consists of about
33000 continuous, piecewise linear, triangular finite elements. The numerical results
are found in Figure where we plotted the deviation (the ¢?-errors in the nodal
values of the mesh on K) of the approximate expectation and variance from the
reference solution. Proposition predicts a modelling error of order O(e?) for the
expectation and a modelling error of order O(e*) for the variance (5.4). This
asymptotic behaviour is indeed observed in Figure (the respective graphs are
labeled as “second order thin layer equation”). Although these approximation orders
are higher than for the shape derivative approach (the respective graphs are labeled
as “shape derivative approach”), the approximation of the expectation is somewhat
less accurate if ¢ > 0.08. In case of the variance, seems to yield better result
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Expectation Variance

10°
10~3|| ——First order thin layer equation —e—First order thin layer equation
—=—Second order thin layer equation —=—Second order thin layer equation
Shape derivative approach Shape derivative approach
|| - - Asymptotic behaviour Y - Asymptotic behaviour Lo

Error
Error

0.05 0.1 0.15 0.2 0.05 0.1 0.15 0.2
Perturbation parameter € Perturbation parameter €

FiG. 5.1. L2-errors of the approzimate expectation (left) and the approzimate variance (right)
of the random solution versus the perturbation parameter €.

than the shape derivative approach only for very small values of €. Nonetheless, for
e = 0.2, the relative error of the expectation and of the variance is only about 0.5%
and 5%, respectively. Notice finally that also the modelling errors with respect to the
approximation ul!! from equation are presented in these plots (the respective
graphs are labeled as “first order thin layer equation”). It is clearly seen that it
produces much less accurate results which are only second order accurate in ¢ in the
case of the expectation and only third order accurate in ¢ in the case of the variance.

5.2. The Poisson equation with thin random layer. Our second example
is dedicated to the illustration of the thin layer equation for the unit disc if the
conductivity in D and L. is different. The layer is assumed to have the constant
mean € = 0.01. The conductivity is 1 in the layer and oy = 10 in the unit disc.
The inhomogeneity is chosen like before as f = 4. In order to approximate the
solution’s mean (5.3 and variance 7 we use about 4000 continuous, piecewise
linear, triangular finite elements for the spatial discretization and a quasi Monte-Carlo
method with 10000 Halton points for the quadrature in the stochastic parameter.
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Fi1G. 5.2. Expectation (left) and variance (right) of the random solution in the case of a unit
disc surrounded by a random layer of average thickness € = 0.01 and random perturbations with
exponential covariance.
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The random boundary fluctuations h(x,w) under consideration are given accord-
ing to where we prescribe the exponential covariance kernel exp(—||x —x'||)/16.
The Karhunen-Loeve expansion of this covariance kernel is computed with the help
of the pivoted Cholesky decomposition as proposed in [I5]. We obtain m = 126 terms
if we demand the truncation error 1073. It turns out that a point on the random
boundary varies at most +0.0065 around the nominal interface. The results of our
computations are shown in Figure [5.2}

6. Conclusion. In the present article, we considered the Dirichlet boundary
value problem for the Poisson equation where the domain is surrounded by a ran-
domly varying thin layer of size O(g) which has a different conductivity. We replaced
this Dirichlet boundary value problem which is stated on a random domain by a
random Robin boundary value problem which is stated on a deterministic domain.
Decay estimates for the derivates of its random solution with respect to the stochastic
parameter are provided which are required to develop appropriate solution schemes.
Numerical experiments were given to validate the approach and to quantify the mod-
elling errors.

REFERENCES

[1] B. Aslanyurek, H. Haddar, and H. Sahinturk. Generalized impedance boundary conditions for
thin dielectric coatings with variable thickness. Wave Motion, 48(7):680-699, 2011.

[2] I. Babuska, F. Nobile, and R. Tempone. A stochastic collocation method for elliptic partial
differential equations with random input data. SIAM J. Numer. Anal., 45(3):1005-1034,
2007.

[3] J. Beck, R. Tempone, F. Nobile, and L. Tamellini. On the optimal polynomial approximation
of stochastic PDEs by Galerkin and collocation methods. Math. Mod. Methods Appl. Sci.,
22(9):1250023, 2012.

[4] A. Bendali and K. Lemrabet. The effect of a thin coating on the scattering of a time-harmonic
wave for the Helmholtz equation. SIAM J. Appl. Math., 56(6):1664-1693, 1996.

[5] R.E. Caflisch. Monte Carlo and quasi-Monte Carlo methods. Acta Numer., 7:1-49, 1998.

[6] G. Caloz, M. Costabel, M. Dauge, and G. Vial. Asymptotic expansion of the solution of an
interface problem in a polygonal domain with thin layer. Asymptot. Anal., 50(1-2):121—
173, 2006.

[7] C. Canuto and T. Kozubek. A fictitious domain approach to the numerical solution of PDEs
in stochastic domains. Numer. Math., 107(2):257-293, 2007.

[8] J.E. Castrillon-Candas, F. Nobile, and R. Tempone. Analytic regularity and collocation approx-
imation for PDEs with random domain deformations. Comput. Math. Appl., 71:1173-1197,
2016.

[9] A. Cohen, R. DeVore and C. Schwab. Convergence rates of best N-term Galerkin approxima-
tions for a class of elliptic sPDEs. J. Found. Comp. Math., 10(6):615-646, 2010.

[10] A. Cohen, R. DeVore and C. Schwab. Analytic regularity and polynomial approximation of
parametric and stochastic elliptic PDEs. Anal. Appl., 9(1):11-47, 2010.

[11] B. Engquist and J.-C. Nédélec. Effective boundary conditions for acoustic and electro-magnetic
scattering in thin layers. Technical Report RI 278, CMAP — Ecole Polytechnique, 1993.

[12] J.H. Halton. On the efficiency of certain quasi-random sequences of points in evaluating multi-
dimensional integrals. Numer. Math., 2:84-90, 1960.

[13] J.M. Hammersley and D.C. Handscomb. Monte Carlo Methods. Chapman and Hall, London
& New York, 1964.

(14] H. Harbrecht and J. Li. First order second moment analysis for stochastic interface problems
based on low-rank approximation. ESAIM Math. Model. Numer. Anal., 47:1533—-1552,
2013.

[15] H. Harbrecht, M. Peters, and R. Schneider. On the low-rank approximation by the pivoted
Cholesky decomposition. Appl. Numer. Math., 62(4):428-440, 2012.

[16] H. Harbrecht, M. Peters, and M. Siebenmorgen. Analysis of the domain mapping method for
elliptic diffusion problems on random domains. Numer. Math., to appear.

[17] H. Harbrecht, R. Schneider, and C. Schwab. Sparse second moment analysis for elliptic problems
in stochastic domains. Numer. Math., 109(3):385-414, 2008.

21



(18]

[19]

[20]

(21]
(22]
23]
24]
[25]
[26]
27]

28]

F.Y. Kuo and C. Schwab and I.H. Sloan. Quasi-Monte Carlo methods for high dimensional
integration. The standard (weighted Hilbert space) setting and beyond. ANZIAM J.,
53(1):1-37, 2011.

P.S. Mohan, P.B. Nair, and A.J. Keane. Stochastic projection schemes for deterministic linear
elliptic partial differential equations on random domains. Int. J. Numer. Meth. Eng.,
85(7):874-895, 2011.

F. Nobile, R. Tempone, and C.G. Webster. A sparse grid stochastic collocation method for
partial differential equations with random input data. SIAM J. Numer. Anal. 46(5):2309—
2345, 2008.

C. Poignard. Approximate transmission conditions through a weakly oscillating thin layer.
Math. Methods Appl. Sci., 32(4):435-453, 2009.

P.E. Protter. Stochastic Integration and Differential Equations. 2nd edition, Springer, Berlin,
2004.

K. Schmidt and S. Tordeux. Asymptotic modelling of conductive thin sheets. Z. Angew. Math.
Phys., 61(4):603-626, 2010.

J. Sokolowski and J.P. Zolésio. Introduction to Shape Optimization. Shape Sensitivity Analysis.
Springer series in computational mathematics. Springer, Berlin-Heidelberg, 1992.

O. Steinbach. Numerical Approzimation Methods for Elliptic Boundary Value Problems. Finite
and Boundary Elements. Springer, New York, 2008.

X. Wang. A constructive approach to strong tractability using quasi-Monte Carlo algorithms.
J. Complex., 18:683-701, 2002.

D.M. Tartakovsky and D. Xiu. Stochastic analysis of transport in tubes with rough walls. J.
Comput. Phys., 217(1):248-259, 2006.

D. Xiu and D.M. Tartakovsky. Numerical methods for differential equations in random domains.
SIAM J. Sci. Comput., 28(3):1167-1185, 2006.

22



